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Abstract

In this thesis we begin by looking at the wave equation with boundary
conditions. We find that certain solutions are discarded due to our C2-
requirement, although they by any means could be considered to be solu-
tions to our boundary value problem. But if these functions are considered
to be solutions to a partial differential equation, in what sense are they
differentiable? And in what function space will they lie?

To answer the first question, we introduce the notion of distributions, which
can be regarded as a generalization of the concept of a function. For example,
the Dirac delta function is not an ordinary function, but it is a distribution.
For distributions, we then introduce the notion of weak, or distributional
derivative, which is our desired generalization of the usual derivative.

To answer the second question we define Sobolev spaces, which are spaces
of functions that are sufficiently many times differentiable in the weak sense
and whose derivatives all belong to some LP-space. We first define Sobolev
spaces for non-negative integers k, which means that the functions must be
k times differentiable in the weak sense. We then extend our definition of
Sobolev spaces to arbitrary real numbers. We also define Sobolev spaces for
functions defined on the boundary of some open subset of R". This can not
be done in exactly the same way as for other arbitrary bounded subsets of
R"™ since the boundary has volume measure 0, and thus all integrals in our
usual Sobolev norm become 0.

We then derive some results concerning Sobolev spaces. First we define
the restriction to the boundary of a function in a Sobolev space, which is
not trivial since functions in Sobolev spaces are generally only defined up
to a set of measure zero, and thus a function in a Sobolev space can be
completely redefined on the boundary without affecting it as an object in
a Sobolev space. This restriction map is essential since Sobolev spaces are
closely related to partial differential equations with boundary conditions.

We then continue by proving that Sobolev spaces are continuously embedded
in certain LP-spaces and Holder spaces.

Finally, we apply our results regarding Sobolev spaces and distributions to
prove a theorem regarding existence and uniqueness of solutions to elliptic
boundary value problems.
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Chapter 1

Introduction

1.1 Motivational example, the wave equation

Let us begin by finding all solutions to the 1 4 1-dimensional wave equation
CZsz = Utt,

where ¢ is a constant that can be interpreted as the speed with which the
wave propagates. We begin by finding solutions in the open half-plane ¢ > 0.
The idea here is to introduce new variables, n and ¢ defined by

n=x—ctand £ =z + ct.

By simply applying the chain rule, the wave equation becomes

ou 0 Ju
2
-4 =0 <+ —=-—=0.
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By integrating this equation step by step we first see that u, is constant in
¢ and is thus a function of only 7, say h(n). Let ¢ be an antiderivative of h,

then by integrating one more time we see that

u=¢(n) + (&) = ¢(x — ct) + ¢(x + ct).

In the above expression, 1) and ¢ are more or less arbitrary functions. But
if we require u to be C?, then both ¢ and ¥ must be C2.

Let us now move on to solve an initial value problem for the wave equation
in one dimension. Let f(z) and g(z) be two known functions on R. We
want to find all functions u satisfying
gy = ug, *€RE>0,
u(z,0) = f(z), z€R,
ut(z,0) = g(z), =z e€R.



The initial conditions mean that we know what the solution looks like at
t = 0 and also its rate of change. By our above solution to the wave equation
without initial conditions, we know what form our solution must have. So
our objective is to determine ¢ and 1 for which

f@) =u(2,0) = ¢(z) + ¢(2), g(z) = uw(z,0) = —cd/(z) + ' (2).

xX
By the fundamental theorem of calculus, G(z) = / g(y)dy is an antideriva-
0

tive of g(x). Thus the second equation can be integrated, which yields

() + Y(x) = ~G(a) + K

where K is an arbitrary constant. By combining this with the first formula,
we get,

6@) = 5 (1)~ 260 ~ K ), wla) = 5 (@) + 16 + K)

Thus our solution to the initial value problem is given by
u(z,t) = p(x — ct) + P(x + ct)
1 1 1
= i(f(x—ct) - EG(x—ct) —K—&-f(a:—i—ct)—i—EG(a:—i-ct)—i—K)

flx=ct)+ flx+ct) Gx+ct)—G(z—ct)
B 2 * 2c
flx—ct)+ f(x+ct) N 1 /x-i-ct

dsy.
5 5 g(y)dy

—ct

This result is known as d Alembert's formula.

We will now solve a specific initial value problem. It is in itself not of any
special interest, but with the solution we get, we can make an important
point about solutions to partial differential equations in general.

The initial value problem will be the following

Uge = Ue, x>0, >0,
u(z,0) = 2z for z > 0,
ug(x,0) =1 for z > 0,
u(0,t) = 2t for ¢t > 0.

,\,\,\,\
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Since the first quadrant is convex — and thus the lines x —¢ = c and z+t = ¢,
for some constant ¢, can run unbroken through the entire area — all solutions
will be of the form

u(z,t) =¢(x —t)+¢(x+1t), >0, t>0.



If however, the lines x —t = ¢ and x + t = ¢ would not run through the
first quadrant unbroken, then the above expression would not be the general
solution, since in that case ¢(z — t) could be replaced by ¢1(z — t) in some
area and by ¢a(x — t) in some other area where the two areas can not be
directly connected by a straight line. The same argument also applies to the
term ¢ (x + t).

We will try to find out what the functions ¢ and ¥ look like. If t = 0 we
get 22 = u(z,0) = ¢(z) + ¢¥(z) and 1 = u(z,0) = —¢'(x) + ¢'(x), and for
x = 0, we have 2t = ¢(—t) + ¢(t). Since the name of the variable doesn’t
matter, we call the lone variable in each equation s. The three equations
now become

25 = 6(s) + ¥ (s) (L8)
1= —¢/(s) + ¢/(s) L
25 = ¢(—s) +(s) (1.10)

By integrating the second condition, we get

—¢(s) +9(s) =s +C,

and by using this together with our first equation, we get

1 1 3 1
o(s) = 35~ 50, P(s) = 25 + 56’ for s > 0.
By the third equation, we have that
1 1
o(s) = 55~ §C’ for s < 0.

We can now put our solution together, we get that

u(az,t):¢(x—t)+1,b(x+t):%(:c—t)Jrg(a:—kt):2x+tif:1:>t>07

u(:c,t):¢(x—t)+¢(x+t):%(t—x)%—g(aﬂ—t):a:—|—2tif0<:c<t.

By looking at the limit as = goes to ¢ (or ¢ goes to x), one sees that the
solution is in fact continuous. However, it is not differentiable on the line
z = t and we therefore do not consider it to be a solution because of our C?
requirement. However, it does not really seem to be any good reason as to
why it should not be considered to be a solution. But if we consider it to
be a solution of our partial differential equation, in what sense does it have
a derivative? And if the function is not C?, in what function space does it
lie? To clarify in what sense the above limit is a solution to our PDE, we
must go to the theory of distributions. But first, we will go through some
useful function spaces and some important results from functional analysis.

For further reading, see [8].



1.2 Some useful function spaces and results from
functional analysis

Definition 1.2.1. C*(), where Q is an open subset of R™.

We define C*(Q) as the space of continuous functions on Q all of whose
derivatives up to order k are also continuous. That is u € C¥(Q) if 9% €
C () for every a € Ny, |a] < k, where Ny = {0,1,2,3...}. a € Nj means
that « is a multi-index, that is an n-tuple whose elements are non-negative
integers. The absolute value of a multi-index is defined as the sum of the
indices. If z is an n-dimensional vector, then z® is z{*...z;" and 0“ is

defined as 07" ...05™.
We define C*°(2) in the same manner.
Definition 1.2.2. C§°(02)

We define C3°(€2) as the space of infinitely many times differentiable func-
tions with compact support. The support of a function f is defined as the
closure of the set of points at which f # 0. For functions defined on R",
having compact support is equivalent to having bounded support.

For example, the function
0if || > 1
N
e 1-lo?if [z| < 1

Definition 1.2.3. The Schwartz space, S(12)

is such a function.

A function f € C°(R") is a Schwartz function if f and all its derivatives
tend to zero faster than any inverse power of x as |x| — co. That is, f is a
Schwartz function if there exists a constant C such that:

sup [2°0° f(z)] < C, 5.y where a, 8 € NJ.
TER?

We define the Schwartz space as the space of all Schwartz functions.

It can be proven that C§°(R") is dense in S(R™) with respect to the standard
topology on S(R"). See [3] for definition.

We will now define LP-spaces and state a few results about them.

Definition 1.2.4. LP-norm, ||f||z»() and the LP(£2)-space



1
We define || f[|zrq) for 1 < p < oo as (/ |f(x)|pdx> ", where the integral
Q

is a Lebesgue integral.

For p = oo, we define || f||1»(q) as ess sup [f(z)].
e

Using this, we define LP(Q2) to be the space
{f : f is measurable and || f||»() < oo}

When p = 2, |[f]|zr(q) is a Hilbert space endowed with the inner product

(f,g9) = / f(x)g(x)dx, where the integral is once again a Lebesgue integral.
Q

We have that (f, f) = || f|[7s(c)-

It can be shown that C§°(R"™) is dense in LP(R"™) for any p > 1. Since
C5°(R™) C S(R™), it follows that S(R™) is dense in LP(R") for p > 1.

In the definition of a norm, we require that |[v|| = 0 if and only if v is
the zero-vector. However, if we look at the definition of the LP-norm, we
see that we can change the value of the function at any set if measure zero
without changing its norm. Thus we do not have that the function which is
constantly zero is the only function for which ||f||1»(q) = 0. To get around
this, we say that two functions are equal in LP if they are equal almost
everywhere. Thus LP-spaces are spaces of equivalence classes of functions,
where two functions are considered equivalent if the set on which they differ
have measure zero, i.e. they are equal almost everywhere.

We will now prove a very useful inequality concerning LP-spaces, namely
Hoélder’s inequality.

Lemma 1.2.1. Ifa>0,b>0and 0 < X <1, then
a A < Xa+ (1 - \)b

with equality if and only if a = b

Proof. The statement is obvious if b = 0. If b # 0, we can divide both
expressions by b. We now set t = a/b. Proving the statement has now been
transformed to proving that t* < At + (1 — \) with equality if and only
if ¢ = 1. By methods of elementary calculus, it can easily be shown that
N — At is strictly decreasing for ¢ > 1 and strictly increasing for ¢ < 1. It
thus attains its maximum value, which is 1 — A when ¢t = 1. For t = 1, we
have that 1* =1 = XA+ (1 — \). As was to be shown. O



Theorem 1.2.2 (Hoélder’s inequality). Let 1 < p < oo and choose q to
satisfy that 1/p+1/q =1, i.e. ¢ =p/(p—1), we call q the Hélder conjugate
of p. If f and g are measurable on €2, then

FgllLr@) < I f1lLe@llgllza)- (1)

In particular, we have that if f € LP(Q) and g € LY(Q), then fg € L'(Q).
We have equality if and only if a| f|P = blg|? a.e. for some constants a,b # 0.

Proof. The statement is obviously true if || f|[zr) = 0 or [|g|[ze) = 0,
since that would imply that f or g is 0 a.e., which of course implies that
[[fgllz1() = 0. The statement is also trivial if

1 fllzr(0) = o0 or |[g]|raa) = oo

We now observe that if the statement holds for two functions f and g, then
it also holds for every scalar multiple of f and g, since if f is replaced by af
and g is replaced by bg, then both sides of (1) are changed by a factor |ab|.
Because of this, it suffices to prove the statements for all functions f and ¢
for which || f|[zr) = ll9llLe() = 1 with equality if and only if |f[P = [g]?
a.e. To do so, we just apply the above lemma with a = |f(z)[P,b = |g(z)[?
and A = 1/p. This yields

[f(@)g(@)| < |f(@)P/p+lg(x)/q. (2)
Integrating both sides yields

alle <o~ 17 +a [1ol=1/p+1/a =1 = IFl@llgllzece)

Equality holds if and only if it holds a.e. in (2), and by the above lemma,
we have equality precisely when |f|P = |g]? a.e. O

We will now prove another useful inequality concerning LP-spaces. Namely
Young’s inequality.

Theorem 1.2.3 (Young’s inequality). Let 1 < p < oo. If f € L'(R") and
g € LP(R"), then fxg € LP(R") and

1 gller@ny < [IF1lLr@mllgll Lo @n-

Proof. We first consider the case when 1 < p < co. Let g be the conjugate



of p in the Holder’s inequality sense. Using Holder’s inequality, we have

(f*g)(x)] = ‘/f(:v—y)g(y)d y| < /If(fv—y)\l/qlf(w—y)ll/”lg(y)ld"y

1/q 1/p
<([ua-wiay) " ([ lswray)
1/p
= 11y ([ 156 = lloPary) " )
Thus, by looking at the LP-norm of (f * g)(x), we get
10 9y < I 1B Sy [ @ [yl = y)lgto)?
= 1y [y [ dal s~ p)llgt)P

1+
= I [ aula)l? = 1718 o sl o e

since integrals over R™ are invariant under translations.

This proves the theorem for the cases when 1 < p < oco. In the remaining
cases, the theorem follows directly from

(7o)l < [ 11 = wllgwlay

if p=1, and
[(f* @) (@) < fllr@n 9l oo (rn)
if p = oo. This finishes the proof. O

Theorem 1.2.4 (Log-convexity of LP-norms.). Let 1 < py < p; < 00, Q be
a bounded open subset of R" and f € LP°(Q2) N LP(QY). Then f € LP(Q) for
every po < p < p1. Furthermore we have that

1 llzra () < £l sy 11120 o

for all 0 < o < 1, where the exponent p,, is defined as l/pa ={1-a)/po+
a/p1.

Proof. By using Holder’s inequality with | f](=®P | f|*Pe p = po /(1 —a)pa
and ¢ = p1/(aps) we have that

11 () = /Q | IO Pe | floPada < || FOTP| g saayma £ | Lo stap)

= HfHLpo paHfHLpl Q)"

This finishes the proof. O



Definition 1.2.5 (Holder continuity). A function f € Q, where Q is an
open subset of R" is said to be Hoélder continuous with exponent 0 < o < 1

if:
o 12 = 1)

<C
TH#Y ’:U - y|a

for some constant C.

If « = 1, we say that f is Lipschitz-continuous, and if o = 0, then it is
simply bounded.

Definition 1.2.6 (Holder spaces C**(Q)). We define C*(Q) as the space
of continuous functions on ) having continuous derivatives up to order k,
for which the k:th partial derivatives are Holder continuous with exponent
a,0<a<l.

The Hoélder space C**(Q) is endowed with the norm || f||cr.« defined as

+ max |9° o
[ fllex (o) Iﬂ\:k| fleo

where 8 ranges over multi-indices and || f||c# (o) = max|gj<x Supzea|0® f(2)|.

Definition 1.2.7 (Boundedness and continuity for linear operators). A lin-
ear operator between two normed vector spaces, X and Y, is said to be a
bounded linear operator if there exists some constant M > 0 such that

[|Lolly < MJv]|x
for all v in X.
The linear operator L between X and Y is said to be continuous if
T, — x implies that Tz, — Tz.

Theorem 1.2.5 (Equivalence of boundedness and continuity for linear op-
erators). Let L be a linear operator between two normed spaces X and Y.
Then L is bounded if and only if it is a continuous linear operator.

Proof. We will first prove that boundedness implies continuity and then that
continuity implies boundedness.

Suppose L is bounded. Then for all vectors v and h in X, we have
[IL(v + h) = L(v)|| = [|L(R)|| < M[[h]].

This shows that letting h tend to zero means that ||L(v + h) — L(v)|| tends
to zero, thus proving continuity.



Now assume that L is continuous. Since L is continuous, it is of course
continuous at the zero vector. It thus exists a 6 > 0 such that ||L(h) —
L(0)|] <1 for all vectors h in X for which ||h|| < §. Thus for all non-zero
vectors v in X we have

ol , (_6v [|v]] ov ]l 1
iz =] S (P =5 e ()| < 50 1= 5iml
5\l 6 ]| 6 6
This proves that L is bounded. Thereby proving the equivalence of the two
statements. O

We will now state and prove the bounded linear transformation theorem,
often abbreviated as the B.L.T Theorem. Due to the way we will later on
define our Sobolev spaces, this theorem will be of fundamental importance.

Theorem 1.2.6 (The B.L.T Theorem). Let T be a bounded linear trans-
formation from a normed vector space Vi to a complete normed vector space
Vo. Then T can be uniquely extended to a bounded linear transformation
(with the same bound) T from the completion of Vi to Va.

That this completion does in fact exist follows since every normed vector
space is also a metric space, with the metric being defined by d(z,y) =
||z —y||, and every metric space has a completion. This completion can for
example be created by considering equivalence classes of Cauchy sequences.

Proof. Let y be an element of the completion Vi of V;. There exists a
sequence {xy},—; € Vi such that x,, — y. Now look at ||T(zm) — T (xy)|]-

We have that ||T'(zp) — T(xn)|| = [|T(@m — zn)|| < Cl||zm — xy]| since T is
assumed to be a bounded linear transformation. Since convergent sequences
are Cauchy, we have that ||z, — x,|| can be made arbitrarily small by
choosing m and n to be large enough. Thus ||T(zy,) — T(x,)|| goes to
zero and hence {T'(x,)} is Cauchy in V5. Since V5 is complete, the limit of
{T(zy)} exists.

We will now define the extension.

We define T'(y) as lim,, oo T(2,). We now need to show that this extension
is well defined. Let {z/,} be another sequence such that =/, — y. Then
| T(x),) — T(x,)|| = ||T(z), — x)|| < Cl|z), — x,|| which tends to zero as n
tends to infinity. This implies that T'(y) is well-defined.

Next we need to show that T is linear. Let 2,y € V; and a,b € R, and let
{zn} and {y,} be two sequences such that z,, — x as n — oo and y, — ¥y
as n — oo. Then axy, + by, — ax + by as n — oco. We have that

10



T(ax + by) = nlggo T(axn + byn) = anlgroloT(xn) + bnlggoT(yn) = QT($) +
b (y).

Hence T is linear. Next we need to show that T is bounded. Let y € V7, we
have

T (y)|| = nhi& T (yn)|| < nhﬁngo Cllynl| = C||y|| since T is bounded. Thus T

is bounded. If y € Vi, then we can choose {y,} = y for every n. It follows
that T has the same bound as T for y € V;.

Finally, we now show uniqueness of the extension 7. Assume that there is
another extension, call it Tb. For any y € V; there is a sequence {y,} in V4
such that y, — y as n — oo.

T —T3 will be a bounded linear transformation, and hence continuous. Using
this linear map on the sequence {y,}, we see that (T —T%)(y,) = 0 for every
n. It thus follows that T'(y) = Tz(y) by continuity.

This finishes the proof. O

We will now state some important definitions and results from functional
analysis.

Definition 1.2.8. We define a Banach space to be a complete normed vector
space, where complete means that every every Cauchy sequence has a well
defined limit in the space.

Definition 1.2.9. We define a Hilbert space to be a complete inner-product
space with a norm adhering from the inner product. We denote by (-,-) the
inner product of the Hilbert space.

Definition 1.2.10. Let X be a vector space over some field K, which is
either R or C. A linear map from X to K is called a linear functional on X.

Definition 1.2.11. If X is a normed vector space, the space L(X, K) of
bounded linear functionals on X is called the dual space of X.

If H is a Hilbert space, we denote its dual space by H*.

We will need the following lemma in order to continue with our theorem.

Lemma 1.2.7. If M is a closed subspace of H then H = M & M~*. That is,
each x € H can be uniquely expressed as x = y~+z wherey € M and z € M+
and M~ is defined as {x € H : (x,y) = 0 for ally € M}. Furthermore, y
and z are the unique elements of M and M* whose distance (in norm) to x
is minimal.

11



Proof. The proof can be found in [4]. O

Theorem 1.2.8 (Riesz representation theorem). If f € H*, there is a
unique y € H such that f(x) = (x,y) for all x € X.

Proof. We begin by showing uniqueness. if (x,y) = (x,%) for all z, then by
choosing = = y — ¢/, we conclude that ||y —¢/||> = 0, and thus y = ¢/

We move on to proving existence. If f is the zero functional, then obviously
y=0. If not, let M = {x € H: f(z) = 0}. Then M is a proper closed
subspace of X, so M~ is non-empty. Now use the previous lemma. Pick
z € M+ with ||z]| = 1. Let u = f(z)z — f(2)z. We have that u € M, so

0= (u,2) = f(a)||2l]* = f(2){z,2) = f(2) — (2, f(2)2).

Thus f(z) = (x,y) where y = f(2)z. O

For further reading on functional analysis, see [4] and [5].

1.3 Distributions

A function is defined as a relation between a set of inputs and a set of
permissible outputs. Loosely speaking, a function is an object which takes
one value and assigns to it another value. However, there are some objects
which are very useful, and that resemble functions in how they interact
with operations such as integration, but that are not really functions. The
most famous example is probably the Dirac delta function. The Dirac delta
function is defined as the object, (t), which has the following properties

(5()>0for—oo<t<oo, (1.12)
t) =0 for ¢t # 0, (1.13)

/ 5(t)dt = 1. (1.14)

Unfortunately, there is no conventional function — which takes one value
and assigns to it another value — that posses the properties above. Since
if condition (1.13) hold, then condition (1.14) can not hold. However, the
object described above is very useful. It have been used throughout history
in calculations, which have in some sense turned out to be correct. We want
to describe a new class of object which in some sense resemble functions, but
that are not as strictly defined as taking values and assigning other values to

12



them. Loosely speaking, we want to define an object that instead of taking
values at precise points, takes some sort of weighted average over intervals
of positive length. To make our definition exact, we will first need to define
something which we will call a test function.

The space of test functions is typically a space of functions which behave
nicely in some sense. Typically you want to be able to integrate against
them and you do not want to have any trouble with differentiating them.
We therefore typically let a test function be an infinitely many times differen-
tiable complex valued function defined on R", i.e. f:R" — C, f € C(R").
Since we generally do not want any trouble integrating against them, we
usually also want our test functions to vanish at infinity, therefore one often
let the set of test functions be either S(R"™) or C§°(R™).

We will now define our distributions in a more concrete way. A distribution
is a mapping that assigns to each test function a complex value. So if f is
a distribution, we denote this value that f assigns to some test function ¢
by f[¢]. Of course, we get different classes of distributions depending on
which space of test functions we choose. Since the Fourier transform is a
continuous bijection of the Schwartz space onto itself, it is natural to let
the space of test functions be the Schwartz space in connection with Fourier
analysis. A tempered distribution f is a mapping f : S(R™) — C which has
the following properties

(i) linearity: flci¢r + caga] = c1f[é1] + caf[o2]

(ii) continuity: if ¢; — 1 as j — oo, then lim f[¢;] — f[¢],
j—o0

for all test functions ¢ € S(R") and all scalars c.
We denote the set of tempered distributions by S’(R™).

We will now state some properties of tempered distribution. We say that two
tempered distributions, f and g, are equal if f[¢] = g[¢] for all ¢ € S(R").

For f,g € S'(R™), f + g is defined by (f + g)[¢] = f[¢] + g[¢], for all
¢ € S'(R™). If ¢ is a scalar, then the distribution cf is defined by (cf)[¢] =
c- f[¢]. Thus S’(R™) is a linear space using these operations. We say that a
distribution f is zero on an open interval (a,b) if f[¢] =0 for all ¢ € S(R")
whose support is a subset of (a,b). Two distributions f and g are equal on
an open interval (a,b) if their difference, f — g is zero on (a,b). If f and g
are ordinary functions, then equality on an open interval (a,b) means that
f = g everywhere on (a,b) except possibly on a set of measure zero.

13



For a distribution that is an integrable function, f, we define f[¢] as / fo.

Finally, we arrive at our generalization of derivative. Our motivation of
the formulation adheres from integration by parts. If f is a differentiable
function and ¢ is a test function, where our set of test functions can be the
Schwartz space, or smooth functions with compact support, or some other
space of functions which vanishes at +o0o, then by integration by parts, we
have

[ F@oé@da =~ [ @) (@)da

for every test function ¢. Now even if our notion of derivative only is valid
for differentiable functions (by definition) we see that the above condition
might be generalized. This inspires the following definition.

Definition 1.3.1. If f € S'(R), a new distribution f’ is defined by
f'lel = —f1¢]
for all ¢ in our space of test functions.

In the same manner, if f € S'(R"™), we say that v is the a:th weak derivative
of fif

.- f(x)aa¢($)d13 = (_1)|a| 'U(-T)QZ)(CC)dl‘

Rﬂ,
for every ¢ € S(R").

As stated above, if f is an integrable function, then the derivative of f
using the above definition will coincide with the usual derivative of f as
distributions.

Using this definition, we can for example find the derivative of the Heaviside
function H, defined as
0, <0
{1, z>0

By the above definition, we have
H'l6] = —HI¢) = = [ ¢/(@)da = ~[8]2Z = ~(0 = 6(0)) = 6(0) = 6[¢)

Where the Dirac delta function as a distribution is defined by d[¢] = ¢(0).
Thus the distributional derivative of the Heaviside function is the Dirac delta
function.

For further reading on distributions, see [8].
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Chapter 2

Sobolev spaces

2.1 Definitions of Sobolev spaces

Recall our boundary value problem from chapter 1. We found a function,
which reasonably should be considered to be a solution to our boundary
value problem, but which was not differentiable and therefore was discarded
due to our C%-requirement. If we were to consider this function as a solution,
a few questions needed to be answered. The first was in which sense it
could be considered to be differentiable. This question was answered by the
definition of weak derivative. But the second question still remains. In which
function space does this function and other solutions to partial differential
equations lie? We previously noted that the C*-requirements were far too
restrictive. It seems to require that the function is integrable in some sense,
and thus that it belongs to some LP-space. However, LP-spaces gives no
information about the behaviour of the functions weak derivatives. It seems
reasonable to require some regularity on the derivatives too. A way of doing
this is by demanding that the functions and all its derivatives up to some
specified order should be in some LP-space. This is the idea upon which the
definitions of Sobolev spaces are built.

Definition 2.1.1 (H'(Q), W'P(Q), H}(Q), where | € No, 1 < p < 0o and Q
is an open subset of R"). We begin by defining
1/2

ulle =3 /Q](?au(a;)\Qd”x _and

o <l
1/p
lullwisy = | 3 [ 10" u(a)Pa

o<l
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and

|l .oy = oax, 10%ul[ oo (), P = 0.

We now define H l(Q) as the completion of the inner-product space
{ue C'(Q),||ullo < oo}

equipped with the inner product

(o) = 3 /Q 0% u(2)D50(2) "

o<l

Similarly, we define H}(€) as the completion of C5°(Q) with respect to the
norm ||ul|;q adhering from the inner product (u,v);q and WP(Q) as the
completion of the normed vector space {u € C*(Q), |[ullwip) < oo} with
respect to the norm |[ul|y1p(q)- Wé’p is defined similarly to Hj. It is worth
noting that W% = H'.

For the rest of this section, we will mainly be concerned with H'(Q) and
H(%).

It follows from the definition of ||u||; o that if I’ > [, then |Jul|;o < ||u||r q for
all uw € H' (Q). Every element of H'() can be regarded as an equivalence
class of Cauchy sequences. A sequence of C!(Q)-functions, {u;} is Cauchy
with respect to ||ul|; o if and only if {0%u;} is Cauchy for every a € N{, |a| <
I. We may thus regard H'(Q) as the set of all u € L?(Q) for which all weak
derivatives up to order [ are again in L?(£2). This combined with the fact that
C(Q) c OV (Q) c CH(Q) yields that HS (Q) ¢ H'(Q) ¢ H(Q) c L*(Q).

We will now try to generalize the definition of H'(Q) and H}() so that we
no longer require [ to be a non-negative integer.
When = R", using Plancherel’s formula, we get that
—— 5 d"k
lullfre = [ 3 Bl o
’ Rn |042<:l (2m)"

The right hand side may differ by a multiple of (27)" depending on your
Fourier transform conventions.

We can now replace ||u||;gr» by the norm

) A"k 1/2
@2mm]

lullpr =

| i)
R

16



because there are constants ¢ and C' depending only on n and [ such that

o3 B < (L+RP) < O3 #29).
|| <l || <1
Therefore, the two norms are equivalent in the sense that a sequence of
functions converge in one norms if and only if it converges in the other, and
thus, the spaces defined as the completion with respect to one of the norm
is the same as the space defined as the completion with respect to the other.

Even though the sum from the first norm only makes sense for [ € Ny, the
expression (1 + |k|?)! makes sense and is positive for all real 1.

) dn 1/2

L ) ) P

(though it may be +o00). We use this in order to define the following.

makes sense for all functions u € L*(R™)

Definition 2.1.2 (H*(R"),s € R). The space H*(R") is defined as the
completion of:
{u € L2R"), [Jul|p.s < 00}

equipped with the inner product

(uohee = [ (1 K200

Remark. By the B.L.T. theorem, the fact that H*(R") is defined as the
completion of L*(R™) with respect to the norm ||u||r; and since the Schwartz
space is dense in L*(R"), the following two statements follow:

1) The Fourier transform, u € S(R") — 4 € S(R"), has a unique extension
to a bounded linear map

Fs: H(R") —» {g: R" — C", g is measurable, ||g|

Fl < OO}

The extension is one-to-one, onto and inner product preserving if the target
space is equipped with the inner product (f, g)rs.

For convenience, we will persist in denoting Fsu by

2) For an n-dimensional multi-index «, there exists a unique extension of
the linear map u € S(R") — 9%u € S(R"™) to a bounded linear map 0% :
H*(R™) — H*~ll(R™).

For convenience, we will persist in using the notation 9.

17



Definition 2.1.3 (H{(f2),s > 0). If s is an integer, we continue to use
Definition 2.1.1. If s is not an integer, we define Hj(2) to be the completion
of C3°(Q2) under the norm || - ||p;.

We will now define H*(Q2) for negative s. The motivation of our defini-
tion comes from noting that H*(R")* = H *(R"), which is proven in the
following lemma.

Lemma 2.1.1. Let s € R.

i) Let w € H*(R™) and v € H *(R"). Then the map

H*(R") x H*(R") — C

/ i d”k
(u,v) — )0(

s sesquilinear, which means that it is linear in the first argument and con-
jugate linear in the second. The map also obeys

TRCICE

it) If L € H*(R"™), then there exists a v € H *(R"™) such that

< [ullpsllullF,—s

d"k
(2m)"

LUZ/a@ﬁ@)

also ||L|| = [[o]|F,—s

Proof. i) The linearity and conjugate linearity follows immediately from the
definition and linearity of the integral. The inequality can be shown using
Cauchy Schwarz as follows

d"k
(2m)"
lF—s (2.1)

ii) Let L € H*(R)*. It follows from the Riesz representation theorem that
there exists a g € H*(R") for which

[t g < [ 10+ ) aR) 1+ ) 25()

d"k
(2m)™

Lu= (u,g) i = [ (1+ KR a(b)j(k)
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Also ||L|| = ||g||F,s- If we now choose the v € H™*(R"™) which satisfies that
o(k) = (1 + |k[*)*g(k), this v fulfils the requirements of the lemma. O

Definition 2.1.4 (H*(Q),s < 0). If s < 0 we define H*(Q)) as the dual
space of Hy*(Q2), i.e. H*(Q) := Hy ()"

We will also state a few definitions and a theorem which characterizes the
space H1(Q).

Definition 2.1.5. We will write (-, -) to denote the pairing between H ()
and H} ().

Definition 2.1.6. [|f||g-1(q) is defined by
11l -1 = sup{|{f, w)llu € Hy(Q), Jullgz () < 13

Theorem 2.1.2 (Characterization of H1(Q)). Let Q be a bounded open
subset of R™.

i) Let f € HX(Q), then there exists functions, f°, f1,...,f* € L*(Q) such
that

()= [ Fo+ 3 foade
=1

where v € H'(Q),

it) also

n 1/2
f|lr-1(0) = inf { </QZ |fiy2dx> . f satisfies i) for f°, ..., f" € LZ(Q)}
=0

Proof. The full proof can be found in [3]. O

We now want to define the space H'(9Q) in a similar way as we defined
H'(Q), but for functions that are only defined on the boundary 99 of
Q). However, we can not do this in the same way as before, since the n-
dimensional volume measure of 92 is 0, and our previous norm therefore is
useless. So in order to proceed, we need to define a measure on the boundary.
We will do so by using local coordinates.
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Definition 2.1.7. A diffeomorphism is a differentiable map which is bi-
jective, and whose inverse is also differentiable. If the map and its inverse
are k times differentiable with continuous derivatives, we say that it is a
C*-diffeomorphism.

Definition 2.1.8. a) Q is said to have C* boundary if for each point p € 9,
there is an open neighbourhood b(p) around p and a C* diffeomorphism
¢p : b(p) — R" such that the following hold:

Pp(b(p) N2) = RY

and
op(b(p) N ONN) = R 1

b) © is said to have smooth boundary if each ¢, (p € 02) of a) is a C°°-
diffeomorphism.

From here on, we will assume that € is a bounded open subset of R"™ with
smooth boundary.

A system (b(p),¢p),p € 0N as in the previous definition is called a local
coordinate system for 0f).

We will now define a few properties for functions defined on the boundary.
A function defined on the boundary, f : 9Q — C, is said to be C* if there
exists a coordinate system (b(p), ¢p) such that fo gb;l R 5 Cis C™.
We write this as f € C*°(09).

We will now define H*(02), s € R for functions defined on the boundary.

Definition 2.1.9 (H?®(02),s € R). Since the boundary of € is compact,
every open cover of J€) has a finite subcover. More specifically, there exists

N
points, p; € 09,1 = 1,2,3,4....,N, such that 9Q C Ub(pz-). Now one
i=1
can choose functions x; € C5°(b(p;)),1 < i < N, taking values in [0,1] so
N

that Z)@ = 1 on some neighbourhood of 9€2. This collection of smooth
i=1
functions y; is called a partition of unity.

a) For smooth functions on the boundary, f, we define

N
Hf”g,@Q = Z Hxlf © ¢;il||%',s,n—1

1=1
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b) We now define H*(02) as the completion of C°°(9f2) under the norm
|- [|s,00. H*(0Q) is also equipped with the inner product

N

(f,9)s00 = Z((Xzf) ° ¢;il’ (xig) o ¢;;-1>s,n—1-

i=1

The definition of the Sobolev norm on the boundary seems to depend on
how we choose the partition of unity used in the definition of the norm. We
will now proceed by proving that all the norms defined by using different
partitions of unity are in fact equivalent, and thus the completion with
respect to the different norms define the same space.

But in order to prove that, we need to use the following lemma:

Lemma 2.1.3. Let ¢ € C3°(R™) and let ¢ : R™ — R™ be a C* diffeomor-
phism. Then the map: C{°(R™) — CO(R™), f = (¢f) o ¢~ eatends to a
bounded linear map on H*(R™).

We also have that ||(¢f) o qZ)_IHF,S,m < C|fl|Fs,m

The proof idea is to apply the B.L.T. Theorem. Using that C5°(R™) is dense
in H*(R™), we see that we can immediately apply the B.L.T. theorem if the
map is indeed a bounded linear transformation.

The complete proof can be found in [3].

Theorem 2.1.4. All norms defined using different partitions of unity are
equivalent.

Proof. Let (b(p), ¢p) and (b(p), <Z>5) be two different coordinate systems and
let x; € C(b(pi)),1 < i < N and x; € C(b(pi)),1 < i < N be two
partitions of unity. Then if f € C*°(9Q2), we have that

(xif) ooyt =1 (xif) o ¢, = Zx] ) o ¢yt
N N N _
=Y (Gxif) ooy =D (Gxif) o ¢I}j1 0 ¢y 0 o
j=1 j=1

We now see that (\jxi) o ¢,, (¢ Y(x) will vanish except for when ng;il(x) €

E(p}) N b(p;), which means that x € qﬁpz( (p;) Nb(pi)). And then d);_l (z) will
be in the domain of ¢p~j

We now apply Lemma 2.1.3 with ¢ = x; o 5}}1, ot = %5} o qb;il, and f
. J
replaced by (x;f) o gzﬁ}}l.
J
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We wish to prove that there exists some constant, K, such that || f Hi(m% <
K - ||f”§aﬂ,§’ where ||f|]s,00, and |[f|[; 5o 5 are the two norms defined by
using different partitions of unity. Since y and X are arbitrary partitions
of unity, this will finish the proof. We only need to show that that the
inequality holds one way, since the partitions of unity are arbitrary, and
thus by just changing the names we have proved the inequality the other
way too.

N

Fan-1 < Y I(GXif) 0 65" 0 65 067

Jj=1

1(xif) o d™ ']

F,s,;n—1

MZz

< Fsn—1

J

NG f) 0 =M Fsmer < C- N - max_||(X;f) o =]
1 & 1<j<N Pi

Since we are dealing with a norm, which is non-negative , the same inequal-
ities are still true if we square every expression. Thus by taking the sum
over all indices 7, we get:

N
Z H(X%f) 0 (ﬁ_lH%‘,s,n—l < 02 ' N2 N - max H(Ef) 0 ¢;~_1H%',s,n—l'
i=1 1<j<N !

This finishes the proof. O

For further reading on Sobolev spaces, see [1] [2] and [3]. For further reading
on Fourier analysis, see [7] and [8].

2.2 Restrictions to the boundary

We will now study restrictions to the boundary, and their connection to
Sobolev spaces. Since a function in a Sobolev space is only defined up to
a set of measure zero, and since the volume measure of the boundary is
zero, any function in a Sobolev space can be completely redefined on the
boundary and still be considered to be the same object in the Sobolev space.
Thus we can not define an ordinary function restriction in a meaningful way
for Sobolev spaces. What we want to do is to approximate our function
by a sequence of other functions which behave nicely on the boundary, and
then define the restriction map as the limit of the restriction map of this
sequence.

Definition 2.2.1 (C'(Q)). For an open subset Q of R™, we define C*(Q) to
be the set of all functions u € C'(R™) for which the partial derivatives up to

order I, %u, |a| <[, are bounded and uniformly continuous on 2. We write
C™(Q) = N2, CHQ).
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Theorem 2.2.1. Let | € N and let Q2 be an open subset of R"™ with smooth
boundary. Now define the restriction map:

r:C®(Q) — C™(00Q)

u — ulon

There exists a unique map
R: HY(Q) — H=2(60)

and constants C1,Cy such that the following hold:

1) R extends r. That means Ru = ru for all u in the domain of r, C°°(Q).

)
2) R is bounded. That means ||Rul;—1 /2,00 < C1l|ull1,0-
)

(
(
(3) R is surjective.
(4) For every function f € H™Y2(0Q), there is a function u € H'(Q) such
that Ru = f and Ca||fli—1/2,00 = ||ulli,, i.e, R has a bounded right inverse.

(5) The kernel of R is H}(Q) N HY(Q).

Remark. Theorem 2.2.1 is true for all real [ > 1/2, with the exception that
when 1/2 < I < 1, R has kernel H}(Q).

The proof of theorem 2.2.1 will be divided into parts. We will begin by
showing that r is bounded. Using this combined with a theorem that states
that C°°(Q) is dense in H'(Q), we can extend r — by applying the B.L.T.
theorem — to all of H'(Q). We call this extension R. Part (1), that R
extends r, and part (2), that R is bounded will then follow immediately.
The uniqueness also follows since the extension of the B.L.T. theorem is
unique.

The boundedness of r will first be proven for Q = R" with 9Q = {z,, = 0}.
This result will then be extended to Q@ = R! with 9Q = {z,, = 0} and
finally this will be extended to any bounded open subset 2 of R", as in the
theorem.

We will then continue by showing that each f € H 1=1/2 (09) can be extended
to some u € H'(Q) in a bounded way. This proves part (4), that R has a
bounded right inverse, which of course implies surjectivity, which is part (3).
In the same manner as with the boundedness, this result will first be proven
for R™ and then be extended to more general subsets.

We obviously have that r vanishes on C;°(2), which by construction is dense
in Hé(Q) This means, that r being bounded, implies that the kernel of R,
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which is the extension of r by continuity, will contain Hé(Q) But now
note, that if u € H}(Q) N HY(Q), then there will exist a sequence of C§°(£2)-
functions, u;, that converge to u with respect to the norm || - [|; o. By part
(2) of theorem 2.2.1 with [ = 1, we have

[|Rull1/2,00 = [[Ru — Rujl|1/2.00 < Cllu — ujl|1,0-
Since u; converge to u in the norm || - ||;,o, Ru = 0.

Thus the kernel of R contains all of H} (Q)NH(2). To prove part (5), it thus
suffices to show that any function in the kernel of R can be approximated
in the H'(Q) norm by functions in C{°(Q). In the same way as above, we
begin by showing this for R” and then we generalize this result.

We will begin by examining the case when 2 = R". Since (21,22, ..., Tpn—1)
will be used a lot, we will denote (z1, 2, ...,zn—1) by 2’ for convenience.

Lemma 2.2.2 (Restriction from R” to R"™1). Let s be a real number which
satisfies that s > 1/2. The linear transform

r: O (R™) — CP(R™Y) defined by

(ru) (2, xn) = u(2’,0).
has a unique extension to a bounded linear map

R: H*(R") — H*"Y2(R"1),

Proof. The idea is to use the B.L.T. theorem. But in order to apply the
B.L.T. theorem, we must show that r is indeed bounded. This will be
proven if we can show there exists a constant C, depending only on s, such
that

Irullps—1/2,0-1 < Cllulls,n

for all u € C§°(R™). Once this is shown, the theorem will follow immediately
by applying the B.L.T. theorem.

For k € R", we write k = (K, k,,) with ¥ = (k1, k2, ..., kn—1). By using the
Fourier transform and the inverse Fourier transform, we get

Y
/ (7) () e i

(27
dkpn s opny ALK
_ N “hn Gk -2')
//“(k ) S T

= (ru)(2") = u(z’,0)

By comparing the first and the last integral, we see that 7u(k") = /ﬁ(k', kn)—.
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Using this equality and Cauchy-Schwarz yields that

_ _o/0dky
() ()P = | / A )1+ K2 K221+ K2 4 2) o2
m
dk, 1 dk
(K k)P0 4+ E? 4+ K2 } U”]
{/ i R k) 27 (1+ K2+ Ek2)® 2n
Setting k, = pV 1 + k' in the second integral of the last expression yields
dk, 1 1 dp
o] [t f
{/ ja +ET 4 k) o | L1+ &2)172 ) (1+p%)°2r
% ; 2 | 2y Bhn
SMW[/‘U(k,’k)’( + K+ k) 27r}’
1 dp
where the constant C? = / ————— depends only on s. It is also finite,
(1+p?)° 2m

since s > 1/2.

Using the previous inequality, we get that

an— 1k/
(2m)n—t
= (Cllullps.n).

rulfacsjono = [ (L K2 27K
d"k
(2m)"
By applying the B.L.T. theorem, this finishes the proof. O

< 02/ (K k) 2(1 4+ K2 + k2)*

Lemma 2.2.3 (Extension from R"™! to R"). For any real number s > 1/2,
there exists a constant C, depending only on n and s, such that for each
fe H V2R there is a u € H¥(R™) for which

Ru =
previous lemma.

< CllfllFs—1/2,n—1, where R is the map from the

This proves that the restriction map has a bounded right inverse. This of
course also implies surjectivity.

Proof. We claim that if f € S(R"™1) |, then the u determined by

(k' k) = F(R)2y/me 0/ WHREY / J1 g (2
satisfies the desired conditions for that f.

Once this claim is proven, we will be able to extend the map f — u by the
B.L.T. theorem to H* '/2(R""!) and the theorem will follow.
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We begin by verifying that 4 is indeed in S(R™). Every derivative of

e Fn/ Q) 1 /1 4 (k7|2

is a polynomial in & multiplied by e~*/(1+*1%) (1+|K'|?)~"? for some natural
nuHleer l. '2]fhis will be bounded by a polynqmlal in k' because of the factor
e Fa/OHET) “and thus, as f € S(R™™) — f e S(R™™), & € S(R").

We will need to verify that Ru = f. This can equivalently be stated as
verifying that f(k') = F(u(k’,0)), which by a result in Fourier analysis

dky,
equals /ﬂ(k',kn)T
T

That this is true follows immediately from the definition of 4(k’, k) together
with

: dky,
9 /sz (K7 @Rn /,pd 1
vr NS b

Where we made the change of variables k,, = py/1 + |k’|? in the calculations.

The verification of the boundedness is as follows:

d"k
(2m)"

[[ull 7o = /(1 + [k[*)*la(k)]®

dr— lk/%
(2m)n=1 27

s _ _9L2 /
—am (14 P+ F2) e O )

dn—lk/
(27‘()”71

=2 [ pye P dp [(14 P

—/2 +p?)e % dpl|f|F_ 1/2n—1-
Setting C' = / 2(1 + p?)’e ~20” 4 finishes the proof. O

We will now generalize these results to the case where 2 = R} and 0Q =
R™ 1. In order to do so, we will need the following lemmas:

Lemma 2.2.4. Let | € Ng. The set of restrictions of functions in C3°(R"™)
to R" is dense in H'(R?). In particular, C*[R%) N HY(R™) is dense in
H'(®Y).
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Proof. The proof can be found in [3]. O

and

Lemma 2.2.5. Extension from R’} to R.

Let | € Ng. There exists a bounded linear operator
E;: H(R") — HY(R")

such that Eyu(r) = u(x) for allu € C®(RT) N H(R?),z € RT.
Proof. The proof can be found in [3]. O

That theorem 2.2.1 holds when © = R" and 00 = R™! can now be
shown by using lemma 2.2.2 and lemma 2.2.3, boundedness and existence of
bounded right inverse for Q@ = R™ and 9Q = R" !, by constructing R = RE,
where R is the restriction map from R” to R"™! of lemma 2.2.2 and FE, is
the extension map from R’} to R" of lemma 2.2.5.

The statement regarding the kernel of R will now be proven.

Lemma 2.2.6. Let R be the restriction map of theorem 2.2.1 with Q = R"
and 9Q = R"™!, then the kernel of R is H'(R'L) N HY (RT).

Proof. We will begin by proving that H'(R) N H{ (R") is contained in the
kernel.

Every function u; € C§°(R’}) will naturally be in the kernel of the re-
striction map. Now since Cg°(R'}) is dense in Hg(R"), for every function
u € H'(R?) N H(R?), there exists a sequence of functions, {u;}, that con-
verge to u with respect to the norm || - LR -

By part 2) of theorem 2.2.1, with [ = 1, we get:

[|Rul|F1 /201 = [|Ru — Rujl| g1 2m—1 < Cllu — w1 rn -
+

Since this holds for all j, and since |[u — u;l[1 gz — 0 as j — oo, it follows
that Ru = 0. Thus the kernel of R contains all of HZ(IRTF) N Hg (R7).

To prove that the kernel of R is contained in H Z(Rf_) NHG(R'), we will show
that any function in the kernel of R can be approximated in the H 1(IR{7}r)
norm by functions in Cg°(R’})

We now define a function ¢ which has the following properties:

27



1. ¢ € C(R)
2. () = 0 if [t < %

3. (1) =1if [t| > 1

The proof will be carried out in two steps. In the first, we prove the following

If u € H'(R"), we have some € > 0 and we define u (z) = u(z’, z,,)$(z,,/€),
then

llu = el [} n < 20/€l|Rullf2 g1y + 201+ ¥)[ullf o, where

Q. ={z € Rz, < €}, and ¢ = max{¢/(t)?,1/2 <t < 1}.

Since multiplication by ¢(x,/€) is a bounded operator on H'(R™) and by
the standard density argument, we can use the B.L.T. theorem, and it thus
suffices to prove the claim for u € C*°(R7). For u € C*°(R7), we see that
U is in H& (R™), since by creating a sequence of functions, ¢;, which have
the following properties

1. ¢; € C&(R)
1
2. ¢5(t) = 0if [t < 5 or [t = j +1/2

3. ¢j(t):1 if j > |t‘ > 1,

we can regard uc as the limit of {u ;}, where {u, ;} consists of v multiplied
with ¢;. Every function in {u. ;} will be in C§°(£2) since both u and ¢; are
smooth, and thus so is their product. Also since ¢; has compact support,
so does uc j. Once again using that multiplication by ¢(z,/€) is a bounded
operator on H'(R™), {uc;} converge in the norm, and since Hg(R") is
complete, u. € H}(Q).

By recalling the definition of the Sobolev norm as the sum of LP-norms,
a bound for the sum of the LP-norms for the function and its derivatives
will also be a bound for the Sobolev norm. With this in mind, we note the
following

Note that

= el gy = 11 = SGon/Nulldaayy < [ )P (1)

0<znp<e

by simply looking at the definition of 1 — ¢(x,/€) and observing that it
equals 0 for z,, > e.
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We will now try to find similar bounds for the derivatives. For —,1 < j <

0
ox;’
n, this is easy since 1 — ¢(xy,/€) is constant in x;, and the derivative is thus
zero. In a similar way as above, we get the following

For 1 < j <n—1, we have that
0 ou

S8/ ula)] = o/ T o).
Thus
) ? ou |
— (U — Ue 1—o¢(x,/e)=—(x
‘ AU B SRl
ou 2
< /0 )| 2)

And finally, when j = n, we have that
oo fue) = dlan ()] = [1 = 9o /)] () = L2 fulz).

n

Using that (a 4 b)? < 24 + 2b% on the above expression, we get that

’ ou

—(x
8%( )
In the same manner as before, we see that the first term is bounded by

ou
(9xn

2 2

+2
L2(RY)

2
U — U] ’

<21~ (o /0]

<9/ Oula)

FER P

2
0<zn<e

x) d”x. (3)

Since ¢(t) is constant for [t| < 1/2 and for [t| > 1, we see that ¢(z,/€)
vanishes for 0 < z,, < ¢/2 and for x,, > €. Because of this, we see that

1 2
QHEQZ)'(iﬁn/G)U(x)H%Q(Ri) =5 /§<%n<6 & (/)2 () 2"
2
- 7/ ¢ (y)?u(’, ey)Pd" 2! dy < 2¢ lu(z’, ey)[*d" xdy
€ 1<y<1 1/2<y<1

Where we have made the change of variables x,, = ey and where 1 is defined
in the same way as before.

By the fundamental theorem of calculus, we see that
€y
u(2, ey) = u(a’,0) —i—/ 8u (2', 2 )d,

eya
+/ uwxndmn
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Now, once again using that (a + b)? < 2a? + 2b? together with Cauchy-
Schwarz, we see that

lu(a’, ey)|> < 2|(Ru)(z")|? + 26/ ;:(x',xn)den for all y € (0,1).
0 n
Thus

1, 2
2|29 (zn/e)u(@)l|z2y)
ou

<2b [(roE@ et v [ @R @)

Adding (1), (2),(3) and (4) finishes the proof of step 1.

Step 2 is simply to finish the proof of Lemma 2.2.6. This is done by applying
the above result.

Let u € H'(R") be in the kernel of R. Using the result of step 1 and using
that u is by assumption in the kernel of R — and thus the 2¢/e||Rul|32gn-1
term from step 1 is zero — we see that:

li —u|[ign <2(1 li 2o =

tim [fu — el < 201+ ) i [[ul [} g, =0

This finishes the proof. O
This result can now be generalized to the case when Q) is an arbitrary open

subset of R"™. But in order to generalize the theorem, the following results
about H'(Q) are needed.

Lemma 2.2.7 (Extension from 2 to R"). Let Q be a bounded open subset
of R™ with smooth boundary, let | € Ny and let O be an open subset of R"
for which QN O = 0. Then there exists a bounded linear operator

E: HY(Q) — HYR") for which
Eu(z) = u(z) a.e. for x € Q and
Eu(z) =0 a.e. forx € O.

Proof. The proof can be found in [3]. O

and

Lemma 2.2.8. Let Q be a bounded open subset of R™ with smooth boundary
and let | € Ng. Then C*®(Q) is dense in H'(S).
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Proof. Let u € H'(Q) and Eu € H'(R™) be its extension to R" given by the
previous lemma with some O satisfying the properties of O in the previous
lemma (for example O = {z € R", |z —y| > 1 for all y € Q}). Since C{°(R"™)
is dense in S(R™), and S(R™) is dense in H'(R™) by construction, we have
that C§°(R™) is dense in H'(R"). Because of this, there is a sequence of
functions, f; € C§°(R™) that converges to Fu in H'(R™). Now let P :
HY(R") — H'(Q) be the operator that restricts functions on R™ to Q. We
then have:

lim |[u — Pfj|l0 = lim |[P(Eu— fj)llo < lim |[Bu— f;|[pn, =0
j—o0 j—oo j—o0

This finishes the proof. O

The general case of theorem 2.2.1 can now be proven by using the exten-
sion from 2 to R" of lemma 2.2.8 together with the already proven case of
theorem 2.2.1 when = R’}

The complete proof of theorem 2.2.1 can be found in [3].

For further reading, see [1], [2] and [3].

2.3 Embedding theorems for Sobolev spaces

We will now prove several embedding theorems for Sobolev spaces. In order
to do so, we must first go through some important concepts and definitions,
among these the definition of continuous embedding.

Definition 2.3.1 (Continuous embedding). Let X and Y be two normed
vector spaces, endowed with their respective norms || - ||x and || - ||y, for
which X C Y. We say that X is continuously embedded in Y, which we
will denote by X < Y, if the inclusion operator i : X — Y,i(z) = z is a
continuous map. This is equivalent to the statement that there exists some
constant C' such that:

x|y < Cl|z||x,Vr € X.

In order to continue with the embedding theorems, we will need the following
extension theorem.

Theorem 2.3.1 (Extension from WP (Q) to WhP(R™)). Let Q be an open
subset of R™ with C* boundary ). For1 < p < oo, there exists a continuous

linear operator
E:Wh(Q) — WIP(R™)

with the properties
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1. Fu=wu a.e. in Q and

2. HEUHWLP(]R") < CHUHWLP(Q)-
Proof. The proof can be found in [6]. O

We also need to use the following density theorem:

Theorem 2.3.2 (C5°(R™) is dense in W1P(R™)).
Proof. The proof can be found in [1]. O

We will now begin by showing the embedding theorems for the case when
Q = R™. This result will later be used to generalize the theorem to more
general subsets.

Case 1 (p <n).

Theorem 2.3.3 (Sobolev-Gagliardo-Nirenberg-theorem). For 1 < p < n.

Let px be defined by
1 1

px p
Then WYP(R™) < LP*(R™), which will be shown by showing that there exists
a constant C = C(n,p) such that

1
-

|[ul|Lrs@ny < ClIVul|Lo@n).-

Before we start with the proof, we will tell a bit about px.

px is called the Sobolev exponent corresponding to p and it is in fact the
only exponent for which the above inequality can hold. This can be shown
by the following scaling argument.

Since Cg°(R™) is dense in W'P(R™), we may assume that u € C§°(R™)
instead. Given u € Cj°(R"), define uy(z) = u(Az) This will be our scaled
function for A > 0.

If we apply the Sobolev-Gagliardo-Nirenberg-inequality to our function uy (),
we get,
|[uxl[ o= @n) < Cl|Vur|[Logny-

By making a change of variables on both sides, we get

A
[lull L= (mn) < O [Vl e @n)

1
)\n/p* P
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which is equivalent to
|[ul| Lo ny < CXETYPEPH ||| o ey

If this is to be true for all A > 0 the exponent (1 —n/p + n/px) must be 0.
From this, it follows that p* must equal np/(n — p).

In order to continue with the proof of theorem 2.3.3, we must first prove the
following lemma.

1

L 1
Lemma 2.3.4. [[IL, ;" [[ L1 ey < (G [ fil |21 gn-1)) T

Where f; is a function of (x1,x2, ..., Xi—1,Tit1, ..., Ty) and f; > 0.

Proof. The proof will be carried out by induction on n.

Let @} = (1,22, .., Ti—1, Tit1, -, Tn). We begin with the case where n = 2.
Using Fubini’s theorem, we get

/}R2 17, fi(a})dz = /_O; /_O:O fi(z2) f2(21)dz1dws
=1L, [ fil@de < Tl

Thus the initial case is proven. We continue by showing that if the statement
holds for some number n, then it also holds for the next number, n + 1. By

keeping x,,4+1 fixed, by using Hélder’s inequality with p = n and ¢ = T
n J—
and finally by using the induction hypothesis for n, we get

n—1

/ 0 (fi(2))) dl‘<||fn+1||L1(Rn </ T (fi(a)) 7T 1dx> -

3=

< Nl et ([ 1 zrildy) " ()

By integrating the product on the right hand side and using Hoélder’s in-
1 1

equality again, this time with 1 = — 4+ ... + —, we get
n n

1

o0 n 1
/_ I, (/Rnl | fily, xn)|dy> dtnq1 < H?:l‘|fi||£1(Rn)'

By integrating inequality (1) and using the last inequality, we see that

1 n 1
Lo ) R dann < (il o))

Thus the induction step is proven. The whole lemma now follows by induc-
tion. O
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We can now proceed with the proof of theorem 2.3.3

Proof. of theorem 2.3.3:

As in the scaling argument, we may assume that u is in C§°(R") since
CS°(R™) is dense in WP (R™). We will split the proof up in two cases, when
p=1and when 1 < p < n.

i) p=1: Let i € {1,...,n} be fixed. Since u € C5°(R") by assumption, we
have

lu(z)| = [u(x1, oy xn) — lm w(xy, ..., Tim1, S, Tit1, ey Tn)|
S§——00
i
= ‘/ aﬂt(:ﬁl,...,$i,1,5,l'i+1,-..,ZL‘n)dS
—00
S/RWiu(ﬂ?l,--~733i—1,873€z‘+1,---,xn)!ds

We define
fl(a:;):/ |iU(Z1y vey Tim1,y Sy i1y -ovy Ty ) |dS,
R

where once again x; = (T1, ..., Ti_1, Tit1, - Tp)-
Using the last inequality for every integer 1 < ¢ < n and multiplying, we get
_n_ 1
Ju(@) =1 < I, (fi(af)) "

By integrating both sides in the above inequality, using lemma 2.3.4 and
raising both sides to the power (n — 1)/n yields

1
el 2y gy < (Tl fil ey 7

By replacing the f; in the above expression by its original definition, using
the inequality of arithmetic and geometric means we get

1

(G [ fil |y mn—1y) = = (T2 ||Osul [ L1 (mmy) » < - > 10wl p1 g
=1

and finally we get that

1 1 n
=S 105l ey = 7/ Oyl dae
Nz IR (5

7

n 1/2
1 ) 1
< — : = — n).
wﬁd;w)m:ﬁmmwu>
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where the inequality holds since

— Oiu|l < — (9iu2
+3 o ﬁ(;r r)

which in turn can be shown to hold since

n 2 n
(Z 8Zu\> < nz |Osul?
i=1 i=1
which is ultimately true since
210sullOyul < |Osul? +|0yul?
by Cauchy Schwarz.
Setting C(n,p) = 1/+/n finishes the proof for the case p = 1.
i) 1<p<n:

Let v = |u|” for some v > 1 which will be determined later, and let ¢ be the
conjugate of p. That is conjugate in the Holder’s inequality sense.

By raising both sides of v = |u|” by the power n/(n — 1) and integrating,
we get

[l a
L

and by using the result from the case p = 1, we see that

1 ol _
ol s gy € I Vollisan = = [ Vulful =

0% _
< IVl oy (@)

Where we have used Holder’s inequality in the last step. We now make our

(n—1)

choice of v. We choose ~ to be equal to b . Thus our above estimate
n—p
is ~
[[ul| Lo (mry < %HVUHLP(R”)-

-1
Setting C'(n,p) = - M finishes the proof. O

vno (n=p)yn

To continue with proving more embedding theorems, we will need the fol-
lowing embedding theorem for LP-spaces.

Theorem 2.3.5. Let 1 < p < q < oo, Then LY(Q) — LP(Q) if the measure
of Q) is finite.
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Theorem 2.3.6 (W'P(Q) — LI(Q)). Let Q be a bounded open subset of
R™ with C* boundary, and let 1 < p < n, with the corresponding Sobolev
exponent px. Then WHP(Q) — Lq( ) for 1 < q < px.

Proof. Let u be a function on W'?(Q). By theorem 2.3.1, there exists a
map, F, such that Eu = v,v € WP(R") and v|q = u. Using this together
with theorem 2.3.3, we get that

ull o) < |[vl|Le®ny < Chllv]lwrr@ny < Collullwirq)-

Since €2 was assumed to be bounded, we can use the embedding theorem for
LP-spaces of theorem 2.3.5, thus

LP(Q) < LI(Q),1 < g < p*.

Putting these two statements together finishes the proof. O

The above embedding theorem can in fact be generalized. It can be shown
that the embedding is in fact a compact embedding. We use the follow-
ing definitions to specify what that means and we then explicitly state the
compact embedding property as a theorem.

Definition 2.3.2 (Compact embedding). Let X and Y be two complete
normed vector spaces, where X is embedded in Y. We say that X is com-
pactly embedded in Y, which we denote by CC, if the inclusion operator
i : X — Y is a compact operator. That means that that the images of
bounded sets in X are precompact sets in Y. Which in turn means that the
closure of the images of bounded sets in X are compact sets in Y.

Theorem 2.3.7 (Rellich-Kondrachov). Let 2 be a bounded open subset of
R™ with C*-boundary Q. Now let 1 < p < n and denote by p* the Sobolev
exponent of p. Then WIP(Q) cc LY(Q) for 1 < q < px.

Proof. The proof can be found in [2]. O
Case 2 (n =0p).

We begin with the case when 2 = R" Before we begin with our proof, we
will show a small lemma for positive real numbers.

Lemma 2.3.8 (n-a-b""' < (n+1) -b"+a"). Let a and b be positive real
numbers and let n be a positive integer, then

n-a -0t < (n+1)-b" 4 a
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Proof. The proof will be carried out in two steps, when b > a and when
a > b. We begin with the case where b > a.

Ifb>a,then (n+1)-b-0"14+a">n+1)-b-"1>n-a-b""!. Which
shows that the inequality holds in the first case.

When a > b, we will prove the inequality by studying the derivatives. We
have already shown that the inequality holds for a = b. It follows that if
(n41)-b" +a" grows faster than n-a-b""! as a function of a for all a > b,
the theorem will hold. The derivative of the first expression with respect to
ais n-a" ! and the derivative of the second expression with respect to a
is n - b" 1. Since we assume that a > b, the inequality for the derivatives
holds, and thus the theorem follows. ]

Theorem 2.3.9. W'P(R") < LY(R™) for any p < q < oo, which means
that n < g < oo since we assume that p =n.

Proof. As before, we use the standard density argument to justify that we
only consider u € C§°(R"™). We use inequality (2) from the proof of part ii)
of theorem 2.3.3. This gives us
gl =
ull’ » <AIVul| ",
I gy <MV e

If we now choose gamma to be equal to n and use lemma 2.3.8 with a =
[[Vul|pnmny and b = [|u||n(gn), the above inequality becomes

L n—1

Ln—1 (R (Rn)

< |[Vullfn@gny + (n + 1)”“”271(11@71) < Cllullfyingn)

If we now choose v to be n 4+ 1, then in the same manner as above, we get
that

"y < VUl ny +nllul"
L n—1 (Rn) Ln—1 (]Rn)
We now notice that the first term on the right hand side is smaller than

||u\|"};§1n &™) And by the inequality attained from the case when v = n, we
n+1

see that the second term is bounded by C||ul[};/1, (R

) for some constant C.
Adding this together we see that

1
Hann(rH—l) < "u|’%,n+l(ﬂ{n)‘
[ n—1 (]Rn
By repeating this process for y = n+2,n+3,n+4,...n+k,n+k+1
and by using that the inequality holds for the previous case, we can create
(n+k)n

a sequence of numbers p, = which tends to infinity and for which
[l Lok (mey < [|ullprn@n)-
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1 a 11—«

Now for every ¢ > n where — = — + for a = oy, € [0,1] for some
q n Pk

Pk > ¢, we can use the log convexity of LP-norms to attain

lll Laqny < 1lellfn gyl Lo my
< [JullFn ey Cllulligin gy < Cllullifin@ny = Cllullwngn)-
This finishes the proof. O

Theorem 2.3.10. Let Q be a bounded open subset of R™ with C*-boundary.
Then W'P(Q) cC LY(Q) for all 1 < q < co.

Proof. Since closed and bounded subsets of R™ are compact in R", we have
that € is precompact in R". By the standard embedding of LP-spaces (the-
orem 2.3.5) Wh™(Q) — W'P(Q), for every p < n. Thus the statement of
the theorem is a consequence of theorem 2.3.6. ]

Case 3 (n < p < o0).

We will now prove some embedding theorems for Sobolev spaces into Holder
spaces. In order to do so, we need the following inequality.

Theorem 2.3.11 (Morrey’s Inequality). Let n and p be two constants such
that n <1, i.e. n <p. Then there is a constant C, ) depending only on n

p
and p such that

) 1-n
i) [u(y) — w(@)| < Crply — 2| #[IVullLe(By), 410
1_n
< Cnply — 2| #[|ullwinsy, . w)

i) |u()] < CrpllVulloe(By(2)) + ullor s )] < Crpllullw sy

for every u € WYP(R™). In this theorem, B,(x) is the open ball of radius r
centered at the point x. Note that this implies that

||u||CO,1—n/p(Rn) < Cn7p||’LL||Wl,p(]Rn).
by dividing both sides of inequality i) by |y — x!l_%, adding this to inequality
ii), using that for every u € W'P(R™), [ullwie) < [[ullwismn), where Q

is a bounded open subset of R" and finally by recalling the definition of the
Holder norm.
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Proof. To make the proof easier to follow, it will be divided up into three
steps. The first one is the following;:

Let r > 0, then

[ =y <[ )

n JB.() |y —z|"!

mn

To show this, we examine the first integral by switching to spherical coordi-
nates centered at x. We write y = 4+ tw with 0 < ¢ < r and w running over
the unit sphere S"~!. We denote the usual surface area measure on S !
by do(w). Using the fundamental theorem of calculus, we see that:

lu(z + tw) — u(x)| <

t t
/ d—u(a: + sw)ds| < / |Vu(z + sw)l|ds.
0 0

S

By using this on the first integral, we have

/Bm u(y) — u(z \d"y—/ dt/sn Lo (@)t Mu(x + tw) - ()|
//Sn ) w)t"™ 1/ds|Vux—|—sw)|

:/Sn 1da( / ds/ dt t" | Vu(z + sw)|

/Snl /ds

< L/ / ds|Vu(z + sw)| = / L(y)_’ld"y.
n Jgn-t n JB(a) ly — [

Where the last step can be seen to hold by going back to an integral over
B, (z) where the function |Vu(z+sw)| becomes |Vu(y)| and the denominator
ly — 2|1 is the Jacobian determinant. This proves the first step.

|Vu(:p + sw)|

We will now prove the bound on |u(y) — u(x)| where z,y € R™.
Set r = |y — x|. By the triangle inequality, we have that:

[uy) — u(@)] < [u(y) — u(w)] + uw) — u()],
for every w.

We will now take the average over w in B,(x) N B, (y), which, has volume
C,r" for some constant C, which depends only on the dimension n. We
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1
u(y) —u(w)|d"w+ / u(w) —u(z)|d"w
" /Br(fv)ﬂBr(y)‘ ) ~utw) Chr? Br($)mBr(y)‘ () )

1 1
< — n _ n
= G /Br(y) fuly) —u(w)ld™w + 775 /B,.(m) [u(w) = u()|d"w
L L ey LU
B

L) |y —w[nt Cun JB,(z) |z —w|*?

Where the second step is true since B,(x) N B.(y) C B,(xz) and B,.(z) N
Br(y) € Br(y).

By using Holder’s inequality, we get that

/ |V“(w)|1d”w <
Br(z) |w — x|

We see that the second integral in this expression converges if

-1 -1 -1 1
u<n<:>n <L:1—f<:>n<p.
p—1 n p

p—1

1/p 1 e
Vu(w)|Pd" / L .
/Bmc) IVutw) w] o =T

’w ,7;‘ (p

Since this is true by assumption, the second integral converges. By switching
to spherical coordinates, we now have that

1 -1 —1 p=n
/ a4 W _/ dt/ Tbp Qg v
7 ( | Sn—t tﬁ p—n

w— x| p1

where Q,,_; is the surface area of S™ .

Using this inequality in the expression acquired by using Holder’s inequality,
and putting that inequality into the already derived inequality for |u(y) —
u(z)l, and finally using that B,(y) C Ba,(x) — thus justifying putting every-
thing under the same integral — we get

hSA

) o) < Copr’ 5 [ vutuP

Which is the desired bound for |u(y) — u(x)|.
Note that this means that |[u|[cor@ny < Cllullyy1.pmn) Where k=1 —n/p.

We will finally prove the bound for |u(z)|.
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Using the triangle inequality, we see that |u(z)| < |u(y) — u(z)| + |u(y)|.
Averaging this expression over y € Bj(z) and denoting the volume of the
unit sphere by V7, we see that

1 1
u(x S—/ w(y) — u(z)|d"” —i-f/ w(y)|d"™
[u(x)] 7 Bl(x)\ (y) — u(z)|d"y 7 BMI (y)ld"y
1
< Copl IVl Lr(By(2)) + m”“”mmx))
1

by using the previously proven inequality for |u(y) — u(x)| and the fact that

1 o 1 D 1/pdn
v | Ly = / . ((m'“(y”) ) y

1 ey
<|= bgr = — .
<% /Bl(r) [u(y)] Z/] Vll/pHUHLp(Bl(x))
This finishes the proof. O

Intuitively, Morrey’s inequality means that existence and certain regularity
of the weak derivatives implies Holder continuity for the function, after
possibly having been redefined at some set of measure zero.

Definition 2.3.3. A function @ is called a version of u if ©@ = u a.e.

Theorem 2.3.12 (W'P(Q) — C%*(Q)). Let Q be a bounded open subset of
R" with C'-boundary and let n < p < oco. Then W'P(Q) — C%*(Q) with

a=1—". This means that u has a version i € C%(Q) and the estimate
p

||a‘|007a((2) < C||U’|W1,p(g)

holds.

Note that the above inequality is very similar to Morrey’s inequality. Because
of this, the proof idea will be to extend u from a function on Q to a function
on R™ using the extension of theorem 2.8.1 and then use Morrey’s inequality.

Proof. Let u € WHP(Q). Note that  satisfies the conditions for the ex-
tension of theorem 2.3.1 by assumption. We can thus extend u to v by
v = Bu € W'YP(R"). Since C°(R") is dense in W1P(R™), there exists a
sequence {u;}ieny € C3°(R™) for which

hm ||u, — U||W1,p(Rn) = 0
1—+00

By Morrey’s inequality, we have that ||u; —u;||co.e@mn) < Cllu; —ug||lppmn)
for all 7,5 > 1. By letting 7 — oo, we see that there exists a function @ €
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C%(R™) for which limy; o |u; — || co.e(rny = 0 since C%*(R") is complete,
and therefore the limit of functions in the space still lie in the space.

Since lim; o0 ||1i =] | co.0(rny = 0, i o00| |t — Eul[yy1.prny = 0 and Bu = u
a.e. in {2, we see that & = u a.e. in €, so @ is a version of u which satisfies

|allco.e@ny < Cllvllwrr@n-

By applying part ii) of theorem 2.3.1 which states that F is continuous, the
above inequality proves the embedding. O

By using some properties of Holder spaces together with some results about
compact operators, the above theorem can be generalized.

Theorem 2.3.13. Let Q be a bounded open subset of R™ with C*-boundary
and let n < p < co. Then WHP(Q) — CY¥*(Q) for all0 < a < ax = 1—n/p.

Proof. The proof can be found in [6]. O

We will now collect all Sobolev embeddings from previous theorems into one
theorem, thus formulating the more general Sobolev embedding theorem.

Theorem 2.3.14 (Sobolev embeddings).

Let © be a bounded open subset of R with C'*-boundary, and 1 < p < occ.
Then we have the following embeddings

1 1
L kp<n:WrFP(Q) = LIQ) forall 1 < q < pp, — = — — E Also, the
Pk D N
embedding is compact for all ¢ < px.
2. kp=mn:W*kP(Q) < LYQ) for all 1 < ¢ < co. And the embedding is
compact for all q.

3. kp>n:WEP(Q) = Cb(Q) for I = [k —n/p] € Ngand 0 < a < ag =
k —1—mn/p. The embedding is compact for a < ayp.

These statements follow from the previous embedding theorems by induc-
tively bounding the norm of W*?(Q) by the norm of W*~1?(Q) using the
previous embedding theorems until finally & = 1, after which we are done.

The previous theorem about embedding theorems can be strengthened. For
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example, it can be shown that Sobolev spaces are not only compactly embed-
ded into LP-spaces, but that in fact if mp < n,n—mp < k < n where m is a
non-negative integers, k is a non-negative integer satisfying that 1 <k <n
and p satisfies that 1 < p < oo then

WItmp(Q) — WH(QF),
where j is a non-negative integer.
As a special case, when k = 1, we have
WItmP(Q) — Wi(Q).
In particular, when 7 =0
WP(Q) — Li(Q).

Our C'-condition on the boundary is also more restrictive than what is
necessary. In fact, it suffices that ) satisfies the cone condition, which
means that there exists some finite cone K such that each x € Q is a vertex
of a finite cone K, contained in {2 and congruent to K.

The full proofs of these theorems can be found in [1].

However, the proofs of the more general Sobolev embedding theorems are
much longer, but they add quite little to the interesting proof ideas and
concepts used for proving the embedding theorems.
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Chapter 3

Elliptic boundary value
problems

In this chapter, we will use the methods and theorems of previous sections
to investigate the solvability of elliptic partial differential equations.

We will mainly be concerned with studying boundary value problems of the
form

Lu= fin Q

u =0 on 0f)

Where  is a bounded open subset of R™, u : @ — R is the unknown
function and where f : 2 — R is given and L denotes a second-order partial
differential operator.

The justification of this limitation will come right after we have made some
fundamental definitions.

We will study second-order partial differential operators which will be on
one of the following forms

n

Lu=— Y (a"(2)us,)s +Zbl T)ug, + c(z)u

ij=1

or
n

Lu:—z uxlxj—i—Zbl T)Ug, + c(x)u.

If we let a(x) be a n x n-matrix valued function of x and we let b(z) be an
n-dimensional column vector valued function of x, the first expression can
be written as

Lu=V - (aVu) + b"Vu + cu
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Because of this, we say that the partial differential equation Lu = f is in
divergence form if Lu is on the first form. Consequently we say that it is in
non-divergence form it is written in the other form.

If a*(2)(i,j = 1,...,n) are C'-functions, then an operator in divergence
form can also be written in non-divergence form and vice versa. From here
on, we will also assume that the n x n-matrix a(zx) is symmetric, i.e. a*’ =
a(i,j=1,...,n).

We will now define what we mean by an elliptic partial differential operator

Definition 3.0.4. The partial differential operator L is said to be (uni-
formly) elliptic if there exists a constant, K > 0, such that

n
> anin; > Knl?
1,7=1

for a.e. z €  and for every n € R.

Ellipticity thus means that for each fixed point x, the symmetric n x n-matrix
a(x) is positive definite with smallest eigenvalue greater than or equal to K.

We will look at the weak solutions of our elliptic boundary value problem.
To clarify what that means, we must first define what a weak solution means.

Let us consider our first boundary value problem where L is written on
divergence form. We will assume that all a*/ (), b"(x) and ¢(x) are bounded.
Furthermore we assume that f € L*(9).

If we for the moment assume that u is indeed a smooth solution, then we
can multiply both sides of the partial differential equation Lu = f by a
smooth test function v € C5°(£2) and then integrate over ). By integrating
the first term on the left hand side by parts — which is easy since the partial
differential operator is in divergence form — and use that there will be no
boundary terms since v = 0 on 0f), we get

n n
/ Z ai’jumivx]. + Z biumiv + cuvdzr = / fudzx.
Q = Q

ij=1

Since C§°(Q) is dense in Hj(f2), we see that the same identity holds if the
smooth function v is replaced by any v € HE(Q). Also, the identity still
makes sense if only v € H{(Q). We choose H}(Q) instead of H'(Q) to
guarantee that the boundary condition v = 0 on 9f2 holds.
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Definition 3.0.5. i) The bilinear form B, -] associated with the divergence
form elliptic partial differential operator L is given by

n n
Blu,v] := /Q Z ai’jumivzj + Zbiumiv + cuvdx
ij=1 i=1

for u,v € H}(Q).
ii) We say that u € H} () is a solution of our boundary value problem if
B[U, U] = <f7 U>L2(Q)

for all v € HY(Q).

With the characterization of H~1() from the first section of chapter 2 in
mind, we can look at the boundary value problem

Lu=f'=Y "fi inQ
=1
u = 0 on 0f2

(1)

Where f* € L?(€2). We note that the right hand term f = f° — Zf;l in
i=1
fact belongs to the dual space H1() of H3(Q).

Definition 3.0.6. We say that v € Hj () is a weak solution of (1) if

Blu,v] = (f,v)

for all v € H}(S2), where (-,-) is the pairing of H~1(Q) and H}(Q).

By using integration by parts on the right hand side and by using that v
vanishes on the boundary, we see that

(f,v) :/Qfov—i—Zfivwidx.
i=1

We will now justify why we limit ourselves to considering boundary value
problems on which the value on the boundary is zero. The justification is due
to the possibility to transform boundary value problems with a prescribed
non-zero boundary into problems which are zero on the boundary.
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Suppose that 9Q is C! and that u € H3 () is a weak solution to the bound-
ary value problem

Lu= fin Q
u = g on 0f2

This means that the restriction to the boundary of u — in the sense of section
2 of chapter 2 — is g, but also, the bilinear form identity needs to hold for
all v € H}(Q). If this should be possible, then g has to be the restriction
to the boundary of some H'(Q)-function, call it w. But then @ defined by
% := u—w belongs to H&(Q) and is a weak solution to the boundary problem

Li=finQ
@ =0 on OS2
where f is defined by f:= f — Lw € H~1(Q).

Thus solving boundary problems with non-zero boundary can be reduced to
solving boundary problems with zero boundary and finding a H'-function
which has g as its restriction to the boundary.

We will now prove a general theorem concerning solvability and uniqueness
of solutions to expressions on bilinear form under certain conditions. Our
approach will later on be to show that these conditions do indeed hold for
our special bilinear form attained from our elliptic partial linear operator.

Theorem 3.0.15 (Lax-Milgram Theorem). For this proof, assume that H
is a real Hilbert space, with norm denoted by || - || and inner product denoted
by (+,-). We continue to denote by (-,-) the pairing of H with its dual space.

Now assume that B : H x H — R is a bilinear mapping for which there
exists constants a,b > 0 such that

| Blu, ol| < alful[||v]|,u,v € H

and
bl|ul|* < Blu,u],u € H.

We sometimes say that that a bilinear map B is coercive if the second prop-
erty holds.

If the above conditions hold, there exists a unique element uw € H such that

Blu,v] = (f,v)
forallv e H.
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Proof. The proof idea is to use the Riesz representation theorem in two steps.
First we have that for each fixed element u € H, the mapping v — Blu,v] is a
bounded linear functional on H. We can thus apply the Riesz representation
theorem to see that there exists a unique element w € H for which

Blu,v] = (w,v),v € H

It is obvious that w corresponds to u in some way, so let us write Au = w,
which yields
Blu,v] = (Au,v),v € H.

The idea here is to use the Riesz representation theorem again, this time
using that

(f;0) = (w2,v)

for some element wo € H. Now if we can show that A is actually a bounded
linear operator which is one-to-one and whose range is all of H, then we can
choose our u such that Au = wy, thus yielding

B(u,v) = (Au,v) = (wa,v) = (f,v).

We will therefore prove that A behaves nicely as an operator. We begin by
proving that it is a bounded linear operator. If A1, Ao € R and ui,us € H,
then for each v € H we have that

(A()\lul + )\2U2)7U) = B[)\lul + )\QUQ,U]

= )\1B[U1, U] + )\QB[UQ, ’U] = /\1(AU1, ’U) + )\Q(A'UQ, ’U) = ()\1AU1 + )\QAUQ, U).
This equality holds for each v € H, and so A is linear.

Also, || Aul/® = (Au, Au) = Blu, Au] < |Blu, Au]| < alful || Au].
Thus ||Au|| < al|u|| and so A is bounded.

Next we will prove that A is one-to-one and that the range of A, R(A), is
closed in H. To prove this, we use

bl|ul® < Blu,u] = (Au,u) < || Aul||ful|

Thus b||u|| < ||Aul|| This proves that A is one-to-one since if Au = Av, then
bllu — v|| < ||Au — Av|| = 0 and thus u = v. This also proves that R(A) is
closed since if we have a convergent sequence in R(A), then every element
in that sequence can be written as A(u;) (since the sequence is in the range
of A), also, this sequence is a Cauchy sequence since it is convergent. By
our inequality, Au; being Cauchy implies that u; is Cauchy, and since H is
complete, u; has a limit in H, call it u. Denote by y the limit of Au;, then
lly — Aul| < [y — Auy|| + || Au; — Aul| < |ly — Auy|| + allu; — ul| since A is
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bounded. Thus ||y — Au|| can be made arbitrarily small by choosing j to be
sufficiently large. It follows that Au; will converge to Au, which is in R(A),
and since A is one-to-one, this limit is unique.

We will now prove that the range of A is all of H. This will be shown by
contradiction. If the range of A is not all of H, then since R(A) is closed,
there would exist some non-zero element in R(A)*, call it w. But for this
element, 0 = (Aw,w) = Blw,w] > b||w||*. Since b is assumed to be greater
than zero, this implies that ||w|| = 0 for w # 0, which is a contradiction.
Thus the range of A is all of H.

We can now put the pieces together as we previously said we would do. By
the Riesz representation theorem there exists a wy € H for which (f,v) =
(we,v) for all v € H. Then by using that A is a bijective map from H onto
itself, we can choose u such that Au = wy. For this u we have

Blu,v] = (Au,v) = (w,v) = (f,v)
forall v e H.

It remains to prove uniqueness. Assume that u and @ are two elements
of H for which Blu,v] = B[u,v] = (f,v). Then their difference, u — @
satisfies that Blu — @,v] = 0. But if we now set v = u — @, we get that
bllu — a||* < Blu — ii,u — @] = 0. Thus u = .

This finishes the proof. O

It is worth noting that if B was symmetrical, i.e. Blu,v] = Blv,u], then
Blu,v] would define a new inner product on H, on which we could imme-
diately apply the Riesz representation to attain our proof. However, this is
not nearly as useful. The major importance of the Lax-Milgram theorem
is that it does not require our bilinear form to be symmetric. Since what
we will use this theorem for is to prove uniqueness and existence of weak
solutions to boundary value problems by showing the the requirements for
the theorem hold for our bilinear form adhering from an elliptic partial dif-
ferential operator. In these cases, we can not in general assume that the
bilinear form is symmetric.

We will now return to our specific bilinear form

n n
Blu,v] := /Q Z ai’juxivmj + Zbiumv + cuvdx
ij=1 i=1

for u,v € Hy(f2). As stated above, we will try to verify the conditions for the
Lax-Milgram theorem. This can be done if we allow one minor alteration.

But before we continue, we will need the following lemma
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b2
Lemma 3.0.16. ab < ea® + = e>0
€

b?
Z.

b
(26)1/2

The statement follows by adding 2ab to both sides and dividing by 2. O

Proof. 0 < ((2¢)"/%a — )2 = 2ea® — 2ab +

We will also need the following inequality due to Poincaré.

Theorem 3.0.17 (Poincaré’s inequlity). Let Q be a bounded open subset of
R™. Letu € Wol’p(Q) for some 1 < p < n. Then the following inequality
hold

[ullLage) < ClIVullLe ()

for each 1 < q < p*, where p* is the Sobolev exponent associated with p and
where the constant C' depends only on p,q,n and 2.

In particular, since p* > p, we have that

l[ullLr @) < ClIVullLe()-

Proof. The Sobolev exponent gives a hint of where we're going. Recall the
Sobolev-Gagliardo-Nirenberg inequality which states that

[ull Lo mry < ClIVul|Lo@n)
where p* satisfies that 1/p* = 1/p — 1/n.

Now, since u € Wol’p(Q), there exists functions, u,, € C°(Q2), (m =1,2,..)
which converge to u in W'P(Q) (by construction of W1P(Q)). We now
extend each function u,, to R" by defining it to be zero on R™ — ). We now
apply the Sobolev-Gagliardo-Nirenberg inequality to the extended functions
which yields that [|u[|pq) < Cl|[Vul|zr(q) since © is bounded and we
thus have no problems with convergence. Since furthermore, we have that
l[ull o) < Cllul| g @ ifl<g< p*, this proves the theorem by putting
the two inequalities together. O

Theorem 3.0.18 (Energy estimates). There exists constants a,b > 0 and
¢ > 0 such that

| Blu, v]| < allull gy oyllvll 10
and
bHUH%Ol(Q) < Blu,u] + df|ul72q

for all u,v € H{RQ).
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Proof. We can make a rough estimate to attain

|B [uv\<ZHa’J

t,j=1
S Wl [, (Vulolda + ez [ lulloids
i=1 Q Q

< allull gz l10l| 2 @)

| Q)/ V|| Vo|da+

for some choice of big a.

Now recall the ellipticity condition that we have on L, namely that there
exists some constant K such that

n
> b (x)nm; > Kln|?
ij=1

for a.e z € Q and for all n € R".

By integrating this inequality, we see that

K/ |Vul da:</ Za Uy Uy dx = Blu, u] /Zb‘uwlu—cu

1,5=1

Bl + 3 Wy [ [Vululde + lelliqay [ v
1=1

We can now use lemma 3.0.16 and integrate to see that

1
/ |Vul|luldz < e/ \Vu]Zdac—i——/ wlde, €>0
Q Q 4e Jo

By choosing ¢ > 0 small enough to satisfy

e ]|y <
=1

and then inserting this expression into the previous inequality yields

K
2

K
—/ |Vu|*dx §B[u,u]+C’/ ulda
2 Ja Q

where C' is chosen to be large enough (a more exact number can be given in
terms of € but it is not of any importance).

By now using Poincaré’s inequality for p = 2, i.e.

ull 2y < ClIVul|r2q)
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it follows that
bllullfp1 ) < CallVullZzq) < Blu,u] + cllul 72 (q)
for appropriate choices of b > 0 and ¢ > 0.

This finishes the proof. O

If ¢ = 0, in the above energy estimates, then B]-, -] satisfies the conditions for
the Lax-Milgram theorem. However, if ¢ > 0, which it very well might be,
then B[, -] does almost, but not really, satisfy the conditions. The following
existence theorem will deal with that possibility. Note that if ¢ = 0 in the
following theorem, we have existence of a unique solution to the boundary
value problem.

Theorem 3.0.19. There is a number ¢ > 0 such that for each u > ¢ and
each function f € L*(Y), there exists a unique weak solution, u € H}(Q) of
the boundary value problem

Lu+ pu=f in Q
u =0 on 0N

Proof. Take ¢ from the previous theorem and let y > ¢. Now define a new
bilinear form by

B[u,v] = Blu,v] + pu(u,v), (u,v € Hy(Q)

This bilinear form corresponds to the operator L,u = Lu + pu and satisfies
the hypothesis of the Lax-Milgram theorem. Now fix f € L?(Q) and define
(f;v) by (f,v) := (f,v)2(q)- This is a bounded linear functional on L*(),
and is thus a bounded linear functional on HE () (since H(Q) C L*(Q)).
We now apply the Lax-Milgram theorem to find a unique function u € Hj (Q)
which satisfies

BM[“’? U] = <f,1}>

for all v € H3(2). This u is consequently the unique weak solution of the
boundary value problem above. O

Example 3.0.1. Consider the boundary value problem

—Au=finQ
uw=0 on 0N

We have that Blu,v] = / VuVudzx by using integration by parts.
Q
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By Poincaré’s inequality we have

[l 7 0y < blllullZ2(0) + [IVullZ2(0))

< ||Vl 22 = C/Q Vul2dz = CBlu,u] (3.1)

By dividing both sides by C, we see that the previous theorem holds with
c = 0. Thus, there exists a unique weak solution to the equation.

For further reading on elliptic partial differential equations, see [2].
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