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Abstract

In this report the classic Nevanlinna-Pick-Schur interpolation problem is dealt with.
The focus is on understanding the theory and Pick’s original work and how it can be
used in applications.

Denna rapport behandlar det klassiska &mnet Nevalinna-Pick-Schur-interpolation. Dessu-
tom diskuteras ett antal tillampningar och l6sningar presenteras.

Forfattaren vill rikta ett stort tack till min handledare Yishao Zhou for inspiration och
talamod. Tack &ven till Jan-Erik Bjork av samma anledningar.

1 Introduction

In his paper [7], Pick stated and proved the following statement:

Theorem. (The Pick Interpolation Theorem) Given pairs of complex numbers (zq, wq)
(a = 1,2,..n) with z in the open unit disc D and w, in the closed unit disc D, the
necessary and sufficient conditions for the existence of an analytic function f : D — D
such that f(za) = we for a = 1,2,...,n, are that the so-called Pick matrix P, is positive
semi-definite, and the Pick matriz P, is of the form

(1 — waw5>
1- ZO‘EB a,8=1,2,...,n .

When P, is positive semi-definite there is a finite Blaschke product of degree at most n
which solves f(zq) = wq for a =1,2,...,n.

This is a remarkable result which makes the theorem algebraically checkable, with a
digital computer for example. Thus it is very useful as far as the applications are concerned.
The aim of this report is to understand Pick’s original proof given in [7], and solutions
provided by Nevanlinna and Schur and how the theorem can be applied in a diversity of
applications, in particular, in circuit theory and modern robust control theory.

We start with some simple examples to show how the theorem can be applied.



Ezample 1. (Optimizing the command response, [6]) In H, controller synthesis problems
we are asked to analyze the design of a reference signal preflight’s in command tracking
applications. Such a command response optimization can be depicted by the flow diagram
above

Y

h

AR

where the plant model ¢ is supposed to be a given stable rational transfer function (i.e. g
has no poles in C*) and h is a given stable rational transfer function with desired command
response properties. The design task is to find a stable rational prefilter with a transfer
function f such that ||h — gf||lco is minimized. Here the co-norm is defined as

1hlloc = sup |h(iw)], i*=1.
weR

An unstable prefilter is unacceptable in practical applications because it results in un-
bounded control signals and actuator saturation.

Now if g has no zeros in CT, then we may simply set f = g~ 'h. In case ¢ has zeros in
CT, the plant inverse leads to an unstable prefilter unless C*-poles of g~ happen to be
cancelled by zeros of h. Thus, when g has right-half-plane zeros, the requirement that the
prefilter be stable forces us to accept some error between gf and h:

e=h—gf +— f:gfl(h—e).

Assume now that the right-half-plane zeros of g are z1, 22, ..., 2, of multiplicity one, the
prefilter will be stable if and only if

e(za) = hza), a=1,2,...m,
since the unstable poles of ¢g~! will be cancelled by the zeros of h — e. The previous
conditions are called interpolation conditions/constraints. This is an example of the Pick
interpolation problem. This is because the half-plane can be one-to-one mapped to the unit
disc by the Mobius transform (see any text book in complex analysis or the Appendix).
The Pick matrix then has its components of the form

Wq + Wp
Za +Z5



More concrete we consider the functions g = ;—;, h = =L Obviously ¢ has a single

s+3
zero at s = 1 so there is a single interpolation condition

s+1 1

(W=r=5la =2

The Pick matrix should be (in the half-place case) a scalar % = £ > 0. By the Pick
Theorem the solution for e exists.

Next we consider two interpolation conditions. Let f = (stlJ)r(;);Q) h = 3(313)‘ The
interpolation conditions are
()=h(l) =5, e2)=h2)=1
(& = = — e e = —,
6’ 15

In this case the Pick matrix is

(1/611{;15 1/61;.12%/15> _ (1/6 1/10)'
o2ty 4L 1/10 1/15

It is easy to check that it is positive definite. Again by the Pick Theorem there is a function
e interpolating the conditions above.

Example 2. (Design of a small signal oscillator of an active impedance [11])

Assume there is an active impedance (i.e. a tunnel diode) Z4(p) available. The design of
a small signal oscillator involves, at least in the preliminary conceptual stage, the problem
of embedding Z;(p) in an appropriate passive environment Z(p) in order to achieve a
prescribed set of modes, see the following Figure of the embedding of an active 2-terminal
device in a passive environment.

Ze) | N zulp)

The complex frequencies p, which correspond to a non-zero circulating current I satisfy
the equation

Z(pa) + Za(pa) = 0 Z(pa) = —Za(Pa)-

Hence, the problem of achieving a given set of frequencies p;, ..., p, in C* is equivalent to
generating a positive real function Z(p) which assumes the values —Z4(p,) at the given



points p,,a = 1,...,n. By positive real function we mean Z(s) is Hoo, and satisfies

Z(iw) + Z(iw) > 0.

For example, let us consider the three pairs (1,2), (2, g), (3, %) Is it possible to find a
positive real function Z(s) such that Z(1) =2; Z(2) = 3, Z(3) = 17

Youla and Saito [11] raised the following question: Given n pairs (p1,z1), (P2, 22), .-y (Pny 2n)
with Repg > 0, a = 1,...,n what are the necessary and sufficient conditions for the exis-
tence of a positive real function Z(p) satisfying the interpolation conditions

Z(pa) = za,aa=1,..,n7

They showed that the answer is that the Pick-matriz of n x n

P= (ZO‘ e )
Pa +p5 a,f=1,...,n
must be non-negative definite.

For the three given pairs we form the Pick-matrix

2 3/2 4/3
P=1| 3/2 5/4 7/6
4/3 7/6 10/9

A straightforward computation shows that the principal minors of P

2 3/2

2200319 54

=1/4>0, and |3/2 5/4 7/6|=0.

2 3/2 4/3
‘ 4/3 7/6 10/9

Hence the Pick matrix is positive semi-definite. Thus the function Z(p) exists.

Note that there are many approaches to the Pick interpolation problems, for example,
in operator theory. We will follow Pick, Nevanlinna and Schur, [7, 8, 9], basically from point
of view of classical analysis. Thus we sometimes say Nevanlinna-Pick-Schur interpolation
problem.

And of course we cant omit the work of the Swedish mathematician Arne Beurling. His
formulation and solution of the interpolation problem clarified and developed the problem
in a most elegant way. But this leads us to far away from the scope of this work.[2]

This report is organized as follows. In Section 2 we collect some definitions and ba-
sic facts necessary for our problems. In particular, we discuss the Schwarz Lemma, the
Schwarz-Pick Lemma, finite Blaschke products and their consequences and solve interpo-
lation problems for n = 1,2. They provide some insights and techniques for solving more
general Nevanlinna-Pick-Schur interpolation problems. In Section 3 we give a complete
proof of the Pick Interpolation Theorem on existence. We shall, in Section 4, prove in



detail many of the statements in [7] on the solution of the interpolation problem where
the Pick matrix is singular. Section 5 is a short review of Nevanlinnas approach to the
problem and Schur’s algorithm is presented Section 6. Finally in Section 7 we determine
solutions to the examples above together with solutions for feedback stabilization of linear
dynamical plants with uncertainty in the gain factor, which is the foundation work for
modern robust control theory. We hope to share with our readers some geometric pictures
of the topics presented in this report. The last mentioned point was the original motivation
for the author to study this subject due to the fact that it brings linear algebra into the
picture. We hope that linear algebra and classical analysis deserve a larger space in our
mathematical education.

2 The Schwarz Lemma and the Schwarz-Pick Lemma

Now we turn to a short discussion on the Pick interpolation theorem. The theorem concerns
finding necessary and sufficient conditions for the existence of an analytic function f(z,) =
weq and its successive derivatives when z, is in the open unit disc D and wy, is in D. In this
report we focus on the case where z,’s are distinct and simple.

Pick and Nevalinna gave solutions independently in [7], [8]. Picks proof concerns finite
sequences whereas Nevanlinna gave a solution for denumerable sets recursively and Schur
parameterized the solution set. [9]. Pick showed that the necessary and sufficient conditions

are that the Pick matrix -
P, = (1 — wawﬂ)
L— e a,B=1,....,n

is positive semi-definite. The matrix above is given for the Schur class, S, of functions
which is the set of analytic functions from D to . The necessity of the theorem comes
from a derivation of the Pick matrix from the Cauchy and Poisson formulas for analytic
functions where the former gives the function value in terms of a line integral around a
closed path and the latter in terms of its real part on the border of its definition. The result
is the Pick matrix for the Carathéodory class of analytic functions with funtions from I to

C
(wo + w9>
« ﬁ a, = yeeey Tl

As we have already seen in the previous section this is a third alternative of the Pick
Matrix.

For the sufficiency of the proof we will use the maximum modulus theorem, Schwarz
lemma, the Schwarz-Pick lemma, and the fact that the determinant of a Hermitian matrix
is a quadratic form. For the sake of exposition we recall some basic definitions and theorems
in this section.

The following notations are standard in the literature. The open unit disc D is defined
by D = {z € C: |2] < 1} and the closed unit disc is D. The unit circle is denoted as T.



The term analytic refers to the property of having a derivative at every point where the
function is defined. Therefore, an analytic function can be both real valued and complex
valued. The function can then be represented with its Taylor series and thus it is infinitely
differentiable and integrable. And so they can also be called holomorphic functions, from
the greek words holos (whole) and morphe (form). A property of holomorphic functions is
the maximum modulus theorem. The Pick interpolation theorem can be thought of as an
extension of the Schwarz Pick Lemma. From this point of view, we review these theorems
in this section. Proofs which have impact on interpolation will be given. We discuss these
basic results in the light of the Nevanlinna-Pick-Schur interpolation problem.

2.1 The Maximum Modulus Theorem and the Schwarz Lemma

The Maximum Modulus Theorem says essentially that holomorphic functions have their
maximum absolute value on the boundary of their domain of definition.

Theorem. [The Maximum Modulus Theorem] If a holomorphic function attains its
maximum in absolute value on an interior point it is a constant.

Let Q be a region in the complex plane. If f(z) is analytic and non constant in € then
its absolute value |f(z)| has no maximum in Q.

So if wy = f(2) is any value in Q there exits a neighbourhood |w —wp| < € contained in
the image of Q. In this neighbourhood there are points of modulus greater than |wg| and
so | f(z0)] is not the maximum of |f(2)].

The property of the non-vanishing derivative together with the maximum modulus
theorem gives us,

Theorem. [The Schwarz Lemma] If f € S and f(0) =0, then

)<z, 2#0

o) <1

Furthermore, if | f(2)| = |z| for some 0 # z €D, or |f/(0)| = 1 then f(z) = ze?® (for some
0 eR).

In other words, f rotates z on the unit circle.

Remark. Geometrically this is a holomorphic mapping of D into D with the origin fixed.
The Schwarz Lemma gives a connection between function theory and geometry in that it
relates the modulus of an analytic function to its analytic properties of having a derivative
at every point of its definition. g

We recall the proof here since the idea of the proof will be used later.
Proof. ~ When f is analytic it has a Taylor series representation as f(z) = Y 2 anz".
Since f(0) =0 we can define

g(z)_{f(z)/z 0<lz <1
ap = f'(0) z2=0



This is a holomorphic function from D to . For z € D there exists r < 1 such that
|z| < r < 1. Then by the Maximum Modulus Theorem,

9(2) < sup [g(0) = sup H < 1
I¢l=r Igl=r T "
Letting r — 1 yields [g(2)| < 1, i.e., |[f(2)| < || and |f/(0)| < 1 as desired.
If |f(c)] = |¢| for some non-zero ¢ € D of |f'(0)| = 1, that is, |g(c)| = 1 for some
non-zero |c| < 1 then g is constant with modulus 1 according to the Maximum Modulus
Theorem and hence f(2) = ze' (for some 6 € R). O

2.2 The Schwarz-Pick Lemma

The Schwarz Lemma is given with the origin as a fixed point. If we choose to have another
point fixed we get the first extension of this lemma.
Theorem. [The Schwarz-Pick Lemma| Let f € S. Then

& =fla)) Jz=a| \ .cp, (SP1)
1—f(2)f(a) 1-az
and ,
/() ! Vz € D. (SP2)

L= f(z)]? ~ 1=z

Furthermore, equality in (SP1) for some z,a € D or in (SP2) for some z € D occurs if
and only if f is automorphism of D, consequently f is a Mobius transform.

The inequality says that for all z € D and |a|] < 1 the function f contracts the circles
with ”origin” a.

Recall that an automorphism of a region is a bijective conformal mapping of the region
to itself. To prove the The Schwarz-Pick Lemma, we first show

Proposition. FEvery automorphism ¢ : D — D is a Mobius transform
—a

_ 0 ”
olz) =t

for some 6 € R (Indeed = arg¢'(0)), where a = (p‘i(O) € D. In particular, every
v € Aut(D) extends continuously to a homeomorphism of D onto itself.

Proof. Using the identity

2 2 2
Z—a (1 —Ja[*)(1 = [2]%)
=1- Y D I
1—az [1—az|? ) V&S (Te)
which is ) )
1-— 1-—
1_|90(Z)|2:( |(1| )( |Z’ )7 VZED

|1 — az|?

7



and hence p(D) C D; Moreover, a straightforward calculation gives the inverse of ¢

—ip Tt ae®

-1 o
vz =e 1+ ae 1z

(which can be verified by a routine computation). Now let ® be the set of automorphisms
of the Mobius transforms. It is easy to show that ® is a group (with composition as the
binary operation) and it acts transitively on . Hence if ¢ is a automorphism of D there
exists ¢ € ® such that 1 o p(0) = 0; thus it suffices to show that every automorphism ¢

of D leaving 0 fixed is of the form ¢(z) = €z for some real number # and hence belongs
to ®. But if we apply the Schwarz Lemma to ¢ and ¢!, we see that |¢’(0)] = 1 and the
statement follows from the Schwarz Lemma. O
Proof of Schwarz-Pick Lemma. Pick an a € D. Let
z—a z— f(a)
z) = , z) = ———.
p1(2) = 7 ¥2(2) )

By the Proposition above they belong to Aut(D). Now we apply the Schwarz Lemma to
w0 foe;. That is
[(p20 fop1)(2)] < |zl

or
(20 f)(2)] < [e1(2)]
which is
)~ fa)| _|z-a
L= f(2)f(a)| ~ |1 —az]’
as desired. It is the same as
i@ -i@ | ‘ 1
1 - f()f(a)(z—a)| ~|1—az
Thus the second inequality can be obtained by letting a — z. O

Remark 1. As we have studied in the first complex analysis course if w is a point in the
upper half-plane (i.e. Imw > 0), then

Z—w

dul2) = zZ—w
is an invertible holomorphic function of z mapping from the upper half-plane onto the unit
disc and ¢, (w) = 0. The identity (Ic) for the circle becomes

2
zZ—w

' | 2(mz)(Imw)

|z — w]?

Z—w

8



So ¢, maps the upper half-plane into the unit disc. Indeed the map is bijective. This is
because B
w — W

1-¢’

bu () =

and

w—w( _ (mw)(1—[¢P)

T 1-CP
If f is a holomorphic mapping of the upper half-plane into itself, and w is an arbitrary
point in the upper half-plane, then the ¢, o f o ¢y* maps the unit disc to itself, making
the point 0 fixed. The derivative

gy F@) ()
)

(& 7wy © f 0 dy") (0)

and
¢, (w) = 1/(2i Imw)

Thus the Schwarz Lemma yields
Im f(w)

! < —— 1 .
Fw)l < P s 0
This is the Schwarz Lemma for the upper half-plane. In a similar way the Schwarz-Pick

Lemma reads

1(2) - f(w)
7z = Tw)

In fact we can transform the results on the unit circle to apply to a disk with an arbitrary
center and an arbitrary radius to any half-plane. In control theory and design the right
half-planes and unit circles are common objects. It is useful to know that we can switch
back and forth between the two settings so in the sequel we will do so without further
discussion.

B © F(2)] < 10u(2)] - equivalently 1

z—w’

Remark 2. It is worth pointing out that every holomorphic function f on the unit disc
different from the identity map has at most one fixed point. It is because if f(z1) = 21
and f(z2) = 22 for two distinct points z; and zp in D (assuming z; = 0, without loss of
generality) then f(z) = ez for some real number #. However ¢zy = 25 leads to e = 1.
So f is an identity map on the unit circle. g

Remark 3. The inequality in the Schwarz-Pick Lemma is called an invariant form. Below
we explain why. Led by the inequality (SP1) we introduce

21 — 22

5(21, 22) =

1—Z129



This is the pseudohyperbolic metric on D. The Schwarz-Pick Lemma says: A holomorphic
map from D to D is Lipschitz continuous in this metric:

6(f(2), f(w)) < 6(zw)

The lemma also indicates that the metric is invariant under Mébius transform

3(p(2), p(w)) = d(z,w).

In other words we can reformulate the Schwarz-Pick lemma: A holomorphic self map of
the unit disc is either an isometry (preserves distances and norms) or a contraction with
respect to the hyperbolic metric.

Remark 8. The Schwarz-Pick lemma is an extension of the Schwarz lemma with a new
origin a. In the same way the Pick Interpolation Theorem can be seen as a generalization
of the lemma but with an arbitrary number of points. In fact, when n = 2 the Pick Inter-
polation Theorem is equivalent to the Schwarz-Pick lemma. This can be proven directly.
Note that P, is positive semidefinite, denoted by P, > 0, if and only if 1 — |w;| > 0 and
the det(P,) > 0, which is

(1= [wi )1 = [wal?) _ (1= )1 —[22)
|1—’LT)1’LU2|2 - |1—2122|2

By the useful identity (Ic) the last inequality can be rewritten as

21 — 22

<

1—Z129

w1 — w2
1 — wiws

which is (SP1). o

2.3 Finite Blaschke products

Finite Blaschke products play an important role in solutions of the Nevanlinna-Pick-Schur
interpolation problems. It is due to the following theorem by Fatou [5]:

Theorem. If f is analytic on D and |f(2)| — 1 as |z| — 1, then f is a finite Blaschke
product.

Proof.  Note that |f(z)| — 1 uniformly as |z| — 1. Then there is an r < 1 such that f
is non-vanishing on the annulus {z : 7 < |z| < 1}. Consequently, f has at most a finite
number of zeros in . Let B be the finite Blaschke product formed from the zeros of f,
counted with multiplicity. Then f/B and B/f are analytic in D and their moduli tend
uniformly to 1 as we approach T. By the Maximum Modulus Principle |f/B| < 1 and
|B/f| <1onD,so f/Bis constant on D. Since this constant must be unimodular, proving
that f is a unimodular scalar multiple of B. O

10



The theorem says when the function f is uniquely determined and of modulus 1 it can
be described by the finite Blaschke product:

2= ai
= el H 1—a;z
Here the a;’s are the finite list of the zeros of B(z) and ¢ is a constant with modulus 1,
thus can be written as e? for some real number 6.
The uniqueness follows from the fact that if there were two functions f and g, the difference
f — g would, thanks to the maximum principle, be zero. Therefore, if f = B(z), then f is
unique.
Each finite Blaschke product belongs the disk algebra A(ID), the set of analytic functions
on D that extend continuously on D. In fact, the finite Blaschke products are the only

elements of A(D), that map T into T.
Corollary. If f € A(D) is unimodular on T, then f is a finite Blaschke product.

Rephrase
Z—a;
=0T =
H 1—a;z

It has the properties:
e B is continuous across 0D = T;

e |B| =1 on the boundary T;

e B(z)=1/B(1/%), if z € CU{o0}; and
e B has finitely many zeros in D.

In particular, every finite Blaschke product belongs to H* = H (D), the set of bounded
analytic functions on D.

Clearly, a finite Blaschke product is a rational function. Recall that if P and @ are two
coprime polynomials then the degree (or order) of the rational function f = P/Q is defined
deg f = max{deg P,deg Q}. So the finite Blaschke product B described above has degree
n. Hence for each w € CU{oo} the equation B(z) = w has exactly n solutions counted by
multiplicity. If w € DD then these solutions lie in D; if w € T then these solutions lie on T.

It is apparent that the set of all finite Blaschke products is closed under pointwise mul-
tiplication. Next we show that it is also closed under composition like M&bius transforms,
as anticipated since each factor in B(z), called Blaschke product, is a Mébius transform

z—a

My(z) =

1—az

11



Proposition. Assume By and By are finite Blaschke products. Then By o By is a finite
Blaschke product. Moreover, if ny and ny are the degree of B1 and Ba, respectively, then
the degree of By o By is nins.
Proof. Call the zeros of By a1, ...,ay,. So

By = " M, M,, --- M,

anq *

Then ‘
By o By =¢e"(M,, 0 By) - (M, 0 By)-- (M, © By).

If we can show that each M,, o By (k € {1,...,n1}) is a finite Blaschke product of order ng
then we proved the theorem.

We know that the function M,, o By is analytic in D and continuous on D, and uni-
modular on the boundary T the Corollary above tells us that M,, o Bs is a finite Blaschke
product. Moreover M,, o By(z) = 0 if and only if By(z) = a. As discussed before the
equation Bs(z) = ay has exactly ny solutions in . Hence, M,, o Bs is a finite Blaschke
product of degree no. O

Notice that we can also prove that By o M,, is a finite Blaschke product of degree ns.

Now we discuss the relation between the interpolation problem and finite Blaschke
products. The Mobius transformation of the form

M(z) _ 1_),2 + (z
gz +p
can be written as u
My(z) = e 2~
al2) = € 1—az
It follows from the following algebraic manipulation. Write ¢ = —pa and a = —q/p so

la| = |q|/|p] < 1.Then we get

Mz = P2mpe (P} zma _(p) z-a
—paz +p p) —az+1 p)1—az

Since
(5)-
D
we get
nZ—a
Ma(z) = ezem.

The function M is indeed an interpolating function of the conditions M (0) = ¢/p, and
M (a) = 0. In this case the 2 x 2 Pick matrix is

1—‘% 1
11y (1—‘;{)2>

12

‘ 2



Obviously it is semi-definite and the determinant is equal to 0. By the Schwarz-Pick Lemma
(or the Pick Interpolation Theorem for n = 2), there is an analytic function on ID satisfying
the interpolation conditions. The function is a finite Blaschke product of degree 1.

When the matrix is a singular of n x n we get a Blaschke product of at most n — 1
degree as stated by Pick.

Finally in this section, we illustrate the usefulness of the identity (Ic) by proving the
following equality which is of interest in the study of finite Blaschke products: Let

B(z) =[] 2,

j:ll_ajz

L

Bi(z) =[] +—=%, 2<k<n, Bi(z)=1
j:ll_ajz
For every z € C\ T,
1—|B 1 Jaxf”

By (

||2 Z' T—a;z2

We prove this identity by induction on n. When n = 1 it is the useful identity (Ic). Assume
the equality holds for n — 1, i.e.

n—1
1 - |Bn(2)|2 — Z |Bk(2)‘2 1- |ak|2

[AE T—aP
Now z—a
B(:) = Bala) it
we have, using the identity (Ic),
L= BER = 1- Buo)R [ 2|
" 1—apz
z—ap

=1~ [Bu(2)[* + |Ba(2)[” (1 -

)
_ 22 — an2
L

1—a,z

By the induction assumption we obtain

— 2)|2 — |B,(2)]? 9 — lay|? " 9 a
L= BG 1= IBaG)” g o 1=l s o L= ol

1—]z[2  1—]z? 1 —anz2 |1 11— agz|?

k=1

13



2.4 Three special cases

Now we demonstrate the use of the Schwarz Lemma and the Schwarz-Pick Lemma to
solve some problems which will be used later, serving as a preparation for the general
interpolation problem.

Problem 1. Show that
(a) if f€S,|f(0)] <1, then

SE@ 1O py oy
fi(z) = Z(lf/—(({)(o)f(z)) . cs.
1—[f(0)) -

(b) Let pp € D. Then

po + zg(z

f(z) = f()

1+ zpog(z)
describes all functions in S such that f(0) = pg, Vg € S.
Proof. (a) Since |f(0)| < 1, f(z) is not a constant with modulus 1, but it could be a
constant less than 1 in modulus. So [f(z)| < 1 for all z € D. We know that the Mobius
transform act transitively on D (by the Proposition) , so |z| < 1 and |w| < 1 imply

Z—w
1—zw <1 (T)
implying
h(z) := M €S, VzeD,
1= f(0)f(2)
and h(0) = 0. By the Schwarz Lemma
h
RN L YU
h'(0), z=0

(b) Assume that g € S, we have
|zg(z)] <1 VzeD.
Taking z as zg(z) and w as po in (f) we can conclude that

~ po+29(2)
I = pozge) €

14



Obviously, f(0) = po, so forall g € S, f(z) € S. It remains to show that the other direction
is also true. Assume now f is a solution, the function f; defined in (a) with f(0) = po lies
in §. Solving f in terms of f; yields

= AL
1+ pozfi(2)
Hence f is in the desired form in (b). O

Furthermore we can compute the derivative f'(0) in terms if g(0) and pg in (b):

F(z) = (9(2) + 29'(2)) (1 + pozg(2)) — (po + 29(2))(Pog(2) + 2zpog’ (2))
(1+ pozg(2))?

() ey L lPol”
= (2g'(2) + g( ))(1—|—ﬁozg(2))2

es.

Then

1'(0) = g(0)(1 = |pof*)-
From this computation we can conclude the following: To find f € S with presigned values
of f(0) and f’(0) it is sufficient to first solve the problem of finding all f € S such that
f(0) is given. Then finding all f (if any) such that f/(0) is given is to determine all g € S
such that

/'(0)
0) = —F.
O = T
This problem (i) has no solution if
_ "0
SRR
has modulus greater than 1; (ii) has a unique solution if |p;| = 1 and (iii) has infinitely

many solutions if p; € D.

Problem 2. Given two pairs of numbers (z1,w) and (22, w2) in D?, find a necessary and
sufficient condition for a function f € S to exist such that

f(z1) = w1, f(22) =wo

and describe the set of of all solutions.

Solution. There are two cases.

(i) If |w1| = 1 the only function in S for which f(z1) = w; is the constant function
f(z1) = w1. Thus if wy; # wy the interpolation problem at hand has no solution, and it
has a unique solution f(z) = wy if w1 = wo.

(ii) Jwi| < 1. By Problem 1, a function f € S satisfies f(z1) = w; if and only if it is of the
form

1-z1z

wy + =21 9(2)

M) = e =g

1-z1z

ges
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Then use the interpolation condition at za, f(22) = wy to determine the necessary and
sufficient condition for f to exist. This constraint is equivalent to

20—21 _
w1 + 1—21229(22) we —wy 1 —Z129

= _ — <~ g 22 — — = p
14w 123512129(22) (=2) 1 —wiwe 22 — 21

w2

Now we have three possibilities depending on the value of p:
(i) If |p| > 1 there is no solution.

(ii) If |p| = 1 there is a unique solution:

(p— w1 z1)(z — —2 oo
z—2 — -
fo) = M iaep p—wiz
14wy lz:;llzp (1 - ’u_lezl)(l e *fUlp
1 —wipz
Set (4 := M By (f) ¢1 € D. Remembering that |p| = 1, we get
p— wiz1

& = <—w1 +P21> _ T tpn p(Z1 — pwn) _ AL pun
Z p — w121 ﬁ(l —wlpzl) 1 —wipzy

as in the denominator, and

’Pw151 :‘ p— w121 _i:1
L—wipz1|  |p(p—wpa)| ol
so we can define _

= LTI geR

p(p—wiz1)’
Hence B ¢ ¢
F(2) = p_ w_lzl Rl SUN Rl S|

p(p—wiz1) 11—z -Gz

Thus the unique solution is a Blaschke product of degree 1. 1

(iii) If [p| < 1 then there are infinitely many solutions of the form, using the result from
Problem 1(b):

P+ =59
flo) = L s
1+ p12559(2)

In other words, the solution is parametrizied by any g € S.
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To summarize, a necessary and sufficient for f € S interpolating f(z1) = wy and f(22) = w2
is |p| < 1. Note that it is equivalent with that the Pick matrix

(1 — ijk>
L=2i2 ) jr=1,

is positive semi-definite by the same reason as indicated in Remark 3 above. Ol

Problem 3. (Carathéodory) If f(z) € S then there is a sequence {By} of finite Blaschke
products that converges to f(z) pointwise on D.

Proof. Let f(z) = co+ ¢12 + ... be the Taylor expansion of f . We shall find the Blaschke
product of degree at most m whose first n coefficients match those of f:

B,=co+c1z+ - +cp12"  +dpz" 4 -
Now |cg| < 1, and from the derivation of the Schur algorithm, we can take

By — Z+,CO '
1+ cpz

If |co| = 1, then By = ¢y is a Blaschke product of degree 0. Assume that for each g € S we
have constructed By,_1(z). Let

1 f—f(0

o) = 11O
21— f(0)f

and let B,,_1 be a Blaschke product of degree at most n — 1 such that ¢ — B,,—; hasn —1

zeros at 0. Then zg — zB,,_1 has n zeros at 0. Define

By () = 22n12) 10

1+ f(0)zBp-1(2)
Then B, is a finite Blaschke product of degree zB,,_1 < n, and

29(2) + f(0) _ zBn1(z+ f(0)

J(2) = Bu(2) 1+ f(0)zg(z) 1+ f(0)2B,_1(2)
_ (1-1£(0))2(g(2) — Bn-1(2))
(L4 f(0)zg(2))(1 + f(0)2Bn-1(2))
so that f — B,, has a zero of order n at z = 0. The proof is complete. O

Remark. Without further discussion we point out that the Carathéodory Theorem is linked
to the partial realization problem, see e.g. [3] .

3 The Pick interpolation Theorem

We now present Pick’s derivation of the Pick matrix, thus the necessity, and then a complete
proof. We start with a quote from a well known author: ”"The proof of the sufficiency is
somewhat complicated”. [1]
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3.1 Derivation of the Pick Matrix

The necessity of the theorem comes from the Cauchy representation formula for analytic

functions:
1T fE)
J2) = 271 /0 £E—=z dt.

The formula lets us compute the value of f(z) as soon as we know the values of f(&)
on the circle K centered at 0 with radius p. If we set £ = e we get

1 2T " 67:9
= Y — de.
&= g [ e

And with the point ¢ on the circle we get

2
27rw:/0 wKCC de (1)

—Z

where w = f(z) and wg stands for f(().
If we consider a point outside the circle K we get an integral of an analytic function

21
O:/ wKL do
0

_2
(=%

Since ( is on the circle K, Z:%. Taking conjugate of this equality yields

2 -
0:/ WK — < do
0

0?
z

Simplifying we get

—Z

27r7 2

Let wx = ug +ivkg. Add (1) to (2), after simplification,

27 2
27rw:/ qu d9+i/ v db,
0 ¢—2 0

or

—Z

27 T L= T
27Tw—/ uKC+Zd9—i/ Vi db.
0 0

18



We sum the previous two equations with the number pairs (zq, W, ) in the first equation
and (zg,ws) in the second and get

_ 2m ¢+ zq Z'}'Zﬂ 2 2((2_ Zoezﬂ)
o = = 0= = 0
271 (we + We) /0 UK <§_ZQ+C_ZB> d /0 UK(C—ZQ)((—E[;)d

i.e.

wo + W5 1 /2” do
S . == UK =
p = zaZ5 T Jo (€ = 2a)(¢ —Z5)
Now let p?= 1 and take the sum from «, 8 = 1, ...,n. Multiply with 5453 and sum over
a and B we get

"\ w, +Wg 1 | s [
Gn (81, ey Sn) = Z fiﬁsa@; = / U, @ do = 0.
Byl — 2423 T Jo ~ ¢ — zq
S1
Here g, is the hermitian form of the variables si,...,s,. Denote s = | : |. In matrix form
Sn

where

is the Pick matrix. So we have proved that if there is a Schur function satisfying the
interpolation constraints the Pick matrix is positive semi-definite.

Remark. This version is in the setting of the Carathoédory class of functions. In order to
get the Pick matrix for Schur functions let us consider the analytic function f on the closed
disc. Then the function F' = (1+ f)/(1 — f) has a positive real part. Let F' = U + iV and
so we can represent I’ by

1 2w 10 )
F@)—/ € T 20e)dh + iV (0).
0

o ef — 2

This yields

e 1— 2025
F(za) + Flzg) = /0 i =t

Therefore 5

tia Ude.




Note that by the transformation made in the beginning

2(1 — wa@g)
(1 —wa)(1 —wa)

F(za) + F(zp) =

So we get a Hermitian matrix where the elements of the Pick matrix has the form

1— 2,28 af=1
3.2 Proof of the Pick Interpolation Theorem

Theorem (The Pick Interpolation Theorem) There is an f € S satisfying the interpolation
conditions f(zq) = wq (= 1,...,n) if and only if P,, > 0. When P,, > 0 there is a Blaschke
product of degree at most n which satisfies the interpolation condition.

Proof. By defintion, the Pick matrix P, is positive semi-definite if and only if the corre-
sponding Hermitian form is positive semi-definite, that is

_ n n _
P, = (W) >0 <= hp(s1,y...,8n) = Z 1Msa§5 >0,VseC
—2aZ8 ) 4 51 Byl 1 — 2423
We use induction on n. Note that we have already proved the statement for n = 1,2 as
shown in Problems 1 and 2 in the previous section. Now assume that the theorem holds
for n — 1, n > 1. We wish to show that it holds for n, that is h, > 0 is equivalent to the
existence of f € S such that f(z4) = wq, for a = 1,...,n with (24, w,) € D?.
Suppose f(zq) = wqo. Then it is clear that |w,| < 1. If |w,| = 1 then the interpolating
function is the constant w, and w, = w,, 1 < a < n — 1. Suppose that h, > 0. Choose
now s, = 1,84 =0 fora=1,...,n —1. This is |w,| < 1. When |w,| =1 we choose s, =0

for o # B(< n),n. So

1—|w5\2 1—’LUBZI)n

1—|zg]?  1-2p%n
hn(0,...,1,0...,0,1) > 0 <~ l—wnwy  1—fw? | 2O

1—Zn55 1—|Zn‘2

By (SP1) in The Schwarz-Pick Lemma this implies wg = wy,, as shown before. Hence we
can choose B, = wy, if |w,| = 1.
Now we consider |wy| < 1. To make calculations easier we change variables so that zy,
and w,, are zero:
/ Ra — Zn / Wo — Wp

2oy = ———— w,=——"  a=1,.,n
Y 1= Zpz T

Apparently 2/, = 0, w/, = 0 as desired.
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Then there is f € S satisfying the interpolation conditions if and only if

Z+ Zn
- f(1+znz> —n

g(z —1 o i
— W
" 1+2z,2

eS

and
!

giZ)=wl, a=1,.,n.
Moreover, if f is a Blaschke product of degree at most n then the same is true for g, and
vice versa.

To be able to use the induction assumption we form the Hermitian form k], corre-
sponding to the points {#], ..., 2/, _;,0} and {w],...,w!,_;,0} and try to find the relation to
b,

First we compute:

B o — Wy ’u_l[g*lTJn
l—wpwy - 25 n g, 1 — Jw,[? -
T—wads  l-wedy (- Gw)l—wedy)
where
V1= wa?
Uy = ———.
1 — w,wq
In the same way for
1—z&2’ﬁ B 1—|zn)?

— = = — = VU
1—2428 (1 —=Zp2a)(1 — 2,23) A

and
. V1= |z |?
N 1—2z,20
We have o
1—w w 1 — wyw U
ST el gy = L W (”m) (ﬂ%)
1— 2473 1— 2,25 \va vg
Hence
Ul Un
R (81,00 8n) = hn | —S1, .00y —Sp | -
n( 1 n) n <U1 1 on n)
Therefore

hy, >0 <= h, = 0.

Consequently, the problem is reduced to the case z, = 0, w, = 0.
For simplicity we assume that z, = 0,w, = 0, that is there is f € S solving f(0) = 0,
f(za) = W, @ = 1,...;n — 1 if and only if there is g(z)/z € S solving ¢(z4) = wa/za,
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a=1,..,n—1. So now we have to know whether there is an f € S such that f(0) =0
and f(zj) = w; for 1 £ j < n — 1. Moreover, f is a Blaschke product of degree at most d
if and only if g a Blaschke product of degree at most d — 1. By the induction assumption,
9(2a) = Wa /20, a = 1,...;n — 1 has solution if and only if the Hermitian form

n—1 1 _ wa W5

Bna(sh, o shg) = > % Sasy > 0
et ZaZ8

This means that the theorem reduces to show that
hp 20 <— En,l >0
provided that z, = 0, w,, = 0.
Using, z, and w, = 0 we get,
B (814 ey Sp) = |sn|2 + 2Re Z 508y + Z
a,f=1

When completing the square relative to s, we get two s,53’s so we have to subtract one
9(2a) = W /20, a=1,...;n — 1. Tt gives

n—-1 |2 n-1 1wt
hn(81, "'7STL) = |Sn T+ Zsa + Z <1—Z:Z; - 1> Sa5g
a=1 a,f=1
But
- - _ 1— (wa) (®8
l—wawlg_l_zazlg—wawg _ Zox %) . -
1-— Za 23 a 1-— 2023 a 1— 2023 @%b
yielding
FRIEOIE)
Za z
h(s1, e 80) = D sa| + Y. Tz 2L (') ()
a=1 a,f=1
n 2 N
= Zsa + hn—1(21515 -, Zn—15n—1)
a=1
N n—1
It follows that h,_1 > 0 implies h,, > 0. Letting s, = — Zsa we get the implication
a=1
hp, >0 = h,_1 > 0. This completes the proof. ]

Corollary. Assume P 2 0. Then
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(1) f(2a) = wa, (@ =1,...,n) has a unique solution f(z) € S if and only det(P,) = 0.

(ii) If det(P,) = 0 and m < n is the rank of P, then the interpolating function is a
Blaschke product of degree m. Conversely, if a Blaschke product of degree m < n
satisfying f(zq) = wa, a = 1,...,n, then P, has rank m.

(ili) Let det(P,) >0 and z €D, 2 # 24, a =1,...,n. The set of values
W={f(z): f €S, f(2a) = Wa,ax=1,...,n}

is a nondegenerate closed disc contained in D. If f € S such that f(zy) = wa, 0 =
1,...,n, then f(z) € OW if and only if f is a Blaschke product of degree n. Moreover,
if w € OW there is a unique solution to the interpolation problem in S which also
solves f(z) = w.

Before processing the proof we recall that we have proved

(S1) I (51, .0y $9) = Iy (%;sl, “—sn) .

n
D> sa
a=1

Proof. (i) and (ii) Note that the problem is trivial if |w,| = 1 because then h,, =0, m =0
and B,, = wy,. So we assume that |w,| < 1.

We can also without loss of generality assume that z, = 0,w, = 0. By (S1), h,, and h!,
have same rank. By ¢ described in the proof of the Pick Theorem, the original problem
has a unique solution if and only if the problem with g(2}) = w.,, & = 1,...,n has a unique
solution. Moreover it can be solved by a Blaschke product of degree m if and only if the
original one can be solved.

Now that z, = w, = 0. The original problem has a unique solution if and only if
9(20) = Wa/za, @« =1,..,n — 1 has a unique solution; and f(z4) = wa,a = 1,...,n, can be
solved with a Blaschke product of degree m — 1. Consequently by induction (i) and (ii)
will be proved if we can show that

2
(82) hn(Sl,...,Sn) = +i~ln_1(2181,...72n_18n_1)

rank(hy,) = 1+ rank(hy,_1) (S3)

Denote the Hermitian matrix related to Bn_l, ]-:’n_l = (paB)a,p=1,.n—1- By inspection of
(S2) the Hermitian matrix H,, relative to h,, is

1

H, — 1+ ZaZBPag | -
1

1 1 1
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By elementary row operations,

1
1+ ZaZBPaf |
1

1 1|1

These two matrices should have same rank, but the latter has rank 1 + rank(P,).

(iii) Again we assume z, = wy. Then, using (S3) det(P,—1) > 0. By induction,
W ={g(2) : g € S,9(2a) = Wa /20,0 =1,....n — 1}

is a closed disc in D. But then W = {2¢ : ¢ € W} is a close disc. Since w € W if and
only if w/z € OW, the other claims follow by induction. O

4 Pick’s solutions

In his paper [7], Pick proved that if the determinant of the Pick matrix, being positive
definite, is zero then the solution to the Nevanlinna-Pick-Schur interpolation problem is a
unique real rational function of n — 1 degree. Also, he constructed the solution. He then
argued that the case where the determinant is positive can be reduced to the previous case
by a parametrization, thus we get infinitely many solutions. The key in this proof is the
following fact, whose proof was a single line in [7]:

Claim 1.  Given the n pairs of numbers po, = (za,Wq), let the principal minors of the
Pick matriz P, be

Weq — W
a,B=1,....k

or explicitly

w] —w; Wi — W2 w1 — Wk
n-z a-Z2 A%
Wy — Wi Wy — W2 wWo — Wk
D(pl,...,pk) =| 20— 21 29 — 29 20 — 2k |, k= 1,....n.
W — W1 Wi — W2 Wy — W
Zk— 21 2 — 22 2k — 2k
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Assume that D(p1,...,pn) = 0, then D(p1,...,pn,p) > 0 with p = (z,w), i.e.

w] —wW; w1 — W2 w); — W, W1 —W
21— 21 21 — 22 21 — Zn 2] — 2
Wy — W1 Wy — W9 Wy — Wy, Wy — W
29 — 21 29 — 29 29 — Zn, 29 — Z
_D(p17_”,pn’p): . - - ...7 - ZO
Wy, — W, Wy, — W Wy, — Wy, Wy — W
Zp — 21 Zn — 22 Zn — Zn Zn — Z
wW— 1w, W — Wy w—w, W-—w
z—21 Z— 29 2 — Zn z—2Zz

implies that there are n constants A1, ..., A, independent of p (or z,w), such that

w — W1 W — Wy W — Wy
M—— t dg——2 4k A, —— =0,
z— 7 Z— Zy Z— Zn

Before we prove this proposition, we discuss some of its consequences. Solving this equation
for w (call it fexs) We see that fext is & unique rational function of z of degree n — 1:

n n
. > war [[(z=2)
k=1 7j=1

w w w 5

Mt dp—— o Ay b= =

zZ— 21 Z— 29 Z— Zn J#k

fext(z): b b Y = n n
1 + 2 I n _
Z2—Z 22— 2 Z—Zn /\kH(Z*Zj)

k=1  j=1

7k

From this fact Pick constructed the solution by setting

_¥()
o(z)’

where ¢ and v are coprime polynomial of degree n — 1, then he claimed, without further

argument, that
) ()

w, , Wq = .
“ ¢(2a) “ ¢(Za)
In order for this to be true we have to show that
Claim 2. The rational function fe; obtained above is a real rational function, that is,

the coefficients of both p(z) and 1 (z) are real.
Proof. We show that, for each z & {z,..., 2, Z1, ..., Zn } U {2 : Z)\k H (z—2%j)}, fext(2) =

k=1 j=1
J#k
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feT(z) holds. So we compute

fext(z) - fext(z> =

Z—Zp)(Z— 74
k=1 ( k) i) Jik=1 (
n _
Z - W — W; 1 1
-2 \Z—Z, Z—z
jk=1 b F 7
n n N n _
Ak - wW; — W A w; — Wy,
— Wy j J
=) 2 N T T 2 =0
k=1 A e e B Jp=1 Ik

zj — Zk
and
n _
< Wj — Wy
N—L——==0, k=1,..,n,
- 25 — 2k
Jj=1
respectively,

Claim 3. The real rational function fey(2) satisfies the interpolation conditions.

Proof. Since \, #0, a =1,...,n,

M a2,
_ 2o T %1 Za T 22 Zo. T Rn
fext(zoz) - )\1 )\2 )\n
— + — 4+ =
Za — 21 Zog T 22 Zao T Zn
Al(wl_wa)+/\2(w2_wa)+._'_|_)\ (05, — wq)
— n —
_ Za — 21 2o T R2 Za — Rn _
= " . " X, + W = Wqy
Za — 21 Za — 22 2o — Zn,



The last equality holds by Claim 1. O

Now
V(za)  ¥(z)
_ Wq — wg . gO(Za> @(Eﬂ) i 1 ) @(%’W(Za) - "/)(25)90(20)
Pol = a— 25 za-25  #(za)p(%) 2o — 28
Let
" 0z 7) 1= PENE) = ¥()ol2)
Then
_ S)(Za,iﬁ)
Pl = o(za)(26)
So the principal minors
Q(z1,71) Q(z1, Zm)
p(21)p(21) e(z1)¢(Zm) Qz1,21) Q(z1, Zm)
B 2'2,21_ z27’z7f B 1 O (22, 21) (22, Zm)
D(p1, - pm) = | @(22)9(21) P(22)0(Zm) | = or ST oG
Q(Zm, 51) Q(Z;Tl:v.zm) Q(Zmagl) Q(Zmaém)
¢(zm)p(21) ©(2m) ¢ (Zm)
It is positive definite if and only if
Q(21721) Sz(zlvzﬂﬂ)
A, = 9(22721) Q(Z.Z."Zm) >0, m=1,..,n—1
Q(zm, 21) Q(zm, Zm)

Equivalently, the Hermitian form

n
H(s)= Y Q(2a,%s)5a5s, 5= (51,....5,) € C"
a,f=1

is positive definite. Write now
n—1 n—1
p(2) = ona®, h(z) =D it
k=0 k=0

This leads to

n—1
> (pivn— o)zt ot
£ D — Bion) :
(e, 2) = P40 ] =y O iek) ik S ik s,
z—Z j,kZOAtZ_/ 7,k=0
ajk
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Following Pick, we consider the Hermitian form
n—1
H(t)= Y ajtjty, t=(to,....ta—1) € C".
j:kio

Further let us consider the linear transform U, ., : C* — C" represented relative to the
standard basis by the matrix

1 ... 1
21 Zn,
V(zl,...,zn) = . .
n—1 n—1
2] 2y

where we assume that the points z1, ..., z, are distinct, thus the matrix is invertible (the
determinant is H (2j — 21), the Vandermonde determinant). Consequently the linear
n>j>k>1

transformation U, . ., is a bijection. So for s € C" we have

H(s) = H(Uzl,--»,zns)

In other words, the Pick matrix and the matrix (a;;) have the same rank. And hence
Qz,z) > 0.
Next notice that when z tends to a real number z (also Z — z), we have

Qz) = o)y (z) — (x)¢'(x), ( where (-)" stands for the derivative of )

From this we see that neither ¢ nor ¥ has multiple real zeros, for otherwise both p(z), ¢'(z)
would be zero (or the same for ¢ (z)), violating Q(x) > 0. Let ¢(x) = 0 we have

@) _ Q)

@) @)
So if ¢ has n — 1 zeros ay, ..., a,—1 we have

(2) _ oA O

(2) z—ay 2 — Gp1

<

S

where Ay, ..., A,—1 are positive. In case ¢(z) has less than n — 1 zeros then we have

¥(2) =C+ Az —

@(Z) z—ax Z — Qp—29

Ay Ap—o

where A, A1, ..., A,_1 are positive. Then we can show that the resulting Pick matrix is
positive semi-definite and the Pick matrix is singular.
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It remains to prove Claim 1.

Proof of Claim 1. Pick claimed that D(py, ..., pn,p) is a sum of D(py, ..., p,) multiplied by

a factor and ,
w — W1 W — Wy W — Wy,
W

— + A2 — + -+ Ay -
z—Z Z— Zy Z— Zp

From this the Claim follows because of the non-negativity of D(pi, ..., pn,p). So we have
to show that

_ _ — 12
w—w w—w w — w.
Mt g A

— — , C'is a factor.
z— Z— Zw Z— Zn

D(pla )pnap) = CD(pla 7pn)_

Using the Laplace’ formula after the last row,

w — W n w — W1 n w — W
D(p1;..,Pn,p) = D(P1, -+, Pn) — 4+ (=1)""2 D) —— + (-1)"P*Dy——+
z2—z z—2Z1 z— 2
_|_..._|_(_1>2”+1D W= Wn
" 2 — Zn

where Dj, (j = 1,...,n), is the determinant of n x n matrix with jth column and the last
row of D(p1, ..., pn,p) deleted:

w] — W1 wyp —Wj—1 W1 — W41 w] — W, W —w
z21— Z1 21— Zj—1 21 — Zj+1 21— 2p 21— Z
wo — W1 w9o — ’w]‘_l wo — w]-+1 w9 — Wp, wo —w
Dj =| 20— 21 22 — Zj—1 22 — Zj+1 29 — Zn z29—Z |,
Wy, — W1 Wy — Wj—1 Wp — Wj41 Wy — Wy Wy — W
Zn — 21 Zn — Zj—1 Zn — Zj+1 Zn — Zn Zn — Z
(WL W ntaW2 — W oy Wy, — W
A e B ) WIS U T S ) Y Sy
21— 2 29 — 2 2y — Z

Again we used the Laplace’ formula in the last equality but after the last column. By a
careful inspection we see that Dj;, (k =1,...,n) is the the determinant of (n —1) x (n —1)
matrix with the jth column and the kth row of the Pick matrix P, deleted. Therefore,

w; — W
w —w w — W1 w — W A=z
D(ply"'apnvp) = D(plaapn) — + ( — _") Ad.](Pn)
z—Z z—21 Z— Zn _
Wy, — W
Zn — 2

Since the Pick matrix has rank n — 1) there is at least one nonzero (n —1) x (n — 1) minor
of P,. This implies that Adj(P,) # 0. Since

P,Adj(P,) = det(P,)I = 0
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we conclude that the columns of Adj(P,) lie in the kernel of P,,, ker(P,). By the rank-nutty
Theorem
dimker(P,) =n—dimR(P,) =n—(n—1)=1.

So the rank of Adj(P,) is 1. Note that Adj(P,) is Hermitian as P,. Thus there is a full
rank factorization of Adj(P,):

A1
, VN P _
Adj(Pp) = | . | (M X An)
An
which yields
w — W
D(pla--'vpnap> = D<p1)"'apn> o +
A vz w
- - by zZ1 — %
w — W1 w — Wy, 2| - - - ]
+< ... — ) ) ()\1 Aoy --- )\n) :
z— 2 Z— Zp : _
: Wy, — W
An Zn — Z
_ _ _ 2
w— w — W w — W w — W
= — - D(p1,-,pn) — | M1 4 — Ay -
z—Z z— 2 Z— Zy z— Zp
Note that at least one \; # 0. O

5 Nevanlinna’s solutions

Nevanlinna’s view on the interpolation theorem is based on the assumption that if the
function f, is in the unit disc then the function f,,+1 also is in D.
With the same reasoning as in the proof of the Schwarz Lemma there exists a function

If lw| =1 then f(2) is a constant. But if |w;| < 1 then we get a solution for f(z1) = wy,
which is the function f;. So with the Schwarz-Pick Lemma we should be able to write a
solution for the function f5 as

J1(z) — w1

fal) = 15BN

1—=z12
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As long as there is an expression of the form above with f,(z) we know there exists a
function f(z). For every w, and z, we get a new function with |f,(2)| < |z|.

So what happens when |f,(2)| = |z4| ?

The inequality in the Schwarz-Pick Lemma becomes an equality and so |f(z4)| = 1 and
by the Maximum Modulus Principle f(z) is uniquely determined by the values of z, and
Wq. If |we| < 1 there is an unlimited number of functions. This is because the Maximum
Modulus Principle says that analytic functions have their maximum value (modulus) on
points at the boundary and so therefore if |w,| < 1 then we know by the Schwarz Lemma
that there exists a function for w, = f(z). So whenever we have |w,| < |z4| there is a
function f(z) = w.

The resulting function f,4+1(2) is given as a linear fractional transformation with the
function fi(z) and can therefore be written as

an(2) fnr1(2) + bn(2)
n(2) far1(2) +dn(z)

The terms a,(2), bn(2), cn(2), dn(z) are polynomials.

fu(2) =

6 Parametrization of solutions, Schur’s algorithm

Schur’s algorithm is a parametric representation of the coefficients in a power series repre-
senting an analytic function. So we show that all functions analytic in D and with values
in D can be represented using Schur’s algorithm.

If f is an analytic function it can be represented with the power series

f(z)=co+c1z+ o2 + ...

It is convergent for all |z| < 1 and so |cg] < 1. If |¢o] = 1 then f(z) is reduced to the
constant co. If |cg| < 1 we can form the expression, where vy represents cg,

f L f— c1 4oz 4 322 + ...
1= — = — - - )
21 =% f 1 — % —Yci1z — ’)/06222 — ..
This gives
= f1(0) = _a
A 1 1—zocy”
If |y1] < 1 we define
1 fi—m
2=———1—, 72:= f2(0).
4 z1=mhf (0)

This gives us a sequence of functions fy = f, f1, fo,... in S, determined by the two
algorithms
frt1 = I
" Z (1 - ﬁnf n)
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or, equivalently
f _ Yn + an+l
" 1+ Ynz frt1 .
Recall that an analytic function f on D = {z = |2] < 1} is called a Schur function if and
only if sup |f(z)| < 1. We say f is trivial if it is a finite Blaschke product
z€D

z— 2z
—ewH - 21y eees 2m € D

If f(2) := wp is a constant then f(z) is a finite Blaschke product of degree 0. If |wg| = 1
f is said to be trivial and if |wy| < 1 non-trivial. In case f(z) = wo € D f is called a
degenerate Schur function. Thus nondegenerated Schur functions are precisely analytic
maps of D onto ). Note that degenerated functions are also trivial.

Schur provided a continued fraction expansion of an arbitrary Schur function of the

form
f(z) =fo(2)
fi(2)
fiv1 = (1%( >)
75 :=1£;(0)

This is the Schur algorithm. The {v;},>0’s are the Schur parameters.
Now we can formulate the proposition that f;;1 above can be expressed as a continued
fraction. We solve for f; in the definition above:

o vitafink) o = P)afi 1_|'VJ|2
fJ(Z)—lf—Vﬂ‘l =Yt —T
+ % fi+1(2) Yizfi+1(2) 7 +1(Z) +’YJ
Hence | |2
1-1%
f(z) =9+ 1

Yo + 5

. 0= iP)

zfg(z)

Proposition. Nondegenerate Schur functions are maps of D onto D. The Schur algorithm
exploits two ways of mapping a Schur function to another.

Proof. We know that (i) for v € D we have

w—r
1 —~w

T’y(o) -

is an invertible analytic homeomorphism of I) to ) mapping 7 to zero. So T is a
nondegenerate Schur function which vanishes at zero.
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(ii). By the Schwarz Lemma, if f is a Schur function and f(0) = 0, then either @ is a
nondegenerate Schur function or a constant on JD. Ol

Corollary. The Schur papameters satisfy |v;| < 1 for all j if f is nondegenerate.

As we saw above we get a sequence of Schur parameters g, 71, ..., 7» and Schur functions
f = fo, f1, ..., fn calle the Schur iterates of f. At some stage f,(z) = v, will lie on 9D. In
that case we stop. If f,(z) = 7, € D, we continue, which means f,11 = fp42 = ... =0
and V41 = Ynt2 = ... = 0. Thus, any Schur function f is associated to either an infinite
sequence Yo, 71, ... € D or a finite sequence o, ..., ¥, whith v; € D for j < n and ~, € 9D.
It is not hard to se that the case 7, € 0D holds if and only if f is trivial, i.e. a finite
Blaschke product.

The Schur algorithm is widely used in many applications,. Here we mention a few:
moment problems, robust control, signal processing, circuit theory, and numerical analysis.

7 Some worked examples

In this section we solve the problems mentioned in Section 1 and describe, fairly in detail,
how a robust control problem can be solved.

Ezample 1. (Revisited) As argued in Section 1, we have e(1) = 3. By the Pick Interpolation
Theorem, there is a solution e. Since e is required to be stable, the Maximum Modulus
Principle ensures that

1
lelloc = sup le(s)| = sup le(s)| = [e(1)] = 5
s=iw Re(s)>0
Therefore, the interpolating function with minimum infinity norm is the constant e = %
and the associated norm is ||e|| = 3. Remember that f = g~ !(h — ), with g = 2;—% and
h = % So we obtain

f_s+2(s+1 1> _1s+2

s—1\s+3 2/ 2s5+3

Although this is a very simple example it raises the interpolation problem with an additional
constraint, that is, with the minimum infinite norm. In this simple example we simply
choose the constant function. Next example shows that such choice is not feasible.
Ezample 2. (Revisited) In this example we shall find an e such that e(1) = # =: hy and
e(2) = % =: hy (s1 = 1,s2 = 2) with minimum infinity norm. If we imitate the method
used in the previous example we would have

1 2
llelloc > max§ =, — ¢ .
6" 15
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Since we have two values to interpolate, simply setting e = % will not work. The Nevanlinna-
Pick Interpolation theory says that there is an interpolation function e with |le|lo < 7 if
and only if the Pick matrix

v2—h? 42 —hhy

P. = 2 3
2(7) ,yz “hiho ,yz - h%
3 4

is positive semidefinite. (See [6] for a general statement). We can show that if v; > 72
then Pa(v1) > Pa(72). So the desired optimal norm is the largest value of ~ for which the
Pick matrix P»(7) is singular. The optimal value of «, v* is the square root of the largest
eigenvalue of the symmetric matrix pencil

L1\ (B b
_ 2 3

A i i hihy R}
3 4 3 4

which is v* = 49?50\6@ = 0.207233. The Nevanlinna-Pick Interpolation Theory gives the
optimal interpolating function as

Lt
-7 a—+s
where “ i h .
0= satr® = (94 V89) ~9.21699
Y* —he 2
with « either 1 or 2. Obviously, the e obtained here satisfies the interpolation conditions
and ||e]|oc = 7* because @z = up @7 _ 1. So the optimal prefilter is
a+ S| w>0|0+ W
. s+3
f=n s+a

Notice that the optimal interpolating function is a constant multiplied by a stable transfer
function with unit magnitude on the imaginary axis, which is a general property of optimal
interpolating functions.

By this example we illustrated that an increase in the number of interpolation con-
straints makes the evaluation of the interpolating function much harder. Despite this, the
error function retains the ”constant magnitude on the imaginary axis” property associated
with constants.

Ezample 3. (Revisited) Efficient techniques for constructing an interpolating positive real
function are proposed by Youla-Saito [11], as follows: Let (p1,21), ..., (Pn, 2n) be given. We
consider two cases:
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(i) The Pick-matrix A is singular and has rank r < n.
(ii) The Pick-matrix is positive definite.

For case (i) we have:

(1) Pick up any non-trivial solution of Az = 0 for example z = (21, ..., 7).

(2) Form two rational functions

n

n
PaT TaS
nls) = =57 e@= 5
a=1

a=1 pa TS

(3) Let s1,..., s, denote the finite, distinct, common real non-negative roots of gi(s) =
0, g2(s) =0. Thenr <n—1.

4) Set w3 =s5, B=1,...r
8 B

-

2sa

s)—cs+z 2 o

+ wg?
The solution of the (r + 1) x (r + 1) linear inhomogenous system

2a
Z—’“:c+ziﬁ k=1,2,.,7+1

yields a unique real non-negative determinant of the r + 1 unknowns c,aq, ..., a;.
These determine z(s) as the unique Foster interpolating function. Note that we may
choose c =0 if 1 + ... + z, # 0.

Next we turn to the second situation where A > 0. There are two subcases.
(i) The interpolating positive real function Z(s) need not to be chosen Foster, and
(ii) it must be chosen Foster.

In both cases we reduce the problem to case (i). We omit the details here since it is beyond
the scope of this report.
Now we go back to solve the problem stated earlier.

2 3/2 4/3
A= 3/2 5/4 7/6
4/3 7/6 10/9
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As shown before the rank of A is 2. By the algorithm above we choose a solution to Az =0
to be x = (1,—4,3)”. Then,

1 -8 9 s —4s 3s

= d = :
91(s) 1—|—s+4—|—5+9—|—s o g2() 1—|—8+4+S+9+8
Solving g1(s) = 0 and ga(s) =0, i.e.
2(s—11)s 12s(s — 1)
0 = :0’ = — :O
910 = DG TG £ 9) 20 = DG O+ 9)

which gives,
s=11, s=0, and s=0, s=1.

The only non-negative common root is 0. Thus we get

2
z(s) =cs+ =
s

For s =p; =1 and s = p» = 2 we get two interpolating equations

2=c+ 2a;

5/2 = 25+ ay sc=1,a=1/2

So z(s) = s+ 1/3 is the desired Foster function.

Ezample 4. (Feedback stabilization of linear dynamical plants with uncertainty in the gain
factor. [10])
We start with some necessary definitions:

(i) A rational function whose denominator has degree greater than or equal to the degree
of the numerator is called a proper rational function.

(ii) A rational function whose numerator and denominator have no common factor and
which has no zeros in C* is called a Hurwitz rational function. Furthermore, a Hur-
witz rational function has no zeros in C* is called strictly Hurwitz rational function.

Problem formulation: Let P be our plant such that its input-output transfer function
P(s) = kP(s), where P is a fixed proper rational function with real coefficients and k
is the gain factor, which may vary in some interval [kmin, kmax]. This problem can be put

in the following cybernetic diagram:

u(t) . - 0P 0

I )
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The aim of the control design is to stabilize the system. We want to find necessary and
Sufﬁcient Conditions for being able to construct C'(s) and F'(s) holomorphic in C " such that
C(s) and ( should be strictly Hurwitz, and such that the denominator 1+ P(s)C(s)F(s)
of the closed-loop transfer function will be strictly Hurwitz. The problem is commonly
referred to as the strong stabilisation problem for uncertainty gain factors. It can be

reduced to the problem of finding a fixed rational function g(s) = g;( ; with ( y broper

and G strict Hurwitz such that —g + kP is strict Hurwitz for all k € [Kmin, Kmax)-

In other words, given a real proper rational function P we wish to solve the strong
stabilization problem for an uncertain gain factor by finding an interval [kmin, kmax] € S
such that for all [a,b] € S, kmas/kmin > 2 where S is the set of all intervals [a, b], (b > a > 0)
such that there exists g(s)| a,p] 18 a real strict Hurwitz rational function and m proper,

such that for all k € [a,b], —g(s)|(q + kP(s) is strict Hurwitz. (For simplicity we drop
the explicit reference to the dependence of g(s)[(, 4 on the interval [a,b].) Moreover, it is
demanded to construct the corresponding rational function g(s).

To demonstrate the theory developed in [10] suing the Schur algorithm, we compute a

concert example by methd proposed in [10]: Consider P(s) = Ez :13) We want to determine

g(s) as a real rational strict Hurwitz such that —g(s) + kP(s) is strict Hurwitz for all & in
some maximal interval [kmin, kmax); (Kmax > Kmin > 0). It is shown in [10] that this problem
is equivalent to finding a real rational function h(s) such that,

(1) h(s) € [kmin, kmax] for all s € CT [ J{oo};
(2) the zeros of h(s) in C* are precisely the poles of P(s) in C* counted by multiplicities;

(3) any zero of P(s) in C*|J{oo} of multiplicity m is a pole of h(s) of multiplicity at
least m.

Therefore we want to have h in CT |J{oo} — C* [J{oo}/[kmin, kmax] such that h(1) = 0
and h(3) = co. The idea is to use the Schur algorithm.

Define first ¢ : D — C* | J{oc}. ¥(s) = 1££. In particular, 1(0) = 1, the pole of P(s).
Now define

1
i1

al_l—|—1_0
%_1 1

a2 =3 =3
T+1

where both ajand ap is in D. (notice that 1 and 3 in the a’s are the pole and the zero pf
P). This gives us ¥(0) = 1 and ¢(1/2) = 3, both in C*

So we wish to find a 2 : I — D such that 2(0) =0 € D and h(1/2) = o € D and h(s)
is closen so that || is maximized.

Our task is to make )
kmax _ <1+ |a|max>
kmin 1-— |a|max
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and B
h(s)=¢ " ohoy,

where ¢ : Cteup{oo}|j i kma] — D5 (Fmax > kmin > 0) and ¢(0) = 0, ¢(c0) = a,
(0 <o <1).

To determine h we apply the Schur algorithm

min

P _ B(s) — BEO) 1—as
1= 5"h(s) ¢~
(1 _ =B 1 -

2 1— B%O)ﬂéo) a9 —

In our case B§O) =0, BSO) =a, 01 =0, ay =3

5-
Then _ _
~ h(s 1—-0-s h(s
o = )10 it
1-0-h(s) s—0 s
and 1
(1) I
By’ = 1/2 2a0

Continue in the recursion,

ia(s) = hi(s) —2a 1—(1/2)s _ hi(s) —sa 2—s
2 1—2@%1(3) 8—(1/2) 1_2d7:b1(8) 26 —1°

It can be shown [10] that we get a solution if |B§1)| = |2a| <1 so that |a| < (1/2), and
we can take ha(s) to be arbitrary, in particular we take hy = 0.

Then R
— %0 2— -
= (s) = i < hi(s) = 2a.
1—2@h1($) 2s -1

Thus h(s) = 2as is the required function.
Since o is bounded by 1/2 we can take « real and positive so that amax = [|max = 1/2.
Then h(s) = s is our solution. By the Schwarz Lemma || < 1/2 so that |&|max = 1/2 and

then h(s) = s is a solution. Since amay = 1/2 we have 1122?: = Gﬂg) =9.
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In [10] ¢ is defined by the composition ¢ = ¢4 0 ¢3 0 P3 o 1 where

SRS

¢1(s) = % mapping C U {00} \ [a,b] to CU {0} \ [~00, 0], resulting in ¢ (0) =
$2(s) = /s, mapping CU {oc} \ [~00,0] to C* then ¢s(a/b) = \/a/b

1-— b
¢3(s) = 77 where |y| = 1, mapping C* to D with ¢3(+/a/ 7a/ =:a
1+ +/a/b
/
note that — = |o/] and 0 < |o/] < 1
v

Oé/

04(s) = 7’%, where |7'| = 1, mapping D to D, then ¢4(a’) = 0.

This amounts to

¢—1 _ ¢1—l o ¢2—l o ¢gl o ¢Zl

which gives
51(s) = ala+1)%2(s —1)2 — (b(1 — a)?(s + 1)?
C (a+1)2(s—1)2 = (1 —a)?(s+1)2

Since we are only interested in b/a , we might take a = 1 . However kpax/kmin = 9 thus

the maximal interval is [Kmin, kmax] = [1,9], i.e. b = kmax = 9. This yields
—9s 1 s—1
o) = —5s+2’ v s+1
So

—9(s—1)(s+1) 9(s—1)(s+1)
—s2+9  (s=3)(s+3)"

h(s)=¢""ohoyp™'(s) =

Next we compute g(s):

)

g(s) = P(s)h(s) = <§ - ij) (9((33_31;(? ++31>)> _ 9(58 ++31)

as expected ( or the pole —1 and the zero —3 are in C"). Finally

9(s+1) k(s—3) (k—9)s>—9(k—1)
s+3 s—1  (s=1)(s+3)

—g(s) + kP(s) = —

is obviously Hurwitz for all k£ € [1,9].

Remark. If in h(s) = 2as we take o < 3 and then do the similar calculations as above to
find corresponding h and g, then —g(s) + kP(s) is strictly Hurwitz. For example o = i
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2
5 1+1 2 o . . .
then h(s) = 3s. & = 1) = (5) = 25 and again since we are interested in the ratio £

2 a 1_Z 3 9 a

we may take a =1, b= % which yields

_25(s —1)(s+1)

0 = e T
Now
o1 g1y 25(s—1)(s+1) S _25(s+1)
M) = o oy ) = T gy gy IO = PORG) =T

It is strict Hurwitz and

25(s+1) RS 3 (Tk —25)s* — 12ks + (25 — 27k)

—g(s) + kP(s) = 75+ 9 s—1 (7s+9)(s—1)

The discriminant of the numerator is
144k% — 4(25 — 27k)(Tk — 25) = 100(9k* — 34k + 25) > 0

since 342 —4-9-25 < 0. Now k € [1, 2] we see that all coefficients of the numerator are
all negative so (25 — 7k)s? + 12ks + (7k — 2s) has all zeros in C*. The zeros are

6k £5V9k? — 34k + 25
N Tk — 25 '

S+

So for all k € [1, %] we get —g(s) + kP(s) as the sought function.

Finally it is worthwhile pointing out that Pick-Nevanlinna interpolation theory has been
applied to retention-solubility studies in the lungs, [4], somewhat not expected area. In this
paper computational procedures for retention-solubility studies are given which determine
data feasibility and some extreme properties of lung models compatible with given data.
The procedures provided in this paper are analytic and are based on the Pick-Nevanlinna
interpolation.
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Appendix

The purpose of this this Appendix is to provide geometric view of the Schwarz Lemma,
and some results of linear algebra in the Pick proof in [7].

Al.

Circles on the complex plane

A circle in the complex plane can be described by

22—z —YZ—yy—p =0 (3)

where 7 = o+ i and p is the radius from the centre. Multiply with a real constant A and
we get

AzZ+Bz+Cz+ D = 0. (4)
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where B and C are complex conjugates, and D is real. A = 0 gives the equation for a
straight line. Since the expressions (3) and (4) are quadric functions with complex numbers
the circle can be written as a Hermitian matrix

A B
-(&p)
with the determinant A = det(T) = AD — BC = AD — |BJ?. When the determinant is
A = —p? or A = —Ap? we get a real circle. If A = 0 we get a point circle (a point) where
p =0, and A > 0 gives us an imaginary circle. As an example, the imaginary unit circle
zz4+1=0.

If we have two different circles C; and C5 so that the their corresponding Hermitian
matrices, C1, Cy are not proportional we can form the pencil with the two circles

C = MC1+ X0y
where A1, Ay are real and both not zero. Thus we get the determinant of the pencil

. MAL + XAy M Bi+ \aBy

- = A2 4 281901 Mg + Aghy?
AMCL 4+ A2Co A1D1+ Ao Do A7+ 12A1A2 + A2 A

C]

which is a quadratic form of the variables A1, Ay with real coefficients
Ay = |C1|, Ag = |Cy|, 2A12 = A1Dy + A3Dy — B1Cy — BaCh.
The two circles are centered at 71,72 and with radius p1, p2 so
AL = —A1%p12, Ay = —A5%p02%, 2A12 = A1A2(62 —p1? - p22).

If one of the circles are contained within the other the distance between their centres
is 6 = |y1 — 72l
At a common point their tangents form an angle w and by the law of cosines we get

5% = p1® + p2® £ 2p1pa cosw

SO we write
2A19 = £ A1 Agp1p2 cOSw = —2\/&1@2 CcoS w
wich gives
JAND
VAIVA,

When the circles have points in common the angle w between their tangents is real and

()

COSW =

—1 <cosw < 1.
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Together with (5) we then get
A1Ay — A2, >0 (6)

and if A; < 0 this is the condition for the quadratic form (6) to have only non positive
values for any A, As.

We note that this illustrates a geometric approach to the algebraic solution of the
interpolation problem.

A2. From circle to half plane
Choose a Mo6bius transformation in the z and w plane:

a+bZ

= 7
& c+dz (7)
a + bW
Y Traw ®)
With the Pick matrix of the form

Wqo + W

T (9)
2aZ3

we get with (7), (8) and (9)

(c+dZ)e+dZ) (de+add)+ (@d +Ve)W +d'd-+ bYW+ (V'd +0d)YWW
(@ +dW)(@+dW) |2 —[a]> + (cd — ab)Z + (ed — ab)Z + (|d2 — |b]2)ZZ

(10)

The left hand factor is a product of two conjugate quantities and a non negative real
number. The right hand factor is an equation for a circle or a plane depending on the
coefficients. The cross ratio T'(w) = (w, w1, w2, w3) can be written as T'(w) = Zig% so the
denominator of (10) comes from

which is the same as
T(w) = =T(w).

In the same way we get for the denominator

a+bZ e+dZ
c+dZ a+bZ
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and .
Tz=1T(z)

Since the cross ratios T'(w) and T'(z) are real numbers when the four points a, b, ¢, d lie on
a circle or a straight line we can express

W + ng
1— 2428

as the real number

And as the assumption from Schwarz lemma is that there exists a function f(z,) = ws we
can express that with the value pair p,.
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