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Abstract

In this paper, we present the theory for Fenchel-Lagrange duality and then use this to look
at some nonconvex optimization problems. Specifically, we consider an optimization problem
with DC objective functions and DC inequality constraints, a few fractional programming
problems and a DC programming problem containing a composition with a linear continuous
operator. The various primal problems considered are convexified and given Fenchel-Lagrange
type dual problems as well as constraint qualifications for strong duality. Later, these results
are reformulated into Farkas-type theorems to give a concise presentation of the relationship
of each primal problem to its dual problem.

ii






1 Introduction

In recent years, many new optimization methods and techniques have arisen from the need to
consider various real-world problems that cannot be solved through convex programming alone.
As a part of this trend, many authors have begun expanding beyond convex optimization problems
to DC programming. These problems, which will be elaborated on in Section 5, have functions
which are written as difference of convex, or DC, functions. The many advantages of DC functions
allow for a wider range of application. Being nonconvex, DC optimization problems cover many
types of real-world problems. In fact, the set of DC functions defined on a compact convex set X
of R™ is dense in the set of continuous functions on X. So in theory, every continuous function can
be closely approximated by a DC function. Furthermore, the special structure of having a positive
and a negative convex function allows us to use many tools of convex analysis when studying DC
programming.

The focus of this paper is the use of Fenchel-Lagrange duality to find dual problems to some
DC programming problems and, through the results for the DC optimization problems, fractional
programming problems as well. The framework for Fenchel-Lagrange duality is given in Section 4,
in the context of convex optimization. Fenchel-Lagrange duality, a theory combining the Lagrange
dual with the Fenchel dual, was developed by Bot, Grad and Wanka in [7] as a response to
Geometric Duality. Using less convoluted methods, they generalized the results of Geometric
duality in convex optimization. When applied to DC programming in [6], they look at the problem

P, inf ) — h(zx
(Poc)  inf_ {g(o) = ha)}
i=1,....m,z€X

where g,h : R® = R, g;,h; : R® = R,i = 1,...,m are proper and convex functions, and X is a
nonempty convex subset of R". By convexifying this primal problem, they are able to take the
Fenchel-Lagrange dual of a sub problem, leading to a dual problem for (Pp¢). This method will
be described in Section 6.

Other DC programming and fractional programming problems we are interested in will also be
discussed in Section 6. These include problems done by various author as well as my own work.
Specifically, my addition to the body of literature is an evaluation of the fractional programming

problem
Pp inf {L(I) }
(Frr,) gi(@)—hi(2)<0 | h(z)
i=1, ex

where X C R” is nonempty and convex, g : R® — R is proper and convex, h : R® — R is
concave such that —h is proper and lower semicontinuous over the feasible set of the problem, and
gishi : R" = R for i = 1,...,m, are proper and convex functions. This is an extension of the work
done in [5]. Furthermore, the problems of part 6.4 are independently developed in this paper via
the methods of [6]. To the primal problem

P, inf ) — ga(x) + h1(Azx) — ho(Ax
(Pa) ,f#w)*wiﬁeg({gl( ) — 92() + hi(Az) — ho(Az)}

where g1, g2, h1, ha, i, 1; : R* = R, for i = 1,...,m, are proper convex functions and A € R™**"
is a linear continuous operator we find the dual problem

inf  sup {—(gi+h1 0 A)*(p+ 2" + ATy") + g3 (z") + h3(y")
z"€dom(g3) peR™
y*€dom(hl) ¢>0

S ]_[ dom ()
i=1

(Da)

- (Z Qi¢i> ( qiz; —P> + ZQN/):(ZZ*)}
i=1 x \i=1 i=1



and also give conditions for strong duality. The case where ¢; = 0 is also considered.

As mentioned, we will evaluate these problems using the theory of Fenchel-Lagrange duality.
After finding duals to the problems, the remainder of the paper will look at some Farkas-type
results in regards to Fenchel-Lagrange duality in general and how this may be applied to the
problems of Section 6.

Before diving into the DC programming problems, we must present some preliminary infor-
mation. Here we give some basic definitions, notation and concepts well known in the field of
optimization and convex analysis. They are given out of necessity in order to develop the work in
this text clearly. Beginning with some notation, throughout this paper the interior and relative
interior of a set X will be denoted by int(X) and ri(X) respectively. Given two vectors in R™,
z=(21,...,7,)T and y = (y1,...,yn)7, the usual inner product is denoted by

n

T

ry= E TiYi
i=1

For a function f, the epigraph of f is denoted epi(f). Let f : R® — R be a given function, where
R = RU {4oc} is called the extended real line. Supposing a function f is convex, the effective
domain of f will be denoted dom(f) = {z € R™| f(z) < +oo}. Furthermore, a convex function
f is called proper if the effective domain is nonempty and if for all z € R™, f(z) > —oco. If f is
concave, then the effective domain is dom(f) = {z € R™| f(z) > —oo} and it is called proper if
—f is proper as a convex function.

Some more basic optimization theory must be given before working directly with the main
problems. The next two sections will therefore deal with two well know optimization dual theories:
Lagrange duality and Fenchel duality. With these dual problems, we can define the Fenchel-
Lagrange dual which will be used to tackle various DC programming problems in Section 6. We
begin with Lagrange duality.



2 Lagrange Duality

A well known method in optimization is to analyze a given problem, called the primal problem, via
an associated dual problem. One such dual is the Lagrange dual problem, for which the framework
is briefly discussed in this section. To this end, consider a convex optimization problem,

Az=b,zeX

where A is an [ x n matrix, b € R!, X is convex, f : R® — R is convex, and g; : R” — R are convex
functions for i = 1,..., m. From (P¢) we can define the following equation, with  : R™ x R! — R,

m l
0(q.p) = 1nf {f(x) + D _aqigi() + D _pihi(x)}
i=1 i=1

called the Lagrangian dual function, where ¢ € R™, p € RY, and h;(z) is the ith component of
Az — b. The Lagrange dual problem is defined as

m l
(De,)  sup inf {f(@) + 3 qus(e) + X pii())
i=1 i=1

q>0 €

or simply by
(Dew)  sup{f(a,p)}
a>

where by ¢ > 0 we mean ¢ = (q1,...,¢n) and ¢; > 0 for ¢ = 1,...,m. This notation will be used
throughout the paper.

It is natural at this point to wonder at the nature of the relationship between (P¢) and (D¢, ).
First, for a problem (P), the optimal value is denoted by v(P). Therefore, v(P¢) and v(D¢, ) are
the optimal values for (P¢) and (D¢, ) respectively. That is,

v(Pc) = inf {f(z)} and  w(Dc,) =sup{6(q,p)}
91(1“”>S,0 ¢>0
Arbiex

Returning to the relationship between the dual and primal problems, it is always true that
v(Pc) > v(Dg¢, ). This is know as weak duality. A weak duality theorem for Lagrange duality can
be found in most (if not all) optimization books, such as [1], [2], and [8].

While this information is useful, the next step is to determine when this inequality becomes
an equality, i.e. when v(Pg) = v(Dg, ). This is know as strong duality. To attain strong duality
between the primal problem v(P¢) and its Lagrange dual problem v(D¢, ), we define a constraint
qualification (CQ) known as Slater’s condition: there exists an 2’ € ri(D), where

D= ﬁl(dom(gi)) N dom(f) N X

such that g;(2’) <0, for i =1,...,m, and Az’ = b.

Slater’s condition can be refined by distinguishing the constraint functions g; which are affine.
Define sets L := {i € {1,...,m}|g; : R® — R is an affine function} and N := {1,...,m} \ L.
Then the refined Slater’s condition is that 32’ € ri(D) such that Az’ = b, g;(2’) <0 for ¢ € L, and
gi(z') < 0 for i € N. Notice that the only difference is that the affine functions g; are no longer
strictly less than 0 at z’.

Theorem 2.2 states that both Slater’s condition and the refined CQ imply strong duality
between the primal optimization problem and its Lagrange dual. Before this can be proven,
however, we need what is known as the separating hyperplane theorem:



Theorem 2.1. Let A and B be two nonempty convex sets in R™ such that AN B = . Then
there exist & € R and u # 0 in R™ such that

WTr<aVzeA and wTz>a,VeeB
In other words, there exists a hyperplane H = {x |u”x = a} that separates sets A and B.

Now we present a strong duality theorem for the Lagrange dual problem. The proof will be
for the refinement, as that is what will be used later in the paper. For the original version of the
proof, which only proves strong duality under the unrefined Slater’s condition, see [8].

Theorem 2.2. Suppose Slater’s condition (or its refinement) holds. Then there is strong duality
between (Pc) and its Lagrange dual problem (D¢, ). Furthermore, the dual optimal value is
attained when v(D¢,) > —o0.

Proof. Suppose, by Slater’s condition, that there exists &’ € ri(D) such that ¢;(z’) < 0, for i = N,
gi(z') <0 fori € L, and Az’ = b, where D, L and N are defined above. Consider the functions
gi(x) for ¢ = 1,...,m. We order these, so that we create two categories, one group where the
function is zero at x’ and the rest in the other group. Thus, we have g;(z') =0 fori =1,...,k
where k < m, which are only affine functions, and g;(z’) < 0 for ¢ = k + 1,...,m, which may
include some affine functions. Since g;(z),7 = 1,...,k are affine, we can lump them into the
matrix A without changing the set of feasible points. Thus the equality constraints look like this:

by
A :
by
air ... Qani ao1
Al .- Ank aok

Call this new matrix A and the vector on the right hand side b. For simplicity, we also assume
that the matrix A has rank I + k and that D has a nonempty interior so that int(D) = ri(D).
By Slater’s condition, v(Pg) < oo, since there is a feasible point in dom(f). Furthermore, if
v(Pg) = —o0, then by weak duality v(D¢, ) = —oo and hence strong duality holds. Therefore, we
consider the case where v(P¢) is finite.

Define two disjoint sets, S; and S3. First,

Sy = {(u,v,t) € R™"* x R** x R| 3z € D for which §(z) < u, h(z) = v, f(x) <t}

where by g(z) < u we mean that g;(z), i = k+1,...,m, is less than or equal to the components
of u = (u1,...,Um—k), and h(x) = v means that the ith component on A is equal to v; of
v=(v1,...,04k). Second,

Sy ={(0,0,5) e R™* x R""* x R|s < v(Pc)}

To use the separating hyperplane theorem we must show that S; and Sy are convex and do
not intersect. Starting with convexity, consider two points (u1,v1,t1), (uz, v2,t2) € S1. We want
to show that the line segment A(u1,v1,t1) + (1 — X)(ug, v2,t2) is contained in Sy for A € [0,1]. It
follows from how the set is defined, that for the two points in S, there exist 1, x5 € D such that
G(z1) < up, h(zy) = vy, f(21) <ty and §(x2) < ug, h(xy) = v, f(22) < to. By the convexity of g;
fori=k+1,...,m,

gAzy + (1= Na2) < Ag(x1) + (1 = A)g(@2) < Aug + (1 = Nuz
for X € [0,1]. Likewise, since f is convex,

FOz1 4+ (1= N)za) < Ay + (1= Nt



Finally,
A()\$1 + (1 — )\)I‘Q) — l; = )\(A.Tl) + (1 - )\)(sz) — l; = )\’Ul + (1 - )\)1}2 — l;

and iL()\xl + (1 — N)za) = Avg + (1 — Nva. Hence, Sy is convex. Similarly, for Sy, suppose
that (0,0,s1),(0,0,s2) € Sa. Then s; < v(Pc) and s2 < v(Pg). We want to show that for
A€ [0,1], As1 + (1 — N)sa < v(Pc). This is obviously true at the endpoints since for A = 0 we
have As; + (1 — A)sy = s and for A =1, As; + (1 — A)s2 = s1. So we consider A € (0,1). Then,

As1 < M(Pce) and (I=XNs2 < (1=MNv(Pe)

which implies,
As1+ (1= N)s2 < Aw(Pe) + (1 = ANv(Pe) = v(Pe)
proving that S5 is convex.

Next we must show that S;NSs = (). For a contradiction, suppose there is a (u, v, t) € S1NSs.
Since (u,v,t) € Sy, u = v = 0 and t < v(Pg). Moreover, since (u,v,t) = (0,0,t) € S1, there
must exist an z € D such that §(z) < 0,h(z) = 0, f(z) < t < v(Pg), and hence that g;(z) <
0,s=1,...,m,Ax = b, f(z) <t < v(Pg). This is impossible since v(P¢) is the optimal value of
the primal problem. Hence S; and S5 do not intersect. By Theorem 2.1, there exist o € R and
(u,v,7) # 0 such that

pTu+vTo 47t > a,V(u,v,t) € 5 (1)
and

pTu+vTo 4+ 7t < a,V(u,v,t) € Sy (2)
Equation (1) implies that g > 0 and 7 > 0, since otherwise uu + 7t would be unbounded from
below, contradicting (1). Equation (2) states that 7t < « for all ¢ < v(Pz) which implies that
70(Pe) < . Thus from (1) and (2), we have that for any = € D,

pFg(x) + v (Ax —b) + 7f(z) > a > Tv(Pe) (3)
Now we consider two cases; 7 > 0 and 7 = 0. First, consider the case where 7 = 0. Then (3)
becomes,

T5( T( A _ 1§
wog(z) +v (Az —0) >0
for all z € D. From Slater’s condition,
pg(x') >0

However, since 1 > 0 and §(z') < 0, we find that g = 0. Furthermore, the fact that (u,v,7) #0
and p = 7 = 0 implies that v # 0. From (3) we now have

VvI(Az —b) >0

for all z € D. However, from Slater’s condition, there exists 2’ € int(D) such that 7 (A2’ —b) = 0
which implies that there are points in D satisfying Z/T(/l:cfi)) < 0 unless ATy = 0. This contradicts
the assumption that the rank of Aisl+ k. By contradiction, we have shown that 7 # 0.

Let 7 > 0. Dividing (3) by 7 gives,

TWT4(x) + (A~ b) + f(@) > v(Po)

for all x € D. We can rewrite this by redistributing the affine functions which we added to the
equality constraints. If u = (u1,..., m—k), ¥ = (V1,..., Vi, V41, .., Vi+k), then define vectors
q:= %(,ul, oo ek Vig1y - s Vipk) and p := %(1/1, ...,1). The equation above becomes

q"g(x) + " (Az —b) + f(z) > v(Pc)

By taking the infimum over z it follows that v(D¢) > v(Pc¢, ). From weak equality then we have
that v(D¢) = v(Pc,), so that strong duality holds and the optimal value of the dual problem is
attained at (p, q). O



We will use Theorem 2.2 later in the paper to prove strong duality between a primal problem
and its Fenchel-Lagrange dual. This paper will deals with optimization problems that have only
inequality constraints, such as,

(P) inf {f(x)}

where the functions, f, g;,4 = 1,...,m are convex as usual. In this case, the Lagrange dual
problem of (P) is
m
D inf {f(z iJi
(Du)  sup inf {(x) + ; q:9:(x)}
where ¢ € R™. Indeed, weak duality still holds, as does strong duality under both Slater’s condition
and its refinement.

Next, we present another optimization theory known as Fenchel duality, sometimes called
conjugate duality.



3 Conjugate Duality

In order to discuss the theory of Fenchel Duality, we must first define the convex conjugate function.
Therefore the following section will give a brief introduction to conjugate and biconjugate functions
before introducing the Fenchel dual problem.

3.1 Conjugate Functions

Definition 3.1. Let X C R" be nonempty. The conjugate relative to the set X of a function
f:R"® > R, denoted f% : R" — R, is defined by

fi(@*) = sup{a*Te - f(2)} = — inf {f(z) — 2"}
z€X zeX
If X = R", then this becomes the classical conjugate of f, f* : R — R,

fr(@*) = sup{a*Tz - f(2)} = —inf{f(2) —2*Ta}

The definition is illustrated in the following figure:

R ()

Given a function f, for each value z* € R", the conjugate function of f, f*(z*) is the (signed)
point where the hyperplane, that has normal (—z*,1) and supports the epigraph of f, intercepts
the vertical axis. In other words, it is the maximum gap between the linear function z*7z and
f(z). To further understand conjugates, consider the following examples. First, take an easy
example where f : R — R is an affine function, f(z) = ax + 3, where a, § are real scalars. The
conjugate is

f*(") = sup{a*z — az — B} = sup{(+" — )} — 3

The supremum is unbounded except at z* = . Hence
* [k _/6 "=«
@) = .
400  otherwise

The next example will help in evaluating problems from 6.4. Let h be a convex function on
R" and define f(z) = h(A(z — @)) + zTa* + 8 where A is a one-to-one linear transformation from
R™ to R", o, * € R™, and 3 € R. Then, letting y = A(z — «), the conjugate is

@) = sgp{sz* ~ h(A(z — @) —2"a” — B}

= sgp{(z‘rly +a) z" —h(y) — (A 'y + )T — B}

sup{(471y)" (" — ") = ()} + 07 (a" — ") = 5

Sl;p{yTA**l(ﬂE* —a") = hy)}+al (@ —a) - p

— h*(A*fl(I* —Oé*)) +OéT(I* —Oé*) _ﬁ



where A* is the adjoint of A.
For the last example, consider the following definition:

Definition 3.2. Given X C R™, its indicator function, denoted dx : R™ — R is defined by,

6X(x):{0 reX

400 otherwise

The conjugate is easily calculated to be the function ox : R® — R,

ox(u) = sup u’z
zeX
This is known as the support function of the set X.

Note: The indicator function is a very important tool in optimization and will be used through-
out the paper. For instance, when used with conjugates, it becomes possible to switch between a
classical conjugate and a conjugate relative to a set. Let f : R* — R be a function and let X be
a nonempty subset of R™:

fx(@*) = sup{a™w — f(2)} = sup{a™Ta — f(z) — dx(2)} = (f +6x)*(z")
zeX z€R

A notable property of the conjugate is that it is always convex, whether or not the original
function itself is convex. This is due to f* being the pointwise supremum of a family of convex
functions. Because of this property, we sometimes distinguish between two conjugates, the convex
conjugate and the concave conjugate, denoted f, for a concave function f. The convex conjugate
is what we defined in Definition 3.1. The distinction then is simply that if f, is the concave
conjugate of f, — f, is the convex conjugate.

Another property of conjugate functions is known as the Young-Fenchel Inequality. For all
z,z* € R™, it holds that

@)+ (@) = 2*Ta

This inequality has many important consequences in optimization. A chief concern is how to
attain equality. To achieve this, we present an important definition that will be used later in the

paper.

Definition 3.3. Let f be a convex function. For an arbitrary x € R™ such that f(x) € R, the
subdifferential of the function f at x is the set

Of(z) = {z" €R" | f(y) — f(z) = (y — 2)Ta*, Yy € R"}
Furthermore, the function f is subdifferentiable at 2 € R™ with f(z) € R if df(x) # 0.

Applying Definition 3.3 to the Young-Fenchel Inequality gives an if and only if statement for
equality which will be referred to later in the paper (see Section 6). That is, if f(z) € R, then

f@)+ f (@) =aTe & o € 9f(x) (4)
One final property of conjugate functions is presented in the following lemma:

Lemma 3.1. Let fi,..., f, : R* = R be proper and convex functions such that _F\Llri(dom(fi))

i=
is not empty. Then,

QS (@) =mf{Y_ fi(a7);a" =Y ai}
i=1 i=1 i

and for each x* € R™ the infimum is attained.



This is a very useful lemma and will be needed later in the paper.

When discussing conjugate functions, a natural next step is to consider the conjugate of a
conjugate function, (f*)*. This is know as the biconjugate and is denoted simply by f**. Questions
arise regarding what it looks like in comparison to the original function, whether it is ever equal
to f. The remainder of this section gives a brief introduction to the biconjugate, starting with the
definition:

Definition 3.4. Given a function f : R™ — R, the biconjugate of f is
f**($**) — sup{x**Ta:* _ f*(I*)} — —1nf{f*(m*) _ LE**TJ)*}

In general the biconjugate does not equal f. Instead it is always true that f**(z) < f(z)
for any function f. Equality can hold given certain circumstances, seen in Lemma 3.2. Before
presenting this lemma, however, we need the following definition:

Definition 3.5. Let X be a topological space and consider the function f : X — R. If the set
F (o 00)) = {z € X | f(2) > o}

is open in X for all o € R, then f is said to be lower semicontinuous.

Using this definition, we have the following lemma:

Lemma 3.2. Let f: R™ — R be a proper function. Assume that f is also lower semicontinuous
and convex. Then f**(z) = f(z).

In fact, by the Fenchel Moreau theorem, f = f** if and only if the above assumptions hold,
or if either f = +00 or f = —oco. However, we will only be concerned with the case presented in
Lemma 3.2.

3.2 Fenchel Duality

As with Lagrange duality, Fenchel duality is about assigning a dual problem, called the Fenchel or
conjugate dual problem, to a primal problem. In this case we work in the context of the particular
problem:

(Pr) inf {f(z) —g(x)}

z€R™

where f : R® — R is a proper and convex function and g : R® — R is a proper and concave
function (so that —g is convex). Notice that this is still a convex optimization problem, since the
sum of two convex functions is itself convex. The Fenchel dual problem to (Pr) is

(Dr) mfggn{g*(x*) — f*(z")}

where g, is the concave conjugate of g and f* is the convex conjugate of f. Thus the objective
function of (Dp) is

g:(z") = f*(2*) = inf{z"Tz — g(2)} — sup{a™Tz — f(2)}

Given these two problems, do weak and strong duality hold? Weak duality is, in fact, always
true, i.e. v(Pr) > v(Dp). It follows directly from the Young-Fenchel Inequality. That is, since

f@)+ f(=z*) = 2Tz > g(x) + g.(z7)
we get that for all z,z* € R,
f(@) —g(z) = g« (") — f*(27)

The main theorem of this section, called Fenchel’s Duality Theorem, gives conditions for strong
duality between (Pr) and (Dp). It is presented in this paper as it is found in [12, p. 47]. To prove
it, however, requires to following results, found in [12]:



Lemma 3.3. For every convex function f, ri(epi(f)) = {(z,p) |z € ri(dom(f)), f(z) < p < co}.

Theorem 3.1. Let A and B be non-empty convex sets in R™. There exists a hyperplane H
separating A and B properly, i.e. not both A and B are contained in the hyperplane H, if and
only if ri(A) Nri(B) = 0.

Now we are ready to present the theorem for strong duality. It will be needed in the next
section for proving strong duality between the primal problem (P) and the dual problem (Dpy,),
called the Fenchel-Lagrange dual.

Theorem 3.2 (Fenchel’s Duality Theorem). Let f be a proper and convex function on R™ and ¢
be a proper and concave function on R™. Then

inf{/(a) — g(@)} = sup{g. (z") — /" (@")}

if one of the following conditions holds:

(a) ri(domf) Nri(domg) # 0

(b) f and g are closed and ri(domg,) Nri(domf*) # @

Under (a) the supremum is attained at some z*. Under (b) the infimum is attained at some
z. If both conditions are satisfied, then the infimum and supremum are necessarily finite.

Proof. We saw above that weak duality holds, that is v(Pr) > v(DFp).

If the infimum is —oo, then by weak duality the supremum is also —co. Thus suppose v(Pr)
is not —oo. Assume (a) holds. This implies that v(Pp) is finite. To show that v(Pr) = v(Dp)
and the supremum is attained, we only need to show that there exists a vector x* such that
g«(z*) — f*(z*) > v(Pg). To this end, let v(Pr) = « and consider the epigraphs

C={(z,p)]|zeR" peRu=>f(z)} and D={(z,p)|zeR" peR p<g()+a}
These are convex sets in R"*1. By Lemma 3.3,

1(0) = {(z, 1) | & € ri(dom(f)), f(x) < 1 < o0}

Since f(z) — g(z) > v(Pr) implies that f(x) > g(z) + o, we know that ri(C') N D = ). Thus, by
Theorem 3.1, there exists a hyperplane H in R**! which separates C' and D properly.

Suppose that H is vertical. Then its projection on R™ would be a hyperplane separating the
projections of C' and D properly. The projections of C and D are dom(f) and dom(g) respectively.
By the assumption (a), however, these cannot be separated properly. Thus by contradiction H is
not vertical. This implies that H is the graph of an affine function h(z) = 272* — 3. From this
we have that

f(x) >aT2" — B> g(z) +a

for all z € R™. The left hand side implies that 3 > xT2* — f(z). Taking the supremum over x
gives

B >supf{a’z* — f(z)} = f*(2)

Likewise, the right hand side gives us
B+a <inf{z’z" - g(x)} = g.(a)

It follows that g.(z*) — f*(2z*) > a = v(Pp). Thus, under assumption (a), strong duality holds
and the supremum is attained at x*.

Assume, now, that (b) holds. Then f and g are closed which implies that they are lower
semicontinuous. Thus, by Lemma 3.2, f = f** and g = ¢** and the same argument given for (a)
can be used for strong duality. O

With the two duality theories explained, we move on to the main duality theory of the paper,
Fenchel-Lagrange duality.
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4 Fenchel-Lagrange Duality

4.1 Framework

Assume that X is a nonempty subset of R”?, f : R* — R is a convex and proper function, and that
g=1(91,---,9m)T : R" = R™ is a vector-valued function such that g; is convex for i = 1,...,m.
We consider the convex optimization problem,
() ot {f(@)}
reX
Note that by g(z) < 0 we mean that g;(x) <0 fori=1,...,m.

In [3], Bot, uses perturbation functions to derive dual problems to a given primal problem. Using
this method he computes two well-known dual problems, the Lagrange dual and the Fenchel dual.
Moreover, he uses a third perturbation function to determine the Fenchel-Lagrange dual problem.
The theory of duality regarding the Fenchel-Lagrange dual is thoroughly discussed in [3], [4], [6],]7]
. To start, we introduce the perturbation function ® : R” x R™ x R"™ — R,

fle+y) zeX,g(x) <z
+00 otherwise

®(z,y,2) = {

The next step is to calculate its conjugate, ®* : R* x R” x R™ = R,

®*(z*,p,q) = sup {x*Tx +pTy+q¢Tz— O(z,y,2)}
z,yER™,
M

sup {2z +p"y+q¢" 2 — flz+y)}
zeX,yeR™,
g(z)<z

To make further calculations, we introduce two new variables, r := z +y and s := z — g(z) to
get rid of y and z. Inserting this into the above function gives the following,

®* (2", p,q) = sup {&"Tx +pT (r — 2) +¢" (s + g(x)) = £(r)}

zeX
reR™
s>0

sup{q” s} + sup {p"r — f(r)} + sup{(z* — p)"w + ¢" g(x)}
>0 reRn zeX

_ {f*(p) — inf{(p - e)e —qTg(x)} ¢<0,qeR™

+o00 otherwise

All the information needed for the dual problem is now available. According to [3], given a
perturbation function, the dual problem is defined as,

(D) sup {—®"(0,p,q)}
»eR”
PR

which in the case of Fenchel-Lagrange duality becomes

(Dre)  sup {=f*(p) + inf {p"x +q"g(x)}}

Note that the sign of ¢ was changed. Also, inf,ex{pTz+¢7g(2)} = infrex{q"g(z) — (—p)Tx} =
—(qTg)% (—p) so that the dual problem can be equivalently written as,

(Drr) sup {—f*(p) — (¢"9)x (—p)}

11



4.2 Weak and Strong Duality

As in the above sections on duality, this section will elaborate on weak and strong duality for the
Fenchel-Lagrange dual problem.

Theorem 4.1. Weak duality holds between the primal problem (P) and the Fenchel-Lagrange
dual problem (Dpgp), i.e. v(P) > v(Dpgp).

Uunlike weak duality, strong duality does not always hold. That is, v(P) = v(Dpy,) is not true
in general. In order for there to be no duality gap, we need an optimality condition. First, define
sets L:={i € {1,...,m}|g; : R — R is an affine function} and N := {1,...,m} \ L. Then we
have the following constraint qualification:

gi(z') <0 i€l

Q) axfe,-Qri(dom(gi))mri(dom<f>)”ﬂ(X):{gi<x')<o ieN

Recall the refinement of Slater’s condition from Section 2,

3z’ € ri( N (dom(g;)) Ndom(f) N X)

=1

such that g;(2') <0 for i € L and g;(2') < 0 for i € N. It is easy to see how similar this condition
is to (CQ). In fact, to take advantage of the similarity in the proof for strong duality, we first
need the following theorem.

Theorem 4.2. Let [ is a finite index set and let C; be a convex set in R™ for ¢ € I. Suppose that
the sets ri(C;) have at least one point in common, then

Now we a prepared to present the theorem for strong duality between (P) and (Dpy,).

Theorem 4.3. Assume that v(P) < —oo. If (CQ) is fulfilled, then there is strong duality between
the primal problem (P) and the Fenchel-Lagrange dual problem (Dpy,), i.e. v(P) = v(Dpr) and
there exists an optimal solution to (Dpr).

Proof. By Theorem 4.2, the (CQ) gives that

3

EFS Elri(dom(gi)) Nri(X) Nri(dom(f)) = ri( N (dom(g;)) N X Ndom(f))

i=1

Thus we can use the refined Slater’s condition and by Theorem 2.2 there exists a ¢ > 0 such that

o(P) = sup inf {/(x) +4"g(x)} = inf {/(x) + " g(2)}

By defining a function b : R® — R as

,T .
W) = q'g(x), %foX
400, ifrg X

the last term can be written as

o(P) = inf {f(x)+ h(x)}

z€R™

12



Since ri(dom(f)) Nri(dom(h)) = ri(dom(f)) Nri(X) # B, by Theorem 3.2 there exists a p € R"
such that

v(P) = inf {f(2) +h(z)} = sup {~f"(p) = h*(-p)}
z pERn

=—f"(p) = h*(-p)

=—f*(p) — sup {—p" = — h(z)}
zeR™

= —f*(p) — sup{—p"z — ¢ g(z)}
zeX

=—f® - @ 9x(-p)

This is the objective function of the Fenchel-Lagrange dual problem at (p,§). By Theorem 4.1,
the supremum is attained at (p,§) hence this is the optimal solution of (Dpy,). O

Notice in the proof that we first take the Lagrange dual of the primal problem and then we
take the Fenchel dual of the Lagrange dual problem. Both steps rely on the (CQ) to give strong
duality. Thus it is clear why (Dpy) is given its name.
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5 DC Programming

This section will give an overview of DC (difference of convex) functions and DC programming
problems. Parts 1 and 2 below come from [11].

5.1 DC Functions

Definition 5.1. Let X be nonempty and convex subset of R™. A real-valued function f : X — R
is called DC on X if there exist two convex functions g, h : X — R such that f can be written as
f(z) = g(x) — h(z). Each representation of this form is said to be a DC decomposition of f. If
X =R" then f is just called a DC function.

The following propositions give some insight into the usefulness of DC functions.

Propostion 5.1. Let f and f; for i = 1,...,n be DC functions. Then the following are also DC
functions:

(i) Y7, Aifi(x) for some \; €R,i=1,....n

(ii) Both max;—1,..n{fi(2)} and mini—y . n{fi(x)}
(iii) |f(z)[, max{0, f(x)}, and min{0, f(x)}

(iv) ITi=, fil2)

Propostion 5.2. Every function f : R® — R whose second partial derivatives are continuous
everywhere is DC.

Propostion 5.3. Let f : R® — R be a DC function and let ¢ : R — R be convex. Then their
composition (g o f)(z) = g(f(z)) is DC.

5.2 DC Programming Problems

DC programming problems are optimization problems that involve DC functions. That is the
objective function can be DC, DC functions can be found among the constraints, or a combination
of this. For now, consider the problem

P, min T
(Ppc) _ﬁgz)ﬁo{f( )}
e

where f, f;,i =1,...,m are DC functions and X is a closed convex subset of R".
It is worth noting that this problem can be transformed into another well-known form, which
Horst and Thoai do on pages 4 and 5 of [11]:

min {c(z)}

where c is a linear function, X is still a closed convex subset of R, and ¥ is concave. This is called
a canonical DC program. More generally, if ¢ is convex then this is called a generalized canonical
DC program. Thus we see that the canonical DC program is in a class of reverse convex problems.

Now that the preliminaries have been covered, we come to the main work of the paper. The
next Section will cover different DC and fractional programming problems, finding for each primal
problem its dual problem.
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6 Fenchel Lagrange Duality applied to some DC Programs

As mentioned in the Introduction, the dual problems to each primal problem will be defined via
Fenchel-Lagrange duality, discussed in Section 4. Then we will give a constraint qualification for
each pair of problems, which is need for strong duality. In order to outline the method, we start
with the problem presented originally by Bot, Hodrea, and Wanka. We will use the process and
the results of this first problem in the subsequent problems of the section.

6.1 DC objective function and inequality constraints

Consider the problem from [6],

P inf —h
(Poc) ok {gla) ~ hia)}
i=1,....m,z€X
where g,h : R® = R, g;,h; : R* = R,i =1,...,m are proper and convex functions, and X is a

nonempty convex subset of R™. Also suppose that
1 ri(dom(g;)) N i(dom(g)) Nri(X) # 0 (5)

Consider the feasible set, denoted F(Ppc) = {z € X |gi(x) — hi(z) < 0,4 = 1,...,m}, of
(Ppc). We suppose that F(Ppc) # 0. Furthermore, assume that h is lower semicontinuous on
F(Ppc) and that h; is subdifferentiable on F(Pp¢) for ¢ = 1,...,m. Then we have the following
lemma:

Lemma 6.1. Given the assumptions presented so far, the following is true:

F(Ppec) = U {zeX|g)—aTy +hi(y})<0,i=1,...,m}
y; €dom(h])
i=1,...,m

Proof. Let © € F(Ppc), then = € ﬁldom(hi). Since h;,i = 1,...,m, is subdifferentiable, there
exists a yf € Oh;(z) for i =1,...,m. Thus by equation (4) above, for i =1,...,m,
hi() +hi(y") =y e
~y* a4+ hi(y") = —hi(2)
gi(@) =y Tx + hi(y*) = gi(w) — hi(z) <0

Therefore, x is in the union above and we have one inclusion.
Next, we prove the opposite inclusion, D. Let € X such that g;(x) — 2Ty} + h}(y}) < 0,i =
1,...,m. Then g;(z) < +oo for i = 1,...,m. Also, let y* = (yi,...,ys,) € [[dom(h}). By the
i=1
Young-Fenchel inequality we have that h;(x) +h}(y*) > y*Tx. Since g;(z) < +oo fori=1,...,m,
we get from the inequality

gi(x) = hi(z) < gi(x) —yTx + hi(y*) <0

fori=1,...,m. Thus z € F(Ppc) and therefore the sets are in fact equal. O
We now derive another form of (Pp¢). First, since h is proper, convex and semicontinuous on
F(Ppc), then h(z) = h**(z) = sup {z*Tz — h*(2*)}. Hence,
z*€dom(h*)
v(P, = inf z)—h(z)} = inf T)—  su = Te — ' (z*
(Poc) = _jnt{o(e) = h@)} = _jnt fo(x) = sw | @
— 3 f ; 4 : f _ T 4 h* *
:1:6.7‘1{1PDG){g(T) .'I:*G(LI)lm(h*){ v (x )}}
= inf inf  {g(z) — 2Tz + h*(z")}

z*€dom(h*) x€F(Ppc)
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Using Lemma 6.1 gives the final form of (Pp¢):

(Ppe) inf inf {g(x) —2*T2 + h* (")}
e”edom(h™)  g;(z)—y* Ta+h}(y*)<0
y*eﬁdom(hqf) i=1,....m,z€X
i=1

This is the form for which we will find a dual problem. To do so, notice that the inner infimum
is a convex optimization problem. It therefore it will be treated as a separate problem. We will find
a dual to the inner infimum and then "reattach" the outer infimum to this to get (Dpc¢). Hence,

m
consider for some fixed * € dom(h*) and y* € [[dom(h}) the following convex optimization

i=1
problem,

(P ) inf {9(z) —a"Ta +n*(2")}
gi(@)—y*Ta+h(y")<0
i=1,....m,z€X

To simplify the problem, let f(z) = g(z) — z*Tz + h*(z*) and f;(z) = gi(z) — y*Ta + h} (y*) for
i=1,...,m. Then the problem becomes

P oy inf T
(Fewr) o, V)
k™

where f:R™ — R is convex and proper and f; : R* — R are proper and convex for i = 1,...,m.
Taking the Lagrange dual gives,

(Dyry)  sup inf {f(2) + ZquL

¢>0TEX

where ¢ = (q1,...,qm)T € R™. By the definition of conjugates,

m m

1nf{f +Zq1jl —ffmf{f +Zq1f1 ) —0T2})

—(f+ Z%’fi);((o)

Recall that we assumed (5), which implies that _ari(dom(fi))ﬂri(dom(f)) # (), and that functions

f, fi,i=1,...,m, are proper and convex. Hence we can apply Lemma 3.1,

—(F Y aifi) 0 ==(f+ > aifi+6x)"(0)
=1

i=1

= - len]]{n{f <Z qi fz + 6X> 7p)}
= _plen]l{n{f (Z %fz) _p
= sup {—f*(p (Z q1f1> (-p)}

peER™
Returning to the dual problem, we can use the equation above to write it in the equivalent
form,
(D= ) Sup{ f(p (Z q1f1> (-p)}

cR”
qZO
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It should be noted that this is exactly the Fenchel-Lagrange dual of the convex optimization
problem (P« y-) with objective and constraint functions f and f;, i = 1,...,m. Note that the
process involves first taking the Lagrange dual and then using conjugates to essentially reformulate
it via the Fenchel dual.

In order to have (D« y-) in terms of g, h,g;, and h;, for ¢ = 1,...,m, we must calculate the
conjugates found in the above form of the dual problem. Starting with the simpler of the two,
f(z) = g(z) — 2*T + h*(z*) has the following conjugate,

f*(p) =sup{p" = — (g(x) — 2™z + h* ("))}
=sup{(p+z*) "z — g(z)} — h*(z")
=g"(p+a*) —h*(z")

Next, given that fi(z) = gi(z) — y; @ + h} (y}),

(Z Qifi> (=p) = sup {pTﬂc - <Z ai(gi(x) —y;Tw + hf(zﬁ))) }
=1 X i =1 . . i
= sup (Z @y; — P) L= Z q:igi() p — Z aih; (y7)
i=1 i=1 i=1

reX
m * m m
= <Z Qigi) < aiy; —p> = > aihi(y;)
=1 x \i=t i=1

Plugging these conjugates into the dual problem,

(Dawye)  sup {h*(w*) —g"(p+a") + Y aihi () — <Z Qigi) <Z qiy; — p> }
pq€>RO i=1 i=1 x \i=1

Since the dual problem (Dg-« ) is the Fenchel-Lagrange dual of (Py= ,+) by Theorem 4.1, weak
duality holds. For strong duality, we must refer back to the constraint qualification in Section 4.2.
In our case this becomes,

gi(z') —aTyr + hi(y;) <0 i€l

" 32’ € A ri(dom(g;)) Nri(d Ari(X) :
(CQy+) z € Z_:lrl( om(g;)) Nri(dom(g)) Nri(X) {gi(x’) Ty ) <0 ie N

where as before, L = {i € {1,...,m}|g; is affine} and N = {1,...,m} \ L. With this constraint
qualification strong duality can be asserted.

Propostion 6.1. Assume v(Py« y-) is finite. If (CQ,+) is fulfilled, then strong duality holds
between (Pg+ y+) and (Dg» 4+ ).

Proof. Evaluating the problem

led to the Fenchel-Lagrange dual

0oy s foro- (San) o)
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Notice that, since 2* and y* are fixed, dom(f) = dom(g) Ndom(—z*Tz) = dom(g) NR™ = dom(g)
and likewise, dom(f;) = dom(g;). Hence the constraint qualification (C'Qy~) implies that

fi(2') <0 when f; is affine

I3 € Z.r:ﬁllri(dom(fi)) Nri(dom(f)) Nri(X) : {f;(z/) <0 otherwise

By Theorem 4.3, strong duality holds. That is, there exists a ¢ = (G1,...,Gm) € R™, such that
G > 0, and a p € R" such that

o(Pre ) = sup {7 (p) (Z qm-) )
re i=1 X

=-f"(p) - (Z l?ifz‘) (—p)
=1

X
=h*(z") —g"(p+a") + E @ihi (y7) — <Z Qigi) <Z aiy; — P)
i=1 i=1 X \i=1

Hence v(Py= y+) = v(Dy= 4+ ) and an optimal solution for (Dg- 4+) is attained at (p, ). O

Given that there is strong duality between (Pg+ =) and (Dg- 4+ ), it is natural to use this dual
problem to define a dual to our original problem, (Pp¢).

(Dpe) z*Edigxfx(h*) sup {h*(ac*) -g'(p+a")+ Zqih}‘(y;‘) — (Z qigi> ( Gyl — p)
i=1 i=1

pER™ —
m 1=
y"€ [1dom(h])
i=1

——

>0 ' X

Because weak duality holds between the subproblem and its dual, weak duality also holds
between (Ppc) and (Dpe). Furthermore, suppose that (CQy«) is satisfied for all y* € [] dom(h]).
i=1
Then it is clear that v(Ppc) = v(Dpe)-

Propostion 6.2. If (CQ,-) is fulfilled for all y* € [] dom(h}). Then strong duality holds between
i=1
(PD(;) and (DD(;).

Next we consider two possible cases of this problem: the first is when h; =0, fori =1,...,m
and the second is the case where h = 0. If it is true that h; = 0 as well as h = 0 then the primal
problem becomes the standard convex optimization problem and the Fenchel-Lagrange dual can
be applied directly as in Section 4.

Case 1, h; = 0: The primal problem now has a DC objective function and convex constraints,

PDC’ inf g\r) — h(x
(Poc) | int fol) —hie)
1=1,...m,
zeX
where g,h : R* - R, g, : R* - R,i = 1,...,m are proper and convex functions, and X is a
nonempty convex subset of R™. Suppose the assumptions made above hold. Then h is proper,
convex and lower semicontinuous and hence h(z) = sup {z*Tz — h*(z*)}. Therefore,
z*€dom(h*)
Pper inf inf z) —a*Tx + h*(z*
( bo ) z*Gc}om(h*) gi(lslt)g() {g( ) + ( )}
i=1,...m,
reX
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As before, the inner infimum is a convex optimization problem. Fixing z* € dom(h*) and
letting f(z) = g(z) — 2*Tx + h*(z*), we evaluate the problem,

(Pe+) P l(m)f<0 {f(2)}

zeX

For a p € R" and a ¢ > 0 in R™, the Fenchel-Lagrange dual of (P,+) is

(Dac*) sup { f (Z ngz> 717

pER™
q=0

Since f*(p) = ¢*(p + =*) — h*(z*), the dual problem becomes

pER™
q=0

(Do) sup {h*(z") = g"(p+ ") <Zngz) (-p)}

Weak duality holds between (P,~) and (D,«). For strong duality we must rewrite the constraint
qualification as

gi(z') <0 ielL

(CQO) 3z’ € 2‘eri(dOIn(gi)) N ri(dom(g)) N I'i(X) : {gi(x/) <0 ieN

where L and N are defined the same as above.
The dual problem to (Pp¢r) is

z*€dom(h*) peR™
q>0

(Dper) inf sup {h*(z") — g"(p +*) <Zngz) (—p)}

Weak duality holds and if (C'Qq) is satisfied then strong duality holds as well.
Another way to look at the problem is to note that if h; =0 for ¢ = 1,...,m then

hi(y;) = «
+oo y; #0
Thus dom(h}) = {0} for i = 1,...,m. Recalling the dual problem derived for the original problem,
(Dpe) eG{nf(l ., sup {h*(ﬂc*) g (p+a%) + Z g (y;) (Z %!h) (Z @y — p) }
z* €dom(h pER™ =1 x \izt

y Endom(h ) 720

it is clear that since y* = (0,...,0),

(Dpe) inf ~sup {h*(l‘*) g (p+a)+ Y a4(0) - (Z ‘h’!h’) (Z 4:(0) —p>}
i=1 i=1 x \i=1

z*€dom(h*) peRr™
>0

which is the dual problem we derived above. Next we consider the case where h is zero.
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Case 2, h = 0: In this case the primal problem has a convex objective function and DC constraint
functions,

P " inf T
Foce) oy B o9
i=1,..m,xz€X
where g : R® = R, g;,h; : R® = R,i = 1,...,m are proper and convex functions, and X is a
nonempty convex subset of R". Again, the original assumptions hold. By Lemma 6.1, the primal
problem becomes

(Ppcr) inf inf

m =T * 0k
. =y 9i(@)—y™ " @+h] (y")<0
Y Gil;[ldom(hi ) i=1,...m,zeX

{9(2)}

m
Treating the inner infimum as a separate convex optimization problem, we fix y* € [[ dom(h])
i=1
and evaluate the problem,
() inf 9(x)
gi(z)—y* " z+h} (y*)<0

i=1,....m,z€X
or equivalently,

P« inf T
Br) -, lot)
e

where fi(z) = g;(z) —y*Tx + h}(y*). For ap € R” and a ¢ > 0 in R™, the Fenchel-Lagrange dual
of (Py+) is

(Dy-)  sup{—g"(p) - (Z qifi) (-p)}
pER™ i—1 x

q>0

(Z Qifi) (—p) = (Z Qigi) ( Gy; —p> > @bl ()
i=1 X i=1 i=1 i=1

X
the dual problem becomes

(Dy-)  sup{-g"(p) - <Z qugi) < iy —p> +> ahi (i)}
Pqefo i=1 x \i=1 i=1

Weak duality holds between (Py+) and (D, ) and strong duality holds under the original constraint
qualification (CQ,«). From (D,+) we get the dual problem to (Ppc),

m * m m
(Dper) inf  sup{—g"(p) — <Z qigi) <Z Gy; — p) +> ahi (i)}
y*€ ] dom(n?) PgRO" i=1 x \i=1 i=1
i=1 [

We can also look at the original dual problem directly. If A = 0 then dom(h*) = {0}. Thus
the dual problem becomes,

Since

(Dpe) inf

] sup {h*(O) 9" (P+0)+ Y aihi(y}) — (E qz~g¢> ( @iy; —p>}
y*€ [T dom(h}) pqE;R(? i=1 x \i=1
i=1 =

i=1

which is (Dpcr) found above. Again, weak duality holds and strong duality holds under (CQy-).
The method developed in this problem will be used to find a dual problem to a few more

optimization problems. The next problem is more complex, but can be rewritten in order to apply
our process of finding a dual problem.
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6.2 DC fractional programming with DC constraints

Consider the following fractional programming problem with DC functions as presented in [13],

: g(x) — h(z)
PY f _ =
(Prr) o z)< {u(x)fv(m)
where X C R" is convex, g and h are proper and convex, u and v are proper and concave and ¢;
and ; are proper and convex for ¢ = 1,..., m. Further assume that f — g and —u + v are proper,
that u — v is positive in the feasible region F(P2p) = {z € X | ¢i(x) — ¢i(x) <0,i=1,...,m,},
that v; are subdifferentiable on F(P2) for i = 1,...,m, and that

(6 =)™ (~Ry) N X Ndom(g — h) # 0

(3

where (¢; — ¥) 1 (—Ry) = {z € R" | (¢; — ¥)(x) < 0}, so that F(P%p) # 0.

We need to convert (P25) via the well-know Dinkelbach transformation, in [9], and then
derive a form of the problem to which Fenchel-Lagrange duality can be applied. The Dinkelback
transformation leads to the following problem:

P inf z) — h(x) — Au(x) + A(z
(Per) ) inf {o(e) = (o) = u(a) + Xo(@))
i=1,....m,z€X
for some A € R. The connection between these two optimization problems is described in the
following result:

Lemma 6.2. v(P2p) > A & v(Prp) >0

Proof. Suppose v(P2p) > A. Then

g(x) — h(z)
u(z) —v(z)

2

IR -ELCI
¢i(2)—i(2)<0 | u(x) —v(z
i=1,....m,z€X
which implies that g(z) — h(z) > Au(z) — Av(x). Subtracting the right-hand side and taking the
infimum gives
inf {g9(z) — h(z) — Mu(z) + Av(z)} >0

¢i(z)—i(z)<0
i=1,....,m,z€X

The other direction is done similarly. Let v(Ppp) > 0. Then,
g(x) — h(z) — Mu(z) + Av(x) > inf {g(z) — h(z) — Mu(z) + dv(z)} > 0

T pi(x)—9i(2)<0
i=1,....m,z€X

and hence % > A. Again, taking the infimum leads to the desired result. O

Using Lemma 6.2, we can focus the primal problem (Ppp). We must explore two separate
cases: A < 0 and A > 0. For negative A\, (Prp) can be seen as a DC programming problem by
noticing that g+ Av and h+ Au are convex. In the other case, g — A\u and h — v are convex, again
making the objective function DC.

Case 1, A > 0: In this case, we also assume that

_ﬁri(dom(gbi)) Nri(dom(g)) Nri(dom(—u)) Nri(X) # 0

7=

and that h — Av is lower semicontinuous on the feasible set. Define G(z) := g(z) — Au(z) and
H(zx) := h(z) — Mv(x). Then (Ppp) becomes

P inf G(z)— H(z

Bre) o e 10 ~ H )

i=1,....m,zeX
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Note that this is the exact form of the first DC problem above and because of our assumptions,
we can use the results from 6.2. This leads to the dual problem of (Ppp),

(Drp) inf sup ¢ H*(z") — G*(p+2™) +Zqz Y; quﬁz Z(Iiyf*l’
T Edom(H) pER™ x \i=1

y Gl_[dom Pr) 920
i=1

or equivalently,

(Drp) inf {(h Av)*(27) = (g — Au)"(p+ z7) +Zqz (i)

x Edom((h Av)* )pER” p

q>0
- <Z Qi¢i) <Z vy —p> }
=1 X i=1

By our assumption, ri(dom(g)) Nri(dom(—u)) # 0. Hence by Lemma 3.1 and the fact that for a
function f(x),

ve [T dom(w)

(AN (") = sup{p*Tx — Af(2)} = Asup{ip*Tw — f(2)} = )\(f*)(ip*)
we can rewrite (g — Au)*(p + z*) as

(g— )" (p+z*) = {g"(p1) + (=Au)*(p2)}

pP1 +pg p+x
:P1+>\P2 =p+x *{g (p1) + A(=u)"(p2)}

Putting this into the dual problem changes it to,

m

(Drp) inf sup {(hkv)*(w*)g*(m) “(p2 +Zqz )

z*€dom((h—Av)™) p1,p2ER™
m * m
) (Z m) <Z %~ W) }
i=1 X \i=1

yefldom@y) 920
i=1
As before, weak duality holds. For strong duality we have the following constraint qualification,
(cQ,-) Ja’ € i) ri(dom(¢;)) N ri(dom(g)) N ri(dom(—wu)) N ri(X), such that
¢i(a') — Ty + 47 (y]) <0 i€ L
¢i(2') — 2Ty +0i(y;) <0 ieN
where L = {i € {1,...,m}|¢; is affine} and N = {1,...,m} \ L.

Propostion 6.3. Suppose (CQ;.) is satisfied for all y* € H dom(%}). Then strong duality holds
i=1
between (Prp) and (Dpp).

We leave out the proofs for the fractional programming problems, as they are very similar to
the proofs in 6.1. Interested readers may look at [5], [13], and [14] for a proofs and a more detailed
analysis of problems from 6.2 and 6.3.

Next we explore the case where )\ is negative.
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Case 2, A < 0: Assume for this case that
.ari(dom(@)) Nri(dom(g)) Nri(dom(—v)) Nri(X) # 0

and that h + Au is lower semicontinuous on the feasible set. Define G(z) := g(x) + Av(z) and
H(z) := h(z) + Au(z). Using the results from the first case the primal problem

P inf G(x) — H(z
(Fre) _m)—wi(x)go{ (&)~ H()}
i=1,....m,z€X
leads to the dual problem
D inf su h+du)*(z*) — g* + A(=v)* + 07 (yr
(Dre) f@mwﬂwwmﬁw% V) =0 ) + X002+ 3 )

-
v elldom(yy) 920
i=1

= (Z Qi¢i> (Z @y — 1+ Aps + x) }
i=1 X

i=1

Weak duality holds and for strong duality we have the constraint qualification,
(CQy-) ' € 611 ri(dom(¢;)) N ri(dom(g)) N ri(dom(—v)) N ri(X), such that

gi(a') —aTy; + 5 (y;) <0 i€l
pi(a!) —aTy; + 9 (yf) <0 ieN

where L = {i € {1,...,m}|¢; is affine} and N = {1,...,m} \ L.

m

Propostion 6.4. Suppose (CQy ) is satisfied for all y* € [] dom(+;). Then strong duality holds
i=1
between (Prp) and (Dpp).

There are many problems that are special cases of (P2p) and the following couple of problems
will discuss these. One such problem is looked at in [14]. Consider a fractional programming
problem with DC objective functions and convex constraints,

— h(z
(P2p) g {90) = h(@)
pi@)<0 | u(z) —v(x)
i=1,...,m,
reX
where X C R" is convex, g, h, and ¢;, i = 1,...,m, are proper and convex, and u and v are
proper. Further assume that f — g and —u + v are proper, that u — v is positive in the feasible
region F(PYp) = {z € X |¢;(x) <0,i=1,...,m,}, and that

m

B6)7 (=R N X ndom(g—h) £0

where ¢; ' (—R,) = {z € R" | ¢;(x) < 0}, so that F(PP) # 0. By the Dinkelbach transformation,
we get the dual problem,

(Prpr) P Eilfso {g9(x) = h(z) = Mu(z) + Mv(x)}
2e¥™

for some A € R. By Lemma 6.2 it follows that,

Lemma 6.3. v(PYp) > A< v(Prp) >0
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As before, there are two cases, A > 0 and A < 0.
Case 1, A > 0: For this case, assume that

ﬁlri(dom(@)) Nri(dom(g)) Nri(dom(—u)) Nri(X) # 0

and that h — Av is lower semicontinuous on the feasible set. Defining G(z) := g(z) — Au(x) and
H(z) := h(z) — Av(x) changes the primal problem to

(Prr) b, (66 )

Now the problem is in the form of one of the subcases of the first DC problem, (Pp¢r). Therefore,
with the results of that case, the dual problem to (Pgp/),

D ’ inf su H* +I 1P -
(Drp) Iedom(}{)peﬂgj{ (") —G"(p (ZQ¢) p)}
q>0

Because ri(dom(g)) Nri(dom(—u)) # 0, G*(p+2*) = infp, 4 xpo=p+a={9*(P1) + A(—u)*(p2)}. Then
the dual problem becomes,

(Drpr) inf sup  {(h—Av)*(z") — g"(p1) — AM(—u)"(p2)
z* Gdom((h AV)*) py,pa ER™
q>0

- (ZQi¢i> (" —p1 — Ap2)}
i=1 X

Weak duality holds and for strong duality we have the following constraint qualification,
(CQyp) dz’ € _ﬁ ri(dom(¢;)) N ri(dom(g)) N ri(dom(—w)) N ri(X), such that

¢i(z') <0 iel
¢i(x') <0 ieN

where L = {i € {1,...,m}|¢; is affine} and N = {1,...,m} \ L.
Propostion 6.5. Suppose (CQp) is satisfied. Then strong duality holds between (Prp/) and
(DFP/). That is U(PFP/) = U(DFP/).

Case 2, A\ < 0: Assume that

_ﬁri(dom(gbi)) Nri(dom(g)) Nri(dom(—v)) Nri(X) # @
and that h + Au is lower semicontinuous on the feasible set. Define G(z) := g(z) + M(z) and
H(z) := h(x) + Au(z). Like the last case, the primal problem becomes,

(Prpr) N ;nf {G(z) — H(z)}
e

By the results from problem (Ppc:), the dual problem to (Pppr),

(Drp) inf sup {H"(a") - G"(p+ " (Z ql@) )
z*edom(H* ) pER™
q>0
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or more precisely,

(Drpp) inf sup {(7 + Au)*(z") = ¢"(p1) + A(=v)" (p2)
z*€dom((h+Au)*) py p,cR”
q=0

- (ZQi¢i) (z" —p1 + Ap2)}
=1 X

Weak duality holds as does strong duality under the following constraint qualification,
(C’~Q:)) 2’ € Fi ri(dom(¢;)) N ri(dom(g)) N ri(dom(—v)) N ri(X), such that

¢i(¢') <0 i€l
¢i(z') <0 i€eN

where L = {i € {1,...,m}|¢; is affine} and N = {1,...,m}\ L.

Propostion 6.6. Suppose (C~Q6) is satisfied. Then strong duality holds between (Prps) and
(DFPI).

6.3 Fractional programming problem

In [5], Bot looks at a fractional programming problem with convex constraints. Via the Dinkelbach
transformation he turns it into a DC programming problem and then applies a similar method as
what has been done so far to find its dual problem. Here, we will first address a similar problem,
but with DC constraint functions and then look at the other primal problem from [5] as a special
case of it. Thus, consider the fractional programming problem,

(Frr,) gi@)~hi(@)<0 | Al)

i=1,....,m,z€X

where X C R” is nonempty and convex, g : R® — R is proper and convex, h : R® — R is
concave, proper and lower semicontinuous over F (P2 p,) (the feasible set of the problem), and
gishi :R" = R for i =1,...,m, are proper and convex functions such that

0 (9: — h) (—R+) Ndom(g) N X # 0

where (g; — h;)(—Ry) = {z € R"|(¢9; — h;)(z) < 0}. Moreover, assume that h(z) > 0 for all
feasible x to the primal problem, that h; is subdifferentiable on F (P2 Pu)v and that
lﬁlri(dom(gi)) N ri(dom(g)) N ri(dom(—h)) N ri(X)
As mentioned above, we use the Dinkelbach transformation to get the optimization problem,

P, inf x) — Ah(x
(Pen) i {gle) < M)
i=1..,m,zEX

where A is an arbitrary real number. then we have the following lemma.

Lemma 6.4.
v(PRp,) = A& 0(Prp,) 20

There are two cases to consider. If A > 0, then (Prp,) has a convex objective function with
DC constraint functions. On the other hand, if A\ is negative, then the objective function is also
DC. We start with A > 0.
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Case 1, A\ > 0: As mentioned, the constraints of the primal problem are DC functions. Thus by
Lemma 6.1, the primal problem can be written as,

(Prp,) inf Jnf {g(z) — Mn(x)}
y eHdom(h*)gf(r) - IT:ZE(Z;(KO

Looking at the inner infimum separately, we have the convex optimization problem,

(Py~) Jjnf {g(z) — M\h(z)}
gi () =y +hi (y*)<0
i= 1 omr€e€X

for a fixed y* € Hdom(h*) Let f(z) = g(x) — Ah(z) and f;(z) = g;(z) — y*Tz + b} (y*). Then
i=1
the convex optimization problem becomes

(), )

The Fenchel-Lagrange dual of this is,
(D?j*) Sup{ f <Z%f1> _p

where ¢ € R™. Since
—f*(p) = —sup{p” — (9 = Ah)(2)} = sup{—p" & — (\h — g)(2)} = (\h — g)*(—p)

and
(Z Qifi) (-p) = (Z Qigi) (Z @y; — p> = > @bl ()
i=1 x i=1 x \i=t i=1

which makes the dual problem,

(Dy-)  sup {(Ah—g)* (Z ng1> (Z %y; — p) + by (v}
pER™ x \i=1 i—1
q70

Notice that (Dy-) can be slightly altered if we recall that ri(dom(g)) Nri(dom(—h)) Nri(X) # 0.

Then by Lemma 3.1,

f*(p) = nf {g"(p1) + (=AR)"(p2)}
:pllff {g"(p1) + A(=h)"(p2)}

The dual subproblem now becomes,

(Dy-) sup {—g"(p1) — A(— (Z%m) (Zqzyl p1Ap2> +> a4k ()}
X

p1,p2ER™ -
>0 i=1

Reconsidering the fractional programming problem, (Ppp,). The outer infimum can be attached
to the dual problem (D,-) to give,

(Drr,) mf o sup {—g"(p1) = A(=h)*(p2)
= U dom(hy) Pt ,(1172>%Rn

i=1

- (Z %‘92’) (Z %y —p1— /\p2> + @kl ()}
i=1 X i=1
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The constraint qualification needed for strong duality is,

(CAQy*) W e n ri(dom(g;)) N ri(dom(g)) N ri(dom(—h)) N ri(X) :

=1
gi(z") —2Tyr + hi(y}) <0 i€l
gi(x) —aTyf + hi(yf) <0 ieN

where L = {i € {1,...,m}|g; is affine} and N = {1,...,m} \ L.
Propostion 6.7. Let A > 0 and suppose (C’AQy*) is satisfied. Then strong duality holds between
(Prp,) and (Dpp,), ie. v(Ppp,) = v(Drp,).

Case 2, A < 0: In this case, the problem has DC functions for constraints and for the objective
function. Using the results from problem (Pp¢), we get that the dual problem to (Prp,) when
A <0 is,

(Drp,) " Edolm(f(/\h) sup {(Ah)*(z")—g*(p+2z¥) (Z 49 L> (Z ay; — p) +Z qihi(y))}
x \i=1 i=1

pER"
y Gndom(h ) 920

or if we set z* = %z*,

(Drp,) z*edignfq(h*) sup {Ah" (") —g" (p+Az") (Z%%) (Zqiyﬁ—p)JquihZ‘(yﬁ)}
x \i=1 i=1

pER™
y* €[] dom(h}) 920
i=1

As for all the problems in this paper, weak duality holds, i.e, v(Prp,) > v(Drp,). For strong
duality, we adjust our constraint qualification,

"e A _ ; o Jai@) —aTyr+ hi(yr) <0 del
(CQy~) dz' e Z'erl(dom(gz)) N ri(dom(g)) N ri(X) : {gi(x’) Ty R <0 e N
where L = {i € {1,...,m}|g; is affine} and N = {1,...,m} \ L.

Propostion 6.8. Suppose A < 0 and (CQy~) is satisfied. Then strong duality holds between
(PFPU) and (DFPD)7 ie. 'U(PFPO) = U(DFPD)-

In [5], Bot looks at the following fraction programming problem,

(Pppy) nilo {}QLE‘;; }

=1,....m
zeX

where X C R™ is nonempty and convex, ¢g : R® — R is proper and convex, h : R® — R is concave
such that —h is proper and lower semicontinuous over F(Prp;) (the feasible set of the problem),
and g; : R® - R, i =1,...,m, are convex functions such that

,(6) 7 (~R+) n X ndom(g) # 0

where (g;)7'(-R4) = {z € R"|g;(z) < 0}. He further assumes that h(z) > 0 for all feasible
points of ( FP/)
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This is clearly just the problem (P% Po) where h; = 0 for i = 1,...,m. Thus, following the
same method as above, the given problem can be associated with another primal problem using
the Dinkelbach transformation and is justified by Lemma 6.2. Hence define,

(Prry) gi(ig)f 0 {9(x) — Ah(z)}
i=1,...,m,
zeX
where A is an arbitrary real number.

Unlike before, we will only look at one case, since for A > 0, (Pppé) is simply a convex
optimization problem. In [5], Bot, deals with this case and also what will be presented here, the
case were A < 0 and (Prpy) is a DC programming problem.

By Lemma 3.2, the problem can be rewritten into

Prp/ inf inf 2Tz = MN=h)*(z*
( FPU) I*€d01£((_h)*)/_zzl(1£)§0 {9(:17) T ( ) (Z’ )}
I,—m,e..jé’ﬂl,,

As in previous problems, notice that the inner infimum is a convex optimization problem.
Hence, for a fixed z* € dom((—h)*), consider

() inf {o(o) = A(-F)(a)}
zeX

where h(z) = 2*Tx — (—h)* (z*). If we further assume that ri(dom(g)) N ri(dom(—h) N ri(X) then
the Fenchel-Lagrange dual problem of (Py«) is

(Dg+) sup  {=g"(p1) + M—h)*(p2) — (E Qigi> (=p1 + Ap2)}
=1 X

p1,p2€ER™
q20

for ¢ € R™. Looking at h we get that
(=h)*(p2) = sup{ps & — (=" + (—h)* ("))}
= sup{(p2 + ") 2} — (=1)"(z"))
) pa= e
400 otherwise

Hence, letting p = p; the dual problem becomes,
(Do) sup{—g*(p) = A(=h)"(z") — (Z Qigi> (=p—Az")}
i=1 X
Now the dual problem to the original primal problem can be defined as

(Drry) sup {—=g"(p) = M—h)"(z") — (Z Qigz) (—=p—Az")}
i=1 X

inf
z*€dom((—h)*) peER™
q>0

As before, weak duality holds. For strong duality we present,

{g,;(m/) <0 i€l

(CQyp) 32’ € Nri(dom(g)) N ri(X) : G <0 ieN

where L = {i € {1,...,m}|g; is affine} and N = {1,...,m} \ L.

Propostion 6.9. Suppose (CQy) is satisfied for all 2* € dom((—h)*). Then strong duality holds
between (Prp) and (Dpp).
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6.4 DC programming problem containing a composition with a linear
continuous operator

In [10], Fang, Li, and Yang look at a DC programming problem that has two DC functions in the
objective function, one of which is composed with a linear continuous operator.

(PR it {g1(e) — 92(2) + b (A2) — ha(A2)}

where g1, g2, h1,he : R® — R are proper convex functions and A € R™*" is linear continuous
operator such that A(dom(g; — g2)) N dom(hy — hy) # 0. They evaluate it using Fenchel duality
(in fact, they use two types of Fenchel dual problems).

Inspired by their work, this section looks at the Fenchel-Lagrange duals of two similar problems.
These two problems will be slightly more complex versions of the above primal problem due to
the addition of constraints. The first of these simply includes convex constraints,

(P}) inf {g1(z) — g2(z) + h1(Ax) — h2(Ax)}
¢i(x)<0
i=1,...,m,
zeX
where g1, g2, h1,ho,¢; : R® = R, for i = 1,...,m, are proper convex functions and A € R?*"

is linear continuous operator such that A(dom(g; — g2)) N dom(h; — hg) # 0. To reformulate
problem (P ), define G(x) = g1(z) + h1(Az) and H(z) = g2(x) + ho(Az). Then we get,

(P4) inf {G(@) -~ H(w)}

¢i(z)<

where G, H : R® — R are convex and proper functions. At this point, we assume further that
H(z) = g2(x) + ha(Azx) is lower semicontinuous and that
bnlri(dom(qﬁi)) N ri(dom(g1)) N ri(A~  (dom(h;))) N ri(X) # 0
Then we can follow the same method as in the problems from 6.1, i.e., the primal problem can be
written as
P inf inf {G(z) — 2Tz + H*(z*
(Pa) eea e _¢i1<z>so{ (z) (")}

zeX

For a fixed z* € dom(H*), the inner infimum is a convex optimization problem,

(Py+) inf {G(z) —a*Tx+ H*(z")}

with Fenchel-Lagrange dual,

(Dg+) Suﬂgl{H*(fE*) ~G(p+a) — (Z qm) (—»)}
"0 =t X

Now, since we assumed that ri(dom(g1)) N ri(A~*(dom(h;))) # 0, then by Lemma 3.1,

Gp+a) = inf  {gi(p1) +hi(A'p2)}

pP1tp2=p+z*

=—  sup  {—gi(p)—hi(A" 'pa)}
p1+p2=p+z*
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Then (D,~) changes to,

p1,p2€ER™
=20

(Da+) sup  {(g2 + ha o A)*(«*) — g7 (p1) — hT(A*"'p (Z qmﬁz) z* —p1—p2)}
The dual of the primal problem is,

(Dl,) inf sup {(g2-+hooA)*(¢*) =g (p1)—hi (A" 'p <Z%¢’z> z*—pi1—p2)}

T* edom(q2+hzoA) p1,p2ER™
q>0

Since weak duality holds between (P,-) and (D-), it also holds for (P}) and (D’;,). To attain

strong duality, we need the following constraint qualification,

(CQo) 3z’ € Z_rjri(dom(dy)) Nri(dom(g;)) Nri(A~* (dom(hy))) Nri(X) : {z:g:; i 8 Z 2 ;
where as before, L = {i € {1,...,m} | ¢; is affine} and N = {1,...,m} \ L.

Propostion 6.10. Suppose (CQo) is satisfied. Then strong duality holds between (P7) and
(Dly,)-

Proof. To begin, for a fixed z* € dom(H*), the problem

P, f {G(zx)— 2Tz + H*(a"
(Pa) ¢3le<o{ (z) 2™ w+ H (")}
i=1,...,m,
zeX

has the Fenchel-Lagrange dual,
(DI*) sup {H*(l‘*) p+$ (Z Qz¢z) _p

The effective domain of the objective function in the primal problem is dom(G) = dom(g;) N
(A=Y(dom(hy)). If we let the objective function of (P.) be F then the constraint qualification
implies that

¢i(2) <0 i€l

32" € 0 ri(dom(e;)) Nri(dom(F)) Nri(X) : {@-(z/) <0 ieN

By Theorem 4.3, strong duality holds between (P,«) and (D,+). Furthermore, taking the infimum
of both problems over 2* proves that strong duality holds between (P}) and (D’ ). O

The problem can be approached in another way. Given the problem

(P4) mf {91 r) — ga(x) + hi(Ax) — ha(Az)}

with the above assumptions, further suppose that go and ho are lower semicontinuous. Then
@@ =T —gi@@)  and  ho(Az) = (AD)Ty" — h3(y")
for z* € dom(gs) and y* € dom(h3). Using this the problem becomes,

(P4) inf inf {g1(x) — 2™z + g5 (¢") + i (Ax) — (Ax)"y" + h3(y*)}
2" cdom(g3) 6:(x)<0
y*€dom(h}) i=1,...,m,
zeX
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Fix z* € dom(gj) and y* € dom(h}). The inner infimum is now convex,

(o), inf (@) =T 4 g3(a) 4 ha(A2) — (A)Ty" + B3(0"))

i=1,...,m,

To determine the Fenchel-Lagrange dual of (P ,«), we must find the (negative) conjugate of
its objective function. Thus we want to look at this conjugate,

sup{p’ @ — (g1(x) — 2™ x + g5(2”) + hi(Az) — (Az)Ty" + h3(y")}
=sup{p’z — g1(2) + 2™z — i (Az) + 2T (A"y")} - g5(2") — h3(y")
=sup{(p+a" + A"y )Tz — g1 (z) — i (Az)} — g3 (¢*) — h3(y")
=(g1 +hioA)*(p+a" + A%y") — g5 (") — ha(y")
where A* is the adjoint of A. From this if follows that the Fenchel-Lagrange dual of (Py» -+ ) is

(Dy y+) sup {—(g1 +h1o A)"(p+ 2" + A™y") + g5(z™) + h3(y™) — <Z qiqﬁi) (-p)}
b'e

i=1

Therefore, the dual problem to (P}) is,

(D) cednf o Suﬂg{ (g1 +hioA)* (p+a” + A"y") +g5(z") + h3(y (Z qz@) (—n)}
Yy Edom(hi) pq€>0

Weak duality holds between (P)) and (D’;) and for strong duality, we use the following constraint

qualification,

¢i(2') <0 i€l

(CQo) 32’ € 2‘7f:r1L11‘i(dorn(gzﬁi)) Nri(dom(gy)) Nri(A~(dom(hy))) Nri(X) : {@( N0 ieN

where as before, L = {i € {1,...,m}|¢; is affine} and N = {1,...,m} \ L.
Propostion 6.11. Suppose (CQo) is satisfied. Then strong duality holds between (P/) and (D).

Can the problem be further complicated and still yield results? As before, the next problem
adds constraints to the unconstrained problem (P9). This time, however, consider the problem
with DC constraint functions,

(P, ot {1(0) = ga(a) + hn(As) — hefAa)}
i=1,....m,z€X
where g1, g2, h1, ho, $i,1; : R* = R, for i = 1,...,m, are proper convex functions and A € R**"
is linear continuous operator such that A(dom(g; —g2)) N dom(hy — hs) # (. Again, suppose that
g2 and hgy are lower semicontinuous.

As done above we can reformulate the problem by using biconjugates. Moreover, we can use

the results of Lemma 6.1 and further change the problem to

P inf inf x) — 2" Tx + gi(x*) + hy(Azx) — (Az)Ty* + hi(y*
(Pa) credimizs) a0 inf | 8 *)<0{91( ) 95(x") + ha(Az) — (Az)"y" + h3(y")}
y*€dom(h} i= m, T€

z* €[] dom(v])
i=1

m

If we fix z* € dom(g3), y* € dom(h}) and z* € Hdom( ¥), the inner infimum can be evaluated

separately as a convex optimization problem,

P o o inf z) — 2Tz + gt (2*) + hi(Az) — (Az)Ty* + hi(y*
(Pory=,2+) ¢i(9”_)_12:z+¢:(7§;)§0{g1( ) 93(2") + hi(Az) — (Az)"y" + h3(y™)}
1=1,....m,x€
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The Fenchel-Lagrange dual to (Pp« y» .-) is,

(D= y,2+) Sup {—(g1 +hio A" (p+a* + A%y") + g5 (x*) + hs(y™)
pER™
q>0

- (Z Qifbi) ( 4z —p) + Z(Iﬂﬁ(zj)}
i=1 x \i=1 i=1

So to (P4), we associate the dual problem,

(Da) __inf - sup {—(g1+hi 0 A)*(p+ 2" + ATy") + g3 (") + ha(y")
z*edom(g3) peER™
y"€dom(h;) ¢>0

z*€ [T dom(y;])
i=1

- (Z%’¢i> ( / iz —p> +Zqz'¢f(zi*)}
=1 i=1 i=1

X

ri(dom(¢;)) Nri(dom(g;1)) N1i(A™! (dom(hy))) Nri(X) :

di(a') — zfx + i (zf) <0 iel
(@) —zfx+ i (zf) <0 ieN

K3

where as before, L = {i € {1,...,m} | ¢; is affine} and N = {1,...,m} \ L.

Propostion 6.12. Suppose (CQ.~) is satisfied for all z* € [[dom(¢}). Then strong duality
i=1
holds between (P4) and (D4).

Proof. For fixed z* € dom(g3), y* € dom(h3) and z* € [[dom(¢)}), consider the problem,
i=1

(Por y,20) {91(2) — 2™ w + g3 (") + ha(Az) — (Ax)Ty" + h3(y")}

inf
$i(x) =z z+9] (2])<0
i=1,....m,z€X

Its Fenchel-Lagrange dual is,

(D= oy 27) sup {—(g1 + hi 0o A)*(p+ 2™ + A™y") + g5 (z*) + h3(y")

- (Z (Zz¢z‘> (Z 4z p> + ZW/’;(%*)}
=1 b'e i=1 i=1

Define f(z) = g1(x) —a*Tw+g5(2*) +h1(Az) — (Ax)"y* +h3(y") and fi(z) = di(x) —zf v +7 (2]).
Notice that dom(f) = dom(g;) N (A~tdom(h1)) and dom(f;) = dom(¢;). Then by the constraint
qualification,

fia) <0 iel

3z’ ¢ iglri(dom(fi)) Nri(dom(f)) Nri(X) : {f(r’) <0 ieN

This further implies that strong duality hold between (Py« y« .«) and (Dg« 4= »-). That is, there
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exist p and ¢ such that

= inf ) — 2 Te + g5 (x*) + h (Az) — (Ax)Ty* + hi(y*
@@)T:”w;(i)go{gl( ) 95(@") + hi(Az) — (Az)"y* + hs(y™)}
1=1,....m,z€

V(Prr y,2)

*

= it (@) = () @) - (}j ql-fz) (-p)
i':Ll,...Tm, i=1 X
zeX

=—(g1+hiocA)' (p+a" +A%") + g5(2") + ha(y")

*

— (Z qiqzbi) (Z a2 p) @i () = 0(Dgr e 20
i=1 x \i=1 i=1

Taking the infimum over z*, y*, and z* of (Dyx y+ »») gives (D). Likewise taking the same
infimum of (Py- 4« .~) and recalling that this is equivalent to

F inf @) — ga() + hy (Az) — ha(Ax
(Pa) fi(ﬁ)%%ox{gl() 92(2) + hi(Az) — ho(Az)}

shows that strong duality holds between (P4) and (Dy). O

Given the work done in this section, we want to sum up the main results in a formal way.
In the spirit of the previous literature published on this topic thus far, we give such a summary
by presenting some Farkas-type results that are based on each pair of primal and dual problems
above. The next section outlines the approach by looking at the results of a convex problem and
its Fenchel-Lagrange dual. The section after will then address the work done here, in Section 6.
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7 Farkas-Type Results

The following two sections will be dedicated to discussing the Farkas-type results for the convex
optimization problem of Section 4 and how this may be used in the problems presented in Section 6
above. Recall the convex optimization problem with convex inequality constraints,

(Pl @)
i=1,...,m,

and the Fenchel-Lagrange dual to (P),

(Drr) sup {—f*(p) — (¢"9)x (-p)}

Furthermore, recall the constraint qualification needed for strong duality,

gi(z') <0 i€l

(cQ) I € z_eri(dorn(gi)) Nri(dom(f)) Nri(X) : {gi(x') <0 ieN

where L = {i € {1,...,m}|g; is affine} and N = {1,...,m} \ L. Using these problems and the
(CQ), we can formulate the following theorem:

Theorem 7.1. Suppose the constraint qualification (CQ) is satisfied. Then the following are
equivalent:

(i) z€e X,gi(x) <0,i=1,...,m, = f(z) >0

(ii) There exist p € R® and ¢ € R™, ¢ > 0 such that f*(p) + (¢¥¢)%(-p) <0

Proof. ((i) = (ii)): Let (i) be true, so that the objective function for (P) is greater than or
equal to 0 for all the feasible points of the problem. Then v(P) > 0. Furthermore, since the
constraint qualification (CQ) is satisfied, by Theorem 4.3, the dual problem has a solution and
v(P) =v(Dpr). That is, 3p € R", g € R™, ¢ > 0 such that

v(P) =v(Dpr) = —f*(p) — (¢"9)x(—p) > 0
implying that
f () + (" g)%(—p) <0
Thus (ii) holds.

((ii) = (i)): Next suppose (ii) holds. Then there exist p € R™ and g € R™, ¢ > 0 such that
—f*(p) — (¢¥9)%(=p) > 0. Now, by weak duality and the fact that v(Dpy) is greater than or

equal to —f*(p) — (¢79)% (—p), we get
v(P) > v(Dpr) > = f*(p) = (¢"9)x(—=p) > 0

v(P) > 0 implies that for all z € X such that g;(z) <0, for i =1,...,m, we have f(xz) > 0. That
is, (i) is true. O

It should be noted that (CQ) was not used in proving (ii) = (i). The next theorem of
alternatives follows directly from Theorem 7.1.

Theorem 7.2. Suppose the constraint qualification (CQ) is satisfied. Then either the inequality
system
(i) z€ X, gi(z) <0,i=1,...,m, f(x) <0
has a solution or the system
(i) f*(») + (@"9)k(-p) <0,pER",¢ >0
has a solution, but never both.

In the next section, the problems from Section 6.1 will be considered in a similar format as
above.

34



8 Results for DC and Fractional Programming problems

This portion of the text illustrates the results from the fractional and DC programming problems
in the form of Farkas-type theorems. We start with the first problem in Section 6.

8.1 DC objective function and inequality constraints

Recall the DC programming problem of 6.1,
(Ppe) inf  {g(z) — h(z)}

gi(z)—hi(xz)<0
i=1,...,m,zeX

where g,k : R = R, g;,h; : R* = R,i =1,...,m are proper and convex functions, and X is a
nonempty convex subset of R™ and its dual problem,

(Dpc) z*edigrfn(h*) sup {h*(w*) —g (p+a)+ > ahi(yp) - (Z qngi> ( 4y —p)}
i=1 x \i=1

PER™ i=1
* o T * >0 -
y*€ [[dom(h}) 9=

i=1

Also, recall the constraint qualification required for strong duality between these two problems,

m . . gi(@) —z'Tyr + hi(y}) <0 i€l
CQ, Iz’ € Nri(d ;) Nri(d Nri(X) : v LA
( Q,/ ) €z 1::1“( Om(g )) I‘l( Om(g)) I‘l( ) {gz(ﬂ) o x/Tyzs + h:‘(yr) <0 i c N

where L = {i € {1,...,m}|g; is affine} and N = {1,...,m} \ L. This information can be used to
develop the following theorem,

m
Theorem 8.1. Suppose the constraint qualification (CQ,-) is satisfied for all y* € []dom(h]).
i=1
Then the following are equivalent:

(i) z e X,gi(x) —hi(z) <0,i=1,...,m, = g(x) — h(z) >0
(ii) for all z* € dom(h*) and for all y* € []dom(h}), there exist p € R” and ¢ € R™, ¢ > 0
i=1

such that

—h* (@) + g (p+at) = Y ahi(y)) + (Z Qigi> (Z @y — p) <0
i=1 i=1 x \i=1
Proof. ((1) = (ii)): Let (i) be true and let z* € dom(h*) and y* € []dom(h}). From (i) we get
i=1
that v(Ppc) > 0. Now recall the alternative form of (Pp¢),

(Ppc) inf inf {o(@) =22+ h*(2")}
z*edom(h”)  g;(2)—y*T2+h] (y")<0
y*eﬁdom(hf) i=1,...m,z€X
i=1

Having fixed 2* and y*, we also defined the inner infimum as the subproblem (P, ,«). Then
v(Ppc) > 0 implies that v(Py« 4+) > 0. Now, since the constraint qualification is satisfied, by
Proposition 6.1, the dual problem has a solution and v(Py« y+) = v(Dg= 4+). Hence there exist
p € R™ and ¢ € R™, ¢ > 0 such that

h'(z*) = g*(p+a") + Y aihi(y]) — (Z%w) ( @y —p) >0
i=1 x \i=1

i=1

Thus since (CQy-) holds for all y* € []dom(h}), (ii) is proven to be true.
i=1
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((if) = (1)): Next suppose (ii) is true and fix 2* € dom(h*) and y* € [[dom(h}). Then there

=1
exist p € R™, ¢ € R™, g > 0 such that the equation in (ii) is true and thus that

m m * m
sup {h*(w*) g (p+a") + Y aihi(y)) - (Z Qigi) (Z ;- p) } >0
56611]]5”; i=1 i=1 x \i=1

Now, since this argument holds for all z* and y*, we know that v(Dp¢) is greater than or equal
to 0. By weak duality, v(P) > v(Dpr) > 0 and (i) must be true. O

An immediate consequence of Theorem 8.1 is the following theorem of alternatives.

Theorem 8.2. Suppose the constraint qualification (CQy-) holds true for all y* € []dom(h}).
i=1

Then either the inequality system
(i) z € X, gi(x) —hi(z) <0,i=1,...,m,g9(x) — h(z) <0
has a solution or the following systems

(e o) " (%) = g" (P + ") + D aihi (y]) — (Z%gi) ( @Y; p> >0,peR"q>0
=1 =1

i=1 X
m
where z* € dom(h*) and y* € [[dom(h}), has a solution, but never both.
i=1
Next we briefly present the cases of (Pp¢), h =0and h; =0fori =1,...,m and give theorems

for each case.

Case 1, h; = 0: In this case the primal problem was

Ppcr inf —h
(Ppcr) gz(lf)go {9(z) ()}
1=1,...,m,
zeX
where g,h : R* = R,g; : R® — R,i = 1,...,m are proper and convex functions and X is a

nonempty convex subset of R", with dual problem,

m *

Dper inf W (@) — g*(p+27) — 9] (-

(Dper) ;L-*eéﬁn<h*)psé${ (@) —g*(p+ ") (Zngz) (-p)}
>0 i=1 X

For strong duality, we used the constraint qualification,

gi(z') <0 i€l

(CQo) I’ e iglri(dom(gi)) Nri(dom(g)) Nri(X) : {gi(x/) <0 ieN

where as before, L = {i € {1,...,m}|g; is affine} and N = {1,...,m} \ L. These results lead to
our next theorem,

Theorem 8.3. Suppose the constraint qualification (C'Q) is satisfied. Then the following are
equivalent:

(i) z e X,gi(x)<0,i=1,....m, = g(xz) —h(z) >0

(ii) for all z* € dom(h*), there exist p € R™ and g € R™, ¢ > 0 such that

W (z*)—g*(p+2*) — (Z qigi) (=p) >0

X
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The proof for Theorem 8.3 is omitted as it follows directly from Theorem 8.1. As before,
Theorem 8.3 can be expressed as a theorem of alternatives.

Theorem 8.4. Suppose the constraint qualification (C'Qg) holds true. Then either the inequality
system

()zeX, gi(z) <0,i=1,...,m,g(z) —h(z) <0
has a solution or the following systems

(iige) h*(z") —g"(p+ 27) — (Z Qi9i> (=p) = 0,peR",qg=0
i=1 X
for * € dom(h*), has a solution, but never both.

Case 2, h = 0: Consider the case where the primal problem is

Pporr inf T
(Ppcr) gi(m)fm(z)go{g( )}
i=1,...m,z€X
where g : R = R,¢g;,h; : R* = R,i = 1,...,m are proper and convex functions, and X is a

nonempty convex subset of R™ and its dual problem,

m m * m
(Dper) nf  sup {g*(p) + ) ahi () - (Z qz-gi> (Z ay; — p) }
y*€ [ dom(hy) PER" i=1 i=1 x \i=1
i=1 q=20
In this case, the constraint qualification (CQy-) used for the original primal and dual problems,
(Ppc) and (Dpc) gives strong duality. With this, we present the following theorem,
m
Theorem 8.5. Suppose the constraint qualification (CQy-) is satisfied for all y* € []dom(h}).

i=1
Then the following are equivalent:

(i) Vy* € ] dom(h}), there exist p € R™ and ¢ € R™, ¢ > 0 such that
i=1

*

g (0) = > @i + (Z ‘Jigi) (Z vy —p> <0
i=1 i=1 i=1

Once again, the proof is omitted as it follows immediately from Theorem 8.1. As a consequence
of Theorem 8.5, we present the following.

X

Theorem 8.6. Suppose the constraint qualification (CQy-) holds true for all y* € []dom(h}).
i=1

Then either the inequality system

has a solution or the follwing systems

(iiy-) 9" (p) — Z a:hi (y7) + <Z Qigi)

m
where y* € [ dom(h}), has a solution, but never both.
i=1

*

m
< qiyfp>§0,p€R”,q20
X \i=1
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8.2 DC fractional programming with DC constraints
In this part of the text we look at the second problem from Section 6. Recall that the main primal

problem was,
u {0t
¢i(2)—vi(2)<0 | u(x) —v(z)

i=1,....m,x€

(Prp)

where X C R”™ is convex, g and h are proper and convex, v and v are proper and concave, ¢;
and 1; are proper and convex for i = 1,...,m. There were two cases to consider, A\ < 0 and
A > 0, each with its own set of assumptions. For each case, we will present two theorems and
suppose that the assumptions from earlier still hold. Proofs in the section will be left out as they
are similar to the proofs of the above subsection. Interested readers can refer to [13] and [14] for
further information.

Case 1, A > 0: In this case the dual problem to (P2p) was

(Drp) sup {(h—/\v)*(r*) — 9" (p1) — A(—u)*(p2) + > it ()

inf
z*€dom((h—Av)") p, p, €R™ P

v € [T dom(;)
=1
m * m
- (Z Qi¢i) <Z iy} —p1— A2 + w) }
i=1 x \i=1

For strong duality we used the following constraint qualification,

q>0

(cQ,.) ' € _51 ri(dom(¢;)) N ri(dom(g)) N ri(dom(—wu)) N ri(X), such that

¢i(2') —a'Ty; + 97 (y;) <0 i€l
¢i(a') —aTy; + 0} (yi) <0 i€N
where L = {i € {1,...,m}| ¢; is affine} and N = {1,...,m}\ L. Now we have everything needed

for the Farkas-type theorems:

Theorem 8.7. Suppose the constraint qualification (CQj.) is satisfied for all y* € []dom(¢;)
i=1
and that A > 0. Then the following are equivalent:

- u(z)—v(z)

(if) Vz* € dom((h — Av)*) and Vy* € [[dom(v]) , Ip1,p2 € R™, ¢ € R™, g > 0 such that
i=1

(h=Xv)*(z") —g"(p1) —A(—U)*(pz)-i‘zf]ﬂ/)f(y?) - <Z Qi¢i> (Z @y; —p1— Ap2 + x*) >0
=1 =1 x \i=1

m
Theorem 8.8. Suppose the constraint qualification (C'Qj.) holds true for all y* € []dom(¢;)
) i=1

and that A > 0. Then either the inequality system
(i) € X, such that ¢;(z) — ¢i(z) <0,i=1,...,m, % <A
has a solution or the following systems

(far ) (= 20)"(2") = " (p1) = A=) (p2) + Y @it} (y7)

m * m
- (Z Qi@') (Z @y; —p1— Ap2 + 1‘*> >0,p1,p2 €R", geR™, ¢>0
i=1 X

i=1

where z* € dom((h — Av)*) and y* € [[dom(¢}), has a solution, but never both.
i=1
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Case 2, )\ < 0: For the second case, the dual problem to (P%p) was

m

D inf sup h4+du)*(2*) — g% (p1) + A(—v)*(p2) + @i} (y;
(Drr) <<+>>{( @) =" A )+ D0 )

o
y*e [[dom(py) 920
i=1

= (Z Qi¢i> (Z @y —p1+ Aps + x) }
=1 X

i=1

and the constraint qualification for strong duality was,
(cQ,.) EFS i) ri(dom(¢;)) N ri(dom(g)) N ri(dom(—v)) N ri(X), such that

oi(x') — 2 Tyr + 7 (y;) <0 i€L
pi(x)) — &/ Tyr +r(yf) <0 ieN

where L = {i € {1,...,m}|¢; is affine} and N = {1,...,m} \ L. B
Next we present two Farkas-type theorems based on this pair of problems, (P25) and (Dpp),
and the constraint qualification.

Theorem 8.9. Suppose the constraint qualification (CQy.) is satisfied for all y* € []dom(¢;)
i=1
and that A < 0. Then the following are equivalent:

(i) @ € X, 6i(2) = u(x) <0,i=1,...,m, = LD=2T > )
(i) Vz* € dom((h + Au)*) and Vy* € []dom(¢)}) , there exist p1,p2 € R™ and ¢ € R™, ¢ > 0
i=1
such that

(h+Au)*(x") —9*(171)4')\(—1))*(]02)4‘2inf(y?) - <Z l]z¢z‘> ( @y; —p1+Ap2 + x*) >0
i=1 i=1 x \i=1

As a consequence of Theorem 8.9, we have the following theorem of alternatives.

m
Theorem 8.10. Suppose the constraint qualification (CQy ) holds true for all y* € []dom(¥)})
’ i=1
and that A < 0. Then either the inequality system

(i) 2 € X, ¢i(w) —vi(w) <0,i = 1,...,m, L8=1E < \

has a solution or the following systems

(iawye) (h+Xw)" (") = g"(p1) + A(=0)"(p2) + > @it} (%)
i=1

m * m
- (Z Qi@') (Z @y; —p1+ Ap2 + I*> >0,p1,p2 €R", geR™, ¢=>0
i=1 X

i=1

where z* € dom((h — Av)*) and y* € [[dom(¢}), has a solution, but never both.
i=1
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Earlier, we also looked at the fractional programming problem where v; was zero,

(Pppr) inf { M}

@%z)go u(z) —v(z)
o™

which also had the two cases.

Case 1, A > 0: In this case the dual problem to (Ppp,) was

(Drp) inf sup {(h/\ﬂ)*(ﬂf*) —g"(p1) — A(—u)" (p2)

z*€dom((h—Av)*) p; p, €R™
q>0
m *
- <Z Qi¢i> (" —p1 — Ap2) }
i=1 X

For strong duality we used the following constraint qualification,
(CQy) 2’ € 461 ri(dom(g;)) N ri(dom(g)) N ri(dom(—wu)) N ri(X), such that
¢i(z') <0 i€l
¢i(z') <0 ieN

where L = {i € {1,...,m}| ¢; is affine} and N = {1,...,m}\ L. Next we present the Farkas-type
theorems:

Theorem 8.11. Suppose the constraint qualification (C'Qy)) is satisfied and that A > 0. Then the
following are equivalent:

)z e X, di(x) <0,i=1,...,m, = LD=h@) 5

u(z)—v(z) =

(ii) Vz* € dom((h — Av)*), there exlst p1,p2 € R™, g € R™, ¢ > 0 such that

(h=X0)* (") = g"(p1) = A(—w)"(p2) — (Z Qi¢i> (z* —p1—Ap2) 2 0
i= b'e
Theorem 8.12. Suppose the constraint qualification (CQf) holds true and that A > 0. Then

either the inequality system

(i) € X, such that ¢;(z) <0,i=1,...,m, Z((z)) hﬁmg <A
has a solution or the following systems

(iig=) (h—=Av)" (") —g"(p1) = A(=u)"(p2) — (Z qmbi) (" = p1 = Ap2) 20,
i=1 X

plaPQERnaqeRquzo

where z* € dom((h — A\v)*), has a solution, but never both.
Case 2, )\ < 0: For this case, the dual problem to (P%p,) was

Dpps nf h+\ — g A=v)*
(Drpr) zedom((h+)\u))plp2£R {(h+2u)*(2") — g" (p1) + AM(—v)* (p2)

- <Z Qi¢i) (" —p1+Ap2)}
i=1 X
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and the constraint qualification for strong duality was,
(C’~Q:)) Jz' € _ﬁ ri(dom(¢;)) N ri(dom(g)) N ri(dom(—v)) N ri(X), such that

¢i(z') <0 iel
¢i(x') <0 ieN

where L = {i € {1,...,m}|¢; is affine} and N = {1,...,m} \ L. Using this gives the following
two Farkas-type theorems:

Theorem 8.13. Suppose the constraint qualification (C~Qg) is satisfied and that A < 0. Then the
following are equivalent:

() ze X, di(x) <0,i=1,....,m, = %EA

(ii) Vz* € dom((h + Au)*), there exist p1,p2 € R™ and ¢ € R™, ¢ > 0 such that

(h 4 Xuw)* (@) = " (1) + A(—v)"(p2) — (Z qmi) (@ —p1+ Ap2) >0
=1 X
Theorem 8.14. Suppose the constraint qualification (C’~Q6) holds true and that A < 0. Then
either the inequality system
(i) 2 € X, ¢i(2) <0,i=1,...,m, LG=RE

' u(z)—v(z
has a solution or the following systems

(iig+) (h+ Au)*(2") = g"(p1) + AM(=v)"(p2) — (Z qz‘¢i> (z" —p1+Ap2) 20,
i=1 X

p17p26Rn7q€Rm7q20

where z* € dom((h + Au)*), has a solution, but never both.

8.3 Fractional programming problem

Continuing the work with fractional programming, we now look at the fractional programming
problem from the third part of Section 6. Recall the fractional programming problem with DC

constraints,
P inf {L(z)}
(Frr,) gi(@)~hi(x)<0 | h(z)

i=1,....,m,z€X

where X C R” is nonempty and convex, g : R® — R is proper and convex, h : R® — R is concave
such that —h is proper and lower semicontinuous over JF (P2 p,) (the feasible set of the problem),
and g;,h; : R" - R for i = 1,...,m, are proper and convex functions. As done above, two cases
must be considered, A < 0 and A > 0. For each case, the same assumptions hold about the problem
as in Section 6. Two theorems will be presented for each case but proofs will be omitted.

Case 1, A > 0: When )\ was nonnegative, the dual problem was

(Drp,) inf sup { — g*(p1) — A(=h)*(p2)
y*E‘I:I dom(h}) P1 ,é)i%Rn

- <Z Qigi> <Z Gy; —p1— >\p2> + quf(yf)}
i=1 i=1 i=1

X
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For strong duality we used the constraint qualification,

(CAQy*) W e n ri(dom(g;)) N ri(dom(g)) N ri(dom(—h)) N ri(X) :

=1
gi(z") —2Tyr + hi(y}) <0 i€l
gi(x) —aTyf + hi(yf) <0 ieN

where L = {i € {1,...,m}|g; is affine} and N = {1,...,m} \ L. Using this we come up with the
following Farkas-type theorems:

~ m
Theorem 8.15. Suppose the constraint qualification (C'Q,.) is satisfied for all y* € [] dom(h)
i=1

and that A > 0. Then the following are equivalent:
(i) ¢ € X,i(2) = hi(2) <0, =1,...,m, = &5 >

(i) Vy* € [l dom(h}) , there exist p € R™ and ¢ € R™, ¢ > 0 such that

i=1
9" (p1) + A(=h)*(p2) + (Z Qigi) (E ay; —p1 — /\P2> =Y ahi(y) <0
i=1 x \i=1 i=1

The next theorem follows immediately from Theorem 8.15.

~ m
Theorem 8.16. Suppose the constraint qualification (CQ,.) holds true for all y* € []dom(¥);)
’ i=1
and that A > 0. Then either the inequality system

has a solution or the following systems

(iiy<) g"(p1) + AM(=h)"(p2) + <Z Qigi) <Z @y; —p1— Apz) =Y aihi(y;) <0
i=1 x i=1

i=1

peER" ¢geR™, ¢>0

where y* € []dom(h}), has a solution, but never both.

Case 2, A < 0: For this case, the dual problem to (Ppp, ) was

(Drp,) LnE s R ) g (p) (Z quz) (Z @y — p) +Z gih

peER™
-

y*e [1dom(ny) 120
i=1

and the constraint qualification for strong duality was (CQy-), the same as the constraint quali-
fication for the first DC programming problem of 8.1. From this we get the next two theorems.

Theorem 8.17. Suppose the constraint qualification (CQy-) is satisfied for all y* € []dom(h})
i=1

and that A < 0. Then the following are equivalent:
(i) ¢ € X,0i(2) —hi(2) <0,i=1,...,m, = &5 >
(i) Vz* € dom(h*) and Vy* € H dom(h}), there exist p € R™ and ¢ € R™, ¢ > 0 such that

m

AR*(z7) = " (p + Ax¥) (Z ng1> (Z @y} p) + > ahi () >
x \i=1 i—1
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Theorem 8.18. Suppose the constraint qualification (C'Q,-) holds true for all y* € []dom(h})

and that A < 0. Then either the inequality system
has a solution or the following systems

(iiz=y«) ART(z") — g™ (p+ Ax™) (Z ngz> (Z 4y —p) + ahi(yp) >0,
x \i=1 i=1

peER™ geR™ ¢>0

where z* € dom(h*) and y* € [] dom(h}), has a solution, but never both.

i=1
The last fractional programming problem we looked at was one with convex constraints,

), G

1=1,...,m,

zeX

We only considered the case where A < 0, since the problem became a convex optimization problem
when A > 0. The dual problem to (ng,) when A < 0 was

(Drey) inf mm{—gﬂp)—AGJOW—zﬂ-(z:mm> (—p— A"}
i=1 X

z*€dom((—h)*) pER™
q=20

with constraint qualification,

(') <0 i€l
cQ; 3z’ € Nri(dom N ri(X) : gi(2) <
Q) (dom(9)) 11 i >{muq<0i€N
where L = {i € {1,...,m}|g; is affine} and N = {1,...,m} \ L, for strong duality. The Farkas-
type theorems associated with this set of problems are,

Theorem 8.19. Suppose the constraint qualification (CQ[) holds and that A < 0. Then the
following are equivalent:

(i) re X, gi(x) <0, = ZE >\

(i) Vz* € dom((—h)*), there exist p € R" and ¢ € R™, ¢ > 0 such that

( )+>‘( (Z%%) p*)\w*) <0

Theorem 8.20. Suppose the constraint qualification (CQj) holds and that A < 0. Then either
the inequality system

i)z e X, gi(z) <0, <
X 28 < A

has a solution or the following systems

(iie=) g%(p) + A(=h (Z%w) —p—Az")<0,peR", geR™, ¢>0

where z* € dom((—h)*), has a solution, but never both.
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8.4 DC programming problem containing a composition with a linear
continuous operator

The fourth and last problem type discussed in Section 6 was a DC programming problem with a
linear operator. We looked at two similar problems, one with convex constraints and the other
with DC constraint functions. Here we will first consider the more complex of the two and then
present the theorems for the other based on the results of the more complicated case. Recall that
the primal problem was,

P inf — Ax) — ha(A
(Pa) , inf (@)~ 9a(0) + ha(Az) — ha(Ao))
i=1,...,m,7€X
where g1, g2, h1, ha, ¢i,1; : R* = R, for i = 1,...,m, are proper convex functions and A € R**"
is linear continuous operator. Its dual problem was
(Da) inf sup {—(g1+h1 0 A)*(p+ 2" + A™y") + g5(27) + h3(y")

z*€edom(g;) pER™
y*€dom(h3) ¢>0

=" [T dom(y;)
=1

- (Z Qid)i) (Z e p> +Davi (=)}
i=1 x \i=1 i=1
For strong duality, we had
(CQ.+) I’ € _ﬁri(dom(d)i)) Nri(dom(gy)) N ri(Afl(dom(hl))) Nri(X) :
Gi(x") — 2z + Y (zf) <0 i€l
¢i(z') — zfx +¢f(zf) <0 ieN

where as before, L = {i € {1,...,m}|¢; is affine} and N = {1,...,m} \ L. Then we have the
following theorem:

=
H\

N

<

Theorem 8.21. Suppose the constraint qualification (CQ,+) holds for all z* € [] dom(¢;). Then
i=1
the following are equivalent:
(i) € X,¢i(x) =¥ <0,i=1,....,m, = g1(x) — ga(z) + h1(Az) — ha(Az) >0

(i) Vz* € dom(gs), Vy* € dom(h3), and Vz* € [[dom(¢}), Ip € R™, ¢ € R™, ¢ > 0 such that
i=1

*

< g2 —p> = i () <0
i=1 i=1

Proof. ((i) = (ii)): Let (i) be true and let z* € dom(g3), y* € dom(h}), and z* € Hdom(w;‘).

(g1 +hioA)" (p+a™ + Ay") — g5 (") — h3(y™) + <Z Qi¢i)
i=1 X

i=1
From (i) we get that v(P4) > 0. Now in Section 6 we derived an equivalent form of (Pa),
P inf inf z) — 2Tz + g5 (x*) + hy(Az) — (Ax)Ty* + hi(y*
(P () g3 (0") + ha(Az) = (A)Ty" + B3(0°)}
y*€dom(h}) i=1,....m,z€X
z'e vﬁldom(w;)

where the inner infimum was a separate convex optimization problem, (Py« y+ »»). Since v(Pa) > 0,
we know that v(Pg« y» .=) > 0. The dual problem of (P« y« .-) was

(Da= 4= 2+) suﬂg{—(gl +hioA)(p+a” + A%y") + g3 (") + h3(y")
pe
q>0

- (Z Qi¢i> ( 4z —p> + Z‘Mﬁ:(zz*)}
i=1 x \i=1 i=1
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In the proof of Proposition 6.12, we showed that strong duality held under (CQ,+) between
(Py= y+ 2 ) and (Dg= y« .+ ). Thus by Proposition 6.12, the dual problem, (D« ,« .-), has a solution
and v( Py y+ 2+ ) = v(Dg+ 4= »+). So there exist p € R™ and ¢ € R™, ¢ > 0 such that

— (1 +hioA) (p+a* +Ay*) +g5(z*) + hi(y (quz) (ZQiZE‘—p>+ZQi¢Z(Z)
X =1 =1
= U(Dz*,y*,z*) = U(Px*,y*,z*) >0

This, of course, implies that (ii) is true.
((if) = (i)): Next suppose (ii) holds. For arbitrary z* € dom(g3), y* € dom(h}), and z* €
[Tdom(z}), there exist p € R™ and ¢ € R™, ¢ > 0 such that the relation in (ii) is true. This

i=1
implies that

—(g1+hio ) (p+a* + A%y*) + g5 (™) + Py (y (Z m) (Z s p> +Y i (2) >0
x \i=1 i=1

This and weak duality imply that v(P4) > v(D4) > 0. Now, since z*, y*, and z* are arbitrary,

(i) must be true. O

An immediate consequence of Theorem 8.23 is the next theorem of alternatives.

Theorem 8.22. Suppose the constraint qualification (CQ,+) holds for all z* € H dom(%)}). Then
i=1
either the inequality system

has a solution or the following systems

(fige gy o) (g1 +hioA) (p+a”™ + A%y") —g5(2z") — h3(y™)

m * m
+(Z(h‘¢i> (Zqﬂf—p) Zcp )<0,peR”, geR™, ¢g>0
i=1 x \i=1

where z* € dom(g3), y* € dom(h3), and z* € [[dom(¢);), has a solution, but never both.

The final problem we consider is a special case of (P4) where 1); is zero. This primal problem,

(P)) inf {g1(z) — g2(z) + h1(Az) — ha(Ax)}
@i (x)<0
i=1,...,m,
zeX
where g1, g2, h1,ho, ¢; : R® = R, for i = 1,...,m, are proper convex functions and A € R"*" is

linear continuous operator, has two dual problems but here we only consider one of them.

(D) . dnf o sup {—(gi+ Mo ) (p+a"+A"") +g3(") +hily <Z m) (-p)}
v edom(k) 0

The constraint qualification used for strong duality was

e /)<0 iel

(CQo) I e ;ﬁlri(dom(@)) Nri(dom(gy)) Nri(A=(dom(hy))) Nri(X) : {¢Z( N < ie N

where as before, L = {i € {1,...,m}|¢; is affine} and N = {1,...,m} \ L. The next two
Farkas-type theorems are a result of these problems and (CQy).
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Theorem 8.23. Suppose the constraint qualification (CQp) is satisfied. Then the following are
equivalent:

(i) z € X,¢i(x) <0,i=1,....,m, = g1(x) — g2(2) + h1(Az) — ho(Az) > 0

(ii) Vz* € dom(g3) and Vy* € dom(h3), there exist p € R™ and ¢ € R™, ¢ > 0 such that

(g1 thioA) (p+a”+A%y") —g5(") — hi(y*) + (Z Qi¢i> (-p) <0
=1 X
Theorem 8.24. Suppose the constraint qualification (C'Qy) is satisfied. Then either the inequality
System
(l) HS X7 d)l(‘r) < 072 = 17 cees My gl(x) - 92($) + hl(Am) - h2(Ax) <0
has a solution or the following systems

(fzey) (g1 +hioA) (p+a™+Ay") —g3(2") — h3(y") + <Z Qid)i) (=p) <0,
=1 X

peER" geR™, ¢>0

where z* € dom(g3) and y* € dom(h}), has a solution, but never both.
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9 Conclusion

Using Fenchel-Lagrange duality, we presented dual problems to some DC programming problems
and fractional programming problems. The method used to find the dual problem (Dp¢) to (Ppc)
was applied to these various problems, including

(), ol {on(e) — ga(a) + In(Av) — ho(As)}
i=1,....m,zeX

Then we presented constraint qualifications to each pair of problems which guaranteed strong

duality.

The results of Section 6 led to some Farkas-type theorems for each set of problems, presented
in Section 8. Thus a summary of the main results from this paper are given in the form of
Theorem 8.23 and Theorem 8.24. Here we can see the relationship of the nonconvex optimizations
problems to their associated Fenchel-Lagrange dual problems.
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