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Abstract

A reconstruction problem of human body motion can be treated as an optimal
control problem. This thesis shows that such a problem can be solved by the
Symplectic Pontryagin method. Existence of a solution, characteristic method
and regularization are shown. In this work there is convergence of solution for
some concrete example.
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1 Description

Modeling and simulation of human body dynamics has wide use in research and
industry. People realized a simple model is necessary for rapid simulations. The
” Contact-aware Nonlinear Control of Dynamic Characters” [3] shows one way of
doing this by emulating walking and running motions in rigid-body simulations.
We’d like to control similarly as [3] but in another model. And this model will
be used to capture a blocked motion.

In case of video recording body motion may be blocked by another object. If
those frames of motion is important, people would like to reconstruct them. A
numerical method of the body motion capture/reconstruction will be studied in
this project.

Numerical solution of lost 3 frames of body motion
Figure 1: Reconstruction of body motion

This project uses a mass-spring model with control, considering them as a class
of optimal control problems. We expect our solutions can track reference body
motion in a simple and reasonable behavior. By doing this one can reconstruct
missing frames.

From section 2 to section 5 we introduce the basic idea of optimal control, the
characteristic method for optimal control problem and the regularization in-

volved in discretization.

In section 6, we provide the detailed analysis of our model. In this section, we
shall show that our model is solvable under some reasonable assumption.

Section 7 is a description of the numerical method we used in program, and in
Section 8 we give the scheme of program.

In section 9, we show the analysis of solution for a 1-D example and a 2-D arm
model.

Once a model is established, people can use this model to show blocked motion.



2 Introduction of optimal control

The following introduction use the idea in Evans [2]

Introduce a dynamic system with control:

i(t) = fla(t)alt) (To<t<T) W
%(To) = XO

where f : R” x A — R"™ is a given bounded, Lipschitz continuous function,
and X is given, and A is some given compact subset of R™. T} is initial time
and X, is initial position. The function « appearing in (1) is a control, that
is, some appropriate scheme for adjusting parameters from the set A as time
evolves, thereby affecting the dynamic of the system modeled by (1).

Denote the set of admissible controls by A,
A={a:[Ty,T] — A | «is measurable} (2)
Further, we assume

C,

f b) S
| (ZC' a): - C‘:pim (3)

‘f(:l',(l) - f(yva)

for all z,y € R",a € A, and a constant C' > 0

Our goal is to find a control a* which optimally steers the system. In order to
define what ”optimal” means, we introduce a cost criterion. Given z € R"™ and
0 <t < T, for each admissible control o € A define the corresponding cost

T
Crila()] 1=/t h(z(s), a(s))ds + g(2(T)) (4)
where z(+) solves the ODE (1) and,
h:R"xA—R, ¢g:R"—R

are given functions. We call h the running cost and g the terminal cost, and
henceforth assume they are bounded and Liptchitz continuous:

|h(z,a)] < C

h(z,a) = h(y,a)] < Clz—y| (5)
lg(x)] < C

lg(x) —g(y)] < Clz—y| (6)

for all z,y € R™,a € A, and some constant C' > 0

3 Dynamic programming and the Hamilton-Jacobi-
Bellman equation

We denote the infimum of cost along optimal trajectory from (zg,t) by u(xo,t).



Definition 1 A wvalue function u is defined as:

u(z,t) = a(..I)léA Clap) [a()] (xeR™",0<t<T)
= inf { tTh(m(s),oe(s))ds+g(m(T))}.
(7)

The u(z,t) is the least cost starting at the position x and time ¢. It is well-
defined under assumption (3),(5),(6). That is for any x and ¢, u(z,t) is unique,
but the corresponding optimal control v as well as the optimal path z(¢) may
not be unique, or may not even exist.

Example 3.1 Give a dynamic system:

i=1{-1,+1} (0<t<1)

Cost functions are defined by: g(xz) = |x(1)| and h = 0. And control o := & €
{-1,+1}

If ©(0) > 1 then one can simply set & = —1 to get the minimum. Similarly for
z(0) < —1 set & =1.

T T
-1

Figure 2: Optimal path for x(0) &€ (—1,1)
1t is easy to see from the figure 2, for x(0) & (—1,1) the control path is unique.
However when z(0) € (—1,1) the situation becomes quite different. For instance

let £(0) = 0.5. We could find many paths by using different controls, but all of
them satisfy g(x) = 0. We show 4 different paths in figure ?7:



T T T
-1 -1

Figure 3: Some optimal paths for x(0) € (—1,1)

The value function for T =1 can be written as:

—z(0)—1 =z(0) < -1

u(z(0),0) = in_ {g(x(1)} = 50 -1 2(0)>1 (8)

We see that for any x(0), the value function has an unique value, but there
might be multiple optimal controls.

The solution of the optimal control problem in this project will be calculated
by using Hamilton-Jacobi equation.

Definition 2 The terminal-value problem for the Hamilton-Jacobi equation is

us + H(Du, )
u

0 in R"x(0, T) o)
g on R*"x(t=T)

where Du denote gradient of u.

A Hamiltonian in the optimal control problem is defined as:

H(p,z) = min{f(z.0) -p+h(z,0)}, Vpo€R (10)
Let a; be the minimizer of ng‘l {f(x, a) - p1+ h(z, a)} and ag be the minimizer
of min {f(:;z:7 a) - pa + h(z, a)}. That means:

f(z,a1) -p1+h(z,a1) < f(z,a)-p1+ h(z,a) Va, and (11)
f(z,a2) -pa+h(z,a2) < f(z,a) -ps+ h(z,a) Va



If H(z,p1) > H(z,p2), we have:

|H(£C7p1)—H($7p2)‘ = H($7p1) —H(I,pz)
= Lréig {f(x, a) - p1 + h(z, a)} - Lréigl {f(ac7 a) - ps + h(z, a)}

(11) < f(z,a2) - p1 + Wz, a2) — f(z,a2) - p2 — h(z, az)

= f(ﬂJ,CLQ)' (pl *pz)

IN

|f(z,a2)| - [p1 — p2|
(3) < Clp1—pof
Case H(z,p1) < H(z, p2) analogous.
Let az be the minimizer of Lneig {f(x, a) - p+ h(z, a)} and a4 be the minimizer

of min {f(y, a)-p+ h(y, a)}. That means:

e - Hon) = [ {fea) s iea)} i {700 o+ i)

ac ac

= f(:r,ag)-erh(x,ag)ff(y,a4)-p7h(y,a4)

IN

(s = 1)) o]+ [pt2200) = hGra)

< f(z,a3) — f(y,a4)

ol + ‘h(z»as) ~ h(y.as)

B)B) < Clpl - [z —yl+ Clz —y|

= CA+pl) [z -yl
We conclude:

[H(z,p1) — H(z, pa)|
[H(x,p) — H(y, p)|

for all z,y,p1,p2 € R™, and some constant C' > 0 (which is differ from the con-
stant in inequalities (3) and (5)). These bounds will be used to prove uniqueness
and for the error bound in latter sections.

<
< Cli+pl| - |z -yl

The concept of viscosity solution is implemented for solving Hamilton-Jacobi-
Bellman equation. That is defined as:

Definition 3 A bounded, uniformly continuous function u is called a viscosity
solution of the terminal-value problem (9) for the Hamiltonian-Jacobi equation

if:



(i))u=g onR*x (t=T), and

(i) for each v € C*(R™ x (0,T))
if uw—v has a local mazimum at a point (xg,t9) € R™ x (0,T)
then (13)
ve (2o, to) + H(Dv(zo, to), o) > 0,

and

if uw—v has a local minimum at a point (xo,to) € R" x (0,T)
then (14)
Ut(lﬁo, to) + ]H(D’U(LL'Q, to), 170) < 0.

The value function w(z,t) plays a quite important role for Hamilton-Jacobi
equations. The following theorem reveals that is the unique viscosity solution
of a Hamilton-Jacobi equation.

Theorem 3.1 (A PDE for the value function) [2, page.557]
The value function u is the unique viscosity solution of the following terminal-
value problem for the Hamilton-Jacobi equation:

ug + mig {f(x, «) - Du+ h(z, a)} = 0 in R"x (0, T)
[e1S
u = g on R"x{t=T}

where the f is flux function of the dynamic system (1) and h is the running cost
and g is the terminal cost.

We see that one character of value function: It is the solution of a Hamilton-
Jacobi equation, and again it is unique.

4 The method of characteristics for Hamilton-
Jacobi equations

4.1 Motivation of the method of characteristics

The part of motivation mostly follow ideas from Evans [2]

In mathematics, the method of characteristics is a technique for solving partial
differential equations. The method is to reduce a partial differential equation to
a family of ordinary differential equations along certain curves which is called
characteristics. The solution can be integrated along characteristics from some
initial data.

Let’s start with a general PDE. Suppose that F', g, u are sufficiently smooth
functions.

F(Du,u,z) = 0 in U (u€ R,z €R",DucR"), (15)
uw = g on I' CIU, (16)



Assume now u is twice differentiable. Let

z(s) :=u(x(s)) where x(s) = [z1(s),x2(8), ... ,2n(9)]

p(s) := Du(z(s)) where p;(s):= 6%1;

Then the partial derivative w.r.t s is:

%Pi = 45Uz (z(s))

_ n 9%y dxj
- Zl(axzazj K)’

and
P = il(%%)+%—f§;i+g—£=0
p
= R Grala) a0
L 3 (SR ) + SEmi(e) + 45 =0
P
> NGl = )~ 8
=1 Pj OTi0T; z T

(20)

We wish to avoid the second order derivative term azzng. Observe that this

term exists in both (19) and (20), so we can eliminate % by letting x(s)
iOT j

satisfy:
dﬂ?j oF
s Op;

By doing this, we can rewrite (19) as:

5 (19) 2 2y dxy
% > (g2 )

ds : Ox;0x; ds
Jj=1
(21) s ( 2y 67}7)
= Ox;0x; Opj
(20) OF oF
TP Ty

(21)

(22)



Mean while:

dz - u dz;
£ - Ty
'n (23)
(21) =
2 Pty
j=1
That means the solution of (15) satisfies:
#(s) = DpF
p(s) = —-D,F—D,Fp (24)
2(s) = DpFp
where () := 4, and D is gradient as it is defined before.

The PDE (15) can be solved using a system of ODE (24). For any initial value
Zo the solution of s = T" can be obtained from (24).

Xg
Figure 4: Characteristic path from zg € QU to the interier point z

Back to the general form Hamilton-Jacobi PDE. Recall that Hamilton-Jacobi
PDE is defined as:

ug +H(Du,z) = 0 in R"x (0, T)
u = g on R"x(t=0)

To implement the result we proved above, define a new PDE:

G(Du,uy,u,z,t) == u + H(Du,z) =0 (25)
where Du := Dyu = [ug,, ..., Uz, |-
Define p := D,u and z := u as before, also define X := [ug,, Ugy, ..., Uy, , U], and
y = [T1, %2, ..., Tn, t]. Then we could rewrite equation in such form:



G(Aa 2, y) = )\nJrl + H(/\h (X3} )\n7 ‘T)
together with:

D\G = [D,H, 1], D,G = [D,H,0], D.G =0

We have the solution:

gi(s) =1 4i(s) = & (i=1,2..n), fn(s) =1
/\'L(s) = 7% (Z: 1727"'7n)7 >‘n+1(8) =0
i(s) = DH-p-H

Un+1(s) = dt/ds = 1 says t = s + ¢ for some constant ¢, here we choose t = s.

In Evans [2] it shows the equation for z(-) is trivial, once solutions of z(-) and
A(+) have been found. Therefore we define Hamiltonian system:

() = H
{);i(t) = *Hi (26)

A special case in this project is when the cost function A is time dependent be-
cause of time dependency of reference data. As a consequence the Hamiltonian
is then time dependent. In this case the Hamilton-Jacobi PDE becomes:

ug + H(Du,z,t) = 0 in R"™x (0,T)
u = g on R"x(t=0)
Use the similar procedure as before, set p := Dyu, z 1= u, A := [Ugp, , Ugy, .y Uy, , Ug)
and y := [T1, T2, vy T, t].

Then we rewrite G in the following form:

G(A7 2, y) = )‘n-‘rl + H()\a Z/)

together with:

D\G = [D,H,1],D,G = D,H,D.G =0

Then we have quite similar solution:

yl(s) g;{ (1 =12 "'7”)7 g7l+1(5) =1
Ai(s) = —SH (i=1,2,..,n), Apji(s)=—%
Z(s) = D,H-p—H

Choose t = s as before then one can use (26) to solve time dependent problem.
It is work even though w is not differentiable, which shows in theorem (4.1)



4.2 Characteristic method for general case

The result above seems to provide a possible way. But notice that in our deriva-
tion, we assumed the value function u is twice differentiable. One problem is to
know if u is twice differentiable before compute.

In the next theorem, we can use a weaker condition: For any R > 0 there exists
Cr such that

|h(z,a) = h(y, a)| < Crlz -y (27)
for all x,y € B C R™, Bpg is a ball with radius R, and a € A.

Theorem 4.1 [1] Let f satisfy (3), h satisfy(27), and assume that the control
set A is compact. Suppose in addition that f., hy exist and are continuous
w.r.t. x, and H and its first order derivatives are locally Lipschitz continuous
in R™ xR™. Given (z,t) € R" x [0,T], let o : [t,T] — A be an optimal control
with initial point (z,t) and let y(-) = y(:;x, o, t) be the corresponding optimal
trajectory. For a given g € Cy, let X : [t,T] — R™ be the solution of the
equation Then (y, \) solves the system

() = Ha(y(r), A7)
{Xm = WAy S EBT] (28)

As a consequence, y, A are of class C'.

Note that it is assumed wu is differentiable in the theorem, we don’t need an
assumption of the value function w.

5 Regularization of the Hamiltonian

In the case when the Hamiltonian is not differentiable. We can’t use the Hamil-
ton system (26) directly. Therefore one way to follow idea of the Hamilton
system (26) is to construct a regularized Hamiltonian T which is a smooth
function such that ||H — ]H‘SHLOQ(]RdX]Rd) < 0 where the d here is dimension of
variable space and duel variable space.

The Symplectic Pontryagin scheme should be introduced to solve the perturbed
Hamilton system. This method involve the regularized Hamiltonian defined as
follows:

Definition 4 The time interval [0,T] is split into N intervals uniformly with
length At = T/N. Xy is the initial state at t = 0. The Symplectic Pontryagin
scheme is:

Tpt1 = Tp+ AHS (20, Ant1), n=0,1,.,.N—-1
rg = Xo
M = st 4+ A (znAs1),  n=01,. N—1 (29
A = Dg(zn).

10



The H? is reqularized Hamiltonian which is smooth.

For regularized Hamiltonian and Symplectic Pontryagin scheme, define the reg-
ularized running cost h® and discretized value function:

Definition 5 Regularized running cost

W) = B() - H @) (30)
Definition 6 Discretized value function
ulw 70 min h’é xnv)‘n At+ X
(0:0) {@nAn} solve (29) (%: ( ) g(zn)) (31)

Theorem 5.1 [4] Let H be a Hamiltonian which is concave in its second argu-
ment, and satisfies |H(z, A1) —H(z, X2)| < C1|A1 —A2| and [H(z, \) —H(y, \)| <
CQ|1 + \)\|| e —y| for all z,y, A\, 2 € R™. Let g : R" — R be differentiable
and satisfy |Dg| < Cs, for all x € R™. Let H® be a regularized Hamiltonian
which satisfies the same conditions, and which is continuously differentiable,
and satisfies

[ — H | oo (re sty < 6.
Let u be the solution of

ug + H(Du,z) = 0 in  R"™x(0,7),
u = g on R"x(t=1T), "

and u is defined in (31), then

— GG ((eC2T — 1)At + At?) — L2 (2T — 1)At — T§
< u(ws,0) — u(zs,0) <
10105(C3 + 1)e“2TT At + T6.

Here Cy, Co, C5 are constants given in the assumption. O

This allows us to compute a discretized value function (31) by solving (29), and
decrease At to make it converge to the solution of (2). One advantage of do-
ing this is avoid involve a non-smooth Hamiltonian. We can use some iterative
method.

We would like to introduce a lemma that is useful to check Lipschiz continuity:

Lemma 5.1 Let a(x1, 22, ...,x,) be a real function satisfies:

la(xl, 22, ..., 20) — a(22, 22, ..., 7,)| < Oz} — 22

la(z1, 25, ... ¥n) — a(wy, 23, ..., 20)| < Colzh — 23

la(x1, T2, oy ) — a(@1, T2, ..o, 2)| < Cplzl — 23|

11



Then |a(z}, 23, ..., xL) — a(z?, 22, ..., 22)| < nC||z' — 22|,
*y

x5
where C := max{C1,Ca, ...,Cp} and & := {x1, 22, ..., Tpn}.

Proof. If n = 1, there is nothing to prove.
In case of n = 2, then

(Colay — x5| + Ci |zt — 7))?

(2max{Cy |z} — #7], Co|ay — 23]})*
(2max{Cy, Cg}tmax{h:% — 23|, |xl — 23|})?
4max{Cy, Ca}? max{|z} — 22, |z — 22|}?
dmax{Cy, Co}?((x] — x1)* + (23 — 23)?)

IA I IAIAIA

= la(1, 3) — a(af, 23)| < 2C- [x" —x?|

where C = max{C4,Cs}
Assume that this apply for n = k, k is a positive integer. That is:

la(z}, 23, ,xi) —a(z?, 22, ,xi)|

< kmax{Ci, Co, ...,Ci}/(z} — 22)2 + (2 — 22)2 + ... + (2L — 23)?

Then for n=k+1,

x% :L'% ‘lexlc 1) a(x%,x%,...,xi,xi 1)‘
\(ch xh, b, ) —a(2? 22, . 22,1k )
172 272 ) ké k{rl 172 272 ’ ké k;l
+a(1131711’2> -~»9fk7al?k+1) ~ alzy, o3, ~-~7ﬂ§k7fk+1)|
< ‘a’(xlvf272'"7xk’2wk4il) - a(x17293272-~7zk7255k+21)|
+a(xt, 25, ..., s Ty q) — a7, 25, ., T, T )]
< kmax{C1,...,Ci}\/(z} —22)2 + (23 — 22)2 + ... + (2}, — 27)?
+Ck+1\/ (‘rlchrl - wi+1)2
< kmax{Cy, ... C’k}\/(az% -2+ .+ (ac,ch zkﬂ)?
+Clt1 \/(I1 -2+ .4+ ($11c+1 - xi+1)2
< kmaX{Cl, R) Ck+1}\/($% - LB%)2 + ot (xllc-',-l - Ik+1)2
+max{Cy, ..., C’kﬂ}\/(:c} — o) 4+ (. — 2 )?
—(k+ 1)maX{Cl,...,Ck+1}\/( 222 4t (why, —7,)?
— (k4 1Clx - %

where C = max{C1, ..., Ci+1}

la

—

Here we give an example to show how regularization works.

12



Example 5.1 Here is an 1-D example that shows how regularization works. A
mass m connected by a spring with spring constant k from the wall. Here the con-
trol is the rest length of the spring denoted by L (L € [L_,Ly], Ly > L_ >0).
The running cost is h = (v1 — x,.)? where reference position x, is given, and the

terminal cost is g = 0. Try to minimize J = fOT hds.

A O

X

Figure 5: A simple mass-spring example

Denote the displacement of mass by z1, and the velocity of mass by &; =: z5.
According to Newton’s 2nd law: F' = ma, write down the dynamic system:

( 2 ) - ( WL a)/m ) = /L)

where L € [L_,Ly] =: A. Introduce dual variable A = [A1, A2] , let the Hamil-
tonian be:

_ . k(L—z1) _ 2}
H EIIEIE {)\1{21 + )\27m + (1'1 mr)

_ : Aokl Askx 2
= iy {3}y 2 (-

Denote S := aniI/}{ Az]fL} and C = Az — 22821 4 (1) — 2.2 for simplicity, then
€

H=S+C.

Note that this is a linear control problem. S is not differentiable at Ao = 0,
since
2Ep X <0,
S =
Xkp N, >0.

m

The Hamiltonian is not differentiable w.r.t. Ay at Ay = 0, Therefore we need to
regularize the Hamiltonian. Note that we would like to solve the problem by
using the Symplectic Pontryagin scheme in which the Newton’s method will be
used. This requires second order partial derivatives are continuous.

In this example, C is smooth already. The only thing left to do is trying to find
regularized S which is smooth. Because of |[H—T°| = |S+C—S°—C| = |S— 57,
construct a S? such that |S —S°| < § leads to |H — H’| < § automatically. Par-
tial derivatives Sg,, Sz,, Sx, are zero, only Sy, need to be smoothed.

13



The expression of S}, is:

KLe )\, <0,

m

Sx, =

kL- )\, > 0.

m

We want to construct a smooth function SL. And the corresponding Hamilto-

nian H° should satisfy |H — H°|| = gaxgra) < 6. One option is to let Sy, =

%tanh(%) + W By this setting, SY, — S, as v — 0, for
2

kLt !
m

kL=

0

%

Figure 6: S}, and Sy,

The primitive S7, of S:\YZ, can be obtained by integrating:

EL_ kL. EL_ | kL.

S'y:%"}/‘ln(COSh%)ﬁ-%)\zﬁ-c

for some constant C.

We want S7 and S to coincide at As = 0, and therefore choose C' = 0. Then

kL _ k',L+ kL _ kL

kL4 m m Az et
T)xg—f-’%lncoshﬁ—f)\g , A <0
S —587 =
| | oL kL_ KLy N kL | KLy
- ™ m_ . . A2 _ T ™
W}\Q*f ~ - In cosh 5 5 )\2}, A2 >0

From figure 6, it is clear that the maximum difference appears at Ao = oo
since S:\Y > Sy for A > 0 and S; < Sy for A < 0. If limy, 400 |5 — 87| < C, for
some constant C., then |S — S7| < C, for all As.

14



For A > 0:

WL S N
IS =87 = |55 A2 — ===y In(cosh 22) — ===y
BLo KDy o KL Kby N
— ‘ m 3 m )\2_ m 3 m -7-ln(cosh72)|
kLy kL N
= =3[\ — 7 In(cosh 22)|
kLy kL_ 92
= = m ~y - In2 —In(e” "> + 1)
KLy kL
limy, 5100 |S =87 = —=5—=—-In2-vy
Ly kL
Likewise limy, oo [§ — S| = ===~ -In2- 1.
By analyzing above, define
kLy kL
§= 2.y (32)
We can rewrite S? as:
5 k(Ly — L_)In2 KL 4 KLy
5% = = (cosh(ZE do)) + BB 33
ma o505 2)) + 2 (33)

then |S — S°| < 6. Consequently, |H — H9| < 6.

To implement Theorem 5.1, a check for Lipschiz continuity is needed. Assume
that z, > 0, andset k =m =1, L_ =1, L = 2 for simplicity, the Hamiltonian
becomes:

H= 2/\2+)\1$2—)\21’1+(l‘1 —.%‘T)2, A2 <0
B Ao + A2 — Aoz + (.1‘1 - .%‘T)2, Ao >0
We expect every element of the variable z to be bounded. A detailed proof will

be provided in the appendix. Here we assume max{|z1|, |z2|} < K.

To check H satisfies assumptions in the theorem 5.1, we start by computing the
Lipschitz constant of each direction. And implement lemma (5.1) prove Lips-
chitz continuity of H.

(i) 1 direction:

H is smooth along the direction of 21, we can simply compute derivative instead.

Lip,, = |(’()91]E{1| = ‘ — Ao+ 2(.%‘1 - .I‘T)|

IN

2| +2(2, + K)
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Then we have:

[H(z1, 22, A1, A2) — H(z, 22, A1, Ao)| [2(zr + K) + Ao| - |2] — 2|
2(z, + K) + Al - 21 — 2]

max{1, 2(z, + K)[}1 + |A])]x1 — 27

INININA

(ii) x2 direction:
Along x5 direction, find Lipschitz constant as follow:

Lipe, = [g5;1 = M

Then

[H(z1, 23, A1, A2) — H(zy, 23, A, A2)| = |Ai(2d — 23)|
Ml - |(zy — a3)]

< (T4 [Ml)- \(xz *ﬁ%)\
< (A4 - } 552 —352){
(iii) Ay direction:
Next we compute Lipschitz constant along A;:
Lipx, = [&5] = |22l,

and

[H(z1, 29, AT, A2) — H(zy, 22, AT, X2)| = |2| - [A] = AT < K[A} — A7)

(iv) Ag direction:

Along Ay direction, we should find Lipschitz from two parts. Firstly derivative
is:

811{}_{ 2—2| <1+ K|, A<0

Lipy, = | 22| =
P, ‘6)\2 L—z[ <2+ K|, X=0

So we conclude that:
|]H(1’1,$2, A1, /\%) — H(Jﬁl,xg, A, /\%)| < (2 + K) . |)\% — )\%‘
(v) Finally, implement the lemma 5.1, we have:
[H(z',\) = H(z*,A)| < Ci(1+ [[A]]) - [|l=* =22

EL(z, ) — H (2, \?)]

IN

CalAL — 22|
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where C7 = 2max{1,|2(z,+K)|} and C2 = 4+2K. If we use (33) and regularize
H, then the discrete value function by using H® satisfies:

—T'max {1, 12(2, + K)|} (4 +2K) ((e<4+2K>T —1)At+ At?) —T5
< u(z07 0) - ﬂ(z(% O) <

max {1, 12(z, + K)\} (4 + 2K)e@H2ET U TAL + T

6 Motion capturing model

6.1 Model description

In this project, we try to build up a spring-mass model to simulate human body
motion. The model consists of several nodes and springs. Each node has its own
weight, and is connected by at least one spring. Every spring has no mass, and
composed by one ideal spring is connected with a damper. The spring constant
and damping coefficient are k and €. A spring unit is shown in Fig.7:

| | I
_/\/\/\/7

K

Figure 7: A spring unit

For simplicity, we henceforth in all figures let only the spring part denote the
whole ”spring + damper” unit.

Consider an arbitrary grid. Only restriction of its structure is: there is no sep-
arate parts. That means that every two nodes are connected via some springs

and intermediate nodes.

We are interested in if any model can be solved by the method we have intro-
duced. To answer this question, firstly let’s study local structure of the grid.

17



node j

Figure 8: Part of grid around node j

As the Fig.8 shows above, for any node j in the grid, it will be connected by
springs with its neighbor nodes. Part of these nodes are connected with other
nodes, and the rest part may fixed on certain position. Let us define the set of
nodes that are connected with node j:

Q; ={i| i and j are connected via a spring}. (34)
Also, define the set of connected pairs:
S ={(4,7)| i and j are connected via some springs}. (35)

For each (i,j) € S, let l}ij denote the unit vector starting from node ¢ and
pointing to node j. In this project, we consider Euclidean space of dimension
1 or 2; we denote dimension as d. There are M particles and n springs. By
this setting, we define the position and velocity vectors and corresponding dual
variables:

21 pP1
z= , and p= , (36)
ZM M
where
T1,j A1j
_ | way | A
Zi V1. ) p] -
1,5 <1,J
Vd,;j Cd.j

18



Denote the position of node j along dimension 7 as z; ;, and the velocity of
particle j along dimension ¢ as v; ;. We would like denote the position dual
variable as A; ;, and the velocity dual variable as (; j, therefore introduce p; as
the collection of all dual variables related to node j.

Let {e1, e, ...,eq} be a standard basis for this Euclidean space. Then the total
force applied on node j is:

d

=> Vy [f’w‘j(Lij lij) =& > ((Uk,j — i) Vi ek)]

= k=1

where k;; and &;; are spring constant and damping coefficient of the spring con-
necting node i and j, say, £;;. L;; is the rest length of £;; which is our control

variable. l;; is the current length of £;; which is equal to: \/22:1 (h; — Tr,:)2

Note that for every (4, j), if node ¢ and node j coincide, then l;; is equal to zero.
In that case, vector V;; has no unique direction which is not what we want.
Therefore we assume for all 4, j satisfies:

d
lij =Y |k — zkil >e>0. (37)

k=1
Decompose total force along each direction k:

¢ i — Vki)(Tkj — Thi Tei — Tk
FE,j = Z {L‘{ij([zij—lij)_gij'(Zk:l(vk’j i) (g = T ))} k’]lij = }

1.
i€Q; ij

Remark: I;; can be very small. In this sense Fj ; is not well behaved. In this
project we try to avoid this by a careful design.

In our project, a quadratic running cost is selected such that

m d
h::§::§: Tk,j — Xk]

Jj=1k=1

where X is a reference position which is a vector function of time.
It is possible to extend theorem 5.1 to time dependent cases, but in this project
we present the theory for time independent cases only, even thogh numerical

tests are performed with time dependent Hamiltonians as well.

Let each particle have mass m;. Every spring has a control L;;. Write dynamic
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function as:
2= f(zL) =

V1,1
Vd,1
U1,M

Vd, M

Sy (k= vk,a) (@1 —Tk,)

T1,1—T1,i

ica, {ri (L — i) — & ( )]

li1

Td,1—Td,i

}

liimy

Zi:l(vk,l*w:l,i)(wk,l*Jﬁlm) )]

Ziegl{[fiil (Lil - lil) - fz‘l(

ZZ:1 (v, M =V i) (T, M — Tk 4)

}

liimy

T1,M—T1,i

> ican URine (Ling — ling) = &ima (

Ling

23:1 (VM —Vp,i ) (T, M — Tk ,3)

)] }

Linemng

Td,M—Td,i

Y ican URine (Ling — ling) = &ima (

Ling

6.2 Lipschitz constants of the Hamiltonian

)] }

(38)

linemg

In this project we have proved that the variable z and the dual variable p are
bounded. And we have evaluated Lipschitz constants of the Hamiltonian w.r.t.

the primal and dual variables which are defined in theorem 5.

be found in the appendix A.

1. All these can

Assume that there exists bounds Kmaz, Emaz, Lmins Lmaz, Mmin and Mpaz

and Mynin < M; < Mypge. One can prove:

2
G1 < max{(]VI 1)( T T e Lmaz + Mmin€
26maz Lmaax 2K Lpazd 2Kmazx
< max?{ (M -1 masLimae maeLmae mag
C2 < ax | ( ) S min T mmin 1 Tmin

8d&mazTmazVmax
Mmin€

2
YUmax + Sdl IYLG/"E/U"L”'I
2 1

A

+8d§'mawz7naz( ) +

Mmin

2
8Emusthpns | |

Mmin€

21‘maz: (m - 1)

20
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The two parameters in dominator are critical for convergence. During the simu-
lation, when two particles are close to each other, that is € is very small then Cy
and Cy are huge, the convergence became hard to archived. The similar effect
exist when mass also.

Note that this Lipschitz continuity holds in the set {(z,p) | e < 7| <

Zmaz, Pl < pm,,,} Hence it is not possible to use these bounds in theo-

rem 5.1 directly. However, it could indicate the effect of different parameters in
our control problem on the overall error.

6.3 Regularization of project model

The last part left to show is how to correctly regularize the Hamiltonian in this
project. The control in this model is the rest length of springs. For instance,
a spring connecting node ¢ and j has the rest length L;; which is bounded by
L;; and LJr that is L;; € [L”7 L;;. =: A. For each spring, L}; is the minimizer
of a problem We further define the domain of rest length all n springs as A",
and vector of all rest length L, where L € A". Because the definition of the
Hamiltonian in this project, L;; is chosen as either LZJ or L;; as optimum con-
trol depending on the sign of the coefficient, when the Hamiltonian is computed.

With definitions (10), (36) and (38), the Hamiltonian of a general spring-damper
system can be written as:

d d
_Lnelgln{z Z(Ak‘jvk] Z Ck]FkJ +h}
j=1 k=1 k=1

Expand the formula and gather terms related to controls of springs, we have
the control related part of the Hamiltonian:

d M

CrgrigLi; (@r =Tk i)
(= XX X N S —

=1j=1icQ; mJ\/Zszl(zs.J*zS,i)Q

> i(( SR )y Ly (o~ >>
i,J)ES k=1
<J

Vi (e —20,0)2

That means we need only regularize this part when we regularize the Hamilto-
nian H.

Define the scalar function

and
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Sij = Sij(Fij) = min{Py;Li;}
for all (i,7) € S.

Then

(D= 8y
(i,4)€S
1<J

where S;; is a piecewise linear function:

177
PyL;;, Py>0

Sij _ { _Pz'jL+ PL']' <0

The function P;; is already smooth for all variables, we only need to consider
how to regularize S;; as a function of P;;. Because we will use Newton’s method
in which second order derivatives are needed, we need to regularize the derivative
of S;; w.r.t. Pj;, which is:

dSi; [ Ly, Py <0
ap;  \ L. P;>0

ij°

Mimic what we did in section 5, define:

Y - + - +
A5 _ Ly LGPy 4 Bt L
dP;; 2 5 2
for all 4, j.
We obtain primitive ng by integration:
L= — Lt P Lo+ L+t
S?j =Y Y 5 Yy 1n <cosh<%>) + = ) 2P

. We choose integral constant is equal to zero here.

For Pi]' >0,

L. —LT P L7+LTE _
— ij ij i ij g
= 5 tanh(=4) + =5 L

P\ Li—Li;
(1 - mnh(—wJ )) ——u
> 0

sy _ dSi;

ij
ap; — dPi;

That means S;’j grows faster that S;;. By knowledge of SZj =S;;=0at P; =0,

we conclude that Sj; > S;; for all P;; > 0.
Similarly we obtain S;’j < S;; for P;; < 0. We conclude that the maximum of

|Sij — Si;| appears at P; = +oo.

Fig.9 shows the regularized S° converges to S as § — 0.
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Figure 9: S° converge to S when § — 0

Follow the same idea as the example 5.1, if P;; > 0:

lim
P;j—+o00

Similarly for P;; < 0:

lim
P;j—+o0

lim
P;j—+o00

We conclude:

Li—L;,
St In2-7.

As a consequence:

H—H"|

Let’s denote 6 := $In2-n - (Linas —

S;; — 87,

Sy — S

Sij— 51,

IN

IA

IN

i BT M IO

3

L —L.
i 5 In2-~.

Li—L;
< —5—2.In2-v. That means:

> (S =S|
(i,4)€S
i<j
> |8 — 83
(ij)es
i<j N B
7L”;L” -In2- v
(i,5)€S
i<j
Lmaz—Lmin
(i,j)€S
i<j
%1n2~n- (Lmaz —

“In2-y

23
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6.4 Analysis of discrete solution

Once a model is built up with reference to some external data, the terminal
time, masses, coefficients of springs and topology of grid are fixed. What can
be modified are At and ¢. In the scheme of this project, we change the time
interval when we try to find a good initial guess.

We must be ware that even though a unique solution can be obtained, it is
7unique” in sense of value function u(x,0). The corresponding optimal solu-
tion and optimal control may not be unique.

7 Solution of model

There are at least two possible ways to solve discretized Hamilton system with
Symplectic Pontryagin scheme. The one is use fixed-point like iteration, the
other way is using Newton’s method.

7.1 Fixed-point like method

To implemented the Symplectic Pontryagin scheme defined in (29) with the
fixed-point like iteration method start with an initial guess:

T = {170 = X()vxlv axN}

1)  Guess an initial guess T = {zg,1,..., TN}

2) Compute Ay = ¢'(zn)

3) Compute A, = A\py1 + At HS (2, \p1) backward
fromn=N—-1ton=0

4) Compute x,41 =z, + At IH‘i (Tn, Ang1) forward
fromn=0ton=N—1

5) If the norm of difference between old T and newly updated T is larger
than a predefined tolerance, then go to 2).

The Fig.10 demonstrates how it works.
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Symplectic Pontryagin

F\,. = An+1 + AtH (2n, Angr)

Av = gllay)
An = Ant1+ AtH2(@n, At1) Tyl = o+ AH (20, Ans1)
Av = gfzn) xp = X0

\@/

Figure 10: The fixed-point like iteration method

This method is easy to implement. We introduce damped viscosity to get to
converge easier.

7.2 Newton’s method

Newton’s method is used to solve equations of the form F(z) = 0. The idea of
the method is as follows: one starts with an initial guess which is reasonably
close to the true root, then the function is approximated by its tangent plane (in
the 1-D case its tangent line), and one computes the x-intercept of this tangent
plane (which is easily done with elementary algebra). This x-intercept will typ-
ically be a better approximation to the function’s root than the original guess,
and the method can be iterated.

In 1-D, denote the initial guess by xg, the new 4
x-intercept by x1, we have:

(.T() — .Tl)Fl(.Z'o) = F(xo) -0 ,"I

If F'(z0) # 0 we can write: /

r1=T0 — F(@o) /
1 0 Filzg)” /

For higher dimensional cases it is still true. We / | -
would like write this into iteration mode: | ~"To Ty Ty
Xn = Xpo1—Jp F(xn1) (40)

25



where J,,_; is Jacobian matrix of F'(x) at point X,_1.

It can be proved that under mild conditions Newton’s method does converge if
the initial point is closed enough to the solution. And Newton’s method has
quadratic convergence, which is a big advantage compared to the fixed-point
like iterative method.

The disadvantage of Newton’s method in this project is that an initial guess is
not only needed for the variable z but also for the dual variable p. To find a
good initial guess for z is not big problem, but for p it is.

Combining the two methods, we use the fixed-point method to compute p from
initial guess of z, after that use y := {z,p} as the variable of in Newton’s

method. The whole process could be shown as follows:

Symplectic Pontryagin + Newton’ s Method

An = Ansr + AtHI(zn, Ansr)

@ Av = glay)
/\ Newton’ s
Method

Figure 11: Symplectic Pontryagin method
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7.3 Implementation of Newton’s method

The discrete system of equations (29) can be written in this form:

1 0 oM’ 1 0 1
2y — 2 — At dp1 (21, p1)

A - At%ﬂjl( o)

1 0 oH® (.0 1
ZoMd ~ F2Md T Atap“,{d (2301a> P2014)

N oH®  N—1
ZoMd — ZZMd At 6p21\[d (22014 Psz)

F(z,p):= : =

n—pt— At%]ill (20, p})

— s —
Y 1—in—Ataff (02" p1)

0 1 OH® (.0 1
Panta — Pania — At Dzania (22040 Parta)

N-1 N oH N—1
Pond — Pa2md — AtazMM (22014 Poria)

Let

0
Pamad

N—1
Panid

and we want to solve equation F(y)=0.
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By this setting, the jacobian of F(y) w.r.t. y is:

OF, L. oF,
Oy1 OYamdN
S T (43)
OFynvan ...  OFanan
Oy1 Y2 MdN

Remark: When calculating F' and .J, the value of pV is a function of z and p.
It should not be added to the vector of unknowns, y.

8 Scheme of program

8.1 Parameter approaching

In this project the rest length of springs, spring constants, damping coefficients
and the function of reference data are assumed to be known. We know from the
analysis in section 6 that lowering the ratio of Kmaz/Mmin and &mae/Mmin Will
help solution convergence. We also found that long distance of reference route
is also difficult for convergence.

In many cases large constants and long paths have to be involved. Our strat-
egy is to start with small constants and short enough paths which is easier for
handle. If a convergent solution is obtained, we can prolong the path or enlarge
constants and use Newton’s method again.

Consider a general constant s in the model. A simulation starts with a first
guess ko which is rather small compared to k. Once the solution converges, run
another simulation with 1 which is larger than kq. If we fail to get a convergent
solution, then try a smaller one (but still larger than o). In this way, we will
get Ko, K1, Ko ---. If for each step, there will be a convergent solution, then
we will get a solution for k. The Fig.12 illustrates how the constant increasing
progress works.

K, K K

If fail...
‘0 Try > L K

- — — — —
1

Figure 12: A approaching process of k

For multiple constants, we can either increase all constants in the same time
and try to get convergence, or we can increase the constants one by one.
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The route approaching is quite similar. The computing is started with a short
route from the start point. If we get a convergent solution, then we try longer

route. We show an example of route approaching for one node:

e 100% e 100% / 100% e 100%
| | 1 |
/ / / /
/ / / 7
7 e =7 -7
s s 7/ 7
/ / / /
/ / / /
! / / !
I 1 I I
I | ! |
/ / 1 |
/ / / P /
Pl Pid Pid
L - - .
/ If success / If success If fail P
/ —_— /
| 1
P~ P P
Po

‘< ‘
0% 0% 0% 0%

Figure 13: Route approaching process of node

We do route approaching for all nodes in the same time. A failure from any
node will force us to try smaller routes for all nodes. This seems unnecessary,
but to try route approaching for one node per iteration may bring unexpected

instability.

8.2 Scheme

Let the spring constant vector be k, damping coefficient vector E, and minimum
regularization coefficient d equals §. By implemented coefficient approaching,

our main process scheme of our program can be described as:
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Main process scheme

1)  Set initial value of § and corresponding decrease coefficient C® € (0, 1).
2)  Set initial spring constants x, damping coefficients ¢ and corresponding
increase coefficient C*¢ € (0, 1).
3)  Set initial percentage of movement p and corresponding
increase coefficient C? € (0,1).
4)  Try to use p = min{p(1 + C?), 1} to implement Newton’s method.
If solution convergent, and p < 1 then repeat 4).
If solution convergent, and p = 1 then go to 5).
If solution doesn’t converge, CP = C?/2 and repeat 4).
5) Try to use k = min{x(1 + C*¢), %} and £ = min{&(1 + C~¢), £}
to implement Newton’s method.
If solution convergent, and k; < K; or & < é for all i then repeat 5).
If solution convergent, and k = Kk and £ = gthen go to 6).
If solution doesn’t convergent, C*¢ = C*¢/2 and repeat 5).
6) Try to use § = max{5C®, 3} to implement Newton’s method.
If solution convergent, and § > 5 then repeat 6).
If solution convergent, and ¢ = 5 then we have the solution.
If solution doesn’t convergent, CP = v/CP and repeat 6).

Remarks:

1)The main process scheme does not include all details. In some critical situa-
tions, increasing coefficient may become rather small after several non-convergence.
We let the program terminate when it happens. In that case we need to count
the number of iterations, if Newton’s method used too many iteration, then
program terminates.

2)Always be aware that Newton’s method is a local method. Although we have
the opportunity to get a global solution for some early setting, that is for small
spring constants, damping coefficients and percentage of movement compared
to the ordinary problem setting. Then after we prolong our reference or enlarge
spring constants and damping coefficients, there is no guarantee we will have a
global solution for this "new” problem.

9 Analysis of numerical solution

9.1 Analysis of the simple case

In section 5 we introduced a simple 1-dimension example. With the ordinary
running cost: h = (1 — z,.)%, we found that the solution does not convergent
fast at the end of the trajectory. Because this running cost allows overshot near
z,. To get a better solution, we change the configuration that is we allow a
reference of displacement and velocity.

Let spring length at ¢ = 0 is 1, that is the mass start from z = 1. We expect it
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finally stop at x = 1.01. The reference velocity is

shown in Fig.14:

Figure 14: Reference velocity

And the reference displacement is shown in Fig.15:

1.014

1012

1.008 |-

1.006 -

1.004 |-

1.002

0.4 06 0a 1

Figure 15: Reference displacement

Choose coefficients as follow:
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Lpin, = 0.5
Loaw = 1515
KEmaz = 10
§maw = 20
Mmin = 100
N = 0.0001
d =1
n = 1
M = 2
T = 2
e =1

In general it is difficult to find an analytical solution for optimal control prob-
lem. To get limit of displacement and velocity in this case we treat the solution
solved for N = 4000 as exact solution. The maximum displacement and maxi-
mum velocity from solution are:

Tmaz = 1.00035
Umaz = 0.00029451

After choosing of coefficients, we can compute upper bound and lower bound in
the theorem (5.1) from the solution when N = 4000.
From (39), we compute C; and Cs:

. » 8d 232
Cl = max {(]M’ _ 1)(M + Mmmaz + M)7 Umaz}

Mamin Momin Momin€?

— max{(1.511050-10 4 % . 1.00035 + 8-20»14000315;60400029451)7 000029451}

= 0.352
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3 . .
E°Mmin EMmin Mmin

Cy = max{ (M — 1)( 2fmar | 26maclmazd | 2fmag

2
4+ 8d6masTiman (Umge 4 8d$maz’vmw) + Sdémamzmmvmm)
€

Momin et Mmin€?

Mmin€

2
 2maz, (m — 1) Smestan 4 }

_ 2.10 |, 210-1.515 | 2.10
= max{ (100+ 00 T 100

+8:20-1,00033((0.00029451 + 8 - 1.00035 - 0.00029451)

+ 8-20-1.00035-0.00029451
100

8-20-1.00035>
,2-1.00035, =57 +1 }

= 2.00069

According assumption of the theorem 5.1, C3 = 0. and 9 is:

o6 = %lnln-(mefme)Jy

11n2(1.515 — 0.5) - 0.0001

0.0000351772

Formally we have the upper bound and lower bound.
704352-2.20006942 ((62.0006942 — 1AL+ At2) —9.0.0000351772
< u(zs,0) — u(zs,0) <
0.5-0.352 - 2.00069 - 2000692 . 9A¢ 4 2. 0.0000351772

However, since H is time dependent, the theorem 5.1 can not be used directly.
But those bounds actually applies for this case, which is shown by an empirical
convergence.

Together with value of value-function u(z,0) for N=500,1000,1500,2000,
2500,3000,3500,4000, we have figure:
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0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
N

Figure 16: Value functions

In the Fig.16, the upper curve is upper bound computed from theorem 5.1 and
lower curve is lower bound computed from theorem 5.1. Star marks shows value-
function convergent towards the value of N = 4000 when N increases.

It shows theorem 5.1 is valid. And also we found that the evaluation of coef-
ficients C; and Cj is coarse. That may not a problem when model is simple
enough, and displacement and velocity of model is not very large. However, in
general a model of human body consist many nodes. Using bounds to evaluate
solution seems not possible in those cases.

The convergence of solution of motion z(t) is not guaranteed by the theorem.
We could only expect it is convergent. To see whether it is convergent, we di-
vide [0, 7] into 500 partitions, take value at borders of these portions, then take
maximum norm of difference between values for some N and N=4000, that is
|*N — Z4000|maz- Luckily in this example, we actually have convergence:
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Figure 17: Maximum norm of solution

The Fig.17 shows the convergence of maximum norm: |Tx — %4000|maz as N
increases.

9.2 Analyze of arm model

In this project we focus on the arm motion shown in Fig.1. To simplify the
problem, a 2D model is established. We assume the model has 4 virtual bones,
and consists of 4 free moving nodes and 2 fixed nodes. There are 8 springs
connect all those 6 nodes in a preset manner shown in Fig.18:

G § R D . L B ............ .............

5 @) ® ...........

B T P PP T P PP
1 | 1 | | 1 |

0 1 2 3 4 ) B 7

Figure 18: Black lines are ”virtual bones” of "arm”. Blue lines and black lines
between nodes 1,2 and 3,4 are springs.



Bone A-B fixed to the wall at A, bone B-C connect to A-B at B. Bone 3-4 rotate
around B and bone 1-2 rotate around A. We know distance between 3 and 4
and distance between 1 and 4 are not constant, here for simplicity, we assume
distance of 3-4 and 1-2 are fixed in reference data. Therefore it makes possible
to compute Lj,q, and Ly, and moreover the manner of movement.

The position of the initial state is described in Fig.18. And all nodes at the
initial has zero velocity which is same as maximum displacement state. At the
maximum displacement state the 4 virtual bones are rest with such angles:

A—B : 15°
B-C . 45°
3—4 : 15°
1-2 : 20°

The reference movement is like this: The arm start from the initial state, and
move to the maximum displacement state, and then move back to the initial
state which is also the final state. Each bone has its own angle to move. We set
its angle as a sin function between 0 to its maximum angle. This is shown in
Fig.(19). And its angle speed as a cosine function which is derivative of angle
function. That is shown in Fig.(20). We let arm moves one period.

1009

50%

Angle (as persentage of maximum angle)

Figure 19: Angle of a bone
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100%

-100%

Anguilar velncity (as persentage of maximum angular velacity)
o

Figure 20: Angle velocity of a bone

Reference traces of free moving nodes: (),2),®3),@ are shown in Fig.21:

2 25 3 35 4 4.5 4 a5 B 5.5

Figure 21: Reference traces

Denote reference traces as: Xi(t), Xo(t), X3(t), X4(t). Our target is minimize
N 4
the value function u = h + g where the running cost is h = > > (x;(nAt) —

n=0i=1
X;(nAt)), and the terminal cost is g = 0. N is number of time intervals.

During implement the algorithm described in section 8.2, we found that a bad

setting of parameters leads the algorithm to be hard to get convergence. This
is explained in section 6.2. Therefore we choose coefficients as follow:

37



Lyin = 0.5
Lymar = 1.59
Kmaz = 20
§ma,x = 40
v = 0.0001
d = 2
n = 8
M = 6
T = 30
e = 098
We can evaluate:
Tmaz = 6.0736
{ Umaz = 0.35

This is a complex system, the better way to evaluate the convergence is observe
convergence of the value function for different N and observe convergence of
maximum norm of differences between two successive displacement solutions.

From Fig.22 one can observe that the value function is convergent (at least lo-
cally) as N increasing.

G e e FE T R T P R PR PP

i i i
0 200 400 GO0 800 1000 1200
N

Figure 22: The value function for different N

Also we interested in if displacement solution is convergent. Because of our cho-
sen of N, we use all displacement when N = 32, compare to every displacement
data at same time nodes while N = 64, then take maximum difference. And
use same way to compare data at N = 64 to N = 128, at N = 128 to N = 256,
and so on. Finally maximum norm of difference of x vs. time intervals N is
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obtained as:

=) —=<8/2) | o
035 e PR R

] EOSR NO e OO OO SEOS OO SOURURURO
ok b [T FET T ST TP U ST U OU U U UUE SOUUT PSPPI

015

01
[ =] SERTRTRPRT N ........................................
o i i + — i
o 200 400 GO0 800 1000 1200

Figure 23: maximum norm of differences between two successive displacement

It is clear we got a convergent solution, (at least locally). [4]
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A  Appendix A: Proof of bounds of xr and A and
Lipschitz constants of Hamiltonian

A.1 Bounds of xr and )\

To implement theorem 5.1 we need to check if assumptions |H(z, A1) —H(z, A2)| <
Ci|A1 —Ag] and [H(z, A) —H(y, A)| < Cg’l +|Al| - |z — y| are hold when assump-
tions in the section 6.2 holds. One way of doing this is firstly show the variable
z and the dual variable p are bounded, then compute the Lipschitz constants.

Recall that there are positive constants Kmaz, Emazxs Lmin, Lmaz, Mmin and

Mumaz, SUch that for every spring connects two nodes i and j, its spring con-

stant kij, damping coefficient &;;, minimum rest length L;; and mazimum rest
+ nti - + .

length Lij satisfy Kij < Kmazs §ij < Dmazs Lmin < Li]’ < Lij < Lpaz; for every

node its mass m; satisfies Mppin < M; < Munaz-

Proof of z is bounded:

The first step is proof of z is bounded.

M d
The norm of z here is computed as: ||z]| := /> > (22 it v2 i)
j=1k=1 = ’

So we have:
M d
1207 =" (@i, + 7)),
j=1k=1

and

g

I
M=

dllz||
dt

(@h, 2t | + v Lo |)

(xk,jvkaj
1

Uk D {[’%(Lij = lij)
5.

121l

~
Il
-
>~
|l
=

I
V=T

<.
Il
-
=
Il
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Analyze each term. Assume that there are n nodes in a grid.
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Then we have the conclusion:

dlzl - (Md+w)”z”+2ndw

dt - Mmin Mmin

Denote A := (Md+ Mm) and B := 2ndfmerlmas then:

Mmin Mmin

d

i < All2]+ B

d
Ll Allz| < B

— d _
e A(AEl — Alle]) < eMB
(=Ml < e=AB

Jy(e=%|12]l)ds < [} e=A*Bds

e

I20) = 12)]| < fy e=**Bds

= [zl < 12(0)I| + Jy e~**Bds

We have implemented Gronwall’s Lemma here, one can read more at [?].
Since all constants in A and B are positive, then A and B are positive, then it is
clear that ||z|| is bounded. As a consequence, all position z ; and velocity vy ;
are bounded. We say that there are %4, and vUmag, such that |zg ;| < Zmaa
and |vg, ;| < Umae for all k and j.

Proof of p is bounded:
After our proof for z, here we will prove p is also bounded use a similar idea.

We want to prove ||p|| is bounded and therefore |A; ;| < Apaz and Gk i < Cmas
for all k, j. This can be done by using the Gronwall’s Lemma again which is
similar procedure as we did for x.

In this model rest length of springs are control of this system. We let L;; €
[L;,ij] a compact set, ij > L;; > 0. Denote A := [L;,Lm and A" is col-
lection of all control sets.

The Hamiltonian is minimized when, L;; = L;; or Lij = L. Let {L};} denote

the minimizer set of then Hamiltonian. Recall that the Hamiltonian H defined

as H(p,x) := Lmj&n {f(z,L) -p+ h(z,L)}7 Vp,z € R™ where f, z and p is
AT

defined in (38) and (36). We express the Hamiltonian in following way:

43



{f(z L)-p+h(z,L)

(Ak,j0k,5) +
1 F=1

S (GesFrg)) + h)

(vs,j—vs,i) (Ts,j—Ts,i)

M d s (g —h0)
+ Z Z @JW
J=1k=1i€Q;
d
M d =
+ Z > Qi (=&ij (wr,j — i) (=

Observe that these 5 parts are piecewise smooth w.r.t all xy ;, vk j, Ax,; and
Ck,j- We can find Lipschitz constants from a combination of partial derivatives.
Therefore we would like to write partial derivatives for each variable before we

continue.

Recall that S is the set of connected pairs defined in (35), and ¢ is the lower

bound for all I;; given in (37).

We have:
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We want to show the dual variable p is bounded by implement the Gronwall’s
T | and | - S

Lemma in which | — | are used. From previous works we have
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all necessary partial derivatives to compute these two.

For any k and 7,
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So we have:
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Then Gronwall’s Lemma says p is also bounded.

Now we have proved both z and p are bounded. We will bring these two bound
in to the next stage.

A.2 Lipschitz constants of Hamiltonian

Before marching to constants, we’d like to introduce two useful lemmas.

Lemma A.1 Let F(uy,us,...,uy) be a function of {uy,...,un}, and x a variable
of some uy. Denote Q :={k | x is the variable of uy}. Assume following
inequality satisfies:

A; | U,gl)ful@)\ for ieQ
Bj | 2 —2®| for jeQ

|F(ug, oo ulV ) = Fuy, o ul®, o un)|

3

Juj (21) = u; (23]

ININ

for A; and Bj nonnegative. Then the Lipschitz constant of F' w.r.t x is computed

as:
= A;B;

JEQ
That is |F(oV) = F(a®)| < X0 4,5V — 2

50



Proof: Let {uw;} where j = 1,2,...,p denotes the collection of functions which
depend on the variable z, then:

F@D) = F@®)| = [F@aD), ... a5a0) - FEE®), .. a®)
= |F@i®),wm), ... 5 =M))
—F(ui(@®),m(aM), ... mp (™))
+F (ar(a®), mp(aM), ... gy (2))
—F(ui(a®),w(x?), ... w5 (M)
FF(m(2®), w52 W), .. (2(D))

—F(.,ua(2®), w3(2?), ..., 05 (M)

+F (@ (a®), ... wy(zM)) = F(ur(z®), .., z,(«?)))

IN

‘F(Tl(x(l)),ﬁ(x<1)), oy Ty (1))
_F(uT(J;@))??TQ(I(l))’ - u—p(z(l)))’
P @), ma), .. a D))

P (e®), m (@), .. 72 0))|

FHF (@ (e®), ..., mp (M) = Fa(@®), ..,z ()

IN

Aifar (@) =T (@ @) + -+ Al (2D — ()]

IN

AlBl|£C(l) — .’L'(Z)| + A2B2|x(1) — .’E(2>‘
oo+ A,By |z — 2(2))

= Yjead;Bjlz) — 2]
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Lemma A.2 Let f and g satisfy:

[f(x)] < M

lg(z)] < M>
\f(z1)—f(x2)| < C'1|951—952|
|9(1’1)_9($2)| < Cz|$1 —w2|

where My, Ms, C1 and Cy are nonnegative constants. Then the function defined
as h:= f - g satisfies:

|h(z1) = h(z2)| < Klz1 — 22
where K = M1Cy + M>Cs.
Proof:
|h(z1) = h(z2)| = |f(z1)-g(z1) = f(22) - g(x2)|
= |f(@1)-g(21) = f(21) - g(w2) + [ (1) - g(w2) = f(2) - g(a2)]|

< |70 (g = gla) | + |g2) (£la1) = f(2)]
< @)l lglon) = glea)l + lg(az)] - | (1) = fls)|
< MGz — 29| + MaColzy — 29|

= (]\/[101 +]\/[202)|I1 *1?2|

|

The Hamiltonian is minimized when, L;j = L;; or Li; = L. Let {L};} denote

the minimizer set of then Hamiltonian. Recall that the Hamiltonian H defined

as H(p,x) i= min {f(:L)p+h(z L)}, Vp,z € R" where f, z and p is
cAn

defined in (38) and (36). We express the Hamiltonian in following way:
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H= min {f(z,L) p+ h(z,L)}
>

M d
= min{Z(Z()\k,]’vkﬂ-) + (Ck,ij,j)) +h}

LeAmn j=1 k=1 =,
M d iy (g — 1)
TR Chg =5 S (ID)
J=1k=1i€Q;
d

M d Z:l(vs,j7@5,1)(zs,j,l.s)l)
+> > Croi (=& (Th,j — @h0) (= Zm; ) .- (IID)
J=1k=1ie%; .

M d
fEE e (IV)
j=1k=1

M d )
£ 35 (g — Xg) v)
j=1k=1

Lipschitz constants along different directions can be obtained as follows:

Part (I): Notice that forces on one spring between two connected particles have
same magnitude but opposite direction, thus we can count forces not for each
node but every springs, such that

Cryg  Skii

. 4y Gt = St ) mig (e — h)
(I) = {Enéﬁ (%;S kz::l ( \/Zizl(l"s,j Y 'Lij>}

i<j

Define scalar function
d ; -
(et = ) — ) -y

Pi‘ =
\/Zizl(wk,i - Th;)?

)

and
Sij = 5ij(Pyy) = min{Fy; - Lij}
ij

for all (,5) € $.

S;; is a linear function, so we can write .S;; as:

37

Pij- Ly, P =0

37

N

And

= > Sy
(i.4)es
1<J
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The Lipschitz constant of (I) w.r.t ¢z = for some k,jis:

Lipe-(I) Yica; Livp;(S;3) - Lipg, , (P7)

<
|eg ;—o ;]
S Z’LEQ* i \/Z = £l

K.~
V(o i—z, )2 Y

Lt kg
Zieﬂ; Z7Jn7“
card(ﬂjf) Lmaz Kmaz

Mmin

And the Lipschitz constant of (I) w.r.t a7 5 for some j, k is:

e it (I 11kl
< Lt ( L* L% | Mmin J )
S Dieo L, ElRgis ¢2¢_1<z FTe)? |
< card( )K/maz maz/g +20a7‘d( )Hmaz maIdeH/Emm”L

The Lipschitz constant of (IT) w.r.t Ck for some k, j is:

Lico (= H;;sz,; —25,)

LZka (IT)

< card(Q )2hmas g o

Mmin

And the Lipschitz constant of (II) w.r.t 7 ; for some 7,k is:

Lipy, (1) = Z,—EQ?(*%)(%,;*C@)
< card(Q5)2mas || p)|

Mmin

The Lipschitz constant of (IIT) w.r.t (5 5 for some k,7j is:

L III — _ Sij _ Z;i:l(Us,j*vs,z)(zs,;‘*ﬂﬂs,z)
Zp(**( ) - Ezeﬂ Z mf(xk] T Z) Ele(wz,j*wz,z)Q

IN

d Di; S (sl +lvs D (2,5l +H@s i)
Sieo, T (mf;uxk,ﬂ + o) Bt
< card(g})SdsmzzEﬂ,wvmw

. 2
Mmin€

And the Lipschitz constant of (III) w.r.t 2z 5 for some 7,k is:

: 8dlmazTmaz (Vma zmmvmaw
Llpwg_;(lll) < card(QJ) SamesPmas (Vm T+74)

Mmin €

+ Mg tac ) |||

Mmin€
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And the Lipschitz constant of (IIT) w.r.t vg 7 for some 7,k is:

Lip, (II) < card(Qy) enestipan | |

Mo in€?

The Lipschitz constant of (IV) w.r.t G3 for some k, 7 is:

Lip)‘%j (IV) UEJ

Uma.:z

IA I

And the Lipschitz constant of (IV) w.r.t Vg 7 for some 7, k is:
Lipy, - (IV)

And the Lipschitz constant of (V) w.r.t z 7 for some 7, kis:

21‘777,0/.7}

3l

IA

We conclude that for Hamiltonian H has following properties in this project:

LingJ]H < card(Qj)M + card(Qj) 2mag gy

Mmin Mmin
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Mmin€
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B Appendix B: Matlab code

preSymbolic.m

Mmin

1 function preSymbolic ()

2 clear

3 close all

4 clc

5 global currentDirectory globalVariables
6

7

8

9

dim = 2;
Spring_limit = 1/2;
N = 512;

10 mul = 100;

11 mu2 = 500;

12 mu3 = 1;
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13 currentDirectory = 'D:\workwithmath\Thesis\dynamic';

15 delete ([currentDirectory '\J\*.*']);

16

17 syms A AT

18

19 globalVariables = [aT, al;

20

21 MASS = [

22 3;

23 3;

24 3;

25 3;

26 0;

27 0;

28 1

29

30 SPRINGS = [

31 1, 2, 20, 40;

32 1, 2, 20, 40;

33 1, 2, 20, 40;

34 1, 2, 20, 40;

35 1, 2, 20, 40;

36 1, 2, 20, 40;

37 1, 2, 20, 40;

38 1, 2, 20, 40;

39 1i

40

41 CONNECTION = [

42 +1, 0,—-1, 0, 0, 0;%3—1

43 +1, 0, 0,—-1, 0, 0;%4-1

44 +1,—-1, 0, 0, 0, 0;%2—1

45 0,+1, 0,—1, 0, 0;%4-2

46 o, 0,+1, 0,—1, 0;%5-3

a7 o, 0,+1, 0, 0,—1;%6-3

48 o, 0,+1,—-1, 0, 0;%4-3

49 o, 0, 0,+1, 0,—1;%6—4

50 17

51

52 POSITION = zeros (dimx2, size (MASS,1));

53 POSITION(:,5) = columnVector ([0,0,0,0]);

54 POSITION(:,6) = columnVector([0,1,0,0]);

55

56

57

58 if (size (CONNECTION, 2)#size (MASS,1) ||
size (CONNECTION, 1) #size (SPRINGS, 1))

59 BB(2,0.2);

60 disp('Dimension fetal error!');

61 return;

62 end

63

64 Param = [

65 java.lang.String('N");

66 java.lang.String('MassNr');

67 java.lang.String('dim'");

68 1i

69

70 counter = 0;

71 for i=1:size (MASS,1)

72 1£f (MASS (1) #0)

73 counter = counter + 1;

57




109
110
111
112
113

115
116
117
118

119

end

ParamVal = [
N;
counter;
dim;

17

generatelInitialization (Param, Paramval);

strBufferZtotal = '';
strBufferLamdatotal = '';
strBufferXRef = ''";
strBufferXRefN = '';

for i=1l:size (MASS, 1)

if (MASS (i) #0)

partl = ''";
part2 = '";
for j=1:dim
partl = [partl, 'sym(''X_',num2str(i),

'oynum2str(3), ') '
part2 = [part2, 'sym(''X_',num2str(i),
', num2str (dim+g), ") ']
end
strBufferz = ['X_',num2str(i),' = [',partl,part2,'];"'];
partl = '';
part2 = '';

for j=1:dim
partl = [partl, 'sym(''Lamda.',num2str(i),

'oynum2str(3), ') '
part2 = [part2, 'sym(''Lamda.',num2str(i),
', num2str (dim+g), ") ']
end
strBufferLamda = ['Lamda_.',num2str(i),' =
[',partl,part2,'];"'];
partl = '';
part2 = '';

for j=1:dim
partl = [partl, 'sym(''XRef_',num2str (i),

', num2str(3), ") '1;
part2 = [part2, 'sym(''XRef_',num2str (i)
"', num2str(dim+3), ") '1;

end
strBufferRef = ['XRef_',num2str(i),' =
[',partl,part2,'];"'1;

partl = ''";
part2 ;
for j=l:dim
partl = [partl, 'sym(''XRefN_', num2str(i),

"', num2str(3), """ ") '1;
part2 = [part2, 'sym(''XRefN_',num2str(i),...
"', num2str (dim+j), ") ']

end
strBufferRefN = ['XRefN_',num2str(i),' =
[',partl,part2,'];"'];

partl = ''";

part2 = '';
for j=1:dim
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partl = [partl,

', num2str (j),

'sym(''XInit_

Yty 'l

part2 = [part2, 'sym(''XInit_
',num2str (dim+j), """ ") ;
end
strBufferInit = ['XInit_',num2str (i),

['",partl,part2,'];"'1;

eval ([strBufferz,
strBufferRefN,

strBufferLamda,
strBufferInit]);

strBufferZtotal = [strBufferZtotal,'
strBufferLamdatotal =
[strBufferLamdatotal,
strBufferXRef = [strBufferXRef,
strBufferXRefN =
[strBufferXRefN, 'XRefN_"

'Lamda."'

else
commandBuffer
eval (['X_', num2str (
'"POSITION(:, "'
eval (["XInit_ "',

i), '=",
,num2str (i), ' ) 1)
num2str (i), '=',

1)

"POSITION(:, ', num2str (i), ");
eval (['XRef_ ', num2str(i), '=', .
"POSITION(:, ', num2str(i),");"'1);

Vo

eval (['XRefN_"',
"POSITION(:,

num2str (i),
', num2str (i),

’

)it 1)

end
end
eval (['X = [',strBufferZtotal,'];"']);
eval (['Lamda = [',strBufferLamdatotal, '];"']);
eval (['XRef = [',strBufferXRef, '];"']);
eval (['XRefN = [',strBufferXRefN, '];"']1);
variableBuffer = '';

for i=1l:size (SPRINGS, 1)
variableBuffer = [variableBuffer, ...
"H',num2str (i), " ', 'D',num2str (i
'L',num2str(i), " "...

).t

17

globalVariables = [globalVariables, ['H'
', ['D',num2str(i)1," '1;
end
eval (['syms ',variableBuffer]);

SPRINGS_UPP_LOW = sym(SPRINGS) ;
for i=1l:size (SPRINGS, 1)

[s,t] = findStartEndPoints (CONNECTION (i
X1_.Init = eval (['XInit_', num2str(s)]
X2_Init = eval (['XInit_.', num2str(t)]

X1_Ref = eval (['XRefN_"', "]

X2_Ref = eval (['XRefN_',

num2str(s),’
numZStr(t)]);

L_UPP =

((X2_Ref (1)—X1_Ref (1)) "2+ ((X2_Ref (2)
L_.LOW = (1—Spring-limit)*«L_UPP;
L_UPP = (1+Spring_limit)L_UPP;

SPRINGS_UPP_LOW (i, 1) =
SPRINGS_UPP_LOW (i,2) =

L_UPP;
L_LOW;
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end
clear L_.UPP L_LOW X1_Ref X2_Ref

SPRINGS_.VECTOR = sym(zeros (size (SPRINGS,1), dimx2+1));

for i=1:size (CONNECTION, 1)
[s,t] = findStartEndPoints (CONNECTION (i, :));
X_START = eval (['X_',num2str(s)]);
X_TERMINAL = eval (['X_'",num2str(t)]);

partl = '';
part2 = ''";
for j=1:dim
partl = [partl, 'X_TERMINAL(',num2str(j)
part2 = [part2, "X_START(',num2str(j),"'),
end
Vector = eval (['[',partl,'] — [',part2,'1']);
Vector Norm = (Vector(2) "2 + Vector(l)~2)".5;

UnitVector = Vector/Vector_Norm;

SPRINGS_VECTOR
SPRINGS_VECTOR

(i, = Vector_Norm;

(i,
SPRINGS_VECTOR (i,

(i,

(i,

= Vector(1l);
Vector (2);
= UnitVector(1l);
= UnitVector (2);

SPRINGS_VECTOR
SPRINGS_VECTOR

g w N
Il

end

SPRINGS_FORCE = sym(zeros (size (SPRINGS,1), dim));
for i=1l:size (SPRINGS, 1)
H = eval (['H',num2str(i)]);
D = eval(['D',num2str(i)]);
L = eval (['L',num2str(i)]);

Vector_Norm = SPRINGS_VECTOR(i,1);

)

1;

’

"1i

$Vector = [SPRINGS_VECTOR (i,2); SPRINGS_VECTOR(i,3)];

Vector_.Unit = [SPRINGS_VECTOR(i,4); SPRINGS_.VECTOR(i,5)];

Force_Hook = Hx (L—Vector_Norm) ;

[s,t] = findStartEndPoints (CONNECTION (i, :));
partl = '';
part2 = '';
for j=1:dim
partl = [partl, 'X_',num2str(t),'(',
num2str (dim+3), '), 'l;
part2 = [part2, 'X_',num2str(s),’' (',
num2str (dim+3), "), '1;
end
V = columnVector(eval (['[', partl, '] — [', part2,']']));

Force_Damper = 0;
for k=1:dim
$Force_Damper = D« (V.'xVector_Unit) ;

Force_Damper = Force_Damper + D (V(k)*Vector_Unit (k));

end

Force.NORM = Force_Hook — Force_Damper;
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Force = Force_NORM * Vector_Unit;
for j=1:dim
Vec = zeros(dim,1);
Vec(3j) = 1;
SPRINGS_FORCE (i, j) = Force.'xVec;
end
end

MASS_FORCE = sym(zeros (size (MASS,1),dim));
for i=1:size (MASS,1)
1f (MASS (i) #0)
SpringForce = zeros(l,dim);
for j = l:size (CONNECTION, 1)

if (CONNECTION(j,i)==1 || CONNECTION (j,i)==—1)
SpringForce = SpringForce +
CONNECTION (j, i) *SPRINGS_FORCE (7, :) ;
end
end
MASS_FORCE (i, :) = SpringForce;
end

end

£f=11;
for i=1:size (MASS,1)
1f (MASS (1) #0)
for j=l:dim
f = [f; eval(['X_.", num2str (i),
(', num2str (j+dim), ") "'])]

i
end
for j=1:dim

f = [f; MASS_FORCE (i, ]j)/MASS(i)];

end
end
end
%% Running cost h
h = 0;

for i=l:size (MASS,1)
1f (MASS (1) #0)
for j=1:dim
h =h + eval (['mul*(X_.", num2str(i),
' (', num2str(j),"') — XRef_ ', num2str (i),
(', num2str(j), ")) "2'1);
end
end
end

g = 0;
Dg = jacobian(g, X).';
Htemp = Lamda.'xf + h;

strBuffer = '';
for i=1:size (MASS,1)
1f (MASS (i) #0)
XReftemp = eval (['XRef_',num2str(i)]);
for j=l:size (XReftemp,1)
strBuffer = [strBuffer,
"XRef_ ', num2str (i), '_',num2str(j)," '1;
strBuffer = [strBuffer,
"XRefN_',num2str (i), '_',num2str(j),"' 'JI;
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311

313
314

315

strBuffer = [strBuffer,

"X_',num2str (i), '_.',num2str(j), "' '1;
strBuffer = [strBuffer,
"Lamda-',num2str (i), '_',num2str(j),"' '1;
end
end
end
eval (['syms ', strBuffer]);

PANDASdP = sym(zeros (size (SPRINGS,1),2));
for i=1l:size (SPRINGS, 1)
PANDASdP (i,1) = eval(['diff (Htemp,L',num2str(i),"')"']);
PANDASdP (i,2) = ...
eval (['(',class2str (SPRINGS_.UPP_LOW (i,2)),'—', ...
class2str (SPRINGS_UPP_LOW (i, 1)), ') /2*tanh (...
(",class2str (PANDASAP (i, 1)), ") /a) ... +(", ...
class2str (SPRINGS_.UPP_LOW (i,2)),"+'...
,class2str (SPRINGS_UPP_LOW (i,1)),"')/2'1);

end
partl = '';
part2 = '';
for i=1l:size (SPRINGS, 1)
partl = [partl, 'L', num2str(i), ', '1l;
part2 = [part2, '0, '];
end
C = eval (['subs (Htemp, {',partl, '}, {",part2,'});"'1);

dHdZ = jacobian(C, X).';
dHdLamda = jacobian(C, Lamda).';
for i=1l:size (SPRINGS, 1)

dHdZ = dHdZ + PANDASdP (i, 2) .*jacobian (PANDASdP (i,1), X).';

dHdLamda = dHdLamda +
PANDASdAP (i,2) .xjacobian (PANDASdP (i, 1), Lamda).';
end

% generateJ3(Z, Lamda, dHdZ, dHdLamda, Dg)

[X.m, Lamda-m, XRef_m, XRefN.m, dHdZ.m, dHdLamda-m, Dg-m] =
mappingForwardXLamda (X, Lamda, XRef, XRefN, dHdZ,
dHdLamda, Dg);

for i=l:size (XRef_m)
globalVariables = [globalVariables, XRefm(i), ' ',

XRefNm(i), ' 'I;
end

generated3 (X-m, Lamda-m, dHdZ.m, dHdLamda-m, Dg-m, N)
generateXRefDefine (X);
generatePARAMETER_VECTORS (SPRINGS) ;

generateFJ (X_.m, Lamda-m, XRef_m, dHdZ.m, dHdLamda.-m, Dg.m, N)
generateEulerZtoLamdaJ (X-m, Lamda-m, XRef_m, dHdZ.-m, Dg-m, N)
generateLamdaNPluslFromZNPluslJ (X_-m, Dg._m, N)
generateGLOBALVARIABLE () ;

BB(4,0.05);
disp(['preSymbolic finish!', char(globalvVariables)]);
return;

function str = class2str (obj)
cla = class (obj);
if (strcmp(cla, "sym'"))
str = char (obj);
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355 elseif (strcmp(cla, "double'))

356 str = num2str (obj);

357 else

358 str = obj;

359 end

360 return;

361

362 function [s,t] = findStartEndPoints (V)

363 V = columnVector (V) ;

364 [minVal, minPos] = min (V) ;

365 [maxVal, maxPos] = max(V);

366 if (minval == —1 && maxVal == 1)

367 s = minPos;

368 t = maxPos;

369 end

370 return;

371

372 function [X_m, Lamda-m, XRef_m, XRefN.m, dHdZ.-m, dHdLamda.m,

Dg-m] = mappingForwardXLamda (X, Lamda, XRef, XRefN, dHdZ,
dHdLamda, Dg)

373

374 X.m = X;

375 for i=l:size(X,1)

376 Xm(i) = sym(['x"'", num2str(i)]);

377 end

378 Lamda-m = Lamda;

379 for i=l:size(Lamda,l)

380 Lamda-m (i) = sym(['lamda', num2str(i)]);

381 end

382 XRef_m = XRef;

383 for i=l:size(XRef,1)

384 XRefm (i) = sym(['Xref', num2str(i)]);

385 end

386

387 XRefN_.m = XRefN;

388 for i=l:size(XRefN, 1)

389 XRefNm (i) = sym(['XrefN', num2str(i)]);

390 end

391

392 dHdZ_m = dHdZ;

393 for i=l:size(dHdZ,1)

394 dHdZ.m (i) = subs(dHdZ(i),{X, Lamda, XRef, XRefN},{X._m,
Lamda-m, XRef.m, XRefN._m});

395 end

396 dHdLamda_m = dHdLamda;

397 for i=l:size (dHdLamda, 1)

398 dHdLamda-m (i) = subs (dHdLamda (i),{X, Lamda, XRef,
XRefN}, {X.m, Lamda-m, XRef_m, XRefN._m});

399 end

400 Dg_m = Dg;

401 for i=1l:size(Dg, 1)

402 Dg.m (i) = subs(Dg(i),{X, Lamda, XRef, XRefN}, {X.m,
Lamda-m, XRef.m, XRefN._m});

403 end

404 return;

main.m
1
2 clc
3 clear
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33
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35
36
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41
42
43
44
45
46

47

48
49
50
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52
53
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57
58
59

60

close all
GLOBALVARIABLE
currentDirectory = 'D:\workwithmath\Thesis\dynamic';

addpath ([currentDirectory, '\J'], [currentDirectory]);

safeTurn = 9;

delete ([currentDirectory '\DATA\x.x']);

ParamInit;
T = 30;
AT = T/N;

PARAMETER_VECTORS;
if (length (PARAMETER._NAME) #length (PARAMETER_VALUE) ||...

length (PARAMETER.MAX) #length (PARAMETER.VALUE) || ...
length (PARAMETER_NAME) #1length (PARAMETER-MAX) )

BB(2,0.1);
disp ('Input parameters'' error, HDforward halt.');
end
for i=1:length (PARAMETER_NAME)
eval ([char (PARAMETER_NAME (1)), '=', ...
num2str (PARAMETER.VALUE (1)), ';'1);
eval ([char (PARAMETER_NAME (1) ! =\

), 'max ="',
num2str (PARAMETER MAX (i)), ';'])

7

aAa_max = 0.0001;

$Manually input estimate start and terminate state, only for
setting initial step.
Global_ X_init = columnvVvector([6,1,0,0,6,0,0,0,3,1,0,0,3,0,0,0,1);
Global_X_.ref = columnVector ([5.72513,1.4676,0,0,5.98164, ...
0.762831,0,0,2.80915,1.03093,0,0,3.08726,0.174978,0,0,1);

IRDifference = 0;
for i=1:MassNr
if (norm(Global X_ref ([l:dim*x2]+ (i—1)xdim*2) —
Global X init ([1l:dim*2]+ (i—1)*dim*2))>IRDifference)
IRDifference = norm(Global X_ref ([l:dimx2]+ (i—1)*dim*2)
— Global X_init ([l:dimx2]+ (i—1)*dim*2));
end
end
InitStep = le—4;
StepPercentage = InitStep/IRDifference;

z= [1;

Lamda = [];

resultSequence = 0;
StepPercentage.TEMP = StepPercentage;
coefficient = 0.25;

Z_LAST_SUCCESS = [];

Theta_M_.S = 0xpi/180;
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61 Theta-M.E = 5xpi/180;
62

63 Phi_M_.S = 0xpi/180;

64 Phi_ M.E = 5xpi/180;

65

66 Theta_N_S 0%pi/180;
67 Theta N.E = 15+pi/180;
68

69 Phi_N_S = 0xpi/180;

70 Phi N_E = 20%pi/180;
71

72 while (StepPercentage<l)

73 if (isempty(Z) || isempty(Lamda))
74 disp(sprintf ('Try percentage: %g%%', StepPercentagex100));
75
76 thetaM = StepPercentage*xTheta_M_E +
(l—StepPercentage) xTheta_M_S;
77 phiM = StepPercentagexPhi_M_E + (l—StepPercentage)*Phi_M_S;
78
79 thetaN = StepPercentagexTheta_N_E +
(1—StepPercentage) xTheta_N_S;
80 phiN = StepPercentagexPhi_ N_E + (l1—StepPercentage)*Phi_N_S;
81
82 Ref = computeRef2DVerl (0, T, 1, [0,0.5,0,0], [Theta-M.S,
thetaM], [Phi_M.S, phiM], 3, 0.5, [Theta.N_S,
thetaN], [Phi_N_S, phiN], 3, 0.5, N);
83 X_init = columnVector (Ref (1, :));
84 X_refN = columnVector (Ref (N/2+1,:));
85
86 XRefNDefine
87
88 Z = Ref;
89
90 Z_LAST_SUCCESS = Z;
91 Xref = Z;
92
93 Lamda = EulerZtolLamda (Z, Xref);
94 else
95 StepPercentage = StepPercentage = (l+coefficient);
96 if (StepPercentage>1)
97 StepPercentage = 1;
98 end
99 disp (sprintf ('Percentage: %g%%', StepPercentagex100));
100
101 thetaM = StepPercentagexTheta_M_E +
(1—StepPercentage) xTheta_-M_S;
102 phiM = StepPercentagexPhi_ M_E + (l1—StepPercentage)*Phi_M_S;
103
104 thetaN = StepPercentagexTheta_ N_E +
(1—StepPercentage) xTheta N_S;
105 phiN = StepPercentagexPhi_N_E + (l—StepPercentage)*Phi_N_S;
106
107 Ref = computeRef2DVerl (0, T, 1

, [0,0.5,0,0], [Theta-M.S,
thetaM], [phiM, phiM], 3, 0.5, [Theta_N.S, thetaN],
) ;

[Phi_N_S, phiN], 3, 0.5, N);
108 X_init = columnVector (Ref(1l,:));
109 X_refN = columnVector (Ref (N/2+1,:));
110
111 XRefNDefine
112 Xref = Ref;
113
114 end
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117 [Z_-TEMP, Lamda-TEMP, converged] = NewtonMethod(Z, Lamda,
Xref, le—5, safeTurn);

118

119 if (converged==1)

120 saveData;

121 resultSequence = resultSequence + 1;

122 if (—isempty (Z_.TEMP) && —isempty (Lamda-TEMP))

123 Z = Z_TEMP;

124 Lamda = Lamda_-TEMP;

125 end

126 Z_LAST_SUCCESS = Z;

127 StepPercentage_.TEMP = StepPercentage;

128 else

129 ratioLimit = le—8;

130 StepPercentage = StepPercentage_TEMP;

131 coefficient = coefficient = 0.5;

132 BB(2,0.05);

133 if (coefficient<ratioLimit)

134 disp(sprintf ('%g, after %d, when ...
percetage:%g%%',coefficient, resultSequence,
StepPercentagex100)) ;

135 BB(100,0.01)

136 return;

137 end

138 end

139 end

140 HDforwardNewTest
141 Deltaforward;

BB.m

1 %% Beep—Beep

2 function BB(n, t)
3 for i=1:n

4 beep;

5 pause (t);
6 end

7 return;

columnVector.m

1 function V = columnVector (V)

2 if (size(V,2)>size (V,1))
3 vV =V.";

4 end

5 return;

computeRef2DVerl.m

1 % computeRef2DVerl (0, 10, 1, [0,0,0,0], [0,pi/6], [0,pi/247,
0.5, [0,pi/3], [0,pi/12], 3,0.5, 10)

2 function Ref = computeRef2DVerl (StartTime, TerminalTime,
PeriodNumber, X, thetal, phil, L1, 11, theta2, phi2, L2,

4 [vel, dis] = getSineVelocity (StartTime, TerminalTime,

(thetal (2)—thetal (1)) /2, PeriodNumber, 0, N);
5 Thetal = dis;
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7 Pos.M = [L1 % cos(Thetal) + X(1), L1 * sin(Thetal) + X(2)];
8 Vel M = [L1 .x vel .x cos(Thetal+pi/2) + X(3), L1 .* vel .=
sin(Thetal+pi/2) + X(4)]1;

10

11 [vel, dis] = getSineVelocity(StartTime, TerminalTime,
(phil (2)—phil (1)) /2, PeriodNumber, 0, N);

12 Phil = dis;

13 %

14 Pos.M_.U = [1l1 % cos(pi/2+Thetal+Phil) + Pos-M(:,1), 11 =
sin(pi/2+Thetal+Phil) + PosM(:,2)];

15 Vel M_.U = [11 .x vel .% cos(Thetal+Phil+pi) + Vel M(:,1), 11
.x vel .x sin(Thetal+Phil+pi) + Vel M(:,2)];

16 %

17 Pos_.MD = [1l1 % cos(—pi/2+Thetal+Phil) + Pos-M(:,1), 11 =
sin(—pi/2+Thetal+Phil) + Pos_M(:,2)];

18 Vel MD = [11 . vel .* cos(Thetal+Phil) + VelM(:,1), 11 .=x
vel .x sin(Thetal+Phil) + Vel M(:,2)];

19

20 [vel, dis] = getSineVelocity(StartTime, TerminalTime,

(theta2 (2)—theta2 (1)) /2, PeriodNumber, 0, N);
21 Theta2 = dis;

22 %

23 Pos_.N = [L2 % cos(Theta2) + Pos_M(:,1), L2 % sin(Theta2) +
Pos-M(:,2)];
24 Vel N = [L2 .% vel .x cos(Theta2+pi/2) + VelM(:,1), L2 .x

vel .x sin(Theta2+pi/2) + Vel M(:,2)];

26 [vel, dis] = getSineVelocity(StartTime, TerminalTime,
(phi2 (2)—phi2 (1)) /2, PeriodNumber, 0, N);

27 Phi2 = dis;

28 %

29 Pos.N.U = [12 % cos(pi/2+Theta2+Phi2) + Pos.N(:,1), 12 =
sin(pi/2+Theta2+Phi2) + Pos.N(:,2)];

30 Vel N_.U = [12 .x vel .% cos(Theta2+Phi2+pi) + Vel N(:,1), 12

.x vel .x sin(Theta2+Phi2+pi) + Vel N(:,2)];

o

31

32 Pos.N.D = [12 % cos(—pi/2+Theta2+Phi2) + Pos.N(:,1), 12 =*
sin(—pi/2+Theta2+Phi2) + Pos.N(:,2)];

33 Vel N.D = [12 . vel .* cos(Theta2+Phi2) + Vel N(:,1), 12 .=x
vel .x sin(Theta2+Phi2) + Vel N(:,2)];

34

35 Ref = [Pos_.M.U, Vel M.U, Pos_M.D, Vel_M.D, Pos_N.U, Vel N_U,
Pos_ N_.D, Vel N.D];

36 % Anim2D (Ref, 1)

37 return;

Deltaforward.m

1 stopa = 0;

2

3 Round = 1;

4 coeStandard = 0.6;

5 A_TEMP = a;

¢ while(stopa == 0)

7 if (stopa==0)

8 coe = coeStandard;

9 converged = 0;

10 while (converged==0 || converged==—1)
11 if (coe<le—4)
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12 beep;

13 disp('Failed at coe');

14 return;

15 end

16 [Z_TEMP, Lamda.-TEMP, converged] = NewtonMethod(Z,
Lamda, Xref, le—3, 16);

17 if (converged==0 || converged==—1)

18 A = A_TEMP;

19 coe = coe”.5;

20 disp(sprintf ('Try coe = %d', coe));

21 else

22 Z = Z_TEMP;

23 Lamda = Lamda-TEMP;

24 A_TEMP = a;

25 saveData;

26 resultSequence = resultSequence + 1;

27 end

28 [a, stopa] = ParameterStepForward(a, a_max, coe);

29 end

30 end

31

32 disp(sprintf('Now: a = %$10.10f',4));

33  end

34

35

36 clear A_TEMP %Z_TEMP Lamda.-TEMP coeStandard

generateEulerZtoLamdaJ.m

1 function generateEulerZtoLamdaJ (Z, Lamda, XRef, dHdZ, Dg, N)

2 global currentDirectory globalVariables
3 % 1
4 globalVariableNames = [''];
5 for i=1l:length(globalVariables)
6 globalVariableNames = [globalVariableNames,
char (globalvVariables(i)), ' '];
7 end
8
9 % dHdZ
10 row = length (dHdZ) ;
11 % cell dHdZ 1 1
12 dhdz = cell(row,1);
13
14 for i=l:row
15 % dHdZ %
16 dhdz (i) = cellstr (char (dHdZ (1)));
17 % Z ke k4 Ed
18 for j=length(z):—1:1
19 dhdz (i) = cellstr(strrep(char(dhdz(i)), char(z(j)),
["Z(n," num2str(j) "')'1));
20 end
21 % Lamda ke 4 4
22 for j=length(Lamda):—1:1
23 dhdz (i) = cellstr(strrep(char(dhdz(i)),
char (Lamda (j)), ['Lamda(n+l,' num2str(j) ')'1));
24 end
25 % Xref 1 1 4
26 for j=length (XRef):—1:1
27 dhdz (i) = cellstr(strrep(char(dhdz(i)),
char (XRef (j)), ['Xref(n,' num2str(j) ')'1));
28 end
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29

30 dhdz (1) = cellstr(strrep(char(dhdz(i)), '*', ".%x'));

31 dhdz (i) = cellstr(strrep(char(dhdz(i)), '/', './"));

32 dhdz (1) = cellstr(strrep(char(dhdz(i)), '~', "."'));

33 end

34

35 % gradienG

36 row = length (Dg);

37 % cell Dg 4 Ed

38 gradienG = cell (row,1);

39

40 for i=l:row

41 % dHdZ %

42 gradienG (i) = cellstr(char(Dg(i)));

43 % Z 1 1 1

44 for j=length(Z):—1:1

45 gradienG (i) = cellstr (strrep (char(gradienG(i)),

char(z(3)), ['Z(' num2str (N+1l) ',' num2str(j)
1))

46 end

a7 %

48 gradienG (i) = cellstr (strrep(char(gradienG(i)), '*', '".*x"));

49 gradienG (i) = cellstr (strrep(char(gradienG(i)), '/', './"));

50 gradienG (i) = cellstr (strrep(char(gradienG(i)), '"', '.""));

51 end

52

53 gG = ["["'];

54 for i=l:row

55 gG = [gG, char(gradienG(i)), ','];

56 end

57 96 = (g6, '1'1;

58

59 file = fopen ([currentDirectory, '\EulethoLamda.m'],'w+');

60

61 fprintf (file, '$s\r\n', 'function Lamda = EulerZtoLamda (Z,
Xref)');

62 fprintf (file, "\t%s\r\n', ['global ', globalVariableNames]);

63 fprintf(file, '\t%s;\r\n', 'Lamda = 0+2');

64 fprintf (file, '\t%s;\r\n', ['Lamda (' num2str (N+1) ',:) = ' gGl);

65 fprintf (file, '\t%s;\r\n', ['for n=' num2str(N) ':—1:1']);

66 fprintf (file, '\t\t%s\r\n', 'dHdz = [');

67 row = length (dhdz);

68 for i=l:row

69 % fprintf (file, '\t\t\t%s;\r\n‘,char(dhdz(i)));

70 writeToFile (file, char(dhdz(i)), 100);

71 end

72

73 fprintf (file, '\t\t%s;\r\n', "1");

74 fprintf (file, '\t\t%s;\r\n', 'Lamda(n,:) = Lamda(n+l,:) + a...
TxdHdZ.''"');

75 fprintf (file, '\t%s;\r\n', 'end');

76 fprintf (file, '%s;\r\n', 'return');

7 fclose (file);

78 return;

generateFJ.m

function generateFJ(Z, Lamda, XRef, dHdZ, dHdLamda, Dg, N)
global currentDirectory globalVariables

globalVariableNames = [''];
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23
24
25
26

27
28
29
30
31
32
33
34
35
36
37
38
39
40

41
42
43

44
45
46
47

48
49
50

52
53
54

for

end

row

dhdz

for

end

row

i=1l:length(globalVariables)

globalVariableNames = [globalVariableNames,
char (globalVariables(i)), ' '1;

= length (dHdZ) ;

= cell(row,1);

i=l:row

dhdz (i) = cellstr (char(dHdZ (1)));

dhdz (i) cellstr (strrep(char (dhdz(i)), char(z(Jj)),

for j=length(Z):-1:1
["Z2(1:" num2str(N) ', ' num2str(j) ')'1));

end

for j=length(Lamda):—1:1

dhdz (1) cellstr (strrep (char (dhdz(i)),
char (Lamda (j)), ['Lamda(2:' num2str (N+1) ', '
num2str(j) ') "'1));

end

for j=length (XRef):—1:1

dhdz (i) cellstr (strrep(char (dhdz(i)),
char (XRef (j)), ['Xref(l:' num2str(N) ','
num2str(j) ') '1));
end
dhdz (i) = cellstr(strrep(char(dhdz(i)), '*', '.x'));
dhdz (1) = cellstr(strrep(char(dhdz(i)), '/', './"));
dhdz (i) = cellstr(strrep(char(dhdz(i)), '~', '.7"));

= length (dHdLamda) ;

dhdlamda = cell (row,1);

for

end

i=l:row
dhdlamda (i) = cellstr (char (dHdLamda (i)));
for j=length(z):—1:1
dhdlamda (i) = cellstr (strrep (char (dhdlamda(i)),
char(z(j)), ['Z(l:'" num2str(N) ',' num2str (j)
1))
end
for j=length(Lamda):—1:1
dhdlamda (i) = cellstr (strrep (char (dhdlamda(i)),
char (Lamda (j)), ['Lamda(2:' num2str (N+1) ', '
num2str(j) ') '1));
end

for j=length (XRef):—1:1

dhdz (1) cellstr (strrep(char (dhdz(i)),
char (XRef (j)), ['Xref(l:' num2str(N) ','
num2str(j) ') '1));
end
dhdlamda (i) = cellstr (strrep(char (dhdlamda(i)), '*', '.
dhdlamda (i) = cellstr (strrep(char(dhdlamda(i)), '/', '.
dhdlamda (i) = cellstr(strrep(char (dhdlamda(i)), '~', '.
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56
57

59
60

62
63
64

66
67
68
69
70
71
72
73
74
75
76
77
78
79
80

82
83
84
85
86
87
88
89

90

91
92
93
94
95

96

97
98
929
100
101

row = length(Dg);

gradienG = cell (row,1);
for i=l:row
gradienG (i) =

cellstr (char(Dg(i)));

for j=length(z):—1:1
gradienG (i) = cellstr (strrep(char(gradienG(i)),

char(z(3)), ['Z('" num2str(N+1) ',' num2str(j)
1))
end
gradienG (i) = cellstr (strrep(char(gradienG(i)), '*', '.*"'));
gradienG(i) = cellstr (strrep(char(gradienG(i)), '/', '"./"));
gradienG (i) = cellstr(strrep(char(gradienG(i)), '~', '.7'"));
end
gG = ['"["'];
for i=l:row
gG = [gG, char(gradienG(i)), ',']1;
end
9G = [gG, '"1'];
file = fopen ([currentDirectory, '\getF.m'],'w+');
fprintf (file, '$s\r\n', 'function F = getF(Z, Lamda, Xref)');

(
fprintf (file, '\t%s\r\n', ['global ', globalVariableNames]);
(

fprintf (file, "\t%s;\r\n', ['Lamda (' num2str (N+1) ',:) = ' gGl);
fprintf (file, '\t%s\r\n','F = [");
row = length (dHdLamda) ;
for i=l:row
writeToFile (file, ['Z(2:' num2str (N+1) ', ' num2str(i) ')
Z(1l:" num2str(N) ',' num2str(i) ') — aT.* (',
char (dhdlamda(i)), ')'l, 100);
end
row = length (dHdZ) ;
for i=l:row
writeToFile (file, ['Lamda(l:' num2str(N) ', ' num2str (i)
'
) — ...
Lamda (2:' num2str (N+1) ', ' num2str(i) ') — a...
T.x(', char(dhdz(i)), ")'l, 100);
end
fprintf (file, '\t%s;\r\n', '1");

fprintf (file, '%$s;\r\n', 'return');
fclose (file);
return;

generateGLOBALVARIABLE.m

function generateGLOBALVARIABLE ()
global currentDirectory globalVariables

% 1

globalVariableNames = ['currentDirectory

"1
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6 for i=1l:length(globalVariables)

7 globalVariableNames = [globalVariableNames,
char (globalVariables(i)), ' '];
8 end
9
10 file = fopen([currentDirectory, '\GLOBALVARIABLE.m'],'w+');
11 fprintf (file, '%s\r\n', ['global ', globalVariableNames]);

12 return;

generatelnitialization.m

1 function generatelInitialization (Param, ParamVal)

2 global currentDirectory

3 file = fopen([currentDirectory, ‘\Paramlnit.m'],'w+');
4 % fprintf (file, '%s\r\n' , 'function ParamInit()');

5 row = size(Param,1);

6 for i=l:row

7 fprintf (file, '\t%s\r\n', ['global ' char(Param(i))]);
8 fprintf (file, '\t%s; \r\n', [char (Param(i)) ...

9 "= ' , num2str (ParamVal (i))]);

10 end

11 fclose (file);

12 return;

generateJ3.m

1 function generated3(Z, Lamda, dHdZ, dHdLamda, Dg, N)

2

3 global currentDirectory globalVariables

4 global Len

5 Len = N;

6

7 fileName = 'k_block';

8 delete ([currentDirectory '\J\', fileName, 'x.x'])

9

10 for i=1l:length(globalVariables)

11 eval (['syms ', char(globalVariables(i)), ';'1l);

12 end

13

14 globalVariableNames = [''];

15 for i=1l:length(globalVariables)

16 globalVariableNames = [globalVariableNames,
char (globalVariables(i)), ' '1;

17 end

18

19 lengthOfZ = length(Z);

20 lengthOfLamda = length(Z);

21 lengthOfVariable = lengthOfZ + lengthOfLamda;

22

23 buffer = ['['];

24 for i=1:1lengthOfZ

25 eval (['syms xN',num2str(i),';"']);

26 buffer = [buffer, 'xN',num2str(i),';'];

27 Dg = subs (Dg, {sym(['x' num2str(i)])}, {sym(['=N'
num2str(i)])});

28 end

29 buffer = [buffer, ']1'];

30 eval(['zN = ', buffer, ';'1l);

31 tableFX = [];

32 tableFLamda = [];
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36
37
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40
41
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for Fi =
tabl
tabl

end

tableFX0

1:1lengthOfz

eFX = [tableFX; jacobian((— dHdLamda (Fi)), [Z; Lamdal)]l;
)

eFLamda = [tableFLamda; Jjacobian((— dHdZ (Fi)
Lamdal) ];

;L2

= [1;

tableFLamdaO = [];

for Fi =
tabl
tabl

end

FX_N_1 =

1:lengthOfz

eFX0 = [tableFX0; jacobian((— dHdLamda (Fi)), [Lamda]l])];

eFLamda0 = [tableFLamda0O; jacobian((— dHdZ (Fi)),
[Lamda]) ];

[1;

FLamda-N_1 = [];

for Fi =
FX_N

1:lengthOfz
1 = [FX_.N_1; ZN(Fi) — Z(Fi) — ATxsubs (dHdLamda (F
{Lamda}, {Dg})1;

FLamda_N_1 = [FLamda-N_1; Lamda (Fi) — Dg(Fi) — a...

end

Txsubs (dHAZ (Fi), {Lamda}, {Dg})];

tableFX.N.1 = [];
tableFLamda N_.1 = [];

for Fi =

1:lengthOfz

i),

tableFX_N_.1 = [tableFX_N_1; jacobian(FX_N_1(Fi), [Z; ZN;

tabl

end

Lamdal) ];
eFLamda_ N_1 = [tableFLamda_N_1;
jacobian (FLamda-N_1 (Fi), [Z; ZN; Lamdal)];

fileNamePrefix = [currentDirectory, '\J\', fileName];

fileName
for i=1:
for

Counter = 0;
lengthOfZ
j = l:lengthOfZ
if (i==7)
MainDiagonal = ['[1l; ', symboReplacement (1, Z,
Lamda, 1, N=2), '; ', ...
symboReplacement (tableFX_N_1 (i,
lengthOfZz+j), Z, Lamda, N—1, N-1),
subDiagonal = ['[ a...
Tx (', symboReplacement (tableFX (i, 3j), Z,
Lamda, 1, N—2),...
') — ', symboReplacement (1, Z, Lamda,
1, N=2), ';',

"1

symboReplacement (tableFX_N_1 (i, 3J),

7, Lamda, N—1, N—1), ']1'];

str = ['Jblock.', num2str(i), '-', num2str(j),
' = sparse(diag (', MainDiagonal,', 0)...
+ diag (', subDiagonal, ', —=1))'l;
else
MainDiagonal = ['[', symboReplacement (0, Z,

Lamda, 0, N—2), '; ', ...
symboReplacement (tableFX_N_1 (i,
lengthOfZz+j), Z, Lamda, N—1, N-1),
subDiagonal = ['[ a...
T+ (', symboReplacement (tableFX (i, j), Z,
Lamda, 1, N—=2), "); '...
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T

78

79

80

81
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84
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95

96

97

98

99

106

, symboReplacement (tableFX_N_1(i, j), Z,

Lamda, N—1, N-1), ']'];
str = ['Jblock.', num2str(i), '-', num2str(j),
' = sparse(diag (', MainDiagonal,', 0)
+ diag (', subDiagonal, ', —1))'];

end
fileNameCounter = writeToFileSafe(str,
fileNamePrefix, fileNameCounter, 100, 2000);
end

for j = 1l:lengthOfLamda
subDiagonal = ['[ aAT* (', ...
symboReplacement (tableFX0 (i, j), Z, Lamda, O,
0), ") ATx(',...
symboReplacement (tableFX (i, lengthOfz + j),

7, Lamda, 1, N—2), ")]'];
str = ['"jblock.', num2str(i), '-', ..
num2str (lengthOfZ + j), ' = sparse(diag(',
subDiagonal, ', +1))'];
fileNameCounter = writeToFileSafe (str,

fileNamePrefix, fileNameCounter, 100, 2000);
end
end

for i = l:lengthOfLamda
for j = 1l:lengthOfZ

MainDiagonal = ['[', symboReplacement (0, Z, Lamda,
0, N=2), "; ', ...
symboReplacement (tableFLamda-N_1 (i,
lengthOfz+3j), 2, Lamda, N—1, N—-1), ']1']l;
subDiagonal = ['[ aTx (', .
symboReplacement (tableFLamda (i, Jj), Z,
Lamda, 1, N=2), '); ', .
symboReplacement (tableFLamdaN_1 (i, 3j),

Z, Lamda, N—1, N-=1),"']'];
str = ["jblock.', num2str (lengthOfz + i), '_', .
num2str (j), ' = sparse(diag(', MainDiagonal, ',
0) + diag(', subDiagonal, ', —1))'l;
fileNameCounter = writeToFileSafe(str,

fileNamePrefix, fileNameCounter, 100, 2000);
end

for j = l:lengthOfLamda
if (i==3)
MainDiagonal = ['[1l; ', symboReplacement(l, Z,
Lamda, 1, N=2), '; ', ...
symboReplacement (tableFLamda-N_1 (i,
lengthOfz+2 + Jj), Z, Lamda, N—2,
N—-2),
1] %s<= ¥ Lamda-n
subDiagonal = ['[ aTx (', .
symboReplacement (tableFLamdaO (i, Jj), Z,
Lamda, 0, 0), ")...
— ', symboReplacement (1, Z, Lamda, O,
0), '; aTx(', .
symboReplacement (tableFLamda (i,
lengthOfz + j), Z, Lamda, 1, N—-2),
') — ', symboReplacement (1, Z,

Lamda, 1, N—=2), ']'];
str = ['Jblock.', num2str (lengthOfz + i), '_',
num2str (lengthOfZ + j), ' = sparse(diag(',
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MainDiagonal,', 0) + diag(', subDiagonal, ',

+1))"1;

109 fileNameCounter = writeToFileSafe(str,
fileNamePrefix, fileNameCounter, 100, 2000);

110 else

111 subDiagonal = ['[ aT* (', .
symboReplacement (tableFLamdaO (i, j), Z,
Lamda, 0, 0), "); aT*(',...

112 symboReplacement (tableFLamda (i, .

lengthOfz + j), Z, Lamda, 1, N-2),
11

113 str = ["jblock.', num2str (lengthOfz + i), '_',
num2str (lengthOfZ + j), ' = sparse(diag(',
subDiagonal, ', +1))']l;

114 fileNameCounter = writeToFileSafe (str,
fileNamePrefix, fileNameCounter, 100, 2000);

115 end

116 end

117 end

118

119 file = fopen ([currentDirectory, '\getJTri.m'],'w+');

120

121 fprintf(file, '$s\r\n', 'function J = getJTri (Z, Lamda)');

122 fprintf (file, '\t%s\r\n', ['global ', globalVariableNames]);

123 for i=0:fileNameCounter

124 fprintf (file, '\t%s\r\n', [fileName, '_', num2str(i)]);

125 end

126 fprintf (file, '\t%s\r\n','d = [");

127 for i=1:lengthOfVariable

128 buffer = '';

129 for j = l:lengthOfVariable

130 buffer = [buffer, ' jblock.', num2str(i), '-',

num2str(j), ', '];

131 end

132 writeToFile (file, buffer, 100);

133 end

134 fprintf (file, '\t%s\r\n', "1;");

135 fprintf (file, '%s;\r\n', 'return');

136 fclose (file);

137 clear Len

138 return;

139

140 function expression = symboReplacement (expression, Z, Lamda,

start, terminal)

141 global Len

142 cla = class (expression);

143 try

144 expression = double (expression);

145 expression = ['ones (', num2str (terminal — start + 1), ',

1) %', num2str (expression)];

146 catch e

147 if (start == terminal)

148 Z_str = [num2str (terminal+1l)];

149 Lamda_str = [num2str (terminal+2)];

150 else

151 Z_str = [num2str(start+l), ':', num2str(terminal+l)];

152 Lamda_str = [num2str (start+2), ':',

num2str (terminal+2) ];

153 end

154 if (strcmp(cla, "sym'))

155 for j=length(Z):—1:1
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156 expression = strrep (char (expression),

"))

char(z(3)), ['2(', Z.str, ',' num2str(j)

157 end

158 for j=length(Lamda):—1:1

159 expression = strrep (char (expression),
char (Lamda (j)), ['Lamda(', Lamda.str, ','
num2str(j) ') '1);

160 end

161 elseif (ischar (expression))

162 for j=length(z):-1:1

163 expression = strrep (expression, char(z(j)),
["2(', Z.str ','" num2str(j) ')'l);

164 end

165 for j=length(Lamda):—1:1

166 expression = strrep (expression, char (Lamda(Jj)),
['Lamda (', Lamda.str, ',' num2str(j) ')'l);

167 end

168 elseif (strcmp(cla, '"double'))

169 expression = ['ones (', num2str(terminal — start +

1), ', 1)x', num2str (expression)];

170 end

171 end

172 for i=length(z):—1:1

173 expression = strrep(expression, ['xN', num2str(i)],

[rzc,

174 num2str (Len+1), ','" num2str (i) ')'1l);

175 end

176 expression = strrep (expression, 'x', '.x');

177 expression = strrep(expression, '/', './');

178 expression = strrep(expression, '"', '.7");

179 return;

generateLamdaNPlus1FromZNPlus1J.m

1 function generateLamdaNPluslFromZNPluslJ(Z, Dg, N)

2 global currentDirectory globalVariables
3
4 % 1
5 globalVariableNames = [''];
6 for i=1l:length(globalVariables)
7 globalVariableNames = [globalVariableNames,
char (globalvVariables(i)), ' '1;
8 end
9
10 % gradienG
11 row = length(Dg);
12 % cell D g 1 Ed
13 gradienG = cell (row,1);
14
15 for i=l:row
16 % dHdZ %
17 gradienG (i) = cellstr(char(Dg(i)));
18 % Z 1 1 1
19 for j=length(Z):—1:1
20 gradienG (i) = cellstr (strrep(char(gradienG(i)),
char(z(3)), ['Z(' num2str(N+1) ',' num2str(j)
1))
21 end
22 %
23 gradienG (i) = cellstr (strrep(char(gradienG(i)), '=*',
24 gradienG(i) = cellstr (strrep(char(gradienG(i)), '/',
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25 gradienG (i) = cellstr(strrep(char(gradienG(i)), '~', '.

26 end

27

28 gG = ["["];

29 for i=l:row

30 gG = [gG, char(gradienG(i)), ',']l;

31 end

32 gG = [gG, '1'];

33

34 file = fopen([currentDirectory,
'\getLamdaNPluslFromzZNPlusl.m'], 'w+');

35

36 fprintf (file, '$s\r\n', 'function LamdaNPlusl =
getLamdaNPluslFromZNPlusl (Z) ') ;

37 fprintf (file, '\t%s\r\n', ['global ', globalVariableNames]) ;

38 fprintf (file, '\t%s;\r\n', ['LamdaNPlusl = ' gG]);

39 fprintf (file, '%s;\r\n', 'return');

40 fclose (file);

41 return;

generatePARAMETER_VECTORS.m

1 function [PARAMETER_NAME, PARAMETER.VALUE, PARAMETER.MAX] =
generatePARAMETER_VECTORS (SPRINGS)

2 global currentDirectory

3 SpringsNr = size (SPRINGS,1);

4 PARAMETER.NAME = [];

5 PARAMETER_VALUE = [];

6 PARAMETER.MAX = [];

7 for i=1:SpringsNr

8 PARAMETER_NAME = [PARAMETER_NAME,

9 'jJava.lang.String (''H',num2str(i),"'""), ...

10 ', 'java.lang.String(''D',num2str(i),"''"), '1;

11 PARAMETER_VALUE = [PARAMETER_VALUE,

num2str (SPRINGS (1,1)), ...

12 ', ', num2str (SPRINGS(i,2)), ', '1;

13 PARAMETER.MAX = [PARAMETER.MAX, num2str (SPRINGS (i,3)),...

14 ', ', num2str (SPRINGS(i,4)), ', '1;

15 end

16

17 file = fopen([currentDirectory, '\PARAMETER,VECTORS.m'],'w+');

18 fprintf (file, '$s\r\n', ['PARAMETER NAME = [', PARAMETER NAME,
1)

19 fprintf (file, '%s\r\n', ['PARAMETER.VALUE = [',
PARAMETER.VALUE, '];']);

20 fprintf (file, '%s\r\n', ['PARAMETER MAX = [', PARAMETER.MAX,
11

21 fclose(file);

22 return;

generateXRefDefine.m

1 function generateXRefDefine (X)

2 global currentDirectory

3 file = fopen([currentDirectory, '\XRefNDefine.m'],'w+')
4

5 for i=1:length (X)

6 fprintf (file, '$s\r\n', ['XrefN', num2str (i),

7 ' = X.refN(', num2str(i), ');'l);

8 end
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9 fclose (file);
10 return;

getSineVelocity.m

1 function [velocity, displacement] = getSineVelocity (StartTime,
TerminalTime, AmplitudeOfDisplacement, PeriodNumber,
startPosition, N)

2 AT = (TerminalTime—StartTime) /N;
3 f = 2+pixPeriodNumber/ (TerminalTime—StartTime) ;
4 Amplitude = AmplitudeOfDisplacement x f;
5 velocity = Amplitudexsin (fx[StartTime:AT:TerminalTime].");
6 C = startPosition + Amplitude/fxcos (fxStartTime);
7 displacement =
—Amplitude/fxcos (fx[StartTime:AT:TerminalTime].') + C;

8 return;

HDforwardNewTest.m

1

2 coefficientStandard = 3e—1;

3

4 for index = 1l:length (PARAMETER_NAME)

5 eval ([char (PARAMETER_NAME (index)), '=', ..
num2str (PARAMETER_VALUE (index)), ';'1);

6 end

7

8

9 PARAMETER_STOP = 0%xPARAMETER_VALUE;

11 while (prod (PARAMETER_STOP)==0)

12 coe = coefficientStandard;

13 TEXT_OUTPUT = '';

14 for i=1:length (PARAMETER_NAME)

15 TEXT_OUTPUT = [TEXT_OUTPUT, char (PARAMETER.NAME (1)), '="...

16 , num2str (PARAMETER.VALUE (1)), "'; '1;

17 end

18 disp(['From: ', TEXT_OUTPUT]) ;

19 for i = l:length (PARAMETER_NAME)

20 eval ([char (PARAMETER_NAME (1)), '_TEMP = ',
num2str (PARAMETER_.VALUE (1)), ';'1);

21 [PARAMETER_VALUE (i), PARAMETER_STOP (i)] =

ParameterStepForward (PARAMETER_VALUE (i),
PARAMETER_MAX (i), l+coe);

22 disp(['Try: ', [char (PARAMETER.NAME (i)), '=',
num2str (PARAMETER_VALUE (1)) 11);
23 eval ([char (PARAMETER.NAME (i)), '=', ...
num2str (PARAMETER_VALUE (1)), ';'1);
24 end
25 coe = coefficientStandard;
26 converged = 0;
27 while (converged==0 || converged==—1)
28 if (coe<le—8)
29 beep;
30 disp ('Forward coefficient coe is too small !');
31 return;
32 end
33 [Z_.TEMP, Lamda.TEMP, converged] = NewtonMethod(Z,
Lamda, Xref, le—3, safeTurn);
34 if (converged==0 || converged==—1)
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35 eval ([char (PARAMETER.NAME (1)), ' ="', ...
), "-TEMP;']);

char (PARAMETER_NAME (i)
36 coe = coex0.50;
37 disp(sprintf ('Now trying coe = %d', coe));
38 else
39 Z = Z_.TEMP;
40 Lamda = Lamda_TEMP;
41 eval ([char (PARAMETER_NAME (i)), '_-TEMP = ',
char (PARAMETER.NAME (1)), ';']);
42 saveData;
43 resultSequence = resultSequence + 1;
44 end
45 end
46
47 disp (' Done ")
48 end
49 clear TEXT_OUTPUT coefficientStandard
newGuess.m
1 function Z = newGuess (S, T, V0, TO0, T1, N)
2
3 columnVector (S);
4 columnVector (T);
5 columnVector (VO0);
6
7 P =T—S5;
8
9 A = (—(T0"3)/3+T0" 2% (TO+T1)/2—T0"2%T1);
10 B = (—(T173)/3+T1"2% (TO+T1)/2—T0xT1"2);
11
12 Result = [A,1;B,1]\[0;M];
13 a = Result(l);
14 C = Result(2);
15 b = ax (TO0+T1);
16 c = —a*xTO0xT1l;
17
18 AT = (T1-TO0)/N;
19 t = [TO0:aT:T1]."';
20
21 V = —axt."2 + bxt + c;
22 X = —a*x(t."3)/3 + bx(t."2)/2 + cxt + C;
23
24 dimension = length(S);
25 Q = zeros(dimension, 1);
26 7 = zeros (N+1, dimension=*2);
27 Pu = P/M;
28 for i=l:dimension
29 ot = Q;
30 ot (i) = 1;
31 Z(:,1) = XxPu.'xQt+S(1i);
32 Z(:,i+dimension) = V*Pu.'xQt+V0 (i);
33 end
34 return;
NewtonMethod.m
1 function [Z, Lamda, converged] = NewtonMethod(Z, Lamda, Xref,
tolerant, safeNumber)
2 global J
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40

counter = 1;
Norm = 1;
converged = 1;
while (Norm>tolerant)
if (counter>safeNumber)

if (Norm>le3) ;

converged = 0;
else
converged = —1;
end
return;
end
tic

F = getF(Z, Lamda, Xref);
J = getJTri(Zz, Lamda);
Y = compositeY(Z, Lamda);
toc
tempY = Y;
try
Y =Y — J\F;
catch ME
converged = 0;
return;
end
Norm = norm(Y—tempY) ;
disp (sprintf ('Norm = %$f', Norm))

if (isnan(Norm) || Norm>le9 || condest (J)>1e30)
converged = 0;
return;
end
[Z, Lamda] = decompositeY (Y, Z, Lamda);
counter = counter+l;
end
return;
function Y = compositeY (Z, Lamda)
Y = [1;
[row, column] = size(Z);

N = row — 1;
for i=1l:column
Y = [Y; Z(2:N+1,1)];
end
[row, column] = size (Lamda);
N = row — 1;
for i=1l:column

Y = [Y; Lamda(1:N,1i)];
end
return;
function [Z, Lamda] = decompositeY (Y, 01dZ, OldLamda)
% Length = length(Y);
[rowZ, columnZ] = size (01dZ);
N = rowZ — 1;
for i=l:columnz
0ldZ (2:rowZ,1i) = Y([1:N]J+N=x (i—1));
end
7 = 01dz;
[rowLamda, columnLamda] = size (OldLamda) ;

N = rowLamda — 1;

80




65
66
67
68
69
70

for i=1:columnLamda

OldLamda (1:N,i) = Y ([1:N]+Nx* (i—1)+columnZxN) ;
end
Lamda = OldLamda;
Lamda (N+1, :) = getLamdaNPluslFromZNPlusl (Z);
return;

ParameterStepForward.m

function [param, stop] = ParameterStepForward (param, paramMax,
5 coe = 1.3;
stop = 0;
if (param == paramMax)
stop=1;

elseif (abs (paramMax)>1 && abs (param)<abs (paramMax))
if (param==0 && paramMaxz0)
param =sign (paramMax) xeps;
elseif (paramMax==0)
param=0;
stop = 1;
elseif (abs (param) “coex>abs (paramMax) )
param = paramMax;
stop = 1;
else
if (abs (param)<0.8
param = sign(paramMax) xabs (param) ~.3;
elseif (abs (param)>0.8 && abs (param)<1)
param = sign (paramMax) ;
elseif (abs (param)==1 && abs (param)<abs (paramMax))
param = sign(paramMax) xabs (param) x (coe) ;
else
param = sign (paramMax) xabs (param) xcoe;
end
end
elseif (abs (paramMax) <l && abs (param)<abs (paramMax) )
if (param==0 && paramMaxz0)
param =sign (paramMax) xeps;
elseif (paramMax==0)
param=0;
stop = 1;
elseif (abs (param) xcoe>abs (paramMax) )
param = paramMax;

stop = 1;

else

% if (abs (param)<0.95
param = sign(paramMax) xabs (param) xcoe;

% elseif (abs (param)>0.95 && abs (param)<1)
% param = sign(paramMax) ;
% end

end

else

if (param==0 && paramMaxz0)
param =sign(paramMax) xeps;
elseif (paramMax==0)
param=0;
stop = 1;
elseif (abs (param) xcoe<abs (paramMax) )
param = paramMax;
stop = 1;
else
param = sign(paramMax) xabs (param) xcoe;
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53 end
54 end
55 return;

readMatrixData.m

function matrix = readMatrixData (filePath)

1
2

3 file = fopen(filePath, 'r');
4 matrix=[];

5 while 1

6 stringLine=fgetl (file);
7 if —ischar (stringLine)
8

9

break;
end
10 matrix = [
11 matrix;
12 str2num(stringLine)
13 1i
14 end

15 fclose(file);

saveData.m

1 global currentDirectory

2

3 saveMatrixData ([PARAMETER.VALUE, a], [currentDirectory

4 '\DATA\param' num2str (resultSequence) '.txt']l, 'w+');
5 saveMatrixData (Z, [currentDirectory '\DATA\Z'...

6 num2str (resultSequence) '.txt'], 'w+');

7 saveMatrixData (Xref, [currentDirectory '\DATA\XrOf'..‘

8 num2str (resultSequence) '.txt'], 'wt');

9 saveMatrixData(Lamda, [currentDirectory '\DATA\Lamda'...
10 num2str (resultSequence) '.txt'],'w+');

saveMatrixData.m

1 function saveMatrixData (matrix, filePath, permission)
2 N = size(matrix,1);

3 file = fopen(filePath,permission);

4 for i=1:N

5 string = num2str (matrix(i,:), '$10.16£f, ');

6 fprintf (file, '$s\r\n', string);

7 end

8 fclose (file);

9 return;

writeToFile.m

1 function totallLines = writeToFile(file, str, TextsPerRow)
2 totallLines = 1;

3 if (isempty (TextsPerRow))

4 TextsPerRow = 100;

5 end

6

7 Length = length(str);

8 counter = 1;

9 pos = 76;
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10 lastpos = 1;

11 finish = 0;

12 if (Length>TextsPerRow)

13 PosionPlus = strfind(str,'+");

14 if (isempty (PosionPlus))

15 PosionPlus = strfind(str,',");

16 end

17 while (finish==0)

18 while (PosionPlus (counter)—pos<0)

19 counter = counter+l;

20 if (counter>length (PosionPlus))

21 finish = 1;

22 break;

23 end

24 end

25 if (finish==1)

26 fprintf (file, '\t\t%s;\r\n',str(lastpos:Length));

27 else

28 fprintf (file, '\t\t%s
..\r\n',str(lastpos:PosionPlus (counter)));

29 lastpos = PosionPlus (counter)+1;

30 pos = 75 + PosionPlus (counter);

31 end

32 totallines = totallLines + 1;

33 end

34

35 else

36 fprintf (file, '\t\t%s;\r\n', str);

37 end

38 return;

writeToFileSafe.m

1 function [fileNameCounter] = writeToFileSafe(str,

fileNamePrefix, fileNameCounter, columnLimit, rowLimit)
2 %
ftell k4 100
3 g
4 file = fopen([fileNamePrefix, '_', num2str (fileNameCounter),
'.m'], 'at');

5 fileCounter = ftell(file);

6 if (isempty (columnLimit))

7 columnLimit = 100;

8 end

9 if (isempty (rowLimit))

10 rowLimit = 1000;

11 end

12 writeToFile (file, str, columnLimit);

13 if (fileCounter > rowLimitxcolumnLimit)

14 fileNameCounter = fileNameCounter + 1;

15 end

16 fclose (file);

17 return;
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