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Abstract

Bruno Buchberger initiated the theory of Grébner bases and Buchberger’s algo-
rithm 1965, since then it has been the key to solve many problems in physics,
chemistry and last but not least computational algebra. This essay is a first
introduction to Grébner Bases. We will go through the theoretical background
of Grébner Bases and Buchberger’s algorithm and we will look at some applica-
tions where we use Grobner bases to solve systems of polynomial equtions and
implicitization problems.
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Chapter 1

Introduction

The Buchberger algorithm was created to be used on computers. It is formulated
in a way which makes it easy to implement and execute on computers. The
consequence is that when you just read through the algorithm it’s hard to really
understand why the algorithm works. I want to know why it works and the
direct formulating just makes it even more interesting. Another thing which
makes Buchberger’s algorithm and Groébner bases interesting is that it has been
found to have many applications both in mathematics and other sciences such
as chemistry and physics. It seems to be more or less a rule that with every
question answered come ten new ones and you can easily say the theory of
Grobner bases and Buchberger’s algorithm has given us many new questions to
explore.

1.1 Bruno Buchberger

1965 Bruno Buchberger initiated the theory of Grébner bases and Buchberger’s
algorithm in his PhD thesis. Today he is a professor at Johannes Kepler Univer-
sity, Linz, Austria and director of the Software Park Hagenberg, Austria (Buch-
berger 20090518, internet). Buchberger gave the theory the name Grobner bases
to honour his thesis adviser Wolfgang Grébner (Froberg 2005).

1.2 Algebra

I will assume you know some algebra before you read this essay. You should be
familiar with basic abstract algebra such as rings, fields and ideals. The Buch-
berger algorithm is a kind of division algorithm which has the special quailty
that it works on polynomial rings so it may be to your advantage to know how
normal division algorithms over fields work.



Chapter 2

Introductory Example

We all know how to solve system of linear equations, it’s usually not hard and
a part of our basic algebra knowledge. The question is what happens when you
get system of equations with multiple variables in higher degrees. Are we still
able to solve the system and if so, how do we do it? The answer is that if we have
a system with a finite number of solution we can use Buchberger’s algorithm to
calculate a suitable Grobner basis and thereby solve the system. And before we
go through the actual theory of Grobner bases and Buchberger’s algorithm we
will start with a small example on this application of Buchberger’s algorithm.

Example 2.0.1 We want to solve the system

h=2*y+2=0
fo=2"—y*=0

We let
S(fi, fo) = fs = hi—yfo = (Py+2) —y(a® —y?) = 2®y+a -2’y +y° = v +y°
Since fi = fo = 0 we also have f3 = 0 so without changing the solution to the
system we extend it with f3. We will get back to the more formal definition of
S later.

fi=22y+2=0
f2:x2—y2:0
fs=z+y3=0

In this system the same information is stored in more than one place, so
we will take away what we don’t need. fs3 = x = —y> which in fi gives that
2’y +x = 2%y + (—y3) = 2%y — 3. In fo we have 2 = y?, applied on fi this
gives f1 = 2%y —y> = y?y —y> = 0. If we use that x = —y> on fo we get
fo=12%—y* = (—y3)? —y? = y5 — y2. The process leaves us with the following
system:

fo=yt—y*=0
fs=x+y>=0



S(for f3) = 2(¥° = v*) =z + 9°) = ay® —2y® —ay® — ¢ = —xy® —¢°
Using that y® = 3% and © = —y> we have that

S(fa, f3) = —ay® —y® = —xy? — %9 = —(—*)* — (P)y* =9° —y° =0

This means that {x +y>,y5 — y*} is a Grébner basis.
Now ¢ —y? = y?(y* — 1) = 9*(y — 1)(y + 1)(y*> + 1) = 0, which gives

=

y2 =1
y3 = —1
Yg =1
Ys = —1

and this gives

xrp = 0
To = -1
Ir3 = 1
Ty = —1
s =1

and the system is solved.



Chapter 3

Monomial orderings

The monomial orderings play an important part when we want to calculate
Grébner bases. In Buchberger’s algorithm we need to be able to compare mono-
mials and therefore we need to determine an internal order between variables.
We have to decide if x1 > --- > z,, T, > -+ > x1, or if there are some other
ordering between them.

Definition 3.0.1 A Monomial in x1,...,x, is a product of the form
Tt xg? - xdn where all of the exponents aq, ...,y are nonnegative integers.
Definition 3.0.2 A Polynomial in x4, ..., x, with coefficients in k is a linear

combination of monomials.

3.1 Monomial ordering
Definition 3.1.1 We define < to be an admissible ordering on the set of mono-

mials M if:

e For any of monomials m,n € M we have m <norn <morm=n

If my < mg and mo < mg3 then m; <mgz, m; e M, i =1,2,3

e 1 < m for any monomial m € M, m # 1

e If m; < mo, m; € M then mm; < mms for any monomial m € M

Different orderings give different Grébner bases with specific qualities. Which
ordering you choose depends mainly on the problem you want to solve and choos-
ing a good ordering can do a lot for the efficiency, both while calulating and
using the Grobner basis. We will start by going through a few examples of the
most common monomial orderings and have a short discussion on which one to
choose later.
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For the Lexicographic ordering, denoted Lex, we have that a monomial
TP xhn <pep oy i iy = g1, 0 = Jk, tkt1 < Jre1 for some k. The
Lex — ordering can in some ways be looked at as a generalization of how words
are ordered in a lexcion and the name Lezicographic reflects that.

Exz;mple 3.1.1 2325 <pex 175 since for x5x3, 28 which gives iy = 0 and for
123, j1 =1 =11 <j1.

In degree orderings as the Degree Lexicographical ordering, Deglex, and
the Degree Reverse Lexicographical ordering, Degrevlex, the main com-
parison is in the degree of the monomial. We have that a monomial m =
T a2 <gegier T - wdr = nifdeg(m) = i1+ +in < j1t+-+jn = deg(n)
or if deg(m) = deg(n) and m <pe, n.

Example 3.1.2 In the degree lexicographical ordering
229 <deglex xox3 since deg(z3xa) = 3 which is smaller then deg(z223) = 4.

In the degree reverse lexicographical ordering we have that a monomial m =
2l <gegrevier )1 in = n if deg(m) < deg(n) or if deg(m) = deg(n)
and i, = Jn,in-1 = Jn-1,---,0k = jk,ix—1 > jr—1 for some k.

Example 3.1.3 In the degree reversed lexicographical ordering we

m = z%x%x% = degreviex z?o:%x% = n since both m,n have degree 9 and for the
last component which is not equal, x5 we have i1 =3 > 2 = jr_1.

So which ordering is good for what? There seems to be no easy answer to
this question. It depends on the specific problem you want to solve, what kind
of problem it is, your input and if you have demands on efficiency. Often the
best way to find a good ordering is to experiment. What we can say is that
if you have an elimination problem, for example if you want to solve a system
of equations, you will always get a useful Grébner basis if you use the Lexico-
graphical ordering. It has been proved that for a random generated problem the
degree reversed lexicographical ordering is the fastest one. The problem is that
there is no guarantee that the Grobner basis you get can be used for elimination
problems.

The monomial ordering gives us the possibility to separate and compare
different monomials in a polynomial. We want to be able to discuss and use
these different monomials and to do so we make the following definition.

Definition 3.1.2 Let f € A = k[x1,...,2,], f # 0 and suppose < is an admis-
sible ordering of monomials in A. Then f can be uniquely written f = cymq +
<o+ eympy with monomials my = mo > -+ =my and ¢; Z0,i=1,...,N.We
define the support of f to be supp(f) ={m; |i=1,...,N}.

We define the leading monomial of f to be Im(f) = mq, the leading term
of f to be lt(f) = cymq and the leading coefficient of f to be lc(f) = ;.

Example 3.1.4 Let f = Tax3+x123— 223 with the lexicographical ordering we
have supp(f) = {x3x3, v123, 23}, Im(f) = 2323, lt(f) = Tx3xs, and lc(f) = 17.
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Chapter 4

Monomial ideal

4.1 Initial Definitions

One of the basic criteria for an algorithm is that it will in a finite number of steps
get you to the desired destination. One of the keystones in making this likely
for Buchberger’s algorithm is the fact that monomial ideals in a polynomial ring
over a field is finitly generated. This is shown in Dickson’s lemma.

Definition 4.1.1 An ideal generated by a set of monomials, elements in

k[z1,... 2] of the form %' ---air  is called a Monomial Ideal.

Theorem 4.1.1 Let a be a monomial ideal in k[xy,...,Ty,)].
Let f = Xeymy, were ¢; € k\ {0} and m; are different monomials. If f € a then
m; € a for each i

Proof We start with defining the concept of multigrading of the polyno-
mial ring k[zy,...,x,). If em = calt ---zin ¢ € k\ {0}, we set mdeg(cm) =
(i1, ,%n). Let a = {nq,...,ns) be a monomial ideal, and suppose f = X¢;m; €
a. Then f = giny +- - -+ gsns for some g; = Xeym; € klzq, ..., x,]. Let ¢;m; be
a nonzero term in f. Then ¢;m; equals the sum if all elements c; jm; jn; which
are of the same multidegree as ¢;m;. Hence ¢;m; is a linear combination of the
n.s, so ¢;m; € a.

Definition 4.1.2 If a is a nonzero ideal in A, then we define the ideal of
leading monomials of a to be l(a) = (Im(f): f € a)=(It(f): f € a).
4.2 Dickson’s Lemma

Lemma 4.2.1 (Dickson’s Lemma) Every monomial ideal in k[zy,...,z,], a
polynomial ring over a field k, is finitely generated.
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Proof By induction over n. Since every ideal in k[z] is principal, the lemma
is true for n = 1. Suppose it is true for n — 1 variabels, and let a be a monomial
ideal in k[z1,...,2,]. Let bj = (a: (x))Nk[z1,...,2,-1] = (S;). Since b; is an
ideal in k[z1,...,z,—1], we can choose S; to be finite. We have b, C b, C ---.
It follows that Ub; is an ideal b in k[zi...,2,—1] and hence finitely gener-
ated, b = (S). If m € a is a monomial then m = m'z¥ for some monomial
m' € k[z1,...,2,_1] and some k. Since m'zF € a we get m’ € a : (2F), so
m € (zkSy). Thus S’ = Sy Uz,S Ux2S, U--- is a generating set for a. But
for some r we have that S, = S, if k > r, so So Ux,S; U--- Uz, S, is a finite
generating set for a.

There is an additional, famous result, by the German mathematician David
Hilbert, called Hilbert’s Basis Theorem. It shows that every ideal in a polyno-
mial ring over a field is finitly generated, but since we only use the monomial
ideals we have chosen just to present Dickson’s lemma.

Lemma 4.2.2 Let < be an admissible ordering on the monomials in k[x1, ..., 2y,].
Then any nonempty set S of monomials has a smallest element, in other words
there is an mg € S such that mg < n for any n € S;n # myg.

Proof Let a = (S) be the ideal generated by S. By Dickson’s Lemma, a is

finitely generated, a = (my,...,m,). Since any monomial m in S is a multiple
of some m;,m = m;m’ for some 7 and som m’, we can choose mg to be the
smallest monomial in {my,...,m,} since any multiple of m; is larger than m,.

We prefer to use a reformulation of the lemma above and to make referring
easy we formulate this in a separate lemma.

Lemma 4.2.3 Any strictly decreasing sequence of monomials in an admissible
ordering + 1is finite.

13



Chapter 5

Reduction

We will now get familiar with the reduction process, which we will later use to
calculate reduced Grobner bases. The reduction process works in the same way
as the division algorithm for polynomials in k[z]. So we will begin with extend-
ing the already known division algorithm for k[z] to k[z1, ..., x,] and then at the
end of the chapter take a closer look on reduction. Our goal in this chapther
is to come to a point where we are able to express a polynomial f modulo an

ideal a = (g1,...,92)

For a division algorithm over in k[z] we have the following theorem.

Theorem 5.0.1 Let k be any field and suppose f,g € klz],g # 0. Then there
are uniquely defined polynomials q,r € klx] such that f = qg + r with deg(r) <

deg(g)

Note that the last part, deg(r) < deg(g) is a way to express that r is
“smaller” than g. In one variable we use the degree of the polynomial for
comparison, but when we move on to polynomials in several variables we have
to make this comparison in some other way.

Example 5.0.1 f=2%+2z+1 and g =z + 2

2?4+ 20 +1=2%(x+2)+ (-22° + 22+ 1)
22+ 20 +1=2%(x+2)+ (-2z)(z +2) + (6z + 1)
42+ 1=2%(x+2)+ (—22)(x +2) +6(xr +2) + (—11)
22 4+ 20 +1= (22— 22+ 6)(z+2)+ (—11)
=q=a2-22+6,r=—11, f = qg +r, where deg(—11) < deg(x + 2)
When we extend the algorithm from k[x] to k[z1,...,2,] we will use the

monomial orderings introduced in chapter 3 to handle the problem of several
variables. Then we will see what to do when ¢ is a sequence of polynomials

g=1(g91,---19s)

14



5.1 Division algorithm in k[zy,...,z,]

First we will make an informal description of the algorithm and then go through
it more thoroughly. We want to be able to express a polynomial f as qg + rem
where f,g,q,rem are polynomials in k[z1,...,z,] and where rem stands for
the remainder of f with respect to g. So how will we define this remainder? If
f = 0 we let the remainder of f be 0. Otherwise we look at the monomials in
f which are divisible by the leading monomial in g. As an example if we use
the Lex order defined in chapter 3 and f = 222 + x + 3y? and g = = + y, the
leading monomial of g, Im(g) = x and the monomials if f which are divisible
by Im(g) are {22, 2} we call this set Sy. Now let f; = f — 2%2(1‘ +uy) =
222 + x + 3y? — (222 + 2z2y) = —2zy + x + 3y?. We choose to work with the
term 222 since 22 is the largest monomial in S ¢. In the next step we look at the
monomials in f; which are divisible by Im(g), Sy, = {zy,z}. And here comes
a crucial part of the algorithm, we claim that the largest monomial in Sy, is
smaller then the largest monomial in Sy and next that the largest monomial
in Sy, will be smaller than the largest monomial in Sy, and so on. To make
it clearer we call these ”largest” monomials in S,, p, then our claim is that
Po = p1 = p2 = .... This is a decreasing sequence under an admissible order
and thereby we know from Lemma 4.2.3 that the sequence is finite, in other
words, eventually no monomial in fy will be divisible by Im(g). This fy we
call the remainder of f with respect to g. The demand that no monomial in
fn is divisible by im(g) correspond to deg(r) < deg(g) in the one variable case.
For our f =222 4+ x + 3y? and g = = + y we have

fl = —2$y+5'3+3y275f1 = {$y,$}
which gives

—2xy

fo=f1— (z4+y) = —2zy 4z + 3y% — (—2xy—2y2) = :E—|—5y2,Sf2 = {z}

X
which gives
X
fo=frm—(@+y) =z+5y° — (x+y)=5y"—y

Now no monomial in f3 is divisible by Im(g) = z and we have come to an end
of the algorithm.

5y? — y is the remainder of 2x* + x + 3y* with respect to x + vy

At this piont you might ask yourself if the the remiander depends on the mono-
mial ordering. This is not the case, though when we move on to the case where
we have a sequence (g1, ...,gr) we will see that the reminder will depend on
the order of the sequence. But First we will go through the theory of when g
equals a single polynomial in a more formal way. We have

fr9 € klxy,...xn],and < an admissible monomial ordering.

15



If f =0 we let the remainder of f to be 0.
Otherwise we let

m=1Im(g), Sy ={n € supp(f) | m divides n}

Let pg be the largest element in Sy and cp, be the py — coef ficient in f

Then we let
Cpo PO

le(g)m *

hi=F-

And
Sy, = {n € supp(fr) | m divides n}

If py is the largest element in Sy, then p; < po since

supp(f1) € (supp(f) U supp(% 9)\ {ro})

If p1 € supp(f) \ {po} then obviously p; < po.

We have
Po

Do Po
—_— = — l _ — frnd
(= 9) m(g) =D

m m

Hence we also get p1 < po if p1 € supp(2> g) \ {po}-
We continue the process and define

lm

Cplpl
le(gym ?

fao=fi— S, = {n € supp(f2) | m divides n} and ps = max(Sy,)
The sequence pg = p1 = pa > ... is finite according to lemma 4.2.3, hence after
a finite number of steps no element in supp(fy) is divisible by m. We have
fn = f — hg for some polynomial h, and we define fx to be the remainder of
f with respect to g.

Example 5.1.1 f =527 + 2123 + 2122 — 22, g = (z1 + 23) and let < be Lex
Then we have supp(f) = {a3, 2123, 122,22} and m = x1 which gives Sy =
{22, 2123, 2122}, po = 2% and cp, = 5.

2
) 2 S 2\ — £..2 2
f1 =5x7 + z125 + T102 — T2 — (ﬁ(zl +a3)) = bxi + a3 + x109 — Ty —
5x% — 53011‘% = —4.1‘11}% + X122 — To

2 2
Sf1 = {351172,1’1332}, P1 = T175, Cp, = —4

(741113 (

. 172)) = —4x173 + 1109 — T2 + 47173 +

fo=—dz123 + 2120 — 20 —
435% =x129 + 4.73% — To

sz = {$19€2}7 P2 = T1T2, Cp, =1

_ 3 1T 2 _ 3 3 _ 3
f3= m1x2+4x2—x2—(;—12(x1+x2)) = z102+4x5—To— 212 — x5 = 3x5— T2

f3 = 323 — x5 is the remainder of f with respect to g

16



Now let g = (g1, ...,9s) be an ordered sequence of nonzero polynomials and
f a polynomial.
We recursively define

Tem(f’ (91’ s 798)) = rem(f — NGk, (917 s 798))

where k is the smallest index such that Im(gy) divides Im(f) and n is a term
chosen so that lt(f) = lt(ngk). If no Im(g;) divides Im(f)
we define

rem(f,(g1,...,9s)) = t(f) +rem(f —t(f), (g1,-..,9s))

In both cases the process reduce f with the leading monomial and thereby it is
finite.

Example 5.1.2 If we have
f=2*+y,g= (2> —1,y—1) and the Lex — ordering

Then
rem(f,g) =rem(z® +y—z(a® —1),(a® -1,y —1)) =

=rem(z+y, (2 -1,y —1))
Now no lm(g;) divides Im(f), so
rem(z3+y, (2% —1,y—1)) = rem(z+y, (z°—1,y—1)) = z+rem(y, (z°—1,y—1)) =
=z+rem(y—(y—1), (%> -1,y—1)) =z +rem(1,(z® — 1,y — 1))
no lm(g;) divides 1 so
rem(z® +y, (2> —1L,y—1) =z+1+rem(0,(z* ~1,y—1) =z +1+0=2+1

Thus x + 1 is the remainder of x> + y with respect to (x> — 1,y — 1).

5.2 Reduction

We have defined the remainder rem(f) of a polynomial f when dividing with a
sequence (g1, ..., gx). Now let a be an ideal, a = (g1, ..., gx) and note that the

rem(f,(g1,...,9%)) = f modulo a.
Example 5.2.1 Given

2

f=a+a+ycklr,...,2,], a=(2® —z,y) and Lex — ordering

We want to write f modulo a so we calculate the remainder of f with respect
to (g1 =a* —x,92 = ).

rem(f, (91, 92) = rem(f —ng1, (91,92))

17



let
fi=f-ngp=a?+zx+y—1a®>—2z)=22+y

Then we have rem(f, (g1, g92) = rem(f1,(g1,92)). Now no leading monomial in
(91, 92) divides Im(f1) so the

rem(f1,(g1,92)) = lt(f1) + (fr — 1t(f1), (91, 92))

fa=fi—lt(fi)=22+y—-2z=y
rem(fa, (91,92)) = rem(f2 — ng2, (91, 92))
fa = fa —ngs =y — 1y = 0 and now rem(fs, (g1,92)) = rem(0, (91, 92)) =0

and we have come to the end. It’s time to look at what we really have.
rem(f,(g1,92)) = rem(f1,(g1,92)) =
i(fr) +rem(fz, (g1, 92)) = t(f1) + rem(fs, (g1, 92)) = 1t(f1) + 0 =Ut(f1) = 2z

2x is the remiander of f with respect to (g1, g2)

2 + x4y = 2z modulo a

We could do the same thing in a slightly smoother way. We work in modulo
a so the generators of a,g1 =+ -+ = g, = 0 mod(a) which in our example gives

=22—2=0
{ glzyEO mod(a)

in other words )
=z
{ y=0 mod(a)
This can we use to directly reduce f. In our example f = x?> + x +y and now

we know that from gy that x? = x mod(a) and from go that y = 0 mod(a) so if
we want to express [ mod(a) we use that knowledge. First we use g1 and get

f=2+zx+y=x+a+y=2x+y mod(a)
then we use go and get
f =2z +y mod(a) =2z + 0 = 2x mod(a)

We call 22 for the reduction of 2% 4+ z + y modulo(x? — z,y) it is called
reduction since the remainder of f usually is "smaller” than f. Note that re-
duction process works in exactly the same way as the division algorithm though
it doesn’t present the quotients.

One of the purpose of reduction is to get an unambiguous representation of
polynomials in k[xy,...,2,]/a, a normal form. The reduction process alone is
not enough to give us that, as we will show below, though in the next chapter
we will define Grobner bases and with there aid we will eventually get a unique
normal form.

18



Example 5.2.2 If we want to reduce
23y + 22y? + y? modulo the ideal a = (zy,y* — 2)
we can first use that g3 = vy = 0 mod(a) then
23y + 22y + 9y = 22(0) + 0+ 3 =y modulo a
and then use go in which we have y*> = 2 mod(a) and get
23y + 2%y* + 4 = y® mod(a) = 2 mod(a)

But we can also switch the order of the g; to (y* — 2,xy) without effecting
the ideal a. If we first use y* = 2 mod(a) we get

o3y + 22y + o = 23y + 22(2) + (2) = 23y + 22° + 2 modulo a
and then use xy = 0 mod(a) and get
3 22, 2_ 3 2 _ .2 _
x’y +x7y” +y° =2’y + 22° + 2 mod(a) = 2°(0) + 22 + 2 = 22 + 2 mod(a)

This means that rem(f,(g1,...,9n)) depend on the order of (g1,...,gn) and
this is no good. So what will we do? We will of course try to fix it. We will try
to find a better set of generators {gi,...,gn} to a, a Grébner basis, and we will
see that we get a remainder which only depends on the ideal a and not on the
generating set.
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Chapter 6

Grobner bases

Grobner bases are important since they make it possible to express every poly-
nomial in k[x1,...,2,] in a unige normal form with respect to the ideal. To
start with we will summarize some fact from the previous chapter in a lemma.

Lemma 6.0.1 Let f,q1,...,9s € k[x1,...,2n]. Then f—rem(f,(g1,...,9s)) €
(91,--,9s)- In particular, if the rem(f,(g1,...,9s)) =0 then f € {g1,...,gs)-

Now it’s time to answer the big question, what is a Grobner basis?

Definition 6.0.1 Let a be an ideal in k[xy,...,z,]. A set {g1,...,9s} of ele-
ments in a such that (Im(g1),...,Im(gs)) = I(a) is called a Grébner basis
for a.

Lemma 6.0.2 If {g1,...,9s} is a Grobner basis for a, then (g1,...,gs) =a

Proof (g1,...,9s) C a since g; € a for all &. Let f € a. Then Im(f) €
(Im(g1),--.,Im(gs)), hence Im(f —ngi) < Im(f) for some g and some term n.
Since f — ngs € a, we get by recursiveness that f € (g1,...,¢s).

6.1 Normal Forms

We will soon define what we mean with a normal form, but first we need some
theory to support the definition.

Proposition 6.1.1 Let {g1,...,9s} be a Grobner basis for the ideal

a={g1,...,9s). Then rem(fi,(g1,--.,9s)) = rem(fa,(g1,...,9s)) if and only
if f1 — f2 € a. In particular rem(f, (g1,-..,9s)) =0 if and only if f € a.
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Proof Suppose rem(fi,G) = rem(fs, G), where G = (g1,...,9s). Since
fi —rem(f;,G) € a,i = 1,2,cf Lemma 6.0.1, we get f1 — rem(f1,G) — (f2 —
rem(fs,G)) = f1 — fo € a. Now suppose fi — fo € a. Then rem(f;,G) —
rem(f2,G) = (fs — rem(f2,G)) — (fi — rem(f1,G)) + (f1 — f2) € a since
fi —rem(fi;,G) € a,i = 1,2. But rem(f1,G),i = 1,2 is a linear combina-
tion of monomials outside l(a). If rem(f1,G) # rem(f2,G) we would have
Im(rem(f1,G) — rem(f2,G)) ¢ a. But rem(f1,G) — rem(f2,G) € a gives
Im(rem(fi,G) —rem(f2,G)) € a, a contradiction.

The rem(f, G) is a linear combination of monomials outside I(a). We can use
this rem(f, G) to represent elements in k[z1,...,2,]/a since f —rem(f,G) € a.
We know that the monomials outside [(a) generate k[z1,...,z,]/a as a vector
space over k and these monomials are linearly independent modulo a, since if
A1mi+Aema+- - -+, m, € aone of these monomials must be the largest, say m;
which gives that m; is the leading monomial in A\ymj1 + Aems + -+ A,my, € a
and thereby m; € [l(a) a contradiction. Thus we have that the monomials

outside I(a) constitute a k-basis of k[z1,...,2,]/a and we have found a way to
uniquely represent polynomials in k[z1,...,z,]/a. We are now ready to define
the normal form of a polynomial f in k[xy,...,z,]/a.

Theorem 6.1.1 Let f € k[z1,...,z,] and let G = (g1,...,9s) be a Grébner
basis for the ideal a. Given a fix monomial ordering we have a that the rem(f, G)
is uniquely defined and doesn’t depend on the Grébner bases, G, of a. We call
rem(f,G) for the normal form of f and denote it NF(f).

6.2 Reduced Grobner bases

Grobner bases are not unique and since we want unique stuff, we introduce the
concept of reduced Grobner bases which are unique.

Definition 6.2.1 We define G to be a reduced Grobner basis if
o {Im(g1),...,lm(gs)} constitutes a minimal set of generators for l(a)
® g, are monic

o no lm(g;) divides any monomial in supp(g;),i # j

Proposition 6.2.1 A reduced Gréibner basis exists and is unique.

Proof Given a Grobner basis, G you can construct a reduced Grobner basis.
You start with picking a subset G’ = {g;,,...,¢:, } of G so that the first condi-
tion in the definition is fulfilled. Then multiply each g;, with lc(g;, 1) so we get
monic elements. Last, take the remainder of each g;, with respect to G'\ {g;, }.
Thus the reduced Grobner basis exists. This reduced Grobner basis is unique
since if {¢g1,...,9s} and {hq,..., hs} are two reduced Grébner bases for an ideal
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a with Im(g;) = Im(h;) we get that g; — h; € a. If g; — h; # 0 we would have
Im(g; — h;) € Ilm(a), but the leading terms in g; and h; are equal, hence cancel
in, g; — h;. But g; — h; is a linear combination of monomials outside I(a), which
gives a contradiction.

The proof might be a little bit hard to follow, but there are two main points
which we want to observe.

e A minimal set of monomial generators in an monomial ideal is unique.

e Every monomial in a monomial ideal is divisible by one of the generators.
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Chapter 7

S-polynomials

7.1 Initial Definition

Starting with one generating set for an ideal you want to calculate a new gen-
erating set, a Grobner basis, for the ideal. To do this we use the S-polynomial.
The definition might look a bit complicated but it’s not as hard as it lookes as
you will see when we reflect back to the introductory example. First we need a
definition.

Definition 7.1.1 Let f and g be nonzero polynomials.

Then h is a least common multiple of f and g, lem(f,g), if both f and g divide
h and if any other polynomial which is a multiple of both f and g is a multiple
of h.

Example 7.1.1 Let f = xy and g = 2 then we have
lem(f,g) = lem(zy, 2%) = 2%y

7.2 S-polynomial

Definition 7.2.1 Let (f;, f;) be a fized pair of monic elements in a set of gener-
ators of an ideal with an given ordering <. The S-polynomial of (f;, f;) in < is

lcm(lm(fi)’lm(fj))f} _ lem(Im(fi), Im(f;))
Im(f:) ' Im(f)

The S-polynomials are used in the construction of and as a criterion for
Grobner bases. Say that we have an ideal generated by a = (f1,..., fx) to
this set we calculate the reduced S-polynomials S(f;, f;) were 4,5 =1,...,k. If
Si,; # 0 we are to extend the generating set (fi,..., fi) with the
rem(S; ;, (f1,..., fr)) and calculate all new S-polynomials and so on. If we add
an S-polynomial fy41 to the generators (fi, ..., fi,) then
Im(fr+1) &€ (Im(f1), ..., Im(fx)). Since the monomial ideal I(f1, ..., fx) is finitely

Sij=5S(fi, fi) =

I
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generated, we reach it after a finite number of steps, so eventually all S-polynomials
reduce to 0 and this gives us the Grobner bases, {f1,..., fn}. Thus we have the
criterion for Grobner basis formulated in the theorem after the example.

Example 7.2.1 If we recall the Introductory Example in chapter 2

h=a*y+x
fo=a%—y?

and want to calculate the S-polynomial of f1 and fa, S(f1, f2), we have

lem(Im(f1),lm(f2)) _ lem(z%y, 2?) -1

Im(f1) x2y

and
lem(Im(f1),Im(f2))  lem(a?y, 2?)

Im(f2) x?
So when we calculate the S-polynomial, S(f1, f2) we get

S(f1, fo) = fa = Lemlimttn(i2) g demlmUtn(f2) g, — f — yfy = (a2y +
x) — y(z®

—y)=atyta—aty+yd =a+y

Theorem 7.2.1 Let (f1,..., fx) be a sequence of monic elements in k[x1, ..., zy]
and let S; ; = S(fi, f;) be the S-polynomials. Then {f1,..., fx} is a Grébner

basis of (fi,..., fr) if and only if rem(S; ;, (f1,..., fx)) =0 for alli,j.

The proof of the theorem is rather tricky and technical so we have chosen to
exclude it here, but we warmly recommend futher reading in ” An Introduction
to Grobner bases” by Froberg.
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Chapter 8

Buchberger’s algorithm

8.1 Buchberger’s algoritm for calculating Grobner
bases

If we start with an ideal

a=(fi,..., fa)

Calculate all S-polynomials, Sy, ;, and reduce them with respect to (f1,..., fx),

we denote the reduced S-polynomial with gi,j. If gi,j = 0 we move on and cal-
culate the next S-polynomial. If S; ; # 0, we extend (fi,..., f,) with S;; and
get (f1,.--, fx, fe+1). This will not change the ideal since the S-polynomial
already lies in the ideal and we stay within the ideal while we reduce. Then we
start over and calculate all new S-polynomials, S; 41, ¢ = 1,...,k, and reduce
them. Continue until all S-polynomials reduce to zero.
If the S;; # 0 we have Im(S; ,(f1,..., fn)) & (Im(f1),...,Im(f.)) so each
time we extend the generating set, we also extend the monomial ideal generated
by the leading monomials of the generators. Since we know that the monomial
ideal is finitely generated, by Dickson’s Lemma, all S-polynomials will even-
tually be reduced to zero. Thus the final result will be a Grobner basis, by
Theorem 7.2.1.

Example 8.1.1 Calculate a Grébner basis for the ideal a using Lex.
a = (x] + 29, 2129 — 73)

{ fi =21+

f2 = X172 — x%

2 2
S(fis fo) = 32 (@ + 22) — T2 (0122 — 23) = 2wy + a3 — afay + 2103 =
2

2
5+ 125
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Then we reduce S(f1, f2) and use that fo = r122 — 25 = 0 mod(a) = 1122 =
z? mod(a)

S(f1, f2) = w123 + 23 = a3z + 23 = 23 + 23 mod(a)

S(f1, fo) = a3 + 23
fi =%+ o
f2 = Z‘}xz —335
3 = o3 + a3

S(f1. f3) = IlTQ(IH‘IQ) xlj2(m2+172)—$1x2+$2 —riri—aial = x3—aix]

We reduce with the aid of f1 and fywe get

S(f1, f3) = x5 fx%xg = :E2 +m2 = facQ +x2 = 0 mod(a)

S(f1,f3) =0

S(fa, f3) = zizz (r129 — 23) — wlwz (x2 +23) = a3 — 25 — 123 — 1123 =

4 2
_1'2 - 1‘1332
we reduce with the aid of fo and f3 and get

S(fo, f3) = —w5 — 1125 = —x5 — 5 = —xo(—23) — x5 = 23 — x5 = 0 mod(a)

S(fa, f3) =0

And thereby all the S-polynomials are reduced to zero and the criterion for a
Grébner basis is fulfilled. (x2 + xo, 21709 — 23,23 + 23) is a Grébner basis for
the ideal a

26



Chapter 9

Applications

In this chapter we will look at two applications of Grobner bases. We will use
the software maplel2 to do the calculation which is not suitable to do by hand
and plots. The maple-code is available in the appendix.

9.1 To solve systems of polynomial equations

First we will note that if we have a homogeneous system of polynomial equations,
the polynomials in the system will generate an ideal. The solutions to the system
are exactly the zeros to all the polynomials in the ideal.

Theorem 9.1.1 If fi = --- = fr = 0 has a finite number of solutions then the
number of solutions, counted with multiplicity equals
dimcc[xl’ ceey T

I(a)

We will use the theorem in our applications, but we have chosen not to prove
it here.

Since the monomials outside I(a) constitutes a base for the factor ring then,
if the system has a finite number of solutions, there is for every variable z; an
element x;* for some positive a; otherwise there would be infinitely many z?
outside [(a). If we use the Lex order then there will be a % in {(a). In other
words there is a Grobner basis element with z%" as leading monomial, but the
only monomials that are smaller than x%~ is lower order of z,, which gives an
equation in only one variable. This equation we have to solve in some good
way, then we can substitute the solutions in to the system of equations and get
a system of equations with n — 1 unknown variables. For the same reasons as
above we will have an equation which only depends on the variable x,_; and
so on. In the end we have solved all equations in the system. As an example
we can look at the Grobner basis in the introductory exampel, {x + 12, y% — y?}
were we solve the equation y® — y?, then substitute 3 in the second equation
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x+1> and get an equation which only depends on . When we have solved that
equation we have solved the whole system of equations.

Example 9.1.1 We want to solve the system:

2y +y?—22=0

22 —xz+y+2:-2=0
2t ayz+yz+22-2=0
22 —y—22+1=0

we use maple to calculate the Grébner basis &
&=[z—-1yz—1]

which gives

z—1=0 z=1
r—1=0 r=1

Example 9.1.2 We want to decide mazimum and minimum of f = x> +2xyz—
22 under the condition g = x? +y? + 22 = 1. We use Lagrange multipliers and
then solve the system with the aid of Grobner basis. Lagrange’s multipliers give

S22
\
>
SN

322 4+ 2yz — 22z =0

- 2¢z —2Ay =0
oy oy
9F — 2% = 20y — 22— 222 =0
Oz 0z 2 2 2
g=1 T 4y +22—-1=0

We calculate the Gréobner basis & using the lex order with A < z <y < x to get
an equation which only depends on x

& = —62% — 2522 — 18x% + 2525 + 2425, 62y + 25yx? + 24yx3, 5122 + 7223 —
51zt — 722° + 10y%x, 1422 — 5y% + 1823 — 14x* — 182° + 5y, 6y + 11yx? + 2y —
203 4+ 222, 5122 + 6722 — 5la* — 722° + 52+ 5yz, 2% +y> + 22 — 1, —88x2 — 10> +
10 — 15923 + 78z + 1442® + 10\

—622 — 2523 — 182* + 252° + 2426 = 0

62y + 25yx? + 24yx® =0

5122 + 7223 — 51z — 7225 + 10y%2z = 0

1422 — 5y + 1823 — 142* — 182° + 5y* =0

6zy + 11yz? + 2y — 2> + 222 =0

5122 + 6723 — 5la* — 722° + 52 + 5yz = 0

2 +y?+22-1=0

—8822 — 10y% + 10 — 15923 + 78x* 4+ 14425 + 10A = 0
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.7;‘120 y1:0 2’1:1

9 =0 Yo =0 29 = —1

23 =20 ys =1 23=0
24=0 ys = —1 24 =0
l’5:7§ = y5:%3\/ﬂ = 25:711716\/5
1’6:7§ yﬁz_g\/22 262%76\/22
I7:*§ y7=§ 271 =3
n=-1 |u=1 =3

zg =1 Yo =10 29 =0

190 = —1 Y10 =0 z10 =10

and now it is easy to decide mazximum and minimum for f under the condtition
g=1
. o 28
maximum = 1, minimum = T
Some times it is enough to calculate the number of solutions of a system.

This can also be done with the aid of Grobner bases.

Example 9.1.3 Determine the number of solutions to

zy—1=0
yz—ax =0
22—y=0

We calculate the Grébner basis with the Degrevlex order

2 Z] and l(a) = [223y27y27xyvx2]

&=["—-y—lyz—=zy —zztyzy—La
which gives that the set of monomials outside l(a) is {1,x,y, z,x2,yz, T, y, 2}

Clz,y, |
I(a)

The system has 7 solution counted with multiplicity.

dimc =7

Example 9.1.4 Calculate the number of solutions to the following system:

at+tb+c+d+e=0
ab+bc+cd+de+ea=0

abc + bed + cde 4+ dea + eab = 0
abed + bede + cdea + deab + eabe = 0
abcde —1 =0

We calculate the Gribner basis, & with the lex-ordering.

B = [—1 — 122¢° 4 122¢'° + !5, —55d% + 987e? — 979¢” + 233de — 231de® — 8e'? —
2de* 4+ 55d%e”, 128103e? — 127116¢e” 4 48787de — 48554de® — 55d% — 1042¢2 — 398de! +
55d°e? + 165d%e + 55d7, —55¢ — 144e + 143€® + e! + 55ce®, —275ec + 136674e* —
136763e” + 53913de — 53911de® + 275d% — 1121e'? — 442de'! — 275d%e* 4+ 1210d°e? +
440d%e +275¢d, 69307¢® +28018de? + 550d% e — 550ce? — 69289¢® — 568 — 28336de” —
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232de*? + 550d°%e3 4 275d5e? — 550d*e* + 550c%e + 275¢3, —144e + 143€5 + e'! — 556+
55be®, —42124€%+42218¢” —15106de~+15092de® +346e 2 +124dett +275d%e* —440d°e? —
110d%e — 275d*e® — 275eb+ 275bd, 550ec — 105873e2 4+ 105776€” — 40726de + 40722de® —
550d? + 867¢'2 + 334del! 4+ 275d%e* — 1045d°e? — 330d%e + 275¢2 — 275d e — 275eb +
275bc, 179073e? —178981e” +69019de —69003de’ +275d° —1467e'? —566de't —550d° e +
1650d°e? 4 550d%e + 275d*e® 4 825eb + 275b%,a + b+ ¢+ d + €] we get

I(a) = {e", d?e®,d", e’c,cd, ¢, e®b, bd, be, b, a}

And get the number of solutions to 70

9.2 Implicitization

We want to rewrite a function on parametric form to implicit form. This is a
form of elimination since we eliminate the parameters and get an equation with
the variables we are interested in. We will make an informal description of what
happens. Suppose that we have

x1=hi(t1,...,tm)
f= :
Ty = hn(tl,...,tm)

and we want to find the polynomial equations in the x; which define f. We now
look at the equations

xlfhl(tla"'atm) =0

Ly — hn(tla---vtm) =0

and the idea is to eliminate the variables ¢, ...,t,, from these equations. We
calculate the Grobner basis with the lex order and let ¢4 = --- = t,, = x1 >
-+« > x, which will give us a Grébner basis which contains polynomials that
only involve z1,...,, since t1,...,t,, will be eliminated first. The equations
when the polynomials that only involve 1, ..., x, equal zero will be the implicit
form of the function f.

Example 9.2.1 We want to write f on implicit form

We calculate the Grébner basis of using a special elimination ordering in which
you divide the parameters you want to eliminate and the variables you want to
keep in two blocks. The order uses the lex—ordering between the blocks, in other
words ty = ..., = t;m = X1 > -+ > T, and the degrevlex — ordering within the
blocks. In this example we want to eliminate t so we use lexdeg([t], [x,y]) and
get the following Grobner basis:

S =[l—-22+y2x? —yr+1+yt—tx+at—t
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In the Grébner basis above we have one polynomial which only depends on x,y
as a consequence of the lexdeg — ordering and the equation we get when we let
this polynomial equal zero is in fact the implicit form of the function.

flz,y)=1-224y2* =0
Example 9.2.2

—2048t*+128t2

r = —1024t>
f(t) — T 256t14-32t2+1
25614+32t2+1

We calculate the Grébner basis, ® = [—16x2 + 8ya? + 8y® + x* + 2y22% +
yt, y? + 2% 4+ 162t, 162 + 16y%t + 128yt — y?x — 3, —2y — y? — 2% + 25612 + 32yt?]
and

f(z,y) = —162° 4 Syx? + 8y + z* + 2y%2” 4 *

For fun we have also plotted the curve.
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Example 9.2.3 We want the implicit form of f where

r=1t8
f(t)_{ y:t12+t14+t15

We calculate the Grobner basis which we find is to large to present here, but
we single out the polynomial which only depend on x,y and get

flz,y) = 4y22° — 212 + 245329 + 209221 + 26y%27 — 16yx'? + 8ydz® —
6y*x® — 6213 + 8yx'l — 169328 + 42395 — 362102 + 215 — y® + 8213y — 212 As
you can imagine this implicitization problem would be hard to solve without the
aid of computers and Grébner bases.

Example 9.2.4 We can also solve implicitization problem where we start with
a surface on parametric form.

r=uv—1

fla) =4 y=ut—u
Z:U2

2

We calculate the Grobner basis
& = [2°+1+yz—22+2x, zvtyu—2zutv, —zv+rutu, v24+y—z, —rtuv—1, —z+u?]
and get the implicit form of f

flry,2)=a? +1+yz— 22+ 2z
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Chapter 10

Monomial orderings
examples

10.1 Elucidatory examples

In the chapter about Monomial orderings we mentioned that you should take
care to choose an good ordering. We will give some examples. We use Maplel2
to do the calculations. The Maple-code is available in the appendix.

Example 10.1.1 Calculate Grébner Bases for a using the Lex- and Degrevlex-
ordering.
a= (> +yt+22 -1, 22492 +2-1)

With Lex-ordering we get the following Grobner basis:

52430290 +109y2 + 25 + 52493 +102340 + 102299 —6ylo+yls — 32494 —3y% — 1322 £ 593 — 1040 — 20432+
3y8 — 26 £ 30y322 469222 +1023 — 202393 — 302290 — 20299 —322y8 — 224 452912, 802y —802+223y2 — 48290 —
3295 +128y7 —1025y13-620y12—y%210-80y2 + 829+ 7211+ 212243925 42832493 4022340 1582299 15425y 4
2223y —9423y8 — 2922445 — 1382542 1 8425z + 16912+ 221 193 + 14928 — 562647 — 4124911 +762%4y9 4112548 +
26914 — 402910 -76224y7 —7623y% —80y10—329 + 17210+ 212 -12023y7 + 16414 +12623y10 - 66272 — 342546 —
22997 +22Ty11 — 202749 4+ 2848 + 6yz10+ 21090 — 28510 + 122845 + 1422413 + 329427 + 102992 — 372494 —
402y11 — 32y 48822 —80y3 + 2429134324914 92896 —52264104722645 — 33282 +16yl3+14279y2 — 3024913 —
242%y124 29429 410229124 200+ 152100 — 1719326 + 1459226 f24ylaz — 423514 —1028y3 — 16276 —8025yl0—
2928 +128y0 +120y32—80274y7 —3625y11+482549 —512048 — 1423413 -2024y12-3y%428 +80y® +88y22 —80y2 2+
88y222 + 192952 — 1427y + 2502597 + 10423 y11 — 425y3 — 1752496 + 122399 4 10425y5 + 2282448 + 3822410 +
629y1a 4+ 921093 + 9126 41822911 4 192942 + 162457 — 229322 — 729422 — 48y72 + 10623 — 11826y — 1502544 —
17623 y3 — 1082290 — 40299 41024y — 802295 — 64232 +4824 2 +1322492 1202345 — 622248 — 16824 - 6927 — 120298 —
482092 y 242912462112 — 80y 1+ 18229144 582793 +1632090 + 9524910 - 12287 + 926511 — 542649 4+ 72748 +
18y29 +62990 —62Tyl0+427y5 4202842, 8192+ 187682y — 518882z — 16384z zy +4642223y2 — 73552290 + 1568y5 —
7206y 7 — 1707292 42374292 4+201211 42335925 —81922+91392%43 — 423362340 — 1609822 y? — 2052625y — 12623y —
8192y +4997223 48 41705624 4° — 966825 y2 48316252 + 2800y 12+ 3048728 — 147982647 — 823324411 +161982499 —
10987258 —175442910-3616422y7 +894823y4 +4432y10+268129 +1312210-3556423y7 +2800y1 442909223 y10—

7163272 +362172%9y0 474622913 — 131423yl 2 — 7229427 — 483432494 — 149842y 1+ 22048y% + 9752822 — 3550433 +
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35442913 +11112%914 416192993 + 11112846 — 111126410 — 3362645 + 30282 — 272413+ 30702742 — 201024913 —
120625 y12 2019429 +196622y12-8021202+111121 02 +15234y3 26 4 6302y% 26 + 50809142 — 3823414997283 —
24502746 — 981129410 — 244228 + 3161690 + 10415293 2 — 6144222 + 81922y — 22222747 +161925y11 — 89542549 +
13122648 — 508023413 — 425424912 4 4974428 4 785648 — 15624y22 4 16384z = + 1360y2 = — 21256222 — 7584y5 = +
67827y — 33502597 — 491423 y11 — 4033725y3 — 250572490 + 90902349 + 132402545 + 68322448 + 920222410 +
20129914 4+ 40221 0y3 — 802020 4 2012622yt 1 — 35232942 + 586602447 — 135730322 + 194969422 + 41136472 —
6747423 —378426y 42720725 y4 4819222 2 +8593423 43 4767642240 + 23928299 42455224y 45035222y — 13248232+
14352242 — 221422452 — 76708235 — 570182298 + 173424 — 518327 4 3880298 + 2042042 — 10642yt 2+ 2012112 —
12076y 1—124222914-391227y3 — 25142646 — 1098724 y10-40228y7 +40226y11-40202%99 +20127y8 +1206y29 +
2012946 —20127Ty10+241227y5 +20102842, 1 -z —22+22 —2y3 4222 +2y3 2+ wy? + 40, 16384 — 351202y — 934882 +
1108862392 — 130256290 + 97568y — 2470497 — 32768y2 22 — 27952y + 32768y2w + 34782%x + 449211 + 6823125 —
16384z + 158043243 4 662082340 — 18742299 + 163842932 — 343662%y — 11239823y + 51092238 — 41922445 —
191082992 + 1858822 + 2028y 2 + 4008y28 — 294062047 — 2064124911 + 418782449 — 268352548 4 60722y10 +
11004422y7 + 17493223 y% 4 30416910 + 369729 + 2464210 — 1788282347 — 3216y14 + 5619623y10 — 9699272 +
749932540 4 591422y13 + 241423412 — 35229427 — 1337272444 — 773842911 + 17696y% + 11807222 — 77104y3 —
43282y13+20152% 414426832993 +20152846 —201520410-63522645 — 2130282 —6288y13+219027y2 —449024y13—
26942°5y12 — 4499429 — 339422412 — 4461202 + 20152102 + 368509320 + 18478y%426 + 115449142 — 191023y14 —
44772843 —720827 40 —200912%910-761028 +6131290 — 1638422 24170008y3 2416384222 — 403027 y7 +268325y11—
1066627 y9 +246420y8 —668023y13—- 670224yl 24+1577y% 28 —163840y3 —32768y2 —81616y8 +84792y=2 +16384z2 +
40962222 +109264y2 2 — 158408y2 22 — 22544095 2 — 103427y +2025025y7 +1251023y11 - 128841253 — 1322492446 —
338062359 + 394162545 + 448482448 — 53278224104 4492514 + 89821 0y3 — 1746026 + 4303022411 + 47968y% 2 +
883242457 — 1142109322 — 1620729422 + 2334497 2 + 2035023 — 372026y + 3911925 y4 — 417942343 + 696282240 +
47544299 49514424y 4+ 2435042295 — 11712232 — 129122%2 + 40962422 — 174222492 — 133508235 — 1618982248 —
11185024 + 76127 + 81922223 + 15716028 + 87626y2 — 68882912 + 4492112 + 27344911 + 63022y — 2056273 +
33902646 — 507524510 - 898287 + 89820yl 1 — 898020y +44927y8 +2694y2° +44929y6 — 4492710+ 5388275 +
44902842, —1024 + 16802y + 5776z + 1024yx2z — 88182342 4 8816240 — 7008y° + 89647 + 2048y2zz + 2192y9 —
2048y2x — 25829 — 35211 — 590925 — 119212493 — 34242346 1+ 5022249 — 20482y3 2 + 293825y + 772223y + 1024y —
46042348 + 4162445 +177225y2 — 2004252 — 336912 — 312928 + 22662047 + 163524911 — 35222499 + 21052548 +
4722y10-552422y7 —1202823y% —880y10—-27529 —19221041309223y7 +176y14-506823y104+96927 2 — 59392546 —
59022y13-26623y1 24262y 27 +1090924y% 453362yt 1 —352y% —810422 +3728y3 — 72291315724 y14—-20029y3 —
1572840 + 15726410+ 4962045 + 246282 + 176913 - 1702742 + 35024413+ 21025y 12435429 — 58224124 455264 —
1572102 — 28384320 —1418y%426 —840y1424+16223y14+37528y3 15822740 +155325410+68628 +102422 —371246 —
10824y3 2 — 512222431427 y7 —20925411483025y9 —1922648 152023 y13+4+52224y12—123y%28 12048293 +2048y2 +
446498 — 1024yz2 — 6312y22 — 10242222 — 7024922 + 10840y2 22 + 14304352 + 15827y — 17422547 — 85823 y11 +
97232595 410059246 + 189823y —202025y® — 34082448 +303422y10—-3525y14a—70210y3 +134020 — 377822411
361644z — 79482447 4 10726y3 22 + 94169422 — 142447 2 + 26223 + 53620y — 30852544 4 10302343 — 60042246 —
2856299 — 722424y — 1720622y5 + 1344232 — 482%0 + 16422492 + 114042345 + 126062248 + 720424 + 18127 —
9912298 + 602042 + 1842912 — 352112 — 1392911+ 3022914428027 y3 — 1862646 + 31324410+ 702847 — 7026411+

70020y9 — 352748 —210y22 — 35296 +3527Ty10 - 4202795 —35028y2, 1 - 22 — 22 4+ 222 —y4 44322 23 193 +2 -1

With Degrevlex-ordering we get the following Gréobner basis:
(23493 4+2—1, 1—2%— 224222 —y*+y3a?, 1—0—22+22 292 + 22242y 2+wy* +9/°)

From the same Ideal!
To get an idea of the difference in workload we use the showtime-command in
Maple which display the time and space used by Maple for the execution of each
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statement and got the following result for the calculation of the Grébner bases:

Ordering Time Space
Lex 0.55 seconds | 2754263 bytes

Degreviex | 0.03 seconds 12851 bytes
And remember the Grobner basis itself is usually not the answer to your

question. The purpose of this example was to show that you can save a lot of

space and time by using a suitable monomial ordering and I think you get the
picture now. Note that the showtime result variates, depending on the

circumstances, but it will give you a hint.

Unfortunately, the fastest ordering will not always help you to solve your
problem and we will give an example of that.

Example 10.1.2 Solve the following system of equations:

fi=2%—y
fo=y>—2
fs=2"—-y

If we calculate Grébner basis,G1, for a = (x? — y,y* — 2,22 — y) with the
degrevler order we see thatG1 = a and will not help us solve the system. But
if we calculate the Grobner basis, &2, with the lex order we get G2 = (—z +
2 =224y, —224+22) and we can solve the system by solving the equation —z+2z*
and the use the result to solve the other two.
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Appendix

We have used Maplel2 to do calculations and plots in chapter 9 and chapter
10. This is the script for the input, example by example.

Example 9.1.1

>with(Groebner)
>E 1= {x72-y-2%z+1, X"2+x*y+y~2-z"2, X"2-x*z+y-2, X" 4+xxy*z+yxz+z 2-2}
>g := Basis(f, plex(x, y, z))

Example 9.1.2

>with(Groebner)

>f = {2*%x*xz-2*xlambda*y, 3*x"2+2xy*z-2xlambda*x,
2%x*xy-2xz-2%lambda*z, x"2+y~2+z"2-1}

>g := Basis(f, plex(lambda, z, y, x))

>solve(g)

Example 9.1.3

>with(Groebner)
>f = {z"2-y, x*y-1, y*z-x}
>g := Basis(f, tdeg(x, y, 2z))

Example 9.1.4

>with(Groebner)
>with(PolynomialIdeals)
>f := {axbxc*d*e-1, atb+c+d+e, axb+bxc+ckxd+dre+axe,

a*bxc+bxcxd+ckdre+drexate*xaxb, axbkck*d+bkckxdrxe+ckdkrexat+drxexaxb+exaxbxc}
>g := Basis(f, plex(a, b, c, d, e))
>Number0fSolutions (<g>))
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Example 9.2.1

>with(Groebner)
>f = {x = t/(1+t), y = 1-1/t"2}
>g := Basis(map(proc (eq) options operator, arrow;

numer (1hs (eq)-rhs(eq)) end proc, f), lexdeg([tl, [x, y1))
>remove(has, %, t)

Example 9.2.2

>with(Groebner)

>with(plots)

>f = {x = (-1024*%t"3)*(1/(266%t"4+32*%t"2+1)),

y = (-2048%t"4+128%t72)/(256%t"~4+32*t"2+1) }

>g := Basis(map(proc (eq) options operator, arrow;
numer (1hs(eq)-rhs(eq)) end proc, f), lexdeg([t]l, [x, yl1))
>remove (has, %, t)

>plot ([(-1024*t"3)*(1/(256*t"4+32%t"2+1)),
(-2048*t"4+128%t72) / (256%t~4+32%t"2+1), t = -50 .. 50],
axes = none, numpoints = 250)

>implicitplot (-16%x"2+8*y*x~2+8%y " 3+x"4+2%y " 2xx"2+y~4 = 0,
x=-6..6, y=-10 .. 2, axes = none, numpoints = 10000)

Example 9.2.3

>with(Groebner)
>f = {X = t“8’ y = tA12+tA14+tA15}
>g := Basis(map(proc (eq) options operator, arrow;

numer (1hs (eq)-rhs(eq)) end proc, f), lexdeg([t]l, [x, y1))
>remove (has, %, t)

Example 9.2.4

>with(Groebner)

>with(plots)

>f = {x = uxv-1, y = u"2-v"2, z = u"2}

>g := Basis(map(proc (eq) options operator, arrow;

numer (1hs (eq)-rhs(eq)) end proc, f), lexdeg([u, v]l, [x, y, 2]))
>remove (has, %, [u, v])

>plot3d([uxv-1, u"2-v"2, u"2], u=0 ..1, v=-1..1,

shading = zgrayscale, style = patchnogrid, style = patchcontour,
title = parametricplot3d, lightmodel = light2)
>implicitplot3d(x~2+1+y*z-z"2+2*%x = 0, x = -5 .. 3, y = -4 .. 4,
z =0 .. 4,grid = [20, 20, 20], shading = zgrayscale,

style = patchnogrid, style = patchcontour, title = implicitplot3d,
lightmodel = light2)
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Example 10.0.1

>with(Groebner)

>f 1= {x"3+y"3+z-1, x"b+y~4+z"2-1}
>showtime

>on

g:=Basis(f,plex(x,y,2))
gl:=Basis(f,tdeg(x,y,z))

off

Example 10.0.2

>with(Groebner)

>f = {x"2-y,y"2-z,2"2-y}
>g:=Basis(f,tdeg(x,y,2))

>gl := Basis(f, plex(x, y, z))
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