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ABSTRACT. In this paper we will study the creation of strange non-chaotic attractors, the invariant,
attracting graph of a nowhere continuous measurable y : T — [0, 1], in certain families of quasi-
periodically forced quadratic maps

Dy p:Tx[0,1] = Tx[0,1]
1(0,x) = (0 +w,cqp(0) x(1—-x)),

where @ is a Diophantine irrational, and ¢ g(6) : T — [%,4] is a prescribed family of maps.

The same model was studied by Bjerklov in [2] for B = 1, where it was shown to possess a
strange non-chaotic attractor for a certain critical value of @ = «,. There it was also shown that
g v(®) =0

In this paper, we will show that, whenever 0 < 8 < 1, the attractor for that same value of @ = o,
is the invariant, attracting graph of a continuous measurable y : T — [0, 1]. Moreover, for the value
o = a,, we will establish asymptotic bounds on the minimum distance &(f3), as 3 goes to 1, from
the attractor to the repelling set T x {0, 1}; more precisely, we show that there are a § > 0, and
constants 0 < a; < ap such that

ai(1-pB) < 8(B) <ax(1-P)

whenever 1| —6 < B < 1.
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1. INTRODUCTION

A (smooth) continuous dynamical system is essentially a smooth flow' f*(x) : R x X — X on
a smooth manifold” X. The field of dynamical systems was born out of a desire to understand
the long-term behaviour of a physical system governed by certain laws. It is often of interest
to consider also discrete systems, where f(x) : X — X, such as when looking at the state of a
continuous system at discrete time-intervals. One can easily reduce a continuous system to a
discrete one by setting, for some 7 > 0,

F(x) = / £ (x)dr,
0

An important part in studying dynamical systems is classifying the invariant sets. A set A is
invariant if f'(A) C A forall ¢ in R (f(A) C A, when the system is discrete). The orbit of a point x
in X is the set

{f(x):reR} ({f'(x):n>0}).

An invariant set is simply a collection of orbits. Of particular interest among the invariant sets
are the so-called attracting sets, and repelling sets. An attractor is an attracting set containing
no smaller attracting set. In [10], Milnor discusses alternative definitions of attractors. We will
consider the following one:

Definition 1.1 (Attracting set). A closed invariant subset A is called an attracting set if it satisfies:

e the realm of attraction p(A), the set of points x in X such that the orbit of x eventually
stays in A, has positive measure (in the sense of Lebesgue).

An attracting set A is called an attractor if it satisfies:

e there is no strictly smaller closed invariant set A’ C A such that p(A’) coincides with p(A)
up to a set of measure zero.

An attracting set is one which attracts nearby orbits. A repelling set repells (sends away) almost
every orbit coming close to it. A repellor is similarly an indecomposable repelling set. Knowing
the attractors and the repellors in a system, and what they look like, gives a lot of information
about the long-term behaviour of the system.

Another important concept is that of chaos, where the central idea is a sensitive dependence on
initial conditions (orbits of nearby points will likely diverge). We will not be directly concerned
with chaos, but will be interested in nonchaotic systems. Actually, the (strange) attractors we
will be interested in will exhibit behaviour somewhere on the boundary between chaotic and
non-chaotic systems, usually having some sensitivity to initial dependence (see [0]).

In recent decades, it has become apparent that an attractor can have a strange geometry. Such
attractors are called strange attractors. One of the earliest uses of the term is in the article [ 1 3],
by Ruelle and Takens in 1971, where a possible connection is made between the appearance
of turbulence in fluids and the existence of strange attractors in such systems. There is no

'A global solution to a differential equation.
2A generalized smooth surface.
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clear definition of what constitutes a strange attractor, but the term has been used to describe
attractors with strange geometrical properties, such as a noninteger fractal dimension or nowhere
differentiability. In [1 1, 12], the notion of strange attractors is discussed in more detail.

Following the article by Ruelle and Takens, the existence of strange attractors were discussed
in the context of chaotic systems, such as the Hénon map, and the Lorenz system. Perhaps it was
believed initially that strange attractors were connected to chaos; however soon enough, in the
article [7] from 1984, the notion of strange nonchaotic attractors was introduced. The authors of
that article presented numerical evidence of a strange attractor which was nonchaotic, that is, the
dynamics considered on the attractor as an isolated system is not chaotic.

In the article [9], Keller proved rigorously the existence of strange nonchaotic attractors in a
class of systems, called pinched (will be explained below). The model in [7] was a special case of
that class.

We will be interested in a type of systems called quasiperiodically forced. The motivation for
considering such systems arise from physics. A simple example consists of two forces acting
linearly on an object with periodically varying amplitudes, where their respective periods are
incommensurate’. In [5], this physical connection is discussed at more length.

Having seen that quasiperiodicity is of physical relevance, it becomes interesting to study such
systems from a mathematical viewpoint. A way to model a one-dimensional quasiperiodically
forced system (as a discrete system), is to let

O TxX—->TxX:(0,x)— (6+w,g(0)f(x)),

where T is the circle (R\Z), o is irrational, and g is called the forcing map. A system where
T x {0} is invariant is called pinched if the forcing map is O for at least one 6 (and hence every
orbit going through such a 6 will get stuck at 0).

Quasiperiodically forced systems are very interesting, since they provide many examples of
strange nonchaotic attractors. In fact, in accordance with [1, 2], we make the following definition:

Definition 1.2 (Strange nonchaotic attractor). Let
®:Tx[0,1] >Tx[0,1]:(0,x) — (0 4+ @,g(0)- f(x)),

where @ is irrational. The graph of a measurable function y : T — [0, 1] is a called a strange
attractor for the system if

e it is invariant, that is ®(0,y(0)) = (6 + w, y(0 + )), for a.e. 6;

e it is discontinuous (almost) everywhere; and

e it attracts the orbits of a set of points of positive measure.

In [2] Bjerklov proved the existence of a strange nonchaotic attractor in a non-pinched system.
In a later article [3] by the same author, it was shown that the attractor is dense in a "regular”
surface.

In the article [8] Haro and de la Llave made numerical studies of a family of quasiperiodic
hyperbolic system®, where the expanding and contracting directions where merged for certain

o
9 0)2 9
repeatedly get closer and closer to aligning; the resulting force is quasiperiodic.

3The ratio of the respective frequencies is irrational; that is, their periods will never align, but they will

YAt each point there is an expanding direction, and a contracting one
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critical parameter values. This caused the attracting set and the repelling set to merge at certain
points. They found numerical evidence suggesting that the minimum distance between the
attracting and repelling sets was asymptotically linear in the parameter, when the parameter was
sufficiently close to the critical value. In [4] Bjerklov and Saprykina analytically proved the claim
for certain models.

In this paper, we will establish similar asymptotic behaviour for the system considered in [2].



2. OUR MODEL

In the article [2], the existence of a strange nonchaotic attractor for the following quasi-
periodically forced quadratic map, for a particular o, was established:

Dy :Tx[0,1] > Tx[0,1]:(0,x) — (0 4+ @,cq(0) - p(x)),
where  is a (Diophantine, see further down) irrational number,

p(x) = x(1 —x)

is the quadratic (or logistic) map, and cy(0) is a smooth forcing map. The map cq(0) was
fashioned to be ~ % except at two peaks 0 and o =~ @, where c4(0) "suddenly" hits 4. The
expression used for cy(0) was

3 5 1
3273 (1 +A(cos2m(6 — o /2) —cosmx)z) ’
where A is assumed to be sufficiently large, in order for the peaks to be narrow. Below (fig. 1) is a
figure showing what the graph of ¢(6) might look like. In this paper, we will introduce another

parameter 3 to the system, where the peaks are scaled down by that constant, and study what
happens to the attractor as the parameter is perturbed.

ca(0)

35
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FIGURE 1. The graph of ¢(6).

In order to understand this particular choice of c4(0), we have to make a brief detour into
the dynamics of the quadratic map. Consider the map fy, : T x [0,1] — [0,1] : (6,x) — (6 +
o, %x(l —x)). By using the results in section 3, it is possible to show that every (6,x) € T x (0,1)
will converge to T x {%}, and that this is an attractor if @ is irrational.

Actually, it is possible to show that, as long as the forcing map is within a small € > 0 of % (the

actual £ may even vary for different 0), there will be an attractor (68, y/(0)), where y(6) ~ % is
continuous.



We can see that, for every 6 € T,
fw(ea 1) :fa)(euo) - (9+w70>

The set T x {0, 1} is not only invariant, but is actually a repelling set. It is true that the subset
T x {0} is a repellor (indecomposable repelling set), but since x = 1 is mapped directly to x = 0,
we will be interested in the whole set T x {0, 1}.

So, our ¢y was made to be cy(0) ~ %, except when 0 is very close to 0 and ¢. Note that
p(x) = x(1 —x) is symmetric around the maximum zlt atx = %, and so in order to "hit" the repellor,
we want orbits to tend to x = % at the second peak o.

In order to produce the strange attractor, the o was tweaked to a critical value ¢, whereby
the limits of certain orbits would enter the chain (ot. — ®,~ 1) — (0, 5) = (G + @,1) —
(a. +2,0), causing the attractor to "merge" with the repelling set T x {0, 1} (and hence get
stuck at the repellor T x {0}).

The strange attractor that was found has been approximated in simulations, and is shown below
(fig. 2). Note that, for ease of visualization, the value of & used in fig. | is different from the one
producing the strange attractor in fig. 2.

Also note that the effect of the peaks are felt one step later in the attractor. This is simply
because

®(0,x) = (0+w,c(0)-x(1 —x)),

and so the effect of the peak is seen in the next iteration. The last thing to note is that, as we
choose A larger, the peaks of ¢(6), and hence also the peaks of the attractor, will become more
narrow, and the parts around ~ % will become flatter.

FIGURE 2. The strange attractor.

The conclusion we come to is that, what is producing the strange attractor is the "merging" of
the attractor and the repelling set T x {0, 1} at a dense set of values of 6.



Now, let B € [0, 1]. The extended system we will be interested in is given by
q)ot,ﬁ 1T x [07 1] — T x [07 1] : (9,)6) = (6 + (D,Caﬁ(e) p(x))7
where
3 5 1
0)==-+B= :
cap(0) 2 +B2 (1 + A (cos2m(6 — a/2) —cosn(x)z)

In the original article [2] the model was studied for the value § = 1, where it was shown that
there exists a critical o = &, (the index c is for critical) such that the system possesses a strange
nonchaotic attractor. The purpose of this paper is to study what happens to the attractor when
o = Q. is fixed, but 3 is varied close to 1.

We think of the A > 0 as some sufficiently large constant, depending only on .

An example of what the graph of ¢(6) might look like for B = 0.5 can be seen in fig. 3. The

corresponding attractor can be seen in fig. 4. The figure suggests that the attractor is continuous,
and in fact, as we will show, the attractor is continuous when 0 < f8 < 1.
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FIGURE 3. The graph of ¢(6) when 8 = 0.5.

Since the strange attractor appears when the minimum distance between the attractor and the
repelling set is 0, it would be interesting to see how this distance depends on the parameter 3. In
fig. 5, we have plotted this minimum distance as obtained in the simulations. The graph seems to
suggest that the distance is asymptotically linear as 8 approaches 1.

For technical reasons (see lemma 3.1 for the consequences of this assumption), we will assume
that @ € T is an irrational number satisfying the Diophantine condition

inf |qo — p| > —— forall ¢ € Z\{0}, (DC) .z

PEL |q|* 7
for some kK > 0,7 > 1 (note that it is sufficient to consider only g € Z = {1,2,3,... } by symmetry
in p € Z). This is no severe restriction, since (Lebesgue) almost every irrational @ satisfies the
Diophantine condition, for at least some k > 0, and 7 > 1. Indeed, let D be the set of all

Diophantine irrationals in [0,1). Then the complement D¢ is included in the decomposition
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FIGURE 4. The continuous (!) attractor when 3 = 0.5.
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FIGURE 5. The minimum distance as a function of 3, when f is close to 1.

D¢ C U Dy, where Dy ={w € [0,1) : [qw—p| < 7, forevery p € Z,k > 0,7 > 1}. By a quick
q=1
rearrangement, we obtain

K
Dy,={we0,1): |a)—§\ < s forevery pe Z,x > 0,7 > 1},
and so D, is the set of irrationals @ such that the smallest distance from @ to a rational with
denominator g is smaller than qT—’il for every k¥ > 0,7 > 1. Now, since @ € [0, 1), it is sufficient to

consider only p =0,1,...,4— 1, and so the set D, can be covered by q intervals of length 2q,—'i1

(notice that the length is maximized as T decreases), so it has a cover of total length 2qﬁf. Hence
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there is a cover of D¢ of total length

(o)

i ET—ZK‘Z—<2K‘ s,
q=1 =y

where kK > 0 is arbitrary, and Z o7 converges to some S, since T > 1. Hence, the complement D¢
q_
has zero measure. Since 1n£ |gw — p| is invariant under @ — @ + n for n € Z, the complement of
pEe

all Diophantine irrationals is |J D¢+ n, which has zero measure (a countable union of null sets
nez
is a null set, just choose covers %).

We mentioned that the system is non-chaotic. This can be established by looking at the
Lyapunov exponents. Let the following two-dimensional dynamical system be given:

P:Tx[0,1] > Tx[0,1]:(0,x) — (0 4+ w,c(0) - p(x)), 2.1

where @ is fixed. The Lyapunov exponents at a point (6p,xp) measure the long-term effect of
slightly perturbing the initial points. There is a good treatment of this case in the book [5]. Let
(60,x0) + (€¢,&x) be a small perturbation of the initial point (6p,xo). We will use the notation
(86,,8x,) for the perturbation of the n-th iterate (in particular, (66p, 6xg) = (&g, &)). Using the
short-hand (6, x,) = ®"(6p,xo), then the perturbation of the n-th iterates can be calculated by

ox, Oxy, X X
86,\ _ (av a8 ) (060 _ §x3 3—93 660
6xn 96 96, 5)60 0 1 5)6() ’
8x0 390

and since the Jacobian matrix is upper-triangular, the eigenvalues will be gg",
d

x-direction and the 8-direction, respectively. The derivative 8x” simply measures the rate at which
the n-th iteration of xo changes, when we perturb xo from a partlcular value xp = x. Above, we
have used the fact that

8xn

, and in the

96,  9(6y+no)

= =1.
a6y 26y
Now the Lyapunov exponents %,, and Yy are defined as
1 d
%(60,x0) = lim —log 82
1 26,
Yo (9(),)6()) - hm —10g 860

whenever the limits exist. In our case, at least Yy is well-defined and equal to 0. In case the first
limit doesn’t exist, we define the upper Lyapunov exponent

ox;,

1
%(60,x0) = limsup — log

nsoo N oxo|
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As we can see, the Lyapunov exponents measure the average separation/contraction of nearby
orbits. The system is said to be nonchaotic if the (upper) Lyapunov exponents are non-positive
(< 0) for almost every point (6p,xp). Later, we will see that this is the case for us.

By 6¢(B) we mean the minimum distance between the attractor l//ﬁ below, and the repelling
set T x {0, 1}, where « is fixed. We are now ready to state the main theorem of this paper.

Main Theorem. Assume that  satisfies the Diophantine condition (DC)  for some x > 0 and
T > 1. Then for all sufficiently large A > 0, there is a parameter value o, = O such that the
Jfollowing holds for the map P g:

i) When B = 1, there is a strange attractor, the graph of a nowhere continuous measurable
function y : T — [0, 1], which attracts points (0,x), for a.e. 0 € T, and every x € (0,1).
ii) When 0 < B < 1, there is a curve, the graph of a C' function y : T — [0, 1), which attracts
every point (6,x) € T x (0,1).
iii) The (minimum) distance Oq,(B) between the attractor and the repelling set, considered as a
function of B, is asymptotically bounded by linear functions as B — 1, that is

ai(l =) < 8q.(B) < ax(1-B),

for some constant 0 < ay < ap as B — 1.
iv) The system (and hence the attractor) is nonchaotic for 0 < B < 1, since %(6p,x0) <
1log(3/5) < 0 for (almost, when B = 1) every 6 € T and for every x € (0,1).

This theorem extends the results obtained in [2] by introducing the parameter 3, showing that
there is an attractor for 0 < 8 <1 (8 = 1 is proved in that article), and that it is continuous (even
C') whenever 0 < 8 < 1. Moreover, the bounds on the asymptotics of the distance are new.

The proof of the theorem is arranged in three parts, and the proofs are quite technical. The
first one (section 3) is a collection of numerical results we will use in the later parts, and are not
important for the flow of ideas in the latter parts. However, throughout the latter sections there
will be a large emphasis on products of derivatives, as in lemma 3.9.

In section 4, the induction, the idea is to look at successively smaller scales around the peaks.
Orbits with the same 0-coordinate can be shown to contract with time by looking at the appropriate
scale, as long as 0 < B < 1. This is done by following the orbits until they enter the peaks, and
then showing that if we are looking at the appropriate scale, it will just return to a "good" state
after some relatively short time.

In section 5 the results on the rate of contraction are used to prove the main theorem, which is
done through various bounds on derivatives of the attracting curve. There is a correspondence
between each proposition in this section and a statement in the main theorem.



3. SOME PREPARATIONS AND LEMMAS FOR LATER

The reason for choosing a Diophantine w is that we then get a lower bound on the number of
iterations required by the map 6 — 6 4 ® to return to a small interval of T (lemma 3.1). Thisis a
very important assumption used in our techniques.

Lemma 3.1. If o € T satisfies the Diophantine condition (DC)y ;, and I C T is an interval of
length € > 0, then

n |y U+mw)=0

0<|m|<N
with N = [(i/e) V]

Proof. Let I = [a,a+ €] (the argument is similar when the interval is not closed). Suppose that
0 < |m| <N, then
inf mw — p| > x > « =¢
peL m|® ™ ((/e)V/7)*
However, if I N (I +nw) # @ for some n, then there are 0 < 61,0, < &, such that
a+8=a+nw+6 modl
<~
0 =nmw+6& mod ]l
<~
nw -+ (52— 51) c.

Since (8, — 01) € [—¢,¢€],

inf [nw — p| <¢,
PEZ

and so |n| > N. O
We will fix, for the remainder of this paper, the following notation.
Dy p:Tx[0,1] = Tx[0,1]:(8,x) — (6 +0,cq5(0) p(x)),
where 8 € [0, 1], o is a Diophantine irrational number,
p(x) = x(1—x)

is the quadratic map, and

cas(®) =383 (1570607
where

g(0,a) =cos2m(60 —at/2) —cosmar.

The constant A will be assumed sufficiently large throughout this paper. We will often suppress
the parameters o, 3 in our notation whenever they can be understood from context.

5 [x] denotes the integer part of x.



Given (6, xp), we will use the notation
(6n,%,) = D"(60,x0), n>0.

We will introduce a few intervals and constants of importance later in the induction. We let
Ip=[-A""7A717;
Ay =[0—17%5/2,0—217%).

The interval Iy contains most of the 8 where ¢ has its first peak, and is the first zooming interval
in the induction. The interval A4 is where some of the interesting values of « lie. In particular
o, € Ap. There is one more such interesting interval, situated slightly to the right of ®, but to
keep derivatives positive, we have chosen to focus on the left side of the peak at 0. Needless to
say, the same techniques apply to the other interval, except that some constants might have to be
tweaked.

The constants are

Mo = [A1/049)];
Ky = [ll/(ZS‘E)]7

where [x] denotes the integer part of x. They have been chosen to be My ~ /N, and Ky ~ N 1/4,
where N is the minimal return time to Iy in lemma 3.1.

Also, given an interval /, and a 6y € T, we denote by N(6y; 1) the smallest non-negative integer
N such that Oy = 6y + Nw € I. Note that N(6y;1) =0 if 6y € I.

The "contracting" region C is given by

C=[1/3-1/100,1/3+1/100],

and corresponds to the values of x where there is strong contraction, as long as 6 & Iy U (Ip + ).
This is the desirable place to be, and the whole induction step is devoted to showing that orbits
spend almost all their time in this region.

Below is a list of a number of important numerical lemmas from [2]. We refer to that article, in
case the proof has been omitted here, but rest assure they can all be verified by straight-forward
computations.

Lemma 3.2 ([2, Lemma 2.1]). Let P(x) = (3/24¢&)x(1 —x). If |€| > O is sufficiently small, then
P(C) C C, where C is the interval [1/3 —1/100,1/3+1/100]. Moreover, 0 < P'(x) < 3/5 for
every x € C.

Lemma 3.3 ([2, Lemma 2.2]). Let P be as in the previous lemma. If 1/100 < x < 99/100, then

1/100 < P(x) < 2/5, provided that |€| > 0 is sufficiently small. Furthermore, under the same
assumptions on €, P(x) < 2/5, for every x € [0, 1].

Lemma 3.4 ([2, Lemma 2.3]). Assume that |€;|,|&],...,|€0| < €. Let Pi(x) = (3/2+¢&)x(1 —x)
(i=1,...,20). Then PyoPygo---oP(x) €[1/3—-1/100,1/3+1/100] = C, for every x €
[1/100,99/100], provided that |€| > 0 is sufficiently small.

Lemma 3.5 ([2, Lemma 2.4]). If P(x) = ax(1 —x) (a > 3/2), then P(x) > %xfor allx € [0,1/10].
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The following lemmas will ascertain that the perturbations of the constant in the quadratic map
¢(0)p(x) will be small when 6 ¢ IpU (I + o).

If the proof of a statement in the following lemma is omitted, it may be proved in a similar way
as the other statements, and those proofs can all be found in [2].
Lemma 3.6. For all sufficiently large A > 0 the following hold for a € Ay:
a) c(Ap—o,a) 2 [2,3].
b) |dgca(0)l,|dpca(0)| < 1/V/A for every 6 & IyU (Iy + o).
¢) Forany0<8<1,{0:c(6)>(3+B3)(1-8)}N(lh+ o) C [~ VA4 o /SA1/4.
Proof. The first statement can be found in the article.

For the function g(0, ) = cos2m(0 — o /2) — cos o we have

g(0,0) = 2msinma)0 +0(6%) as 6 — 0
g(0,0) = 2msinza) (0 —a)+0((0 —a)?) as 0 — o
Since |Ip| = 2A~1/7
As 6 € Iy, we have
1g(6,a)| = |(27sina )6 + 0(6?)|

< |const|-|0] +|0(6?)]

< |const|- A~ + |const(X)] - |27

< |const(A)|-|A~17]

< const - A~ Y7

where the dependence of const(A) on A is purely one of distance from 6 € I to 0, which decreases
with A, and so const(A) is uniformly bounded by some constant b, for sufficiently large A. For
0 € Iy + o, a similar argument holds, and we may choose some constant b > 0 such that

g (=022 C U (I + o).

Now, differentiating ¢ with respect to 3 yields, for 6 & Iy U (Ip + o),
5 1 5 1 1

dgc(0,0) == | ————— = .

pel®.2) =3 (1 +Ag<e,a>2> <2 <1+7Lb2/12/7) <r

For the last statement, we calculate the Taylor series at @ = «, to obtain

c(8) = %+[3§ 10BAR sin? () (6 — )2 + BAO((6 — @)?)

So,

c(9) > ng) (1-8)



implies that
BA (1072 sin*(ma) (8 — &)* + O((6 — a)*)) < (% +Bg) )

Now, c(a £ v/ 81~ 1/4) < (34B3) (1—3), since
B2 (1072 sin® (ma) 321/ + 0(8%/2273%) ) = (107 sin® () BA'/2 + BO(8'2A1/4) ) &

> Gﬂi;)é

when A > 0 is large (independent of §). Since c is smaller further away from the peak at o, we
are done. U

In the proof of the following lemma, the idea is that we can use the above lemmas about
P(x) = (3 +¢)x(1—x) as long as 6 & Iy U (Ip + ®), since |cq(8) — 3| < 1/VA < & when A is
sufficiently large.

Lemma 3.7 ( [2, Lemma 3.2]). Provided that A > 0 is sufficiently large, the following statements
hold:

o If 6y & 1pU(Ip+ ), and xp € C, then x1 € C, and |c(6p)p’ (x0)| < 3/5.

e If6,...,019 & IhU(Ip+ w), and xy € [1/100,99/100], then xpo € C.

Lemma 3.8 ( [2, Lemma 3.3]). If 6y € T, xo > 1/100, and ifx_, € (0,1/100)U(99/100, 1), then
x € [1/100,99/100].

We will now establish bounds on the partial derivatives dgx;,, and 8ﬁxn. Applying the product
rule and the chain rule, we obtain

%1 = (9¢(6n)) - p(xn) + ¢ (6n) - p'(xn) - Ok,

where d denotes partial differentiation with respect to either 6 or . We find inductively that

dxp+1 = (9c(6y)) - p(xn) —i—ax()Hc P(x; —l—Z <89k 1P (X1 Hc (xj)>

j= J=

n
It will be very important in section 4 to keep good control on products such as [] ¢(6;) - p/(x;).
Jj=0
They will also come into play when approximating derivatives in section 5.
The following lemma is an adaptation of [2, Lemma 3.5].

T
Lemma 3.9. Assume that xo € [0, 1], dgxo = dgxo = 0, and [ |c;p'(x;)| < (3/5)T=K+1/2 for
=k

every k € [0,T], where T > 10log A is an integer. Assume moreover that [dgc|,|dgci| < 1/VA
fork € [T —10logA,T]. Then [doxr+1],|dpxr+1| < A~Y* provided that A is sufficiently large.

Proof. Exactly as in the proof of [2, Lemma 3.5]. U
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The following lemma is a restatement of [2, Lemma 3.4] to include the parameter 3, and is
used in the proof of the main theorem to give a lower bound on how long it takes x¢ to return to C
after having come really close to the peaks in the 8-direction.

Lemma 3.10. Let o € Ay, and B € [0, 1] be fixed. Set

Ju={6:c(6,0) > (%Jrﬁ%) (1—4/5") 1N (I + o).

Then, For all sufficiently large A > 0, the following hold for M > 10:

Given 6y € (Iy — @)\ (Jyy —20), and xy € [W%O’ %], there is a 3 < k < M —7 such that x;, €
1 99

[mv m]

Given 6y € Ip\(Jy — @), and xo € C, there is a2 < k < M — 7 such that x;, € [ﬁ, %].

Given 6y € (Ip+ ®)\Jy, and xo € [155. 1o5), there is a 1 <k < M —17 such that xy. € (55 165)-

The return time to the "good" region [1/100,99/100] is bounded by M — 7 regardless of the
value of f3.

Proof. Suppose that 6y € (I — @)\ (Jy —2®), and xy € [1/100,99/100]. Then by lemma 3.3,
1/100 < x; < 2/5 (note that x; € C), and so 1/100 < x, < 4p(2/5) = 24/25 < 99/100. In
particular, this means that the first case subsumes the last two cases, and so the lemma follows if
we can prove the first statement. For the next iterate, we obtain

17100 < ¢(8)p(1/100) = c(8)p(99/100) < x3 < (% +ﬁ§) (1= (4/5)) p(1/2) < 1 — (4/5)".

If x3 <99/100, we just choose k = 3 and are done. Suppose instead that 99/100 < x3, and set
y3 = 1 — x3, having the bounds (4/5)M < y; < 1/100. We will make use of the simple relation
p(x) = p(1 —x), to conclude that x4 = c(03)p(x3) = ¢(63)p(y3). Thus, we obtain

(5/4)(4/5)M < x4 < 99/100,
since ¢(0)p(y3) < 4p(1/100) < 99/100, and more generally, for 4 < k <M (since 6 & IoN (Ip +
®)),
" (5/4)5(4/5)™ <,
unless for some k, x; > 1,/100 (implying that x; € [1/100,99/100]. Choosing k = M — 7, we get
1/100 < (4/5)7 < x; < 2/5,
whence the statement follows. U
Keep in mind that ¢(6) < (% + B%) for every 0, and hence ¢(0) < 4 when 8 < 1.
Lemma 3.11. For all sufficiently large A > 0, we have the following lemma. Let o0 € Ay, and
B €[0,1) be fixed. Set

Ju={0:¢(0,00) > (§+B§> (1—4/5") NI+ ).
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Then, assuming that M > 10, there is a constant (integer) Mc = Mc (), depending only on B,
such that:

Given 6y € (Jy —2w), and xo € [ﬁ, %], there is a 3 < k < Mc such that x;, € [ﬁ, %].

Given 6y € (Jyy — @), and xo € C, there is a 2 < k < M¢ such that x;, € [rzo, %].

Given 6y € Jy, and xo € [ﬁ, %], thereis a 1 < k < Mc such that x;, € [ﬁ, %].

Proof. One satisfying, but not necessarily the smallest possible, value of M is the following:

log 155 (117v )
Mo = — S0V
¢ logg

where Vﬁ = % +B % At the end of the proof, we will show that this constant is sufficient.
As in the previous proof, note that
1/100 <x; <2/5, 1/100 < x; <99/100.
The difference is now that we get
3 5
1/100 <x3 < (= —) =V,
and if x3 > 99/100, setting y3 = 1 —x3 gives 1 — Vg < y3 < 1/100. Since 65 ¢ Iy U (Ip + @), we

get

3
EVﬁ(l —Vﬁ> §X4 S 2/5.

As before, if x; < 1/100, for k > 3 then by induction we get

teat > (5/4)x, > (5/4)’<—4§vﬁ(1 V).

Thus, to get a lower bound on the constant needed, we solve
1 5\%3
<= “Va(l—
100 = <4) 2 VB (1= Vp),

108 15571775
> ISOVﬁ(l Vﬁ)

whose solution is

+4.

log?1

1
log 150V (1-Vg

That is, it is sufficient to set Mo > ) + 4, for the proof to hold. O

log %
Remark. The preceding lemma is a complement to the one above it to include the effect in the
x-direction of reaching the peaks in the 6-direction. Now the behaviour is crucially dependent
on the value of 3, and the return time is not necessarily uniformly bounded for < 1 (not even
necessarily defined for B = 1). In [2] it was shown that there is a value for o = o, € Ay such
that there is no such M¢(f8) when B = 1, and this is what causes the attractor to be strange (some
orbits get stuck at T x {0}).



4. THE INDUCTION

4.1. Base case. Recall the set Iy we considered in the previous section. Here we will show that
we have control on orbits as long as 6 ¢ Iy U (Ip + ®). The inductive step then shows what
happens inside Iy U (I + o).

Proposition 4.1. Let o € A be fixed. There is a Ay > 0 such that if A > Ay, then the following
hold:

(i)o If B € [0,1], x0,y0 € C, and 6y & Iy U (Ip + ®), then, letting N = N(6p;1y), and &; € {tx; +
(1 —1t)y; :t €[0,1]} be an arbitrary point between x; and y;, for every i € [0,N — 1], the

following hold:
N—1
[T 1c6)p' (&) < 3/5)VF  forall ke [0,N—1]; (4.1)
i=k
H 1c(6))p' (&) < (3/5)%  forall k € [1,N]; (4.2)
xx €C  forallk € [0,N]; and (4.3)
e —yil < (3/5)"x0 —yol,  forall k € [1,N]. (4.4)

(ii)o If B € ]0,1], and xo € [1/100,99/100], and 6y & I U (I + @), then
x; € [1/100,99/100]  for all k € [0,N].
Proof. By assumption, 6; ¢ IpU (Ip + ) for every i € [0, N — 1]; by lemma 3.7 it is immediate
that x; € C for i € [0, N], which in particular implies (if)o.

It follows that x;,y; € C, and hence &; € C for every i € [0,N — 1], and so by lemma 3.7,
lc(6,)p' (&) < 3/5 for every i € [0, N — 1], giving us that both

H (8P (xi)| < (3/5)~

for every k € [0,N — 1], and
k=1

[Tlc(6r (i) < (3/5)",

i=0
for every k € [1,N].

By the mean value theorem there are points & € {rx; + (1 —1¢)y; : t € [0,1]}, for each i €
[0,N — 1], such that

!xk—yk|—H|C |- [xo — Yol



for every k € [1,N]. Together with (4.2), this implies that

k=1
v =il = [T le(8:)p' (€)1 Ixo —yol < (3/5)Ix0 —yol.
i=0
0J

4.2. Inductive step. The inductive step works by zooming in on intervals I,, C Iy, and showing
that we have a good control on orbits as long as 6 & I, U (I, + ®). At some point we must ask
ourselves what happens to orbits when they enter I,,. This is highly dependent on & and f3, but the
point is that, for suitable I,,, we will retain control throughout the interval I, as long as 8 < 1.

We will begin by introducing some notation. Suppose that we are given intervals Iy, ..., I,, and
constants Ko, ..., K,,My,...,M,. We then define the sets

n M;
e,=J (li+mw),®_, =T\(loU (I + ®)),
i=0m=—M,;
n 3K;
G,=J | li+mw),G_; =0,
i=0m=0

B,={B : Mc(B) <2K,—T7},

where M¢(f) is the constant in lemma 3.11.
The motivation for introducing this notation will be apparent in the induction. We see that, for
every n > 0, the following hold

®n - ®n—1
anl - Gn

By C By, and | JB,=10,1)
n=0

The ideas behind the respective sets are:

e The set ®, consists of the points 8 € T that are far away from each of the intervals
ly,...,1I,. Starting with a 8y € ©, gives us some "breathing room" before we get close to
the peaks.

e The set G, consists of the points 8 which have recently visited one of the intervals. The
idea is that, if we hit the peak at [y, but stay away from [, , then expansion in the
x-direction will stop shortly after we leave G,, (at most 20 iterations after), giving us a
comparatively long (very much so) time for contraction before we hit the peaks again.

e The set B, is the set of B for which it is necessary only to zoom as far as to the n-th scale
(the interval 7,,). That is, we get sufficiently good estimates on the contraction even if we
only consider the intervals up to [,,. The conditions imposed on 3 are connected to the
upper bound on the return time estimates in lemma 3.11.
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Proposition 4.2. Let o € A be fixed. There is a A; > 0 such that if A > Ay, then the following
hold:

Suppose that for some n > 0, we have constructed closed intervals Iy D I} D --- D I, and
chosen integers My < My < --- < M,, and Ko < K| < --- < K,,, satisfying

| = (4/5)%1 K e [(5/4)K1/647) 2(5/4)K1 /G0 fork=1,2,...,n; (4.5)
My € [(5/4)K1/C2%) 2(5/4)K1/CO]  fork=1,2,...,n; and (4.6)
I, D [o— (4/5)K",a+(4/5) . (4.7)

Assume further that the following holds:

(i)n If B €10,1], x0,y0 € C, and 6y € ©,,_1, then, letting N = N(0¢;1,), and &; € {tx;+ (1 —
t)yi: t € [0,1]} be an arbitrary point between x; and y;, for every i € [0,N — 1], the

following hold:
H 1c(8)p(&)] < (3/5) /Y2 NN=R forall ke [0,N — 1]; (4.8)
k—1

[1lc(6)p' (&) < (3/5)12 2Dk for al k € [1,N]; 4.9)
- X, & C  forsomek e |[0,N]= 6, € G,_1; and (4.10)
g — yi| < (3/5) 12V Dk ol forall k € [1,N], (4.11)
6(1n+(21<,,+k)w) C Oy i1,y —My® € O,_,. (4.12)

k=0

(ii)a If B € [0,1], x0 € [1/100,99/100], and 6o & Io U (Io + o), then
x¢ & [1/100,99/100] and k € [0,N(60;1,)] = 6 € Gp_1.
(iii), If B €[0,1], xo € C, and 6y & I,,, then, letting N = N(6y;1,)
xy € C. (4.13)

Then there is a closed interval I, | C I,, and integers M, 1, K, 11 satisfying (4.5 - 4.7)+1 such
that (i —iv),41 hold.

Moreover, under the same assumptions, the following holds:
(iv)n If B € By, x0,y0 € C, and 6y € I, U (I, + @), then, letting N = N(6y;1,),

Ok, +k € Oy_1, foreveryke[0,20]; and (4.14)
X2K,+20 € C. 4.15)



Proof. Lemma 3.1 gives minimal return times

[(k(4/5)Ke) VT = Ny k> 1
(22 YY) .= Ny k=0

Ny to the respective intervals ;. The constants My, K; have been chosen to be M, ~ /Ny, K} ~
VM. By choosing A sufficiently large, we see that N, > M, > K.
In particular, lemma 3.1 implies that

kN J (k+mo)=0, (4.16)
0<‘m|§10M]{

for every k =0,1,...,n. Also, since 3K; < M;,

3K; M;
U i+mo)c | Ii+mo)
m=0 m=—M,;

forevery k =0,1,...,n, implying that
0,NG, =0, 4.17)
3K,
for n > —1. Moreover, since I, C Iy (k=0,1,...,n—1), and (I; — ®) N ( U (Ik-l-ma))) for
m=0

k=0,1,....,n—1, we get that

(I, — ©) NG, = 0. (4.18)

Constructing the interval I, :
Let

Lip1 = o — (4/5)"% /2,004 (4/5)% /2.

We have the inclusion

(4/5)k
214

(4/5)%
2L1/4

S, = {0 ¢(0) > G+ B2)(1- (4/57)) € [a - ot | C .

1
This means, in particular, that by lemma 3.10, as long as 6, ¢ U (1,41 +mm), we have good
m=-—1
control on the contraction.

Choosing the constants K, 1, and My 1 :
See [2, Proposition 4.2], where it is also shown that they satisfy (4.12),,.1.

Verifying (D)n1
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We want to prove that, for N = N(6o;1,+1),

H| '(x)] < (3/5)1/2F/2WN=R) gorall k € [0,N — 1]; (4.19)
H|c '(x)| < (3/5) 22k gor all k € [1,N]; (4.20)

x; € C forsomek € [0,N] = k€ G,—1; and 4.21)

e — yi| < (3/5) /22 Dk ol forall k € [1,N]. (4.22)

We will designate, by (4.19)[T']-(4.22)[T], the corresponding statements with N replaced by an
integer 7 > 0.
Begin by dividing the interval [0, N] into parts

O<s1<s<---<s,=N,

where the s; are the times when 6y, € I, (and 6y & I, for k # s; for any i, and 0 < k < N). It might
very well be the case that r = 1 (i.e. we never visit any of the bigger intervals I; D I,, before we
visit I;).

By the induction hypothesis, (4.20)[s1] holds. Hence, if r = 1, we are done. Suppose instead
that r > 1, and that (4.20)[s;] holds for k € [1,s;], where 1 <1 <.

Proceeding as in the verification of (iii),1; below, we obtain that 6y, ,2x,+20 € ©,_1, and
X5, +2K,+20 € C. Hence

k—1
H ‘0(91)19/(51)’ < (3/5)(1/2+1/2”+1)(k—sl+2Kn+20) < (3/5)(1/2+1/2"+2)(k—s1+2Kn+2O)
i=s5;+2K,+20
l (4.23)

for k € [s;+2K, +20+1,5;,1]. since |c(8)p'(x)| <4 < (5/3) for every pair (6,x), we obtain
the following bounds, for k € [s; + 1,5, + 2K, + 20]

H ()P (81)] < (5/3)*.

i=s;

Hence, for k € [s;+ 1,5+ 2K, + 20|, we have

H |C gz | < (3/5) (1/2+1/2m+1) )i . (5/3) (k—s1) (3/5)(1/2+1/2’1+1)s1—3k‘

If we can show that (1/2+1/2"1)s; — 3k > (1/2+1/2"+2)(s; + k), we obtain the inequality,
fork € [s;+ 1,5 +2Kn+20]

H 1c(8)p (&)] < (3/5)1/2+1/22)(sivk) (4.24)
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This follows, since s; > N, > K,%, and K,, > 8-2"2 for A large enough, by the inequality

(1/241/2" sy =3k — (1/241/2"2) (s 4+ k) > 1/2"2N,, — 4k (4.25)
> 1/2"2K2 — 8K, — 160 = K,,(1/2"?K,, — 8) — 160 > 0. (4.26)
Combining (4.23) and (4.24), we obtain, for k € [1,s;, ], that

H 1c(6:)p' (&) < (3/5)1/>+1/2 2k,

By induction, (4.20)[N] holds, as was to be shown.
The statement (4.19)[N] is proved in a similar fashion as above, but instead one assumes that

S/l

H |C xl | < (3/5) (1/241/2"2) (s;—k)

holds for k € [0,s; — 1], where 1 < < r. One then uses (4.26) to show that

sp1—1
lil_l |C(9,')p/(x,~)| < (3/5)(1/2“/2’1”)(51“—k)

i=k
holds for k € [s;, 5,41 — 1].
In order to verify (4.22)[N], let k € [1,N] be given. By the mean value theorem, there is for
everyi=0,1,...,k—1, a & between x; and y;, such that
xir1 —yir1] < 1c(6)p'(&)] - |xi —yil-

By induction, we see that

|xk—yk|<H| P'(&)]- [xo—yo| < (3/5)1/ZHV/Z Tk,

To verify (4.10),.+1, we divide the interval [0,N] as above. Now, (4.21)[s1] holds, and we
suppose that (4.21)[s;] holds for some 1 <1 < r. We know that 6, € G, for k € [0,2K,, + 19].
Argue as in the proof of (iii), below, that 0y, ok, 120 € ©,—1, and x;,42k,+20 € C. Apply (4.10)
again, to obtain (4.21)[s;41]. By induction, (4.10),+1 holds.

Verifying (ii)n+1
As above, we begin by dividing the interval [0, N] into parts
O<si<sp<---<s,=N,

where the s; are the times when 6y, € ,,.
By the induction hypothesis, the following holds:

x¢ & [1/100,99/100] and k € [0,51] = 64 € Gu_1 C G-
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Suppose that for some 1 </ < r, we have for every k € [1,s,] that
x; € [1/100,99/100] = 6 € G,,.

Since (I, — @) NG, = 0, we see that x;,_; € [1/100,99/100], and so there is a 3 <k < 2K, —7
such that x;,x € [1/100,99/100] by lemma 3.10. Arguing as in the proof of (iii),41 below, we
see that Ok, € ©,_1, and xpk, € [1/100,99/100]. Hence, by (ii),, we have

xi € [1/100,99/100] and k € [2K,,,51] = 6k € G,—1 C Gy,.
Of course, since 6, € G, for 0 < k < 3K,,, we see that
X € [1/100,99/100] and k € [0,s1] = 6 € G,—1 C Gy,.
By induction, (ii),1 holds.

Verifying (iii)p41:
Let0 <sj <s2 <---<s,=N be the return times to 1,. If s; = 0, then by assumption, x;, = xp € C.
If 51 > 0, then the induction hypothesis implies that x;, € C. If r = 1, then we are done.

Suppose instead that we have proved that, for some 1 </ < r we have x;, € C. Since 6y, €
I,\I,+1, applying lemma 3.10, we get a 3 <t < 2K, — 7 such that x;,,, € [1/100,99/100].

If 65,4+ & IoU (Ip + ), then by (ii),, x5, & [1/100,99/100] implies that 6y, € G,—1. Since,
by (4.12), 05,42k, +i € ©,—1 (i=0,1,...,20), (4.17) implies that x;, 2, € [1/100,99/100], and
SO X, +2K,+20 € C by lemma 3.7.

If, however, 654, € Iy U (Ip + ), then assume that this ¢ is the smallest such time. Now,
Xg,+1—1 & [1/100,99/100] by our assumption on ¢, and by lemma 3.8, x,4,42 € [1/100,99/100].
Since 6,442 & IoU (Ip + w), we may proceed as in the above paragraph to obtain x;, 2k, +20 € C.

In any case, we have 6,12k, +20 & In, and x;,42k,+20 € C, and so (iii), applies again, to con-
clude that x;, , € C. Using induction, we obtain our conclusion.

Verifying (iv),:
Since K € B, lemma 3.10 and lemma 3.11 together imply that there isa 1 <t < 2K,, —7 such
that

x € [1/100,99/100].
Suppose that this ¢ is the smallest such number. If 6, & Iy U (Ip + ®), invoking (ii),, and noting
that 6,k ¢ € ©,_; for k € [0,20], and ®,_; N G,_; = 0, we obtain that
xox, € [1/100,99/100];

using (lemma about return to C) we see that xak, 120 € C, and 6k, 120 € ©,,_1.

If 6, € Iy U (Ip + ), then as in the proof of (iii),+; above, by lemma 3.8 implies that x, ., €
[1/100,99/100]. Since 6,1, ¢ IyU (Ip + ®), we just refer to the argument in the above paragraph,
and conclude that the statement (iv), holds true. O

Corollary 4.3. By proposition 4.1, (i — iii)o hold, where (iii)o just corresponds to (4.3), and so
by proposition 4.2 (i — iv), hold for every n > 0.
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5. PROOF OF MAIN THEOREM

In this section we will use the same notation as in section 4. Throughout this section we will
assume that A is sufficiently large for every result in the previous sections to hold.

5.1. Constructing the attractor. Here we show that, for every 0 < 8 < 1, there is an attractor
which is the graph of an invariant continuous (actually C') function l,t/ﬁ : T — (0,1).

Lemma 5.1. Suppose that B € B, for some n > 0 is fixed (that is, B € [0,1)). If 6y € T, and
xo € (0,1), then there is at > 0, such that 6, € ®,_1, and x; € C.

Proof. First of all, the assumption on § means that € [0, 1). Since 0 < ¢(0) < 4 forevery 6 € T
when 0 < B < 1, it follows that x; € (0,1) for every k > 0 (0 <x; < 4p(3) = 1).

Suppose that xg ¢ [1/100,99/100]. Then, by lemma 3.5, there is an s > 0 such that x; €
[1/100,99/100]. Let s be the smallest such integer.

If 65 & Ip U (Ip + ), then by (i),

x¢ € [1/100,99/100] and k € [5,N(0y:1,)] = O4x € G1.

Let N = N(6s;1,), then 051y € I,. By (4.12), Os1n12k,+i € Op—y fori=0,1,...,19, and since
0,-1NG,—1 by (4.17), Xs1N42k,+20 € C by lemma 3.7.

If 65 € Iy U (I + w), then since s was the smallest such integer, x;_; ¢ [1/100,99/100], and so
by lemma 3.8, x5 € [1/100,99/100]. Now the same argument as above applies.

If xo € [1/100,99/100], and 6y & Iy U (Ip + ), just apply the above arguments. If instead
6y € Iy U (I + ), then if x, € [1/100,99/100], it follows by the previous sentence; if however
xp ¢ [1/100,99/100], just invoke the lemma for yo = x» ¢ [1/100,99/100]. O

Lemma 5.2. Let n > 0 be arbitrary. If B € By, 6y € ©,,_1, and xq,yo € C, then for each k > 1
e — vl < (3/5)"/%|x0 = yol.
Moreover, if 0 < B < 1 is fixed, 6y € T, and xo,yo € (0, 1), then
e — Y| < const (xo,0) - (3/5)*/*|x0 = yol, (GRY
where the constant depends only on xo,yo (hence the constant is independent of k, and is uniform

with respect to 0). Actually, as long as yg,xo are in a (any) fixed closed subinterval of (0,1), the
constant is uniformly bounded .

Proof. For the first statement, let 0 < s; < s, < --- be the times when 6;, € I,. By (4.11)
n+1
o=yl < (3/5) /22 g — yo < (3/5)2|x0 = ol

on+l

for k € [1,51]. Suppose that |x; — yi| < (3/5)(1/2+1/2" )k |xg — yo| holds for k € [1,s;]. Since
B € By, (iv), implies that 65,2k, +20 € ®@n—1, and x5,4 2,20 € C. Since |c(0)p’(x)| < 4 for every
0 € T and x € [0, 1], it follows that

‘xk _yk‘ < 4k . (3/5)(1/2+1/ )SI‘XO _yO‘ < (3/5)(1/2+1/

for k € [s1 + 1,5, + 2K, + 20]. Proceeding exactly as in the proof of (i),, proposition 4.2, we
obtain the first statement.

211+1 2n+1

913K x5 — yol,
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For the second one, assume that n > 0 is such that B € B,,. By lemma 5.1 there are times s, > 0
such that 05,6, € ®,_; and x;,y; € C. Let r = max{s,t}, then 6, € ®,_;. By (4.10) and (4.17)
xr,yr € C.

Now, for every k > r, we have

ek — il <47+ (3/5)* 2 x0 — yo| = (47 (5/3)"7%) - (3/5)"*1x0 — yol,
where the maximal constant is independent of 6 and k. U

By (5.1), orbits (outside T x {0, 1}) with the same 6-component converge to each other, and
we obtain the following corollary.

Corollary 5.3. If there is an invariant curve in T x (0,1), it is an attractor, it is unique and
attracts every point (0,x) € T x (0,1).

Corollary 5.4. For every xo € (0,1), and every 6y = 0 € T, the Lyapunov exponent in the
x-direction is strictly negative since

9%

_ k/2
%0 < const(xg) - (3/5)

for every k > 0, where the constant is uniform in k.

Proof. We have for small enough & > 0 that xo + &, x¢ € (0,1). Considering x,(xo) as a function
of xg, we have

% _ hmxk(xo—l—h)—xk(xo)
dxg h—0 h
. k/2 _
< llim const (xg,xo+h) - (3/5)*|x0 + h — xx(x0)|

h—0 h

— const(xo) - (3/5)/2.

4

Proposition 5.5. Let 0 < B < 1; then there is an invariant curve attracting every point (0,x) €
T x (0,1). This curve is given as the graph of a continuous invariant function

yP T = (0,1). (5.2)

Proof. Suppose that B € B,. Let ) =0 € T, and let 0 <#; <1, < ... be the times when 6_;, € I,.
Set for every k > 1

1
Vi (0) = mp o D (6) — o, g)-

By (iv)n, x—;, € C implies that x_, 2k, +20 € C; in addition, we have 6_;, ok 120 € ©,_;. Hence,
we will have

PH({6-,} ¥ C) C {60} xJ,
where |J,, | < (3/5)0~2K=20)/2,



25

Let m > t;, and x_,, € C. Either 0_,, £ I, or 6_,, € I,,. In the first case, the next time s > #;
that 6_ € I,, x_s € C by (iii),. Therefore x_;, € C by (iii —iv),. Hence J; C J;, and so

D" ({6_} xC) C{6p} xJs {6} x Jy,.
In the second case, by the above argument we will also have x_; € C, and so
D" ({O0_,,} xC) C{6p} xJp C {60} x J;.
Hence, for every my,my > t;.

W/ml (9) - Wm2(9>’ < ‘Jzk‘ k—> 0
—> 00

uniformly in 8; thus y,, converges to a continuous function y? for B € [0,1). 0J
For any fixed B € [0, 1) we will write
vP and yP (5.3)
for the corresponding functions defined above, to show their dependence on the parameter f3.
5.2. The minimum distance between the attractor and the repelling set.

Lemma 5.6. If 6y € ©, for some n > 0, and xy € C, then |8ﬁxN|, |dgxn| < ﬁ, where N =
N(Q();Io).

Proof. Recall that Ky = A1/28 and so Ky > 10log A if A is large. Since 8y € ©,,, it follows that
N = N(6o;10) > My > Kp. Thus 6; & IpU (lp + @) for k=0,1,...,Ko,...,N.

Using (4.8) to control the products, and lemma 3.6 to control the derivatives of ¢, lemma 3.9
implies that |dgxy|, |dgyn| < A4, O

In [2, Proposition 4.2, (ii),], the following lemma is implicit:

Lemma 5.7. There is an o« = o, € Ag such that, if xg = x € C, and letting 6y = a. — M, ®, we
have the following:

1

XMn oo E
Now, the measurable y! () : T — [0, 1] constructed in that article (for 8 = 1) was only defined
for almost every 6 € T, and in particular was never explicitly defined for 6 = «,.. However,
the above lemma will serve to show that y# () — % as B — 1. This will be needed when we

establish the asymptotics of the distance between the attractor and the repelling set as f — 1.

Below we will show that § — l,tlﬁ is continuous with respect to 3, but since l,t/[3 is not well-

defined for every 6 when 8 = 1, we may only conclude that it is continuous for 8 € [0,1). We

will however need to show that l%lml yh (ae) = %, and we will accomplish this by using the above
_>

lemma.

Lemma 5.8. For every € > 0, there is a 8 > 0 such that |yP (o) — 3| < € whenever B € [1—8,1).
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Proof. Note that, for f < 1,

yP (o) = lim xy,,

n

where 6y = o, — M, ®, and xo = x € C. Since xp,(B) = m 0 CID%/[”(GO,xO) is continuous with
respect to f3, for B in [0, 1] we obtain, after invoking lemma 5.7, that for every € > 0

1 ) 1
WP () — 31 = Jim [, (B) — v, (1) + 204, (B) — 3 < ¢
if B € [1—9,1] for § > 0 small enough. O

We first start off by mentioning that the minimum distance is not obviously well-defined for
B =1if a = «, if we take l//' : T — (0,1) to be as in [2]. It is however shown there that for
almost every starting value 6y, and every xy € (0, 1), Ig’(f) x; = 0, even though x; > 0 for every

k > 0. Thus, we define the minimum distance to be O when 8 = 1. Later, we will see that this is
the value obtained by continuous extension of the distance function 8¢, () to B = 1.

In order to prove the asymptotics of the distance, we must first show that y? (9) is C' (continu-
ously differentiable) with respect to both 8 and . Since the functions l//ﬁ are defined by limits
of smooth functions, we must show that the respective derivatives of those functions converge
uniformly.

Proposition 5.9. For every B € [0,1), and o € Aq, the functions B — wP(0) and 6 — wP ()
are both continuously differentiable considered as one-variable functions in each of the separate
variables B and 0, respectively.

Moreover, for every fixed 0 < B < 1

2
195w (0) — Iyl (9)] < Ti7a TO0 -9,
and for every fixed 0 € T

90wP(0) ~ 2P (6)| < 1 +0(16 — B).

Proof. We will be needing a few inequalities, valid for every 6 € T, and x,y € [0, 1]. The first one
is:

lp(x) = p(¥)| = |x(1 =x) = y(1 =y)[ = [(x —y)(1 —x) = y(x —y)|
==y [T —x—y[ < |]x—y].
The second one is:
p'(x) = p'(y)| = (1 —2x) — (1 —2y)|
=2ly—x[=2|x—yl.
The third one is, for arbitrary a,b € R:
1P’ (x)a—p'(y)b] = |(p'(x) = p'(y))a—p' (y)(a—b)| <2|x—y]|-|a] +2|a—b].
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Since dgc(0), and dgc(8) are both bounded (they are continuous on a compact set), the maxi-

mum norms ||dgc||,[|dgc|| and ||c|| are all bounded (henceforth, || - || shall denote the maximum
norm).

Let 6 = 0y € T. Using the above inequalities, and letting l//,[,3 (60) = xo, l//,g (60) = yo, we obtain

195 wE (80) — g W (80)| = |9pc(B0) - p(x0) +c(80) - P (x0)Ipx0 — Ipc(8o) - p(y0) +c(60) - P’ (y0) Ipyol
< [dgc(60)] - |p(x0) — p(vo)| +Ic(60)] - [P (x0)dpxo — p'(y0)Ipyol
< |[dpell - [xo —yol + llc[l - [[dpcll - [x0 — yol +2|dgx0 — Ip ol
< ||9pcll - [wh (60) — W ()| + [x0 — yol + [l - [19pc] - [wf (80) — wh (60)]
12|33 — Ipol.

The same inequality also holds when dg is replaced with dg. Now, the first two terms vanish
B

uniformly in the limit, since y; converges uniformly for every . The last term also vanishes
uniformly, but some care is needed to show this.

Lett > 0 be such that, 6_; € I. Let ny,ny > t+KO, sothat 0_,,,0_,, € ©g. Letx_,,,y_,, =

3 € C, then by lemma 5.6, |dgx_|,|dgy—| < )U/4

—1

1
|9gx0 — dpyol = 9pc(0-1)(p(x—1) — p(y—1))+Ipx—: [] c(6;)-p'(x;) — gy [] c(6))- P (v))

j=—t j=—t
—1 —1 —1
+ Z aﬁc(ek—l)(p(xk—l)Hc(ej)'pl(xj)_p()’k—l)nc(ej)'p/(yj)>|
k=—t+1 j=k j=k
< [ldpell - bx—1 = y—1]+[dpx—| HZC ) |xj =l
J—ft
+ |9y — Ipx—| H |c(6;) - P'(v))]
j=—t
—1 —1
+1dpell- Z (HZC =yl el Y |xk_1—yk_llfl!c(ej)p’(yj)l>
k=—1+1 k=—1+1 =k

We may ¢ as large as we want, since every orbit of the circle rotation is dense when ® is
irrational. Everything term converges uniformly as nj,ny — oo. Letting n = min{ny,n; }, the first
term is

|9pc]l-lx—1 —y-1] < [|9pell - const - (3/5)"~1)/2

where the constant is uniform. The second term is

[9px—e| T 2¢(8;)-xj — yf‘—,xl/4 -const - H (3/5)" 2 xy —y-ul < (3/5)" D2
j=—t j=—t
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where the constant is again uniform. The third term is

i L1 1e(8) Pl < (3/5)¢ 172

The last terms are similarly shown to be uniformly convergent. Also, note that the exact same
argument works for the derivative with respect to 0, since we only used the bounds on the partial
derivatives for 6 € I,,, in lemma 3.9. O

We have the following bounds on the partial derivatives 8[3 considered as functions in the
variable 0:

95 WP(6+©) — JpP 6+ ©)| = |95¢(8) - p(wP (6)) +c(6)p (v#(8)) Iy (6)
—9pc(9) - P(YP(9)) +c(9)P' (WP (6))9p ¥ (9)
|aﬁc< ): ( (vP(0)) — p(wP(9)) ) + (3pc(6) — Ipe(0)) p(wP (9))
+c(0)p (vP(8)) (35 wP () — 35 wP (9))
+(c<> (P (0)) ~ c(0)r' (WP (9))) Ip¥P (9)]

< 119gell 1WA (6) — wP(9) |+ |1 d0dpc] - 10 — 91 [vP (9)
Hlell- WP @)
+ (el 21w (6) — b (9)] + (8) (@) [wH (9)]) - 1175

_2_

T is seen to be uniformly convergent

Every term except for the second last one, ||c|| - [P (6)]-
toOas |0 —¢|—0.

Remark. Why do we have to include so many steps when analysing the term [dgxo — dgyo|, instead
of proceeding like:
|9px0 — Ipyol = [dpc(6-1)(p(x—1) — p(y-1)) +c(6-1)p (x_1)Ipx_1 — c(6-1)p'(y-1)Ipy—1]
= [dpe(0-)|[(1 +x_1—y—1)(y—1 —x_1) +¢(6-1)(p(x-1)(Ipx—1 — Ipy—1)
+c(6-1)(p'(x-1) = p'(y-1))py—1]
< 29p¢(0-1)|y—1 —x—1] +c(0-1) (|9px—1 — Ipy—1]| +2[y_1 —x_1]-[Ipy-1])
<const-|y_1 —x_1|+c(6-1)[dgx_1 —dgy_1]?
This is because [dgx_| — dgy_1] <3 2 —73 18 the best possible direct approximation. We need to
study the iterations right before the last step in more detail, in order to establish convergence. The
"correct" version shows that the early effects of not having the same starting value is negligible in

the long run, and that once the contraction is strong enough, the derivatives will be almost equal
for the last few iterations.
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We also have a practical way of expressing the derivatives as the limit
95y (6) =1im s yf (8) = limde(6-1) - plx_1) +¢(6-1)p' (x_1)dpx-1.

The last term is of order ﬁ, and in general negligible in comparison to the first one.

Lemma 5.10. There is a 8 > 0, such that A7 < dgyP (0 4+ w) < A for every 6 € Ay, for every
1-6<B<1.

Proof. By [2, Lemma 3.1, ¢)], A1/0 < docq p—1(0) < A for every a € Ay, and 0 € Ap. Since ¢
is smooth for all parameter values, dgc is continuous in 3, and so by continuity, there isa § > 0
such that

AV < dgeg p(0) < A

forevery B € [1—0,1),and &, 0 € Ay.
Now, letx_;j =x€C,and 0_; =0 — (M, +1)w € Ag— (M, + 1) € ©,. Then Oy, € Ay, and
xpm,—1 € C, and so

303
15 <3 P(1/3+1/100) <xyy, <4p(1/3+41/100) < 95/100.

By lemma 5.6, |dgxp, | < A~
doxm,+1 = (9pc(0)) - plxm,) +c(0) - p'(xu,) - doxu,,
assuming that A is very large, we obtain after some straight-forward computations that
AT < Qgxpy, < A,
ifell-4,1). 0

1/ 4 and since

Lemma 5.11. Letr o, € Ag be the o, in [?], that is, I%im l//ﬁ (ae) = % for the parameter value
—1
o = 0O, and hence /%lml yh (0. + @) = 1. Then there are
ﬁ

e a monotonically decreasing sequence of positive {€,}, converging to 0,
e and a corresponding monotonically decreasing sequence of sets A,, contained in Ay, with
limit lim A, ={o.},
n—soo
such that, if B € &, = {1 > B > 1 —&,}, then the point on the attractor closest to the repelling set

T x {0,1} lies in Ay. Furthermore, this point corresponds to a maximum of Wg, and is closer to 1
than 0.

Proof. By proposition 4.2, we see that wP (Iy) C C for 0 < B < 1. Recall that

vP(8) = co5(6 — 0)p(yP (6 — w)).
This gives us the following bounds when 6 € Iy + o, valid for every 0 < f8 < 1,

13—0 < % p(1/3+1/100) < yP () < 4p(1/3+1/100) < 99/100. (5.4)
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Recall that Ay C Ip + @. Since, by lemma 3.6, ¢4 g(Ao — @) 2 [2,3] for a. € Ao, and every
1 -0 < B <1 for some small § > 0 by continuity of ¢ with respect to 8, there are 0 € Ay such
that

wP(0) <2p(1/3+1/100) < 1/2—1/100,
and
wB(6) >3p(1/3—1/100) > 1/2+1/100.

Since v is continuous, there is a 6,(f) € Ap (let this be the one closest to ¢ if there are more
than one) such that l//B (6,(B)) =1/2,forevery 1 —6 < B < 1, if § > 0 is sufficiently small.
It is necessarily true that 6.(f3) [3—1> o.. Suppose, to derive a contradiction, that it were not
ﬁ

true. Then there would be a 6 > 0, and an open interval A = [@ — 1, & + 1] such that % & A for
every | —38 < B < 1. Let 0 be at least as small as the one in lemma 5.10. Then for 6 € A, we see
that, by the mean value theorem

vP(0) — v’ (a)| = 2716 —a| > 0
1

for every 1 —8 < B < 1. This means that there is an & > 0 such that y#(A) c (0, 5 — €U [% +e,1)
for every 1 — 6 < B < 1. This would of course imply that

1
lim yP (o) # -
o 1‘/’ (ac) # 3
Hence 6.(B) converges to o, as B — 1.

We will show that the maximum of y#(6), when 6 € I + 2, is assumed for some critical
0.(B), converging to o, as B — 1. Let 6() be such that

cocs @) = (3453 ) 1-3(8).

Since 6,(B) — . as B — 1, and c is continuous, it follows that () — 0. Now, we invoke
lemma 3.6, to obtain the set inclusion

(0l @icap(®)> (3+83) (13BN} € fow— VBBt VETBIA 4] = A(p).

We will argue that the maximum will be attained for some 6,(f) € A.(f). Suppose that 6 €
(Ip+ 0)\A.(B), then

3 5 1 1
VOB = (3483 ) (1-3(8)-(3) > c6): p(3) = ¥ (0)
Hence the conclusion follows. Also note that the .4.(f) are monotone decreasing in f3, and
converge to { . }. From this, we may extract a sequence as in the statement. The only part left is
showing that the minimal distance is attained in this set. This however can be established rather
quickly.
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We see that for 6 € I + 2, using the bounds on l//ﬁ (6 — ), we have
3
1/100 < 95/2000 = > p(95/100) < y# (6 - w).

Since we may choose the maximum value of yP(6,(B)) as close to 1 as we want, by choosing 3
closer to 1, the minimal distance in Iy + 2 is attained at a point in .A.(f). Now, by lemma 3.3,
the maximum value for 6 € Iy + 3w is

vP(0) <2/5.

Since w#(6.(B)) > 9/10 is the maximum in Iy + 2@, the minimum value in Iy + 3@ will be
attained at the point 6.(f3) + @, then by lemma 3.5

¥P (6 +0) = c(6+0)p(yP (6:(B))) = c(6 + @)p(1 - yP(6.(B))) > %Wﬁ(ec(ﬁ))-

Since, by the same argument, the x-coordinate is increasing if 0 < x < 1/10 as long as 6 ¢
I+ (Ip + ), the minimal distance must be attained for 6,(f) € A.(B). O

Definition 5.12. The minimum distance between the attracting curve l//ﬁ and the repelling set
T x {0, 1}, for a fixed o, as a function in f3 is denoted by

a(B),

and is defined for at least 0 < 8 < 1.

Proposition 5.13. The distance 8¢, (B) is asymptotically bounded, as B — 1, from both sides by
linear functions. Specifically,

ar(l1-pB) <8(B) <ax(1-B), (5.5)
where 0 < ay < ap are constants, when B is sufficiently close to 1.

Proof. Suppose that @ = &, and B is in & from lemma 5.11. Then the minimum distance
between the attractor and the repelling set is attained for some 6(f) € Ay, and this minimum
distance is furthermore to the point 1; hence the distance, for a fixed B € &, will be given by the
expression

8a.(B) =1y (6(B)).
Also, 6(B) converges to o, + ® as B — 1, and we will set A(f) to be the smallest interval
containing both o, + @ and 6 (f). It follows that the length |A(B)| — 0as f — 1.
Since 8[3 l//B (0) is continuous with respect to 3 for every 6 € T, it is integrable. Also, since
9B vP (o + @) — Ip vB(0)] < 11—2/4 + O(a. + @ — 0) by proposition 5.9, we obtain the following
inequalities, valid for every 6 € A(B)

2 2
aﬁwﬁ(ac+w)—m+0(ac+w—e) <dpyP (o) < 8Bwﬁ(ac+a))+m+C(ac+w—9),
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where C > 0 is some constant. Now, |y# (o) — 1| < &, for some € = &(f8) > 0 converging to 0
as B goes to 1, and so

Py’ (o + o) = dpc(oe) - p(yP (o)) + o) p' (WP (o)) P (ax)

=2 5 PP (o)) +4lel <8ﬁ0(ac—w)-p(wﬁ(ac—w)>+c(“c)1’/("’ﬁ(°‘c>>#)
51 5
5124 8

Hence, for f3 sufficiently close to 1, &, + @ — 6 is to the order of some € converging to 0 as 3
approaches 1, and so

+Cla.+w—0).

2
0< yP(a.+w)— /A

Thus we obtain two constants 0 < by < b, both approximately equal to %, up to 577 + €, where

/11/
€ converges to 0 as § — 1, such that b; < 3ﬁ wﬁ(e) < by, for every 6 € A(P) and B close to 1.

Integrating, we obtain for every f < B < 1 that
B
< [ 9w (8)K < b2(B - B).
B

where

B

[ asv*()dK = yP (6) - yP (0).

B

Using the mean value theorem we obtain, for some 0 between 6 and O, + o, that
vP(6) = 9P (8)(6 — (o + @) + v (ac +0) = WP (ac +0) + o yP (6)(6 — (0 + ).
Thus, in particular, recalling that AT < 0y l[/B (6) < A for 6 in our interval,
vP (o +0)+277(0 — (0 +0)) < yP(8) < yP(ac+0) +1(6 - (0 + 0)).

We must now show how the distance 6() — (0 + @) is related to 1 — . By the mean value
theorem there is a 0 between 6 () and ¢, such that

vP(0(B)) — P () = dowP (8)(8(B) — )
and so

vP(6(B)) — vP (o)
doyP ()

0(B)— o=
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Using the mean value theorem, and noting that lim l///; (ae) = lim l//B (0(B)) = % by continuity,
B—1 p—1

vP(0(B)) — vP (o) = fim wP () — ap P () (1 - B) — lim vP(6(B))+ sy (0(B))(1-B)

— (9p¥P(6(8)) —~ IpvP () (1-B).
So we obtain
0(B) — ot = (v (O v @) (1P —0(1-B).

‘ doyF (6)

Hence, for every 8 < ﬁ < 1 sufficiently close to 1,
bi(B—B)+0(1- ) < ¥P (e + )~ wP(6) < ba(B — B) +O(1- ).
Taking limits as ﬁ — 1, we obtain, for some a; < ay,
ai(1-B) <1-y#(0) <ar(1-p).

Recalling that 8 (B) = 1 — wP(6(B)), and 0 < 8, (B) for B < 1, we may choose 0 < a; =
5ac(ﬁ)

[;rifl ToB to obtain
ar(1=B) < 6q.(B) < ax(1-B),
asymptotically as f — 1, for 0 < a; < a5. U

Remark. An easier approach would be to directly compute the integral
1
[ asv(6(K))aK =1 yP (6(B)).
B

However, that would require dg wX(8(K)) to be absolutely continuous, requiring in particular the

continuity of 8ﬁ X () with respect to 6, which is beyond the results in the present paper (we
haven’t proved mixed continuity of the derivatives!).

We now restate the main theorem, which follows from corollary 5.4 and propositions 5.5, 5.9
and 5.13,

Main Theorem. Assume that o satisfies the Diophantine condition (DC) 1 for some k > 0 and
T > 1. Then for all sufficiently large A > 0, there is a parameter value o = o such that the
following holds for the map Py g:

i) When B = 1, there is a strange attractor, the graph of a nowhere continuous measurable
function y : T — [0, 1], which attracts points (0,x), for a.e. 0 € T, and every x € (0,1).

ii) When 0 < B < 1, there is a curve, the graph of a C! function y : T — [0, 1], which attracts
every point (6,x) € T x (0,1).
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iii) The (minimum) distance Oq,(P) between the attractor and the repelling set, considered as a
function of B, is asymptotically bounded by linear functions as 3 — 1, that is

ai(1=B) < 8a.(B) < az(1-B),
for some constant 0 < a; < ap as B — 1.
iv) The system (and hence the attractor) is nonchaotic for 0 < B < 1, since %(6p,x0) <
1log(3/5) < 0 for (almost, when B = 1) every 8 € T and for every x € (0,1).
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LIST OF NOTATION

o The alignment parameter of the peaks in the forcing map ¢(6), page 10
o The critical value o = o in [2] for which li_r>n Mo (I)M"(occ —M,w, %) = %, page 25

0o (B) The minimum distance between the attractor and the repelling set T x {0, 1}, for a fixed
o, as a function of 3, page 31
> x>y means that x is much larger than y, in the sense that x > Cy for every constant C
that is at least as large as we will need in any of our inequalities involving both quantities,
page 19
B The scaling parameter of the peaks in the forcing map ¢(0), page 10
A Controls how narrow the peaks are, and is assumed to be very large, page 10
T The circle R\Z, page 2
Ay Ay=[0—A"25/2,0—21"%7], page 11
Dy 5(0,x) Py pg:Tx[0,1] =T x[0,1]:(8,x) = (0 +®,cqp5(0)- p(x)), page 10
m Projection onto the first coordinate, page 11
) Projection onto the second coordinate, page 11
n M;
e, 0,=U U {li+mw), forn>0,0_;=T\(lhU (Ih+ o)), page 17
i=0m=—M,
6, Short-hand notation for the projection onto the first coordinate 8, = m;P" (6, xo), or the
n-th iterate of 6, page 11
By By={p:Mc(B)<2K,—T}, page 17
1

0) c(0)=cqp(0)= 2+B3 (HMCOSM(&“/Z)?COSM)Z) is the forcing map in ®, page 10
0,a) g(6,a) =cos2m(60 —a/2) —cosma, page 10

n 3K;
G, U U (li+mw), forn>0,G_; =0, page 17
i=0m=0
Iy Io=[-A"Y7 A~17], page 11
I Zoomed in interval at step k, page 18
Ky  Ko=[A"(389] Ky~ N'/* where N is the minimal return time to I in lemma 3.1, page 11
K K =~ /M, =~ Nk1/4, where Ny, is the minimal return time to i, as in lemma 3.1, page 18

My My=IA 1/(147)], My ~ /N where N is the minimal return time to Iy in lemma 3.1, page 11

Mc(B) An upper bound on the time it takes for an orbit to re-stabilize after coming close to the
peaks, page 15

M; M ~ /Ny, where Ny is the minimal return time to I, as in lemma 3.1, page 18

N(69;1) N(69;1) is the smallest non-negative integer N such that Oy = 6y + Nw € I, page 11

Ny The minimal return time to /; given by lemma 3.1, page 19

p(x) The quadratic map p(x) = x(1 —x), which is symmetric around the maximum § at x = 1,
page 10

Xp Short-hand notation for the projection onto the second coordinate x,, = m®"(6y,xp), or
the n-th iterate of xy, page 11
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