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Γ[B′1]

σ1

zzttttttttt
ϕ1

!!CCCCCCCC

Γ[B′1B
′
2]

ψ //________ D

Γ[B′1]

σ2

ddJJJJJJJJJ ϕ2

=={{{{{{{{

& ! ïLì�ï
ϕi : Γ[B′i] → D, i = 1, 2

÷'ì�ï / ë'é5ð`î3ï�î
C
$�÷'ö ø)ï / ì�÷ ! ë'ñYë'ñYë'ìóê ! õ¬è�ñ?èRõlðSíqë

÷�ü�ë'ñ
ê`ö-ï�íóï
C
$�÷'ö ø)ï / ì�÷

D
÷'ð`î

σi : Γ[B′i] → Γ[B′1B
′
2], i = 1, 2 6 ÷'ì�ï / ë�é)ð`î)ï�î

C
$�÷'öúø3ï / ì�÷ ! ë'ñYë'ñYë'ìóê ! õ¬è�ñ?è 3O # / ë�í !

Γ[B′1]
÷'ð`î

Γ[B′2]
÷�ì�ï ÿ ð�õ[íóï 6 í ! ïvü�ë�ñbêxö+ï�íóï8íóï�ð�è�ë'ì?êxì�ëCî�é6ü%í_ü�÷�ð / ï

ì�ïóê`ö+÷*üTï�î / ýaë�ì�î'õlð`÷'ìLý�íóïLð�è�ë'ì0ê`ì�ëCî'é�ü%íJë � ïLì C 3
K
ì�ëCë*# 3 s#�LK�&��

σi : Γ[B′i]→ Γ[B′1B
′
2],

∑

j∈B′i

cjej 7→
∑

j∈B′i

cjej , i = 1, 2

�
���%1T�Y�!���_$'73(5,-$'��1��+9/7x$'��&�4��%4
C

jd�!�+�*��7��T�^��$'�Y$'�Y$'��]���,-1��Y1CF
Γ[B′1B

′
2]

,-1n$'73(5,pj
$'��1��+9t�8"%$'�_]��-�����

C
jd�!�+�*��7��T�6F��d&�$'��4����Y��$/(*����,pP[9A�����^��&�,+(*����1T�!�b]���$']x�����d9APk$'�

Γ[B′1B
′
2]

H)�-���
Φ

4���&�$'���2�����
C

jq7�,+�+,+&��C�!�
���!]
Φ : Γ[B ′1]×Γ[B′2]→ D, (f1, f2) 7→

ϕ1(f1)ϕ2(f2)
HI.=��,-"��A,-1Z7V$'��&�4��%4|739 |ϕ1||ϕ2|

FY�óP
$'&��Y"C�!&�]���$C(*�Y���S�!������,-1Z,+&6j
46��"%�%10�#��&�,-~)���=7x$'��&�4��%4

C
jd�!�+�*��7��T�Z��$'�Y$'�Y$'��]���,-1��

ψ
1���"T�����S�!�X�����=P[$'�+�-$O.=,+&��
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46, �!���T�!�}"%$'�_�R�����%1CH�������&?����,-1
ψ

.=,+�+���!�-1�$
���!<*�Q�����
46, �!���T�!�Ô,+&R�����o]���$']V$�1�,+��,-$'&
"%$'�_�R���T�!��,+(*��F

Γ[B′1]× Γ[B′2]
∗ //

Φ

&&LLLLLLLLLLL
Γ[B′1B

′
2]

ψ

{{v
v

v
v

v

D

∗ 4���&�$'���%1������+��,+]��+,-"C�!��,-$'&IH
,qFú��Ft�����\"%$'&3(*$'�+����,-$'&IF��ó�c�R��1��Y7V�^(*����,pKS�%4����S�!� ∗,-1?7�,+�+,+&��C�!���!&�4A7x$'��&�4��%4fF��
���w7�,+�+,+&��C�!��,+�d9�Pk$'�+�-$C.J1?P[��$'� �����YPq�'"��c���S�!� ∗ ,-1_�
��������� �!�R"%$'&3(*$'�+����,-$'&IH��!&�4/����&�"%�_,+�#,-1��'1�1�$5"�, �!��,+(*�_�!&�4e46,-1�����,+7�����,+(*��F_�
�S�!� ∗ ,-1
7V$'��&�4��%4\,-1=(*����,pKS�%4;739;�!&;�C�'1�9^"C�!�-"���� �!��,-$'&IF
:2$C.nH��-���

W ⊂ Γ[B′1B
′
2]

7V�#�����n1����J$!PX�!�+�¹���-���Y��&3��1
$'&;�����#Pk$'���
M∑

i=0

N∑

j=0

cijepiqj ∈ Γ[B′1B
′
2]

.=�������
M,N

�!���aK�&�,+����F¿ãI���
Γ[B′i]

fin ⊂ Γ[B′i]
7x�\�����\1T���Y$!P
K�&�,+���;1����Y1_,+&

Γ[B′i]
FX�
����&;.0�Z�S�%(*�n�����#P[$'�+�-$O.=,+&��w46, �!���T�!�

Γ[B′1]fin × Γ[B′2]fin
∗ //

Φ

''OOOOOOOOOOOOO
W

ψ

���
�

�
�

D

�
����&A,+�n,-1�"��-�C�!�����S�!�
ψ(f), f ∈ W ,-1�4����������_,+&��%4A739/�����_(��!�+���%1�$!P

ψ
$!P=�����

epiqj ä 1OF�{e�#�S�%(*�n���S�!�
Φ(epi , eqj ) = ϕ1(epi)ϕ2(eqj )�!&�4v1�,+&�"%�#�����n46, �!���T�!�ò�S�'1b��$c7x�Z"%$'�_�R���T�!��,+(*��.0�Z�S�%(*�����S�!�
ψ(epiqj ) = ϕ1(epi)ϕ2(eqj )

z0���01�,+&�"%�
W = Γ[B′1B

′
2]

.0�
"C�!&\�!]�]��+9_]���$']x$�1�,+��,-$'&^DZPl��$'� "��S�!]������Z@�F+@�F`\Z,+&A�°¯B�
.=��,-"T�W1T�C9w���S�!�b���������n�Lr5,-1��b�?��&�,-~3���

ψ
1���"��;���S�!�b����,-1J46, �!���T�!��"%$'�_�R�����%1

W� _

��

ψ // D

Γ[B′1B
′
2]

ψ // D

S2��&�"%�
Γ[B′1B

′
2]

1�$'�+(*�%1=�����Z��&�,+(*����1��!�I]���$'7��-�����!&�4\����&�"%�
Γ[B′1B

′
2] ∼= Γ[B′1]⊗̂CΓ[B′2]

�qP
Γ[B′1]

�!&�4
Γ[B′2]

�!���#K�&�,+���
����1��J1�<5,+]^�����Z� �'1��J1�����]\,+&;�����#]���$5$!PX�!&�4\,+�=,-1
"��-�C�!�b���S�!�

Γ[B′1B
′
2] ∼= Γ[B′1]⊗C Γ[B′2]

F
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¢�£¥´��X´S­O§¬²O§l´`©�®Vç ÃVçHU ï�í
Γi = Γ[{pji |j ≥ 0}] 3 �"! ïLð

Γ ∼= lim←−
n→∞

Γ1⊗̂C . . . ⊗̂CΓn

K
ì�ëCë*# 3 ãI���
Γ1...k = Γ[{pj11 , . . . p

jk
k }]

FY�
����&�7398]�������,+&��
B′i = {pji |j ≥ 0} �!&�4

��1T�Y,+&�46��"���,-$'&t$'&A]���$']V$�1�,+��,-$'&�¯6F ûv.o�w�*���?���S�!�
Γ1...k

∼= Γ1⊗̂C . . . ⊗̂CΓk
F\z0���

&�$O. .o��"C�!&W�!]�]��+9^�����%$'������¯6F°¯c.=��,-"��v��,+(*�%1J�����Z���%1����+�CF
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Ç ÈÊÉtËÍÌRÎWÏ a

b �cN Õ�d �Ô�cN�� ×�Ófe��hg Ò ×� 

G21�1����Y�W���S�!�
A

��,+(*�%1\����������� �!�\"%$'&)(*$'�+����,-$'&IH#�!&�4ù���S�!�
W ⊂ N+ "%$'&)�T�!,+&�1

@�F�s#�LK�&��;�8]S�!����, �!�b$'��4���� ≤=≤A
$'&

W
739

m ≤A n
,ji
m ∈ A(n)

Ft�
����&
W = (W,≤A)

,-1b�?�-$5"C�!�+�+9wK�&�,+���n]x$�1����CH�1T$c.o�n"C�!&v4��LK�&���,+��1Zõlð`ü�õkî3ïLð`üTïc÷�ö ø3ï / ì�÷
I(W )

H�.=��,-"T�w"%$'&�1�,-1���1�$!Pf�!�+�
C

jq(��!�+���%4?Pl��&�"���,-$'&�1o$'&Y"��-$�1��%4c,+&3������(��!�-1X,+&
W

H�.=,+���
]V$',+&3�d.=,-1��\�'4�46,+��,-$'&t�!&�4A�����+��,+]��+,-"C�!��,-$'&¿$!Pb1T"C�!� �!��1CH��!&�4�.=,+����������"%$'&)(*$'�+����,-$'&
]���$546��"��

f ∗ g([a, b]) =
∑

a≤c≤b
f([a, c])g([c, b]) M E6F+@ON

�d�=,-1=��,+(*��&;�����n��$']x$'�-$'��9^$!PU]V$',+&3�d.=,-1���"%$'&)(*�����*��&�"%��F
�
���wì�ï�î'é�üTï�î|õ¬ð`ü%õ[î3ï�ð`üTïY÷�ö ø3ï / ì�÷

Red(W )
$!P
W

"%$'&�1�,-1���1#$!Po�����c1���7S�!�+�*��7��T�
$!PoPl��&�"���,-$'&�1n.=��,-"��|�T�!<*�c�����_1T�!�Y�?(��!�+���_$'&/�%~)��,+(��!�-��&3�Z,+&3������(��!�-1CH¹.=�������

[a, b]�!&�4
[c, d]

�!����"%$'&�1�,-4������%4v�%~)��,+('�!�-��&)�J,pP
b/a = d/c

F
½@?¹¤)´S£!¤)¨ ¶Iç[¡SçHF èR÷wíqë�ê6ë�öpë�ø�õ[ü�÷�ö

C
$�÷'ö ø)ï / ì�÷ 6 Red(W )

õ¬èZõ è%ë'ñYë'ìóê ! õkü�íqë
Γ[W ] 3K
ì�ëCë*# 3

�b�%4
(W ) = {f ∈ I(W )|f([x1, y1]) = f([x2, y2])

,pP y1

x1
=
y2

x2
}

�
����&8�b�%4
(W )

,-1
�����n���%46��"%�%4W,+&�"�,-4���&�"%�?�!�+�*��7��T�w$!P
W

$C(*���
C

F=�
���n���!]�]�,+&��
ϕ :

�
�%4
(W )→ Γ[W ]

1���"T�\���S�!�

f 7→
∞∑

n=1

f([1, n])en

,-1
�?7�, ���%"���,-$'&IFX�
����&IHS,pP
f, g ∈ �
�%4

(W )

(f · g)([1, n]) =
∑

d∈A(n)

f([1, d])g([d, n]) =
∑

d∈A(n)

f([1, d])g([1,
n

d
])

�!&�4;,pP
( ∞∑

n=1

anen

)
∗
( ∞∑

n=1

bnen

)
=

∞∑

n=1

cnen
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������&
cnen =

∑

d∈An
aded ∗ bn

d
en
d

=
∑

d∈An
adbn

d
en

.=��,-"T�\,+�_]��+,-�%1
cn =

∑
d∈An anbnd

F��
��,-1=1���$O.J1
���S�!�
�����+��,+]��+,-"C�!��,-$'&;,+&\�b�%4
(W )"%$'�����%1�]x$'&�4�1Q��$n�����+��,+]��+,-"C�!��,-$'&^,+&

Γ[W ]
F��d��P[$'�+�-$O.J1Q���S�!�0�b�%4

(W )
,-1�,-1�$'�Y$'��]���,-"

��$
Γ[W ]

F
å ¤3æ�©U§¬²O§l´`©�¶Iç ®Vç ⊕ �!&�4

+
�!���
$']x���T�!��,-$'&�10$'&�]V$�1�����1X4��LK�&��%1
�'1�Pk$'�+�-$C.J1CF

P +Q�S�'1?�����a��&�4������+95,+&��/1T���
P ∪ Q �!&�4������^$'��4����c,-1c4��LK�&��%4t�'1

u ≤ v
,ji���,+�������

u, v ∈ P �!&�4
u ≤ v ,+&

P
H�$'�

u, v ∈ Q �!&�4
u ≤ v ,+&

Q
F

P ⊕Q �S�'1
P ∪Q �'1b�c��&�4������+95,+&���1����CF

u ≤ v ,ji|��,+�������
• u, v ∈ P �!&�4

u ≤ v ,+&
P

H�$'�
• u, v ∈ Q �!&�4

u ≤ v ,+&
Q

H�$'�
• u ∈ P, v ∈ Q F

å ¤3æ�©U§¬²O§l´`©�¶fç-¶fç GÔ��&�4������+9),+&��^1����
B

$!Po�_]S�!����, �!�+�+98$'��4������%481T���b,-1#�Wü ! ÷'õ¬ð|,pP
Pk$'�b�!&39

u, v ∈ B H5��,+�������
u ≤ v $'�

v ≤ u F
å ¤3æ�©U§¬²O§l´`©Ô¶fç+¼Iç Gk&oï�îCø)ï\ë9#wü ! ÷'õ¬ð�è�,-1R�v1�����$!PJ"��S�!,+&�1 {Ci| i ∈ I} .=,+�����!&
���-���Y��&)�

w ∈ Ci
P[$'�b�!�+�

i ∈ I H�1���"��v���S�!�
w ≤ u P[$'�b�!�+�

u ∈ Ci
F

ô ,+��������E6F+@XRXu�r��!�_]��-�%1
$!P��c"T�S�!,+&8�!&�4v�?.0�%46�*��$!PU"T�S�!,+&�1
{e�Z��,+(*���c"%$'��&3������]S�!���2��$ml���$']V$�1�,+��,-$'&W¯6F°EnR

¢�£¥´��X´S­O§¬²O§l´`©Ô¶Iç-ÃfçVU ï�í
p ∈ P ÷'ð`îWö-ï�í

B1, B2 ∈ πp W ö+ï%í
B′i =

{
pj j ∈ Bi

} 3KJ÷'ìLí[õk÷'ölöþýaë'ì�î)ïLì
B′i

÷'ð`î
B′1 ∪B′2

÷!è�÷ / ë � ï 3 U ï�í
N

î3ï�ð`ë�íóïRí ! ï�ð`÷�í[é5ì�÷�öIð�é5ñ / ïLìTè&�õ[í ! í ! ï�õ¬ì2ð`÷�í[é5ì�÷�öfë�ì�î3ï�ì 6 ÷'ðxî
[n]

í ! ï2õlð`î'é�üTï�îYè�é / ê6ë!èCï�íoë'ð {1, 2, . . . , n} 3 �"! ïLðí ! ï>#%ë'ölöpëX&�õ¬ð)ø ! ë'ö+îY+
M �*N

B′i ∼= N
õ #
B′i

õ¬èZõ¬ð ÿ ð�õ[íóï 6 ÷'ð`î ∼= [`]
õ #
B′i
! ÷!è

`
ïLö+ï�ñYï�ðSílè 3
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M 7`N O #
B′1 6= B′2

í ! ïLð
B′1 ∪B′2 ∼= [1]⊕

[
(B′1 \ {1}) + (B ′2 \ {1})

]

õ 3 ï 3 í ! ï < ÷'èTè%ï?î'õk÷Cø'ì�÷'ñ ë9#
B′1 ∪B′2

õ è�ë / íq÷'õ¬ðVï�î / ý#ê`ö+÷*ü�õlð)øaí ! ï?î'õk÷Cø'ì�÷'ñ?è
ë9#
B′1

÷'ðxî
B′2

ðxï*o�í?íqë�ï�÷*ü ! ë�í ! ïLì 6 í ! ïLð�õkî3ïLðSí[õ #Lý!õlð)ø�í ! ïWí(&Qëtï�ö+ïLñ�ïLð`ílè
ü�ë'ìLì�ïLèqê6ë'ðxî'õ¬ð5ø\íqë 8 3

M "ON {
pi i ≥ 0

} õ¬èa÷A&oï�îCø3ïWë9#^ü ! ÷'õlð�è 6 ë'ðxï2#�ë'ì\ï�÷*ü ! / ö+ëCü�Z
Bi ∈ πp 6 P%ë'õlðxï�î

íqë�ø3ï�í ! ïLìV&�õ[í ! í ! ï?ï�ö+ïLñ�ïLð`í
1

÷!èní ! ï�ñ?õlð�õlñcé)ñ 3
M 4SN �"! ïLì�ïwõ è�÷�íbñYë!èLí2ë'ðxï�õ¬ð ÿ ð�õ[íóïYü ! ÷�õ¬ðtõlð - ü�. 6 ÷�ð`îWõ #Yí ! ï�ì�ïwõ¬è�÷'ðAõlð ÿ ðSõlíóï

ü ! ÷'õlð 6 í ! ï�ì�ïRõ¬è�÷wü�ë�ñ?ñYë'ð / ë�é)ð`î^ë9#ní ! ïnö-ïLð)ø*í ! èRë9#ní ! ï?ë�í ! ï�ìRü ! ÷'õlð�è 3K
ì�ëCë*# 3 M �*N^ã¹���
B′i

7V�#,+&6K�&�,+����F0�),+&�"%�
Bi ∈ πp

H
B′i = {1, pa, p2a, . . . } F�s#�LK�&��

ϕ : B′i → N

pra 7→ r + 1�
��,-1J,-1J$'7)(),-$'��1��+9^�c]V$�1����=,-1�$'�Y$'��]���,-1��;F
ãI���

B′i
7x�2K�&�,+����Fo:
$O.

B′i = {1, pa, . . . , p(`−1)a} FXs#�LK�&��
ϕ : B′i → [`]

pra 7→ r + 1Gb�-1T$Y�!&v$'73(5,-$'��1J]V$�1����=,-1�$'�Y$'��]���,-1��;F
M 7`N

[1] ⊕ (B′1 \ {1} + B′2 \ {1})
,-1n�����R]V$�1����#.=,+���|��&�4������+95,+&��v1����

B′1 ∪ B′2
H

�!&�4
u ≤ v ,ji/��,+�������
p u = 1

H�$'�
p u, v ∈ B′1

�!&�4
u ≤ v H

p u, v ∈ B′2
�!&�4

u ≤ v F
s#�LK�&��

ψ : B′1 ∪B′2 → [1]⊕ [(B ′1 \ {1}) + (B ′2 \ {1})]
B1 ∪B2 3 pra 7→ pra ∈ [1]⊕ [(B ′1 \ {1}) + (B ′2 \ {1})]�ó�R,-1R$'7)(),-$'��1RP[��$'�������^�!7V$C(*�w���S�!�R�����w,+&3(*����1��a$!PJ����,-1R7�, ���%"���,+(*�a��$'�Y$!j

�Y$'��]���,-1�� ]����%1T����(*�%1=�����n$'��4����CF>S2��&�"%�Z,+� ä 1b�!&;]V$�1����=,-1�$'�Y$'��]���,-1��;F
M "ON ô $'�+�-$C.J1bP[��$'� �����%$'������¯?,+&��+@��óF
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M 4SN^G
1T1����Y�#���S�!�J�����n46, �!���T�!�ò�S�'1J�ó.o$�,+&6K�&�,+����"T�S�!,+&�1CH
B′1

�!&�4
B′2

F��
����&
B1 = {0, a, 2a, . . . }

B2 = {0, b, 2b, . . . }z0���b1�,+&�"%�
ba = ab

�!&�4
ba ∈ B1

H
ab ∈ B2

.o�n�S�%(*���_"%$'&)���T�'46,-"���,-$'&IF
G
1T1����Y�a���S�!�?�����\46, �!���T�!� �S�'1_$'&��^,+&6K�&�,+���\"T�S�!,+&IHQ1T�C9

B′1
FeãI���

B1 =
{0, a, 2a, . . . } F
�
����&W�����?"%$'�_�Y$'&/7x$'��&�48$!PX�-��&������/$!PQ������$'�������Z"��S�!,+&�1
�S�%(*����$¿7V�

a
7V�%"C�!��1��|,pP���"T�S�!,+&IH

B′i
H#�S�'1;�-��&������

a + 1
������&

Bi =
{0, b, 2b, . . . , ab} �!&�4\������&v,+�=.o$'���-4;,+&)������1��%"��

B1
F

¢�£¥´��X´S­O§¬²O§l´`© ¶Iç-µfçrO #8÷'ö¬ö2ü ! ÷'õlð�èvõlð ÷ < ÷!è�è%ï/î'õk÷Cø'ì�÷'ñØë9#cê6ë!èCï�ílè {pi|i ≥ 0}! ÷ � ïcí ! ï�è%÷'ñ�ïRö+ï�ð)ø�í ! 6 í ! ïLðeí ! ïRö-ïLð)ø�í !s! ÷ � ïcíqë / ï
2 6 3

ë�ìRí ! ïcî'õk÷Cø'ì�÷'ñk&�õ¬ölö / ï
üTë'ñ
ê6ë!è%ï�î\ë9#�ë'ð�ö ýwë'ðxï�õlð ÿ ð�õ[íóïnü ! ÷'õlð 3K
ì�ëCë*# 3 {e�v�!�+���C�'469t<5&�$C.ò�����;�Lr6,-1�����&�"%�;$!P��/"%$'&)(*$'�+����,-$'&�.=,+�����!�+�
"��S�!,+&�1a$!P
�-��&������

2
H
&S�!�Y���+9������\��&�,+�T�!��9¿"%$'&3(*$'�+����,-$'&IF �
�������LPk$'���W����,-1Y]���$5$!PZ"%$'&�1�,-4�����1

$'&��+9a.o�%46�*�%1
.=,+���v"T�S�!,+&�1b$!P��-��&������
> 2

F
�
���b"C�'1��J.=,+����$'&��+9_$'&��b,+&6K�&�,+���b"��S�!,+&w,-1X�����=.0���+�pjq<)&�$O.=&\s
,+��,-"T���-���o"%$'&)(*$'�+����,-$'&
1T$c�����Z���%1��J$!P������Z]���$)$!P�$'&��+9^4��C�!�-1J.=,+���^K�&�,+���n"T�S�!,+&�1CF
ã¹���
�!�+�V"��S�!,+&�1
7V�b$!PI�-��&������

r > 2
F��
����&w�����2"��S�!,+&�1J�!���2"%$'&�1�������"����%4\�'1XPk$'�+�-$C.J1

{0, 1, 2, . . . , r − 1}
{0, r, 2r, . . . , (r − 1)r}
{0, r + 1, 2(r + 1), . . . , (r − 1)(r + 1)}
. . .
{0, s, 2s, . . . , rs}
. . .

.=�������
s

,-1=�����2K���1��b&3����7V���b&�$'�=,+&8�!&39^]�����(),-$'��1b"��S�!,+&IF
G21�1����Y�

r
,-1c��(*��&IH�������&

r > 3
HX1�$W���������^�Lr5,-1���1?"T�S�!,+&�1c.=,+���

r
�!&�4

r + 2
�'1

K���1���&�$'&6jq>C����$/���-���Y��&3�CF
r

�!&�4
r + 2

�!������(*��&��!&�4�����&�"%�w.o�^"C�!&ePq�'"���$'�c$'���
2

�!&�4¿������,+���-�C�'1���"%$'�_�Y$'&������+��,+]��-�v.=,+�+�J7x� r(r+2)
2

F zo���w1�,+&�"%�\7V$'��� r
2

�!&�4
r+2

2 = r
2 + 1

�!���?�-�%1�12���S�!&
r − 1

�����?�-�C�'1��#"%$'�_�Y$'&|�����+��,+]��-�c.=,+�+��7x�?,+&87x$'���
"T�S�!,+&�1Z�!&�4;����&�"%�R������$'&��+9\.o�%46�*�?$!PX"��S�!,+&�12.=�������c�!�+�«"��S�!,+&�1#�!���?$!P������R1T�!�Y�
��(*��&v�-��&������;,-1=�����Z��&�,+�T�!��9\"C�'1���F

:
$O. �'1�1����Y�
r 6= 3

,-1=$54�4fFut0$'&�1�,-4����
r+ 1

�!&�4
r+ 3

F��
�������Z�Lr5,-1���1="T�S�!,+&�1
.=,+���

r + 1
�!&�4

r + 3
�'1JK���1��b&�$'&6jq>C����$^���-���Y��&3�CF2�
�����-�C�'1��
"%$'�_�Y$'&/�����+��,+]��-�

$!P
r+ 1

�!&�4
r+ 3

,-1 (r+1)(r+3)
2

F��),+&�"%�27V$'��� r+1
2

�!&�4 r+3
2

�!��� ≤ r− 1
�����b�-�C�'1��

"%$'�_�Y$'&A�����+��,+]��-�w.=,+�+�X7V�_,+&e7V$'����"��S�!,+&�1c�!&�4|����&�"%�Y���������w�Lr5,-1��Z&�$;46, �!���T�!�
.=,+���8�!�+�I"��S�!,+&�12$!PU�����Z1T�!�Y��$)4�4^�-��&������
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r = 3

�����n"T�S�!,+&�1J.=,+�+�I7V�XR
{0, 1, 2}
{0, 3, 6}
{0, 4, 8}
{0, 5, 10}
{0, 9, 18}
. . .

�d�Y,-1w"��-�C�!�����S�!�Y�����%1��W"��S�!,+&�1w.=,+�+�b&���(*���w,+&3������1��%"��CH=$'����1�,-4��
0
Ho7V�%"C�!��1��v,pP#.0�
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"T�S�!,+&IHx1��%9
s
HS������&

2s.=,+�+�«"��-�C�!���+9w&�$'�J7V�#,+&W�!&)9w]�����(5,-$'��1b"T�S�!,+&IHS1�,+&�"%�
2s 6= 2t

,pP
s 6= t

F
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õlð ÿ ðSõlíóï
ö-ïLð)ø�í ! - õ 3 ï 3 í ! ïyxZõlì�õkü ! ö-ï�íXü�ë�ð � ë'ö é5í[õkë'ðX. 6 ñ?é)èLíXüTë'ðSíq÷'õlðWü ! ÷�õ¬ð�èZë9#2ö+ïLð5ø�í !
2

ë'ì
3 3K
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3
Fnã¹���Z�����?"T�S�!,+&e"%$'&3�T�!,+&�,+&��

1
�S�C(*�c�-��&������

r
F
r

,-1
K�&�,+����HI1�,+&�"%�c$'��������.=,-1��c.0�
�S�C(*�n�����ns2,+��,-"T���-���2"C�'1��R�!&�4\�Y$'���%$C(*���

r ≥ 4
HS1�,+&�"%�Z������46, �!���T�!��4�$5�%1�& ä �J�S�%(*�

"T�S�!,+&�1b$!P��-��&������
2

$'�
3
FX�
����&;.0�Z.=,+�+�I�S�C(*�Z�����n"��S�!,+&�1
{0, 1, . . . , r − 1}
{0, r, . . . , sr}
{0, r + 1, . . . , t(r + 1)}
{0, r + 2, . . . , u(r + 2)}
{0, r + 3, . . . , v(r + 3)}
. . .

.=,+���
s, t, u, v, · · · ≥ 3
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¢�£¥´��X´S­O§¬²O§l´`©�¶fç10fç2U ï�í
p, q ∈ P 6 p 6= q 3 U ï�í

1 ∈ B1 ⊂
{
pi i ≥ 0

} 6 1 ∈ B2 ⊂{
qi i ≥ 0

} 3 �"! ï�ð
B1B2

∼= B1 ×B2,& ! ïLì�ï?í ! ï × î3ïLð`ë�íóïLè�í ! ï|{�÷'ìLíóïLè�õk÷'ðYêxì�ëCî�é6ü%í=ë9#ní ! ï
ê�ë!è%ï�ílè
B1

÷'ð`î
B2 3K
ì�ëCë*# 3 �
����$'��4����R,+&

B1B2
,-1�4��LK�&��%4A�'1���1��S�!�qH«,qFú��F

paqb ≥ prqs
,ji
pa ≥ pr�!&�4

qb ≥ qs
FR�
���_1T�!�Y�_$'��4����Z,-1#��1��%4/,+&

B1 × B2
HV,qFú��F

(pa, qb) ≥ (pr, qs)
,ji

pa ≥ pr �!&�4
qb ≥ qs F�s#�LK�&��

ϕ : B1B2 → B1 ×B2

prqs 7→ (pr, qs)�),+&�"%�
ϕ(pa) = (pa, 1)

H
ϕ

,-1J�R��$'�Y$'�Y$'��]���,-1���1�,+&�"%�
�R���+��,+]��+,-"C�!��,-$'&v,+&
B1 ×B2,-1�"%$'�_]x$'&���&)�ó.=,-1��v�����+��,+]��+,-"C�!��,-$'&IFù�
��,-1_���!<*�%1

ϕ
�87�, ���%"���,-$'&IF¿{e�\"C�!&��!�-1�$

4��LK�&��n�����Z,+&3(*����1��n��$
ϕ

ϕ−1((pr, qs)) = prqs�
���#,+&)(*����1��Z,-1=.0���+�pjó4��LK�&��%4W�!&�4
(pr, qs) ≤ (pn, qm)

,+�_]��+,-�%1b���S�!�
ϕ((pr, qs)) =

prqs ≤ pnqm = ϕ((pn, qm))
�'"%"%$'��46,+&��n��$Z�����=4��LK�&�,+��,-$'&w$!PV$'��4����o�!7V$C(*��FfS2��&�"%�

ϕ
,-1��!&?$'��4�����]����%1�����(5,+&��#7�, ���%"���,-$'&c.=��$�1��0,+&)(*����1��0,-1U$'��4�����]����%1T����(),+&��n�!&�4?����&�"%�

,+� ä 1
�?]x$�1����b,-1�$'�Y$'��]���,-1��;F

∴ B1B2
∼= B1 ×B2

¢�£¥´��X´S­O§¬²O§l´`©}¶Iç14fç}�"! ïnê6ë'è%ï�í
(N+,≤A)

õ èwõ è%ë'ñYë'ìqê ! õ[ü;íqë/í ! ï^õlð ÿ ð�õ[íóïaî'õlì�ï�üCí
êxì�ëCî�é6ü%íXë*#bí ! ïXê6ë!èCï�ílè

(
{
pji j ≥ 0

}
,≤A) 3 �"! ïLð (N+,≤A)

õ¬èJõ è%ë'ñYë'ìóê ! õkü
íqë
S 3O #

n ∈ N+ 6 í ! ï�ð^í ! ï2õ¬ð`íóïLì � ÷'ö
[1, n]

õ èJõ¬è�ë'ñYë'ìóê ! õkü2íqë_÷bê`ì�ëCî'é�ü%íQë9# ÿ ð�õlíóï�öþýRñ_÷�ð�ý
ÿ ð�õlíóïRü ! ÷�õ¬ð�è 3K
ì�ëCë*# 3 ãI���

n ∈ N+ �S�C(*�n�����#]���,+�Y�nPk�'"���$'��,+>O�!��,-$'&
n = pa1

1 p
a2
2 · · · pann

s#�LK�&��
ϕ : (N+,≤A)→ ({pj1|j ≥ 0} × {pj2|j ≥ 0} × . . . ,≤A)

ϕ
���!]�1

n
��$R�����2(*�%"���$'�=.=,+���

paii
$'&^�����2,~R ���^]�� �'"%�%1J�!&�4

0
$'&;�!�+�f$'��������1CF��
�S�!�

����,-1
���!]�]�,+&��^]����%1�����(*�%12�����R$'��4����
Pk$'�+�-$C.J1
Pl��$'���
���%$'����� @�F+@�û�F
ϕ

,-12"��-�C�!���+9v�
7�, ���%"���,-$'&IFX�
���Z,+&)(*����1��n$!P

ϕ
������&v�Lr5,-1���1J�!&�4

(pa1
1 , p

a2
2 , . . . ) ≥ (pb11 , p

b2
2 , . . . ),+�_]��+,-�%1

ai ≥ bi
P[$'�b�!�+�

i ∈ N F�S
��&�"%�
ϕ−1((pa1

1 , p
a2
2 , . . . )) = pa1

1 p
a2
2 · · · ≥ pb11 p

b2
2 · · · = ϕ−1((pb11 , p

b2
2 , . . . ))S2��&�"%�

ϕ
,-1a�|]V$�1����Y,-1�$'�Y$'��]���,-1�� �!&�4

(N+,≤A) ∼= ({pj1|j ≥ 0} × {pj2|j ≥
0} × . . . ,≤A)
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�qP
1 ≤ n ∈ N ������&v�����������Lr6,-1���12�_� �!���*�%1��
]���,+�Y�n&3���R7x���

pk ≤ n
F ô $'�
�C�'"T�

]���,+�Y�
pi

���������\�Lr6,-1���1Y�8��&�,-~)���^&3����7V���
li ∈ N

1���"������S�!�
plii

,-1c�����^� �!���*�%1��
]V$C.0���b$!P

pi
�-�%1�1
������&;$'�=�%~)�S�!�f��$

n
F��
����&v�'1J�!7V$C(*�Z.0�Z"C�!&;4��LK�&��n�R���!]�]�,+&��

ϕ : ([1, n],≤A)→ ({pj1|0 ≤ j ≤ l1} × · · · × {pjk|0 ≤ j ≤ lk},≤A)�
��,-1
���!]�]�,+&��^,-12��]V$�1����b,-1�$'�Y$'��]���,-1�� �'"%"%$'��46,+&��^��$������?�!7V$C(*��F2�
����&)����7V���
$!PU"��S�!,+&�1=,-1="��-�C�!���+9�K�&�,+���n�!&�4^�!�+� {pji |0 ≤ j ≤ li} �!���Z"��-�C�!���+9YK�&�,+���Z"��S�!,+&�1OF

ãI���
1 ∈ W ⊂ N+ F}{e�/4��LK�&��8�������Oï�íq÷�#Lé5ð`ü%í[õkë'ð $!P

Γ[W ]
��$A7V�

ζ =∑
n∈W en ∈ Γ[W ]

HV,qFú�
ζ(n) ≡ 1

Pk$'�
n ∈ W HV�!&�4/�-���#�����5�A� / õ¬é)è�#Lé5ð`ü%í[õkë'ðe7V�

,+��1X�����+��,+]��+,-"C�!��,+(*�2,+&3(*����1��
µ = ζ−1 F��
���Jh8i'7�,+��1�P[��&�"���,-$'&��Lr5,-1��CH31�,+&�"%�

ζ(1) 6= 0½@?¹¤)´S£!¤)¨�¶Iç[¡5Âfç
µ(pa1

1 · · · parr )
õ¬è

(−1)r
õ #b÷'ölö

paii
÷'ì�ïXê`ì�õlñcõlí[õ � ï�ê`ìLõ¬ñ�ï�ê6ë'&oïLì�è 6� ë�í ! ï�ì�&�õ¬è%ï 3K
ì�ëCë*# 3 ãI���

pa
7x�#]���,+�_,+��,+(*��Fo�
����&

µ ∗ ζ(pa) =
∑

d∈A(pa)

µ(d)ζ(
pa

d
) =

∑

d∈A(pa)

µ(d) = µ(1) + µ(pa) = 1 + µ(pa) = 0

.=��,-"T�v,+�_]��+,-�%1=���S�!�
µ(pa) = −1

,pP
pa

,-1=]���,+�_,+��,+(*��FQ�
����&IH�,pP
pa ∈ A(p2a)

H
µ ∗ ζ(p2a) =

∑

d∈A(p2a)

µ(d) = µ(1) + µ(pa) + µ(p2a) = 1− 1 + µ(p2a) = 0

�d�
Pk$'�+�-$C.J1J7)9w,+&�46��"���,-$'&W���S�!�
µ(pb) = 0

,pP
pb

&�$'&6jq]���,+�_,+��,+(*��F
ãI���

n = pa1
1 p

a2
2

.=�������Z7V$'���
pa1

1

�!&�4
pa2

2

�!���Z]���,+�_,+��,+(*��FQ�
����&
∑

d∈A(n)

µ(d) = µ(1) + µ(pa1
1 ) + µ(pa2

2 ) + µ(pa1
1 p

a2
2 ) =

= 1− 1− 1 + µ(pa1
1 p

a2
2 ) = 0S2��&�"%�

µ(pa1
1 p

a2
2 ) = 1 = (−1)2 FQG21�1����Y�Z���S�!�

µ(pa1
1 · · · p

ar−1

r−1 ) = (−1)r−1 ,pPX�!�+�
paii

�!���#]���,+�_,+��,+(*��FoãI���
n = pai1 · · · parr

.=���������!�+�
paii

�!���Z]���,+�_,+��,+(*��FX�
����&
∑

d∈A(n)

µ(d) =

r−1∑

i=0

(
r

i

)
(−1)i + µ(pa1

1 · · · parr ) = 0

S2��&�"%�
µ(pai1 · · · parr ) = (−1)r

,pP��!�+�
paii

�!���#]���,+�_,+��,+(*��F
ãI���

n = p2b
1 p

a
2

.=�������
p2b

1

,-1=&�$'&6jq]���,+�_,+��,+(*�c�!&�4
pa2, p

b
1

,-1=]���,+�_,+��,+(*��FX�
����&
∑

d∈A(n)

µ(d) = µ(1) + µ(pa2) + µ(pb1) + µ(p2b
1 ) + µ(pb1p

a
2) + µ(p2b

1 p
a
2) =

= 1− 1− 1 + 0 + 1 + µ(p2b
1 p

a
2) = 0.=��,-"T�;,+�_]��+,-�%1=���S�!�

µ(p2b
1 p

a
2) = 0

F��ó&�46��"���,-$'&v$O(*���=�����#&3���R7x���b$!P«Pk�'"���$'��1
��,+(*�%1
���S�!�

µ(pai1 · · · parr ) = 0
,pPI$'&��=$!Pf�����

paii
1�,-1�&�$'&6jq]���,+�_,+��,+(*��FXh8$'���%$C(*���o,+&�46��"���,-$'&

$O(*���
�����R&3���R7x���Z$!PX&�$'&6jq]���,+�_,+��,+(*�?Pq�'"���$'��1b������&/1���$O.J1
���S�!�
µ(pai1 · · · parr ) = 0,pP�1�$'�Y�Z$!P������

paii
1J�!���Z&�$'&6jq]���,+�_,+��,+(*��F
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