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1 Introduction

Ergodic theory is the study of long-term behaviour of transformations. It can help us answer questions
such as:

Is the set {sinn | n € N} dense in the interval [—1,1]?

The answer is yes, since sin(z) is continuous and n mod 27 is dense in [0,27). This question would
not be possible to answer unless we had some knowledge of the distribution of n mod 27.

Let us try adding a twist to our example by asking:
Is the set {nsinn | n € N} dense on the real line R?

I don’t have a ready answer to this question, and it may very possibly be an open question. The
problem is related to determining good bounds for how well 7 can be approximated by rational numbers
g (that is: how large does ¢ have to be in order to make |§ —m| < e€?).

A very interesting example in diophantine approximation is the Littlewood conjecture, stating that
liminf n||nal|||nbl| = 0,
n—r oo

for every a,b € R, where ||nal| is equal to the distance to the integer closest to na. This is still an open
question, but it has been proved (by Einseidler, Katok, and Lindenstrauss, see [Taoa]) that the set of
exceptions has Hausdorfl dimension 0 (that is, the exceptions are basically isolated points).

An answered question of similar flavour is the famous Oppenheim conjecture, solved in 1989 by
Margulis (see for a more detailed discussion). It was conjectured in 1929 by Oppenheim, that:

Let @ be a real quadratic for in n > 3 variables (he initially considered only ones in five or
more variables), that is indeﬁnit non-degenerat and not a scalar multiple of a quadratic form with
rational coefficients. Then Q(Z"™) is dense on the real line R. That is, to get any real value, it suffices
to evaluate @ at integer points!

To prove this, Margulis settled a special case of Raghunathan’s conjecture. Raghunathan’s conjecture
is a deep observation made in the 1960’s by Raghunathan, which has been generalized in subsequent
steps by many different mathematicians. In one of its many manifestations, Raghunathan’s conjecture
reads:

Let G be a connected Lie group and T' a lattice in G (I'\G has finite volume). If ¢; is a unipotent
flow on I'\G, then the closure of every ¢ -orbit is homogeneous (¢g(z) = x5, for some closed subgroup
SCaq).

The conjecture was resolved in the early 1990’s by Marina Ratner in a series of articles |[Rat90b|,
[Rat90a] and [Rat91] (all together totalling more than 150 pages). It has since, by among others Ratner,
Shah, and Margulis, been proved for more general Lie groups, and there are different versions of the
conjecture. The one receiving focus in this thesis is Ratner’s measure classification theorem:

THEOREM 1.1 Ratner’s Measure Classification Theorem
Let G be a Lie group, I' a discrete subgroup in G and U a unipotent subgroup of GG. Then every ergodic
U-invariant probability measure on I'\G is homogeneous.

The above theorem will be restated in section 4, and the proof for the case of G = SL(2,R) will be
given, following her article [Rat92]. The proof follows that in the article, but has been expounded on, in
an attempt to make her ideas more transparent and easy to follow. The reader interested in the more
technical details may consult her article.

LA quadratic form is a polynomial in which (possibly) mixed monomials occur, and the total degrees of each monomial
is exactly 2

2Q attains both positive and negative values

3@Q can not be written as a quadratic form in fewer variables
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2 Motivation

Consider the circle group S' = {z € C: |z| = 1} as a differentiable manifold (S* with complex multipli-
cation and the usual analytical structure), making it into a Lie group.

There is an obvious smooth epimorphisni’| from R onto S' given by R — ST : 7 €277, Tt is
obvious that the map is surjective and that its kernel is Z. This means that we get an induced smooth

isomorphism '
R/Z — S :r mod 1 >,

In formal language, we say that R is a universal covering group of S'. This allows us to identify R/Z
with S under the isomorphism given above.

This construction generalizes to identifying the n-torus T™ (which is given as a direct product (S*)"
of n circles) with the quotient R™/Z" = (R/Z)™, by the smooth isomorphism

R"/Z" —T":(r; modl,--,r, mod1)s (e2™r1 ... 27mirn),

The point of this discussion is that we can forget the group structure of T™ and consider it only as
a differentiable manifold. Of course we can still identify it with the differentiable manifold (R/Z)™. We
may then consider the automorphism group Diff (T") of diffeomorphisms of the n-torus. We shall write
T™ for the n-torus considered only as a differentiable manifold, and (R/Z)™ for the n-torus with the
group structure defined above.

Now, there is an interesting homomorphism from the group (R/Z)™ to the group Diff (T™) given by
the map Rot : r mod 1 — T, where

T T = T": (21, ,2n) — (2162”"17-~~ ,zneQ’T"").

The name was chosen to highlight the fact that T, are just rotations of the points on the n-torus, by the
angle (r mod 1)27. The map Rot maps elements from (R/Z)" to Diff(T™) in a smooth fashion, since
angles close to each other are mapped in a smooth way to rotations close to each other.

Perhaps more spectacular is the homomorphism given below, from (R/Z)™ into the group of smooth
homomorphisms from R to Diff(T™) (try not to trip up on the notation, the meaning of this will become
clear in the following discussion Define the homomorphism

RectLin : (R/Z)" — Hom(R, Diff(T™)) : » mod 1 — RectLin(r)
where RectLin(r) corresponds to the smooth flow on T™ defined by
¢[r]t(zlv tte 7277,) = (Zle2ﬂ-itrl [ 7Zne2ﬂitTn)'

The r in brackets is only present to signify the dependence of the flow on the chosen r (which is the
speed of rotation). These flows are called rectilinear (hence the suggestive name RectLin).

ExXaMPLE 2.1 Rotation of the circle
For the circle group T = R/Z, there is an obvious measure on this group induced by the Lebesgue
measure on R (u([a,b]) = |b—al). Let o be some real number and define the (measurable) transformation
To:T—T by

To(2) = 22T,

It is clear that Ty, (z) = 2T,(1) and so we only need to focus on the orbit of the point 1, that is the set
{T"(1):n=1,2,3,...}. Ty is actually the element Rot(a mod 1) defined in the preamble of this section.

The long-term behaviour of the transformation T, depends on whether « is rational or irrational.

4Surjective homomorphism.
5The group of smooth homomorphisms from R to Diff(T™) is just the group of smooth flows on T™ under pointwise
addition.
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When « is rational, the orbit of the transformation is finite; that is, we visit a finite number of points
on the circle, before returning to the point from which we started.

More interesting behaviour appears when « is irrational, since then the orbit of the transformation
is dense in the circle, or in other words: almost every point on the circle is visited at least once. The
qualifier almost is used in the sense that the points that are not visited are negligible when integrating.

Of course, the notion of visiting a point becomes blurred in the limit, but the orbit being dense
means that for any given point, the orbit visits points that come closer and closer to the given point as
time increases.

Rational o

When « is rational, we can express it as o« = p/q for p,q relatively prime integers. Now it is obvious
that TZ(1) = (e27P/9)1 = 27iap/q = 270 — 0 = 1 50 that T = Idr and hence T, is periodic (with
smallest period ¢g). The orbit contains exactly ¢ points, since p and ¢ are relatively prime (kp/q=n €
Z=kp=qgn=k=mq).

We can construct a set L that is invariant under rotations by this « (that is, rotating the set by «
gives us back the same set - T, (L) = L), by dividing the circle into small, evenly spaced out, segments
27ri§ 62ﬂi(§+ﬁ)]

and taking their union. Notice that rotating the segment [e by a= g yields the segment

(kP (k4 L4p i k+p i(kftp . 1
[e2ﬂz(5+5)’e27”(q+2q+q)] [627” 7 ,627”( 7 +2q)]

B . . 0l omiE omi(kg L . .

y taking the union L= |J [e“""9,e“"" 97 24’] (we need q of these segments since the smallest period of
k=0

Tw is q), we see that the set is invariant under T,,. The set L has measure pu(L) = q = % (the intervals

are disjoint) but is invariant under T, and so p is not ergodic with respect to T, (see@for a definition

of ergodicity).

Irrational «

Whenever « is irrational, T? # T2 for n # m, and T;, will be an ergodic action on the circle with
respect to the Lebesgue measure.

To prove that the orbit of Ty, is dense on the circle, we need to show that every open set on the circle
is visited by the orbit, or that we can find points on the circle that lie arbitrarily close to any given
point. Let e > 0 be given and consider the (non-periodic) orbit

(T (1) = *™ > . =0,1,2,...}.

Let N=N(e) = [1/6]@ and divide the circle into N connected parts of equal length. Since {T7(1) =
e2mine . p =0,1,2,...} has infinitely many points, we may use the pigeonhole principl to conclude that
there are positive integers n,m, both less than N + 1, such that

0 < arg(T ()T, ™ (1)) = arg(T5 ™ (1) <&,

where arg(z) stands for the argument of the complex number z. The above inequality expresses the fact
that we can find two points on the circle, T2 (1) and T2*(1), that lie arbitrarily close to each other.

Now we see that the there is a point in the orbit, T2~™(1), that can be chosen as close to 0 as we
want, so by rotating this point we can get as close to any point on the circle we want. This is expressed

by the fact that Tclf(n_m) (1) = e®™9 for some 0 < § < €, and so any point z € T is at most at a distance

e from a point in the orbit {T7(1):n=0,1,2,..} D {Tolf("fm)(l) :k=0,1,2,...}. Since € can be chosen
arbitrarily small, this concludes the proof that the orbit is dense.

6The smallest integer greater than or equal to 1/e.
"The pigeonhole principle says that, if we divide a set into N parts, and choose N + 1 elements from the set, then at
least 2 of the chosen elements will belong to the same part.



2 MOTIVATION 7

The next example concerns the distribution of a line on the torus.

ExXaMPLE 2.2 Rectilinear flow on the 2-dimensional torus
The (2-dimensional) torus can be expressed as the quotient space T2 = R? /ZQ. Given a vector v =
(a1,a2) € R?, we will consider the flow starting from z = (21, 22)

Ge((21,22)) = (21271 29€®™92) = (21, 20) ¢ ((1,1)).

Since ¢¢(z) = z¢¢(1) we may, without loss of generality, restrict our discussion to the flow starting from
the point 1= (1,1).

There are three possible cases to consider, and they are as follows:

1. (The trivial case) a3 = ap =0.

The closure of the orbit of the point z is 2{¢¢(1) : t > 0} = 2{1} = {2} (a single point or T?).

2. At least one of a; and a3 is not equal to zero, and there exist integers m and n, not
both equal to zero, such that na; +mag =0.

Without loss of generality, we may assume that ay # 0.

Let nay +masg = 0 for some integers m and n, not both equal to zero, then we have that n = —mg—f.

There is a unique choice of a such integers m and n having the property that gcd(m,n) =1, ensuring
that m is non-zero. Having chosen m as such, it is clear that the (smallest) period of the orbit will
be 2

ai

$m (1) = (2781 PTIAT2) = (2T 72T — (1,1) = gy (1).
aq

This gives us a way to construct a diffeomorphism from T to blo,m) = Plo, m ) (and since the orbit
i i

is periodic, this means that the whole orbit is the 1-torus). Define

. 1./ 2mitag 2mitas 2midly
w.qb[o,{%)—ﬂl’ (e ,e ) et mt

which is a diffeomorphism. We have thus proved that the closure of the orbit of the point z, ¢r(2),
is the 1-torus.

3. nay +mag =0 implies that n =m =0 (implying that both «; and a2 are non-zero, and
that they are linearly independent over Q). We see that at least one of @1 and «y is irrational
(otherwise choose m = paq1,n = p1qa, where o; = %). Looking back at the example of rotations

of the circle, we see that the closure of the orbit ¢g(1) contains every point (1,a), where a € T*.
Since the orbit is just a straight line, every point will lie in the closure of ¢r(1).

More generally, for any (ai,...,a,,) € R™, the orbits of the flow
(bt((zh 7zn)) _ (21627ritoc1’“.7zn€27rito¢n)

are subtori T of T™ for some d € {0,1,...,n}, where d actually is the rank of aq,...,a, over Q (the
dimension of their span over Q).

One of the points of this thesis is exploring the generalization of the above result to unipotent flows
on homogeneous spaces (these notions will be explained in section 4 and in the appendix on Lie groups).
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3 Mathematical preliminaries

All measure spaces in this and the following sections are assumed to be Borel probability spaces, unless
otherwise stated.

3.1 Ergodic theory

Two very good (and perhaps the only) introductions to ergodic theory on homogeneous spaces are the
books [BMOQO| and [EW11|. Everything covered in this section can be found in any of these books.
The aim of this section is not to give a thorough treatment of ergodic theory, but to provide the

ergodic theory needed in the proof of Ratner’s theorem. Anyone interested in the proof of the general
case should also read the account given by Ratner herself in .

DEFINITION 3.1 Measure preserving transformation

A map T: (X, ,u) = (Y,2,v) is called a measure-preserving transformation (m.p.t. for short) if it is
measurable and p(T~1B) = v(B) for every B € %. If T~! is an a.e. defined measurable map, then T is
called an invertible measure preserving transformation. It follows that 7! is also measure-preserving,
since V(T A) = u(T~1TA) = u(A) for every A € .

Remark. For a measure preserving transformations T': X — X, the definition becomes that u(T-1A) =
w1(A), and we will instead say that p is T-invariant (invariant with respect to T'). This basically means
that volume is invariant under the transformation (moving a set does not change its volume).

ProrosITION 3.2
A probability measure p on X is T-invariant if and only if for every f € L*

[ fan=[ roTan 1)

Proof. Suppose that holds for every f € L'. Since p is finite, the characteristic functions are in L.
We then have for any measurable A, that

M(A):/XAdu:/XT_1Adu:/XAonu:,u(TflA).

To show the converse, suppose that u is T-invariant, then for any characteristic function y a:
/XA dp = p(A) = p(T~1A) = /XT—lA dp = /XA oTdp.

By linearity holds for all simple functions. We just need to show that it holds for every f € L' by
approximating them with simple functions. To any positive f € L' there is associated a sequence of
simple functions {f,} as the one in This may be chosen monotone increasing by

Let such a monotone increasing sequence be given, then {f, oT} is also a monotone increasing
sequence of simple functions that is a.e. pointwise convergent to foT. Lebesgue’s monotone convergence

gives us that
/fonu:nlggo/fnonu:nlbrréo/fndu:/fdu.

Since any measurable function f can be decomposed into the sum f* — f~, where both f* and f~ are
positive measurable functions, the claim follows. O

DEFINITION 3.3 Associated operator
Let T be a measure-preserving transformation on (X, ). Then we have an operator Uy : Li — Lz
defined by

Urf=foT.
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By image(Ur) C Li. The operator is an isometry since

(Urf,Urg) = / F(T2)g(Ta) dys = / F@)g@ du=(f.g).

If T is an invertible measure-preserving transformation Uy is a unitary operator and called the associated
unitary operator of T It is unitary, since if f € L?(u), then foT~! € L?(u), and Ur(foT~1) = f, so
Ur is surjective.

THEOREM 3.4 Mean ergodic theorem
Let T be measure-preserving and I ={f € Li :Urf = f}. Then I is closed and as N — oo
| -1
n
N > URf ? Prf,

n=0

where Pr is the orthogonal projection onto I.

Proof. Let B={Urg—g:g¢€ LEL}, then the orthogonal complement to B is I; that is B+ =1. It can
be seen that I is closed since if fp,(z) € I converges pointwise everywhere to f(x), then Uz f(z) also
converges pointwise everywhere to Ur f. Since f, = Ut fy, it follows that Urf = f. Of course if f € I,
then

(f,Urg—g) = (Urf,Urg)—(f,g9) =0

for every g € Li, since Ur is an isometry. Suppose instead that

(f,Urg—g)=0

for every g € Li, that is

<UTgaf> = <gaf>
for every g € Li. Since the adjoint operator U7 of Ur is the unique operator such that for for every
g€ L;Qv and any f € L?(p)
(Urg, f)=(9,Urf),
it follows that UL f = f, since

implies f = Uy f. That f is indeed in I can be shown by noting that

|Urf = flla = (Urf — f,Urf— f) =
= Urfll3 = (Urf. )= £ Ur )+ fII5 =
=2\ 13— (f,U+f) — (U f. f) =

=0.

This means that we get the decomposition Li = I® B, where B denotes the closure of B, so that every
Li S f=Prf+h for a unique h € B. It is clear that if Urg—g=h € B and f = Prf+h, then

LNl L[N N-1
||NZU%f*PTfH2:HN Y Prf+ Y Ush| —Prfl2=
=0 =0 =0

1 = 1
_ § : J _ N

=0

1/ N 2
< — = — .
< 5 (10¥ gll2+lgll2) = - lgllz <——0
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To show that the convergence holds even if h € B, consider some sequence h; = Urg; — g; in B converging
to h, then

1 N-1 1 N-1 N-1
I D Uphllz < 5 (1 D2 Up(h=ha)llz+ | Y Uphila | <
j=0 j=0 Jj=0

2 2
< — h.: sy < .
<llh=hilla+ lgills < e+ L lgillz ——»e

where the last inequality holds for any € > 0 and sufficiently large i (depending on ¢) since h; converge
to h in Li. Since € is arbitrary, we get the desired conclusion. O

Remark. The above theorem gives us a (non-unique) decomposition of any f € L! into components
f=Prf+Urg—g+h,

where Upg — g is an element in {Upg— g} and h is the difference between Uprg — ¢ and the component
of f in the closure of {Urg—g}. Given any ¢ > 0, we may choose this decomposition in such a way as
to ensure ||hlj2 < 0.

DEerFINITION 3.5 Positive linear operator
A linear operator U : L' — L' is said to be positive if whenever f >0, then U f > 0.

ProrosiTioN 3.6 Maximal inequality
Let U: L' — L' be a positive linear operator with ||U|| < 1. For a real-valued function f € L', we define
inductively the functions

fo=0
h=f

fo=f+Uf

fo=fFUf++ U
for n > 1, and Fy = max{f, |0 <n < N} (all of the functions are defined pointwise). Then

/ Fdu=0
{z|Fn(x)>0}

for all N > 1.

Proof. See Proposition 2.26 in [EW11]. O

THEOREM 3.7 Maximal ergodic theorem
Consider a measure-preserving transformation 7' and a real-valued function g € L. Define

1 n—1
sup — g(T'z)
n>11 % Z }

Ea—{mGX

for any @ € R. Then
(B < / gdp < gl

[e"

Proof. We begin by noting that Ur is positive and |Ur| =1 (Ur is isometric). This allows us to use

For any o € R we define the function f = g —a. We then see that

n—1 n—1
1 1
Sl;li; E Ulkg(x } {x eX st;[i E Uk f(z }

Ea—{xeX
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For any n > 1, define the sets

EZ{:L‘EX

k—1
1 ,

sup Eg U%f(x)>0}
i=0

1<k<n

oo
It is clear that E? C E"t! and so E, = |J E?. By the maximal inequality [3.6) we get the inequality

n=1
o< | fduz/ gdp—ap(Ea)
which simplifies to au(FEy) < fEa gdpu. O
We will write Sy for the operator -
L V=
SN = ;::O Uz

THEOREM 3.8 Birkhoff’s Pointwise Ergodic Theorem
Let p be probability measure (gn X), T a measure-preserving transformation, and f € L'(X, ). Then
there is a T-invariant function f in L' such that

N-1
lim — Y UZf= lim Syf=Ff
im gﬂ 7f= lim Syf=7F

for a.e. x € X, where [y fdu= [y fdu. If T is in addition ergodic then f = [y fdpu.

Proof. Since p is positive by assumption (we are working exclusively with positive measures) we only
need to show that for any € > 0

p({z | imsup |Sy f— Prf|>¢€}) =0.
N—o00

We note that since L? is dense in L' (Prop. , for any § > 0 we can find a function fo € L? such
that || f — foll1 < 6. Since L? is even contained in L', I = {f € Lﬁ :Urf = f} is a closed subspace of L'.
This means that Pr is also well-defined on L!.

Let § > 0 be arbitrary, and remember the decomposition we gave in the remark following Theorem
This allows us to write fo = Prfo+ (Urgo — go) + ho for some ||ho||2 < 8, and so by letting

h1=ho+(f = fo) — (Prf—Prfo) € L'

we get that
f="Prf+{Urgo—go)+Mh
where [lh[l1 < [holls +[1f = folls + | Prf — Prfollx < 36.
Since L is dense in L? (Prop. we may find a g € L*° such that ||g — go||2 < d. Letting

h=h1—((Urg—g) — (Urgo—go)) = h1+Ur(go — g) + (9 — go)
we get the decomposition f = Prf+ (Urg—g)+h. Recalling that Up is an isometry, we get the bound
Al < Pl +2llg —gollr < [[h1ll1 +2[lg — goll2 < 59,

Since § > 0 is arbitrary we may instead assume that ||h|1 < &. Since Pr is a projection operator (Pk = P,
for k > 1), it follows that Sy (Prf) = Prf, and we get the inequality
|Snf—Prfl=|Sn(Prf)+Sn({Urg—g)+Sn(h) —Prf|=
=|Prf+Sn(Urg—g)+Sn(h)—Prf| <
< [SN(Urg—g)|+|Sn(h)]
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As in the proof of the Mean Ergodic Theorem, Sy (Urg— g) telescopes, giving us |Sy(Urg—g)| =
%|U%ngg| < % |9/lco except on a set of measure 0, since the maximum variance between |U g(z) — g(z)|
is at most equal to 2||g||co for a.e. x. That is,

(x| Yimsup| Sy~ Prf| > €}) < p({x | limsup|Sy (Urg — )|+ |Sx ()] > c}) =
= (x| msup Sy (h)| > €}) <

Bl _ 8

< p({z| sup 1Sn(h)] > €}) <

|

€

where the last inequality follows from the Maximal Ergodic Theorem, since
ep({z | sup Sn(|h]) > €}) < |[Al1.
N>1

Since € is fixed, and § can be chosen arbitrarily small, this gives us convergence a.e. of Sy f to Prf.

Now, since
[ swrdu= [ s
X X

we see that, by Lebesgue monotone convergence,

/fduz/ lim SNfduz/ Prfdu.
X x N—oo X

If T is ergodic, then any T-invariant function is constant a.e. (see Proposition 2.14 in [EW11]), and so

/XPdeMZPTf'M(X) =Prf.

O

DEFINITION 3.9 Smooth flow
A flow on a smooth manifold X is an action of R on X. We say that ¢¢(z) = ®(t,z) : Rx X — X is a
flow on X if:

e ¢o(x) ==z, and
L JEOR O¢t(x) = ¢s+t(x),

for every s,t € R and every z € X.

If in addition the map ®(¢,x) is smooth w.r.t. both variables, we say that ¢, is a smooth flow. Since
we will only consider smooth flows in this text, we will drop the qualifier "smooth" and simply say flow,
unless otherwise stated.

DEFINITION 3.10 Invariant measure

A measure 4 on a space X is said to be invariant under the action of the group G if (g~ A) = u(A) for
every measurable subset A of X and g € H. We sometimes express this by saying that H is measure-
preserving (with respect to the measure p).

DEFINITION 3.11 Unipotent flow
Let {u'};cr = U be a unipotent one-parameter subgroup of a Lie group G. A flow defined on I'\G by
¢¢(T'z) = Tzrut, is called a unipotent flow.

Remark. We say that the measure u on the space X is invariant under the flow ¢y if u(¢; *(A)) = u(A),
for every measurable subset A of X, and every ¢t € R. We sometimes say that ¢; is measure-preserving
instead of u being ¢;-invariant.
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ExXAMPLE 3.12 FExzamples of Smooth flows
Define the one-parameter subgroups u,a : R — SL(2,R) by

10
t __
1)

t

It is clear that u*u! = vt and a®a® = a***. Let T be a subgroup of G and define the flows 7; and

~: on I'\G by
ne(Tx) = Tau?,

7¢(Tx) = Tzal.

They are seen to be flows since
ns(nt(Tx)) = ns(Tzu?) = Taeulu® = Tzu'™® =9y (Tx)
(analogously for 7;) and they act smoothly.

Remark. The two flows in the above example are so important that they have been named the horocycle
flow (n:) on T\G and the geodesic flow (y;) on T'\G.

DEFINITION 3.13 Ergodic flow
A measure-preserving flow ¢, on a probability space (X, u) is said to be ergodic if, for each ¢¢-invariant
subset A of X (¢¢(A) = A for all t € R), we have either u(A4) =0 or pu(A) =1.

This means that there is only one distinct ¢4-orbit in X on which p is non-zero. Why? Let z € X
and let {¢¢(x)}+er = dr(x) be the orbit of z, then ¢r(z) is ¢¢-invariant:

Let y € ¢r(z), then y = ¢5(x) for some s € R, and we have that ¢;(y) = ¢¢(ds(x)) = drys(x) € Pr(x)
for all t € R, and given a t € R we have that ¢(¢s—i(z)) = ¢s(x) =y, so that ¢¢(¢dr(z)) = ¢r(x). Since
orbits are either equal or disjoint, the conclusion follows.

DEeFINITION 3.14 Mizxing

A measure-preserving transformation 7' : X — X is called mixing w.r.t. a T-invariant probability measure
wif li_)m w(T~"(A)NB) = u(A)p(B) for all measurable sets A and B.
n oo

Remark. Note that it makes sense to say that a flow ¢; is mixing according to the above definition, since
taking T = ¢1, we see that for an integer n and a real number 0 <71 < 1,

(- t2(4) 0 B) = u(T (60 (A) N B) —— ju(dr(A))u(B) = u(A)u(B).

A flow (or transformation) being mixing means that it distributes any measurable set randomly in
the limit (asymptotically). The term "mixing" comes from the analogy to an ordinary mixer.

We will give an equivalent definition of mixing that is easier to check against. We say that a set of
functions @ is complete if the linear span of the set L(®) is dense in L2.

PROPOSITION 3.15
A m.p.t. T:X — X is mixing if and only if for any given complete system of functions ® in L?(X) and

any ¢,y € ®:

<W¢w:/wwwwﬁw—»/w@w/maw:mewv%nam 2)
X X X
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We note that both sides of (2) are linear w.r.t. ¢ and antilinear w.r.t. 1. Hence, if holds for
@, € ®, then it holds for any ¢, € L(®). We proceed by showing that if it holds for L(®), then it holds
for its closure L2. This then allows us to prove the theorem by only proving it for the characteristic
functions.

Proof. Suppose that holds for a complete system of functions ® (and hence for L(®), and let f,g € L?.
Since L(®) is dense in L2, for any ¢ > 0, we can find functions f’,¢’ € L(®) such that

1f=f'llz2<ellg—9'll2 <e

Now

KUTf.9)—(f,1)(L,9)| =
=[(Upf,9—9 ) +(UF(f = 1):9") +(ULF.9") -
—(f ) (Lg—g) = (= 1)(Lg)— (S 1)(1L,¢)| <
<Ifllz-llg=g'lla+I1f = Fll2- 9" ll2+
1l g =g l2-IUE+1F = Fll2-Ig 2 - 1B+ 1CUES 9"y = (f,1)(1,9") | <
<e(llfllz+lg"llz + 1 fll2+lg"ll2) + [ {UZF9") = (£/,1) (1,97 |-

Since € > 0 is arbitrary and |(UZf’,¢") — (f',1)(1,¢')| = 0 by assumption, the conclusion follows.

If a m.p.t. T is mixing, then clearly for any measurable sets A and B:

n— 0o
X X X X

[xaexadn= [xronaxndn=p@ " A)0E) — s n(Au(B) = [xadu [ xadu

Since the set of characteristic functions is complete, must hold for all functions in L?, and hence
for any complete system of functions ®. Clearly, by reversing the argument above, we see that implies
mixing.

THEOREM 3.16 Birkhoff’s Pointwise Ergodic Theorem for flows
Let 1 be probability measure (on X), ¢; an ergodic measure-preserving flow, and f € L'(X, ). Then

for a.e. z € X.

Proof. We may assume that f > 0. For the general case, consider the composition of f = f* — f~ in

Prop. Set
1
Fo) = [ 1)t
0

then F(z) isin L', by using Theorem 2.16.4 in (a version of Fubini’s theorem asserting integrability
where only one of the double integrals is absolutely integrable) and the fact that Prop. implies

1

0/1</Xf(¢t(x))du> dt:/(/}(f(x)@) dt:1~(/Xf(x)du) < 0.

0
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Using the notation [T] to mean the integer part of T, rewrite the limit as

T [T]—1 T
tin_ - [ £(6r(a))dt = Tlgnoo[;;]~[TT] > Flonta) |+ [ fentanae =
0

T—oo T =0
"= (T]
= / F(z)dp,
X

where, in the last step, we have used the discrete version of Birkhoff’s pointwise ergodic theorem, and
the fact that

T
i [ £(61()) dt =0
(T]

(which also follows from that same theorem). O

The following theorem tells us that we may study any invariant measure by considering only the
ergodic invariant measures. This is done by breaking up the invariant measures into smaller parts that
are ergodic as well.

THEOREM 3.17 FErgodic Decomposition Theorem

Let G be a Lie group acting smoothly on the space X =T'\G and let u be a G-invariant Borel measure
on X. Then there is a measure space (Y,r) and a partition of X into measurable G-invariant subsets
Xy,y €Y, and measures p, on X, such that:

e For any measurable subset A C X, we have that AN X, is measurable w.r.t. pu, for almost all
y €Y (w.r.t. to the measure v) and p(A4) = [ puy(ANX,)dv(y)
Y

e For almost all y € Y, the action of G on X, is ergodic w.r.t. the measure p,,.

Proof. See the proof of Theorem 8.20 in [EW11] p. 271]. O

4 Ratner’s Theorems

In a series of articles of 3 articles, [Rat90b|, [Rat90a| and [Rat91] (together totalling more than 150 pages),
Ratner proved a long-standing conjecture of Raghunathan regarding certain orbits on homogeneous
spaces. For historical remarks, read our introductory section.

The theorems concern some arbitrary (real) Lie group G, any discrete subgroup I' of G, and any
unipotent subgroup U of G. The quotient manifold I'\G = {T'g: g € G} is a homogeneous space, and the
theorems tell us what the closure of zU, for some arbitrary « € G, looks like when we map it to I'\G by
the natural projection, 7: G — I'\G : g — I'g.

Whenever U is a unipotent one-parameter subgroup of G, we will represent U by the family {u'};cg,
with the corresponding flow on I'\G given by ¢¢(I'x) = Tzul.

We begin by making an important definition.

DEFINITION 4.1 Homogeneous measure

A Borel probability measure p on I'\G is called a homogeneous measure if there exists an x € I'\G
and a closed subgroup H C G such that H is homogeneous (w.r.t. H) and u is an H-invariant Borel
probability measure supported on xH.

The main theorem is:

THEOREM 4.2 Ratner’s Measure Classification Theorem
Let G be a Lie group, I a discrete subgroup in G and U a unipotent subgroup of GG. Then every ergodic
U-invariant probability measure on I'\G is homogeneous.
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The following two theorems can be obtained as corollaries from the first one (see for instance [Mor05]).

THEOREM 4.3 Ratner’s Orbit Closure Theorem
Let G be a Lie group and T a lattice in G (I'\G has finite volume). If ¢, is a unipotent flow on I'\G,
then the closure of every ¢.-orbit is homogeneous.

This means that if U = {u?} is the underlying unipotent subgroup of ¢, then the closure U = .5
(and has finite volume), and U C S, for some connected, closed subgroup S of G. This means that the
¢¢-orbit of [z] is dense in (or everywhere present in) [xS].

THEOREM 4.4 Ratner’s Equidistribution Theorem
Let G be a Lie group and T" a lattice in G such that I'\G has finite volume. If ¢, is a unipotent flow on
I'\G, then the orbit of ¢ is equidistributed in the set [z.S].

We will sketch the proof of Ratner’s Measure Classification Theorem for the case of G = SL(2,R).
The technical details can be found in her article or Starkov’s book [Sta00]. The proof is very
technical and a lot of details are implicit, so the aim of this section is to add some of these omitted
details and explain the ideas behind the proof.

Since any unipotent flow on G = SL(2,R) is conjugate to the horocyclic flow Uy, there are two possible
ways to prove the theorem for this special case. One way is to use properties of the horocyclic flow,
but that would involve techniques that can not be generalized to general unipotent flows. The proof
given here is essentially an outline of some of the ideas used in her proof for unipotent flows, without
the burdening technicalities that are necessary to handle a general Lie group G.

4.1 Proof of Ratner’s measure classification theorem for G = SL(2,R)
Let the following subgroups of G = SL(2,R) be given

U:{M:{éi]jeRL

et 0
A={A, = {0 6_1} :t € R} and
1 0
H_{Hr_L J.teR}

Since matrices can be written in upper-triangular form, every unipotent element of SL(2,R) is con-
jugate to U for some t. These subgroups satisfy the following important commutation relations

UsAy = A U, o
HA, = A H

se2t

for every s,t € R.
Now we form the subgroups W = AH and B = AU and their respective neighbourhoods

W(8) = {A,Hy : |7| < 6,|b| < 6} and
B(8) = {A, U, : |7| < 6,]s| < 6}.

Let y € W (J), that is y = x A Hp for some |7| < §,|b| < J. If § > 0 is sufficiently small, then for any
y=xA.H, € 2W(0) and any 0 < s <1, there is a unique(!) function «a(y,s) that is strictly increasing in
s, continuous in (y,s) and satisfying the condition a(y,0) =0, such that yUy,, ) € zUsW(106). Solving
some equations, we see that it is given by

S

a(y,s) = 227 _sbh
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and that YU,y s) = 2UsA yHy(y,s), where

(y,s 7(y,s

7(y,s) = In(e” — sbe?T)

b(y,s) = b(1—bse 27)

are the respective coordinates in the directions of A and H. As can be seen, these functions are defined
only for sb < e?”. This tells us that the divergence between points close to eachother in some W-leaf
will be very slow in the W-direction, but proportional to time in the U-direction. In particular, it says
that if b =0, then the two orbits will diverge only in the U-direction.

If however b # 0, then there will be a point in time sy > 0, such that there is a y € W (J) where
yUgr does not intersect xtUgW . The important part here is that this ciritcal point in time may be made
arbitrarily large by making ¢ smaller.

The so-called R-property in captures this behaviour more exactly, and plays a crucial role
in the proof of Ratner’s measure-classification theorem.

LEMMA 4.5 R-property of the horocycle flow
There exist constants 0 <7 < 1 and C > 1 such that if for some ¢ > 1

7(y,t)| = 0 and |7(y,s)| <0 for 0 <s <t,
where y € W (J), 0 < J < /10, then
0/2 <|r(y,s)| <0,]b(y,s)| < CO/s
for all s € [(1—n)t,t].

Let A be the Lebesgue measure on R and ¢,(s) = a(y,s). The following lemma tells us that s and
a(y,s) will be close to each other.

LEMMA 4.6
For any e > 0, there is a § = 6(e) > 0 such that, given any y € W (6) and any Borel set C' C [0, sg]
AC) ‘
— = — 1| <e
’/\(%(C))

Let p be an ergodic U-invariant Borel probability measure on X =T'\G and let A=A(u) ={g € G:
the action of g on X preserves u}. It is clear from the definition of p that U C A(u).

ProrosiTION 4.7
The set A = A(u) as defined above is a closed subgroup of G.

Proof. Suppose that {gn} C A is a sequence converging to g. According to Lusin’s theorem, the space
of continuous functions with compact support is dense in L?, and so it suffices to prove that

/f(gx)du=/f(x)du

for all bounded continuous functions with compact support, f. This follows easily from the fact that
f(gnz) — f(x) for a.e. z, and Lebesgue’s monotone convergence theorem:

[s@an= 1 [ sguerdn= [ sgryan
U

The proof will basically be split into two cases: the one were pu is also A-invariant and the one were
1 is not A-invariant.
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LEMMA 4.8
If A¢Z A, there is a Y C X such that u(Y)=1and YNYq =0 for every g € B— A.

Proof. We begin by showing that for any ¢ € B — A, there is a set X, C X, u(X,) =1, and €(g) > 0 such
that

XqNXqg=0
for every g € qB(q)(€) = Be(q)(q), where Bc(z) is the e-ball in B around the point z, that is the set of
all points in B at a distance less than e from .

We then cover B — A by a countable number of such neighbourhoods By (g,)(qi), for ¢i € B—A,i=
1,2,3,..., such that

B—AC | Be(g,) (i)
=1

oo
Letting Y = [ X4, for the X, corresponding to ¢; as defined above, we see that
M

7

p(Y)=1and YNYg=0 for every g€ B— A
To find our set X, for some arbitrary ¢ € B — A, we begin by noting that the measure
tq(E) = p(Eq) for each Borel set EC X

is different from p (since ¢ doesn’t preserve it by assumption) but that the action of U on (X, puq)
ergodic. This implies that p and p, are mutually singular - there is a set E,; with p(E,) =1 and
1(Eqq) = pq(Eq) = 0. By taking By = E, — E4q we see that ju(Ey) =1 and E;NEjq=0.

Now, we choose a compact set K C E(’I such that K has almost full measure, that is p(K) > 0.99
(say). Since Ej and Eyq are disjoint and K contains all its limit points, we see that there is a ¢(q) >0
such that

dx (K,Kq) = e(q).

That is, moving any point in K by ¢, moves it outside of K by some positive distance. Since U acts
ergodically on (X, u), by Birkhoff’s pointwise ergodic theorem, there is a set X; C X, u(X,) =1 such
that every point in X, spends most of its time inside of K (at least 99 percent of its time).

Now we prove that X, N X9 =0 for every g € Be(g) (g). To prove this, suppose that X, N Xqg # 0,
that is x = yg for some z,y € X,.

But since x and y lie in X, we see that for sufficiently large ¢ > 0, the orbits of the two points x
and y will spend almost all their time in K. There is then some 0 < s <t such that yUs; =z € K and
yUsg = zg € K. However, zg = zqp for some p € B,(4)(q), and so

dX (KvKAT) < dX (quv Zq) < 6((]),
a contradiction. The conclusion is that Y satisfies the assumptions in the theorem. O

THEOREM 4.9
If A¢ A, then there is an x € X such that p is supported on the closed (periodic) orbit zU.

Proof. Since A is a closed subgroup, there will be a 0 < 6 < 0.1 (the Isat inequality is just a technical
assumption), such that A, & A for every 0 < |7] < 6. We may further assume that 6 < 6(0.1), where
6(0.1) is as in

Let Y C X (u(Y)=1) be as in As in the lemma, let K be a compact set of almost full measure,
and ¢ > 0 (depending on K) such that
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for every sufficiently large |7| (for technical reasons we choose the bounds % <I|r] <80).

Since the action of U is ergodic, there is a set F' C X of positive measure (u(F) > 0), such that, after
some sufficiently long time (tg > 1 in the article), the U-orbit of every x € F will have spent almost all
its time in K (an amount of time approximately equal to the measure of K).

What we want to show now is that there is a small neighbourhood N(z)NF of some point x in F
of positive measure that looks like some small piece of the orbit zU, say xU (). This gives us that the
small piece U () has positive measure, and so take a sufficiently large finite union

N
P={aUs| —£<s<(2N+1){+r} = < U xU(ﬁ)U2n5> UzU(r/2)Uan+1)e4/2

n=0

of those pieces, ensuring that p(P) =1. Now, since PUg doesn’t change the measure, the orbit must be
periodic (with period 2(N +1)§+7).

How do we show that there is a small neighbourhood N(z)NF of some point z in F' of positive
measure that looks like some small piece of the orbit zU?

We do this by choosing £ to be some extremely small quantity (several magnitudes smaller than our
0), and let x,y € F be such that dx (z,y) < . The thing to show now is that

y € xB(§).

We do so by assuming that y € xB(&), that is y = x A, Hy € 2W (), where b # 0. Since |7| is increasing,
there will be some time ¢, such that

7(y,1)| = 0 = max{|7(y,s)[ [0 < s <t}

The value 6 will be attained since 6 was chosen small. Since x,y € F, they will both spend almost all
their time in K, so there will be some point in time s very close to, but smaller than ¢ (chosen sufficiently
close to t to enable us to use the R-property, which can be made possible by choosing the measure of K
to be sufficiently large), such that the U-orbit of z will be in K at time s, and that of y will be in K at
time a(y,s); that is

zUs € K and yUy(y,s) = 2Us A7y o) Hp(y,s) € K.
This of course means that

xUSAT(y,s) € KAT(y,s) )

so that the distance
dX(KvKAT(y,s)) < |b(y75)|'

By the R-property, we must have that for some constant C' > 1, that
0
g SI(y.s)l<6,  |b(y,s)| < CO/t <0.14.

The last inequality follows because ¢ was chosen sufficiently small to ensure that bound (see her article
for technical details). Now we see that

dx (K, KA, &) <0.15,

7(y,8)
in contradiction to our initial assumption that § be chosen to satisfy
dx (K, KAy ) > 6.

We conclude that if z,y € F are such that dx(z,y) <&, then y € xB(§).

Since G can be covered by countably many neighbourhoods O¢(x), there will be some z € FNY (we
take the intersection with Y to simplify our last step), such that

wWOc(x)NF) >0
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for every € > 0. This of course implies that, since for sufficiently small € > 0, O.(z) N F = xB(e) N F, that
w(zB(€)) > 0. We must then have that

pw(@zB(E)NY) >0

and
zB(E)NY =aU(§)

since Y and Y A, are disjoint for small |7| <&. We conclude that
0 < u(@B(E)NY) = p(aU(E)NY) = pu(aU (€)),

implying that we can cover the U-orbit of x, U with a finite number of translated small pieces xU (€),
so zU is periodic (and closed by our discussion).

O
ProrosiTION 4.10
If ACA, then A is mixing.
Proof. See p. 26] or p. 107]. O

THEOREM 4.11
Suppose that A C A. Then T is a lattice and p is G-invariant, meaning that v < co and p =v/v(X).

Proof. Let f be a continuous function on X with compact support. Since the action of A on (X, u) is
ergodic, there is a set C'y C X, consisting of points y € X for which

1 n—1
Staly) = > FA) = fu= /deu,
=0

that is of full y-measure.

Since H-orbits are the contracting horocycles for geodesics in the negative direction, we see that for
any z € yH, dx(yA_n,zA_,) = 0 as n — oo. Since f is uniformly continuous and Sy, (y) — fu, it
follows that S¢,,(2) = fu, and so CyH = CY.

Now we need to prove that C is of full v-measure. To do so we consider first the neighbourhood
Os(x) =xB(§/2)H () NxH(6/2)B(9)

for some sufficiently small § > 0, and the decomposition of g on this neighbourhood into conditional
measures [, (E) = u(yB(6/2) N E) on the leaves yB(d/2), y € xH(4). Since p is B-invariant, so will
almost every s, be, hence almost every fi,, is the Lebesgue measure on yB(/2).

Since Cy is of full y-measure, and CyNaB(0/2) = CyhNxB(6/2)h=CyNaB(6/2)h for every h € H
it follows that Cf N Os(x) has the same Lebesgue measure as Os(x). Since v is "the" Lebesgue measure
up to a constant, C'y must be of full v-measure.

Now, we further assume that f is non-negative and f, > 0. By Fatou’s lemma

ful/(X)qul/(Cf):/c fudv < lim Syndv= : de:/deu<oo
f f

where we have used that v is A-invariant in order to evaluate the limit to f x fdv.

We now wish to prove that p=v/v(X). In order to do so we turn to Lebesgue’s Dominated Con-
vergence Theorem to get that

fu:/deV: Cffdl/z Cfo,ndV*/CffudV:fﬂy(X)

for every uniformly continuous function f with compact support, showing that u=v/v(X). O
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5 Applications

5.1 The Oppenheim Conjecture

THEOREM 5.1 Oppenheim’s Conjecture
Let B be a real non-degenerate indefinite quadratic form in n > 3 variables. Suppose that B is not a
multiple of a form with rational coefficients. Then B(Z™) is dense in R.

The Oppenheim Conjecture was made by Oppenheim in 1929 for the case of n > 5, and subsequently
extended to the case n > 3 by Davenport in 1946.

In the 1970’s, Raghunathan realized that the case n = 3 can be stated as a problem in homogeneous
dynamics on the space SL(3,R)/SL(3,Z). The other cases follow from n = 3.

We will sketch how one may use Ratner’s orbit closure theorem to prove the Oppenheim conjecture.
For the details and the full proof, which uses the theory of algebraic groups, consult .

Sketch of the proof of Oppenheim’s Conjecture. Let G = SL(n,R), I' = SL(n,Z), and the stabilizer of @,
H=50(Q)={h e SL(n,R) | Q(vh) =Q(v) for all v € R"}

be given. The subgroup I" fixes the lattice Z", that is I'Z™ = Z"™. The only two closed subgroups of G
containing H, is H itself and G. Applying Ratner’s orbit closure theorem on z =Te € I'\G, we see that
either zH = zH, or zH = 2G. The first case zH = z implies that ) is a multiple of a rational form, so
the second case zH = zG must be true. We then see that T'H is dense in G, and so

Q(Z") =Q(Z"I)
= Q(Z'TH)
— Q(R™0) =R.

In the first step, I" fixes Z™. In the second, @ is invariant under H. In the third, we have used that the
image of v € R™\0 under G, that is vG, is R™. O
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A Measure theory and functional analysis

Most of this is standard material and is covered, for example, in [Rud], and [AB06].

DEFINITION A.1 Topological space
A topological space is a pair (X,.7) where X is a set and .7 a collection of subsets of X satisfying the
following axioms:

Al Xe T and e 7.
A2 Given an arbitrary collection of {X, € 7}, the union | X, is in 7.

A3 Given a finite collection of {X, € .7}, the intersection (X4 is in .

The elements of 7 are called open sets, and we usually refer to X as a topological space when the
topology .7 is implied. A subset whose complement is an open set, is called a closed set.

DEFINITION A.2 oalgebra
A o-algebra on a set X is a collection &/ such that:

Al Xed.
A2 If A€ o/, then A° € of (A€ is the complement of A relative to X).

(o]
A3 If A=JA,, and Ay € & for all k=1,2,3,..., then A € &7.
k

DEFINITION A.3 Measure
A (positive) measure p on a o-algebra (X,.<7), is a map p: o/ — [0,00], such that:

Al p(0)=o0.
o0 oo

A2 p(UAk) = u(Ag), if {A € & | k=1,2,3,...} is a countable collection of pairwise disjoint sets.
k k

DEFINITION A.4 Measurable space
A measurable space is a triple (X,.o7, 1), where & is a o-algebra of X and p is a measure on &7

DEFINITION A.5 Borel o-algebra

Let G be a topological space. A subset E of GG that can be obtained by a combination of taking countable
unions, countable intersections and relative complements |°|of the open sets of GG is a Borel set. The
Borel o-algebra is the collection of all Borel sets in G (they form a o-algebra).

DEFINITION A.6 Measurable map
Amap f: (X, o, u)— (Y,B,v) between two measurable spaces is called measurable if for every B € 4,
T 'B={zcX:TxcB}=Ac.

DEFINITION A.7 Borel probability space
A measurable space (X, %, u) where X is a topological space, 4 its Borel o-algebra and u a probability
measure (u(X)=1) is called a Borel probability space.

DEFINITION A.8 Characteristic function
Let A be a measurable set of X. The function

lifzec A
XA(a:):{

Oifc ¢ A

is called the characteristic function associated with A.

8The relative complement of a set B by a set A is the set B\ A
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DEFINITION A.9 Simple function
Let Aq,---, A, be measurable sets and a1,---,a, be real numbers such that a; is non-zero if and only if
w(A;) < oo. A function

n
fla) = aixa,(@)
=1
is called a simple function.

Simple functions are measurable since for any open set O C R, f~1(0) is a union of measurable sets
in X.

n n
Let f(x) = Y aixa,(x) be a simple function. The sum Y a;u(A;) = [y fdp is called the integral of
i=1 i=1
f

DEFINITION A.10 Integral
Let f be measurable function. If there is a sequence { f,, } of simple functions that is Cauchy in the mean
(['|fn— fm|diw ——— 0) and converging a.e. to f, then we define the integral of f to be

m,n— 0o

/fdu= lim / fudu
X n— oo X

keeping with the convention that the integral is co if the right-hand side does not converge to a real
number.

We may define the integral over any measurable set A by letting [, fdu= [y f-xadp.

PROPOSITION A.11 Theorem 1.17 in [Rud)
Given any non-negative measurable function f(z), there exists a monotone increasing sequence of simple
functions {s,} such that

0<s1(z) < sa(x) <--- < f(a),

and s, (z) — f(x) as n — oo, for every z.

DEFINITION A.12 LP space
Let 1 <p < oo be given, then the measurable functions f such that

1/p
1l = ( /. fl”du> <o,

form a Hilbert space under the equivalence relation f g if f(z) = g(z) for a.e. x, denoted LP(u). The
definition can be extended to p = oo by considering the measurable functions f such that the essential
supremulr{ﬂ exists, that is

[[flloo < o0

Under the same equivalence relation, this is a Hilbert space denoted L°(u). The norm of a function

f € LP(u) is simply
o= ( [ 15Pa )Up
|| p— x I )

if 1 <p < o0, or the essential supremum

[1flloo

if p=o0.

9The essential supremum || f|loc of a measurable function f is the smallest constant C' such that |f| < C for a.e. x. If
such a constant does not exist we set || f]|oo = 0.
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ProrosiTioN A.13 Holder’s inequality
If %‘F% =1,and f € LP(u) and g € L9(u), then fg € L'(u1) and

[ Vtsldi=117gll <1715l
X

Proof. See [Eri82] or any other book on functional analysis. O

The following proof is from [ABOG|.

ProrosiTiON A.14
Let p be a finite measure, then for every 1 < p < ¢ < 0o, we have that

L(p) € LP(p)
If moreover p is a probability measure, then

1£1lp < 1l fllq-

Proof. If f is a measurable, essentially bounded function, then

151, = If(w)Ipdu)l/p <([ s du)l/p 1l ()M,

hence the theorem follows for ¢ = oco. Suppose then that 1 < p < g < oo, and set r = % >1,5= ﬁ >1.
Simple calculations show that

+o=1
S

Now let f e Li(p), so that (|f|P)" = |f|? € L1(p). Since

(/. "’V"dM)l/T: (/. (Iflqdu>p/q=(f||q)”<oo,

we see that f € L,(u). Since p is finite, 1 € Lg(p), and so using Holder’s inequality, we get

(f||p)p/X|f|pdu§</X(|f|p)7"d,u>1/r~</X|1|Sdﬂ)l/s

p/a
= ([0 w0 = 170
X

1 1
r

or
||f||p = ||f||q'N(X)1/ps~

Now both conclusions follow. O

ProrosITION A.15
Let u be a finite measure, then for every 1 <p < ¢ < 0o, we have that L9(u) is dense in Ly, (j).

Proof. By the above theorem (A.14), we only need to prove that L>(u) is dense in L' (u). To accomplish
this, suppose that f € L°(u), and consider the measurable functions

n when n < f(x),
fa(x) =< f(z) when —n < f(z) <n,
-n when f(z) < —n.

They all belong to L>°(u) and satisfy the assumptions in Lebesgue’s Dominated convergence theorem,
hence they converge to f in the L'-norm. O
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Let V be a vector space over some field F that is either R or C. We will use the notation L(®) =
{a1d1+- -+ andn :n€Njag €F, ¢ € P,1 <k <n} to denote the linear span of a subset ® of V.

DEFINITION A.16 Complete system of functions

A complete system of functions ® in LP(X,u), 1 <p < oo, is just a set of functions ® C LP(X,u) such
that L(®) is dense in LP. This means that given a function f € LP and an e > 0, there is a function
¢ € L(®) such that ||f —¢|, <e.

The reason for our interest in complete systems of functions is because they greatly reduce the
complexity of proving certain theorems for LP, especially given the statement below, that says such
theorems need only be proved for characteristic functions. This will prove very handy indeed!

ProprosITION A.17
Let 1 be a Borel probability measure. Then the set of all characteristic functions x4 of X, where A is
a measurable subset of X, is complete in L?(u).

Proof. First, we note that y 4 is in L?(u) for any measurable set A, since it is integrable and |y 4|? = x .
We note that the linear span of the characteristic functions are the simple functions, and they are, by
definition of the integral, dense in L!(u). Since L?(u) is contained in L'(u) by |A.14] the conclusion
follows. O

B Lie groups and Lie algebras

Two references on the basics of Lie groups are [War83| and [SW73|. A more concrete approach, dealing
with linear Lie groups (Lie groups that are also matrix groups), is given in [Ros02].

DEeriNiTION B.1 Lie group
Let G be a smooth real manifold G, such that G is also a group for which multiplication u: Gx G — G
and inversion g+ g~! are both smooth maps. We write gh instead of the more cumbersome (g, h).

ExamMpPLE B.2 FExamples of Lie groups
There are several examples of Lie groups:

e The group R with ordinary multiplication. It is trivially a manifold and both the operation and
its inverse are smooth, since (x,y) — xy is a polynomial and x % is a rational function that is
smooth on R\{0}.

e The group R™ with ordinary vector addition. It is trivially a manifold and both the operation and
its inverse are smooth, since (z,y) — x+y and x — —z are both polynomials and hence smooth.

e The General Linear group GL(n,R), the set of the invertible matrices (det # 0) with matrix
multiplication as its operation.

We identify the matrices with vectors in R" by assigning to each matrix the vector with the same
2

elements (in a pre-determined order), and give it the topology induced by R™ |, making it into a

real manifold.

Since the operations of multiplication and inversion of matrices are basically polynomial operations,
they are smooth. The group GL(n,R) is a disconnected Lie group (since det : GL(n,R) — R is
continuous and attains both negative and positive values, but not 0).

e The Special Linear group SL(n,R), the subgroup of GL(n,R) consisting of those matrices with
determinant equal to 1, is a connected Lie group.

DEeFINITION B.3 Discrete subgroup
A Lie subgroup I" of a Lie group G is said to be discrete if it has the discrete topology relative to G.
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A discrete subgroup I' of G can be considered an "evenly spaced" subset of G such that the points of
I" don’t lie too close to eachother in G.

DEFINITION B.4 Lattice
A discrete subgroup I' of a Lie group G is said to be a lattice if there is a measurable subset F of G
such that

o I'F =G,
e yFNJF has measure 0, for all v €'\ {e}, and

e F has finite volume.

A lattice T' in a Lie group G is a discrete space that in a sense "covers" G; that is: T' is a collection
of evenly, but not too closely, spaced out points such that no parts of G are distanced too far away from
the points of T'.

ExAMPLE B.5

An example of a lattice is Z in R with the corresponding fundamental domain [0,1) (or [0,1] depending
on who you ask). In our examples we have used the fact that Z™ is a lattice in R™ with the corresponding
fundamental domain [0,1)™.

An example of a discrete subgroup that is not a lattice is Z x 0 in R%. Tt is discrete, but the
fundamental domain is the vertical strip [0,1) x R, which does not have finite volume.

DEerFINITION B.6 Homogeneous space

Given a Lie group G and a smooth manifold M, we say that M is (G)-homogeneous if there is a transitive
action of G, by diffeomorphisms on M; that is to say, for every z,y € M, there is a g € G, such that
g acting on z produces y (g(x) =y). Given a point p € M, we may then identify M with the quotient
manifold G/Gyp, where G, = {g € G | g(p) = p} is the stabilizer of p.

The point here is that G}, is a closed Lie subgroup of GG, and given any closed subgroup I', we obtain
a manifold G/I". In Ratner’s theorems, I' is discrete (and hence closed) - this is why we call our space
I'\G homogeneous!

A space X being homogeneous means that, from a differentiable point of view, neighbourhoods of
different points of X look the same.

Remark. There is a more general notion of homogeneous space, where one requires that G be only a
topological group.
ExamMpPLE B.7 Homogeneous spaces 1. R™ is a homogeneous space in the canonical sense.

2. Given a Lie group G and a closed Lie subgroup D of G, G/D is a homogeneous space (given by
the canonical action of G).

3. The hyperbolic plane is a homogeneous space and can be identified with PSL(2,R)/PSO(2,R).

4. The unit tangent bundle of the hyperbolic plane is homogeneous and can be identified with
PSL(2,R).

Actually, being of interest to our discussion, the last two examples will be expounded on below.

ExamMpLE B.8 The hyperbolic plane

The group G = SL(2,R) can be considered a double cover of the unit tangent bundle of the hyperbolic
plane. A convenient model of the hyperbolic plane is the upper half-plane H = {z 4+ iy € C | y > 0}
equipped with the hyperbolic metric induced by the Riemannian metri on the tangent bundl

10This is a smoothly varying family of inner products on the tangent planes. This just means that you give a notion of
length to tangent vectors at any given point, and going to the tangent plane of a nearby point shouldn’t change the notion
of length too much.

HThe tangent bundle is the disjoint union of the tangent planes T,H at the point z € H
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TH=HxC
1
72(”77]),

where u,v € T,H and (u,v) is the usual inner product on C. This gives us the norm |Jw]||, at the point
z (w € T,H). The hyperbolic metric is then given by

iy )7+ (%)
d(20,21) =uclf0/||c (t)lcos)dtzo/ (0 b

where the infimum is taken over all possible path This metric induces the same topology on H as
the one induced by the Euclidean norm on C D H.

<u>v>z =

The group PSL(2,R) acts transitively on H by Mobius transformations, with the stabilizer of ¢ given
by G; = PSO(2,R). Similarly, the action of g by g(z) = (9(2),¢'(2)), gives us the identification of T'H
with PSL(2,R).

If we identify T H with PSL(2,R), the geodesic flow is given by the action of

et 0
=1y el

ot
Ut—01

For an explanation of what the geodesic flow and the horocycle flow are, see or .

The reason for the above discussion is that Ratner’s ideas are generalizations of observations she
made of the horocycle flow on SL(2,R).

and the horocycle flow by the action of

DerINiTION B.9 Haar measure
A (left-invariant) Haar measure is a measure p on a the Borel o-algebra of a Lie group G such that:

e u(gE)=pu(E) for any g € G and any Borel set FE,
e u(K) is finite for every compact set K,
o u(E)=inf{u(U): E CU,Uopen}.

o u(F)=sup{u(K): K C E, Kcompact}.

Remark. There is a more general notion of Haar measure, where one requires that G be only a topological
group.

ProrosiTioN B.10 Ezistence and uniqueness of Haar measure
Every Lie group G has a unique (up to constant) Haar measure v. That is, if 7 is another Haar measure
on (G, then there is a constant C' such that

for every measurable set F.

DEerINITION B.11 Linear Lie group
A (real) Linear Lie group G is a subgroup of the matrix group GL(n,R) (the set of invertible matrices
with n? entries from R).

125 path ¢ in H is a continuous piecewise differentiable curve c: [0,1] — H, c(t) = x(t) 4+ iy(t) between the points zg and
21
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DEFINITION B.12 Lie Algebra of a Lie Group

The Lie algebra Lie(G) of a Lie group G is the vector space of left-invariant vector fields with the Lie
bracket of vector fields. There is a canonical identification between the tangent space at the identity
and the Lie algebra.

DEerFINITION B.13 The exponential map

There is a unique map exp : Lie(G) — G such that exp(tX) = ¢X (t), where ¢~ is the left-invariant flow
generated by X (the derivative of #X at the point 1 of G is X), and exp(tX)exp(sX) = exp((s +1)X),
for t € R. This map is called the exponential map.

The exponential map between Lie(G) and G establishes a (local) diffeomorphic correspondence be-
tween a neighbourhood of 0 in Lie(G) and a neighbourhood of 1 in G, by assigning to an element
X € Lie(G) the element exp(X) = ¢X (1) € G.

The exponential map actually assigns to every X € Lie(G) a smooth one-parameter subgroup (a
smooth flow) of G.

For linear Lie groups, the exponential map is given by taking the familiar expression (the matrix
exponent):

X x% Xx3 xn
exp(X):l‘Fﬂ‘F?‘F?‘ﬁ-'”-FF-l—...

The above sum converges to an element in G for every X € Lie(G).

DEFINITION B.14 The adjoint map
Given a Lie group G and its associated Lie algebra Lie(G), we define, for any g € G, the map Ad, :
Lie(G) — Lie(G) by

Ady(v) = % (97 (exptv)g) ‘t:O

ProrosiTioN B.15
The adjoint map Adg is a Lie algebra homomorphism for every g € G.

DEerFINITION B.16 Unipotent subgroup
A Lie subgroup U of a Lie group G is said to be unipotent if for every v € U, Ad, is a unipotent
automorphism of the Lie algebra of G, that is (Ad, —id)™ =0 for some n > 0.

Remark. For a Linear Lie group G, being unipotent means that every matrix in G has all its eigenvalues
equal to 1.

ExamMpLE B.17
Upper-triangular matrices with ones (1) on the diagonal are unipotent. Unipotent elements in a Lie
group G are generated by nilpotent elements in Lie(G).

Examples include:

1 t]
0 1 ,teR,
and )
1 s t
0 1 wu|,st,ueR.
0 0 1]
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List of Notation

I'G  The quotient space T\NG ={T'g: g€ G} ..cooiiiiiii e
r Discrete subgroup of G ... ...
G Real Lie Group . « ..ot
L(®) The linear span of the set of functions @ ........ ...
Sn The summation operator % Ni: U
U Unipotent subgroup of G . ... ... e

U Unipotent one-parameter subgroup of G ......... ... . i
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