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Abstract

In this paper, we construct a type theory which deals with non-linear, ordinary dependent types (which we will call
cartesian), and linear types, where both constructs may depend on terms of cartesian types. In the interplay between
the cartesian and linear types we introduce the new type formers My.4B and Ca.a B, akin to I and X, but where the
dependent type B, (and therefore the resulting construct) is a linear type. These can be seen as internalizing quantification
over linear propositions. We also introduce the modalities M and L, transforming linear types into cartesian types and
vice versa.

We interpret the theory in a split comprehension category 7 : 7 — C~ [Jac93], accompanied by a split monoidal
fibration (Definition 4.3), ¢ : £ — C. The intuition is that C models a category of contexts, so that for any I' € C, the fiber
Tr is the category containing the cartesian types which can be formed in the context I', while the fiber Lr is a monoidal
category of linear types in I'. In this setting, the type formers M;.4 and C;.4 are understood as right and left adjoints
of the monoidal reindexing functor 7y : Lr — Lr.a corresponding to the weakening projection w4 : A — I" in C. The
operators M and L give rise to a fiberwise adjunction L - M between £ and 7, where we understand the traditional
exponential modality as the comonad ! = LM.

We provide two concrete examples of models, the set-indexed families model and the diagrams model. In the former,
cartesian types are interpreted in the familiar way, as sets indexed by their context set I', and linear types are interpreted
as I'-indexed family of objects of a symmetric monoidal category V. The latter model extends the groupoid model of
dependent type theory [HS98] to accomodate linear types. Here, cartesian types over a context I' are interpreted as a
family of groupoids indexed over the groupoid I', while linear types are interpreted as diagrams over groupoids, A : ' = V
in any symmetric monoidal category V. We show that the diagrams model can under certain conditions model a linear
analogue of the univalence axiom, and provide some discussion on the higher-dimensional nature of linear dependent types.
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1 Introduction & summary of results

Lately, there has been an increasing interest in combining linear and dependent types [Sch14], [KPB15], [V15], [McB16].
The idea is that such a theory would inherit the higher-order nature of dependent types, while maintaining a careful
account of how assumptions are used in a derivation. It is not completely clear, however, what the synthesis looks like,
since in dependent type theory, variables may appear in both terms and types, but linear type theory only allows each
variable to appear freely exactly once. Here, we take an approach inspired by [KPB15] and [V15], in which we distinguish
between non-linear, dependent types (which we call cartesian), and linear types, and circumvent the issue by only allowing
cartesian terms to appear in types (both cartesian and linear).

The theory splits contexts into two parts, divided by a semicolon, where the first part contains cartesian assumptions,
for which weakening and contraction is admissible, while the second part contains linear assumptions, for which only
exchange is allowed. We introduce two new type formers, M;.4 B and Cs:.4 B, akin to II and X, but where the dependent
type B (and therefore the resulting construct) is a linear. The traditional ! modality is deconstructed as a comonad arising
from the adjoint pair L 4 M, where L is a functor (or modality) sending cartesian types into linear, and M sends linear
types to cartesian. We have 1.4 By 22 (Mg:a B) i, for linear B, and, assuming a few additional rules, a linear equivalence
(22:40) L 2T 4.4 CL for cartesian C.

Compared to ordinary depdenent type theory, we get additional elimination and computation rules for both ¥ and
Id-types when eliminating into a linear type.

We postulate the existence of two universes, L and U, containing codes of linear and cartesian types, respectively and
assumed to be closed under all type formers.

We develop categorical semantics for the theory, using traditional ZFC as a metatheory (assuming some inaccesible
cardinals to support universes in Section 5.1.1). Our starting point is a comprehension category [Jac93], = : T — C equipped
with a split monoidal fibration q : L — C over the same base. A split monoidal fibration has just enough structure to
make the fibers Lr over a context I' € C into monoidal categories, and reindexing functors (strict) monoidal functors. The
traditional linear type formers &, ®,0, T, —o correspond to the existence of binary products and coproducts, initial and
terminal object and internal homs in each fiber, such that these are preserved under reindexing. The new type formers
Me:aB and Cgu.4 B correspond to right and left adjoints to the reindexing functor 7% : Lr — Lr.a, while the modalities L
and M give rise to a fiber adjunction between £ and 7. The new rules for ¥ are automatically satisfied by the semantic
interpretation of ¥4 as a left adjoint to the reindexing functor «4 : 70 — Tr.a. The new rules for Id-types impose an
additional condition on the semantic interpretation of Id, which are always fulfilled if our identity types are extensional.

We consider two concrete models, the families model, in which cartesian types consist of families of sets, indexed by
their context set I', and a linear type in the context I' is a I'-indexed family of objects in a given symmetric monoidal
category V. Examples of suitable V supporting all type formers present in our syntax are AbGrp, GCTop,, Vectpr, i.e.
the category of abelian groups, the category of compact generated, pointed topological space and the category of vector
spaces over a field F', respectively.

Generalizing the families model, we get the diagrams model, in which contexts are interpreted as groupoids, and cartesian
types over a groupoid I' are diagrams in Gpd over I', and linear types over I' are diagrams in a given symmetric monoidal
category V over I'. Just as the groupoid model [HS98] can be shown to support a univalent universe, we construct a linear
analogue of the univalence axiom and show that it holds in the diagrams model if the adjunction L 4 M factors through
sets.

We will be assuming a certain familiarity with basic category theory concepts like limits, adjoints and monoidal
categories. For a good introduction to these notions, the reader is directed to [Awol0].

The structure of this paper is as follows: after reviewing some theory on fibrations, monoidal categories, higher and
enriched categories in the Section 2, we outline the syntax of our linear dependent type theory in Section 3. Section 4 first
defines a minimal categorical framework (the semantic core) necessary for interpreting the structural rules of the theory,
dealing with weakening, context extension and substitution once and for all, and then proceeds by specifying the additional
conditions imposed in order to support various type formers.

We then turn our direction to more concrete models in Section 5, and reexamine these conditions in these particular
settings. We end with some discussion on the particularities of linear dependent type theory: the new elimination rules
it introduces, inductive types in this setting, equality of linear terms and the possible higher dimensional nature of linear
dependent types.

Our theory is both semantically and syntactically motivated, approached through a dialectic where we consider both
the translation of constructs into previously known structures and their independent utility as part of a deductive system.
Therefore, a reader familiar with both category theory and type theory may benefit from jumping between sections to
understand each indivual type former from both perspectives.



2 Preliminaries

2.1 Dependent type theory

Dependent types are types in which terms from other types may appear freely. The canonical example is the type Vec(n),
of vectors of length n : N. This general class of deductive frameworks was pioneered by Per Martin Lof [ML84] as a
foundation for constructive mathematics. For a thorough introduction to the syntax and semantics of dependent types, the
reader may refer to [Hof97]. Here, we only present three short intuitions on how dependent type theory can be understood:

From a syntactic perspective, a type is a syntactic object whose meaning and function stems from the ways in which
it interacts with the derivation rules of a particular type theory. A definition of this kind is the best we can hope for if
we want to view type theory as a foundational system of mathematical reasoning, as it does not rely on any predefined
semantic framework. Taking a foundational view, the relevant question is not what is a type? but rather, for any other
mathematical construction X how do I express X, type theoretically?.

Relaxing the foundational viewpoint, assuming the words sets, propositions and logic already have meaning to us, we
can understand type theory as an alternative approach to higher order logic, in which we carry along “proof terms”, or
witnesses, for all proven propositions. In this setting, a first approximation of what a type is can be as the simultaneous
generalization of a proposition and a set. This generalization allows us to understand the II-type as both a universal
quantifier and as an implication, and the ¥-type as both an existential quantifier and A. This makes type theory a higher
order system of deduction with penchant for a computational interpretation on the nature of proofs.

A third way to understand dependent type theory is as a programming language, forming a unified framework for
computation and their specification. This connection goes under the name of the Curry—Howard correspondence, or the
paradigm of “proposition as types”. The computation rules of our theory provides the dynamics of our language by way
of rewriting terms to express them in a canonical form, while our typing rules ensure that the output has the appropriate
format.

2.2 Linear type theory
Linear logic is a substructural logic in which the structural rules of weakening and contraction:

I'"A+B I'A,AJAFB
m Weak m COHtI‘
are not admissible.
In other words, assumptions cannot be freely assumed or dismissed; they must be used exactly once in the conclusion.
In linear logic, we are inclined to think of a sequent Ai, As,..., A, F B as modeling a function or process in which the
assumptions Ai, Az,... A, are resources used to yield B. As a first, toy example, we consider the chemical process of
burning hydrogen:

Example 2.1. Consider the following primitive derivation rule:
02 ® Hy ® H2 = H20 ® H20

stating that given an oxygen molecule and two hydrogen molecules, burning yields two water molecules. If weakening was
admissible, we would be able to assume an additional hydrogen molecule without changing the antecedent, which does not
make sense under the resource interpretation of linear logic.

Just as inuitionistic logic naturally extends to (dependent) type theory under the slogan of propositions as types, linear
logic can be extended to a linear type theory, where sequents are decorated with proof terms:

r1: A1, 2 As, .. ApEtE: B

and here linearity implies that the free variables of ¢ are x1, xs, ... Zy,, each appearing exactly once.

Semantically, the generalization of a linear logic to linear type theory corresponds to the generalization of symmetric
monoidal preorders to symmetric monoidal categories.

Interest in linear type theory stems from disparate sources. From the perspective of (classical) computer science, it can
be used for modeling state and storage, with linear variables denoting resources like pointers or files [KPB15], or even as a
theoretical description of the resource handling of a blockchain [Merl5]. In quantum physics, linear types respect the no
cloning theorem of quantum states, and can be used to model quantum computation [D*06]. From a semantic perspective,
linear type theory can be interpreted in a symmetric monoidal closed categories, generalizing the structure of a cartesian
closed categories in which (non-dependent) type theories are interpreted.

2.3 Fibrations

A general heuristic for modeling a mathematical object E dependening on another object B is to specify a projection
morphism p : E — B subject to certain constraints. For example, a family of sets A; indexed by the set I might equally
well be understood as the set £ = | |,.; A; together with a morphism p : £ — I such that p~1(i) = A;. This is the
idea guiding the concept of a fibration. Depending on which kind of mathematical object we are dealing with, we impose
various conditions on the projection p : E — B to be able to lift certain structure of the base B into fibers Fy, = p~'(b)
for b € B.



2.3.1 Grothendieck fibrations

In the context of categories, the appropriate notion is that of a Grothendieck fibration, often just called fibration. In
order for a functor p : E — B to be a fibration, one needs to be able to lift arrows in the base category B to arrows in E.
We do this by asking for the existence of certain cartesian arrows in E.

Definition 2.2 (Cartesian arrow). Given a functor p : E — B, an arrow f : ¢ — € of E is said to be cartesian with
respect to p if for every h: e — €’ and « : p(e) — p(e’) such that p(f)a = p(h), there is a unique arrow & : e — €’ such
that p(&) = « and f&a = h.

The situation is illustrated in the following diagrams:

p(e) e
v p(h) 134 Yh
p(el) p(f) p(e") e e

Definition 2.3 (Grothendieck fibration). A functor p : E — B is a Grothendieck fibration if, for every e € E, b € B
and arrow f: b — p(e) in B, there exists a cartesian arrow f in E such that p(f) = f.

We will refer to a cartesian arrow f for which p( f ) = f as a lift of f. Although lifts are not uniquely determined, their
domain will determined up to unique isomorphism. A basic review of Grothendieck fibrations particularly relevant to the
semantics of dependent type theory can be found in [Jac93]. We will simply repeat the basic notions that will used in our
investigations.

For any object b € B in the base, we call the subcategory of F which is mapped to b and its identity morphism the fiber
over b. This will be denoted Ej. A fibration p : E — B induces for every u : b — b in B a reindexing functor u* : Ey — Ej,
defined by sending every object to the domain of a lift of u. Such functors will be unique up to unique natural isomorphism.
In general, for two compatible morphisms v and v in the base, the reindexing functor of a composition is not identical to
the composition of reindexing functors — only naturally isomorphic. In other words, we have u* o v* = (u o v)*, but not
functoriality on the nose.

Although the definition of a fibration merely stipulates the existence of cartesian arrows, we often consider fibrations
equipped with a collection of liftings {u* }uep, called a cleavage. Fibrations equipped with a cleavage such that the equalities
1f =1z, and u* o v™ = (uov)* holds on the nose for all reindexing functors are called split.

Definition 2.4 (Cartesian functor). Let p : E — B and ¢ : E' — B be fibrations over the same base. A functor
F: E — E'is cartesian if ¢F' = p and cartesian morphisms in E with respect to p are mapped to cartesian morphisms
in B’ with respect to q.

This determines a category Fib(B), consisting of fibrations over B and cartesian functors between them. More generally,
one can construct a category Fib whose morphisms from fibrations p: E — B and q : E' — B’ are pairs of functors (F, G)
where ' : E — E' and G : B — B’ such that Gop = qo I and F preserves cartesian morphisms. In fact, the functor
Fib — Cat sending a fibration to its base is itself a fibration whose fibers are Fib(B) for any small category B.

With the notion of a fibred natural transformation, Fib forms a 2-category.

Definition 2.5 (Fibred natural transformation). For two pairs of parallel functors F, H and G, J between fibrations
(E, B) and (E’', B'), as illustrated in the commutative square:

a Fibred natural transformation (A, \’) between (F, H) and (G, J) is a pair of natural transformations A : G — F and
N 1 A — B such that p’(\) = py.

Notice that this definition does not ask for F' and G to be cartesian functors. But when that is the case, fibred natural
transformations between the parallel morphisms (F, A) and (G, A) in Fib are the 2-morphisms of this 2-category.

An important special case of this is when B = B’ and H = J = 1p. Then a fibred natural transformation X : F' — G is
simply a natural transformation such that all of its components are sent to identities via p’. Such a natural transformation
is sometimes called wvertical

Definition 2.6. Let p: E — B and ¢ : D — B be fibrations over the same base and F' : E — D and G : D — E cartesian
functors with respect to these. F'is called a fibred left adjoint of G if F' 4 G in the usual way and the unit n of the
adjunction is vertical. Such an adjunction will be called a fiber adjunction.



2.3.2 Other types of fibrations

In exploring models of linear and dependent types, fibrations of other structures will arise. Two important examples will
be fibrations of groupoids and fibrations of monoidal categories.

Definition 2.7. A map p: G — H in Grpd is a fibration of groupoids if for every g € G and f : p(g) = hin H, there
exists an object g’ and map f: g — ¢’ in G such that p(g') = h and p(f) = f : p(g) — p(g’).

When considering fibrations of monoidal categories, we distinguish between the case where both the fibration and the
base are monoidal categories, and when we simply want each fiber to be a monoidal category and the induced functors
between these to be monoidal functors. The former notion is that of a monoidal fibration:

Definition 2.8. A monoidal fibration is a functor ®: £ — B such that
e ® is a Grothendieck fibration
e F and B are monoidal categories and @ is a strict monoidal functor, and
e the tensor product of E preserves cartesian arrows.

In particular, when B is a cartesian monoidal category, an arrow f : b — p(e) induces a strong monoidal functor
f* : Be — By=e between the fibers [Shu08].

A weaker structure is that of a lax monoidal fibration [Zaw11], which does not require neither E nor B to be monoidal.
We simply want each fiber of F to carry a monoidal structure, and that the induced functors between fibers are monoidal.

Definition 2.9. A lax monoidal fibration is a fibration p : E — B along with
1. Two functors ® : E xp F — E and I : B — F fitting into the following diagram:

ExpE ® E B

D

2. Three fibred natural isomorphisms «a, A and p associated with the diagrams:

ExpExpE —2*2% \ B yp E

®xXplp a/7 ®
E><BE$> E

and

BxBE%ExBEWExBB

3. such that «, A and p satisfies the pentagon and triangle identities in each fiber.
4. for every b € B, p1, = )\I_bl LIy, — Iy

These conditions are sufficient for each fiber to be a monoidal category and for the induced functors between fibers to
be (lax) monoidal [Zaw11].

Example 2.10. An example of a fibration that is lax monoidal but not monoidal is the fibration Gph — Set tak-
ing a directed graph® defined by (V, E,dom,cod : E — V) to its underlying set of vertices, V. For two graphs A =
(A,0,doma,coda) and B = (B, O, domg, codg) over the same fiber Gph,,, we define their tensor product by:

A® B = (A xo B,coda om,domp oms)

1Specifically, a directed multigraph with loops allowed, also known as a quiver, defined by the domain and codomain functions from the edge
set to the vertex set



where A X B is the pullback in the following diagram:
AxoB —"2—— B

T codp

A dom 5 1)

This tensor product is only defined over graphs with the same underlying set, i.e. living in the same fiber.

2.4 Enriched and higher categories

The concept of a category can be generalized in a few different directions. In exploring semantics of linear dependent type
theory, our first encounter with such structures will be enriched categories, where hom-sets are generalized to “hom-objects”
of a monoidal category V.

Definition 2.11. Recall that a monoidal functor F' : C — D is a functor equipped with a natural transformation
u: F x F — F with components pa,s : F(A) ®p F(B) — F(A ®c B) and a morphism Ip — F(I¢). Satisfying the
following naturality conditions:

1. (Associativity) For all objects z,y, z € C the following diagram commutes:

D
OF(2),F(y),F(z)

(F(z) @p F(y)) @ F(Z) F(x) @ (F(y) @ F(2))

B,y ®id id® iy, =
F(z ®c y) @p F(2) F(z) ®p (F(y ®c 2))
He®cy,z Ba,y@cz
Fag , )

F((zx ®cy) ®c 2) F(x ®c (y ®c 2))

where a® and aP denote the associators of the monoidal categories;

2. (Unitality) For all z € C the following diagrams commutes:

1p ®p F(z) —=% 5 F(1c) ®p F(x)

D
£F<m> Mg,z

F(z) F(1®c )

F(£S)

and
F(z) ®p 1p —22° 5 F(z) ®p F(l¢)

TI?(m) Ba,lc
F(z) W F(z®c1)
where £¢, ¢P, ¢, rP denote the left and right unitors of the two monoidal categories, respectively.
Definition 2.12. For a monoidal category V, a V-enriched category C, consists of the following:

1. A set Cy of objects,
2. for each pair a,b € Co, an object Vo, € V,
3. for every a,b,c € Co, a composition law, i.e. a functor Mg p.c : Vi,e ® Vap = Va,c and
4

. an identity element jo : I — Va0



such that for all a, b, ¢, d, the following associativity and identity diagrams commute:

(‘/c,d ® ‘/b,c) ® Va,b 2 ‘/c,d ® (‘/b,c ® Va,b)
My ¢ ,q®id 1d@Mg e
‘/b,d & Va,b ‘/c,d ® Va,c
Mg, c,d
Va,d
1@ Vay L Vs _ Vap ® 1
M bb
Jp®id ) M ) 1d®ja
‘/b,b ® Va,b Va,b ® Va,a

where a, [ and r are the associator, and left and right unitor isomorphisms associated with the monoidal structure of V.

Note that for the special case of V = Set we get back the definition of a category. Plenty of examples of constructions
in enriched categories can be found in the comprehensive introduction Basic concepts of enriched category theory by Max
Kelly, [Kel05].

Another generalization of a category is suggested by the direction in which categories generalize sets/classes by allowing
arrows between objects. Thinking of arrows as one-dimensional objects between zero-dimensional objects, one can imagine
the existence of 2-dimensional arrows between 1-dimensional ones. This leads to the notion of a 2-category. These come in
two different forms, strict 2-categories (or just 2-categories) or weak 2-categories (also known as bicategories). Equipped
with the notion of an enriched category, strict 2-categories can be defined concisely as:

Definition 2.13. A (strict) 2-category is a Cat-enriched category.
Breaking down this definition provides a more illuminating view. A strict 2-category, C, consists of
e a collection of objects Co,

e for any pair of objects a,b € Co, a category Cy, 5, whose objects will be called “l-morphisms” and whose morphisms
are renamed “2-morphisms”.
e for any object a € Co, an “identity” functor 1, : 1 — Cq,a,
e for any triple of objects a,b,c € Co, a functor Mgy p,c : Cp,e X Cq,p — Coq,c satisfying the associativity and identity
diagrams from the definition of enriched categories.
The action of M on 1-morphisms is called “horizontal composition” and is written gf := M, p.c(g, f) for f € Cqp and
g € Cb,c, whereas the composition between 2-morphisms o : f = g, @' : g = h for f,g,h € Cqop is written o’ o a.
Thanks to the functoriality of M, these satisfy the following interchange law:

(B"0B)(a' 0a) = (B'd) o (Ba)

The road from strict 2-categories to weak 2-categories is marched to the category theoretic mantra that “it is undesirable to
speak of equality between objects in a category”. In the presence of 2-morphisms, the same becomes true for 1-morphisms,
as we are given a way to relate 1-morphisms up to isomorphism instead of on-the-nose equality. Thus we are inclined
to loosen the restriction of the associativity and unital diagrams in the definition of a 2-category to only commute up to
coherent natural isomorphism:
Definition 2.14. A weak 2-category or bicategory C is a collection of objects, 1-morphisms and 2-morphisms with
composition, Mg pc @ Cpe X Cap, and identity 1, : 1 — Cq,o functors as before, and for all a,b,c,d € Co, natural
isomorphisms:
v Ma,b,d(Mb,c,d7 lca’b) - Ma,c,d(lCcvd,Ma,b,c)a/
Aa,b = Ma,b,b(lb,id)
Pap T = Maap(id, 1a)

in other words, associated with the diagram of functors:

«
(Cc,d X Cb,c) X Ca,b Oc,d X (Cb,c X Ca,b)
(Mp,c,q,id) (id, Mg p,c)

i

Cb,d X Ca,b _ Cc,d X Ca,c
Ma b,d
Mg, c,d
Ca,d



1 x Ca,b L Ca,b T Ca,b ®1
[le
(13+id) My (id,1a)
Cb,b X Ca,b Ca,b X Ca,a

subject to the following coherence conditions. For all 1-morphisms: s € Cap, t € Chc, u € Ce,d, v € Cq,e, the following
diagram in Cg.e,
(Y(vu)t)-ids)

((vu)t)s (v(ut))s
V(wu)t)s V(v(ut))s
(vu)(ts) v((ut)s)
V(vu)(ts)
(idv,Y(ut)s)
v(u(ts))
and the following diagram in C, .,
V(t1y)s
(t1p)s (1) e
(ryids)
(id¢,1)
ts

commutes.

2.5 Monoidal structure of the category of symmetric monoidal categories

In section 5.3, we will consider the category of small symmetric monoidal categories, and the fact that there is a particular
monoidal structure on this category itself. That is, for two symmetric monoidal categories A and B, we will define a
symmetric monoidal category A ® B. Here we briefly outline the idea behind the construction of this category and its
monoidal structure. The full details, as well as many other results about the monoidal structure of SMCat, can be found
in [SchO7].

Definition 2.15. For A, B € SMCat, let their tensor product category be the symmetric monoidal category A ® B
whose objects are the words generated by the constant unit symbol I and the 2-ary symbol ® and the language of
Ob(A) x Ob(B). In other words, Ob(A ® B) is generated inductively from:

e [cOb(A®B),andforac AandbeB,a®be AR B
e If Xand Y arein A® B, then X ®Y € A® B.
The arrows of A ® B are generated by the following:
e A natural isomorphism of associativity, with components assx,y,z : (X QY)®Z - X ® (Y ® Z).
e Natural isomorphism ! and r, with components Ix : X - I® X andrx : X - X ®I.
e Natural isomorphism s, with components sxy : X ® Y — X @ Y, satisfying sx,y o sy,x = ly,x.
e For each b € B, a morphism «; : I — I 4 ® b, natural in b.
e For each a € A, a morphism B, : [ — a ® Ig, natural in a.
e Forany f:b—b inB,anarrowa® f:a®b—a®b
e Forany f:a—a in A an arrow fQ@a:a®b—a ®b
e For Xand f:Y - Z, anarrow X f: X QY - X ® Z.
subject to a variety of coherence conditions, as outlined in [Sch07].
To provide some intuition for this construction, compare it to the construction of the tensor product of abelian groups.
The natural transformation =y, is essentially a categorification of the relation:
(a1,b) + (az2,b) ~ (a1 + a2,b)
(a,b1) + (a,b2) ~ (a,bi + b2)
in the presentation of the abelian tensor product as a quotient of the direct product of groups.
The tensor product of symmetric monoidal categories extends to a 2-functor T'en : SMCat x SMCat — SMCat.

Definition 2.16. There is a symmetric monoidal category I, consisting of words generated by one letter, x, where the
tensor product is given by word concatenation and the empty word is the unit.



There is a small caveat due to the higher dimensional nature of this construction; the functors Ten and I do not
technically form a monoidal structure on SMCat. The associativity, left and right unitor and symmetries are all functors,
A:(A®B)®C - A® (B®C) equipped with corresponding functors, A’ : A® (B&C) — (A® B) ® C, but A and A’
are not “on the nose” inverses to each other. Rather, the roundabouts Ao A’ and A’ o A are naturally isomorphic to the
identity. One might call this a lax symmetric monoidal 2-categorical structure on SMCat.

However, by identifying 1-cells connected by a 2-cell, we get the quotient category SMCat ., which has a symmetric
closed monoidal structure.

As a final note, which will become important in section 5.3, one can easily see from the definition that if A and B are
groupoids, their tensor product category will be a groupoid as well.
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3 Syntax

The particular linear dependent type theory under consideration is a simplified version of the work of Krishnaswami in
[KPB15], with slight syntactic changes motivated by our semantic interpretation®. Types are either cartesian, in which
case we simply write “I' = A type”, or linear, written “I' - A linear”. When making typing judgments of linear terms,
contexts will be split into two parts, separated by a semicolon. The first part contains cartesian assumptions, for which
weakening and contraction is allowed, while the second part is the linear part, containing linear assumptions for which
only exchange is allowed. The derivation rules for linear types will force the linear variables to occur exactly once in the
conclusion. Both linear and cartesian types may depend on cartesian terms, but linear terms can only appear in linear
terms.

3.1 Structural rules

We will be dealing with the following judgments:

Judgment: Meaning:

F T ctxt I' is a well-formed cartesian context.

FT'; =2 ctxt I'; 2 is a well-formed mixed context

I'F A type A is a cartesian type in I’

I' b A linear A is a linear type in T’

'EM:A M is a term of the cartesian type A in T’
LE-M: A M is a (linear) term of the linear type A in I'; 2
' A= A type A and A’ are equal cartesian types in I’

'+ A= A’ linear A and A’ are equal linear types in I'; =
'FM=N:A M and N are equal cartesian terms of A in I
IEkz=y: A x and y are equal linear terms of A in I'; =

Figure 1: Judgments of linear dependent type theory

The basic structural rules for the linear dependent type theory are given in Figure 2. Omitted are the rules concerning
judgmental equality, which specify that it is an equality relation which is congruent with respect to the other structural

rules.
'+ Atype I'IV;EkFt: A WeakL
F . ctxt Cl-Base Do:AT;E-t: A ea
——— CM-Base T'HA type F,F/ = j
Weak-1
F ;- ctxt T2 AT - J eal
l_Fl_‘l_/'l:Zyptet C-int-ext r-M:A Tz: AT'HT Int-subst.1
IAt " kCFXA txt b LM x| F M)
TR Covealed PEM:A T ATGERe A
b . ’ — nt-subst-
TFAtype FT,A;E ctxt E LM/ ZIM ] o A (M fa]
i - k-2 LT o . L= .
FT,x: A A= ctxt Crwea F’“’x'é}__f'B LEFM:A Lin-subst
FT;=Zctxt T'F A linear Clinext I8, 8 Ft{M/a]: B
FTVE, z: A ctxt Tex Lz AT ctxt Intovar
F':x'Ay'B:’I—t-A’ F,I:A,F’FI:A
A Aad L A - Lin-exch
;2 y:Bao:AZ Rt A FT;z: A ctxt Lin.
Iiz:AFz: A Hmovar

Figure 2: Structural rules

J denotes a judgment of the form A type, A linear or M : A (for a cartesian type A).

3.2 Cartesian typing rules

The cartesian types that we will use are the standard II, ¥ and Id-types. For ¥ and Id we will introduce an extra elimi-
nation and computational rule for the case where the type being eliminated into is linear.

2Some concrete differences between our syntax and [KPB15] are our intensional identity types, the fact that we allow for elimination of cartesian
types into linear types, and the rules for the operators M and L.
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' A type T',z:AF B type
I'F1I,.4B type

z:AFbL: B
' Axb: 10, 4B

II-I

T'Ft:1,;.4B type
T'FM:A
I'F¢(M): B[M/x)]

Nx:AFb:B THFM:A
'k Xz.b(M) =b[M/z] : B]M/x]

I1-C

T'FA type T,xz:AF B type
I'FX..aB type

3-F

F T ctxt
I'E1 type

I ctxt

Thx:1

Ie:1FC type T'ke:Clx/z] TEM:1

'k é¢M]: C[M/x]

I'-M:A TFN:B[M/a]
T (M,N): S4B

I't:X..4aBF C type
Iyz:Ay:BlFc:Cl(x,y)/t]

I'Fs:X,.4B _
T+ ¢fs]: Cls/t '
I't:¥,.4BFC linear
Tyz:Ay: B2k c: Cl(z,y)/t]
I'ks:¥,aB S-E,
s Elpri(s) /a]lpra(s)/y] F éls] : Cls/t]
'+ ¢[(a,b)] : Cl(a,b)/t] 50
'k ¢[(a,b)] = c[(a,b)/t] : C[(a,b)/t]
[ EF ¢l(a,b)] : Cl(a,b)/1]
I;2F ¢l(a,b)] = cl(a, b)/1] : Cl(a,b)/t]
[ Féfx] : Clx/x] Lo

1-E

Figure 3: (Cartesian)

dependent sum and product types
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'FM:A THEN:A
I'EM =4 N type

I'-M:A

=
FkrefllM): M =4 M

FT,z,y: A p:x =4 y;=Zctxt
Dyz,y: Ajp:x =4y C linear
U,z: A;Ez/x, z/y,refl(2)/p] F c: Clz/x, z/y,refl(2)/p]

'FM:A
Nz,y: Ap:x=4yt C type T'FN:A
T,z: AbFc:Clz/x, z/y,refl(2)/p] PEP:M=xN _
I'FM:A THN:A I E[M/x,N/y, P/p] - R{}, (¢, M,N,P):C[M/x,N/y, P/p]
I'P:M=4 N -
=-IL1
T+ R{, (¢, M,N,P): C[M/z,N/y, P/p)
Fl_RITdyp](C,M,M,TGfZ(M))C[M/%,M/y,T@fl(M)/p}
TER[ (e, M, M,refl(M)) = c[M/2]: C[M/z, M/y,refl(M)/p]

7~[M/‘T M/y,refl(M)/p] + RId ](C7 M>M7T€fl(M)) : C[M/x,M/y,refl(M)/p]

[z,y,p

;E(M/x, My, refl(M)/p] b RM ](c, M, M,refl(M)) = c[M/z]: C[M/z,M/y,refl(M)/p] =

[z,y,p

Figure 4: (Cartesian) identity type

3.3 Linear typing rules

Perhaps the most important linear types are the ®- and I-types, as they will provide an interpretation of linear contexts.

Semantically, we will not distinguish between the context Z := x1 : Ai1,z2 : A2,...xn : Ap and 1 @ T2 ® ... 2Ty
A1 R A ®... A,

I' A linear I'+ B linear

®-F

' A® B linear T - I linear LF
I''Era:A T'E'FHb:B o -
;5,8 F (a,b) : A® B IERN Y
;2Ft:A®B T32,0:Ay:Brlc:C oF Zkce:C T2 Rt T .
2,2 Flet z,ybetinc: C ) 2,2 F let s betinc: C

I''EFlet ,y be (a,b) inc: C o IEF let * bexinc: C Lo
2R let @,y be (a,b) in ¢ = cla/z][b/y] : C @ INEk let xbexinc=c:C

Figure 5: Linear ® and I type formers

The typing rules for the remaining linear rules are standard.
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I'+ A linear T B linear

[+ A linear Tk B linear I'FA®B linear o
I'+ A — B linear
I''=Zka: A
IZ,2:AFb: B TEFiml(@):AeB ¢
T'EF b A —-B
I'=+0: B
F;E}—f“A—oB = Fa: A B I'EFinr(b): A® B ol

EEE f(a): B
IS,2:AFc:C T;5,y:BFd:C,T;E Ft:AGB
[;2F Az.b(a) : B I''E, 2 F case t of inl(z) — ¢f|inr(y) = d: C

-C
;2 F Ax.b(a) = bla/z] : B
[+ A linear T+ B linear I EF case inl(a) of inl(z) — ¢||inr(y) = d: C
5 - — - - - ®-C1
'+ A&B linear ;2 F case inl(a) of inl(x) — ¢||inr(y) — d = ¢a/z] : C
INEFa:A TE F b B o1 I; 2 F case inr(b) of inl(x) — ¢||inr(y) = d : C o
I[EF (a,b) : A I'; 2 F case inr(b) of inl(x) — ¢||inr(y) — d =d[b/y] : C o
IEkFt: A&B e T
2R fst(t) : A - I'FT linear i
IEkFt: A&B E F T Ectxt
IZ2ksnd(t): B~ [EF: T
;2 fst({a, b)) : A - uF
&-C i
I Efst({a,b) =a: A ' '+ 0 linear
= I'ZFt:0
I'ZEF snd({a,b)) : B ’ 0-E
({a, b)) &-Cs 2,2 F EFQ(t) : B

I''EF snd({(a,b)) =b: B

Figure 6: Linear —o, &, &, T and 0 type formers

3.4 Linear-Cartesian interplay

We introduce two the modal operators M and L, which transfers a linear type/term to its cartesian counterpart and vice
versa. Semantically, this will establish a fiberwise monoidal adjunction between the categories of linear and cartesian types:

L

P
Lr € ’TF

~_

M

where the exponential modality from traditional linear logic is understood as the comonad ! = LM. The decomposition of
the exponential into an adjunction goes back to at least [Ben95], and is given an interesting new light in [LSR17], where
it is seen as a particular case of a more general procedure of encoding structure in contexts.

Below are the syntactic rules for the operators M and L>.

3We have not introduced universes yet, but there is a subtlety involved with how they interact with the operators M and L, which may warrant
restricting the operators M and L to only act on small types. See section 4.2.7
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' A type
I' - Ap linear ;
I' - B linear
—— M-F
I'Fa:A LI '+ By type
I'-Fap: Ap
I';-Fb:B ML
(T'+ B linear) Tkbaw:Bu
(F T; & ctxt)
2y A Toz: A2 Ht: B LE -t B
2,2 Fletxbeyint: B W M-E
I''=Z=Flet x besyint: B ]
T;ZFlet x be sy int =t[s/z]: B L-C TF bas < Bur M-Cy
; L [s/2] T;-Fo(by)=b:B
T'to(t)m: B
Iy: AL, =Z+t: B TF j()]\iﬁg M-Csg
D,z A;Z -tz /y] - B) ot =t: Bu
2 Fa:Ar
L-U
2,2 et @ be a in tlxr/y] = tla/y] : B

As a motivation for the semantic interpretation of L and M as adjoint functors given in 4.20, we will demonstrate that
they already satisfy the relevant conditions from a syntactic point of view. That is, in the spirit of functional programming,
we think of the cartesian and linear types (in a context I') of our theory forming the respective categories 7 and £ whose
objects are types and morphisms are functions and composition is given by function composition. The identity function
Ax.x : A — A, yields the identity on cartesian types, while Az.x : B — B is the identity for linear B.

Definition 3.1. Define 6_: (B —-C) —-(A—oB) —o(A—-C)and _o_: (B—C)— (A— B) = (A—C) by:

98f = Ax.g(f(x))
gof=2Arg(f(x))
Theorem 3.2. M is a (syntactic) functor. In other words, for any linear types, I' = A linear and T' - B linear, there is

a term
fmap : (A — B)m — Am — Bu

such that fmap (ida)m = ida,, and fmap ((96f)n) = fmap gas o fmap fur

Proof. Define:
fmap f:= Aa.(o(f)o(a))m
and see that for f = (ida)nm, we have (o(ida)o(a))m = (o(a))m = a: Aum, as well as:

Az (o(Ay-g(f(W))m(ox))m = Az.(Ay.g(f () (0x))m = Az (g(f(o(2))))m

Similarly, for L we have:
Theorem 3.3. L is a functor. i.e. for any cartesian types, A and B, there is a term fmap : L(A — B) — (LA — LB)
such that fmap L(ida) =idpa.
Proof. Define: R

fmap f a:=1let f be fin (let a be y in f(y)r)
where f: A —o B and y: A. When f = (ida)r we get:
fmap (ida)r a =let a be y in ida(y)r

which by L-U is equal to (ida)r. O

Furthermore, the categories of cartesian and monoidal types carry a natural monoidal structure, given by (x,1) and
(®, I), respectively, where x is simply ¥ where the second argument does not depend on the first. M and L are monoidal
functors with respect to these.

As our current syntactic endeavors mainly serve as motivation for the semantic interpretation of these operators, given
in 4.20, we will not prove the complete statement here. We omit the naturality conditions and only prove the following:

Theorem 3.4. There are terms ti,t2,t3,ts, relating the operators M and L so that the judgments:
Tix: 1kt : Iy
Dyz: Ay X Bu bt : (A® B)u
yx:ITHt3: 1,
Dix: AL @ B Fta: (AX B)L
hold.
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Proof. ti1 is given by the following expression:
F,l’:lF*M:[M

and t2 can easily be derived:
T,z : Am X Bu F (a(pri(z)) @ o(pra(2))m : (AQ B)m
ts is given by:
Iz :IFlet x bexinxp : 1

t4 is a bit more involved, as it requires two applications of L-E. For clarity, we display the complete proof tree of the term:

x:Ay:BFx: A
Nz:Ay:BFy:B
Nz:Ay:BF(z,y): Ax B
I,z:Ay:B;-F(x,9)L: (Ax B)L Ix: Ay :Brtvy : Bg
I,z:A;y' : BoFlet y bey in (z,9)r : (A X B)L o’ ApFa’: Ap

o T2’ : A,y : Bo b let 2 be 2’ in (let y be ¢ in (z,y)r) : (A x B)L I'Nz:AL®Br b z: AL ® B

[2: AL ® Br b let (2/,y') be z in (let  be 2’ in (let y be ¢’ in (z,y)1)) : (A x B)L
O

Finally, we show that M and L can be thought of as adjoint functors, in any context. In other words, we will show
that there exists a “natural transformation” € : LM — 1 satisfying the following universal property:
For any f : L(A) — B, there is a unique morphism g : A — By, such that eg o L(g) = f.
Translated into the syntax of our type theory, the statement becomes the following:

Theorem 3.5 (L 4 M). There is a term I'; 31 : Bom &+ e @ B with the following property:
For any term: T;y : AL b f: B, there is a unique term I'yx : At g : By such that Ty @ A &+ eg[let x be y in gr/B1] =
f:B.

Proof. The counit € : LM — 1., is at any component B given by:

IB1:Brm b pBi:Brum
TI,B2:Bu;-Fo(B2): B
I'; 61 : Boa Flet B2 be 61 in O'(ﬁz) : B

where the last line is given by applying L-E to the first and third line.
For any I';x : A & f: B, we get the corresponding g through:

Tz:AFx: A
Tax:Aj-Fap: A
Tyz:A;-+ flzr/y] - B

D,x: Ab fler/ylm : Bu

making Lg the term:
T;y: Apblet z be yin flzr/ylom : Bom
our composite eg o Lg is given by substituting the above for 5; in the term corresponding to eg, yielding:
Ty : Ap b let B2 be (let « be y in flzr/yloam) in o(B2) : B
Finally, if we substitute x for y in the above, we can rewrite the expression using L-C to:

[,xz:A;-Flet B2 be fuam ino(B2): B=
Tyx: Ay Fo(Be)[fu/B]l=f: B

so by L-U, we can transform this equality to the desired
T;y: Ar b let B2 be (let z be y in flxr/ylom) in o(B2) = f: B

It remains to show that for any other term I';x : A - h : B such that eg o Lh = f, we have g = h. Syntactically,
eg o Lh = f corresponds to the judgment:

I;y: A b let B2 be (let x be y in hp) in o(B2) = f: B
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If we weaken the cartesian context by xz : A, we can substitute x1 for y and get:
T,z : A;-+let B2 be (let © be zr in hy) in o(B2) = o(h) = flzr/y] : B
finally, we apply M and get:

Tyx: Ak o(h)m =h = flzr/ylm : B
O

Since we are inclined to think of M as right adjoint, we should expect it to preserve limits. This is true, at least for
product types:

Theorem 3.6. For all linear types A and B in I", there is an isomorphism:
I AM X B]u = (A&B)]M

Proof. Construct a function f: Ay X By — (A&B)a by:

£ = (o (pr, (@), o (pra(a)) )

and g: (A&B)]\/] — AM X B]\,[Z
g :i=y. ((fst(a(y)))M, (snd(a(y)))M)

which are easily seen to be mutually inverse.

It is hard to reason about equality of linear terms since the ordinary Id-type is a dependent type, and in the theory
we do not allow for type dependency on linear terms. In the presence of the M operator, however, we can form the type
an = by for two terms I';- F a,b : A, which can serve as a surrogate for linear equality. Furthermore, we can compare
terms [EFt: Aand I'E Rt : A of the same type in the same context by repeated currying to form the identity type
(At m =(E—A)u ()\ﬁ.t')M‘l. More on this in Section 6.2.

If we add extensionality to our theory so that propositional equality implies judgmental equality, then anr =4,, br
implies I'; - Fa=b: A.

3.4.1 Linear dependent types

Since we allow linear types to depend on terms of cartesian types, we can form new versions of the II- and >-types. We
will denote these linear variants of II- and X-types by M and [, respectively.

'EA ¢ I'z: A+ B li
CEAtype T,o:Ab B linear gpfc "Z — mear g
'+ Mg.aB linear ] =
- TS ctxt FFs:ﬁA 2R b: Bls/x] 1
P,z:A;Skb: B DEF (5,0) :Caa B
T2F dwb: oaB
FT;Z ctxt
- I' - C linear
I'EFt:MNeaB T'hHa: A
’ n-E ERtiCeaaB Too: A2 y:Blce: C
;2 F t(a) : Bla/a] ’ —vA T C-E
IE 2 Flet z,ybetinc: C
IEF Axb(a) : Me.aB
F,~}_’>\ b(:;—((z)[/]AB[/} n-C I EF let o,y be (s,t) inc: C
= ArIa) =olafal Blas T2k let 2,y be (s,t) in ¢ = ¢[s/z][t/y] : C

How are we to understand these types? Either in their own right (motivated by examples), as linear analogues of II and
3 (motivated by theorem 3.7 and 3.8), or as the type theoretic analogue of quantification in linear logic. Since the free
variables occurring in linear type B in the context I' are precisely the variables of I', the constructs M and C can be
understood as a universal or existential quantification over a variable. An example of a M type, consider for any linear
type A, the n-fold tensor product A™ := A® A...A, which we can define by induction over the natural numbers (using
universes) via:

AV =T
A% = 40 A"

with this construct, recall the example of burning hydrogen given in 2.1, now expressed as a linear function burn :
O2 ® Hy ® Hy —0 H2O ® H20O. With a dependent, linear function type, we can generalize this process to the function:

burn : My.nO03 ® H22" —o HQOQ"

4 Abusing notation to treat = as a single type, instead of a list of types
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An example of the C type comes from Krishnaswami’s treatment of linear dependent logic as a way to model imperative
programs [KPB15]. Here, a primitive type of memory locations, I' F Loc type, is introduced, the terms z of which can
reference a term of any cartesian type A by means of a term of the linear pointer type [x — AJ:
I'F A type
',z : Loct [z — A] linear

Given a location a : Loc and a term ¢ : A in a context I', one may allocate some memory at a, and create a pointer a +— ¢t
at a certain fixed cost, =

I'Ft:A T'ka: Loc

IEFa—t:ja— A
But if we want to reason more generally about our pointers, we might be interested in a more general pointer type, where
the location variable is bound in a C-type. This type is formed in any context I', for any type A:

' A type T,z:Lock [x+— A] linear
I' FCo:a [z — A] linear

with terms introduced by:
F'Ft:A I’ka:Loc T7EFt:[a— A
2 F (a,t) ‘Cainoe (@ Al
The sense in which M and C are “linear analogues” of II and ¥ can be formalized in the following way:

Theorem 3.7. For allT'F A type and I',xz : A+ B linear, there is an isomorphism:

MyaBy & (Me:aB)m
Proof. Construct the function
h:= )\f.()\m.a(f(x)))M :e:aBy — (Me:aB)m
and in the other direction:
hti= Mgy (0(9) )y ¢ (MazaB)ar — Ma.a Bur
which are mutually inverse:

ho k™ 1= AL (wa(f@), (30 (7)), ) (@)
N AL (o (£(2))) (- (o (@) () ar)
/\a.()\I.O'(()\Z/~(U(a)(y))kf)(m)))Iu =

ra. (Mo ((o(0)(@),,))

ra.(Aao(a)(@)) =

Rl oh:= )\oz.(/\g.)\y.(o(g)(y)) ()\f (Az.o(f(z))) )

M
Aa.

(%

()
Aa.(Ag Ay (0(9) (), (o (a(@)))
rady. (o ((a.o(a(@),, ) ), =

)

)

A Ay, (Az.o (o)) (y)

Aa. \y. ( (a(y))
Aady.a(y) = da.a

IVI

O

We would like to show a similar result relating 3 and C, but for this we need two additional rules. First, we assume
the following uniqueness rules for ¥ and C °

I'kFp:¥;aB
I'F (pry(p),pry(p)) = p

2+ let 2,y betin (z,y): A
IEkRlet z,y betin (z,y)=t: A

3-U

c-U
Second, suppose we are given terms:
I'Ejy:Bke: C
Iz:AZ Fu:B
E' -t A

5The former is provable as a propositional identity, see for example [Pro13, Corollary 2.7.3]. Perhaps it is possible to obtain a similar result for
[, using the “surrogate equality” described in the end of Section 3.4
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Using the elimination rule for the L operator, we can either first combine the second and third line followed by a substitution
into the first to get:
T " 2" Fellet x be t inu/y]: C

or weaken the cartesian context of the first line, substitute u for y and then apply L-E to get:

[1]

[1]

2,2, 2" Flet « be t in e[u/y] : C
The rule Natz, postulates that these terms are equal:
I'Z,y:BFe: C
Iz: A% Fu:B
" Ft: Ag
2,2, 2" Fellet x be tin u/y] = let x be t in e[u/y] : C

Nat L

Theorem 3.8. Assuming the Nat;, and the uniqueness rules for ¥ and C, there is a linear isomorphism:
(EIE:AB)L EISy BL

Proof. We first construct the linear function j : (¥z:4B)r —oC4:4 Br by:

j:=Aflet pbe f in (prl(p)7 (pr2(p))L) 1 (X4:4aB)L —Ca:4 B
and its inverse, 77!, by:
Tz:Az:BFx: A I'Nz:A,z:B+Fz2:B
Tyz:Az:BbF (2,2): $0.4B
Ix:Ajy:Brky: Bp Iz:Az:B;-F (2,2)0 : (Z2:4B)1
I'5q:Coa BL b q:Caa Br I,z:A;y:Brtlet zbeyin (z,2)r : (Ze:aB)L
;¢ :Ca:a Bk let z,y be gin (let z be y in (x,2)1) : (Xz:4B)1L
I;-F Ag.let 2,y be ¢ in (let 2z be y in (x,2)1) :Ca:a Br — (Z2:aB)1L

and see that:

joj = Aa.Aflet pbe fin (prl(p), (prQ(p))L) ()\q.let z,y be ¢ in (let z be y in (z, z)L))a (—-C)
Ao\ flet p be fin (prl(p), (prQ(p))L) (let 2,y be v in (let z be y in (z,2)1)) = (—-C)
Malet pbe £ in (pry (p). (prs(p), ) [(let 2.y be ain (let = be y in (w.2)2))/f] = (Nats)

Aalet z,y be a in <let p be (let z be y in (z,2))r in (prl(p)7 (pr2(p))L)) = (Natp)

Aa.let z,y be a in (let p be (x, let z be y in 2)r in (p]r1 (p), (prg(p))L)) = (L-C+3X-C)
Aalet z,y be a in (:c, (let z be y in z)L) = (Natp)
Aaclet x,y be a in (:c7 (let z be y in zL)) = (L-U)+ (c-U)

Aa.o.
and in the other direction:
j7 o4 = AaAglet 2,y be ¢ in (let z be y in (z,2)L)(Aflet p be f in (prl(p), (prz(p))L))oz = (—-C)
A Aglet 2,y be g in (let z be y in (z,2)L)(let p be o in (prl(p), (pry(p) L)) = (—-C)

Aa.Ag.let 2,y be ¢ in (let z be y in (z,2))[(let p be a in (prl(p), (prz(p))L))/q] = (Natp)

Aa.let p be a in (let z,y be (pry(p), pry(p)r) in (let z be y in (z,2)L ) ) = (=-0)
Aaclet p be « in ((let z be pry(p)r in (pri(p),2)r ) ) = (L-O)
Aa.let p be o in ((prl(p),prz(p))L ) = (Z-U) + (L-U)
Ao

O
As outlined in section 4.2, the semantic interpretation of the type formers I, M and X, C are as left and right adjoints

to reindexing functors respectively, which can by lemma 5.2 be constructed via limits and colimits, these results reflect the
fact that the left adjoint L preserves colimits and the right adjoints M preserves limits.
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3.5 Universes

Our cartesian and linear types live in separate universes, U and L. Since linear types are type checked in a purely cartesian
context, the linear universe is a cartesian type. This suggests that there is no need for more than one linear universe.
To simplify the semantics, we also only assume one cartesian and one linear universe, rather than an infinite cumulative
hierarchy, where Fl(U;) : U;41, even though this might be more appealing from a syntactic point of view. Our universes
are given & la Tarski and are closed under all previously introduced type formers. Below, we only outline the closure over
the type formers I1, ® and M, but this should be sufficient to give the idea. For more detail we refer to Hofmann’s Syntaz
and Semantics of Dependent types, [Hof97], or Krishnaswami’s Integrating Linear and Dependent types, [KPB15].

F T ctxt

-F
I'FL type L
FI—t:IF L-ELF
F T ctxt T'F El(t) linear
I'FU type )
I'H¢t: L AFI—s:]L L&
rt¢:U U-ELF N-t®s: L
'+ El(t) type
I'Ft:L
THt:-U § I'ks: L L-@-Ty
Dyx:El(t)Fv:U Ot El(t®s) = El(s) Q El(t)
[k .o : U
I'Ft:U
et U F,m:AEl(t)}—s:IL L
D,z : El(t)Fv:U FFMegi@ys: L
= U-II-Ty
'k El(Hz;El(t)U) = HI;El(t)El('U)
I'kFt:U

Iz:El(t)Fs:L
'+ El(ﬁz:El(t)S) = ﬂz:El(t)El(S)

L-r-Ty

As an example using universes, we can properly formulate the identity function of cartesian or linear types by:

id:HA;UA—>A
idAa:=a
or

id:MarLA —o A
idAa:=a

respectively. It also allows us to formulate the type of “pointed linear types”:

T'FC 4 A linear
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4 Semantics

4.1 Structural semantic core

To explore the models of linear dependent type theory we begin by constructing a categorical structure which abstracts
the key features of the theory. We will utilize the notion of a comprehension category, which provides the most general
structure in which we can deal with the structural rules like context extensions and substitutions. Once this has been
taken care of we may consider what extra conditions have to be imposed in order for the model to support various type
constructors, and then provide concrete models that satisfy these conditions.

There are only two type constructors that will be assumed in the general semantic structure: the linear tensor product
and unit. This simplifies the core semantics by allowing us to use symmetric monoidal categories instead of multicategories
when interpreting linear types.

The idea behind the core of the semantics is to construct a comprehension category [Jac93], consisting of a base category
of contexts equipped with a fibration of cartesian types over them, and a lax symmetric monoidal fibration consisting of
linear types.

Definition 4.1. A comprehension category consists of a commutative diagram of functors

T ———C"

where B~ is the arrow category of B and cod : B~ — B denotes the codomain functor, such that:
1. C has a terminal object
2. p: T — C is a Grothendieck fibration,
3. m: T — C~ takes cartesian morphisms in 7 to cartesian morphisms in C~

Notice that by the second condition, cartesian morphisms in 7 are mapped to pullback squares in C:
A cartesian morphism (p,q) : f — g in C~ is a commutative square in C

B—>— P
A f A

such that for any E', E, ¢ : E' — B’ e: E — E’ and p' : E — A as in the following diagram:
E— > F

idg q

E_—9¢ p

A—T  Lu

there is a unique arrow u : E — B such that p’ = powu and ¢’e = g o u. This is precisely the universal property of the
pullback. If C has all pullbacks, then cod : C7 — C is a fibration and we immediately have a comprehension category.
Maps of C that arise via w(A) for some A € T will be called projections, and by the remark above, pullbacks of projections
always exist. Terms of a type will be interpreted as sections of the corresponding projections and pullbacks of C will play
the role of substitutions. Here we need to be careful, however:

Remark 4.2. On Coherence. A subtlety often overlooked in the construction of models of type theory are the various
issues arising from the fact that from a categorical point of view, it is natural to consider objects up to isomorphism,
whereas in type theory we speak of equality “on the nose” [Hof95]. In particular, when interpreting substitution as a
pullback, we need to take into account that, in the syntax, substitution is strictly functorial, while pullbacks, in general,
are not. For example, the pullback of f along g o h is isomorphic to the pullback of 71 along h, below, but not necessarily
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equal to it.
AXcB/%(AXCB) xc B — B’

h

Axc B UE B
- g

A ! c

This problem can generally be overcome by showing that there exists a suitable choice of pullbacks such that this isomor-
phism is an equality, and this is one reason why we ask for our comprehension category to come equipped with a collection
of liftings such that the fibration is split. In fact, every comprehension category is equivalent to a split one, and if a full
comprehension category supports various type formers, then these will also be supported in the corresponding split version.
[LW15]

In dealing with linear dependent type theory, we run into another problem of similar nature. Equipped with a (lax)
monoidal fibration, ¢ : £ — C, we will interpret linear contexts = = a1 : A1,a2 : Aa...an : Ay over a cartesian context I'
as the tensor product [[Z]] = [[A1]] ® [[A2]] - - @ [[A»]] in the monoidal category Lr. The weakening of a linear context =,

as given by the rule:
FIZEctxt T'H A type

FT,z: A E ctxt
will be interpreted as the image of the object [[Z]] € Lr under the functor 7} : Lr — Lr.a induced by the projection
morphism w4 : I'A — T" in the base. But in general, we do not have an equality of 7} (A) @ 74(B) and 74 (A ® B). To
accommodate this discrepancy, we introduce the notion of a split monoidal fibration:

C-Weak

Definition 4.3. A split monoidal fibration is a lax monoidal fibration (Definition 2.9) ¢ : £ — C, equipped with a
cleavage {@}uec such that the induced reindexing functors u* are strict monoidal, u*v* = (vu)* and 1f = 1z for all
compatible morphisms u and wv.

Notice that this condition is quite strong, as the induced functors of a lax monoidal fibration are generally only lax
monoidal. This disqualifies the graph fibration 2.10 from constituting a model of our type theory. However, it is reasonable
to expect every lax monoidal fibration where the induced functors are strong to be equivalent to a split monoidal fibration.
Equipped with these notions, we define the general structure of the structural core of our type theory:

Definition 4.4. A model for linear dependent type theory consists of a split comprehension category p : 7 — C
and a split monoidal fibration ¢ : £ — C, as illustrated in the following picture:

L T ———C~

cod
C

Before showing how this structure supports the structural rules of the theory, the following lemma will come in handy:

Lemma 4.5. The pullback of an arrow, g, has a section if g does. In other words, given a pullback of g:

AxcB—*" B

A—T1 ¢

such that gh = 1¢, then h™ exists and is a section of g*.

Proof. Since A with projections 14 and hf forms a cone to the cospan, there exists a unique map v : A — A X¢ B such
that hfu =k and g"u = 14, making u a section of g*. O
Below we outline how to interpret the structural rules of Figure 2 in this semantic framework.°

Theorem 4.6. A split comprehension category p : T — C together with a split monoidal fibration q : L — C is a model for
the linear dependent type theory consisting of the structural rules presented in Figure 2.

5Due to the recursive nature of dependent type theory, the set of well-defined types and the set of well-defined sequents cannot be independently
defined. Technically, when defining our interpretation of a judgment J by induction over the structural rules, we are actually defining a function
which maps a proof tree, ¢, of J to a semantic object. Therefore, in order for Theorem 4.6 to constitute a actual proof of soundness, we would
need to show that a judgment J is interpreted the same way regardless of how it has been derived. The standard approach to this is to define a
partial interpretation function for raw syntax, i.e. expressions that are not necessarily well typed, and then show that this function is total on the

domain of well typed expressions. See [Str91] for details.
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Proof. We construct an interpretation function [[—]], which sends:

Cartesian contexts I' to objects of C, considered up to definitional equality and renaming of bound variables.
Linear contexts = in I' to objects of L.

Cartesian types A in I' to objects of Tyry).

Linear types B in I' to objects of L.

Cartesian terms M : A in I to sections of w([[4]]) : [[I', A]] — [[T]]-

Linear terms b : B in I'; 2 to morphisms [[b]] : [[E]] — [[B]]-

Proceeding by induction on the derivation rules, we will often abuse notation slightly and denote semantic objects the
same as their syntactic counterparts.

Case of CI-Base: [[]] is the terminal object 1 of C.

Case of CM-Base: [[-;-]] is the unit of L.

Case of C-int-ext: By the induction hypothesis, we are given A in Tr and need to display an object I'.A in C. This
object is the domain of the morphism that A is mapped to via m:

r.A4 o

Case of C-lin-ext: Given objects [[Z]] and [[A]] in L), the extended context I'; Z,x : A is interpreted as the object
[El @ [[A]l € Lyry-

Case of C-weak-1: Given A, A € Tr, we send A through the functor 74 : 7v — Tr.a induced by lifting the morphism
w4 : A — I'. The resulting object 7} (A) will be sent to the context p(mj(A)) = I'A.A{m.} via p, which is the
interpretation of the conclusion of the rule C-weak-1.

Case of C-weak-2: Notice that since 7 is a cartesian functor, the context above fits into the following pullback:

FAA{ms} — 22— T.A
TA{mA} TA

rA——"4 71
so by lifting ¢ to the monoidal functor ¢* : Lr.A — Lr. a.x+(a). The context we are looking for is the image of =
under this functor.
Case of C-lin-ext: For objects Z and A in Lr, we let their tensor product Z® A denote the extended context I'; Z, x : A.

Case of Lin-exch. Since our lax monoidal fibration is symmetric, we have 2@ AQ BQZ' 2 =Z® B A®EZE" in Lr.
Applying exchange to a judgment corresponds to composing with this isomorphism.

Case of Weak-L. For any A € Tr and morphism ¢ : £ — A in Lp v, we can transfer ¢ along the functor ¢ r : L —
Lr. A/ {x,} induced by the map g4 r/ arising from the following pullback diagram:

T AT {rs} —— T.T"

!
da,T! T

rAa—= 1

to yield a morphism ¢ () : ¢4 /() = g/ (4).
Case of Weak-I. The morphism g4/ above also induces a functor ¢} r/ : Tr,rr = T A1 {74}

For Int-subst-1, the judgment J can take three forms:
J = B[M/z] type
J =b[M/x]: B]M/x]
J = B[M/z] linear

The corresponding categorical structure work by way of relating substitution in the theory to pullbacks in C. We
begin with showing that there is a type B[M/z] in the context I'.I'[M/z].

Suppose we are given the following objects of T
AeTr
I"€Tr.a
B € Trar
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and a section:
M:T'—-T.A

of the projection ma. We first lift M to a cartesian arrow M : I.I"{M} — I", which is sent to the following pullback
square by m:
(e

r.I'{M} AT
TR/ {M*} T
r— .14

where q(as,rvy is given by the structure of the comprehension functor. We then lift g(as,rvy to obtain a cartesian arrow
qoarry : T.{M*}.B{q(rsrry} — T-A.I".B which is sent to the following pullback diagram:

( 7y,B)
DM} B{g{ps ) — L AT B
B {afy o) T
r.I'{M*} fanrh rAL

The element F.F/{M*}.B{q}‘w’r,} of Tr.r/{m+} along with its associated projection will be our interpretation of
I.I'[M/z] = B[M/x] type.
Now suppose there is a section b : [.A.IY — I'.A.I".B of the projection wg. To display an element of B[M/z] is to
give a section of TB{aZy o} By lemma 4.5, we get such a section by pulling back b along Uapr.pry-B)-
Finally, if B is an object of L1 4.1/, then the image of B under the functor Q(*M,r/) : Ly ar — Lr.r v~y will be our
interpretation of B[M/z] as a linear type in the context I'.I'[M/z].

o Case of Int-subst-2. The interpretation of Int-subst-2 is the image of ¢ under g(/ /-

e Case of Lin-subst. Given morphisms ¢t : Z® A — B and M : =/ — A we get a morphism to (id=® M) : Z® =" — B.
Precomposing with the isomorphism ® =Z,= = =® =’ yields the desired morphism @ =,=" — B.

e Case of Int-var. For any A € Tr, I'. A together with its identity map forms a cone to the cospan:

T.A
A

rA—™ r

so by the universal mapping property of the pullback, there is a unique morphism va : A — ' A.A{wa} such that
Taf{x,}vA = 1r.a. This map is thus the interpretation of the judgment I';z : Az : A.

e Case of Lin-var. The morphism corresponding to the linear variable term I';x : A+ x : A is given by the identity
morphism on A in Lr.

O

4.2 Semantic type formers

In the following, we assume that the comprehension category comprising the core of our syntax is full, i.e. that the functor
m: T — C™ is full and faithful. This allows us to think of homsets Tr(A, B) as living over the base category projections
Cr(ma:T.A—=T,mp:I.B—=T).

Definition 4.7. A model of LDTT is a full, split comprehension category 7 : 7 — C~ and a split monoidal fibration
q: L—C.

It will sometimes be useful to also assume that the comprehension category has a wnit, as this will give rise to an
isomorphism C,r(I".A,T.B) = Tr.a(1, 74 (B)) [Jac93].
Definition 4.8. A fibration p : 7 — C admits a terminal object if there is a functor 1 : C — 7T, such that for every
I' € C, 1(T") is a terminal object of the fiber Tr, and for every f : A — T, the canonical map « : f*(1(I')) — 1(A) is an
isomorphism.

As a result of this definition, the functor 1 is full and faithful.

Definition 4.9. A comprehension category m : 7 — C~ has a unit if the fibration p : 7 — C admits a terminal object
functor 1 which is left adjoint to the functor s(w) : T — C, selecting the source of the morphism assigned by .

Most of our models will naturally be equipped with such a structure, and this yields the nice property that C,r(I".A,T".B) =
Tr.a(1,74(B)), allowing us to shift in perspective to think of terms depending on I and A as either living in the slice cate-
gory C,r or in the fiber 7r 4. Importantly, since 1 is full and faithful, the unit of the adjunction is a natural isomorphism,
so for every A € Tr, we have na : T A= T.A.1.
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4.2.1 Basic linear types

Definition 4.10. A model of LDTT supports I-types if, for every I, there is exists an object [[I]] € Lr, equipped
with a morphism [[*]] : T — [[I]], such that for every pair of maps t : 2 — [[I]] and ¢ : = — C, there exists a map
[[let t be *in ¢]] : ®Z, = — C such that [[let * be * in c]] = c.

This is trivially satisfied by every model by setting [[I]] = I, [[*]] = 11, and [[let ¢ be * in ¢]] to the composite p(c®|[t]])cx :

E®E — C®I = C, where p is the right unitor for the monoidal structure of Lr, and « is the isomorphism

E,Z ® Z®E. As for the identity p(c ® 11)a = ¢, notice that o : @E = Z® [[-]] = E® I is given by p ', so we get
p(c® 11) = cp, from the naturality of p.

Definition 4.11. A model of LDTT supports ®-types, if, for every A, B € Lr, there exists an object [[A ® B]] € Lr,

such that for any arrows a : Z — A, b: =/ — B, there exists an arrow [[(a®b)]] : ® =,Z — [[A® B]] and for arrows ¢ : ' —

[A®B]] and c: @ E® A® B — C, there exists an arrow [[let  ® y be ¢ in ¢ : C]] such that [[let z ® y be a®@ b in c]] = c.

==/

= =
[P

1R

Again, it is not hard to see that there is a canonical interpretation of this in any model of LDTT sending [[A ® B]] to
[[A]] ® [[B]]. Some care is needed in order to always make sure contexts are left associated.

Similarly, one can define what it means for a model of LDTT to support —o,&,®, T and 0. We may think of these
conditions as corresponding to weak versions of internal homs, binary products and coproducts, and terminal and initial
object of the fibers, that are stable under reindexing functors. Therefore, whenever the fibers of our model are monoidal
closed, complete or co-complete, we know that it supports the corresponding type formers. This is well established and
not the focus of the interplay between linear and dependent types we explore here. For a more detailed treatment we refer
the reader to [Mel09].

4.2.2 Il and ¥
What it means for a model of linear dependent type theory to support Il-types is directly inherited from the standard,
non-linear case.

Definition 4.12. A model of LDTT supports II-types if, for all A € Tr, the induced functor 74 : 7r — Tr.a has a right
adjoint 114 : Tr.a — 7Tr satisfying the following Beck-Chevalley condition:
For all pullbacks in C:

9B’

e ———— A.F'

- o (1

r— 7% A
inducing the following functors between fibers:
qe.p  Tam — Tr.E
7 iTa—=Tr
g :Tr.g = Tr
g : Tag — Ta

The canonical natural transformation f*Ilgzr — gy g induced by the adjunction is a natural isomorphism.

The Beck-Chevalley condition is in effect saying that substitution commutes with the II-type. For example, if B’ =
E[t/y], with the map f* representing the substitution [£/7], then the Beck-Chevalley condition reads that for all B € Tr,
we have (HJLEB)[E/Q] = HJ:E[E/Q]B[E/ZJ]

As the rules ¥ contains one more eliminator than usual (X-E; in Figure 3), one might wonder whether this requires
additional conditions for the semantic type formers to ensure that these are well behaved with respect to the linear fibers.
We will shortly see that this is not the case.

Definition 4.13. A model of LDTT supports X-types if it satisfies the following:
1. For all A € Tr, the induced functor 74 : Tr — Tr.a has a left adjoint, X4,

2. such that for all pullbacks (as in 1), these satisfy the Beck-Chevalley condition, i.e. the natural transformation:
Y rq" — f*X g/ is a natural isomorphism, and
3. the induced map paira,p : I'"A.B — I".¥ 4 B is an isomorphism
The map paira,p : I'"A.B — I'.X 4 B such that 7s , Bpaira,p = ma7p, arises as the image of the unit : B — 74 (XaB)
in 74 under the comprehension functor m : 7 — C~. The inverse of the pairing map will be denoted (pri,pr2) : I.XaB —

IA.B.
This structure is sufficient to support new elimination rule (X-Eo):

Theorem 4.14. If a model of LDTT supports X-types, then for every object C € Lr.s,p and morphism ¢ : = —
C{paira,g} in Lr.a.p and section s : I' — T.X 4B, there exists a morphism ¢és : Z{(pr1,pra} — C{s} such that given
sections a : ' - T.A and b:T.A — T".A.B, then ¢ = c{ba} : Z{ba} — C{ba}.
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Proof. The situation is illustrated in the following diagram:

(pr1,pr2)

I'"A.B ——— I'34B
PaiTA B

TS A B
r
Let és = ¢{((pr1,pr2)s)}. First, this morphism has the correct target since we have

C{((pr1,pra)s)H{paira,p} = C{(paira,p(pri,pr2)s)}t = C{s}
, relying on the fact our lax monoidal fibration is split. Secondly, we need to show that given sections a : I' — I".A and
b:T.A — TI'.A.B, we have c{((pr1,pr2)(a,b))} = c{a}{b}:
{(pr1,pr2)(a,b)} = {(pr1, pr2)paira, pba} = {ba} = {a}{b}
O

We may also speak of a model supporting simple products, which simply correspond to products in the fibers of T
which are stable under reindexing functors. These are of course implied if the model supports X-types.

4.2.3 Identity types

When it comes to Id-types, the situation is not as fortunate. If one wants to keep the theory intensional, we need to add
condition (3) to make sure that the semantic identity types satisfy the added elimination and computation rule, =-E5 and
=-C; in Figure 4.

Definition 4.15 (Id-types). A model of LDTT supports Id-types if, for all A € Tr, there exists an object Ids €
Tr.a.a{x,} and a morphism r4 : A — I'"A.A{ma}.Id such that:

1. The following diagram commutes:

I.A

TA

D AA{mA}Jda — 24 T A A{ma}

2. For any commutative diagram:
TA—— AC

F.AAA{TFA}.[dA — 3 A

there exists a lift J : ["A.A{ma}.Id4s — A.C making the two triangles commute.

3. For any pair of objects, C,= € L 4 a+ 14, Sections M, N : ' = T.A, P: T — I".Ida{N*T}{M}, and morphism c :
E{ra} — C{ra}, there exists a morphism épr,n,p) : E{PTHNTHM} — C{PTH{NT}{M} such that éararresy) =
c{M}.

If one were to work within an extensional type theory, where judgmental and propositional equality coincide, the third
condition is always satisfied:

Definition 4.16. A model of linear dependent type theory supports extensional identity types if there are objects
Ida and morphisms r4 satisfying condition (1) and (2) such that for sections M, N : ' — I".A the existence of a section
P:T - T.Ida{M}{NT} implies N = M.

Theorem 4.17. Support for extensional identity types implies support for identity types, in other words, exrtensional
identity types always satisfy condition (3) of definition 4.15

Proof. We will show that when M = N, the morphism P"N*M : T' — T.A.A{ra}.Ida is equal to raM : T —
I.A.A{ma}.Ida. This implies that the morphism &y, p) : E{PTHNTHM} — C{PTHNT}{M} of definition 4.15
really is just c{M} : E{M}{ra} — C{M}{ra}.

The section Nt :T.A — I".A.A{r4} appearing arises as in lemma 4.5 from the following pullback:

PAA{mA} — S T.A
TA{xa) Nt TA N

rA—m 7
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while PPNTM : T — T.A.A{ra}.1d4 the composite (M, N)mpq, © P in the following commutative square:

NL7rd

am
T Ida{NTHM} ——4 T A A{ma}ldas

P TId 5

r NTM [.AA{ra}

But with extensional identity types, we have M = N. This implies that vaM = MM, as these are both maps from T
into the pullback I'"A.A{ma} such that ma(r,vaM = WA{,A}M+M = M as illustrated below:

M

T

vaM=M*TM
IAA{ma} — T'.A
M
TA{mA} TA
TA

rA4—m—— 7T

This makes I' a cone to the previous pullback:

rAM

e

9[M,N],7rq ,

TIdsA{N*THM} — "4 T A A{ma}Ida

1r

TIdg

NtM=v M

Tr

F.A.A{WA}
forcing raM = PNTM. O

4.2.4 T71- and C-types

The semantic type formers for the linear dependent M and C is akin to that of IT and 3. They are given by adjoints to the
functors between fibers of £ induced by the projection maps in C.

Definition 4.18. A model of LDTT supports M-types if, for all A € Tr, the induced monoidal functor 7} : Lr — Lr.a
has a monoidal right adjoint, M4 satisfying the following Beck-Chevalley condition:
For all pullback squares in C of the following form:

9, B’

' ———— AF
TR TR

r— 1 A

the canonical natural transformation f*Mg — Meqy 5 is a natural isomorphism.

Definition 4.19. It supports C-types if, for all A € Tr, the functor every 7 has a monoidal left adjoint, satisfying the
following:

1. (Beck-Chevalley): For all pullbacks squares as above, the natural transformation Cg ¢* — f* Cpg/ is a natural
isomorphism.

2. (Frobenius reciprocity): For all objects 2 € Lr and B € Lr. 4, the canonical morphism Ca (E{ma}®B) - Z® Ca B
is an isomorphism.



To illustrate why these conditions form the appropriate semantic counterpart to the derivation rules, we will outline
the case for C in detail.

For every object B € Lr.4, we get a type Ca B € Lr, such that, given any section s : I' = I 4, and map b : £ — B{s}
in Lr, we get a map:

s*npob: = — B{s} — s"ma(Ca B) =Ca B

where ng : B — n*(Ca B) is the unit of the adjunction. This map is the interpretation of the term (s,b) given by the
introduction rule C-I.

To interpret the elimination rule, we are given maps ¢t : £ —+Ca B in Lr and ¢ : E'{ma} ® B — C{ma} in Lr.a. By
the adjunction, there exists a map ¢:Ca (E{ma} ® B) — C such that 1=/, ,3g5 © Taé = c. By the Frobenius reciprocity
condition, we have an isomorphism: 8=z 5 : Z'® Ca B —Ca (E{ma} ® B), and we get a map:

é,@:E/® CaB=Ca (E/{TFA}®B) —C

which we can precompose with 1=r ® ¢t to get a map from =’ ® = to C. We can then precompose with an appropriate
isomorphism o’ : @(E',E) - E' ® Z to get a map from @ =', = to C, which will be the interpretation of the elimination
term from the rule C-E.

The computation rule boils down to showing that the following triangle commutes:

{s}(E{ma}® B)

SNl (x g 0 B)

s*nh Ca (B {ra} ® B) =Ca (E'{ma} ® B)

which follows from applying the functor s* to the equality n=/( ,yoB 0 T4é = c.

4.2.5 The operators M and L

Definition 4.20. A model of LDTT with unit supports the operators M and L if there exists functors M : L+ T : L
which are cartesian with respect to the fibrations p: 7 — C and ¢ : £ — C, such that L 4 M is a fibred adjunction and
there is an isomorphism of hom-sets:

Lra(ma(E),7a(B)) =2 Lr(LA® =, B)

Recall that a fibred adjunction implies that there are natural isomorphisms making the following diagram commute:

v Lr T~
Lr Tr
Mrp
7r1’:‘(5) ”2(7’)
Lr.a
Lr.a Tr.a
~AMra S

which from a syntactic perspective ensures that M and L commute with substitution.

The final condition of the definition is what yields the elimination and computation rules L-U, and while it might
appear somewhat unnatural semantically, it does turn out to hold automatically in a large class of models, due to the
following result:

Theorem 4.21. In a model of LDTT that supports — type formers, then any fibred adjunction L + M where L(1) = I
satisfies Lr a(mi(Z),7*(B)) 2 Lr(LA® Z', B).
Proof. A model supporting internal homs must have reindexing functions which preserve these. That is, we have an
isomorphism 7} [2, B] & [} Z, 74 B]. We get a chain of isomorphisms:

Lr(LARE,B) 2

Lr(LA,[E,B]) &

Tr(A, Mr[E, B]) &

Tr.a(l, 74 (Mr[Z, B])) =

Tr.a(l, Mr.ami[E, B])) =

ACFAA(LF.A(l)vﬂZ[Ev B])) =

Lr.a(I,m4[E, B])) =

Lr.a(l, 742,74 B])) =

[:r,A(Tr;E,WZB).
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4.2.6 Universes

There are various degrees to which a model can support universes. The baseline condition is an object U in every fiber
such there is an object in the same fiber for every section of the corresponding projection. In order to even state what it
means for a universe to be closed under various types, we need to assume that our model supports such types.

Definition 4.22. A model of LDTT supports cartesian universes, if for every I' € C, there exists objects Ur € 7Tr
and Elr € Tr.up, such that these are stable under reindexing, i.e. for any f : A — I' in C, we have f*Ur = Ua and
quur,f)(ElF) = Ela. For a section ¢t : I' — I".U to the corresponding projection, we write El(t) for t*(El).

For a model that supports the type former in question, a cartesian universe is closed under:

o Il-types, (or X) if, for morphisms ¢ : I' — I'"'U and v : [.El(t) — I'.El(t).U, there is a section HEl<t)v I' = I".U such
that El(HEl(t)) =gy El(v) (or X) i.e. if the object corresponding to HEl(t)v is equal the image of Fl(v) under the
functor corresponding to the semantic type former.

o Id-types, if, for sections A : I' — I'U, a,b : I' — T.EI(A), there is a section Id(a,b) : T — L.U, such that
El(Id(a,b)) = Ida.

Linear universes are defined in the same fashion, keeping in mind that the linear universe is a cartesian type.

Definition 4.23. A model of LDTT supports linear universes, if, for every I' € C, there are objects Lr € Tr and

Eir € Lr.., stable under reindexing.
For a model that supports the type former in question, the linear universe is closed under this type if:

e ], (or T, 0): There is a section I:T = T.L, such that El(f) =1 in Lr.
e @ (or —o, &): For every pair of sections a,b : I' — T, there is a section a ® b (or o, &) such that El(a ® b) =
El(a) ® El(b)
Definition 4.24. Given a model supporting both cartesian and linear universes, these are closed under:
e M, if, for every section z : I' — I'.IL, there exists an element M (z) : ' — I".U such that EI(M(z)) = M (El(z)).
e L, if, for every section & : I' — .U, there exists an element L(z) : T' — 'L such that El(L(z)) = L(El(z)).

e 1 (or ), if, for sections ¢t : I' = I'.U and s : I'.El(t) — I'.El(t).L, there exists a section MNg;)s : ' = I'.L (or ),
such that El(Mgyss) = New EL(s).

4.2.7 Universes and small type formers

We have not said anything about which types we expect to be contained in our universes. As they stand, the axioms of in
section 3.5 do not postulate that there are any inhabitants of L or U to begin with. One could imagine restating the type
formation rules to be defined with respect to universes, an approach exemplified by [KPB15]. As tempting as it is to think
of any cartesian type being an element of U, this would imply that the code for the universe belongs to itself, which yields
an inconsistency of the theory through Girard’s Paradox [Hur95]. Asking for every linear type to belong to L is a more
reasonable requirement, since the linear universe is a cartesian type. But doing this forces us to restrict the operators M
and L so as to only act on small types.

Definition 4.25. In a model that supports cartesian universes, let the category small(7) of small cartesian types be
the full subcategory of 7 whose objects are El(t) for some section ¢t : I' — I'U in some context I'.

Definition 4.26. Similarly, we define the category L™ of small linear types to be the full subcategory of £ whose
objects are El(t) for some section ¢t : I' — I'.IL in some context I.

Definition 4.27. If there is a full subcategory C*™ of C such that the restriction of the functors p, ¢ and 7 of a model of
linear dependent type theory:
L T —"——C”

cod

C

to the categories £ and 7" has C*" as its codomain, so that:

[£5m Tsm ™ csm—
q
P
cod
csm

is a model of linear dependent type theory, we call this a sub-model of small types.

We can now define what it means for a model to support small versions of various type formers.
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Definition 4.28. We say that a model of linear dependent type theory supports M and L for small types, if, for
every I' € C, there are morphisms L : L. <= U : M in 7r natural in I, inducing a fiber adjunction:

Lo(EL(L(Y)), El(s)) = T (ELl(t), EL(M(s)))
such that there is an isomorphism of hom-sets:
L g1t (T (BUE)), Trin (EUD))) = L™ (EI(Lt) ® EU(E), EL(b))

Syntactically, this corresponds to changing the type formation rules of M and L so as to not be defined for all types,
but only those who are contained in the cartesian and linear universes:

'EFA:L

I'HAy:U M-F-U
I'FA:U

1 a->  1.F-
T'-AL:L v

Similarly, we can define support for small M and C as support for M and C in a sub-model of small types.

Definition 4.29. We say that the linear universe L is all-encompassing if every object of L is also in £°™.
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5 Models

5.1 Set indexed families

Our first model will be based on the standard set-theoretic interpretation of dependent type theory [Hof97]. The extension
of this model to the linear realm is fairly straightforward, and provides a good springboard for examples to come. (It is
also sufficient for showing that linear dependent type theory is a proper generalization of both dependent type theory and
linear type theory, as outlined in [Vi5].)

Our linear and cartesian fibrations will both be constructed as fibrations of set indexed families:

Definition 5.1 (Fam/(C)). For an arbitrary category C, let Fam(C) denote the category whose objects consists of pairs
(S, f) where S is a set and f is a function f : S — Ob(C). Morphisms of Fam(C) are pairs (u, ) : (S, f) — (S, g) where
u:S — 8 and a: S — Mor(C) such that a(s) : f(s) — g(u(s)) for all s € S. Composition is given, for two compatible
morphisms (u, «) and (v, ), by:

(v, B8) o (u, @) = (vou,g(u(s)) o f(s))
for all s € S.

By projecting a family to its indexing set, we get a fibration p : Fam(C) — Set, and if C has a terminal object, T
such that the hom-sets C(T,A) are small for all A € C, we can form a comprehension category with unit by defining
7w : Fam(C) — Set™ as follows.

On objects, let

w(S, f)=fst:{(s;t) | s€S,t: T = f(s)} = S

For a morphism (u,a) : (S, f) = (5, 9), let
Gyt {(8,8) | 8€S,t: T — f(s)} = {(s',t) | s € 8"\t T — g(s")}
be defined by q(u,q)(s,t) = (u(s), a(s) ot). The functor 7 sends morphisms (u, ) to squares:

((s,8) [s€S,t:T — f(s)} — % o (' )| s €8¢ :T —g(s)}
fst fst

S & S’

in Set. This comprehension category will be full if the global sections functor C(T, —) — Set is full and faithful.

For a morphism u : S — p(9’, f) = S’ the canonical choice of a lift u* = (u, i) : (S, fu) = (9', f) where i : S — Mor(C)
is defined by s +— 15,(s) makes this a split fibration.

The cartesian part of our semantic structure will simply be the fibration p : Fam(Set) — Set with 7 : Fam(Set) —
Set™ as outlined above. Then for any symmetric monoidal category V we form a lax monoidal fibration by letting the
unit object be given at any fiber by mapping a set S to the family constant at the unit of V, and define the tensor product
as:

(5,9) @ (5, f) = (S, f ®g) = (5, As.f(s) @ g(s))
For u: S — p(S’, f) = S in the base, we have:

u((8',0) @ (8", 8)) = (S, As.au(s) @ B(u(s))) = u™ (S, a) @u™ (S, B)

Since the tensor product is defined pointwise, it is preserved by reindexing functors, so this is in fact a split monoidal
fibration. Putting this together, this forms our first concrete model of the type theory:

Fam(V) Fam(Set) ——— Set™
! P cod
Set

This model trivially supports ® and I-types (all models do). For any fibration p : Fam(C) — Sets, its fiberwise limits
and colimits are constructed pointwise, so they exist if and only if they do in C. Since reindexing functors is simply
precomposition, they preserve these (co)limits. We therefore get that the families model supports the type formers &, 0, &
and T if V has binary coproducts, initial object, binary products and terminal object respectively. Similarly, it supports
—o if V is monoidal closed, by [(S, f), (S, g)] = (S, As.[f(s),9(s)]). This is a right adjoint to ®, since at every component,
the set of maps f(s) ® g(s) — h(s) is isomorphic to f(s) — [g(s), h(s)].

For the dependent types, we utilize the following result:

Theorem 5.2. For a fibration p : Fam(C) — Sets and a function u : S — S’ in the base, u* : Fam(C)s: — Fam(C)s has
a left (right) adjoints if and only if C has small coproducts (products).
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Proof. For C with small coproducts, define the left adjoint to u* by (S, f) — (S’, As'. Hscu-1(sry f(s)). Similarly for C with
small products, define a right adjoint to u* by (S, f) = (8", As". T[ c\y—1(sry f(8))-

In the other direction, the set of objects we want to take the (co)product of forms a family A = {A}; in Fam(C). The lift
of the unique map ! : p(A) — 1 in the base has a right (left) adjoint, making II;(A) an object of of Fam(C)1 = C, so that
for every object B € C, we have:

C(B,IIi(A)) = Fam(C)s(!"B, A)

where "B = (S, As.B). This means that every map on the right hand side, which consists of a family of morphisms
fi : B — A, gives rise to a unique map on the left hand side, which is precisely the universal property of the product. [

Since reindexing functors of Fam(C) are simply given by precomposition, adjoints to reindexing functors always satisfy
Beck-Chevalley condition:
Theorem 5.3. If every lift f* : Fam(C)r — Fam(C)rs has a right adjoint Ry~, defined as in Theorem 5.2 then, for all
objects A = (T',a) and pullbacks of the following form:

A —21 ,ra
f

r——m ———r
there is a natural isomorphism 1 : Rr,. ,q" = f*Rx, : Fam(C)r.a — Fam(C)r.

Proof. Let B = (I'.A, a) be a family of sets indexed over I'.A. Then Rﬁf*{A}q*(B) is the family:

Y er), ™ [ et/

acf*A(v")

while f*Rr, (B) is the family:

(e, » [ a0
acA(f(v")
but since f*(A(y’)) = A(f(v’)) this is precisely the same thing. O

Carrying out the dual of this proof gives the corresponding Beck-Chevalley condition for left adjoints to reindexing
functors. To show that the families model supports II and ¥ type formers, then, it remains to check that there exists an
isomorphism I'"¥> 4B = T.A.B.

Expanding the left hand side, we get:

{ntylveree  JT ((na)b)
((7,a),b)fst =1 (v,a)
while the right hand side is the set:
{(v,a,b) |yeTl',ac Ay,be Ba,}

which are isomorphic in a canonical way. The families model therefore supports the type formers IT and X. It is also clear
that the families model supports M-types if ¥V has small products, and C if V has small coproducts that distribute over ®
(Frobenius reciprocity).

We can form extensional identity types in the families model, by interpreting propositional equality in the same way
as our traditional set theoretic equality. That is, we define the family Ida € Fam(Sets)r. 4. a¢x,3 by the function:

{x}, ifa=10b

T8a@0cay beay) = {@ otherwise.

This gives rise to extensional identity types, which by lemma 4.17, forms support for identity types in the families model.
To deal with the operators M and L, we make use of the following lemma:

Lemma 5.4. An adjunction

C oL D

induces a fiber adjunction between the corresponding fibrations:

F
m
Fam/(C) e Fam(D)

r
q
Sets
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Proof. Let G : Fam(C) — Fam(D) and F : Fam(D) — Fam(C) be the induced cartesian functors, defined pointwise
in the obvious way. Define the vertical counit € : FG == 1lpam(c), given at every component {A}; € Fam(C)r by the
underlying counit, €4 = (17, €4,). For any morphism (u, ) : F(O, f) — (O’,g), any morphism (v, 3) : (O, f) = G(O’,g)
such that €0 gy 0o F(v8) = (u, @), must satisfy v = u, since F is constant on the function part of a morphism. But then
each component of the family of morphisms, 3 is a morphism 8, : f(0) — G(g(0’)) fitting into the following diagram:

F(Bo)
F(f(0)) FG(g(0"))
Qo
€g(o’)
g(0)
so by the universal property of the counit, each such 3, is uniquely defined. O

As a result, the families model supports the operators M and L whenever V is a concrete category such that the free
object generated by the singleton is the unit of the monoidal structure.

5.1.1 Universes in the families model

When it comes to universes, we need to be careful so as to not run into size issues. We want to construct universes
which contains as many types as possible, without yielding any inconsistencies or collapsing the entire theory. As an
example of such a collapse, consider the scenario where the category V is small. Then we may define our linear universe
L € Fam(Sets)r as the constant family

(T, Av.0b(V)).

Since any section of 7, : I''IL. — I consists of a selection of morphisms
fy:1 = Ob(V),

this defines an object (I, f) of Fam(V) where f(y) = f,(*). This universe will be closed under all purely linear type
formers that are supported by V, since these are constructed pointwise.

This may not be as desirable as it appears on first sight however, as at least in classical mathematics, a small V
supporting M in the families model is necessarily a preorder, due to the following result:

Theorem 5.5. Assuming the law of excluded middle, if a category V has products indexed by the collection Arr(V) of
arrows in YV, then V is a preorder.

Proof. Assume there are two distinct arrows f,g : A — B between objects A, B € V. We can combine these arrows to get
2147 distinct arrows from a — H|Arr(V)\ b, by the universal property of the product. But yields a contradiction, as this
is obviously more arrows than exist in V. By the law of the excluded middle, this implies that there are no distinct arrows

in V. O

If we want V to not be a preorder, it is clear that we need to be more careful in distinguishing between small and large

types.
In order to deal with this distinction on the semantic side, we will need to introduce some new notions:

Definition 5.6. For an ordinal o, the set V,, is defined by transfinite induction as follows:
e Vo=0
o Vor1 =P(Va)
o Vs =U,5(Va) (B is alimit).

The objects of Set consists of all of the sets such that they are elements of V,, for some a. The collection of all such
sets, V' is not a set itself, but a proper class.

Definition 5.7. For any ordinal «, the define the full subcategory Set, of Set, whose objects are sets X such that
XeV,.

The idea is to select a large enough cardinal &, such that Set, can be thought of as a model of ZFC itself. This is the
notion of a Grothendieck universe. First, recall the notion of an inaccessible cardinal:

Definition 5.8. A cardinal, k. is said to be:
e Uncountable, if it is larger than the smallest infinite set.
e A strong limit, if for any A < s, we have 2* < k.
e Regular, if it is not the union of a family of sets of size < k indexed by a set of size < k.
e Inaccessible, if it is uncountable, a strong limit and regular.

It is important to keep in mind that the existence of inaccessible cardinals is independent of ZFC. But assuming
their existence allows us to form a set theoretic universe which can model ZFC itself, and to interpret type theories with
universes.
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Definition 5.9. A Grothendieck universe is a set V., where k is an inaccessible cardinal. With respect to such a
universe, a set X is small if X € V,;, otherwise it is large.

Now calling SETS what we previously called Set, its full subcategory Sets,, consisting of all k-small sets is closed
under all the usual operations of set theory, and has all limits and colimits for all x-small diagrams. We can now enlarge
the families model to the following comprehension category:

Fam(SETS) ———— SETS™

SETS
and define the cartesian universe U € Fam(SETS)r by the constant family:
U= (T, \y. V).

Any section t : ' — I'.U defines a I" indexed collection (I, t) of sets in Vi, which gives an interpretation of El(t). Following
closely the proof of theorem 5.2, paying attention to size, we get the following result:

Corollary 5.10. For any function u : S — S’ such that for each s € S’, the subset u~'(s) is small, the functor
u* : Fam(SETS)ss — Fam(SETS)s has left and right adjoints, ¥ and II. Furthermore, for each family (S', f) in
Fam(SETS)s, each member of the family (T, f) € Fam(SETS)s is small.

By this argument, we find that the enlarged families model supports cartesian universes that are closed under IT and X.
Since the projections 7y : .U — T" associated to universes are such that the sets 7y(y) are small, for sections ¢ : ' — I'.U
and s : D.EI(t) — T.EI(t).U, define IIg ;v as the section which associates each v to the image of the member El(v),
under functor II. The case for ¥ is completely analogous.

Similarly, as long as Ob(V) € SETS, we can define the linear universe as the family:

L = (T, A\y.0b(V))

Where a section ¢t : I' — I'.IL defines a family Ei(t) = (T',t) where t, € V.
By this construction, we recover the “small” families model as sub-model of small types. Furthermore, the previous

adjunction L 4 M, induces, for every I', morphisms L : L <= U : M in Tr, natural in I" such that this induces an
adjunction of El(L(-)) 1 EI(M(—)), which forms support for M and L for small types.

5.1.2 Concrete examples

To summarize, these are the conditions imposed in order to support all of the type formers described in section 3 using
the families model:

e A metatheory in which we can construct a Grothendieck universe (in ZFC, at least one inaccessible cardinal).

e A symmetric monoidal closed category V, with small products and coproducts, which distribute over the monoidal
structure.

e An adjunction L 4 M between V and Sets, such that L{+} is isomorphic to the unit of the monoidal structure of V.
Some concrete choices for V that fulfill these conditions are:

e The category AbGroups of abelian groups with the monoidal structure given by the tensor product of abelian
groups. Here L 4 M arises from the free functor on abelian groups.

e More generally, for any commutative ring R, the category R-Mod of modules over R with the free functor/forgetful
functor adjunction

e The category CGTop,, of pointed compactly generated topological spaces, with the smash product as monoidal
structure. The functor M is here the forgetful functor which both forgets the base point and the topology, which has
a left adjoint given by the discrete topology, and then taking the coproduct with the point to create a pointed space.
The unit of CGTop, is the two point discrete set S°, which is precisely the image of the point in the adjunction
above.

5.1.3 Syntactic enriched categories

As an in depth example of a construction in the families model, recall the notion of an enriched category in as defined
in 2.12. Our goal is to form a syntactic construction whose interpretation of this is an enriched category. There are two
ways of doing this. The first we will call a “meta construction”, in which we ask for the existence of certain types and
judgmental equalities to hold, whereas the second, internal definition, is a type Enr-Cat, whose terms are interpreted as
enriched categories. The type Enr-Cat allows us to formulate theorems about enriched categories directly in the syntax,
but requires more involved type formers, such as universes, and the following type, with which we can reason (non-linearly)
about the hom-sets of V:
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I'+ A linear I'F B linear h -f:[A,B] T5Eta: A
om-F hom-E
'+ [A, B] type IEF f(a): B
Iix:AFt: B h Iiz:AFt: B Th'ZEFa: A
om-I hom-C
'k [Az.t] : [A, B] ;2 F [Ax.t](a) = tla/x] : B
In the presence of linear function types (—o) and the M-functor, this type is equivalent to (A — B)as. However, adding it
as a primitive allows us to talk about the hom-sets of V even when it is not closed. Instead, the semantics of [—, —] will be

an object in 7 which “represents” the morphisms of L:

Definition 5.11. A model of linear dependent type theory supports [—, —|-types, if, for all objects A, B € Lr, there exists
an object T[A, B] € Tr such that Tr(X,T[A, B]) = Lr.x (A, B).

Definition 5.12 (meta-theoretic enriched categories). A meta-theoretic V-enriched category in a context I" consists of the
following data:

o A (cartesian) type I' F A type,

e for any z,y : A, a linear type I',x,y : A+ By linear,

o terms I',z,y,2: A;g: By,», f : Bay b M(g, f) : Ba,-,

e ''z:A;-F j.: Bzo and

e judgmental equalities T, z,y: A; f : Boy F f= MGy, @ f) and T, 2,y : A; f : Bay b f = M(f ® jo)-

The interpretation of this in the families model are precisely V-enriched categories. The underlying set of objects will
be [[A4]], the interpretation of B is a function B : [[A]] x [[A]] = V, which for each pair z,y € A assigns an object of V.

Definition 5.13 (Internal enriched categories). The type Enr-cat is defined as
Enr-cat := EA:UEB:HIW:A]LEM:HI,y.z:A[Byyz®Bm‘y,Bm,2]Ej:HI:A[IyB;c,z][)‘f'f] = [)‘f~Mz,z,y(f®jz)}><[/\f~f] = [/\f-Mz,z,y(jy@)f)]

Since Fam(Set) is an extensional model, whenever the type a =4 b is inhabited, we have [[a]] = [[b]]. Furthermore,
since the equalities p, ¢ and r are all identifying morphisms in the image of the faithful functor M, we have:

[ o La]] = [[Ly o ] = [[£]]

and
[[ho(go Nl =Il(hog)o fl]

for all f: Bs,y, g: By,- and h : B, ., demonstrating that composition is unital and associative in the enriched category.
For example, we may choose V to be the category of groups equipped with the usual tensor product of groups. Here the
L functor forms the free abelian group of a set, and the construction above will yield an Ab-enriched category.

5.2 Diagrams in monoidal categories

Expanding on the set indexed families example, for any category C, there is a fibration cod : Diag(C) — Cat, with total
category Diag(C) begin the category of diagrams in C whose objects are functors J : D — C, and whose morphisms
between J : D — V and J' : C — V consist of functors F': C — D equipped with a natural transformation Jo F = J'.
In other words, the fibers of Diag(C) are functor categories, which we write [I', C], for any small category I". Any functor
F : A — B in the base induces a canonical lift F* : [B,C] — [A, C] simply given by precomposition.

Again, when C has a terminal object T such that the collections C(T, A) are small for any A € C, then this forms a
comprehension category,

Diag(C) ———— Cat™
dom cod
Cat

where the functor 7 is defined as follows. Given any diagram A : I" — C, we let the category I'.A be the Grothendieck
construction for A, in other words, the category whose objects are pairs (vy,¢y) where v € I" and ¢, : T — A(y).
Morphisms (,t,) — (7,t,/) consists of morphisms u : v — v’ such that A(u) ot, = t/,. If C is a 2-category, this can be
weakened so that morphisms (v,t,) — (v',t.,) are pairs (u, ), where u: v = 7" and a is a 2-cell a: A(u) ot, = .
The comprehension functor 7 : Diag(C) — Cat™ sends the diagram A : I' — C to obvious forgetful functor:
TA I'A—T
ﬂ(’Yv a’Y) =7
When C is any symmetric monoidal category V), there is an obvious symmetric monoidal structure on each fiber [T, V],
given pointwise:
J@J(z)=J)® J () : [[,V]
J@J(f)=J(f)@J(f): J(@)® J' () = I(y) @ J'(y)
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Lifts are simply given by precomposition, and we confirm that for f: A - T, and A: T — C, «(f™) is the pullback:

AA{ff} — L T.A

TA{f*} TA

A——T1 7
where ¢(d,az5)) = (f(0),ass). Since reindexing functors are strictly monoidal, this yields a split monoidal fibration.
Restricting the base to groupoids instead of categories, and setting C = Gpd we get a model of linear dependent type
theory which expands the groupoid model by Hofmann and Streicher [HS98]:

Diag(V) Diag (Gpd) ——— Gpd™
dom dom -
Gpd

Since T is the groupoid 1 consisting of a single object, we will equate the functor ¢ : 1 — A(~y) with an object a, of A(7),
and the natural transformation a : A(u) o t, = t., with a morphism o : A(u)(ay) — al,.

As shown in [HS98], this model supports II and X, and importantly provides an example of Id-types where there might
be more terms of x =4 x than refi(z), which sets the stage for the homotopy interpretation of dependent type theory.
Here, the interpretation of identity type Id4 is the functor Id4 : I'.A.AT — Gpd which sends an object (7, a,b,) to the
discrete groupoid 6 Hom 4(,)(v)(a, b), and a morphism (u, o, 8) : (7, a,by) — (7', al,,b.,) to the functor o' o A(u)(—)of :
§(Hom4(a, b)) — §(Homa(a',b')), which sends f : a — b to the composite o' o A(u)(f) o B:a’ — A(u)a — A(u)b —b'.

We see that the extended context I'.A.A%.Id, is equivalent to I.A™, and we define r4 : (IA) — (I'.A™) to be the
functor sending morphisms:

(u7 a) : (’Y, a’Y) - (7/7 aiy’)
to squares:

(w,@)

(7 y) ———— (v, aly)

(15,1ay) Ayr1gr )
Y
(u,0)
(.a,) — s (v, )
The following special case will become important:
Lemma 5.14. If a functor A : I' — Gpd takes values in discrete groupoids only, then for any two sections M : ' — T".A
and N : T' — T. A, if there exists a section P : ' — I'".Ida{M}{N"} then M = N.
Proof. The groupoid I'.Tda{M}{NT} has as objects
(’77 M"/ € A(’Y)aN"/ € A(V))vf : M"/ — N’Y)

where M, € A(7) is determined by the section M : I' — I A. If a section P : ' — I.Ida{M}{N"} exists, it must for each
v, pick out a morphism f : M, — N,. But since A(7) is a discrete groupoid, f can only be the identity morphism, and we
must have M, = N, for all v € I". Since every A(v) is discrete, this implies that M = N. O

Theorem 5.15. For any indexed groupoid A in I, the construction Ida described above forms support for Id-types in the
diagrams model.

Proof. That Ida satisfies condition (1) and (2) of definition 4.15 is proved in [HS98]. It remains to show that condition
(3) is satisfied by this construction. Let C,Z € Lr 4 a+.74,, and assume we have sections M, N : I' — I"'A and P :
I' = D.Ida{M}{N*}. We are given a natural transformation ¢ : Z{ra} — C{ra}, between between the two functors
Zorg: A > T.AAYIdy - Vand Cora : T.A - T.A.AT.Ids — V and need to display a natural transformation
¢, N, p) between:

EoPToNToM:T 5T.A—-T.AA" 5 T.AATId—V
to

CoPoN'oM:I' -T.A—T.AAY 5T .AA" Idas — V

such that & arrefi(ar)) = ¢{M}. The key point to observe is that there is always an isomorphism (v, Py : My — Ny) =
(v, 1az, : My — M,) given by the commutative diagram:

1
(77 M"/) * (75 M’Y)
P 1y

(v, Ny) — 2 (3, M)
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in the groupoid I'.A™, giving rise to a natural isomorphism ¢ : 74 o M = PT o N* o M. We define é[M, N, P] as the
composite:

é[M,N,P]:=Z40c{M}oCy1:E0cPToN" oM -+ Z0rpaoM —CoraoM —CoPtoN oM
. Notice that when M = N and P = refl(M), ¢ is the identity natural transformation. O

As in the families model, limits and colimits are constructed pointwise, and preserved by precomposition, so the model
supports &, T, @, 0, if V has binary products, terminal object, binary coproducts and initial object respectively.

The situation for — requires a bit of care. Under what conditions is the functor category [C, V] monoidal closed with
respect to the pointwise tensor product? For all F' € [C, V], we need to find a right adjoint to the functor — ® F : [C, V] —
[C,V]. In other words for all functors G, H, we need

For F,G, H : C — V anatural transformation n : F®G — H, a natural transformationisforallg: z -z and f: 2z —y
in C, a diagram:

Fx®Gm%Fz®asd

Naively, F,G,H : C — V a natural transformation n : F ® G — H gives rise to a collection of maps 74 : F(A) —
[G(A), H(A)], but a priori these maps do not constitute a natural transformation F' — [G, H].

Instead, notice that a natural transformation 7 : F' — G, is for each morphism f: A — B in C, a pair of morphisms 74
and np such that:

F(A) —Y s F(B)

nmA nB

GA) — 5 q(B)

or equivalently, an “element” of [F(A), G(A)] x [F(B), G(B)] such that the postcomposing the first component with Gf is
the same as precomposing the second component with F'f:

w1 (Gf*)
[F(A), G(A)] x [F(B), G(B)] e [F(A), G(B)]
T2 *
So if V has all limits, a natural candidate for the internal hom of the functor category becomes the equalizer:
Gf*
[F,G](z) = Eq(Ilsec[Fz, Ga] — .0y [Fz, Gy])

*

also known as the end [F, G](z) = [ _.[Fz,Gxz] of the functor [F—, G—]:C? xC — V.

Theorem 5.16. If V has internal homs and is complete, [C,V] has internal homs, defined as above.

Proof. For any, F,G, H € [C,V], we need to display bijection
€V © F.6) = (e VIH, [ [Fa.Ga)
zeC

natural in G and H. Since [F,G] is a constant functor, a map on the right hand side consists of, for every map f : z —
y € Mor(C), of commutative diagrams of the following form:

He — 1 jy
N2
Ny
f:cEC [Fz, Gx]

which will determine two unique morphisms, 7 : Hx — Igzec[Fz,Gz] and 7y : Hy — Ilzec[Fx,Gx], such that the
following diagram commutes:

He — M Hy
ﬁm ~
My
HIGC{FQ?,GQT] ﬁ) Hfa:—)y[FmaGy]
o (F fx
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projecting out yields a unique collection of morphisms 7.7, : Hx — [Fz, Gz] such that the following diagram commutes:

He 28 Hy
e iy
[Fz,Gx] [Fy, Gy]
[Lre,Gf] [Fflgy]
[Fz, Gy]

which by the tensor-hom adjunction in V corresponds precisely to a diagram:

Hz®FmM> Hy® Fy

NaTa Ny Ty

G —HF —qy

, determining a unique natural transformation H ® F — G. This yields a bijection of homsets natural in all variables. [

Given any functor p : D — C in the base, we have:
PG F) =X [ (G Fe@) = [ (606, Fe@)] = "G F)
p(z)€C z€ED
so we get that the diagrams model supports —o if V is monoidal closed and complete.
Definition 5.17. For any functor p : A — B in the base, a left or right adjoint to the induced functor p* : [B,V] — [A, V)]
is called a left or right Kan extension of p.

Here is a general fact about Kan extensions:

Theorem 5.18. Left (right) Kan extensions along p : A — B between two arbitrary small categories A and B exists if and
only if V has all colimits (limits).

Proof. Assume all left Kan extensions exist, and consider the diagram J : A — V. Denote the left Kan extension along
the functor ! : A — 1 to the terminal category Lan: : [A,V] — [1,V]. Since functors in the image of I" : [1,V] — [A,V]
are functors constant at the object v € V, a natural transformation between functors J € [A, V] and "v are equivalently
cocones over J with v as a vertex. Since we have:

homyy vy (Lani(J),v) = hompa vi(J,"v)

any cocone 7 : J —!"v gives rise to a unique morphism from the object selected by Lani(J) to v, which is precisely the
universal property of the colimit.

In the other direction, assume V has all colimits. Then we will, for any p : A — B construct a “pointwise” left Kan
extension of any F' € A — V. We define Lan,(F) to be the functor which sends b € B to the colimit of the diagram

plb) ALY
where (p | b) — A is the forgetful functor illustrated in the following picture:

pla) — 2 p(a)

b

for any morphism g : b — ¥, there is an induces functor (p | b) — (p | b’) by postcomposition, which induces a morphism
of colimits:

tim (p 1 6) = A5 V) —1im (0L 8) > A5 V)

— —

which we define to be the action of Lan,(F) on morphisms. We show that this construction gives rise to an adjunction by
constructing the unit ng : F — p*Lan,(F). For any b € B, denote the projections associated with any colimit of Lan,(F)b
by A-y. That is, for:
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have:

F(a) ——5— F(a)

As

Lan,(F)(b)

Now, given any a € A, we have p*Lan,(F)(a) = Lany(F)(p(a)), the canonical projections in the case where the
components of the slice (p | p(a)) are given by the identity:

F(a)

Mp(a)

Lany(F)(p(a))

give rise to a natural transformation ng : F' — p*Lan,(F).

Leaving naturality conditions aside, it remains to show that this natural transformation satisfies the universal property
of the unit. To that end, let G € [B,V] be a functor and ¢ : F — p*G a natural transformation. We want to display a
unique natural transformation ¢ : Lan,(F) — G such that p*(4) o nr = ¢. But a natural transformation ¢ : F — p*G

makes G(p(a)) a cocone to (p | p(a)) — A E Vioralac A, so the universal property of the unit follows from the
universal property of the colimit.
The cases for right Kan extensions and limits holds by a dual version of this argument. O

The result above ensures the existence of left and right adjoints to reindexing functors in the diagrams model as long as
V is co-complete or complete, respectively. But since our main concern are diagrams over groupoids, it suffices to consider
the case where V has limits and colimits for these. Similarly to the families model, the fact that our reindexing functors
are given by precomposition ensures that these always satisfy the Beck-Chevalley condition:

Theorem 5.19. If every lift p* : [B,V] — [A, V] has a right adjoint Ran, : [A, V] — [B, V)], then, for all functors A € [T, V)]
and pullbacks of the following form:
I'pA —2 > T.A

Tk A A
r—>—7T

there is a natural isomorphism p* Rany, = Rang . ,,q" : [[.A,V] = [IV,V].

Proof. Let B € I.A,V] be a functor. Then p* Ran, (B) is the functor sending 4" € T' to the limit of:

(madp(y) =»T.AL Y
while Ranx . ,q"(B)(7) is the limit to:
(mprady) =T'p A By,
The former functor is illustrated in the following picture:

ma(y, 0oy € Aln)) —2 5 1 (2, a0y € A(y2))

B(a,u
: t o (Bl =2 Blaan) )
p(7")
The latter is given by:
, B mpx A (B,v) , ,
Tpr a(71, aqy € A(p(711))) Ta(72, 0,y € A(p(12)))
12 B(B’U) ’
s o (B0 )~ B, ary) )
t

/

gl

In both cases, we are looking at the limit of the image of B of all elements (y,a € A(v)) such that p(y) = /. By the
universal property of the limit, these are therefore canonically isomorphic. O
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In order to interpret M and L in this model, the same argument as in lemma 5.4 can be used to show that an adjunction
between V and Gpd induces a fiber adjunction between the respective diagram categories. Therefore, for any diagrams
model which supports — to support M and L, it suffices to display an adjunction

Mo

1% /\Gpd
\/\(

Lo

such that L(1) = I.

Remark 5.20. When V is a representable concrete category, we will often find that support for M and L comes “for free”.
Since the composition of two adjunctions is again an adjunction, we get that whenever the functor V(I,—) : V — Set has
a left adjoint F', then there exists an adjunction between Diag()) and Diag(Gpd), arising out of:

% €L Set € Gpd
V(I,—) 5

where g is the functor sending a groupoid to its set of connected components.
Theorem 5.21. There are models in which M is not faithful.

Proof. Let V to be Gpd so that L = dmp and M = §Gpd(1,—). This induces a fiber adjunction L 4 M where L(1) = 1,
but M is not faithful. O

5.2.1 Universes in the diagrams model

To support universes, assuming one inaccessible cardinal allows us to shift our perspective to from the category of small
groupoids, Gpd, to the category GPD of all groupoids. Among the objects of GPD we find the large groupoid Gpd®"®,
and V"¢ the core (i.e. maximal sub-groupoid) of the corresponding categories. This allows us to define our cartesian
and linear universes in any context I' as the functors:

U: T — GPD
L:T"—- GPD

which are constant at Gpd©’"® and V", respectively. Any section s : I' — I'.U will determine a functor § : I' — Gpd,
which will we can embed via the full subcategory embedding Gpd — GPD to get an interpretation of El(s). Similarly,
we get from each section s : I' — I".L, a functor El(s) : I' — V. Restricting the type formers M, =, M and L to small types
only, this linear universe is all-encompassing.

It is easily seen that defining the linear universe via the core of V gives rise to the following interesting property, hinting
at the possibility of a linear univalence axiom:

Corollary 5.22. For a linear universe defined as above via V"¢ and two sections s,t : ' — T'.IL, an isomorphism
o El(t) = El(s) gives rise to a section p : I' — T'.IdL{s}{t}.

5.3 Univalence in linear dependent types

A key feature of the groupoid model is that it provides a model of dependent type theory where there might be nontrivial
terms of the identity type. A natural question to ask is whether this higher dimensional feature of type theory can be
extended to the linear dependent setting.

In particular, we want to explore a model in which the following, linear analogue to the univalence axiom, would hold:

I'FA:L
I'EB:L
T;-F f: EI(A) — EI(B)
I';-Fg: El(B) — El(A)
;- h: El(B) — El(A)
LEp:(g0f)m =(mua)—mi(a)),y, (ida)m
L'Fq:(foh)u =(BuB)—E1(B)) Yy (1dB)M

L-ua-I
'+ ua(f)[g,h’p,q] A =L B

To define the corresponding computation rule, we first define a transport function for linear types:
Lemma 5.23. Suppose the following judgments hold:
I'yx : C+ D linear
I'kFa:C
'kos:C
I'kp:a=cb

Then there is a a linear function I';- - p* : D[a/z] — DI[b/z], which we call the transport along p
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Proof.
I z,y:CF Dlz/x] — D[y/x] linear
I,z:C;-F Auww: D[z/z] — D[z/z]

'kta:C
'eb:C
'kp:a=cbd
;- - R{;ym](/\u.u, a,b,p) : D[a/x] — DI[b/x]

Taking C =L, and D = El(z) for any = : L in the procedure above yields, from judgments:

r-A:L
'-B:L
Fl—p:A:LB

the function T;- F Rfﬁy’p]()\u.u,A,B,p) : BEl(C) — EI(D). It can easily be shown that this function gives rise to a
linear equivalence between EI(C) and El(D). The two computation rules for the linear univalence axiom states that the
procedure of generating an equivalence from an identity is itself an equivalence. In other words, given a linear function
f : El(A) — EI(B) which gives rise to a linear equivalence of El(A) and Fl(B), turning the equivalence f into an identity
and then back into an equivalence should return f again:

IR, (Auu, A, B,ua(f)gnpq) : EI(A) — El(B)
IR (Owu, A, Bua(f)g.npq) = f : El(A) — El(B)

[z,y,p]

L-ua-Cq

and in the other direction, given an identity p : A =1 B, turning it to an equivalence and then back into an identity should
return p:

It ua(R{Y, (A, A, B,p))— - - : A=L B
=2 L-ua-Cso
I+ ua(R[If’y’p](/\u.u, A B, p))-—-—--1=p:A=LB

5.3.1 Semantic justification

The semantic interpretation of the procedure of turning an identity to an equivalence above is the following:

Lemma 5.24. Given two sections A, B : I' — I'.IL, and a section p : I' = I".Idp. { A}{B™}, there is an natural isomorphism
IdToEquiv(p) : ElI(A) = EI(B) in [T, V].

Proof. The section p : I' — TI'.IdL.{A}{B™} must for every I, select an object (a € A(y),b € B(v),f : a — b) of the
groupoid Idy,.{A}{BT}(vy) = §V°°"¢(A, B), and map morphisms to commutative squares, defining a natural isomorphism
El(A) = El(B) between the diagrams El(A) : T' — V and El(B): ' — V. O

Theorem 5.25. For L 4 M factoring through Sets as in Remark 5.20, the linear univalence axiom holds in the diagrams
model. That is, given the following data:

e sections: A,B:T' —T'.L

e morphisms: f: 1 — [El(A), El(B)] and g,h : I — EIl(B) in [, V],

e and sections: p:I' = I Idnmica),srayiM(g o f)HM(ida)} and q : T — U Idsisy,mim)iM(f o h)H{M (ids)}
Then there is a section ua(f)g,n,p,q: I — I Idi{A}{ B} such that IdToEquiv(ua(f)) = f and ua(IdToEquiv(p)) = p.

Proof. Since M factors through sets, the interpretation of any type in its image is a functor with values in discrete
groupoids, so by lemma 5.14, the existence of a section p : I' = T'.Tdngica),mi(a){(g © f)m}{(idEia))m} implies that
the sections (go f)m : 1 = M[A, A] and (idgia))m : 1 = M[A, A] coincide, which by the adjunction L - M implies
that [[(g o f)]] = idgya). From the interpretation of — as internal hom, the syntactic composition operation coincides
with the composition of the corresponding morphisms. In other words, denoting by f the transport of a map via the
isomorphism Lr(I, [A, B]) = Lr(A, B), we have [[go f]] =g o f and %dEl(A) = lgya). We therefore have an isomorphism
f: El(A) — EI(B) with g = h as inverse. Selecting this isomorphism in V°"® gives rise to a section P : T' — I'.Id.{ A}{ B},
which by the previous lemma can be transported back by IdToEquiv(P) = f O

So the linear univalence axiom holds in the diagrams model as long as M factors through sets, analogous to how
one can prove the univalence axiom in the groupoid model for the universe which only contains discrete groupoids. This
might not be completely satisfying from the perspective of homotopy type theory, as this essentially truncates any higher
dimensional type into a set when transporting them via M. Instead, we could to imagine forming a model where our linear
types have an inherently higher dimensional structure, which is preserved by M. One such model is given by letting the
objects of V be categories, and M be the functor taking a category to its core, i.e. its maximal sub-groupoid. If we want
V to have a non-cartesian monoidal structure the candidate choices Cat and Gpd won’t do. As briefly outlined in in 2.15
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and carefully described in [Sch07], there is a symmetric monoidal structure on SMCat, the category of small symmetric
monoidal categories, symmetric monoidal functors and monoidal natural transformations.

Definition 5.26. Let the 2-categorical model of LDTT be given by the diagrams model where V is the 2-category of
small symmetric monoidal categories, symmetric monoidal functors and monoidal natural transformations:

Diag(SMCat) Diag(Gpd) ———— Gpd™~

cod
dom

Gpd

For two symmetric monoidal categories A and B, the category [A, B] consisting of monoidal functors and monoidal
transformations between them carries a natural monoidal structure [Sch07], and serves as the internal hom of A and B.
Since SMCat is complete, with limits inherited from Cat equipped with a pointwise monoidal structure, we have support
for M and &, and theorem 5.16 gives us that this model supports —o type formers. ®

Lemma 5.27. There is a functor F' : Cat — SMCat which constructs the free symmetric monoidal category of any
groupoid, i.e. is a left adjoint to the forgetful functor Usmeqt : SMCat — Cat, forgetting the monoidal structure.

Proof. Construct the free symmetric monoidal category FC of a small category C by letting the objects of FC be finite
words (21, x2,...2yn) of the objects of C. Morphisms between words are best thought of as string diagrams, where each
string stems from a morphism in C:

Y1 Y2 Y3
f

i

X1 T2 xrs3

The composition of such morphisms are just the composition of the corresponding string diagrams, composing the labels of
strings along the way. The monoidal structure is simply given by concatenation of words, where the empty word corresponds
to the unit. From this construction, it should be clear that given any symmetric monoidal groupoid D, a functor between
groupoids G : C = Usmea:D induces a functor G which maps words (21,2, ...2,) — G(x1) ® G(z2) ® ... G (), which
forms an adjunction F 4 U. O

Combining this adjunction with the familiar adjunction:

Ugpd

Cat £ Gpd

core

where Upgpq is the forgetful functor and core is the functor sending a category to its underlying maximal sub-groupoid, we
get an adjunction:

FoUgpa

SMCat 41 Gpd
\/

core oUsmecat

This adjunction lifts by lemma 5.4 to a fiber adjunction:

L
A
Diag(SMCat) v Diag(Gpd)
cod
cod
Gpd

Furthermore, it is clear from the definition of F' and the unit I of SMCat, defined at 2.15 that the image of 1 under F' is
precisely I, so the higher dimensional model supports M and L.

Here we have two choices for our linear universe.’ If we want univalence to hold in this model we can let the linear
universe IL be the groupoid consisting of all discrete symmetric monoidal categories, and isomorphisms between them. This

"Technically, the structure on SMCat is not quite symmetric monoidal, as the associators, unitors and symmetry functors are only invertible
up to higher homotopy. However, if one applies these homotopies whenever necessary, one does get a model of linear dependent type theory.

8Note, however, that we do not have all coproducts in SMCat. Therefore, we cannot support @ or C. An alternative to be explored is the
category Mult, of multicategories, which is a symmetric monoidal closed, complete and co-complete [EM09]. More on this in section 6

91n our syntax we only defined a single linear universe, but it can easily be extended into several universes, which may be subcategories of each
other, or even an infinite hierarchy of universes
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is equivalently the core of CMon, the category of small commutative monoids (in Set). CMon is a full subcategory of
SMCat, which allows us to let El be the function sending an object of L to an object of SMCat.

Another choice is to let L = SMCat“"¢, making it an all-encompassing universe. This universe is not univalent, how-
ever, as one-dimensional groupoids do not carry enough higher dimensional structure to capture the weakness distinguishing
an equivalence of categories and an isomorphism of categories.

5.3.2 Univalent linear type theory (syntactic)

It is not uncommon for linear logicians to state equalities like A —o B — C' = AQB —o C'tomean A — B — C' - AQB — C'
and AR B—o CF A— B — C. Here it is important to distinguish between linear logic and linear type theory. In both
linear logic and linear type theory, we have A& A - A, but there is in general no equivalence A& A = A, since there may
be more than one term inhabiting A.

Just as the normal, “cartesian” univalence axiom provides mathematicians with a way to equate isomorphic structures,
despite its incompatibility with the “official” doctrines of conventional foundations, the linear univalence axiom allows us
to identify well known equivalences between linear types without feeling guilty.

Theorem 5.28. Assuming L-ua, for all linear types A, B, C, cartesian D in I', and cartesian E in I'.D, the following
types are inhabited:

1. TFA—-B—oC=A®B—C
2. Tk (Ez;DE)L =LCz:D EL
3. (A&B)rLym =1 ALy ® Bru

Proof. 1. We construct maps h: (A — B —o(C) —o (A®B) —C

Iif:A—wB—-oCkFf:A—-oB—-C Tyy:AkFy: A
I5f:A—oB—-oC,y:Az2:BF f(y): B—C I';2z:BFz:B
If:A—oB—oC,y:Az:BF f(y)z):C MNx:AQBlFz:AQB
I5f:A—oB—oC,z: AQ Bt let z be (y,2) in f(y)(z) : C
I'f:A—oB—CF Axlet z be (y,2) in f(y)(2) : AQB — C
;- = Af.Az.let z be (a,b) in f(a)(b): (A—oB—oC)—o (A® B — () e

and b ' : (A® B — C) — (A — B — (C):

—o-E

—o-

®R-E

—o-1

I

I'B:BFpB:B Tia: A a: A
Tija:AB:BFa®B:A®B I'g:A®B —oCkg:A®B —C
Ig: A B—oC,a:A,B:BFgla®p):C
INg:A®B —-C,a:AFgla®pB): B—C
Ig: A® B —-oCF XM ABg(a®B):A— B —C
T F AgAaA3.g(a®B): (A®B —-C) = (A—oB—-C)

and show that they are mutually inverse. (hoh™): (A® B —o C) —o (A ® B —o C) reduces to:

—o-1

I

(hoh™") :== My.(A\fAz.let = be (a,b) in f(a)(h))(Mg-ha-AB.g(a® B))y =
Av.(AfAz.let z be (a,b) in f(a)(b))AarBy(a® B)) =

Avy.dz.let x be (a,b) in (AaAB.y(a® B))(a)(b) =

Ay.Az.let  be (a,b) in y(a ®b) =

Mvy.let (a ® b) be (a,b) in y(a ®b) =

id(A® B—oC)—o(A® B—oC)
and (h"*oh): (A — B —oC) —o (A — B — () reduces to:

(R ' o h) := My.(Ag.AaAB.9(a ® B))(Af.Azlet = be (a,b) in f(a)(b))y =
Ay.(AgAaAB.g(a® B))(Az.let = be (a,b) in v(a)(b)) =
Ay AaAB.(Azx.let x be (a,b) in y(a)(b))(a® B)) =
Ay AaABlet (a® B)) be (a,b) in y(a) (b)) =
Ay daAB.y(a)(B) =
1d(A—oB—oC)—o(A—oB—oC)
so we inhabit both (ho h_l)M =(A@ B—C)—o(A® B—C) tdr and (h_1 0 h)M =(A@ B—C)—o(A®B—c) tdn With refl, and
then apply the linear univalence axiom to get the desired equality.

2. By Theorem 3.8, there is a linear equivalence (X4:pF)r =Ca:p Fr. The linear univalence axiom gives rise to an
equality between these types.
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3. We construct a function f : (A&B)LM — Arm ® B by:
f:=Ap.let p be z in fst(o(x))pa ® snd(o(z))

with inverse f71 :Apym @ By —o (A&B)Ljut

fti=MAglet gbey, z in ((let a be y in o(a)), (let 8 be z in a(ﬁ)))LM

which are easily seen to be mutually inverse.
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6 Discussion

6.1 Multicategories vs. Symmetric Monoidal Categories

An alternative approach to modeling linear type theory is to start from Multicategories instead of Symmetric Monoidal
Categories. A multicategory is like a category, except that one allows multiple inputs and a single output. These are
slightly more general, as for every monoidal category there is an underlying multicategory, but the converse does not
hold. Although multicategories are less studied than monoidal categories, there are reasons to believe that they can
provide a useful framework for interpreting linear type theory. First of all, they give us precisely the sufficient structure
to interpret the core syntax of a linear type theory, and do not require us to assume support for ® and I at the level
of the “semantic core”, as we have done here. Secondly, in pursuing higher dimensional models of linear dependent type
theory, the categories Mult of unbased multicategories and Mult. of based multicategories are both symmetric monoidal,
closed, and bicomplete, while SMCat does not have all colimits (and its monoidal structure is technically not that of
a monoidal category “on the nose”). There is also a strong connection between multicategories, symmetric spectra and
algebraic K-theory, a connection that might be explored “synthetically” in linear dependent type theory, if one constructs
a model based on multicategories [EMO09].

6.2 Equality of linear types and linear function extensionality

A basic assumption of our theory is the restriction disallowing linear terms to appear in types. This implies that we cannot
form the identity type of two terms of a linear type, which could be seen as a lack of proper “internalization” of the notion
of equality between linear terms. However, we can still utilize the “surrogate equality” described at the end of Section
3.4, which compares the image of the two linear terms under M. Building upon this idea, it is tempting to consider the
addition of some kind of “extensionality”-style rules to make the “surrogate equality” useful in practice. Such rules should
allow us to prove equalities of linear terms by reducing it to a proof equalities of their consituent parts. For example,
suppose we are given terms:

Tyz:AFt: B
Iz:AFs: B
and we know s and ¢ to be equal in some weak (or propositional) sense, and therefore, we would like to say that there is a

term of the type:
I+ ()\l‘.t)M =(A—-B) (/\l’.S)M

We might say that to prove such an equality, it suffices to display a proof of the type:

T'F fmap (A\x.t) =a,,-B,, fmap(Az.s)=
TE Ay (Azt(0())) \y =an—5u M- (Az-5(0(y)))

which, in the presence of (cartesian) function extensionality reduces to a proof of:

T F1ya (¢(o(y)/x]m =B slo(y)/2]m)

We consider this rule to be a kind of linear function extensionality, even though the name does not reflect the interplay
between M and L present in its formulation. For an application of this rule, consider the proof of Theorem 3.8. There
we displayed a linear equivalence by showing judgmental equality between the roundabout g o f and the identity function,
but it is tempting to weaken this to a propositional equality and drop additional assumption 3-U.

We have not investigated the semantic interpretation of linear function extensionality, nor its interplay with univalence
or linear univalence. It appears that more investigation is warranted regarding equality between linear terms.

6.3 Inductive types in linear dependent logic

As we saw in the case for ¥- and Id-types, we add new elimination and computation rules for our traditional cartesian type
formers for when the type we eliminate into is linear. This should remain true for inductive types. For example, adding
the type of natural numbers to our theory, we would add the rules [N-E;], [N-C2-0], [N-C2-S] to the typical rules for the
natural numbers type:
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F T ctxt :
I'FN type
ET ctxt NI '+ RY(H,, Hs, Suc(M)) : C[Suc(M)/n] NCLS
[H0:N I'b R, (H., Hy, Suc(M)) = H,[M/n, Ry, (H=, Hy, M) /2] : C[Suc(M)/n] '
LEM:N __ ngy I,n:NFC linear
I'F Suc(M) : N Ty ZF H, : C[0/n]
I''n:N;Z,2:CF Hs : ClSuc(n)/z]
'FM:N N-E,
I''n:NFC type ;2 RY(H,, Hy, M) : C[M/n]
't H. :C[0/n]
''n:Nyzx:CFHg: C[S
e '-M:N )/ IyE+ Ry (H., Hs,0) : C[0/n]
' N-E; — N-C3-0
'+ RY(H.,H,, M) : C[M/n] I EF- Ry (Hz, Hs,0) = H. : C[0/n]
T2+ RY(H,, Hs, Suc(M)) : C[Suc(M)/n) NoCS
T2+ RY(H,, Hs, Suc(M)) = Hs[M/n, RN (H,, Hs, M) /z] : C[Suc(M)/n] ’
'+ RY(H., H,,0) : C[0/n] NGO
T+ RY(H.,H,,0)= Hy : C[0/n] '

These rules allow us to define an addition operator for the linear type Np:
We first define a successor operation for Nz by:
LSuc: Ny — Np,
LSuc := Az.let n be x in Suc(n)r

and define the function that applies this operation x : N times to any term of Ng:
z:Nyn:N,z:Nym: N F LSue(m) : Ng y:NpFy:Ng
z:Nyn:N;y:Nr,m:Ng Flet z be yin LSuc(m) : N z:Njy:Np Fy:Ng
z:NFz:N
z:N;y:Np - RY(y,let z be y in LSuc(m),z) : Ny,

allowing us to define “linear addition operator”:

L+ _:Np —-Np —-Ng
L+ _:= X n.Amlet z be n in R" (y,let z be y in LSuc(m),z)

It remains future work to investigate which conditions these extra rules impose on the semantic interpretation of the
natural numbers type, and to explore more generally how to interpret inductive types in the linear dependent setting. It
would also be interesting to see how inductive types constructed in this fashion compares to the ones considered by Frank
Pfenning in [Pfe02].

6.4 Linearity, pointedness, stability and the delooping hypothesis

In our models, we have kept the categories £ and T of linear and cartesian types only related mainly via the adjunction
L A M. This has provided us with a variety of options for understanding linear and cartesian types and their relation, but
at this level of generality there does not seem to be a strong conceptual (or ontological) connection between linear and
cartesian types.

Inspired by the higher categorical interpretation of dependent type theory, we consider a few different ways of connecting
cartesian and dependent types, both from a syntactic and semantic point of view.

6.4.1 Linear types as pointed cartesian types

For any category C with terminal object, we can consider the its pointed version, C., consisting of objects A € C together
with a morphism a : 1 — A, whose morphisms are commutative triangles:

a

=

hS

b
—F B
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This category has coproducts (called wedge sums) given by pushouts if C has these, products inherited from C, and a
symmetric tensor product (called the smash product) when C has both products and pushouts. Furthermore, when C has
all coproducts, the forgetful functor C*/ — C which forgets the base point has a left adjoint which is given for any object
A by he coproduct 1+ A.

This suggests that whenever we have a model for dependent type theory which supports II and ¥, we should get a
model for linear type theory by considering the category of pointed objects over any context. Lr = 7}*/ .

The connection gives motivation for including the following derivation rules:

F A type
Fa:A
F (a, A) linear

Fa:A
Fb:B
Ff:A— B
Ffla)=b
5 (a, A) - f 2 (b, B)
However, under the homotopical interpretation of type theory, there might be a more interesting relationship between
pointed cartesian types and linear types.

6.4.2 Linear types as looped cartesian types

From the homotopy type theory interpretation of dependent type theory, we are inclined to think of the category of
cartesian types as an n-dimensional or co-dimensional groupoid, where the identity type provides us with the means of
going “one step up the ladder” of higher dimensions. The

There are higher dimensional analogues to this process of relating pointed categories and monoidal categories, going
under the homotopy theory inspired names of looping and delooping. The full theory and motivation behind this process
falls outside the scope of this paper, and the curious reader is directed to [BS10]. Below we outline the main idea and
discuss how this relates to linear dependent type theory.

Starting with a low dimensional example, we can for any small category A with a distinguished object a construct
a monoid, Q(A), the looping of A, whose underlying set of objects is given by Ob(22(A)) = C(a, a), and whose monoid
structure is induced by the composition in A. In the other direction, we can for any monoid M, construct a small category
3 (M) consisting a single object *, whose set of morphisms is given by the underlying set of M, and whose composition is
given by multiplication in M. This procedure extends to an adjoint pair B - 2 of functors between the category of pointed
categories and the category of monoids. In the case where the small category A is monoidal, the resulting monoid has two
“monoid operations”, which by an Eckmann—Hilton argument turn out to coincide and yield a commutative monoid.

Going one dimension higher, if (C, a) is a bicategory (recall definition 2.14) with a distinguished object a € Co, we define
its looping 2(A) to be the category whose objects are the 1-morphisms in a, and whose morphisms are the 2-morphisms
between these. In other words:

QA) =Ca,a

Now one can verify that the structure given from the composition Mg.q,a @ Ca,a X Ca,a — Ca,a and identity functor
la : 1 — Cq,q and the associated associators and unitors is precisely that of a monoidal category.

The dual of this procedure takes a monoidal category V and defines X(V) as the bicategory consisting of a single object,
*, to which we associate corresponding 1-morphisms and 2-morphisms by:
=V

s

IR

Again, the monoidal structure of V gives us precisely the structure needed to define the coherent composition and identity
functors.

It can be shown that the process of looping and suspension can be extended to functors, which form a sort of adjunction
between monoidal categories and bicategories.

B
/_\
MonCat 1 BiCat
Q

By double looping and delooping, we get an adjunction between commutative monoids and pointed bicategories.
Motivated by these lower dimensional examples provides an intuition behind the delooping hypothesis: '°

Hypothesis 6.1. There is an adjoint pair B* 4 Q* between k-monoidal n-categories and pointed (n + k)-categories.

What k-monoidal means in this context is the higher dimensional generalization of correspondence between sets,
monoids, commutative monoids in the 0-dimensional case, and categories, monoidal-, braided monoidal- and symmet-
ric monoidal categories in the 1-dimensional case.

10This version is a simplified form of the more general version given in [BS10]
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In the context of dependent linear type theory, the hypothesis suggests that if we want the category Lr to be a non-
discrete symmetric monoidal category, i.e. a 3-monoidal 1-category, the lowest dimension needed for a non-trivial category
of cartesian types is to let Tr be a pointed tetracategory, i.e. weak 4-category, connected by the adjunction:

B3
DR
Lr €L Tr

~_

03

At this point, one might jump straight to the co-dimensional case'', and consider all n-dimensional examples as special
cases.

Roughly, this means that we are to understand a cartesian context I as an co-groupoid as in the simplicial sets model,
from which we can construct the co-category Sp(I") of spectrum objects, in the sense of [Lur06], if I' admits finite limits.
The category Sp(I") should be a symmetric monoidal (0o, 1)-category, which seems like a suitable environment to interpret
“higher dimensional” linear types.

This suggests a connection between dependent linear type theory and stable homotopy theory akin to the connection
between dependent type theory and to homotopy theory. This connection was hypothesized in [Sch14].

However, as the connection between linear types and cartesian types relies heavily on pointed objects in the cartesian
realm, one is tempted to experiment with a reformulation of the adjunction L 4 M that reflects this.

I The definition of a tetracategory spans multiple pages for every single coherence axiom (of which there are many)
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