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Abstract

This essay is aimed to be an introduction to homological algebra and Hochschild
complexes for those who are familiar with only basic abstract algebra.

The first part deals with the fundamentals in homological algebra, which
is a branch with lot of applications in algebraic geometry, algebraic topol-
ogy, mathematical physics and many other branches.

The second part introduces Hochschild complexes and Hochschild (co)homology,
named after Gerhard Paul Hochschild, who invented Hochschild cohomol-
ogy in 1945. This part deals with homology theory for associative algebras
over rings, and ends up with computing the Hochschild (co)homology of
Rlz]/{x?).
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1 Introduction to Homological Algebra

1.1 Definitions

Definition 1.1.1. - Modules. Let R be a unital ring and V' an abelian
group. If there exists a map

RxV =V
(A, v) = Av

satisfying

(i) Mpv) = Ap)v, VApeRandVveV

(i) A+p)v=Av+puv, VApcRandVveV

(iii) \(v+w)=Av+Aw, VAIcRandVv,weV

(iv) lv =v, Vv eV (where 1 denotes the multiplicative identity in R)
then V' is called a R-module.

In the special case when R is a field and V admits a basis, we say that
V' is a vector space over R.

Definition 1.1.2. - Direct product of modules. Let {V;};c; be a
family of R-modules. The direct product of these R-modules is the set all
sequences (z;);ec; where z; € V;, equipped with an addition operation
(xi)ier + (Wi)ier = (@i + Yi)ier,
and a mulitplication operation
Mxi)ier = (Ax;)icr, where X € R.

The direct product of {V;};cs is denoted by [] V;.

i€l
Definition 1.1.3. - Direct sum of modules. The direct sum of a family
of R-modules {V;};cr, denoted by @ V;, is the subset of [] V; consisting of

iel el
all sequences (z;);e; with only a finite number of non-zero elements. Notice
that when [ is finite, @ V; and [] Vi coincides.
icl el

Definition 1.1.4. - Homomorphisms of modules. Homomorphisms
of R-modules, f:V — W, has to satisfy all conditions for homomorphisms
of groups with following extra condition:

f(Aw) =Af(v) VYA€ Rand Vv e V.
The set of all homomorphisms from V' to W is denoted by Hom(V, W).
Definition 1.1.5. - Z-graded modules. A direct sum of a family of

modules {V;}ier is called Z-graded if the modules are indexed by the ele-

ments of Z (i.e. I =7Z) and is denoted by € V;.
1€EZ



Definition 1.1.6. - Homogenous homomorphism. A homomorphism
f:V — W, where V and W are Z-graded modules, is called homogenous
of degree n if f(V;) C Wiyy, Vi € Z.

For a given homogenous homomorphism f, | f| denotes the degree of homo-
genety of f.

Definition 1.1.7. - Chain and cochain complexes. A chain complex
(V,d) is a Z-graded module, V, equipped with a homogeneous endomor-
phism d of degree -1 (i.e. d(V;) C V;_1), such that d?(V;) =0, Vi € Z.

d d
= Vi Vig ¢ Viga ¢ -

An illustrative diagram of a chain complex

A cochain complex (V,d) is defined analogously with the difference that
d is of degree 1.

d d
= Vi Vi — Vigg — -

The endomorphism d described above is called the differential of the com-
plex (whether it is a chain or cochain complex).

Definition 1.1.8. - Homology and cohomology. Let (V,d) be a chain
complex. Then the sets

Kerd:={veV |dv=0}

Imd:={veV|v=dv, for somev €V}
are two submodules of V.

Both Ker d and Im d can be regarded as Z-graded modules with:
Ker; d:=Ker dNV; (=Ker(d:V; = V;_1))
Im; d:=ImdNV; (=Im(d:Vis1 = V;))

It is obvious that Im d C Ker d since for any v € Im d we have according to
definition that v = dv’ for some v' € V. Hence dv = ddv' =0 = v € Ker d.

Now since we have shown that Im d is a submodule of Ker d we can de-
fine the following quotient:

Ker d
H(V):= I d

which also can be viewed as a Z-graded module with

Keri d
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H(V) is called the homology of the chain complex (V,d).
Elements of Ker d is called cycles, and elements of Im d is called boundaries.
Observe that every boundary is a cycle, but the reverse is not necesserly true.

In an analogously way, we define cohomologies, cocyles and coboundaries
for cochain complexes.

Definition 1.1.9. - Exact sequences. A complex (V,d) is called an
exact sequence if Ker d = Im d, i.e. that every (co)cycle is a (co)boundary.

Observe that V' is exact is equivalent with that the homology H (V) is the
set of the trivial complex (...,0,0,0,...).

A short exact sequence is an exact sequence (V,d) with at most three non-
trivial modules (i.e. not sets consisting of just 0).

0—P —Q—R—0

An illustrative diagram of a short exact sequence

Definition 1.1.10. - Homomorphism of complexes. Let (V,d) and
(W,d') be two complexes. Then f : V — W is a homomorphism of com-
plexes if it satisfy all conditions of homomorphisms of modules with the
additional property that f commutes the differentials, i.e. fod = d o f.

1.2 Exact Triangles

Propostion 1.2.1. For any homomorphism of complexes f : (V,d) —
(W,d"), we have that [ induces canonically a homomorphism H(f) of the
associated (co)homology groups H(f) : H(V) — H(W).

Proof. We start with proving following two implications:

v € Kerd= f(v) € Ker d,
(1)

velmd= f(v) eImd.

This follows from the commutative diagram below (commutativity follows
from the Definition 1.1.10.):

v 4Low
3d da
av Loaw

From the diagram we get that if v € Ker d, then f(v) € Ker d' since
d' f(v) = f(dv) = f(0) = 0.



We have also that if v € Im d = dV then f(v) € dW = Im d’. Hence the
implications in (1) is proven.

Now we define H(f) : H(V) — H(W) to be the map that takes the equiva-
lence class [v] € H(V) to the equivalence class [f(v)] € H(W) (the equiva-
lence class [f(v)] exists since we have shown that f(v) € Ker d’ if v € Ker d).
Now we have to show that this map is well defined map. We take another
representative of the equivalence class [v], say v" = v + z where z € Im d
and check that H(f) maps [v'] and [v] to the same element in H(W).

W] = [f()] = [fo+2)] = [f(0) + f(2) ] = [f(0)] = [0].
N

Lemma 1.2.2. Let
054t oo
be a short exact sequence. Then f is injective and g is surjective.

Proof. We have
Ker f=Im b= {0}

which yields that f is injective (f is injective iff its kernel contains only the
zero element). We have also that

Img=Ker h=C

implying that ¢ is surjective. U

Theorem 1.2.3. (Exact triangle)

Let
0—>Ai>Bi>C’—>O

be a short exact sequence of complezes, i.e. A, B and C' are cochain com-
plexes, and f and g be homomorphisms homogeneous of degree 0. The as-
sociated sequence of cohomology groups

o Hoy () ™0 1B 9 () B Hy (A) — -

is an exact sequence, where &, is the induced map from Hy(C) to Hyy1(A)
(i.e § is a homomorphism H(C) — H(A) homogeneous of degree 1).



Before proving this theorem we have to prove that the induced map § exists.

Proposition 1.2.4. Let A, B,C, f,g be as in Theorem 1, then there ex-
ists a degree 1 homomorphism, § : H(C) — H(A).

Proof. (i) For any [c,] € H,(C) we have that dcc, = 0, since ¢, is a
cocycle. (ii) Since g is surjective (according to Lemma 1) there exists an
element b, € B, such that g(b,) = ¢,.

(i) and (ii) with the commutative property in Definition 1.1.10. we get
the following diagram

bn, N Cn,
I
bn+ 1 *i) 0

We see that b1 € Ker g, implying b, 1 € Im f (due to the exactness), i.e.
there exists an element a1 € Ap4+1 such that f(ant1) = bpg1 -

b, N Cn,
I [
f g
apt+1 +—— b’VH— 1 0

We have that dgb, 11 = dQan = 0 yielding following diagram

S
3
T
[N}
o
llm
o

Since f is injective according to Lemma 1 we have that a,4+2 = 0, implying
an+1 is a cocycle. Hence the equivalence class [ap+1] € Hp41(A) exists.

We define § to be the map that maps [¢,] to [an4+1]. We show that this
map is well defined by choosing another representant of [¢,], say ¢, + én,
where ¢, € Im d¢ and look where it is mapped under §.

Since ¢, € Im d¢, 3 é,—1 € Cp—q such that doéy—1 = &, and since g
is surjective 3 b,—1 such that g(b,—1) = ¢,—1



This yields following diagram
Bn—l 'i> 671—1

~IdB Je

g ~

n — Cn
| |
i 0 0

Since f is injective, ap+1 = 0. This yields that [¢,] is mapped to [a,+1 = 0]
under 6.

It is obvious that § preserves addition, since it depends on homomorphisms
that do preserve addition.
Hence d,[c,, + én] = Onlen] + 0nlén] = [an+1] + [0] = [an+1] = dnlen]

Hence ¢ is well defined, and the proposition is proven. O

Proof of main theorem (Ezact Triangle). We have to prove three
equalities to obtain a proof.

Equality 1: Im H,(f) = Ker Hy(g).
Since g o f = 0, it follows that H,(g) o H,(f) = 0, implying
C Ker

Hy(9)- (2)

For any [b,] € Ker Hy,(g) we have that [g(b,)] = [0], i.e. g(b,) € Im dc.
Hence 3 ¢,-1 € C,,—1 such that dgé,—1 = g(by).

The surjectivity of g and the commutativity described in Definition
1.1.10. yields following diagram.

Im H,(f)

b1 LN Cr1

IR IRs

by = g(bn)
b’ s

exactness
<~

Obviously b, — En € Ker g bn, —En €lm f —
<= 3 a, € A, such that f(a,) = b, — by.

Hence Hy(f)(lan]) = [f(an)] = [bn = bn ] = [bn] € Im Hn(f).
€lm dp

We have shown that [b,] € Ker H,(g9) = [by] € Im H,(f), implying
that Ker H,,(¢g) € Im H,(f). This together with (2) yields a proof of Equal-
ity 1.
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Equality 2: Tm H,(g) = Ker 0y,

For any [c,] € Im H,(g) there exists an equivalence class [b,] € H,(DB)
such that Hy(g)([bn]) = [cn]. Now according to Proposition 1.2.4 , 0y, is the
function taking [c,] to [ant1] € Hpt+1(A) where f(ant1) = dgb, = 0 (by, is
a cocycle). Since f is injective, an+1 = 0, so d,([cn]) = [an+1] = [0]. Hence
[cn] € Ker 6, implying Im H,,(g) C Ker 6y,

For any [c,] € Ker 6, we have following diagram of elements (non-
unique):
an by, AN Ch,
[ [ [ee

/ 9
apt+1 +—— bn+1 — 0

The existence of a,, follows from that [a,+1] = d([c,]). But [c,] is assumed
to be in Ker 4, which means that a,41 is a coboundary.

Obviously b, — f(ay,) is a cocycle of dp (follows from the commutativity of
f with the differentials). Hence

Hn(9)bn — f(a)] = [9(bn) — g(f(an))] = [g(bn)] = [cn]-

=0
Hence [c,] € Im H,(g), implying that Ker 9,, C Im H,(g). Since we have
shown that Ker §,, and Im H,(g) are subsets of each other, Fquality 2 is
proven.

Equality 3: Tm §,, = Ker H,1(f).

For any [a,+1] € Im 0y, there exists a [c,| € H,(C) such that
dn([cn]) = [an+1]. We have according to Proposition 2 that f(an+1) = dpbn,
for some b, € B,, where g(b,) = ¢y,

Hence Hp+1(f)([ant1]) = [f(ans1)] = [ @\gﬁ@ ] = [0]. This shows that

coboundary

[an+1] € Ker Hy11(f), implying that Im §,, C Ker H,1(f).

For any [an+1] € Ker H,(f) we have that f(a,+1) = dgby, for some b, € B,,.
Let ¢, := g(by,). Obviously ¢, is a cocycle since

doey, = ng(bn) = g(den) = g(f(an+1)) = 0.

Hence [c,] € Hy,(C) exists and is mapped to [an+1] by n, 80 [an+1] € Im §y,.
This proves that Ker H,,11(f) C Im 4.

Since we have shown that the two sets are subsets of each other, Equal-
ity 3 is proven. O
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Remark 1. The theorem is named FEzact triangle since the triangular
diagram below illustrates the theorem:

HA) "W g
é

N v H(g)
H(C)

Remark 2. Corresponding theorems where A, B and C are chain com-
plexes, or when f and g are homogeneous of degree other than 1, can be
proven in a similar way.

1.3 Homotopy

Definition 1.3.1. - Homotopic maps. Two homomorphisms of chain
(respectively cochain) complexes f,g : V. — W is said to be homotopic
if there exists a homomorphism s : W — V homogeneous of degree —1
(respectively 1) such that

f—g=dwos+sody.

Theorem 1.3.2. Two homotopic homomorphisms f,g : V. — W induce
the same map between the (co)homologies. Ie.

H(f)=H(g): H(V) = H(W).

(Definition and proof of existence of H(f), H(g) is found in Proposition
1.2.1)

Proof. For any [v] € H(v) (v has to be a (co)cycle) we have that

H(f)([v]) = H(g)([v]) = [dw (s(v)) — s(dv(v))] = [ dw(s(v)) ] = [0]
=0 (co)boundary

Hence

1.4 Resolutions

Definition 1.4.1. - Free modules. An R-module M is free if it admits a
basis i.e. there exists a sequence {z; };cr of elements in M, such that {z;};cs

12



is a linear independent set which spans M.
Lemma 1.4.2. An R-module M is free iff M = P,.; R.

Proof. It is obvious that €, ; R is free with basis consisting of the el-
ements {b; }ier where b; is 1 in position ¢ and 0 in all other positions.

If M admits a basis {m;};c; then we define a homomorphism M — @, ; R
such that > A\;m; — > A;ib; (b is 1 in position ¢ and 0 in all other positions).
This is obviously an isomorphism, proving that M = @, ; R. U

Lemma 1.4.3 For any R-module M there exists a free R-module F' that
surjects on M under some homomorphism F — M .

Proof. According to Lemma 1.4.2. we have that FF = @ R is a free
meM

module. Define f: @ R — M, where Y Ary, — > Am, where rp, is 1
meM

in position m and zero in all other positions. This is obviously a surjective

homomorphism. 1.

Definition 1.4.4. - Projective modules. An R-module M is projec-
tive if for any homomorphism f : M — N and any surjection g : N "— N,
there exists a homomorphism f : M — N’ such that the diagram below
commutes

M
f
Y
N — N
g

Lemma 1.4.5. Free modules are projective.

Proof. Let M be a free R-module with the basis {m;};c;. Let f: M — N
be a homomorphism and g : N’ — N be a surjection.

Let {n}icr be a sequence of elements in N’ such that g(n}) = f(m;)
(such n} exists due to surjectivity). Define f: M — N', m; — n.

Since M is free, any element m € M is on the form m = Y A\;m;. This

implies
g9 <J?(m)) =9 <f<z /\zmz>> =y (Z Azf(”%)) =
=3 Ng(n) = > Aif(mi) = £ (D2 Aimi) = f(m),
proving the commutativity. O

13



Definition 1.4.6. - Resolutions. Let M be an R-module and (F, d) be a
non-negative complex, i.e. F;, = 0 for n < 0. Assume that the sequence

d d d d
i By S By - S Fg 5 M —0

is exact. Then the complex (F,d) is called a resolution of M.

Observe that we make a distinction between d and dy. dp is not a part
of the data in the resolution (F,d).

Defintion 1.4.7. - Free and Projective Resolutions. A resolution
F is called free (or projective) if F,, is free (or projective) for all n > 0.

Proposition 1.4.8. Any module admits a free resolution.

Proof. Let M be an arbitrary R-module. We have according to Lemma
1.4.3. that there exists a free module Fy that surjects on M under some
homomorphism dy. Using again Lemma 1.4.3. there exists a free module
Fy that surjects on the kernel Ky = Ker(Fy — M) and is restricted to it.
Continuing this way, we’re getting a chain of free modules F;, that obviously
form a free resolution of M.

Proposition 1.4.9. Any module admits a projective resolution.

Proof. It follows from Lemma 1.4.5. that free resolutions are projective
resolutions as well, and hence the assertion follows from Proposition 1.4.8. [J

Theorem 1.4.10. For any resolutions P and Q) of a module M, with P
projective, there exists a homomorphism of complexes f : P — ), homoge-
neous of degree 0.

Proof. We prove the theorem by induction.
Claim 1 (base case): There exists a homomorphism fo : Py — Qo that
commutes with the maps déD : Py — M and d(? Qo — M.

Since the map @y — M is surjective (due to exactness) and Py is pro-

jective, there exists a map fy : Py — Qo that commutes with dé) and dg’?.

Claim 2: Let B(Q,) =Im, dg. Then f, odp(Prt1) € B(Qn).

14



For any element p,+1 € P,,+1 we have following diagram of elements:

dp dp dp
Pntl Pn — 0 —
lfn Ifn,l
dg dg
Qn — 0 —

We see that any element in P,y is mapped to a cycle under f o dp. But
the exactness implies that this cycle is a boundary as well, proving the claim.

Claim 3 (inductive step): Assume that f restricted to Py, 0 < k < n,
given by the homomorphisms fi : Pr — Qi, gives rice to a commutative
diagram:

dp dp dp

— Py — P, — P4 — - — B

\lrfn l«fn—l \Lfo > M
d d d d d
= Quii > Qn D Qua 2 - Qo

We want to show that we can construct f in a way so that if
frn+1 @ Pay1 = Qne1 s included in the diagram above, the diagram would
still be commutative.

We have shown in Claim 2 that f, odp : P,y1 — B(Qy) and that Q1
surjects on B(Q,,), so by the projectivity of P,;1 there is a function
fnt1 : Pos1 — @Qny1, that fulfills dQ 0 fpt1 = frnodp.

Hence the existence of f has been proven inductively. O

Theorem 1.4.11. Let P and Q be two resolutions of a module M, where
P is projective. Let f,g: P — @ be two homomorphisms of complexes ho-
mogeneous of degree 0. Then f and g are homotopic.

Proof. Let s; denote some homomorphism P, — Q;+1. We prove the
theorem in some steps and by induction.

Claim 1: Im(fo—go) € B(Qo) where B(Qy) is the image of Qn+1 under dg.

For any element pg € Py we have

commutativity

dS[f(po) — 9(po)] = dS[f (po)] — dF lg(po)] """ =" dl (po) — db (po) = 0

Hence we have that f(po) — g(po) € Ker dg, implying f(po) —g(po) € B(Qo)
due to exactness.

15



Claim 2 (base case): There erxists homomorphisms sg,s—_1 such that
fo—g90=dgoso+s_10dp.

We have proven in Claim 1 that fo — go : Po — B(Qo). Since @ surjects
on B(Qo) and Py is projective, there exists a homomorphism sy : Py — Q1
that commutes with the differentials, i.e.

fo—g0=dgoso

We have that s_; is the zero map since it is defined on P_; = 0 (distinct
between dp and dOP since dp maps Py to P_; = 0, while dg) maps Py to M),
so s_1 odp = 0, which completes the proof of the claim.

Claim 3 (inductive step): Assume that f, — g, = dgosp+sn—10dp, then
there exists a homomorphism s,11 such that f,11—gnt1 = dQosp41+snodp.

Obviously fp41 — gnt1 — Spodp @ Poy1 — Qni1- We want to show that
the image of this function is restricted to B(Qn+1) (which coincides with
the kernel of dg : Qni1 — Qn), by applying dg on it. For any element
Pn+1 € Pp+1 we have that

do[(frn1 — gnt1 — sSn o dp)(Pnt1)] =

= dq[fn+1(Pnt1)] — dQlgn+1(pnt1)] — d@lsn(dp(pnt1))] =
= [We can add (—su—1(dp(dp(pnt1)))) = 0] =
= dQ[fn+1(Pn+1)]—=dQlgn+1(Pnt1)] —dq[sn(dp(Pn+1))] — Sn—l[dP(dP(pn-&-l))]l

=—(dgosn+sn—10dp)(dp(Pn+1))

= dg[fa+1(Pn+1)] — dQl9n+1(Pnt1)] — (dg © 8 + sn—10dp)(dp(Pn+1)) =0

=fnldp(Pn+1)—gn[dp(Prni1)] =fnldp(Pn+1)]—gnldp (Pr+1)]
acc. to commutativity property acc. to assumption

Hence Im(fr41 — gnt1 — sn 0 dp) € Keryy1 dg = B(Qn+1). We see that
we can restrict the range of fr,4+1 — gn+1 — Sn o dp to B(Qny1). Obviously
Qn+2 surjects on B(Qpn41) under dg, so there exists s,y1 @ Pop1 — Qnyo
such that dg o Sp41 = frnt1 — Gnt1 — Sn o dp (since P41 is projective). This
is equivalent to have f,11 — gn+1 = dg 0 Spt1 + sp 0 dp.

Now we define s to be s,, when s is restricted to P,,. Then we have that

f—g=dgos+sodp.

16



1.5 Tensor Products and Algebras

Definition 1.5.1. - Tensor product. Let V and W be two R-modules
and define

TV x W] := {Zn:)\k(v,w) | Ak € R, (v,w) €V x W}.
k=1

Let S C T[V xW] be a subset containing all possible combination of elements
of the form

v+, w) — (v,w) — (W, w), (v,w+w) - (v,w)— (v,w)

A(an) - ()"an)7 )‘(va) - (U,)\’UJ)
where v,v' € V, w,w' € W, A€ R
The tensor product of V' and W is defined as the quotient space T'[V x W]/S
and denoted by V@r W or V@ W if it is clear from the context that V' and
W are R-modules.

The image of an element of (v,w) € T[V x W] under the projection from
TV x W] toV ®W, is denoted by v ® w.

Definition 1.5.2. If M and N are two R-modules and f : M — M’ and
g : N — N’ are homomorphisms of modules, then f®g: M N — M'®@ N’
is defined by the map m ® n — f(m) ® g(n). It is easy to check that this
map is a well-defined homomorphism.

Definition 1.5.3. - Associative algebras. A module, A, equipped with
homomorphism g, with following properties

p:A®A— A

a1 ® ag — ajas
where (ajaz)as = ay(agas),

is called an associative algebra.
Remark. If we let u define a multiplication on A then A becomes a ring.

Definition 1.5.4. - Tor. Let P be a projective resolution of an R-module
M. Then for any R-module N we define following associated complex
P N @R B, T NP N @ Py — 0

which we denote by N ®pg P.

17



Tor®(M, N) is defined to be the homology of the complex above, i.e.
Torf(M,N) = H,(N ®g P).

Remark. Observe that the resolution P is not specified in the definition of
Tor, but it is still well defined due to next proposition.

Proposition 1.5.5. TorZ(M,N) is independent of the choice of projec-
tive resolution of M.

Proof. Let P and @ be two different projective resolutions of M. We have
according to Theorem 1.4.10. that there exists homomorphisms f: P — @
and g : Q — P with |f| = |g| = 0.

According to Theorem 1.4.11. go f : P — P is homotopic to idp (the
identity function on P).

This means that there exists a homomorphism sp : P, — P,41 (i.e.
|s| = 1) such that

idy —go f=dposp+spodp (3)

Obviously idy ® idp and idy ® (g o f) are homomorphisms homogeneous of
degree 0 on N ® P. Now tensoring equation (3) with idy from left yields

idN®p —idy ® (g o f) = dN®p o (idN X Sp) + (idN X Sp) o dN®P (4)
where dygp is the the differential idy ® dp of N ® P.
From (4) we get that idygp and idy ® (g o f) are homotopic.

This means that
H(idy @ (go f)) = H(idngp) (5)

according to Theorem 1.3.2..

The equalities below (which follows easily from defintion of tensor product
and Proposition 1.2.1.)

H(idy ® (go f)) = H(idy ® g) o H(idy ® f)
and

H(idngp) = idp(Nep)
implies together with (5) that

Now since fog: @ — @ (distinct between g o f and f o g) we can in an
analogous way as above derive
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From (6) and (7) we can conclude that H(idy ® f) and H (idy ® g) are each
others inverses, meaning that H(idy ® f) (and H(idy ® g)) is injective and
surjective. Hence H(f ® idy) is an ismomorphism H(P® N) — H(Q ® N)
implying H(P® N) = H(Q ® N). O

1.6 Ext

Lemma 1.6.1. For any R-modules M and N, Hom(M, N) is also an R-
module (Hom(M, N) defined in Definition 1.1.4.)

Proof. It is obvious that (Hom(M, N),+) satisfies all group axioms (clo-
sure, associativity, existence of an (additive) identity, existence of (additive)
inverses). The R-module structure of Hom(M, N) is given by the map

R x Hom(M, N) — Hom(M, N)

(A, ) = Ao

Obviously this structure satisfies all module axioms. O

Definition 1.6.2. For any R-module N and any homomorphism of R-
modules f : M — M’ induces a homomorphism f* : Hom(M',N) —
Hom(M, N) given by the map ¢ — ¢ o f.

Propotion 1.6.3 If (C,d) is a chain complex with R-module structure, and
M is any R-module, then

LN Hom(Cy,—1, N) &, Hom(C,, N) &, Hom(Cl 41, N) &

s a cochain complex.

Proof. We want to prove that (d*)? = 0. Pick ¢ € Hom(C, N) arbitrary.
Then

(d*)*(¢) = (d" 0 d*)(¢) = (¢od) od = o (dod) = 0.
(]

Definition 1.6.4. - Ext. Let M be an R-module and (P,d) be a pro-
jective resolution of M. For any R-module N we have following associated
complex

0 — Hom(Py, N) -5 Hom(Py, N) %5 -+
with Hom(P, N) in position 0. This complex is denoted by Hom(P, N).
Ext®(M, N) is defined to be the homology of the complex above, i.e.
Extl(M,N) = H,(Hom(P, N)).
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Proposition 1.6.5. Ext(M, N) is independent of choice of projective res-
olution of M.

Proof. The proof is almost identical to the proof of Proposition 1.5.4.
The main difference is that instead of tensoring

id, —gof=dposp+spodp
with idy, we take their induced maps defined in Definition 1.6.2 and get
iy~ [* o g" = spodp +dpo s

(observe that (g o f)* is given by f* o g*). Continuing as in the proof of
Proposition 1.5.4. we get that H(f*) and H(g*) are each others inverses
implying that

H(f*): HHom(Q,N)) — H(Hom(P, N))

is an isomorphism, proving that H(Hom(Q, N)) = H(Hom(P, N)). O
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2 Hochschild Homology and Cohomology

In this section we will study Hochschild (co)chain complexes and their
(co)homology. To distincit between Hochschild homolohy and cohomology,
the Hochschild chain complexes and homology is denoted by C4 respective
H, and are indexed in the lower right side, while the Hochschild cochain
complexes and cohomology is denoted by C*® respective H® and are indexed
in the upper right side.

We will during all this section consider non-negative complexes, i.e. com-
plexes with the trivial module, denoted by 0, in all negative positions.

2.1 Hochschild Homology

Definition 2.1.1. - A°P, the opposite algebra of A. If A is an algebra
with p defining its multiplication, then A°P contains the same elements as
A but equipped with a multiplication given by a1 *op az = (a1, a2) =
ulaz,ar) = aza;.

Definition 2.1.2 - Bimodules over algebras. If A is an algebra and
M is an A-module from both right and left side, satisfying a(ma’) = (am)d’
where a,a’ € A, m € M, then M is called a bimodule over A.

A bimodule over A can also be considered as a right module over
A® = A® A% via m(a®d') = a'ma (where a®@ a’ € A°, m € M).

Definition 2.1.3 - Co¢(A, M) and the Hochschild Boundary. Let

A be an algebra and M a bimodule over A. Consider the non-negatively
o

Z-graded module Co(A, M) = @ (M ® A®"), where M ® A®? is defined

n=0
to be M. The Hochschild boundary b : Ce(A, M) — C¢(A, M) is a ho-
momorphism homogeneous of degree —1, with b,, the Hochschild boundary
restricted to Cy, (A, b), defined as follows:

bp : Cp(A, M) — Cp—1(A, M), ¥Yn>1

n—1
MR- Qay — (MR - Ran)+ Y (—1) (MR @ - ®a;ai11®- - -Ray)
i=1
+(_1)n(anm ®a Q- & anfl)-
We can express b, in a more compressed way if we define the maps
dp, : Co(A, M) — Ch—1(A, M), i =0,1,2,...,n, where

ne(MRa; @ Ray) :=mag @ag ® -+ Q a,

d
dp,(MR®a1 @ ®ay) =mMRa Q- ®a;ai+1 Q- -®a, forl<i<n-—1
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dp, (MR Q- Rap) =a,mRa; -+ Q ap_1

n—1 .

If we let b, = > (—1)'dy, (the sum goes only up to n — 1), obviously
i=0

by, = b, + (=1)"d,,, .

Proposition 2.1.4. The maps V' and b defined in Definition 2.1.3. are
differentials, i.e. b/ o/ =bob=0.

Proof. For b we have that

bp—10b, = Z (—1)i+jd(n,1)j o dni
0<i<n
0<j<n—1

We divide this sum into two sums, S; + So where

S1 = Z d(n—1); © dn,

0<j<i<n

So 1= Z d(n—1);_, © dn,

0<i<j<n-—1

Now for any summand (—1)i*J d(n—1); © dn, in Sy cancels out with the sum-
mand (—1)i+j—1d(n,1)1,71 ody, in Sz. The correspondence between the sum-
mands in S7 and their outcancelling summands in Ss is 1 — 1, and since both
sums have the same number of elements (14+2+...4+n = (n+1)n/2 elements),
every summand in Sy has also a corresponding outcancelling summand in
S1. This proves that b,—1 o b, = 0 or more generally bo b = 0 (since n was
choosen arbitrary).

The proof of b’ o b/ = 0 can be constructed in a similar way. O

Corollary/Definition 2.1.5. - Hochschild Chain Complex and Ho-
mology. (Ce(A, M),b) is a chain complex (corollary of Proposition 2.1.4.),
called the Hochschild chain complex of A with coefficients in M.

Mo A L gAY e A M — 0

An illustrative diagram of Ce(A, M).

The homology of a Hoschschild chain complex is called Hochschild homology
denoted by He(A, M).

Definition 2.1.6. - The bar complex C"®'. Let A be an algebra and ¥’
is defined as in Definition 2.1.3. Then the bar complex C'(A) is given by

Char(A) LY e VY @2
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Proposition 2.1.7. Let C be an arbitrary complex with the differential
d. If there exists a homomorphism s : C — C' such that

dos+sod=1idc (8)

then the C is exact.

Proof. It is obvious that Im d C Ker d since dod = 0 (one of the conditions
of the differential). We want to show that (8) implies Ker d C Im d .

Pick ¢ € Ker d arbitrary. Then
d(s(c)) + s(d(c)) =ido(c) =c <= d(s(c)) =c
—~—~
=0
— celmd.
O

Proposition 2.1.8. If A is unital, then C**(A) is a resolution of A (the
map from A®? to A is also given by b').

Proof. We want to prove that
CPypen M Y ge Ya

is an exact sequence.
In order to do that we have to prove that A®? surjects on A under b’ (since
all of A is mapped to 0), and then prove that Im b’ = Ker b'.

b restricted to A®? is obviosly given by the map a ® @’ — aa’. For any
element a € A we have that b'(1 ® a) = la = a proving the that A®? sur-
jects on A under b'.

Consider s,, : CP(A) — CP¥, (A), where s,(a1®...®0a,) = 11 ®- - - ®ay.

n

Now consider s 0 b’ 4V o s restricted to C?**(A). This is

|
—

n

Sp—1© b; + b'lrz—i-l O 8p = (71)i8n71 ° dnl + Z(*l)zd(n—i-l)z O Sp-
=0

n

I
o

It is easy to check that the £’th summand in the first sum cancels out with
the (k + 1)’th summand in the second sum. The only summand that does
not cancels out is d(, 1), © sp in the second sum.
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Obviously d,41), © sn = ichar(A). Hence sob+bos = idgvar(4) implying
that Im & = Ker b’ according to Proposition 2.1.7. O

Proposition 2.1.9. Let M be a bimodule over a unital algebra A (or equiv-
alently, M is a right A°-module) and consider A®™ as a left-side A®-module,
given by (a®ad)(a1 @+ - ®ap) = a1 ®ag® -+ @ ap—1 Qapa’. Then we have
follwing isomorphism:

M ® Ae A®n+2 ~ N ®r A®n

Proof. Every nonzero element m ® e (a1 ®@ - - - @ apy1) € M @ e A" 2 can
be decomposed in following way:

m®ge (A1 @ @ apt1) =M Rae [(01 ®apt2) (1R a2 ® - @apt1 ®1)] =

=m(a] @ apni2) R4 [1 Qa2 ® - R apy ® 1] =

= Upioma] Qe [1 R a2 ® -+ @ apy1 ® 1]

Now we define the map f : M ®4c A®"T2 & M @ A®" by
ant2mal ®ge [l @ az @ -+ @ any1 @ 1] = anyomar ® a2 @ -+ ® ant1

This map is an isomorphism since it is obviously surjective (m®b; ®---®b,
is the image of m®4e (1061 ®---®b, ®1)) and injective (the kernel contains
just the zero). O

Theorem 2.1.10. If A is a unital algebra and projective as an R-module,
then for any A°-module M we have that

H(A, M) = Tor" (A, M)

where H(A, M) is the homology of the Hochschild complex C(A, M), called
the Hochschild homology.

Proof. If A is R-projective then A®™ is R-projective. From that it follows
that A®"*2 is A°-projective, since for any homomorphism of A°-modules
¢ A®"2 5 M| we have that

Pla1 ® - Dapi2) =a1 - (1@ a2 @ - @ apg1 @ 1) - apyo.

But ¢(1 ® by ® -+ ® b, ® 1) where the b;:s run over all possible values is
given by a homomorphism of R-modules f : A®™ — M, and from this the
projectivity follows.

So from above we conclude that C*(A) is a projective resolution of A
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as an A°-module since A is assumed to be R-projective. Tensoring this
projective resolution with M results in following complex:

idp Qb id p QY id QY
SR M @ pe AT S LMET M @40 AB2— 0 (9)

According to Proposition 2.1.9. we have that M ® e A®"2 22 M @p A9",
Hence, due to isomorphism, the map

idp @ blyyg: M @ e A2 5 M @ g0 A

induces a map M @r A®™ — M@ A®"~1, given by fr110(idy @bl )0 f; !
where f is the isomorphism defined in Proposition 2.1.9. (the diagram below
may explain how to derive this map).

M @ pe ABTH2 idp QY ® 40 AOTHL
ngl lfn+1
M®R A®n M®R A®n—1

We have
filmeoa®  ®a,) =mea (10a1 @ ®a, ®1).
Hence

(idp @b, 1 9)o0 fr, (MA@ - -@an) = (idpr®by, o) (MR (1001 ®- - -®a,@1)) =

n—1
=m@ae (1@ - ®an@1)+ ) (~1)'m@ae (1®a1 -+ @011 @+ @, D 1)+
=1

i
+(=1)"m @4 (1®@aj- - R ap).

Hence
fas10(idy @b, )0 frl(mRa1 ®-+ ®ay) = (Ma1 ®as ®@ -+ @ an)+
n—1 '
Y (D) (mRa @ ®aa @ ®an) + (—1)(aam Qa1 Q- D ap1)
i=1
:bn(m®al ®®Cbn)
From the calculations above we see that idys @ b induces the Hochschild
boundary b. Thus the complex in (9) and the Hochschild complex (see
Corollary/Definition 2.1.5.) are isomorphic, and hence also their homology.

But the homology of the complex in (9) is exactly Tor4°(A, M), and the
theorem follows. O
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2.2 Hochschild Cochain Cohomology

Definition 2.2.1. - Hochschild Coboundary. For any R-algebra A and
any A-bimodule M, consider the Z-graded module
C*(A,B) = @ Hom(A®", M),
n=0
where C%(A4, M) = Hom(A®% M) is defined to be M. The Hochschild
coboundary 5 : C*(A, M) — C*(A, M) is a homomorphism of degree 1 with
Bn, the Hochschild coboundary restricted to Cn(A, M), defined as follows:

By - Hom(A®", M) — Hom(A®" 1 M)

¢ Bno
with

(Bn®)(1®- - -®an11) = a1¢(az®- - '®an+1)+2(—1)i¢(a1®' - ®i0i41® - ®p41)

i=1

+(=1)""p(a1 ® - ® an)ani

Proposition 2.2.2. (8 is a differential.
Proof. The proof is very similar to the proof of Proposition 2.1.4. O

Definition 2.2.3. - Hochschild Cochain Complex and Cohomology.
Since the Hochschild coboundary § is a differential (Proposition 2.2.2.), we
have that (C*(A, M), 3) is a cochain complex called the Hochschild cochain
complex of A with coefficients in M, and its cohomology is called Hochschild
cohomology denoted by H®(A, M).

0 — M - Hom(A, M) -2 Hom(4%2, M) 25 ...

An illustrative diagram of C*(A, M).

Example 2.2.4 We have that

_ Kerg g {meM|am—-ma=0,VacA}
Im,1B {0}

={meM|am—ma=0, Va € A}.

HY(A, M))

We see that H(C*(A, M)) is the set of all elements in M that commutes
with all elements in A.
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We have also K 5
1 _ erl o
H'(4,00) = o =
_ {¢ € Hom(A, M) | a1¢(a2) — ¢(araz) + ¢(ar)az = 0, Yai,ap € A}
{am —ma | ac A,me M} '

Theorem 2.2.5 If A is a unital and projective algebra then

H*(A, M) = Ext’™ (A, M).

Proof. Every A°-homomorphism ¢ : A2 — M is uniquely determined
by an R-homomorphism f : A®™ — M where f is given by the equality
Pa1® - Rapt2) = a1f(aa® -+ ® apt1)ant2. By the same equality we can
also show the converse, namely that every R-homomorphism f : A®™ — M
is uniquely determined by some A°-homomorphism ¢ : A¥"*+2 — M. This
proves an isomorphism

Hom ge (A®" 12 M) = Homp(A®", M) (10)

Moreover, if A is unital, we have that f(b1®...®b,) = ¢(1Qb® - @b, ®1),
implying that R-homomorphisms can always be expressed in terms of A°-
homomorphisms and vice versa.

The Hochschild coboundary § induces due to (10) a corresponding map
7 : Hom e (A®"+2 M) — Hom ge (A®™F3, M).

Now pick ¢ € Homae(A®"+2 M) arbitrary and let 1 := ~(¢). Accord-
ing to above ¢ and 1 are given by R-homomorphisms f and g respectively,
where g = (f). Hence

P(a1® ... @ ant3) = a19(02 ® ... @ any2)ants = a1[B(f)(a2 ® ... @ any2)]ant3

n+2
=a [azf(ag ® - ® any2) + Z(—I)Z_l(az @ ®aiai41 ® - ® any2)+
1=2
+(_1)n+1f(a2 R ® an+1)an+2:| Onts =

n+2
= ¢<a1a2 ®az3® -+ @ ants + Z(—l)z_l(m ® - ® i1 @ @ any3)
i—2

+f(a1®-- '®an+1®an+2an+3)> = ¢ob/ (1@ - -Qany3) = 0" (¢)(a1®- - -®any3).
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We see that the induced map v is the map b* where ¥ is the map defined
in Definition 2.1.3. and 0™ is the induced map between Hom-groups defined
in Definition 1.6.2..

Hence C*(A, M) = Hom(CP2*(A), M). If, moreover, A is projective C2(A)
is projective resolution, implying

H*(A, M) = H(Hom(C"*(A), M)) = Ext*" (A, M).

2.3 Hochschild (co)homology of R[z]/(z?).

Let A := R[z]/(2?) be an algebra over R with multiplication defined in the
natural way. We want to find the Hochschild homology He(A, A), and co-
homology H®(A, A).

To do that we want to find a projective A°-resolution of A so we can apply
Theorem 2.1.10. and Theorem 2.2.5. on it.

We start with considering the diagram
Py 2ep I p LA 0 (11)
where all P, = A® A and
flla+bx) ® (c+dx)] := (a + bx)(c + dz) = ac+ (ad + bc)x
and

axr @ cx if ¢ odd
gilla+br)@(ctdr)] = { ar @ cx+ (a+bx)®cxr + ar ® (c+dzx) if i even
It is obvious that f is surjective. It is also clear that Ker f = Im ¢; and
that Ker ¢g; = Im ¢;41 for all ¢ > 1.

Hence the diagram in (11) is exact, so (P, g) is a resolution of A as an
AC€-module. To show that this resolution is projective we have to show that
P, = A® A is a projective A°~-module. We have that A ® AP = A° is
a free A°-module according to Lemma 1.4.2.. Since multiplication in A is
commutative, AQ A =A® A% so A® A is also a free A°-module and hence
also a projective A°-module (according to Lemma 1.4.5.).

R Yy (12)

An illustrative diagram of the projective resolution of A.
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Hg(A, A).

According to Theorem 2.1.10. we can compute Ho(A, A) by computing
Tor4 (A, A). In order to that, we’re considering the associated chain com-
plex of the projective resolution in (12):

---idﬁgg ARpe Py idﬁgQ AR e Py idﬁgl ARpe P — 0

We have according to Proposition 2.1.9. that A®ge P = A®4c (A® A) as
an A°-module is isomorphic to A as an R-module.
Hence the associated chain complex above is isomorphic to

SN RN R LN RN (13)

where g; : A — A is the map induced by id4 ® g;, given by

fo(ida®g;)o f~! where f is the function defined in Proposition 2.1.9. (for
motivation see proof of Theorem 2.1.10.).

Hence

0 if ¢ odd

Gi(a+bx) = fo(idya®g)of Ha+bxr)= { 2ax if i even.

This results in following equalities

Ker jqignfl =A and Im ggnfl =0, Vne Zzl (14)
Ker go, = {bx € A} and Im go, = {2az € A}, Vn € Z>;.

Now we are ready to calculate Hq(A, A) by calculating the homology of (13).

A (14 A
Ker 2,1 (14) A
Im ggnfz N {2&1’ € A}

Hypq = ={aeR} =R, foralln>1

Ker §2n (174) {b.’L‘ € A}

Ho, = —
n Im gon—1 {0}

={brec A} ={beR}=R, foralln>1

Hence we have found He(A, A) completely.

H*(A,A).

According to Theorem 2.2.5. we can compute H®(A, A) by computing
ExtA°(A,A). In order to that, we're considering the associated cochain
complex of the projective resolution in (12):

*

0 — Home (Po, A) 5 Homae (P1, A) 25 Hom e (Py, A) 25 ...
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We have according to (10) (in proof of Theorem 2.2.5) that
Hom ge(P;, A) = Hom e (A ® A, A) = Homp(A®°, A) = A.
Hence the associated cochain complex above is isomorphic to
0— ATy 4 B4 %, (15)
where g7 is the map induced by g;.

Now due to the isomorphism in (10), any element a + bx € A has a cor-
responding element ¢ € Hom4e(A%?, A) where ¢(1 ® 1) = a + bz. Ob-
viously g (@) = ¢ o g; € Homae(A®?, A) is the corresponding element of
g (a+bx) € A. Hence for all n € Z>1 we have

Tr(ab2) = (pogam 1)(101) = $(z®) = 2618 1) = 2(a-+bz)r = 0
and

Gop(a+bz) = (p0gon)(1®1) =2x(a+bx)x+ (a+br)r+ z(a+ bx) = 2ax.

This results in

Ker g5, = {bxr € A} and Im g5, = {2ax € A}, Vn € Z>;. (16)

Now we are ready to calculate H®*(A, A) by calculating the homology of (15).

Ker g7 (16) A

HO(A,A) = ——=A
{0} {0}
K %
gt = K gy, 0 e €A} b R foralln>1
Im 9on—1 {0}
Ker g5, .1 (16) A
H?" = ntl A= ={brec AV ={bcR} =R, foralln>1.
Im g5, Dareay  wreAr={eR}=R, foralln=

Hence we have found H®(A, A) completely and also derived Ho(A, A) =
H*(A,A).

Another attempt to calculate Hq(A, A).
Theorem 2.3.1. For any unital R-algebra A, let A:= A/(R-1)

(R -1 is the set of all elements in A which can be expressed as A1 for some
A € R). Then we have following equivalence of Hochschild homologies:

Ho(A, M) = Hy(A, M).
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The proof of this theorem requires knowledge over the level of this essay,
so we’re omitting the proof. Yet, we will use it to find He(A, A) where
A = R[z]/{x?) by calculating He(A, A), i.e. the homology of

o A A Y A9 A% Y A9 A2 A0
where A = A/(R-1)={kx € A | k € R}.
Now for any element in A ® A®™ we have the following equality:
(m+kz)®kiz @k @+ @ kpr = (kika - kn(m+k2)) Q2@ -+ @ .

Hence any element in A ® A®™ can be expressed as (m +kz) @z ® -+ @ .

Now consider

bn[(m-l-kx)@x@ﬂ:@-“@x] =((m+kr)r)@zr®- - Qx+

n—1
+> (-)(m+kr)Rr@- @@ @1t
=1

+H(=D"z(m+kz) Q2z® - Q.

It is obvious that it is only possible for the first and the last term to be
non-zero in the expression above (the rest of terms are tensor products of
elements including x - 2 = 22 = 0, making the whole element zero).

Hence

bp[(m+kr)@2r@r® @1 =ma@r® - @r+(-1)"mr@r®- - @ .
From this we can see that
Im by,_1 =0 and Ker an_1:A®A®2n71, VnEZZl

Im by, = A®?" and Ker by, = A®*"™ (ie. m=0), Vn € Z>;

Hence 4 4
Hy(AA)= — = - =
— Ker byy,—1 AR A®2n—1
Hon_1(A, A) = _ A9
2 1( ) Im b9y, o A®2n

AQA®2n—1

For any equivalence class [(m + kz) ® 2 ® - - - ® 2] € “=455;— we have that

[(m+kr)Rr®- - Q] = [ MR- -Qr|+kr@r®--- ®xl: MmMRr®- - Q]

_ vV
€A®2n 50 =0
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Hence every equivalence class in Ha,_1(A, A) is given by a unique real num-
ber m, and vice versa. Thus Ha,_1(A, A) = R, for all positive integers n.
Now consider

Ker b2n _ A®2n+1
Im bgnfl {0}

Han(A, A) = _ ot

Any element in A®?"*1! is on the form
iz @ Qkopr1iz =k ko112 Q@rQ® - Qr=mrRQr® - Q.

Hence every element in A%?"+1 is given by a unique real number m and vice
versa. Hence Ha,(A, A) = R, for all positive integers n.

We have thus determined H,(A, A) completely which equals He(A, A) ac-
cording to Theorem 2.3.1..

Remark. Note that if we would calculate the Hochschild (co)homology
out of its definition, without using Theorem 2.1.10 (or Theorem 2.3.1.) and
Theorem 2.2.5., the task would be much harder. Take for example

Ker(b: A® A — A)
Hi(A,A) =
14, 4) Im(b: A® A®2 5 A® A)

where
Im(b: ARA®? = ARA) = {(ac+(ad+bc)z)(e+ fr)—(a+br)@(ce+(de+cf)x)+

+(ea+ (fa+eb)z) ® (c+dx) | a,b,c,d,e, f € R}.
This set is very hard to interpret, which make it hard to calculate Hi (A, A).
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