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Paradoxes in Intuitionistic Type Theory

Susanne Thon

Abstract

One of the most famous paradoxes in mathematics is Russell’s paradox. It considers the set of all
sets that do not contain themselves. Does this set contain itself or not? Whatever answer we give,
we get a contradiction.

Paradoxes in mathematical systems indicate inconsistency. An early version of Intuitionistic type
theory developed by Martin-Lof turned out to be inconsistent and had to be revised. In this paper
we will present formalizations of Girard’s paradox and Coquand’s paradox of trees, which can be seen
as versions of Russell’s paradox, in the inconsistent version of Intuitionistic type theory.
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1 Introduction

Imagine a village barber who shaves those and only those men in the village who do not shave
themselves. Does the barber shave himself or not?

Whatever answer we give, it leads to a contradiction.

This paradox can be seen as an everyday version of the famous paradox that was discovered by
Bertrand Russell in 1902 and shook the logician’s world. Cantor’s set theory, that served as a basis of
all mathematics, did not hold anymore, neither did Frege’s just completed work ”Foundations of
Arithmetic”.!

Several attempts were made to solve paradoxes like the one of Russell. One approach was taken by
Russell himself by introducing a theory of types.

A type theory that is based on intuitionistic ideas, the Intuitionistic type theory, was developed in the
1970’s by Martin-Lof. An early version of this type theory however turned out to be inconsistent;
paradoxes could be formalized in it.

In this paper we will present formalizations of two paradoxes that can be seen as versions of Russell’s
paradox in the inconsistent version of Martin-Lof’s type theory: Girard’s paradox and Coquand’s
paradox of trees.

We will start by giving an introduction to these paradoxes and the different attempts to solve them in
chapter 2. In chapter 3 we then present type theory in the version of Martin-Lof. A formalization of
Girard’s paradox is presented in chapter 4, Coquand’s paradox of trees in chapter 5.

Lvan Heijenoort 1967, p. 124



2 Paradoxes

The encyclopedia of mathematics defines a paradox as ”a situation in which two mutual contradictory
statements are demonstrated, each one having been deduced by means that are convincing from the
point of view of the same theory.”?

What does it mean for a system or a theory to contain a paradox?

Because it is known from classical logic that from a contradiction anything can be deduced, proofs of
theorems in a system that contains a paradox are not convincing. A paradox indicates that one or
several basic assumptions made in the theory in question are wrong and often leads to a fundamental
revision of the system as a whole.3

In the latter part of the nineteenth century Cantor introduced set theory, which soon came to be seen

as a fundamental branch of mathematics. The work of Dedekind, Weierstrass, and others showed that

from the arithmetic of natural numbers much of classical mathematics can be derived. The concept of
natural numbers in its turn can be obtained from the basic principles of set theory.* The following is a
modern way to do this:

0 is defined to be the empty set, 1 is defined to be the set that contains the empty set as its only
element, 2 is defined to be the set that contains the empty set and the set that contains the empty set
and so on. Using these definitions, we can prove propositions of natural numbers.?

Set theory however turned out to contain a number of contradictions, which were discovered between
1895 and 1910. The Burali-Forti paradox, which was discovered in 1897, is one of them. It deals with
the existence of the greatest ordinal number.

An ordinal number is a ranking number; it designates the rank or position of an object in a linearly
ordered array.® Ordinal numbers are represented by well-ordered sets. Thus the above concept of
natural numbers describes ordinal numbers.

We consider an ordinal number as being the set of all preceding ordinals. For each ordinal a we can
construct a strictly greater one by forming the set that contains all preceding ordinals of a together
with a itself. The paradox is derived if we consider the greatest ordinal number, that is, the set of all
ordinal numbers. Such a set would be an ordinal number greater than or equal to every ordinal number.
But for every ordinal number there exists a strictly greater one and we get a contradiction.

At first it was not paid much attention to the paradoxes because it was hoped that they could be
corrected by some alternation of the basic definitions. But when in 1902 Russell’s paradox involved
elementary aspects of set theory they could no longer be ignored.

Russell’s paradox can be seen as a version of the Burali-Forti paradox and can be described as follows:
We can consider two types of sets: sets that contain themselves and sets that do not contain themselves.
Most sets we use do not contain themselves, but the set of all sets must be a member of itself.

We now define M as the set of all sets that do not contain themselves. Does M contain itself? Suppose
M is not a member of itself, then it satisfies the condition to be a member of M and hence contains
itself. If we suppose that M is a member of itself it does not satisfy the condition to be a member of M
and hence does not contain itself. Thus M contains itself if and only if it does not contain itself, which
is a contradiction of the most fundamental sort.”

When these paradoxes were discovered, the conception of a set as represented in Cantor’s definition did
no longer provide a satisfactory basis neither for set theory nor for mathematics as a whole.® New
approaches were needed.

One approach was made by Zermelo in 1908.? Zermelo’s system, modified by Skolem and Fraenkel, is
widely used still today.

Zermelo conceived a restriction that is called the axiom of selection. It states that a property of objects
can only be used to select objects from a set that already exists, but not to form a new set. This means

2Encyclopedia of mathematics 1993, p. 205
3ibid. p. 205

4Pinter 1971, p. 2

5ibid. p. 2

6ibid. p. 166

7ibid. p. 3

8ibid. p. 3

9ibid. pp. 10-11



that if A is a set and S(z) is a property, we can form a set that consists of exactly those elements z in
A that satisfy S(x). But we cannot form a set that consists of all « that satisfy S(x). Thus Russell’s
construction of a paradox cannot be carried out.

Another approach was made by von Neumann.
Von Neumann noted that the paradoxes are caused by two facts:

1. The crucial sets, like the set of all sets that do not contain themselves, are too large, they include
too much.

2. These large sets are allowed to be elements of sets, as for example elements of themselves.

In Zermelo’s approach the known constructions of paradoxes are blocked by prohibiting to form these
large sets. Von Neumann’s approach permits the existence of large sets but does not allow them to be
elements of sets.'®

Both Zermelo’s and von Neumann’s systems reached their aim of providing a firm foundation for a
system of set theory which include Cantor’s basic results. But as they had to give up a considerable
amount of naive set theory, many mathematicians pointed out that they should be seen as provisional
solutions.!!

In the early 1900’s Russell developed a theory of types from the idea of considering sets to be ordered in
a hierarchy of levels, which means that if we have two sets A and B and A is an element of B then B is
one level higher than A. Every level represents a type or a range of significance. The theory can be
described as follows:!2

Every set has a level, i.e. a natural number. The simplest sets are of level 0, they are called individuals
and do not have elements. A set of level 1 contains such individuals, a set of level 2 contains sets of
level 1 and so on. An expression like a € A is only meaningful if a is of level n and A is of level n 4 1 for
some n € N.

Thus a statement like z € x is not meaningful in the theory of types and as a result, Russell’s paradox

cannot even be formulated.

Another quite different approach was made by the intuitionists. In intuitionistic mathematics every
proof must be constructive, which means that to prove that a mathematical object exists a method for
actually constructing the object must be given.

Cantor assumed that if we can name a property of objects, there exists a set of all objects with this
property. In intuitionistic set theory a set exists only if we can describe how to build it. Therefore a set
of all sets cannot be formed.!3

Based on the principles of constructive mathematics, Marin-Lof developed intuitionistic type theory, in
the 1970’s. In his theory every mathematical object has a certain type and is always given together
with this type. This can be seen as a both simpler and more general version of Russell’s formulation.!
An early version of type theory was, however, inconsistent. This was discovered by Girard, who
formulated a type theoretic version of the Burali-Forti paradox in it. As a consequence, the theory was
modified several times.

We will present Girard’s paradox in chapter 4.

Some years later, Coquand formalized a less extensive version of the paradox in the inconsistent version
of Martin-Lof’s type theory. Coquand’s paradox of tree will be presented in chapter 5.

We will start with a presentation of Martin-Lof’s type theory in the following chapter.

4

10Pinter 1971, p. 13
Hibid. p. 15

12ibid. pp. 16-17

13ibid. pp. 17-19

M Martin-Lof 1998, p. 127



3 Intuitionistic type theory

Martin-Lo6f developed Intuitionistic type theory (from now on type theory) with the aim to provide a
constructive foundation of mathematics as an alternative to the usual foundation of mathematics based
on classical set theory. Type theory is not based on first order predicate logic; predicate logic is
interpreted within type theory.'®

A type is defined by prescribing how to construct an object of that type. This corresponds to the
definition of a set, and from now on we will refer to types as sets. In an analogous way, a proposition is
defined by prescribing how it can be proved. This leads us to one of the basic ideas in type theory: the
interpretation of propositions as sets.

A proposition is proved to be true by constructing an element of the corresponding set. An empty set
corresponds to a false proposition.

If we decide whether a proposition is true, we make a judgement.

We can make judgements of four forms with the following notation in type theory:

(1) Aisaset A set

(2) A and B are equal sets A= DB:set
(3) ais an element in the set A a:A

(4) @ and b are equal elements in the set A a=0b: A

These judgements are explained in the following way:

(1) We know that A is a set if we know how a canonical element of A is formed and under what
conditions two canonical elements of A are equal.

(2) Two sets A and B are equal if an arbitrary canonical element of A is also a canonical element of
B and vice versa.

(3) If Ais aset then a is an element in A if a yields a canonical element in A as value when evaluated.

(4) Two arbitrary elements a and b in a set A are equal if @ and b yield equal canonical elements of A
as values when they are evaluated.

Identifying sets with propositions and elements of sets with proofs of propositions, A : set is interpreted
as A is a proposition and a : A is interpreted as a is a proof of A i.e. A is true.

Families of sets
In general judgements are made under assumptions.
An expression of the form

B(x1,...,xpn) s set [x1: Ay, sy - Ap(1, o0y 0]

is called a hypothetical judgement or a family of sets with n indices.

Judgements with an empty context, that is, judgements without assumptions, are called categorical
judgements.

We will take a closer look at what the four forms of judgements mean if they are made under one
assumption.

(1) B(x):set [z : A] expresses that B(z) is a set under the assumption z : A, or that B(z) is a family
of sets over A. A judgement of this form means that for an arbitrary element a in A, B(a) is a set
and if a and b are equal elements in A, then B(a) and B(b) are equal sets.

(2) B(xz) = C(z) [z : A] expresses that B(x) and C(z) are equal families of sets over the set A. A
judgement of this form means that for any arbitrary element a : A, B(a) and C(a) are equal sets.

(3) b(x) : B(z) [x : A] expresses that b(x) is an element of B(x) under the assumption = : A. A
judgement of this form means that for an arbitrary element a : A, b(a) is an element in B(a), and
if @ and d are equal elements in A, then b(a) and b(d) are equal elements in B(a).

(4) b(x) = c(z) : B(x) [z : A] expresses that b(x) and c(z) are equal elements of B(x) under the
assumption x : A. A judgement of this form means that, for an arbitrary element a : A, b(a) and
¢(a) are equal elements in the set B(a).

Judgements made under n assumptions are generalizations of judgements made under one assumption.
The meanings of these judgements follow by induction.

151n the following presentation of type theory we mainly follow Martin-Lof 1984 and the part about polymorphic sets in
Nordstrom, Petersson, Smith 1990



Equality rules
From the meanings of judgements of the form A = B, a: A and a = b : A the rules for set equality
follow immediately.

Set equality
a:A A=DB:set a=b:A A= B:set
a:B a=b:B

We have the following general equality rules, which, by definition, hold for canonical elements:

Reflexivity
a:A A : set

a=a:A A=A:set
Symmetry

a=b:A A= B :set

b=a:A B=A":set
Transitivity

a=b:A b=c: A A=B:set B=0C:set

a=c:A A=C:set

Substitution

From the verification of the meanings of judgements for families of sets the substitution rules follow
immediately:

Substitution in sets

a:A C(z):set [z: A4] a=b:A C(x):set [x:A]
C(a) : set C(a) =C(b) : set
Substitution in elements
a:A c(x):C(x) [z: 4] a=b:A c(z):C(x) [x: A
c(a): Cla cla) =¢(b) : C(a)

Substitution in equal sets

Substitution in equal elements




We will now give the rules for the different set-forming operations we use.
For each operation there are four kinds of rules:

e The set formation rule describes under which conditions we can form a set A

e The introduction rule defines the set A by describing how the canonical elements of the set are
formed

e The elimination rule shows how to define functions on the set

e The equality rule shows how a function defined by the elimination rule operates on canonical
elements of the set

To each rule of set formation, introduction and elimination there are corresponding rules that allow us
to substitute equal elements for equal elements and equal sets for equal sets. These rules are left out
here since they are of immediate inference.

Each element of a set can be evaluated to canonical form. The value of a canonical element is the
canonical element itself, whereas a non-canonical element has a canonical element as its value.

The rules are presented in a natural deduction style

P P ... P,
c

where Py, Ps, ..., P, are the premises and C' the conclusion. In general they are all hypothetical
judgements.

We then relate to each set the corresponding proposition it is identified with.

10



Cartesian Product of a family of sets
If Aist a set and B is a family of sets over A, then (Ilz : A)B(z) denotes the cartesian product of the
sets in the family. The corresponding proposition is the universal quantifier; (Ilz : A)B(z) is identified

with (Va : A)B(z).

The canonical elements in (Ilz : A)B(z) are of the form (Az)b(x), where b(z) : B(x) under the
assumption x : A. When applied to an element a : A, they give an element in the set B(a).

[ : A]
A:set B(z):set
(TIz : A)B(x) : set

II-formation:
[z : A]
b(z) : B(x)
(Ax)b(z) : (lz : A)B(x)

II-introduction:

f:(Mlz: A)B(z) a:A

ap(f,a) : B(a)

II-elimination:

[z : A]

A :prop B(z):prop

V-formation:

(Vx : A)B(x) : prop

[z : A]
B(x) true

V-introduction:

(Vz : A)B(x) true

(Vx : A)B(x) true

a: A

V-elimination:

B(a) true

We presuppose the premises A : set and B(x) : set [z : A], which are not written out explicitly.

ap(f,a) is evaluated as follows:
First evaluate f.

If the value of f is (Az)b(x), then the value of ap(f,a) is the value of b(a).

We then get the rule

[z : A]
b(z):B(z) a:A

IM-equality: ap((Ax)b(x),a) = b(a) : B(a)

The function set

If B does not depend on z, A — B = (Ilz : A)B is the set of functions from A to B. The corresponding
proposition is implication; A — B is identified with A D B.
The canonical elements of A — B are of the form (Az)b(z), where b(x) : B under the assumption = : A
and x must not occur free in B. When applied to an element a : A, they give an element in the set B.

We get, as special cases

[ : A]
A:set B :set
—-formation: A — B :set

where x must not occur free in B

[ : 4]
b(x): B
—-introduction:  (Azx)b(x): A — B

where x must not occur free in B

f:A—B a:A

—-elimination: ap(f,a) : B
[z : A]
b(z):B a:A

—-equality: ap((Azx)b(z),a) = b(a) : B

where x must not occur free in B or f

[A true]
A :prop B :prop
D-formation: A D B : prop

D-introduction:

D-elimination:

11

[A true]
B true
A D B true

A D B true A true
B true




Disjoint union of a family of sets

If Ais aset and B(z) is a family of sets over A, then (Xz : A)B(x) denotes the disjoint union of the
sets in the family B(z). The corresponding proposition is the existential quantifier; (Xz : A)B(z) is
identified with (3z : A)B(z).

The canonical elements in (Xz : A)B(z) are pairs of the form (a,b), where a : A and b: B(a).

[z : A] [z : A

A:set B(z):set A :prop B(z):prop

>-formation: (Bz : A)B(x) : set J-formation: (3x : A)B(z) : prop
a:A b:B(a) a:A Bf(a) true
S-introduction:  (a,b) : (Xx : A)B(z) J-introduction:  (3z : A)B(z) true
[v:(Zz: A)B(z)] [z:A, vy:B(z) [z: A, B(xz) true]

c: (Zz: A)B(x) C(v) : set d(z,y) : C({z,y)) (3z : A)B(z) true C true

Y-elimination: E(c, (z,y)d(z,y)) : C(c) J-elimination: C true

E(c, (z,y)d(z,y)) is evaluated in the following way:

First evaluate c.

If the value of ¢ is (a,b), then the value of E(c, (x,y)d(z,y)) is the value of d(a,b), which is a canonical
element of C({(a,b)).

This gives the rule

[v:(Zz:A)B(z)] [x:A, y:Bx)
a:A b:B(a) C(v) : set d(z,y) : C({z,y))
Y-equality: E({(a,b), (z,y)d(z,y)) = d(a,b) : C({a, b))

The projections p and g, which select the left and the right component of a pair, respectively, are
special cases of E(c, (z,y)d(z,y)):

We then have the elimination rules
c: (Xz: A)B(x) c: (Xx: A)B(x)
p(c): A q(c) : B(p(c))

and the equality rules
a:A b:B(a) a:A b:B(a)

p((a,b)) =a: A q({a,b)) =b: B(a)

Cartesian product of two sets

If B does not depend on z, A x B = (¥z : A)B denotes the cartesian product of A and B. The
corresponding proposition is conjunction; A x B is identified with A & B.

The canonical elements in A x B are thus pairs of the form (a, b), where a : A and b : B.

We get, as special cases

A:set B :set A:prop B:prop
x-formation: A X B :set &-formation: A& B : prop
a:A b:B A true B true
x-introduction:  (a,b) : A x B &-introduction: A& B true
[v:AxB] [z:A, y:B] [A true, B true]
c:Ax B C(v):set d(z,y): C({z,y)) A& B true C true
x-elimination: E(e, (z,y)d(z,y)) : C(c) &-elimination: C true

[v:AxB] [z:A, wy:B]
a:A b:B C(v):set d(z,y): C{z,y))
x-equality: E({a,b), (z,y)d(z,y)) = d(a,b) : C({(a,b))

12



Disjoint union of two sets

If Ais aset and B is a set, then A + B denotes the disjoint union of A and B. The corresponding
proposition is disjunction; A + B is identified with A V B.

The canonical elements in A 4+ B are of the form i(a) and j(b), where ¢ and j give the information
about which of the sets A or B the elements come from.

A:set B :set A:prop B:prop
+-formation: A+ B : set V-formation: AV B : prop
a: A A true
+-introduction 1:  i(a): A+ B V-introduction 1: AV B true
b: B B true
+-introduction 2:  j(b): A+ B V-introduction 2: AV B true
[v: A+ B [z : A] [v: B] [A true] [B true]
c:A+B C(v):set d(z):C(i(z) e(y):C>i(y)) AV B true C true C true
+-elimination: D(c, (z)d(x), (y)e(y)) : C(c) V-elimination: C true

D(c, (z)d(z), (y)e(y)) is evaluated as follows:

First evaluate c.

If the value of ¢ is of the form i(a), then the value of D(c, (z)d(z), (y)e(y)) is the value of d(a).
If the value of ¢ is of the form j(b), then the value of D(c, (z)d(z), (y)e(y)) is the value of e(b).
This gives the rules

[v: A+ B] [z: A [y : B]
a:A C):set d(z):C(i(z)) e(y):C>y))
+-equality 1: D(i(a), (z)d(z), (y)e(y)) = d(a) : C(i(a))
[v: A+ B [z : 4] [y : B]
b:B C(v):set d(x):C(i(z)) e(y):Cy))
+-equality 2: D(j(b), (x)d(x), (y)e(y)) = e(b) : C(5(b))

Propositional equality

If A is a set, then the proposition Id(A4, a,b) is similar to the judgement a = b : A.

The canonical elements of Id(A4, a, b) have the form ref(a).

Id(A4, a,b) can be seen as the smallest reflexive relation on A, as its only elements are reflexivity proofs.

A:set a: A b: A

Id-formation: Id(A4,a,b) : set
a:A
Id-introduction: ref(a) : Id(A4,a,a)
[x:A y:A z:1d(A z,v9)] [z : A]
a:A b:A c¢:1d(4,a,b) C(z,y,z) : set d(z) : C(z, z,ref(x))
Id-elimination: idpeel(c, (x)d(x)) : C(a,b,c)

idpeel(c, (x)d(x)) is evaluated as follows:

First evaluate c.

If ¢ has the value ref(a), then the value of idpeel(c, (z)d(z)) is the value of d(a).
This gives the rule

[x:A y:A z:1d(A, z,v)] [z : A
a:A C(z,y,z) : set d(x) : C(z,z,ref(x))
Id-equality: idpeel(ref(a), (z)d(z)) = d(a) : C(a,a,ref(a))

13



Enumeration sets
Given n canonical constants i1, ..., 4, we introduce the enumeration set {i, ..., 4, }.
The canonical elements of {iy,...,i,} are iy, ia, ... and iy,.

{i1, ..., ip p-formation:  {i1,...,in} : set

We have n introduction rules (n > 0):

{41, .ory ip p-introduction 1: iy : {i1, ..., 05}

{i1, ..., i }-introduction n: i, : {i1, ..., 9}

[ : {i1, . in}]
a: {1y nyin} C(x) : set by : C(i1), .. by : Clin)

{i1, ..., in, }-elimination: case(a, by, ..., b,) : C(a)

case(a, by, ..., b,) is evaluated in the following way:

First evaluate a.

If the value of a is i, (1 < k < n) then the value of case(a, by, ..., b,) is the value of bg.
This gives the rule

[ : {i1, . in}]
C(z) : set by : C(1)y s by - C(in)
{41, .., in p-equality: case(ig, b1, ..., bp) = by : C(ig)

The empty set

For n = 0 we get the empty set {} as a special case. The corresponding proposition is absurdity; {} is
identified with L.

The empty set has no introduction rule as it has no elements.

{}-formation: {} : set L -formation: L : prop
[z {}]
a:{} C(x):set 1 true C:prop
{}-elimination: case(a) : C(a) L-elimination: C true

For any proposition A we define a negation by "~ A=A — 1

Natural numbers
N denotes the set of natural numbers.
0 is a canonical element in N and if a is an element in N, then s(a) is a canonical element in N.

N-formation: N : set

N-introduction 1: 0: N

a: N
N-introduction 2:  s(a) : N

14



[v: N] [z: N, y:C(x)]
c:N C(v):set d:C(0) e(z,y):C(s(x))
N-elimination: R(e,d, (z,y)e(x,y)) : C(c)

R(c,d, (z,y)e(z,y)) is evaluated in the following way:

First evaluate c.

If the value of ¢ is 0 then the value of R(c,d, (x,y)e(x,y)) is the value of d.

If the value of ¢ is s(a) for some a : N then the value of R(c,d, (z,y)e(z,y)) is the value of
e(a, R(a.d, (z, p)e(z,y)).

This gives the rules

[v:N] [: N, y:C(x)]
Cv):set d:C(0) e(x,y):C(s(x))
N-equality 1: R(0,d, (z,y)e(x,y)) =d: C(0)
[v:N] [: N, y:C(z)]
a:N C(v):set d:C(0) e(z,y):C(s(z))
N-equality 2:  R(s(a),d, (z,y)e(z,y)) = e(a, R(a,d, (z,y)e(x,y))) : C(s(a))

Well-orderings

If Ais a set and if B is a family of sets over A, then (W x : A)B(x) is a well-ordering, or a well-founded
tree. The constructor set A represents the different ways to form a tree and the selector family B(x)
represents the parts of a tree formed by x : A.

The canonical elements in (W = : A)B(x) are of the form sup(a, (t)b(t)), where a : A is a particular form
we want the tree to have and b is a function from B(a) to (W z : A)B(x), i.e. a collection of subtrees.

[x: A
A:set B(zx):set
W-formation: (W z: A)B(x) : set

[t : B(a)]
a:A b(t): (W x:A)B(x)
W-introduction:  sup(a, (¢)b(t)) : (W z : A)B(x)

[v:(Waxz:A)B(z)] [y: A4, z2(t): (W x: A)B(x)[t: B(y)], u(t): C(z(¥))[t: B(y)]]
a: (W x:A)B(x) C(v) : set b(y, z,u) : C(sup(y, (t)z(t)))

W-elimination: wrec(a, (y, z,u)b(y, z,u)) : C(a)

wrec(a, (y, z, u)b(y, z,u)) is evaluated as follows:

First evaluate a.

If @ has the value sup(d, (t)e(t)) then the value of wrec(a, (y, z,u)b(y, z,u)) is the value of
b(d, (£)e(t), (£) wrec(e(t), (y, 2, w)b(y, 2, v))).

This gives the rule

[t : B(d)] [v:(Wa:A)B@)] [y:A, 2(t): (W z: A)B@)[t: By)], u(t): C(2(1))[t: B(y)]]
d:A e(t): (W ax:A)B(z) C(v) : set b(y, z,u) : C(sup(y, (t)z(t)))
W-equality:  wrec(sup(d, (t)e(t)), (¥, 2, w)b(y, 2, u)) = b(d, (t)e(t), (t) wrec(e(t), (y, 2, w)b(y, 2,u))) : C(sup(d, (t)e(t)))
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Universes

We define a universe as the least set closed under the representatives of certain set-forming operators.
The first universe, or the set of small sets, is the least set that is closed under the operations we have
introduced so far. These are I, X, +, Id, {41, ...,4,}, N and W.

The canonical elements of the first universe are codes for the sets that are formed by the set-forming
operators.

We further define a familiy of sets T'(x) : set [z : U], which decodes the elements in the universe to the
sets they represent.

a:U
U-formation: U : set T-elimination: T(a) : set
[z : T(a)] [z : T(a)]
a:U bz):U a:U bz):U
U-introduction 7: w(a, (x)b(z)) : U T-equality T(m(a, (x)b(z))) = (Hz : T(a))T(b(x)) : set
[z : T(a)] [z : T(a)]
a:U bx):U a:U bx):U
U-introduction o: o(a, (z)b(z)) : U T-equality o: T(o(a, (z)b(x))) = (Xz : T(a))T(b(x)) : set
a:U b:U a:U b:U
U-introduction : atb:U T-equality +: T(a+b) = T(a) + T(b) : set
a:U z:T(a) y:T(a) a:U z:T(a) y:T(a)
U-introduction Id: Id(a,z,y) : U T-equality Id: T(1d(a,z,y)) = Id(T(a),z,y) : set
U-introduction {117/\7171} {11,/\,271} U T-equality {zl,/\,zn} T({il,/.: in}) = {i1,...,in} : set
U-introduction N: N:U T-equality N: T(N) = N : set
[z : T(a)] [z : T(a)]
a:U blx):U a:U blx):U
U-introduction w: w(a, (z)b(z)) : U T-equality w: T(w(a, (z)b(z))) = (W z : T(a))T(b(z)) : set

A first version of Martin-Lof’s type theory contained the additional rules

u:U T(u) =U : set
If we add these rules, the system becomes inconsistent, as we will show in the following chapters:

In chapter 4 we will formalize the paradox that was discovered by Girard and in chapter 5 we will
explain Coquand’s paradox of trees.
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4 Girard’s paradox

Recall the Burali-Forti paradox. We consider an ordinal number as the well-ordered set that contains all
preceding ordinal numbers. To each ordinal number a strictly greater one can be constructed. We then
form the set of all ordinal numbers. This set is an ordinal number that is greater than all ordinal numbers.
But to each ordinal number a strictly greater one can be constructed. This gives the contradiction.

Girard’s paradox may be considered as a type-theoretic version of this argument.'® Ordinal numbers are
replaced by well-ordered sets. An ordered set is a set M with an order relation < which is transitive, i.e.
x <yand y < zimplies < z for all ,y,z : M. An ordered set is well-ordered if there is no infinitely
descending chain x1 > 29 > ... > ,, > ... of elements in M.'7

We will use the notation A* to denote a well-ordered set, where A* consists of the name a : U of a set T'(a)
that has a binary relation < on it, a proof of transitivity of < and a proof of T'(a) having no infinitely
descending chains. The greatest ordinal number, that is, the set of all ordinal numbers, is represented by
). We will show that such a set can indeed be defined using u : U with T'(u) = U. The empty set will
be denoted by L.

The paradox is constructed as follows:

Let a : U and suppose there is a binary relation < on T'(a) such that <: T(a) — T(a) — U. Applying
this relation to any two elements z : T(a) and y : T'(a), we get the name ap(ap(<,z),y) in U and define
the corresponding set as x < y = T'(ap(ap(<, x),y)).

We formulate the properties
P(a,<) = (Va,y,2: T(a)fe <y — (y < 2 — & < )
and

Qla,<) = (Vf : N = T(a))=[(vn : N)(ap(f,s(n)) <ap(f,n))]

P(a, <) expresses transitivity of <, Q(a, <) expresses that there are no infinitely descending chains in
T(a).

We then form the set
Q= (Fa:U,<:T(a) > T(a) = U)[P(a,<) & Q(a, <)]

as the set of all sets that have a name a in U and a relation < with the properties P(a, <) and Q(a, <).

For A* : 1 we define a = p(A*) as the name of a set T'(a), <= p(q(A*)) as the binary relation on 7'(a)
and p, = p(q(q(A*))) and g, = q(q(q(A*))) as proofs of the properties P(a,<,) and Q(a, <g).

We define a binary relation <,: Q0 — €2 — U such that applying this relation to any two elements A* :
and B* : Q) gives the name of the set

A" <y B"=@3f:T(a) > T(b),z: T(b)[(Vo,y : T(a))(z <a y — ap(f,x) <v ap(f, y))&(Vz : T(a))(ap(f, ) <p 2)]
which expresses that there exists an order-preserving bounded function f : T'(a) — T'(b).

We will show that  has a name w in U and the properties P(w, <, ) and Q(w, <,). Here we essentially

need the assumptions w : U, T'(u) = U. Then we can show that Q* = (w, (<u, (Pw, qu))) is itself an
element of 2.

Further we can show that A* <, Q* for any A* : 2. As Q* : Q, we get Q* <, Q*. But this gives an
infinitely descending chain in 2, which yields a contradiction.

16We will formalize the idea that is sketched in Troelstra, v.Dalen 1988, vol I, p. 614 and Martin-Lof 1998 pp. 133-135
17y, Mangoldt/Knopp 1973, pp. 53-54
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We start by showing in U! and U? that P(a,<) and Q(a, <) are sets with names in U for a : U and
<:T(a) — T(a) — U. In U? we show that Q is a set with a name in U under the assumption u : U with
T(u) = U. In U* we define the binary relation <, on €.

We then construct a proof of absurdity.

We will sometimes carry out several steps at the same time, for example when we use repeated substitu-
tion.
The sign = will be used for definitions as well as for abbreviations in the trees.
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In U' and U? we presuppose A — A — U : set, which follows from

We will not explicitly write out premises like this in the following.

U3
[@:U]" [<A—=A-U® [a:U)] [<:A—A—=U°
U A Ul A U2
U P(a,<):U Qa,<):U
(a, (z)u)) : U a(P(a,<), (2)Q(a,<)) : U (©)
u:lU o(r(a, (y)m(a, (x)u)), (<)o (P(a, <), (2)Q(a, <)))' T
(a, ()7 (a, (2)u)), (<)o (P(a, <), (2)Q(a, <)))) :

Here we close the open assumptions a : U and <: A — A — U in U! and UZ?.

We have 2 = T(w) = T(o(u, (a)o(n(a, (y)m(a, (x)u)), (<)o (P(a, <), (2)Q(a, <)))))
=(Za:U)(E<:A— A - U)[P(a, <) x Q(a,<)]
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We suppose that we have A* : Q. We define a = p(A*), <.= p(q(4%)), pa = p(q(q(A*))) and
da = q(q(q(A*))). We also define A =T(a) and B = T'(b).

The premises which show that the sets we use really are sets will as usual not be written out explicitly.
They follow from U', U2, U3, and U : set.

Dl
[A*: (Ba:U)(E <a: A — A — U)[P(a,<a) x Qa,<,)]]3*
a=p(A*):U
le
[B*: (Sa: U)(E <q: A — A — U)[P(a, <q) x Q(a, <4)]]%
b=p(B*):U
D2
(A% : (Ba: U) (S <4t A — A — U)[Pla, <a) x Q(a, <,)]]%*
G(A%) : (2 <a: A— A= U)[P(a,<q) X Q(a,<q)]
<a=p(q(A7): A= AU
D2b
[B*: (Sa:U)(E <a: A — A — U)[Pla, <a) x Q(a, <q)]]%3
q¢(B*): (X <p: B— B — U)[P(b,<p) x Q(b, <p)]
<s=p(q(B")): B— B —=U
D3
(A% (Ba: U)(S <a: A — A — U)[Pa, <a) % Q(a, <a)||**
g(A*) (B <t A— A= U)[P(a,<,) x Q(a,<a)]
q(q(A")) : P(a, <a) x Q(a, <a)
Pa = p(q(q(A%))) : P(a, <a)
D4

[A*: (Ba:U)(E <g: A — A — U)[P(a,<a) x Q(a,<,)]]3*
g(A*): (B <t A= A= U)[P(a,<,) x Qa,<,)]
q(q(A)) : Pla, <a) X Q(a, <a)
7a = q(q(q(A7))) : Q(a, <a)
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In H we will now construct a proof ¢, of Q* <, * and then deduce a proof of absurdity.
These proofs consist of several parts:

Suppose we have A* : Q with a = p(4*), A = T(a), <= p(q(4*)), pa = p(q(q(A*))) and ¢, =
a(q(q(A"))).

In H' we define a function g = (Az)A% : A — Q, so that ap(g,x) = ap((\z)A%, x) = A%, where we have
Ar = (ag, (<a,, (Pay, 9a,))) and a, is the name of the set A, that contains all v : A such that v <, z.
We show in H? that this function is order-preserving and in H? that it is bounded by A*. This combines
to a proof of A* <, Q" and as A* was an arbitrary element of ), A* <, Q* is true for all A* : Q. But
as Q* : Q, which is shown in H*, we get a proof t, of Q* <, Q*.

In H® we prove that the binary relation <, defined on  is transitive and in H® that £ contains no
infinitely descending chains.

To deduce absurdity, we then define the function (An)Q* : N — 2, that, applied to any n : N, yields
O* : Q, so that we have ap((An)Q*,s(n)) = Q* and ap((An)Q*,n) = Q* for any n : N and thus
ap((An)Q2*, s(n)) <, ap((An)Q*,n) for all n : N, which is an infinitely descending chain in . But as we
have shown in HS, Q has no infinitely descending chains and we get a contradiction.
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Hl
As before we have A* : Q with a = p(4*), A = T(a), <.,= p(q(A")), pa = p(q(q(4*))) and ¢, =
q(q(q(A")))-

We define the function g : A — €2 that maps an element x : A into A% = (ay, (<a,; (Pay+da,))) © 2, where
a, is defined as the name of the set A, which contains all v : A such that v <, x. Formally this becomes

az = o(a, (v)ap(ap(<q,v),))

A =T(ag) = (Bv: A)(v <4 7))

To show that A% = (as, (<a,, (Pa,,qa,))) : ©, we have to show that a, : U, that <,_, the binary relation
<, with restricton to A,, is a binary relation on A,, and that the properties P(a,, <q,) and Q(az,<q,)
are fulfilled, i.e. that <, is transitive and that there are no infinitely descending chains in A,. This
follows from the fact that <, is transitive and that A does not contain any infinitely descending chains.
We give the formal proofs p,, : P(as, <.,) and qa, : Q(as, <.,) in H*! and H*2.

25



(7> o) = [(@ 7> n =@ 7> a) — a > )"y mpn) (2 amn) (" i) © (A (o (#0)d((z)d ((w0)d “vd)de)de)de)du)de (A ) (oY) (29Y) (zqv) (z0Y) = “d
(g L7 0 = ) s ol Gy ) - (6o () () ((w)d i) de)de)de)de (A0 () () (Fav)
gy [0 w0 = 7 mg) g > )y ) (Ao (@ () (e ) de)de)de)de)de (a) () )
(g (277 0 w0 7 ) 0 > w0 (A (@) () (en)d ) de)de)de)du)ds (AY) (1)
gy T 7 g (A (e () 2 Q) ((w0)d 7d)de)de)de)de)de (AY)
o P> xp AD A AA v& ((zq AAeS&é&QﬁQmVQ@E@VQ@
995 : (z2)d *> (z0)d = 22 “*> xD A&ov& °> (z0)d : (A ‘(¢ ‘((x0)d ‘((xzq)d ‘((xp)d ‘°d)de)de)de)de)de
v (x2)d "> (2q)d : A (x0)d "> (xv)d — (w2)d *> (wq)d : (o‘((x2)d‘((xq)d ‘((z)d ‘°d)de)de)de)de
zriH (@q)d 7> @o)d o (@) *> (@0)d — (9)d "> (zq)d) — (2q)d *> (wn)d : ((20)d"((2q)d ((zv)d **d)dle)du)de

vt v@)d (0> (@o)d — m > (wq)d) — (aq)d *> (e0)d](y  mrp) - ((wq)d ((wv)d d)de)de
sV @] v (xq)d [(m ?> (zp)d «— m *> a) — a *> (xv)d](}y : @I1)(V : o1) : ((zp)d ‘°d)de
eV izql yi(z)d [ P>n—mP>a) —a >y o) (y o em)(y o) P

0zl ¢ D] e

H.Hm

v (7)) ) () =
(N—v v ">x)(a:vg)  ({({("D70d) "7>) )
({"Pb*"°d) <P >) N ((z¢(a*?>)de)de (a) ‘D)o = *p

&) ST )5 = (7>

0)d
("> ) x ("> )](Q = Y = TV > R)

("> m0) x (P> o) g (Ph ) (eD) N <y « °y : ((zq)d ‘((wv)d ‘°>)de)de (zqy)(rvY) ="7> (e1) N (x(a?>)de)de n:o
("">To)p b (P> ) g TPd (¥1) N < %y : ((xq)d*((xv)d °>)de)de (2qy) celV 0 7] N« v:(a">)de el
ad vl 0 : ((xq)d*((x0)d *">)de)de alvia peyeyo>
vi(eqd ey ((an)d>)de «d

plVim yi(En)d ey eyt

mLav\ : D) e

1H

26



(2)d *> (2q)d : A

ezl P> xq Al 195 : (22)d > (x2q)d = x0 asv zq
105 (((20)d((2q)d 7>)dw)dv) 1 = (0)d "> (aq)d 105 (((20)d ((2q)d ") dw)dw) L = (w0 (2q " 7>)dv)de) [ = 22 7> q
1 (9)d*{(wq)d ) dv) e 0 (@) (= v%vv%v% = (a0 () ((wq)d ") dw)de (my))dv = (20 (aq"">)de)
v (z0)d A<V ((zq)d*">)de pelV 129 0 =y ¢ ((m)d*((zq)d ”>)de)de (my) = (zq((m)d*((a Esvv%ziscscv% = E:@vvg

el Viw] yi(rgd aev oy oV ] (o L=V =W ((m)d*((a)d "> )de)de (ny)(ay) =

[V 7] od (r) L=V (@) (@) >)dw)d ()

0 (M) ((@)d7>)de) e

Vi (m)d N« v:((a)d®>)de

alViml yi()d peyeoyi>
oV 4] 4
4 ﬁ.Hm
(zq)d > (xv)d : ¢
czl®q P> D 2 o] 108 : (2q)d > (xzv)d = 29 ""> TD
108 : (((zq)d ‘((wp)d ‘*>)de)de) 1 = (xq)d "> (zv)d 108 1 (((zq)d‘((xpv)d ‘*>)de)de) = ((zq‘(zp‘"P>)de)de) [ = xq "> v
1 (zg)d‘((xp)d ‘®>)de)de N ((zQ)d ((zw)d‘>)de)de = (2q‘((a)d ‘((zn)d ‘*>)de)de (ay))de = (zq‘(zv‘ *°>)de)de
vid ey ((@0)dTs)de oV w1y (@)d (#n)d 7>)de)de (ax) = (@0 (2)d*(n)d *>)de)de (ay)(ny)de = (20 7>)de
el izq yi(w)d ey eyiT> ocl "V @0] () LV Ve ((0)d*((n)d*">)de)de (ax)(nY) =
oz Y 2] d (or) L=V (@) ((n)d7>)du)de (ax)
n: (@)d((n)d°>)de)de

v () N —y:((n)dr>)de

alVial vi(d pey eyt
R «d

27



(((uBf)de)d »> (((w)s Pf)de)d) (A7 : urD) : (u)de (uy)

(0% (u?)dw)d »> (((u)s Pf)du)d : (u s)de
3os 1 ((uPf)de)d »> (((w)s ‘Pf)de)d = (u‘Pf)de “°> ((u)s ‘Pf)de (ubf)de *v> ((u)s ‘Pf)de : (u's)de
gos ¢ ((uPf)de)d »> (((u)s ‘Pf)de)d HN.MA.M@WQES%EEK&D%Eévv%v%i 908 : 22:;b%v&i::vm;b%vgﬂ,”w.vwmv%i = (uPf)de "> ((w)s Pf)de  o[N:u] G [((wPf)de 7> ((w)s Pf)de)(N : uiD) © 4]
H.N.Hm
(z8) ("> ") = [T < ((wf)de > (s Hde)(w : uD)(*y — N /11 : (w9 de (uy) (v Bf)de)d(uy) h)de)de (1) (3fx) = ™
(1) - — ((uf)de > ((w)s °f)de)(nr : u) : ((u')de (uy) (((u?f)de)d(uy) “b)de)de ()
T = ((uta)de (uy) (((utf)de)d(uy) "b)de)de
(((uPf)de)d 7> (((u)s *f)de)d) (N = ug1) © (u4)de (uy) T — (((wtf)de)d > (((w)s **f)de)d) (A = urr) = (((w*"f)de)d(uy) ‘"b)de
vet (o) VoA ((urf)de)d(uy) [T« ((uf)de "> ((u)s f)de)(N : u))(y < N ¢ f10) 2 °
v (urf)de)d -
Ty (ubf)de
N Ul e[V = N
etH
108 : (z2)d "> (xv)d = 20 ""> TD
108 1 (((0)d ‘((wp)d ‘*>)de)de) [ = (z2)d "> (xp)d 108 : (((w2)d‘((xp)d ‘*>)de)de) = ((20 ‘(v "P>)de)de) = xo0 “*> v
N ((z2)d‘((zv)d ‘*>)de)de 1 ((x2)d‘((zv)d‘*>)de)de = (2 ‘((m)d ‘((xzp)d ‘°>)de)de (my))de = (z2 ‘(zp‘**>)de)de
vi)d gy ((@n)ds)de A B0 = )00 ) = oo (i (O i) ) = (o)
WV V@ pey ey s TV T T () () () () =
or V@) d (0g) L=V () ()i >>)de)de (i)
1 ((0)d*(m)d »>)dw)de
Vi (m)d N < v:((ndr>)de
wlviml yi(n)d ey e—yi>
oV : 7] <

28



x

om;N sy

yos : ((((u*2f)de)d
0 (((uf)dv)d
v (u )

o5 + (((uf)de)d

(((w)s *of )de)d *P>)de)de), [ =

= ((u?f)de)d *> (((w)s *f)de)d

A (((uf)de)d

((((u)s f)de)d °>)de)de
Vi ((uf)de)d N =V ((w)s Pf)de)d >)de
“y oz (uhf)de v o (((w)s Pf)de)d A=V —V:">
0elN U g [V — N ] “y o ((w)s Pf)de o
N - A\:vw @Lav\ — N - @h
oLZ : S

((((w)s *f)de)d 7>)d
((((w)s *f)de)d 7>)de)de = ((u

e)de) 1

(s

= (((u?f)de (((u)s **f)de‘"»>)de)de) 1
f)de((a)d

= (utf)de 7> ((u)s f)de

el "V — N /]

A< 7y (()d ((((w)s of)de)d **>)de)d

) de)d 7> de)de (ax))de = ((uPf)de (

)s ‘bf)de P> )de)de
v =

Esm f)de > de

((u
e (ay) = (((w)s Pf)de((a)d ((m)d > )de)de (ay)(my))d
7y ¢ ((w)s Pf)de (62) L= Yy < 7y s ((0)d*((m)d P>)de)de (ay)(my) ="
N:(Ws o[y« N ] (s2) 2= y ¢ ((@)d ((m)d 7> )de)de (ay)
omr< s u) n: ((e)d((m)d*>)de)de
Vv (a)d N < v:((m)d®r>)de
gel"V 4]

vi(m)d ey ey >
T o

29



H2

Suppose we have z : A and y : A such that <, y. Let A, and A, as before be the sets
Ay =(Bv: A)(v <, z) and Ay = (v : A)(v <q y). An element of A, consists thus of an element w : A
together with a proof of w <, x.

In H?! we construct an order-preserving function f : A, — A, in the following way: f maps a pair in A,
into the pair in A, that contains the same w : A as the pair in A, and a proof of w <, y, which follwos
from w <, ¥, T <, y and transitivity of <,. In H?3 we give a formal proof of the order-preserving

property of f.

In H%? we define (z, A) : A, as the pair that consists of z : A and the proof of <, y. For this (z, A)
we then have ap(f,az) <q, (z,2) for all ax : A,, which is proved in H?*.

Thus, for all 1 A and y : A, it follows from = <, y that A} <, Ay, or ap(g,z) <, ap(g,y), where g is
the function g = (Ax){a, (<a,, (Pa, > Ga,)))-

30



(97)

v ((

D)b

(A

mp)d)(moy) = [

(ve)

(v

“z¢((mp)d‘*d)de)de)de)de)de ‘(

((mo)b“(fi*(z*((mv)d ‘*d)de)de)de)de)de ‘(mv)d)

@ 3 > xw ag) -
“

(
‘((mp)d ‘°d)de)de)de)de)de
de

w.mm

eeH

fi*> (mo)d : (7 ()b *(fi*(x y i (mv)d
fi > (mw)d « fi "> x : ((m0)b*(A‘(z‘((mv)d ‘°d)de)de)de)de R v I R T
(7> ASE& — A?>x)— x> (m)d: (fi(x‘((mp)d °d)de)de)de x "> (mv)d : (mv)b
wlV o 1] (@ "> (m0)d — m "> x) « x "> (aw)d|(y : o)) : (2 °((@v)d °d)de)de pel TV )
gl 2] [(@ 7> (a)d — @ > a) — a "> (a)d](y : oq1)(y ;E : 233%@3%
v i(@o)d [(@7>n e mP>a)—ar>n(y o) (y o ern)(y e ¢ vd
pel°V - mo)] ed
H.Nm
(81) (fy 7> %y — i "> 2)(y A1)y = 11 = ((((w0)b(2Y) ‘o(oy) (2qy) (z0Y)) (7 “x)) f) (V) (fix) (2y) = T2
uF) (ly 7> 1y — fiv> o) (y : A1) = (({(z0)b(apY) ‘o(oy) (2q\) (z0Y)) Fa ) f)(Y)(Aix)
Iy 7> 1y — i 7>z ((((wv)b(z0y) ‘o(ox) (2qY) (20Y)) (7 ‘) £} (V)
Iy 7> Gy = [(= "> (avf)de)("y : 2o11) x ((29*f)de "*> (zv*f)de — zq "> 2p)(*y : 2q11) (" : 201D)] (" : 2R)("V — ¥ 1 SR) 1 ((((p)b(avY) ‘(oY) (zqY) (z0Y)) (v ‘T)) *f)
[(z "> nf)(*y : 2o11) X (¢f "> vf — 2q "> 20)(*y : 2q11) (Y : 2o1D)]("y 1 2R) ¢ (((z0)b(2DY) ‘(oY) (TQY) (2DY)) (V ‘@) iy — Ty i f
(v z) "> of)("y : 2o11) % (¢f "> vf — 39 "> D) (7Y * 3QI))(*Y : @0I1) * ((2D)B(2DY) ‘o(0X)(29Y)(2DY)) Y 1 (V ‘@) rell
(V@) "> f)(*y : ao11) * (w0)b(avy)  (9f "> vf — @q > 20)("Y  2qI)("Y * 211 * o(oX) (2qY) (TDY) el

oH

31



qQf ">nf:

<

ws:qf "> vf = (qf)d "> (vf)d

ws i qf "> nf = (((qf)d ((0f)d*>)de)de) 10s : (((qf)d ((nf)d ">)de)de) ]

creeH

(cv

@f)d "> (vf)d

vi@h)d n:(@f)d((vf)d ">)de)de
N < v:((of)dr>)de
Vi(of)d N—Vy—y:">

crreeH

rrreeH

«ad

) (of "> vf — xq "> xv)(*y : 2qI1) (T ¢ 20D ooy ) (T9Y) (TDY)

(1%

V (qf "> nf — xq "> D) (" * 2q1]) : o(0Y)(T9Y)

(o) qf ">vf —xq

2> 21 1 o(oY)

qf "">nvf o
veed

= (fi">a)(y :ag) : (v T)

oplfi 7> T 1 /]

¥+ 7]

@f)d > (of)d:o

rreeH

ceH



v (q)d = (v *((zq)b*(A*(z*((zq)d* &%v%v%v%v (zq)d))d = (af)d

Q)b
Iy s (7 ()b “(f( ((q)d Pd)de)de)de)de)de ‘(2q)d) = (q (v ‘((a0)b ‘(A ‘(x ‘((mv)d ‘°d)de)de)de)de)de ‘(av)d) (avy))de = qf
wlV rxql "y = Ty (v ()b (A (x4 ((mv)d s&%v )de)de)de ‘(mv)d) (mvY)
el
crrecd
v i (zp)d = (((v ‘((x0)b (fi*(x‘((zv)d ‘*d)de)de)de)de)de ‘(zv)d))d = (vf)d
ity (7 ((x0)b“(fi“(x *((xv)d ‘°d)de)de)de)de)de ‘(zv)d) = (zv ‘(7 ‘((mD)b (fi ‘(z‘((mv)d ‘°d)de)de)de)de)de ‘(m)d) (moy))de = [
NLRT cap] Ay — Ty (7 ()b (A4 (z¢ 253@5&&3%&&3&3&@ ‘(mw)d)(moY)
rrreed

(af)d "> (vf)d

(zq)d > (zv)d : o 198 : (qf)d °> (vf)d = (zq)d *> (xv)d

18 1 (q)d P> (zv)d = xq "> v [1q P> aD 0 (g8) o8 : ((fi‘(x‘P>)de)de) = A "> x v :(Q))d=(zq)d v :(vf)d= (zv)d
erreeH 0 (fi(z7>)de)de grreeH rrreeH
eV + 1] Ay (zr>)de
eV i®] Neye—y:>
e

33



iy (v ((xo)b (A ¢ (x*((zp)d ‘°d)de)de)de)de)de ‘(zn)d) = (zo*((7 ‘((m)b ‘(A ‘(z‘((mv)d ‘°d)de)de)de)de)de ‘(mn)d) (moy))de = » [
NLQJ\“HEav\Tﬁ\“AAQAASB@Am@AASS&S&QEQEQEQEQmASS&XS@@

e
revecH
s 1 (((9f)d ((vf)d ">)de)de)f, = ((¢f ‘(vf *"*>)de)de)f = qf "> nf
A ((af)d ((vf)d»>)de)de = (qf ‘((a)d‘((0f)d *>)de)de (ay))de = (qf ‘(vf "*>)de)de
iaf ey ((a)d((vf)dP>)de)de (ax) = (vf ((a)d ((n)d *>)de)de (ax)(ny))de = (nf "7>)de
vereet iy inf N <"y <y s ((a)d((n)d »>)de)de (ay)(ny) ="">
veveel (60 10— "+ (@) () >)de)de (o)
) ) () () 7))
v i (a)d A<y ((n)d">)de
w%wé vVimd peyeyi>
oc "V < 1] A
creeH
108 : (2q)d "> (xv)d = 29 ""> TD
108 : (((zq)d ‘((xp)d ‘*>)de)de) [ = (2q)d "> (xp)d 108 : (((zq)d‘((xp)d ‘*>)de)de) = ((zq‘(zp‘"P>)de)de) [ = xq "> v
N ((xq)d‘((zv)d ‘°>)de)de N (zQ)d((xn)d P>)de)de = (xq‘((m)d‘((zn)d ‘*>)de)de (my))de = (zq‘(zp **>)de)de
v i (zq)d A<V ((zn)d”>)de TV g 0 < Ty ()d i ((zn)d P>)de)de (my) = (20 ((n)d*((2 Esvv%vgiségév%| (zp*">)de
plViwql yi(aw)d ey —yir> erl "V ¢ 2] (e) 15 oy < oy s ((m)d((a)d P>)de)de (my)(ay) =
a7V + ) < (o) LV (@) ()0 >>)de)d any)
A ((m)d*((a)d >>)de)de
Vi (m)d NV :((a)d®>)de
eV im] yi(a)d ey e—yit>
w7V 4] <

errecH

34



(v 'z))d > (vf)d : (zv)b

v o= (v ) 7> (of)d (0)b
iy (7 ‘x) z > (zn)d: (w0)b  : (f)d = (z)d
e o[V D] Ty

(v ‘@) "> vf)("y : @o]1) : (x0)b(2DY)
(v ‘x) o, of : (z)b

(c¥)

s (v°a) "> nf = (v o))d "> (of)d

s (@) 7> 0f = (7 2)a(pf)d7>)de)de) g o5 (v @)d (o) ">)dw)de) 1 = ({7 7)d *> (v))d
Zvell 2 (v a)d (vf)d">)de)de
vi(vad ey ()

iy o (yx)y yi(of)d ey —y:">
ceH rrreeH ad

By (7 ()b (A" (2((w)d *d)de)de)de)de)de(vq)d) = (=

(v x))d "> (vf)d : (xv)b
v

U7 “((mo)b (A (z((mp)d ‘°d)de)de)de)de)de ‘(mv)d) (mpy))de = qf

(v q
AR I e (v is%ééissm ‘vd)de)de)de)de)de ‘(av)d) (avy)

pod

cerecH

35



iy - (v “((z0)b (i *(z((xv)d ‘°d)de)de)de)de)de ‘(zn)d) = (zp (7 ‘((xn)b‘(fi‘(z‘((zv)d ‘°d)de)de)de)de)de ‘(zn)d)(zpy))de = 0 [
"V 1a0] My =ty (v ((a0)b (A (2 (2 vms&%v%v%v%v% (zp)d)(zvY)
s 1 (v ‘2))d((vf)d *>)de)de) = ((V ‘@) ‘(0f "°>)de)de) p = (v ‘z) "> vf
A : (v z))d (0f)d">)de)de = (v ‘z) ((2)d*((0f)d *>)de)de (ax))de = ((V ‘@) ‘(0f "*>)de)de
(vie) n <y (()d((vf)d m>)de)de (ax))de = (vf ((a)d *((n)d *”>)de)de €<x:<vv%n (nf "*>)d
well ol 0=ty (@ () >)dede (a) (ny) =1
vevell (ep) A=V (@ (()d7>)de)de (ax)
N (()d((n)d?>)de)de
) ey ()d7>)de
gl'vial yi(md peyeyi>
"V 7] <
v i (zo)d = (((7 ‘((z0)b ‘(A ‘(z ‘((xv)d ‘*d)de)de)de)de)de ‘(zxv)d))d = (p[)d
iy (v ((xo)b (A ¢ (z*((zp)d ‘Pd)de)de)de)de)de ‘ (zn)d) = (zo*((7 ‘((mD)b ‘(A ‘(z‘((mv)d ‘°d)de)de)de)de)de ‘(mn)d) (moy))de = » [
oV rav] My = Ty (v ()b (i (z ¢((mo)d Pd)de)de)de)de)de {(mp)d) (mvy )

H.Nm‘

36



HS
We show that A% <, A*, or ap(g,z) <, A*, for any = : A.
A, is the set that consists of all v : A such that v <, z, or formally, A, = (Zv: A)(v <, z).

An element ax : A, is thus evaluated into a pair that consists of an element w : A together with a proof
of w <, .

We show that (Aa)p(a) is an order-preserving function A, — A, where p is the left projection; because
ax <,, br means the same as p(ax) <, p(bx) for any azx : A, and bz : A, (which was formally shown in
H?-3-1-1:3) "this follows immediately.

If ¢ is the right projection, then (Aa)g(a) applied to an element ax : A, yields a proof of p(ax) <, z for
all ax : A;. Thus (Aa)p(a) is bounded by z.
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H4

We now show that Q* = (w, (<4, (Pw, ¢w))) is an element of .

We have shown in U? that w : U, where we essentially needed the assumption u : U with T'(u) = U. In
H® we show that the binary relation <,: Q — Q — U, which we have defined in U?, is transitive and in
H that © does not contain any infinitely descending chains.

H? HS
4 Puw - P(Wv <w) qu - Q("W <w)
3 <wil=>Q—=>U (py,qu): Plw,<,) X Qw, <y)

w:U <<w> <pwaQw>> : (E <2 —0Q— U)[P(w7<w) X Q(wa <w)]
O = (w, (<wy (Pw, @) : (Ba: U)(E <4 A— A— U)[P(a,<,) X Qa,<4)] =0
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H5

We prove the property of transitivity of the binary relation <, on €, i.e. that for A* : Q, B* : Q and
C*:Q, A* <, B* and B* <, C* implies A* <, C*.

This is shown in the following way:

Suppose we have A* <, B* and B* <, C* for A* : Q, B*: Q and C* : . Then we have order-preserving
functions f : A — B and g : B — C, and bounds z : B and 2’ : C. The function f is the element
p(ab), where ab is a proof of A* <, B*, as we show in H>!. The function g is the element p(bc), where
bc is a proof of B* <, C*, as we show in a first step in H*>2. In H>*! and H®>*? we prove that f is
order-preserving and that g is order-preserving on the range of f.

In H%? we then define in a second step the function gf : A — C as a composition of the functions f
and g. This function has the form (Az)ap(p(bc),ap(p(ab),x)). In H>* we show that this function is
order-preserving and in H>® that it is bounded by the element p(q(bc)), which we get in H°-3.

This combines to a proof of A* <, C*. As A* <, C* follows from the assumptions A* <, B* and
B* <, C* and as A*, B* and C* were arbitrary elements in €2, we get a proof p,, of P(w, <,).
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H6
We show that {2 cannot contain infinitely descending chains:

Suppose that there is an infinitely descending chain ... <, A
<a,=p(q(A2)), and A, = T(ay).

) <w A5 <w - In Q, and let a, = p(47),

*
s(n

A:(n) <, A, expresses that we have an order-preserving function f,, : As;) — Ay, which we define in
H®?® and a range-dominating element z, : A,,, which we define in H%¢.

We define in H%2 by recursion functions R,, : A, — Ag such that
ap(Ro, x) = z for z: A
ap(Runy ) = ap(Rap(fa,)) for @1 Ay,

where for each n : N, f, : Ay, — Ay is the order-preserving function defined in H%°. Thus, for each
n: N, R, is order-preserving, which is shown by induction in H%4!.

In HS3 we then define F = N — Ag as the composition of R,, and (\n)z,, where (An)z, maps each
n : N into the range-dominating element z, : A,,. We then get an infinitely descending chain

o <ag aP(Ry(n)s Zs(n)) <ao aP(Rn, 2n) <ag - <ao aP(R1,21) <ao 20

or
ap(F,s(n)) <ao ap(F,n) <y - <ao ap(F, 1) <4, ap(F,0)

in Ag, which is formalized in H%%. But Ay does not have infinitely descending chains, as we show in
HS1, Thus Q cannot contain infinitely descending chains.
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In H%? we have e(m,y) = (\z) ap(y, ap(fim, ).

According to N-equality we have Ry(,,y = R(s(n), (A2)z, (m, y)e(m,y)) = e(n, R(n, (A\z)z, (m,y)e(m,y))) =
6(’/7,, Rn) = (/\l‘) ap(an ap(fn; Z‘))

because we have F' = (An) ap(R,, z,), we get:
ap(F,n) = ap((An) ap(Ry, zn), 1) = ap(Rn, 2n)

ap(F, s(n)) = ap((An) ap(Rn, zn), 5(n)) = ap(Ry(n), 2s(n)) = aP((Az) ap(Rn, ap(fn, )), 2s(n)) =
ap(Rn7 ap(fnv Zs(n)))

Formally, we get:

H6.4 3
F6-3 [n: N7
F=(An)ap(Rp,2n) : N — Ay s(n): N
ap(Fa 8(71)) = ap(Rn7 ap(fn: Zs(n))) : Ao
H6.4 4

H6.3
F=n)ap(Rn,zn) : N — Ay [n: N|77

ap(F,n) = ap(Rp, zn) : Ao

For v : Ay and w : Ay, it also follows

apéRS(m% v) = ap((Az) ap(Rm, ap(fm, )),v) = ap(Rm, ap(fm, v))

ap(Rs(m)aw) = ap((Az) ap(Rym; ap(fm, ©)), w) = ap(Rp, ap(fim, w))

Formally, we get:

H6.4.5
6.2
R, : ﬁrn — Ay (69) [m : N}’m
(An)Ry, : (IIn : N)(A,, — Ao) s(m): N
ap((An) Ry, s(m)) = Ry(m) : Asim) — Ao [w: Agm)]™
ap(Rs(m)vw) = ap(Rma ap(fm,w)) : Ao
H6.4.6
6.2
R, :fﬁl[n—>Ao (69) [m:N]m
(An)R,, : (IIn : N)(4,, — Ap) s(m): N

ap((/\n)Rna S(m)) = Rs(m) : As(m) - AO [’U : As(m)]74
ap(RS(m),v) = ap(Rmv a‘p(fmvv)) : Ao
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5 Coquand’s paradox of trees

The paradox of trees can be seen as a version of Russell’s paradox, where sets are replaced by trees and
sets that do not contain themselves by normal trees.

A tree can be formed by linking together a collection of leaves or already existing trees under a common
root. Each member of the collection is an immediate subtree of this new tree. We define a normal tree
to be a tree that is not equal to any of its immediate subtrees.

The paradox is constructed in the following way:*®

Suppose that we have a collection of all normal trees. Let r be the tree that is formed by linking together
all normal trees under a common root. Is r a normal tree?

If r is a normal tree, then r is a member of the collection of all normal trees and thus an immediate
subtree of r. This contradicts the assumption of r being normal.

Suppose 7 is not normal, i.e. r is equal to one of its immediate subtrees. Then r must be normal, because
all immediate subtrees of r are normal, which again leads to a contradiction.

In the formalization of the paradox of trees we essentially need the rules
u: U, T(u)=U

to be able to form the tree of all normal trees.

We let L denote the empty set, which has the name 1inU. Inconsistency means that | contains an
element.

Let a be the name of a set A. We define negation by
—a = w(a, (z)L)[a: U]

so that A
T(—a) =T(r(a,(z)Ll)) = [z : T(a))T(L) =T(a) —» T(L) = -T(a)

We define Tree as the well-ordering in which U represents the different ways to form a tree and the
decoding function T represents the parts of a tree formed by an element in U.

tree = w(u, (t)t) : U,  Tree = T(tree) = (W t: U)T(t)
In order to express the property of being normal we define
normal(t) = wrec(t, (z, f, )7 (z, (y)m(Id(tree, f(y), sup(z, f)), (z)1)))
so that
T(normal(sup(a, b))) = T (wrec(sup(a, b), (z, f, c)n(x, (y)m(Id(tree, f(y), sup(z, f)), () 1))))

=T(m(a, (y)ﬂ(ﬂi(tree, b(y),sup(a, b)), (z)i))) = (Iy : T(a))—1d(Tree, b(y), sup(a, b))
For better readability we here use the notations b and f instead of (y)b(y) and (y)f(y).

In D? we formally show normal(t) : U[t : Tree].
Then we define the set of normal trees as

nt = o(tree, (x) normal(z)) : U

so that
T(nt) = T(o(tree, (x) normal(z))) = (Xx : Tree)T(normal(z))

In D? we then define the tree of all normal trees as sup(nt, p) : Tree, where p is the left projection.

In D' we prove that sup(nt,p) is normal by constructing an element of the set T'(normal(sup(nt,p))).
But because sup(nt, p) itself is a member of the set of normal trees, which contains all the parts sup(nt, p)
consists of, sup(nt, p) must be equal to one of its subtrees, as we show in D, and we get the contradiction.

18We follow the idea presented by Coquand 1992
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6 Conclusion

The later, presumably consistent version of Martin-Lof’s type theory does not contain the rules w : U,
T(u) = U anymore. Instead, a second universe U’ is introduced by

u: U’ T (u) =U : set

a:U a:U
t(a) : U’ T'(t(a)) = T(a) : set

where t gives every element in U a name in U’ and T” decodes the elements of U’ into the sets they
represent.

In the same way we can introduce a third universe U” and iterate the process.
Now the name of each universe is no longer contained in the universe itself but in the universe of one
level higher. Thus the constructions we presented cannot be performed anymore:

19

Girard’s paradox is based on the assumption that €2 has a name in U, where € is defined as the set of
all sets that have a name in U and the properties P and @), that is, as the set of all ordinal numbers.
Without the rules u : U, T'(u) = U, Q does not have a name in U and can therefore not contain itself.
Q* : Q can no longer be proved and the proof of absurdity that is based on * : £ can no longer be
constructed.

Coquand’s paradox of trees cannot be formalized without the rules u : U, T'(u) = U, because with our
definition of Tree = (W ¢ : U)T(t) we cannot construct sup(nt,p) as the tree of all normal trees. The
rules u : U, T'(u) = U are essentially needed in forming the name for the set of normal trees

nt = o(tree, (z) normal(z)), because only with these rules Tree has a name tree = w(u, (¢)t) in U.

On the background of the presumably consistent version of type theory the paradoxes we presented are
prohibited:

A tree of all normal trees does not exist, neither does a greatest ordinal number, i.e. a set of all ordinal
numbers, where an ordinal number is defined as the set of all preceding ordinals.

The same solution can be found for the village-barber paradox: There does not exist such a barber.
Finally, for Russell’s paradox we draw the conclusion that there cannot be a set of all sets that do not
contain themselves.

9Martin-Lof 1984, p. 89
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