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Abstract

The Reconstruction Conjecture claims that if a graph is finite, simple and undi-
rected, and contains at least three vertices, it can be determined (up to iso-
morphism) by the multiset of all its maximal vertex-proper subgraphs. The
Conjecture has been proven for certain classes of graphs, but is not yet proven
in general.

In this thesis, we first describe some of the proven cases, such as disconnected
graphs, trees, and some cases of separable graphs (though separable graphs are
not proven, in general, to be reconstructible in this thesis or, so far as we
are aware, elsewhere). We will also consider a special case of connected, non-
separable graphs, where all but a few vertices have the same degree. For this
type of graph, we prove the case where only one vertex differs in degree entirely,
and we also prove, except in some special cases, the case where two vertices
differ in degree.



Sammanfattning

Enligt rekonstruktionsförmodan kan en ändlig, enkel, oriktad graf p̊a minst tre
hörn rekonstrueras (upp till isomorfi) fr̊an sina maximala hörnäkta delgrafer.
Förmodan har bevisats för vissa klasser av grafer, men det allmänna fallet är
ännu inte bevisat.

I denna uppsats redogörs först för vissa bevisade fall, som osammanhängande
grafer, träd och vissa fall av delbara grafer (delbara grafer har dock inte allmänt
bevisats vara rekonstruerbara, vare sig i denna uppsats eller, s̊a vitt jag vet,
annorstädes). Därefter studeras ett särfall av sammanhängande, ej delbara
grafer, där alla hörn utom n̊agra har samma grad. S̊adana grafer visas vara
rekonstruerbara om bara ett hörn avviker i grad, och även, förutom i vissa fall,
om tv̊a hörn avviker i grad.
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1 Introduction

Definition. A vertex-deleted subgraph of a simple, undirected graph G = (V,E)
is a subgraph formed by deleting exactly one vertex from G, and the edges
incident with it. The deck of G is the multiset of all vertex-deleted subgraphs
of G, and is denoted D(G). The components of D(G) are called cards.

Reconstruction Conjecture. If D(G) = D(G′) for two graphs G and G′ on
at least three vertices, then G and G′ are isomorphic.

(Note that there is an obvious counterexample to the conjecture for graphs
on only two vertices: Let G be K2 and let G′ consist of two isolated vertices.
Then D(G) = D(G′) vill contain two cards, each showing a single vertex, but
G and G′ are not isomorphic.)

If the conjecture is true, then any graph can be reconstructed from its deck.
We say that a graph G is reconstructable if D(G) = D(G′) implies G ∼= G′ for
all graphs G′.

The conjecture has been proven to be true for a number of infinite classes of
graphs, some of which will be discussed in this thesis.

This thesis concerns only simple, undirected graphs. Throughout, G denotes
a graph G = (V,E), where V is the vertex set with elements v1, v2, ..., vn, and
E is the edge set. n := |V |, e := |E|. Gi is the card in D(G) where the vertex
vi has been removed, and |E(Gi)| = ei.

In the following definition we remind the reader of some fundamental con-
cepts and notations.

Definition. A subgraph H of a graph G, denoted H ⊆ G, is a graph which
contains some subset of the vertices of G and some subset of the edges of G.
If either subset is proper, we say that H is a proper subgraph of G, denoted
H ⊂ G.

Denoting an edge between two vertices u and v as uv, we define an induced
subgraph H ⊆ G to be a subgraph of G with vertex set V (H) ⊆ V (G) and edge
set E(H) = {uv : u, v ∈ V (H), uv ∈ E(G)}, and we denote this graph G[V (H)].
Thus the induced subgraph of G with vertex set V (H) is the maximal subgraph
of G over V (H).

The complement Gc of a graph G is the graph such that V (Gc) = V (G) and
E(Gc) = {uv : uv /∈ E(G)}.

A graph is k-connected if it is a connected graph on at least k + 1 vertices,
and the removal of any collection of k vertices or fewer will not disconnect the
graph.

A regular graph is a graph in which all vertices have the same degree. In an
r-regular graph, all vertices have degree r.

The order of a graph is the number of vertices it contains.
A pendant vertex is a vertex of degree 1.

In Section 1, we introduce some recognisable properties presented by Harary
in [1], and prove that a graph is reconstructable if and only if its complement is
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reconstructable. Section 2 covers disconnected and regular graphs, two families
of reconstructable graphs. The proof for disconnected graphs follows that given
by Harary in [1].

The proof of the reconstructability of trees in Section 3 closely follows that
given by Bondy and Hemminger in [4].

In Section 4 we consider separable graphs. Separable graphs are not, to
our knowledge, generally proven to be reconstructable, but in [2] Bondy claims,
and proves, that a separable graph without pendant vertices is reconstructable.
We follow this proof relatively closely, but have adapted it somewhat since the
original proof by Bondy is applicable to multigraphs, which are not treated in
this thesis. Bondy also shows that, letting the trunk of a graph be what remains
after repeatedly removing pendant vertices, and letting the limbs of the graph
be the maximal connected subgraphs which have only one vertex in common
with the trunk, the limbs of a graph with pendant vertices are reconstructable.
Here our proof significantly differs from that given by Bondy. We also show that
if the graph G has only one limb, and that limb contains more than two vertices
(including the one which it shares with the trunk), then G is reconstructable.

We go on to consider the case where the trunk of the graph is regular,
and show that in this case G is also reconstructable. Here we use a result
suggested by Dowd in [7], which states that if the trunk of G is a cycle, then G
is reconstructable. However, the proof given by Dowd seems not to hold for all
such graphs, so a different proof is given here.

The first four sections cover mainly previously published results, but Sec-
tion 5 contains new results. There we consider connected graphs such that all
but a few of the vertices have degree r. The case where only one vertex differs
in degree is proven to be reconstructable, and the case where two vertices dif-
fer in degree is proven to be reconstructable except in the case where, letting
u and v be the vertices of differing degree, deg(u) = deg(v) = r + 1, u and
v are adjacent and there is no vertex in G which is adjacent to neither u nor
v (and the complements to such graphs). This restricts us to graphs where
r + 2 ≤ n ≤ 2r + 2. Even within these restrictions, we have solved some special
cases, including those where g = 0, g = 1, s = 0 and s = 1, where g denotes the
number of vertices adjacent both to u and to v, and s denotes the number of
vertices (except v) adjacent to u but not to v (this is the same as the number
of vertices (except u) adjacent to v but not to u).

At the end of Section 5, there follows a summary of the results presented in
that section, and then a brief dicussion on possible ways to tackle the rest of
the problem. In this discussion, no new results are presented.

1.1 Recognisable properties

A recognisable property is a property of G that can be determined from D(G).
In [1], Harary demonstrates some of these.
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1.1.1 Vertices, edges and degrees

Because of the definition of the deck of G, the number of vertices of G is equal
to the number of cards in D(G), but can also be obtained by adding one to the
number of vertices in any card.

deg(vi) = e−ei. Since the sum of the degrees in a graph is twice the number
of edges in that graph, 2e = ne−∑n

i=1 ei, which gives

e =

∑n
i=1 ei

n− 2
.

This result also follows from the fact that every edge in G is in n−2 of the cards
in D(G), since it is only removed in the two cards where its incident vertices
are removed.

This establishes the following lemma:

Lemma 1. The number of vertices, n, and edges, e, of a graph G, as well as
its degree sequence, are recognisable properties.

1.1.2 Connectivity

Theorem 1. The graph G is connected if and only if at least two of the cards
in its deck are connected.

Proof. Every connected graph has a spanning tree, and all (non-trivial) trees
have at least two end vertices. The end vertices of the spanning tree of G are
not cut-vertices of G, i.e. their removal will not disconnect G.

Conversely, if D(G) contains at least two connected cards, G1 and G2 (re-
label if necessary), then there is a path in G1, and therefore also in G, between
v2 and any other vertex v3 in G1, and a path in G2, and thus in G, between v1
and v3. Since v2 is connected in G to all other vertices, G is connected.

1.2 Reconstruction of complements

The following lemma will be useful in later sections:

Lemma 2. G is reconstructable if and only if its complement Gc is recon-
structable.

Proof. Assume Gc is reconstructable. Clearly, it is easy to obtain G from Gc,
so if D(Gc) can be obtained from D(G), then G can be reconstructed from
D(G). For i = 1, 2, ..., n, form (Gi)

c. Then (Gi)
c = Kn−1 − E(Gi) contains all

the vertices in Gi (for some labelling of the vertices) and precisely those edges
which are not in Gi. But these are the edges of Gc which are not adjacent to
the vertex vi, i.e. there is a labelling of the vertices so (Gi)

c = (Gc)i for all
i = 1, 2, ..., n, so D(Gc) = (D(G))c.
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2 Disconnected and regular graphs

2.1 Disconnected graphs

If G is not connected, Harary [1] provides a way to reconstruct G by finding its
components.

Statement 1. The graph G has s isolated vertices if exactly s of the cards in
D(G) have exactly s − 1 isolated vertices and all other cards have at least s
isolated vertices.

The number of isolated vertices, i.e. the number of vertices of degree 0, can
also be determined from the degree sequence, which by Lemma 1 is a recog-
nisable property. However, the above statement is useful in that it can be
generalised to give a method for finding the k > 0 components of G which are
isomorphic to some non-trivial graph K of order p < n:

If n = kp and all cards in D(G) have exactly k − 1 components isomorphic
to K and at least one smaller component, then G consists only of k components
all isomorphic to K.

If no card in D(G) contains a component of order greater than p but all
cards do not contain the same number of components isomorphic to K, then G
contains at least one component of order less than or equal to p which is not
isomorphic to K. Then k is the maximal number of components isomorphic to
K appearing in any card in D(G).

If the largest component occurring in any card in D(G) is of order s > p, then
the number l of such components in G is the maximal number of components of
order s occurring in any card in D(G). Remove all cards which do not contain
l such components from the deck, and remove all the largest components from
the remaining cards. Repeat the process until no card contains a component
of order greater than p. (Obviously this process is made easier by choosing K
isomorphic to the largest component of G.)

Any choice of two cards, exactly one of which contains all k components
isomorphic to K, will contain all components of G, which can thus be determined
from those two cards.

Thus G is reconstructable if it is disconnected, and so we assume, from now
on, that G is connected.

2.2 Regular graphs

A regular graph G has n vertices, all of degree r. Any card in D(G), then,
has n − 1 vertices, of which r have degree r − 1 and the others have degree
r. G is then reconstructed from any card in D(G) by adding a vertex and r
edges between the new vertex and each of the r vertices of lower degree than
the rest. To do this, we only need the degree sequence (which, by Lemma 1, is
a recognisable property and which shows that G is regular) and a single card in
the deck of G.

In Section 5, we will consider graphs which are nearly regular.
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3 Trees

3.1 Counting Theorem

The proof of reconstructability of trees is made simpler by the use of a counting
theorem introduced by Greenwell and Hemminger in [5]. The phrasing and
proof given here are due, however, to Bondy and Hemminger [4], and the proof
uses a lemma which is due to Kelly [3]:

Lemma 3. (Kelly’s Lemma) For any two graphs F and G such that |V (F )| <
|V (G)|, the number s(F,G) of subgraphs of G isomorphic to F is reconstructable.

Proof. Each subgraph of G isomorphic to F is in exactly |V (G)|− |V (F )| of the
cards Gv in D(G), so

s(F,G) =
∑

v∈V (G)

s(F,Gv)

|V (G)| − |V (F )| .

Note the similarity to the expression for the number of edges in a graph G,
which may be viewed as a special case of this lemma where F ∼= K2.

Corollary. The number of subgraphs of G isomorphic to F that contain the
vertex v is s(F,G)− s(F,Gv).

Let F be a class of graphs, and let F and G be graphs such that F ∈ F
and s(F,G) > 0. Note that F is defined as all graphs with a certain set of
properties (for example, all l-connected graphs), and contains actual graphs,
not isomorphism classes. F is closed under isomorphism, so that if F ∈ F and
F ′ ∼= F , then F ′ ∈ F .

An F-subgraph of G is a subgraph of G which belongs to F , and it is maximal
if it is contained in no other F-subgraph of G. An (F,G)-chain of length k is a
sequence (X0, X1, ..., Xk) of F-subgraphs of G such that F ∼= X0 ⊂ X1 ⊂ .... ⊂
Xk ⊂ G. Two (F,G)-chains (X0, X1, ..., Xk) and (Y0, Y1, ..., Yl) are isomorphic
if k = l and Xi

∼= Yi for 0 ≤ i ≤ k, and the rank of F in G is the length of a
longest (F,G)-chain. Note that while the inclusions in the (F,G)-chain must be
proper (or the rank would always be infinite and therefore meaningless), they
need not be vertex-proper.

A recognisable class G of graphs is a class of graphs such that for all graphs
G in G, any graph with the same deck as G is also in G.

Theorem 2. (Counting Theorem) Let G be a recognisable class of graphs,
and let F be a class of graphs such that, for every G in G, every F-subgraph of
G is

(i) vertex-proper;
(ii) contained in a unique maximal F-subgraph of G.
Then, for every F in F and every G in G, the number m(F,G) of maximal

F-subgraphs of G isomorphic to F is reconstructable.
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By saying that every F-subgraph of G is contained in a unique maximal
F-subgraph of G, we mean, as Greenwell and Hemminger phrase it in [5], that
if F1 and F2 are any pair of distinct maximal F-subgraphs of G (F1 and F2 may
be isomorphic or not), there is no nontrivial F-subgraph of G which is contained
in F1 ∩ F2. It is important that both F1 and F2 be maximal.

For example, let F be the class of l-connected graphs (for some l), and let
G not be l-connected (which guarantees that all F-subgraphs of G are vertex-
proper). If F1 and F2 are two distinct F-subgraphs of G, and their intersection
is a non-trivial F-subgraph of G, then F1 ∪ F2 is an F-subgraph of G, so F1

and F2 are not maximal.

Proof. We prove, by induction on the rank of F in G, that

m(F,G) =
rankF∑

k=0

∑
(−1)ks(F,X1)s(X1, X2) · · · s(Xk−1, Xk)s(Xk, G) (1)

where the inner sum extends over all nonisomorphic (F,G)-chains (X0, X1, ..., Xk).
When rank F = 0, m(F,G) = s(F,G) and so Equation (1) holds. Now

suppose that (1) holds for all graphs F of rank less than r, and let the rank of
F ∈ F in G be r. Since by condition (ii) of the theorem F is contained in a
unique maximal F-subgraph of G, we have

s(F,G) =
∑

X

s(F,X)m(X,G)

where the sum extends over all nonisomorphic F-subgraphs X of G. This can
be rewritten as

m(F,G) = s(F,G)−
∑

X�F

s(F,X)m(X,G).

Here it suffices to consider only those F-subgraphs X for which s(F,X) > 0.
Since any such X has rank less than r, the induction hypothesis can be applied
to the terms m(X,G), and this yields (1).

Since the right-hand side of (1) is reconstructable by Kelly’s Lemma, so is
the left-hand side. (Note that though Kelly’s Lemma only states that s(F,G)
is reconstructable if |V (F )| < |V (G)|, the lemma is only necessary to prove the
reconstructability of s(Xn, G), since all the Xi (i = 0, 1, ..., n) are known and
s(Xi−1, Xi) can be found using the graphs themselves rather than just Xi−1 and
D(Xi). Therefore we need only demand that Xn is a vertex-proper subgraph of
G. But this is the case by condition (i).)

3.2 Reconstruction of trees

The main strategy of this proof of the reconstuctability of trees, which is due to
Bondy and Hemminger [4], is to identify the “centre” of the tree, and reconstruct
the branches emanating from the centre (the branches will be properly defined
in Section 3.2.1). To do this, we need to explain what we mean by the centre
of a tree, but first we note that trees are recognisable.
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Lemma 4. Trees are a recognisable class of graphs.

Proof. A graph G is a tree if and only if it is connected and e = n − 1. The
number n of vertices and the number e of edges in G are recognisable properties
by Lemma 1, and so is connectedness.

Corollary. Paths are reconstructable.

Proof. By Lemma 4, trees are recognisable. A path is a tree where all vertices
have degree at most two, so since the degree sequence is recognisable, paths are
recognisable, and therefore reconstructable, since all that is needed to recon-
struct a path up to isomorphism is the number of vertices.

(Note also that since n ≥ 3, the tree G is a path if and only if exactly two
of the cards in D(G) are connected.)

For the rest of this section, we assume that G is a tree which is not a path.

Definition. If the longest path in the tree G is of even length, let the central
vertex be the vertex in the middle of that path. If the longest path is of odd
length, let the central edge be the edge in the middle of the longest path, and let
the central vertices be the vertices incident to the central edge. In the former
case we say that G is central, and in the latter that it is bicentral.

The length of the longest path in G is called the diameter of G.
Let r denote the radius of G, defined by r = minu∈V (G) maxv∈V (G) dG(u, v),

where dG(u, v) is the length of the path between u and v.

Figure 1 in Section 3.2.1 illustrates some of these terms.

3.2.1 Basic trees

Every longest path in G is a vertex-proper subgraph, so by Kelly’s Lemma the
diameter and the radius r of G are reconstructable. (Note that if G is central
the diameter is 2r, and if G is bicentral it is 2r − 1.) Since the diameter is
reconstructable, centrality and bicentrality are recognisable properties.

A vertex is peripheral if it is an pendant vertex in a longest path. Since a
vertex is peripheral if and only if it is of degree one and is in a longest path,
the number p(G) of peripheral vertices is reconstructable. (Consider, if there is
an pendant vertex in G that is not peripheral, there is a card Gv in D(G) such
that the number of longest paths of G (which can be determined using Kelly’s
Lemma) is the same as the number of longest paths in Gv, and G and Gv have
the same diameter. In that case, p(G) = p(Gv). If there is no such card, all end
vertices in G are peripheral, so p(G) is simply the number of vertices in G of
degree one, which is reconstructable since the degree sequence is recognisable
by Lemma 1.)

Definition. A branch of a tree is a maximal subtree in which a central vertex
is of degree one. A branch is radial if it includes a peripheral vertex of the tree.
(Thus, a bicentral tree has only two branches, which both contain both central
vertices, and both of which are radial.) A basic tree has exactly two branches,

9



Figure 1: Two central trees of diameter 10 and with radius r = 5. The central
vertices are indicated in black and the peripheral vertices in grey. The tree on
the left is non-basic, and has three branches, two of which are radial. The tree
on the right is basic, with one branch (the stem) which is a path and one branch
(the top) which is not a path.

exactly one of which is a path. The path branch is called the stem, and the
other branch is the top (see Figure 1).

A tree of radius r (and, as we have already assumed, not a path) is basic if
and only if it contains no subgraphs of the types shown in Figure 2 (for trees of
type 1, r ≥ 1 is sufficient, whilst for types 2 and 3 we need r ≥ 2).

Figure 2: Non-basic trees. The black vertices are central and a and b range
between 1 and r − 1 so that the vertices to the far left and right, respectively,
of each tree are peripheral. (In type 3, a = r− 1 implies r− a− 1 = 0, in which
case one of the central vertices will have degree 3.)

A tree is of type 1 if and only if its connected cards are a path of length 2r
and two isomorphic cards consisting of a path of length 2r − 1 with an added
vertex adjacent to one of the central vertices (if r = 1 the connected cards will
all be paths of length 3). Similarly, a tree is of type 2 if and only if it has exactly
four connected cards, and one of the following is true:

(i) all the connected cards are isomorphic to G2 in Figure 3, for b = 1 (this
will inevitably be the case if r = 2);

(ii) two of the connected cards are isomorphic to G1 in Figure 3, for some
1 < a ≤ r − 1, whilst the other two cards are isomorphic to G2 and G4,
respectively, for b = 1;

(iii) the connected cards are isomorphic to all four trees in Figure 3, respec-
tively, for some 1 < a ≤ r − 1 and 1 < b ≤ r − 1 (note that in G3 and G4, the
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lower of the two central vertices may coincide with the lower vertex of degree
three).

A tree of type 3 may be identified by a similar study of its connected cards.
Since trees of these three types are recognisable, non-basic trees, and therefore
basic trees, are recognisable by Kelly’s Lemma.

Figure 3: Connected cards of a non-basic tree of type 2. The central vertices
are indicated in black.

3.2.2 Proof of reconstructability of trees

Theorem 3. Trees are reconstructable.

Proof. Let G be a basic tree. Then there is at least one card Gv in D(G)
such that the longest path in Gv is exactly one less than the longest path in G.
There can be one or two such cards (two only if the top branch of G has only one
peripheral vertex) and if there are two, one of them will have a shorter distance
than the other between the central vertex (central edge, if Gv is bicentral) and
a vertex of degree greater than two (see Figure 4). G can then be reconstructed
up to isomorphism from this card by extending a path branch by one vertex.

Now let G be a nonbasic tree and let F be a basic tree with the same
diameter as G. The number of maximal basic subtrees of G isomorphic to F is
reconstructable by the Counting Theorem. Each non-path radial branch which
contains k peripheral vertices of G is the top of p(G)−k maximal basic subtrees
of G, which gives us the non-path radial branches of G (with multiplicities).
Then the number of path radial branches is p(G) minus the number of peripheral
vertices in the non-path radial branches.

If G is central it can also have nonradial branches. These are the non-radial
branches of a card Gv where v is either a peripheral vertex of a radial branch of
G which contains at least two peripheral vertices or a nonperipheral end vertex
of a radial branch. If there is no branch of either kind, all radial brances are
paths, in which case the nonradial branches can be obtained from a card Gv

where v is a peripheral vertex of G.
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Figure 4: A basic tree G with two peripheral vertices p and q, where the distance
between the central vertex (indicated in black) and a vertex of degree greater
than two is shorter in Gq than in Gp, so G can be reconstructed from Gq.

4 Separable graphs

A separable graph is a connected graph which contains at least one cutvertex, a
vertex such that its removal disconnects the graph. A (connected) graph with
pendant vertices must therefore necessarily be separable. A block is a maximal
connected subgraph without a cutvertex, so it is either a maximal 2-connected
subgraph, or a path of length 1, or an isolated vertex. A connected graph can
be regarded as a sort of tree made out of blocks.

In [2], Bondy has shown that separable graphs without pendant vertices
are reconstructable (a simplified version of his proof is given below, since the
original proof is made to hold for multigraphs). However, though some types
of graphs with pendant vertices have been shown to be reconstructable, this
case seems difficult to prove in general. For instance, graphs which consist of
only two blocks, one of which contains only two vertices, are, as far as we are
aware, not yet proven to be reconstructable (though if the block is regular the
problem turns out to be remarkably simple, as is shown in Theorems 6 and
7). We will with different methods consider a number of cases of graphs with
pendant vertices in Section 4.2.

4.1 Separable graphs with no pendant vertices

Theorem 4. Separable graphs with no pendant vertices are reconstructable.

(Note that Bondy proves this theorem for multigraphs. Here, as throughout
this thesis, G is assumed to be simple.)

Proof. Let G be the class of separable graphs with no pendant vertices. Then for
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any G in G, the degree sequence shows that there are no pendant vertices, and
D(G) contains k < n = |V (G)| disconnected graphs, the components of which
are not trivial, and n − k connected graphs, which shows that G is connected
and separable (with k cut-vertices). In short, then, G is a recognisable class of
graphs.

Therefore, with F as the class of 2-connected graphs, the blocks of G ∈ G
are reconstructable by the Counting Theorem.

Let B1 be a block of order b1, such that B1 is a pendant block (meaning that
it contains only one cut-vertex) and G contains no pendant block of order less
than b1, and let u be the cut-vertex of G contained in B1. Define G1 to be the
maximal subgraph of G where B1 except for u has been removed, and let G1

1 be
G1 with an added pendant vertex adjacent to u. Since G1

1 is a proper subgraph
of G, Kelly’s Lemma states that it is reconstructable. Then u can be identified
in G1

1 and thereby in G1. G1 has one block less than G, and that block is B1

(or isomorphic to it, since G is defined up to isomorphism) so to reconstruct
G we need to identify u in B1. Let B1

1 be B1 with an added pendant vertex
adjacent to u. Then B1

1 is reconstructable, and u identifiable in it. Thus, G is
reconstructable.

4.2 Graphs with pendant vertices

The trunk T (G) of a graph G is what remains of G after repeatedly removing
pendant vertices until none remain. A limb of G is a nontrivial maximal sub-
graph of G which has exactly one vertex in common with the trunk. This vertex
is called the root of the limb. A limb of order k contains k vertices (including
the root).

Lemma 5. The trunk T (G) of a separable graph G is reconstructable.

Proof. If G has no pendant vertices, T (G) = G. Since G is a separable graph
without pendant vertices, it is reconstructable by Theorem 4.

If G has some pendant vertex p, T (G) = T (Gp). T (Gp) is easily obtained
by repeatedly removing pendant vertices from Gp.

4.2.1 Reconstructing the limbs of a graph

We consider first a few special cases.
If G has only one pendant vertex p, and Gp has no pendant vertices, then G

contains only one limb, and it has order 2. We can then reconstruct the limb,
but identifying its root in Gp seems to be difficult, for consider: Since G has
only one pendant vertex p, and removing it removes the whole branch it is in
(except the root), there is no indication, in Gp, as to which vertex is the root
of the limb. If T (G) is separable, we can consider the pendant blocks as in the
proof of Theorem 4, where a careful choice of which pendant block to consider
may allow us to reconstruct the entire graph. However, if G consists of only
two blocks, one of which has order 2, then the larger block in intact only in
Gp. Therefore we must either find some information in the cards containing p
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which will allow us to identify the neighbour of p in Gp, or we must identify, in
some card Gv where v is in T (G), the neighbours of v in G. This last method
certainly works if, for each neighbour u of v, G contains no vertex of degree
deg(u)− 1 (unless that vertex is also adjacent to v).

We now consider the case where G still has only one pendant vertex p, but
it is contained in a limb of order k > 2. Then Gp is the only card in D(G)
which is connected and has exactly one limb, which is of order k − 1, and so G
is reconstructed by adding a vertex adjacent to the pendant vertex of Gp. This
establishes the following lemma:

Lemma 6. A connected graph with one pendant vertex, on a limb of order
greater than 2, is reconstructable.

Now let G be a graph with two pendant vertices p1 and p2, such that Gp1
∼=

Gp2
has only one limb, of order k − 1, and there exists a vertex w in G such

that Gw contains two isolated vertices. Then we know that G has exactly one
limb, of order k, which consists of a path from the root of the limb to a vertex
of degree ≥ 3, which is adjacent to two pendant vertices. The path can be of
length 0, in which case k = 3 and w is the root of the limb. Gp1 and Gp2 are
easily identified as the only connected cards in D(G) with only one pendant
vertex, and in either of them w can be identified as the vertex adjacent to the
pendant vertex. G is obtained from Gp1

or Gp2
by adding another pendant

vertex adjacent to w.
Excluding graphs of this last type with k = 3, and graphs with only one

pendant vertex (including the apparently difficult kind of graphs consisting of
two blocks, one of which is of order two), Bondy next shows that the limbs of
a graph are reconstructable by considering two graphs G and H such that the
multisets {Gp ∈ D(G) : p is pendant} and {Hp ∈ D(H) : p is pendant} are
equal, which is certainly true if D(G) = D(H) (this argument, as all proofs in
[2], is valid for multigraphs). Here a different approach will be used. Let G be
a connected graph with at least two pendant vertices, not placed as in the case
which has already been covered.

Definition. Let L be a limb of G with root u, and define a partial limb to be
a maximal connected subgraph of L such that deg(u) = 1.

Let the p-cards of G be the multiset {Gp ∈ D(G) : p is pendant}.
The p-cards can be recognised either from the fact that they are the only con-

nected cards in D(G) in which the entire trunk of G (which is reconstructable)
occurs, or from the degree sequence (for Gp ∈ D(G) is a p-card if and only if,
comparing its degree sequence to that of G, either the former has one fewer
vertex of degree 2, or it has one fewer vertex of degree d > 2, one more of
degree d − 1 and one fewer of degree 1), or from the number of edges, since
|E(Gp)| = |E(G)| − 1 if and only if p is pendant.

Theorem 5. If G is a connected graph with pendant vertices, then the limbs of
G are reconstructable. If G has only one limb, G is reconstructable unless the
limb is of order 2.
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Note that while we can reconstruct the limbs themselves, and the position of
the roots in each limb, we cannot, in general, identify the positions of the roots
in T (G), unless G has only one limb and that limb is of order greater than 2.

Proof. First note that if G has only one pendant vertex p, then either G is
reconstructable by Lemma 6, or the only limb of G is a path of length 1.

If G has two pendant vertices, and the path from one to the other has length
2 (i.e., they are on a limb shaped like a Y or a T), then there is a card D(G)
which contains two isolated vertices. This case has also been covered.

We now assume that G has at least two isolated vertices, and that if there
are only two, then the path between them is of length at least 3. We consider
three cases:

(i) G has only one limb, which has several partial limbs.

Let L be the limb, with root u and partial limbs L1, L2, ..., Lm, of order
l1, l2, ..., lm (m ≥ 2). u is recognisable in any of the p-cards. From the p-cards,
identify the largest partial limb, say Lk (it can be identified since it is the largest
partial limb occurring in any of the p-cards).

If there are fewer than m partial limbs of order lk, count the maximal number
of partial limbs of order lk in any of the p-cards. From such a card, all the partial
limbs of order lk can be obtained. Then the partial limbs of lesser order are
obtained from a p-card with one fewer partial limb of order lk than the maximum
number.

If all the partial limbs are of order lk (that is, if all p-cards contain m − 1
partial limbs of order lk and one of order lk−1), choose H so that H ∼= Li for at
least one i = 1, 2, ...,m and let h(G) be the number of partial limbs in G which
are isomorphic to H. Then

h(G) =

∑
p∈P (G) h(Gp)

|P (G)| − |P (H)| ,

where P (G) is the set of all pendant vertices of G. If h(G) = m, all partial
limbs are isomorphic to H. If not, the other partial limbs can be obtained from
a p-card with h(G)− 1 partial limbs isomorphic to H.

G is then reconstructed by attaching all the partial limbs to G at u.

(ii) G has only one limb, which has only one partial limb.

Let L be the limb, with root u. Since G has more than one pendant vertex,
there is some vertex a 6= u in L such that deg(a) > 2. If there are several such
vertices, let a be the one which is closest to u, and let the path between a and
u be of length j. u is recognisable in any of the p-cards, and j can be obtained
as the shortest length in any p-card of the path between u and a vertex in L of
degree greater than 2. Knowing j, a can be identified in any p-card.

Now consider the maximal connected subgraphs of L which contain at least
one pendant vertex of G and in which deg(a) = 1 (these would be partial limbs
of L if j were 0, i.e. if a = u). These can be obtained in the same way as the
partial limbs in case (i), and attaching them to L at a reconstructs G.
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(iii) G has several limbs.

Let the limbs be L1, L2, ..., Lm, with roots u1, u2, ..., um and of order l1, l2, ..., lm.
Here the limbs of G can be reconstructed in the same way as the partial limbs

of L in case (i), but it is not obvious that all their roots can be identified.

Corollary. If G has a limb of order k > 2 and no limb of order k − 1, G is
reconstructable. In particular, this holds if G has at least one limb, but no limb
of order 2.

Proof. If either all p-cards which contain a limb of order k − 1 has one fewer
limb of order k than the p-cards which contain no limb of order k − 1 (and
there are some of the latter type of p-cards), or all p-cards contain one limb of
order k − 1 and some number of limbs of order k, and no other limbs, then we
know that the condition of the corollary if satisfied. Then, since the limbs are
all reconstructable, G can be reconstructed from a p-card which has a limb of
order k− 1, by replacing that limb with the limb of order k which is missing in
the p-card.

4.2.2 Reconstruction of graphs with regular trunks

We can now assume that G either has only one limb, of order two, or it has
at least two limbs. In the latter case, if G has a limb of order k > 2, we may
assume that it also has at least one limb of order k − 1. Particularly, we may
assume that G has at least one limb of order 2.

With this knowledge, we will show that if the trunk of G is regular, then G is
reconstructable. To begin with, we note that if the trunk of G is complete, then
G is reconstructible. This is rather obvious, but we will later find it convenient
to have covered this case.

Lemma 7. If the trunk of a graph G with pendant vertices is complete, then G
is reconstructable.

Proof. Since all vertices in the T (G) are adjacent to all other vertices in T (G),
the roots of the limbs of G can be distinguished only by the limbs attached to
them. Therefore each limb may be attached to T (G) at any vertex in the trunk
which is not already the root of a limb.

Theorem 6. If the trunk of a graph G with pendant vertices is r-regular, where
r > 2, then G is reconstructable.

Proof. Since G is separable, the trunk of G is reconstructable. There are then
two cases:

(i) G has only one limb.

Unless the limb is of order 2, G is reconstructable by Theorem 5. If the
limb is of order 2, there is exactly one card in D(G) which is disconnected. It
consists of an isolated vertex and a component where r− 1 of the vertices have
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degree r−1 and the others (if any) have degree r. G is reconstructed by adding
a vertex adjacent to the isolated vertex and to all vertices of degree r − 1.

(ii) G has several limbs.

By the Corollary to Theorem 5, we need only consider graphs G which have
at least one limb of order 2. In the deck of any such graph, there is at least one
card which has an isolated vertex and in which the trunk of G is not intact. Let
Gu be such a card.

Since r > 2, any vertex which is in the trunk of G is also in the trunk of
all cards in D(G) (or, for any card which is disconnected, in the trunk of one
of its components). Therefore G can be reconstructed from Gu by adding a
vertex adjacent to the isolated vertex and to the vertices which are situated in
the trunk(s) of Gu and which, in the trunk(s) of Gu, have degree r − 1.

(Note that the vertices which have degree r − 1 in the trunk of Gu may be
roots of limbs and may therefore not have degree r − 1 in Gu itself.)

In [7], Dowd has considered graphs G such that the trunk of G is a cycle C
with c > 2 vertices, which has h limbs of order greater than 2. We will use the
shorter form k-limb for a limb of order k, and will call a k-limb non-trivial if
k ≥ 3.

Theorem 7. If the trunk of a graph G with pendant vertices is a cycle, then G
is reconstructable.

While the theorem is suggested by Dowd, the following proof has been ex-
tensively altered. We consider five cases, starting with the case where h = 2,
which will be useful when h ≥ 3. The case where h ≥ 3 is divided into two,
depending on whether G has branches of order greater than 3. We save h = 1
(which turns out to be quite troublesome) and h = 0 for last.

Proof. Let the trunk of G be the cycle C, where C contains c ≥ 3 vertices.
But if c = 3, the trunk of G is isomorphic to K3 and G is reconstructable by
Lemma 7. Therefore we may assume c ≥ 4. By the Corollary to Theorem 5, it
is enough to consider the case where G has at least one 2-limb.

In part (ii) of the proof we will use the concept of a path between roots
of limbs of some order s. By this we mean a path which starts at the root
of an s-limb and goes along the cycle C until it reaches the root of another
s-limb, where it stops. Such a path, therefore, contains the roots of precisely
two s-limbs.

(i) h = 2.

Let p be the pendant vertex of a 2-limb. Then Gp contains both the non-
trivial limbs. Denote these L1 and L2, labelled so that the order of L1 is less or
equal to that of L2. By the Corollary to Theorem 5, we may assume that L1

has order 3 and L2 has order 3 or 4.
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If L1 and L2 are opposite each other, that is, if the two paths between their
roots have the same lengths, let v be a pendant vertex in L1 and replace the
2-limb opposite L2 in Gv with L1.

If L1 and L2 are not opposite, let l denote the length of the shortest path
between their roots.

Assume that L1 � L2. If G has at least two 2-limbs, with pendant vertices
p and q, then L1 and L2 are identifiable in both Gp and Gq. These two cards
suffice to identify the roots of all limbs, and therefore suffice to reconstruct G.
If, on the other hand, G has only one 2-limb, let v be a pendant vertex in L1

and replace with L1 the 2-limb in Gv at distance l from L2 (or one of them, if
there are two).

Now assume that L1
∼= L2 (so they both have order 3). Let v be any pendant

vertex in L1 and let u be any pendant vertex in L2. If in Gv or Gu there is only
one 2-limb at distance l from the 3-limb, replace it with L1

∼= L2. Otherwise,
there is some card that has two 3-limbs, but both are not at distance l from a
2-limb (exactly one of them is at distance l from a 2-limb unless c = 3l, in which
case neither of them is). Adding a 2-limb so that both 3-limbs are at distance l
from a 2-limb reconstructs G.

(ii) h ≥ 3, G has no branches of order greater than 3.

G has the non-trivial limbs (in this case, they all have order 3) L1, L2, ..., Lh,
labelled in order of their roots along C (for some orientation).

In Gp (where p is the pendant vertex of a 2-limb), consider the paths between
the roots of the 3-limbs. For any 3-limb Li, if the path between the roots of
Li−1 and Li has length a and the path between the roots of Li and Li+1 has
length b, and if v is a pendant vertex in Li, then Gv will have, compared to
G, one fewer path of length a and one fewer of length b, and one more path of
length a + b.

Find the longest path between roots of 3-limbs that can occur in Gv for any
pendant vertex v in any 3-limb. Let this path have length l. (Note that since
G has no branches of order greater than 3, all paths between 3-limbs in Gp,
and therefore in G, are strictly shorter than l.) Now consider each card which
contains a path between 3-limbs of length l. In each such card Gv, the length
of the two shorter paths which have been combined to have length l can be
determined by comparing the paths between 3-limbs in Gv to those in Gp and
seeing which two are missing.

If the two missing paths have equal length, replace the 2-limb in the middle
of the path of length l with the missing 3-limb (the structure of this 3-limb can
be found from Gp). Otherwise, there are two vertices along the path of length l
which could both be the root of the missing 3-limb. If only one of these possible
roots has a 2-limb, it is the correct root.

If, in each card Gv in which a path between roots of 3-limbs of length l occurs,
there are two possible roots of the missing 3-limb and both these possible roots
have a 2-limb, then there is some 2-limb such that, if q is its pendant vertex,
then we can find in Gq two paths, p1 and p2, between 3-limbs such that:

(1) there is a root u of a 3-limb such that u ∈ p1 and u ∈ p2;
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(2) if p1 has length a and p2 has length b (assume, without loss of generality,
that a > b), then a + b = l, but the vertex v at distance a− b from u along the
path p1 has no 2-limb.

Then the 2-limb to which q belongs is rooted at v, so adding a 2-limb to Gq

at v reconstructs G.

(iii) h ≥ 3, G has branches of order greater than 3.

Let the limb of greatest order have order s.
First assume G has only one s-limb. Denote this limb L1 and denote the

other limbs L2, ..., Lh in order of their roots along a path from the root of L1

along C. Let v be a vertex in whichever of L2 and Lh is further from to L1 (the
smaller of them, if the distance is the same, and either if they have the same
order). Then L1 and whichever of L2 and Lh is intact can be identified in Gv,
so G can be reconstructed using Gv and Gp (where p is still the pendant vertex
of a 2-limb).

Now assume G has two s-limbs. Here we can use a similar method to that
in (i), where L1 and L2 are the s-limbs. Since the above tactic also works if G
has several s-limbs, but one of them is isomorphic to none of the others, we can
assume that L1

∼= L2.
If L1 and L2 are opposite each other, let v be an pendant vertex in L1 and

replace the (s− 1)-limb opposite L2 in Gv with L1.
If L1 and L2 are not opposite, let l denote the length of the shortest path

between their roots.
Consider each card Gv such that it contains only one s-limb (so v is a pendant

vertex in L1 or L2). If in any such Gv there is only one (s− 1)-limb at distance
l from the s-limb, replace it with L1

∼= L2. Otherwise, there is some card Gq

(where q is a pendant vertex in an (s − 1)-limb) that has two s-limbs, one of
which is at distance l from an (s − 2)-limb (both the s-limbs are at distance
l from an (s − 2)-limb (the same one, in that case) if c = 3l). Replacing this
(s − 2)-limb with the missing (s − 1)-limb (which can be found by considering
the (s− 1)-limbs in Gp) reconstructs G.

Now assume that G has three or more s-limbs. Let l denote the longest path
between s-limbs occurring in any Gv, where v is a pendant vertex in any s-limb
and proceed in a way analogous to the method used in (ii).

(iv) h = 1.

Let L be the non-trivial limb. Then by the Corollary to Theorem 5, we may
assume that the order of L is 3. Let v be a pendant vertex in L. If there is only
one 2-limb in G, then there are exactly two 2-limbs in Gv (and no other limbs)
and replacing either of them with L reconstructs G. If there is more than one
2-limb, consider the cards Gu, where u ranges over the vertices in the cycle C
which are not the root of L nor adjacent to it. (There are some such u, since
c ≥ 4.) Let P be the longest path in Gu which does not contain any of L except
its root (if there are several such paths, let P be one of them). If P is of length
c or c − 2, G can be reconstructed by adding a vertex and attaching it, in the
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former case, to the pendant vertices at either end of P , or in the latter case, to
the neighbours of the pendant vertices at either end of P . Also attach the new
vertex to the isolated vertex, if there is one.

If for all u in C which are not the root of L nor its neighbours, the longest
path in Gu is of length c − 1, then no degree 2 vertex in C is adjacent to two
other degree 2 vertices, and no degree 3 vertex in C is adjacent to two other
degree 3 vertices, unless one of them is the root of L. That is to say, apart from,
possibly, around the root of L, each root of a pendant vertex, and each vertex
in C which is not a root of a pendant vertex, is adjacent to precisely one root
of a pendant vertex.

Let v be the root of L and consider Gv (which consists of a tree and either a
path of length 1 or two isolated vertices). P is the longest path in Gv (or, if there
are several, one of them). If P is of length c or c − 2, G can be reconstructed
as before. If not, v has one neighbour in C of degree 3 and one of degree 2. Let
the neighbour of degree 3 be u and orient C so that u is to the left of v. Then
continuing to the left of u, we will find, in succession, either a 3-vertex, then
two 2-vertices, then (if c ≥ 7) two 3-vertices, etc., or there are two 2-vertices,
then two 3-vertices, etc. (Types A and B respectively, as shown in Figure 5.)

Figure 5: Two special cases of graphs whose trunks are cycles and which have
only one limb of order L, which is a path of length 2 (here attached to its root
by the middle vertex, though it can also be attached by one of its end vertices).

Again consider Gv. The part of Gv which shows the end of P containing u
will look like the partial graphs shown in Figure 6. Since we know that no vertex
in C except the neighbours of v can have two neighbours of the same degree,
the vertex at this end of P which, in G, is the neighbour of v is identifiable.
Since in both cases it is the neighbour of a pendant vertex, the other neighbour
of v must be the pendant vertex at the other end of P .

This tactic requires that Gv contains two adjacent 3-vertices, which is the
case if c ≥ 7 (since if c = 7, G will be of type B). If c = 6 there is necessarily
some Gu, where u is a vertex in C not adjacent to the root of L (note that u
itself may be the root of L in this case), such that the longest path in Gu is of
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Figure 6: Part of the larger component in Gv of the graphs of types A and B
in Figure 5, with the vertex which must be, in G, the neighbour of v indicated.

length either c or c − 2. For c = 4 and c = 5, the only graphs where none of
the subgraphs Gu (u ∈ C not adjacent to the root of L) has a longest path of
length c or c− 2 are shown in Figure 7. To reconstruct G, we need c, which we
have by Lemma 5, L, which is reconstructable by Theorem 5, and (if c = 4) the
number of edges e in G, which is a recognisable property by Lemma 1.

Figure 7: The graphs with c = 4 and c = 5, respectively, such that for no u ∈ C
which is not adjacent to the root of L is the longest path in Gu of length c or
c − 2. L is again represented by a path of length 3 attached to its root by the
middle vertex. There is, as previously noted, one other option, but since L is
reconstructable it does not really matter.

(v) h = 0.

Let u range over all the vertices in the cycle. If the longest path in any Gu

is of length c or c− 2, then G may be reconstructed from that Gu as in (iv). If
not, every vertex in C has one neighbour of degree 3 and one of degree 2 (and in
some cases one of degree 1), which means that c is even and the roots of limbs
in G always come in pairs, so if u and u+ 1 are adjacent vertices in C which are
roots, then on either side of them there is a pair of vertices in C which are not
roots, and if v and v + 1 are adjacent vertices in C which are not roots, then on
either side of them there is a pair of vertices which are roots.

To reconstruct such a graph we need only know c, which we do since C is
reconstructible.
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5 Near regular graphs

Let loosely a near regular graph be a graph in which most of the vertices have
degree r, and “a few” vertices have some other degree. (Remember that the
degree sequence, which tells us that G has this structure, is recognisable.) In
this section we shall consider first the case where G has one vertex of different
degree and then, at more length, the case where G has two vertices of different
degree.

5.1 One vertex of different degree

Proposition 1. If G has n − 1 vertices of degree r and one of degree t 6= r,
then G is reconstructable.

Proof. Let v be the vertex of degree t, and consider the following three cases:

(i) |r − t| ≥ 2.

Take any card in D(G). If it is the card where v has been removed, it has
t vertices of degree r − 1, and the other vertices (if any) have degree r. G is
obtained by adding a vertex and t edges to the vertices of degree r − 1.

If the card is one where a vertex adjacent to v has been removed it has one
vertex of degree t−1 and r−1 of degree r−1 (any other vertices have degree r),
and G is reconstructed by adding a vertex and r edges to the vertex of degree
t− 1 and the vertices of degree r − 1.

Otherwise, the card has one vertex of degree t, r of degree r−1 and n−r−2
of degree r, and G is reconstructed by adding a vertex and r edges to the vertices
of degree r − 1.

For |r − t| ≥ 2, then, G can be reconstructed using its degree sequence and
any card in D(G).

(ii) t = r − 1.

Here the removal of any vertex not adjacent to v will result in a card with
r+1 vertices of degree r−1. Attempting to reconstruct G from this card alone,
we will have trouble determining which vertex is v, so unless all possible choices
of v give isomorphic graphs we need more information. If the vertex removed
was adjacent to v, however, v is easily identified as the only vertex of degree
r − 2. The card where v itself has been removed has r − 1 vertices of degree
r − 1. In both the latter cases G can be reconstructed using only one card.

(iii) t = r + 1.

Gc is either disconnected, or fits into case (ii). By Lemma 2, G is therefore
reconstructible.

5.2 Two vertices of different degree

Now let G have n − 2 vertices of degree r, and two, which we denote u and
v, of some other degree (u and v need not have the same degree). We will
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first introduce some terminology which will be used for the rest of this section,
and then we will cover some simple cases, which will subsequently allow us to
assume that deg(u) = deg(v) is either r + 1 or r − 1 (and that in the former
case u and v are adjacent, and in the latter they are not). We will assume
that deg(u) = deg(v) = r + 1 and that u and v are adjacent, and show that
unless all vertices in G are adjacent to at least one of u and v, then G is easy
to reconstruct.

We will then have some idea of the appearance of G, and in Section 5.2.3 we
will attempt to identify u and v is some card. As it turns out, identifying the
set of vertices adjacent to both u and v would also be sufficient.

We solve a few special cases, summarise this section, and end with a discus-
sion on how to proceed.

5.2.1 Terminology

Definition. In some graph H, let p and q be two vertices which have the same
set of neighbours, except, possibly, each other. Then p and q are said to be
twins.

If p and q are twins in H, it follows that a map on H which takes p to q, q
to p and every other vertex to itself is an isomorphism.

In a graph G where all but two vertices have degree r, call the two vertices
of different degree u and v, and let Vu be the set of vertices adjacent to u but
not to v (except v, if v is adjacent to u). Vv is defined analogously. We make
no assumptions yet as to whether u and v are adjacent, but if they are, we do
not include v in Vu, nor u in Vv.

Vg is defined as the set of vertices adjacent to both u and v. When Vu and
Vv have equal cardinality, let |Vu| = |Vv| = s and |Vg| = g.

5.2.2 The easy cases

We will now consider a few cases where G is easily shown to be reconstructable.

Proposition 2. Let G be a graph with n − 2 vertices of degree r and two, u
and v, of some other degree. If |r− deg(u)| > 1 or |r− deg(v)| > 1, or if u and
v are adjacent and one or both of them has degree r − 1, or if u and v are not
adjacent and one or both of them has degree r + 1, then G is reconstructable.

Proof. If deg(u) > r + 1, or if deg(u) = r + 1 and u and v are not adjacent,
then regardless of the degree of v, D(G) will contain at least one card, Gv,
where some vertices have degree r− 1 and one has degree greater than or equal
to r + 1. Similarly, if deg(u) < r − 1, or if deg(u) = r − 1 and u and v are
adjacent, then D(G) will contain at least one card where some vertices have
degree r−1 and one has degree less than or equal to r−2. In both cases, G can
clearly be reconstructed (though it may be necessary to compare the number of
(r− 1)-vertices to the degree of v in order to be certain we have found Gv).
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Therefore, the interesting cases are those where u and v have degree r + 1
and are adjacent, or they have degree r − 1 and are not adjacent. Let G be a
graph of the former type, and let n = |V (G)| ≥ r + 2. (If H is of the latter
type, where the two differing vertices have lower degree than the others, then
Hc is either of the former type, or it is disconnected. Thus, by Lemma 2 and
Section 2.1, H can be reconstructed if G can be reconstructed.)

Assuming that G is of this form allows us to say something about the number
of vertices.

Lemma 8. Let G be a graph with n − 2 vertices of degree r and two, u and
v, of degree r + 1, where u and v are adjacent. If there is a vertex in G which
is adjacent neither to u nor to v, then G is reconstructable. In particular, if
n > 2r + 2, then G is reconstructable.

Proof. If there is a vertex in G not adjacent to either u or v, the deck of G will
contain a card with r vertices of degree r − 1, and two of degree r + 1 (and
n− r − 3 of degree r). G is then easily reconstructed by adding a vertex and r
edges between that vertex and the r vertices of degree r − 1.

If n > 2r + 2 there must be some vertex in G which is not adjacent to u or
v.

We also note that if n = r+2, the deck will contain two cards with r vertices
of degree r−1 and a single vertex of degree r. Obviously G can be reconstructed
from either of these cards by adding a vertex and adding edges from it to all
other vertices.

From now on, assume that deg(u) = deg(v) = r + 1 and that u and v are
adjacent, let r + 3 ≤ n ≤ 2r + 2 (r > 0), and assume that all vertices in G are
adjacent to at least one of u or v.

5.2.3 Candidates of u and v in Gv and Gu

Recall that |Vu| = |Vv| = s and |Vg| = g. Since we have assumed that V (G) =
Vu ∪ Vv ∪ Vg ∪ {u, v}, it follows that g = 2r + 2 − n ≤ r − 1 and s = r − g =
n − r − 2 ≥ 1. (If s = 0 then n = r + 2, in which case G is reconstructable,
as seen in Section 5.3.1.) If n = 2r + 2, then g = 0 and s = r since we have
assumed that there is no vertex in G which is adjacent neither to u nor to v.

Lemma 9. g and r cannot both be odd.

Proof. The sum of the degrees in G is 2(r + 1) + 2sr + gr. Since the sum of the
degrees in any graph is twice the number of edges, gr must be divisible by 2,
which it is if and only if at least one of g or r is even.

Gu and Gv have r vertices of degree r − 1 and n − r − 1 of degree r. For
z ∈ Vg, Gz has r− 2 vertices of degree r− 1 and n− r+ 1 of degree r. All other
cards have a vertex of degree r + 1.

Let G[U ] denote the induced subgraph of G on the vertices in U . To make
the notation simpler, for any subgraph H ⊆ G, we let G[H] = G[V (H)].
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Lemma 10. G[Vu] and G[Vv] are reconstructable.

Proof. Let p be any vertex such that Gp has a vertex of degree r + 1 (so p is
in either Vu or Vv). Assume that the vertex of degree r + 1 is v. Then the
vertices in Vu\{p} are identifiable, for these are all the vertices in Gp which are
not adjacent to v. Then G[Vu] is reconstructed simply by taking Gp[Vu\{p}]
and adding to it a new vertex adjacent to all the vertices in Gp[Vu\{p}] which
have degree r − 1 in Gp.

To also reconstruct G[Vv], we repeat this process for any other cards which
contain a (r + 1)-vertex until either the induced subgraph is not isomorphic
to G[Vu], or we have examined s + 1 such cards. In the latter case, we have
G[Vv] ∼= G[Vu] (for by the pigeon-hole principle, we have then used at least one
card Gx such that x ∈ Vu, and at least one card Gy such that y ∈ Vv).

Corollary. If G[Vv] � G[Vu], then for a card Gp which contains a vertex of
degree r + 1, it can be determined whether p ∈ Vu or p ∈ Vv.

Proof. As in the proof of lemma 8, the subgraph of G over p and the vertices in
Gp which are not adjacent to the (r+1)-vertex can be reconstructed. Comparing
this subgraph to G[Vu] and G[Vv] will then determine whether p ∈ Vu or p ∈
Vv.

We will now consider the potential vertices in the cards, for example the
potential u’s in Gv.

Definition. In a subgraph H of G, Pu(H) is the set of vertices which could
potentially be u. At first, we let Pu(H) = V (H), and then we restrict it gradu-
ally to exclude vertices which could not possibly be u. Similarly, the set Pv(H)
of potential v’s is at first all V (H) and will later be restricted. The set Pg(H)
of potential shared neighbours of u and v is also at first all vertices, and will
subsequently be restricted.

Consider Gv. In it, deg(x) = r for x ∈ Vu ∪ {u} and deg(y) = r − 1 for
y ∈ Vv ∪Vg. Thus Vu ∪{u} and Vv ∪Vg, respectively, can be identified. If u can
be identified in Gv, G can be reconstructed by adding a new vertex and edges
from it to all vertices of degree r−1, and to u. Therefore the problem is reduced
to identifying u in Gv (or v in Gu). In fact, u need not be identified outright. It
is sufficient to narrow down (if possible) the potential u’s until those remaining
are all twins.

In Gv, u has degree r and is adjacent to all other vertices of degree r (and,
though this necessarily follows since |Vu ∪{u}| = s+ 1 and r = s+ g, to g other
vertices), so Pu(Gv) may be restricted to contain only such vertices. In fact, we
can go further, and restrict Pu(Gv) to contain only the r-vertices in Gv such
that they are adjacent to all other r-vertices and the induced subgraph of Gv

over all the other r-vertices is isomorphic to G[Vu].
Similarly, Pv(Gu) may be taken to be all r-vertices in Gu such that they

are adjacent to all other r-vertices and the induced subgraph of Gu over all the
other r-vertices is isomorphic to G[Vv].
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If after these restrictions, we have |Pu(Gv)| = 1 or |Pv(Gu)| = 1, then clearly
u can be identified in Gv or v in Gu. This gives us the following rather obvious
result:

Lemma 11. If, after restrictions, |Pu(Gv)| = 1 or |Pv(Gu)| = 1, G is recon-
structable.

Assume, from now on, that after the first restriction, we still have |Pu(Gv)| >
1 and |Pu(Gv)| > 1.

With these tools, we can now show that if n = 2r + 2, then G is recon-
structable.

Proposition 3. If g = 0, that is, if n = 2r + 2, G is reconstructable.

Proof. Consider Gv. In it, there are r + 1 vertices of degree r, namely the
vertices in Vu ∪ {u}. Any vertex x ∈ Pu(Gv) is an r-vertex which is adjacent to
every other r-vertex. Since there are r + 1 of these, all vertices in Pu(Gv) must
be twins.

We may now assume that r + 3 ≤ n ≤ 2r + 1.

5.2.4 A closer look at the shared neighbours

The g shared vertices must all be adjacent to u and v, so in Gv they have degree
r−1 and must be adjacent to some vertex in Pu(Gv). Pg(Gv) may be restricted
to exclude all vertices which do not have these properties. (Note that with this
restriction, if w /∈ Pg(Gv) and deg(w) = r−1 in Gv, then w ∈ Vv.) Pg(Gu) may
be restricted similarly.

Lemma 12. If, after restrictions, |Pg(Gv)| = g or |Pg(Gu)| = g, G is recon-
structable.

Proof. If |Pg(Gv)| = g or |Pg(Gu)| = g all shared vertices can be identified in
Gv or Gu (for convenience, and without loss of generality, assume it is Gv).
Then any x ∈ Pu(Gv) is adjacent to all vertices (except itself) in Vu ∪ {u} and
to the g shared vertices, and to no other vertex, so they are twins. Any of them
may then be chosen as u to reconstruct G.

5.2.5 Potential u’s and v’s in other cards

We assume, by Lemma 12, that after the above restrictions we still have |Pg(Gv)| >
g and |Pg(Gu)| > g.

Let x be a vertex such that Gx contains a vertex of degree r+1, and assume
that this vertex is v. Then if u can be identified in Gx, G can be reconstructed
by adding a new vertex and edges from it to u and to all (r− 1)-vertices. Thus
as before, to reconstruct G we need only identify u.

In Gx, v has some neighbour or neighbours of degree r which are adjacent
to all of Vu\{x}. Restrict Pu(Gx) to include only such neighbours of v.
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Lemma 13. If, after restrictions, there is an x ∈ Vu such that |Pu(Gx)| = 1,
or a y ∈ Vv such that |Pv(Gy)| = 1, then G is reconstructable.

Proof. If, for some x ∈ Vu, Pu(Gx) contains only one vertex, then that vertex
must be u (since |Vu| = r − g and v is adjacent to all vertices not in Vu, it
follows that any neighbour of v which is adjacent to all of Vu must share exactly
g neighbours with v). With u identified, G can be reconstructed.

Similarly, if for some y ∈ Vv, Pv(Gy) contains only one vertex, then that
vertex must be v.

Assume that for all x ∈ Vu, v has more than one neighbour which, in Gx, has
degree r and is adjacent to all of Vu\{x}, and also assume that for all y ∈ Vv, u
has more than one neighbour which, in Gy, has degree r and is adjacent to all
of Vv\{y}.

We now have the following situation:
There is at least one vertex in Vu which is adjacent to all the rest of of Vu

(and, by necessity, to g vertices in Vv ∪ Vg), and there is at least one vertex
in Vv adjacent to all the rest of Vv. In both Gv and Gu, there are more than
g potential shared vertices. For each x ∈ Vu, there is some vertex in Vv ∪ Vg

adjacent to all of Vu\{x} (and not to {x}), and for each y ∈ Vv, there is some
vertex in Vu ∪ Vg adjacent to all of Vv\{y} (and not to {y}).

Recall that at present, letting R be the set of r-vertices in Gv, we have

Pu(Gv) = {w ∈ Gv : deg(w) = r, Gv[R\{w}] ∼= G[Vu] and w is adjacent to all R},
Pg(Gv) = {w ∈ Gv : deg(w) = r − 1 and w is adjacent to some x ∈ Pu(Gv)},
and, for any x ∈ Vu,

Pu(Gx) = {w ∈ Gx : deg(w) = r and w is adjacent to all of {v} ∪ Vu\{x}}.
Using the above assumptions on the cardinalities of the various sets of po-

tential vertices, we can find an upper limit to the number of vertices in Pv(Gu)
and Pu(Gv).

Let x ∈ Vu, and let w ∈ Pu(Gx). In Gx, w has degree r (so w is not, in G,
adjacent to x unless w = u) and is adjacent to v, to Vu\{x} and to g neighbours
of v. If w ∈ Vv then, since by assumption |Pv(Gu)| > 1, w is adjacent to at
least |Pv(Gu)| − 1 neighbours of v if w /∈ Pv(Gu). But (since u and v share g
neighbours and w ∈ Pu(Gx)) w and v must share exactly g neighbours, so if
|Pv(Gu)| > g + 1 (and w /∈ Pv(Gu)) then w cannot be in Vv and must instead
be in Vg ∪ {u}.

If w ∈ Pv(Gu) ∩ Vv (which, since w is then adjacent to {v} ∪ (Vv\{w}) ∪
(Vu\{x}), is possible only if r ≥ 2s−1, i.e. if g ≥ s−1), w is adjacent to at least
|Pv(Gu)| − 2 neighbours of v. Thus if |Pv(Gu)| > g + 2, w must be in Vg ∪ {u}.

If g ≥ s − 1 we must require |Pv(Gu)| to be strictly greater than g + 2 to
be able to say with certainty that w cannot be in Vv. But on the other hand,
Pv(Gu) ⊆ Vv ∪{v}, so |Pv(Gu)| ≤ s+ 1. If |Pv(Gu)| > g+ 2 and g ≥ s− 1, then
|Pv(Gu)| ≤ s + 1 and |Pv(Gu)| > s + 1, which is a contradiction. Therefore if
g ≥ s− 1, then |Pv(Gu)| ≤ g + 2 (and equality is only possible for g = s− 1).
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Proposition 4. Under the current restrictions, |Pv(Gu)| ≤ g+2 and |Pu(Gv)| ≤
g + 2, and equality is only possible if g = s− 1.

Proof. As we have just seen, if g = s−1, then |Pv(Gu)| ≤ g+2 and if g > s−1,
then |Pv(Gu)| < g + 2. By the same argument |Pu(Gv)| ≤ g + 2, where the
inequality is strict if g > s− 1.

Assume that g < s − 1 and |Pv(Gu)| > g + 1. Then for all x ∈ Vu, all
w ∈ Pu(Gx) must be in Vg ∪{u}, so for all x ∈ Vu, |Pu(Gx)| ≤ g+ 1. In fact, we
can go further. Let x and p be two vertices in Vu, x 6= p, and let w be a vertex
in Pu(Gx). Then w must have degree r in Gx and is therefore adjacent to x (in
G) if and only if w = u, so if w 6= u, then w has degree r − 1 in Gp and can
therefore not be in Pu(Gp) (besides, w is not, in Gp, adjacent to all Vu, since it
is not adjacent to x). We conclude that each vertex w ∈ Vg can be in Pu(Gx)
for at most one x ∈ Vu, and it follows that

∑

x∈Vu

(|Pu(Gx)| − 1) ≤ g,

i.e., ∑

x∈Vu

|Pu(Gx)| ≤ g + s.

But since by assumption |Pu(Gx)| ≥ 2 for all x ∈ Vu,

∑

x∈Vu

|Pu(Gx)| ≥ 2 |Vu| = 2s,

so s ≤ g. Thus g < s − 1 ⇒ s ≤ g, but then s > g + 1 and s ≤ g, which is
a contradiction. Therefore if g < s − 1, then |Pv(Gu)| ≤ g + 1. By the same
argument, if g < s− 1, then |Pu(Gv)| ≤ g + 1.

5.2.6 g = 1 and s = 1

Proposition 5. If g = 1, G is reconstructable.

Proof. If g = s − 1, then s = 2 and r = g + s = 3. However, since g is odd,
Lemma 9 states that r cannot be odd. We may now assume that |Pv(Gu)| ≤
g + 1 = 2 and |Pu(Gv)| ≤ g + 1 = 2. By Lemma 11, we may therefore assume
that |Pu(Gv)| = |Pv(Gu)| = 2.

There is exactly one vertex x ∈ Vu which is adjacent to all Vu\{x}, and
exactly one y ∈ Vv adjacent to all Vv\{y}. x is adjacent to a vertex x′ ∈ Vv∪Vg,
and y is adjacent to a vertex y′ ∈ Vu∪Vg. Let the single vertex in Vg be denoted
z.

There are now four possible situations:
(i) x′ = y′ = z;
(ii) x′ 6= y′, x′ = z, y′ 6= z, or x′ 6= y′, x′ 6= z, y′ = z;
(iii) x′ = y, y′ = x;
(iv) x′ 6= y′, x′ 6= z, y′ 6= z.
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However, in situations (i) and (ii), G is reconstructible by Lemma 12, which
leaves situations (iii) and (iv).

Consider Gv. Clearly, Pu(Gv) is identifiable. Both vertices in Pu(Gv) are
adjacent to a vertex of degree r− 1 (not the same one). Call these two vertices
z1 and z2, so by the previous restrictions Pg(Gv) = {z1, z2}.

If there is an (r − 1)-vertex w which is not in Pg(Gv) and is adjacent to all
other (r−1)-vertices except either z1 or z2, then w = y and the zi (i = 1, 2) not
adjacent to y is z (y is adjacent to only one vertex outside Vv ∪{v} and we have
already established that if it is z, then the conditions of Lemma 12 are fulfilled
and G is reconstructable). Then the potential u adjacent to z is u.

Otherwise either z1 or z2 is y, i.e., is adjacent to all (r − 1)-vertices not
in Pg(Gv) (and z1 and z2 are not adjacent). The other is z, so its adjacent
potential u is u.

(If both z1 and z2 are adjacent to all (r−1)-vertices except each other, then
we cannot actually tell which of z1 and z2 is z. Since in this case (u, z) and
(x, x′) are twins, however, we may choose either.)

Proposition 6. If s = 1, G is reconstructable.

Proof. G has n = r + 3 vertices, r + 1 of which have degree r. Each of these
is therefore adjacent to all vertices in G except itself and two others, whereas u
and v, respectively, are adjacent to all vertices except themselves and one other.
Therefore Gc will be a graph on r + 3 vertices, of which r + 1 have degree 2
and two have degree 1. Then Gc must consist either of a path of length r + 2,
or of a path of shorter length and one or more cycles. In either case, Gc is
reconstructable (by the Corollary to Lemma 4 or Section 2.1, respectively), so
by Lemma 2 G is also reconstructable.

5.2.7 Summary

In Section 5, we have now considered connected graphs where most of the ver-
tices have degree r. We have proven that graphs where only one vertex has
different degree are reconstructable, and that a graph G with n− 2 vertices of
degree r and two, denoted u and v, of some other degree are reconstructable if

(i) |r − deg(u)| > 1 or |r − deg(v)| > 1;
(ii) u and v are adjacent and one or both of them has degree r − 1, or if u

and v are not adjacent and one or both of them has degree r + 1;
(iii) deg(u) = deg(v) = r + 1, u and v are adjacent and there is a vertex

in G adjacent neither to u nor to v (and thereby the complement case, where
deg(u) = deg(v) = r − 1, u and v are not adjacent and there is a vertex in G
adjacent to both u and v); or

(iv) deg(u) = deg(v) = r+1, u and v are adjacent, G has no vertices adjacent
to neither u nor v, G has g vertices adjacent to both u and v, s = n−g−2

2 and
g = 0, g = 1, s = 0 or s = 1.
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Some of the above results were reached using the concept of potential vertices
of various kinds, and we have also produced some partial results regarding these,
which may or may not be useful in further study of this type of graphs. In
particular, we have noted that unless |Pv(Gu)| ≤ g + 2 and |Pu(Gv)| ≤ g + 2
(with equality only if g = s− 1), G must be reconstructable.

5.2.8 A discussion on how to proceed

In this section we consider how to proceed if G is such that our previous results
do not prove it is reconstructable. We offer some slight discussion on the subject,
but no more actual results.

By Lemma 10, the induced subgraphs G[Vu] and G[Vv] can be reconstructed.
Since u and v are adjacent to all Vu and Vv, respectively, we can also reconstruct
G[Vu ∪ {u}] and G[Vv ∪ {v}], and in these two subgraphs the locations of u and
v are known. Let G′ be the graph obtained by adding an edge between u in
G[Vu ∪ {u}] and v in G[Vv ∪ {v}].

If there is a vertex z ∈ Vg such that Gz contains only one subgraph iso-
morphic to G′, then {u, v} can be identified in Gz and G can be reconstructed.
Otherwise we can try to find G[G′].

Considering, in each card Gz where z ∈ Vg, the induced subgraphs over each
occurrence of subgraphs isomorphic to G′, we can in some cases find G[G′] up
to isomorphism (the Counting Theorem from Section 3 is useful for this). If, for
some z ∈ Vg, Gz has only one subgraph isomorphic to G[G′] we have also found
the right occurrence of it, and it only remains to find the correct occurrence of
G′ in G[G′].

There are various restrictions that can be used to rule out some of the wrong
occurrences, but if we still end up with several possibilities we can of course try
taking each of these, assuming it is the correct one, and reconstructing G under
this assumption. If all the reconstructed graphs are isomorphic, then we have
reconstructed G. Otherwise, we can consider ways to rule out the incorrect ones.
In the worst case we can use the brute force method of comparing the decks of the
reconstructed graphs to the deck of G. If the reconstruction conjecture is correct,
this will certainly leave only G. Otherwise, it may provide a counterexample.
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