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Abstract

In this thesis we study the Kronecker product and its applications

in solving matrix equations. First we will give some preliminaries

as a good tool to understand the calculations we will do with

the Kronecker product. The preliminaries contain material from
linear algebra and ordinary differential equations (ODE).

We deal with the Kronecker product together with the vec — operator
on matrix equations. The method is then applied to a special

class of matrix equations, Lyapunov equations, in particular

their relations to stability theory for linear dynamical systems are
investigated. We will also study three different methods to solve the least
square problem in the formulation of Kronecker product.
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1. Introduction

In this thesis we study the Kronecker product and its applications. In particular we
investigate the preservation of matrix structures under such an operation. The thesis is
organized as follows.

In Section 2 we gather some definitions and theorems from linear algebra and linear
ordinary differential equations in matrix form for later use. The purpose is to make it easier
for the reader to follow the rest of the text. In Section 3 we present the main topic in
details. We begin by the definition of the Kronecker product and present its basic
properties, especially the matrix structure preservation under the Kronecker product, such
as LU-, QR-, Cholesky-factorization, and singular value decomposition. For the reader to
feel comfortable with the properties of the Kronecker product we also present some
examples. Then we study some linear matrix equations using the Kronecker product in
order to get the "standard" form of linear equation "matrix-times-vector-equals-vector-
form". To this end we introduce the vec-operator, Kronecker sum and their properties and
how they can be used to reshape the matrix equations. Among these equations, the
Sylvester and the Lyapunov equations brought up in Section 4 where we investigate the
Lyapunov equation in great detail, from a brief introduction of the stability theory to
different solution methods to unique solvability of positive definite solutions of the
resulting Lyapunov equation. Finally in Section 5 we study how the least square problems
in Kronecker product form can be solved using the information and solutions or
factorizations from the smaller matrices involved and thus we can avoid working on large
problems.



2. Preliminaries

In this section some elemental material relevant to this text is collected.
The material will be from linear algebra and ordinary differential equations.

2.1 Linear Algebra

Let us go through some basic definition from linear algebra focusing on factorization
properties.

2.1.1 Basic definitions

We will though take as granted that the meaning of vector space, linear combinations,
determinant is known for the reader. However, we repeat matrices and linear independence
of vectors and some of their properites.

We use the notation M, ,,, for the set of nXm matrices over some field K (K = R or C)
and M,, if m = n.

Definition 2.1 (Invertible Matrix), see page 24 in [1]:
Let A € M, is called invertible if there exists an B € M, such that

AB=BA =1,

where [, denotes the nXn identity matrix and the multiplication used is the ordinary
matrix multiplication. If A is invertible, then the matrix B is uniquely determined by A and
is called the inverse of A, denoted A~1. A simple property is that det(A) # 0.

Definition 2.2 (Norm), see page 235 in [1]:
Let V be a complex or real vector space. A norm in V is a function
V-oR,
which for every vector v calculates ||v|| satisfying follwing three properties:
e |v||=0,and|lv||=0 v =0,

* |lav|| = |a| - ||v||, forany @ € K, (K is either R or C),
* |lv+ull < llvll + llull for any u, v € V (triangle inequality).



In this text we consider only finite dimensional vector spaces. More precisely dim(V) = n.

Theorem 2.1
Let vy, ..., v, be vectors in V. Let A be a matrix, the columns of which, A; are the
coordinates of v; in some basis ey, ..., e,. Then the following conditions are equivalent:

* The vectors v; are linearly independent,

* The vectors v; generate V,

* The vectors v; form a basis for V,

e det(4) #0,

e rankof Aorr(A) =n,

* Aisinvertible or 4 is nonsingular,

* The system AX = B has a unique solution for any column vector B,
* The system AX = 0 has only the trivial solution X = 0.

Proof: see page 75 in [1].

Definition 2.3 (Diagonalizable), see page 118 in [1]:
A square matrix A is diagonalizable if it is similar to a diagonal matrix
D = diag(A4,A,, ..., 4,). In other words if there exists an invertible matrix S such that

S_lAS =D = dlag(/h, ).2, e ’/171)'
Definition 2.4 (Eigenvalues and eigenvectors), see page 118 in [1]:

A non-zero vector v is called an eigenvector for a linear operator A if
Av = v

for some scalar A. This scalar is called an eigenvalue for A associated with v.
Considering a matrix as an operator we can say the same:
A nonzero column vector v is called an eigenvector for A if

Av = v
and A is called its eigenvalue.

Definition 2.5 (Positive definite), see page 429-430 in [2]:

A real symmetric matrix A € M, over R is positive definite if x” Ax > 0

for all nonzero x € R™. A matrix is positive semidefinite if x” Ax > 0 for all nonzero

x € R™. Consequently xT Ax is real for all x € R™. Conversely, if A € M, and xT Ax is
real for all x € R™, then A is symmetric, so assuming that A is symmetric in the preceding
definitions, while customary, is actually superfluous. Of course, if A is positive definite, it
is also positive semidefinite.



Theorem 2.2:
Any real symmetric matrix has only real eigenvalues and is always diagonalizable and the

eigenvectors may be choosen orthogonal.
Furthermore A = QTAQ, where QTQ = QQT = I.

Proof: See page 266 in [1].

Definition 2.6 (Trace) see page 88 in [1]:
Assume A € M,,. The trace of 4 is a;; + =+ + ay, (or X7, a;;), the sum of the diagonal
elements.

Definition 2.7 (Commutator) [3],
If A, B € M, then we can define the commutator of A and B to be

[4,B] = AB — BA.
2.1.2 Matrix factorization

In this subsection we only work on K = R for simplicity of exposition.

Theorem 2.3 (LU-factorization/decomposition):
For every matrix A there exist a permutation matrix P, an matrix U which has the shape
resulting from Gaussian elimination (echelon form) and a lower triangular matrix L with

ones on the main diagonal such that
PA=LU

This is called the LU-decomposition (or LU-factorization) of A.

Proof: See page 35 [1].
For more information about LU-decomposition see page 216 [2].

Theorem 2.4 (QR-decomposition), see page 262 in [1].
Every invertible matrix A has a unique QR-decomposition (or QR-factorization), namely

A= QR,

where @ is orhtogonal matrix and R is a upper triangular matrix with positive elements on
the main diagonal. Generally, if A € M, ,,, we can find a decomposition A = QR where Q
is an orthogonal matrix and R has an echelon form with the positive pivot elements. But
this decomposition is not unique if 4 is not invertible.



More concrete,
Let A € M, ,, be given.

a) If n = m, thereis a Q € M,,,,, with orthonormal columns and an upper triangular
R € M,,, with nonnegative main diagonal entries such that A = QR.

b) If n < m, then the factors Q and R in a) are uniquely determined and the main
diagonal entries of R are all positive.

¢) If n = m, then the factor Q in a) is unitary.

d) There is a unitary Q € M, and an upper triangular R € M, ,,, with nonnegative
diagonal entries such that A = QR.

Proof: See the pages 262 in [1] and pages 89-90 in [2].

Theorem 2.5 (Cholesky factorization), see page 441 in [2]:

Let A € M,, be symmetric. Then A is positive semidefinite (positive definite, respectively)
if and only if there is a lower triangular matrix L € M,, with nonnegative (respectively,
positive) diagonal entries such that A = LLT. If A is positive definite, L is unique. If 4 is
real, L may be taken to be real.

Proof:
1
First we show that there exists a positive definite (semi-definite) matrix Az such that

1 1
A = Az Az. Since A is positive definite (semi-definite) there exists a Q with

QTQ = QQT =1 suchthat A = QTAQ and A = diag(4,, ..., 1,,). By the Theorem 2.2 in
the previous subsection all 4; > 0 (or = 0),s0 A = A%A%, with A% = diag(\//l_ , ,\/A_n)
Thus A = Q"A2A2Q = Q"A:QQ"A:Q = (Q7A2Q) (Q7A2Q) = Az4.

Let Az = QR be a QR factorization and let L = RT. Then A = AzAz = RTQTQR = LL'.
The asserted properties of L follow from the properties of R. [

Definition 2.8 (Rank), see page 37 in [1]:
The rank r(A) of a matrix A is the rank of the matrix U in its
LU-decomposition PA = LU i.e. the number r of pivot elements in U.



Theorem 2.6 (Sinuglar value decomposition or SVD), see page 149-154 in [2]:
Let A € M, ,, be given, let ¢ = min{m, n}, and suppose that r(4) = r.

(a) There are orthogonal matrices V € M, and W € M,,,, and a square diagonal matrix

0y 0
2 q B [ ... ]
0 o

such thatoy > 0, =+ = 0, > 0= 0,49 = - = 05 and A = VEWT in which

] ZzZqifmzn,
« L=[2, 0] eM,,ifm>n,

e Y= [Zé)q] € M,, , if n > m.

(b) The parameters gy, ..., 0,- are the positive square roots of the decreasingly ordered
nonzero eigenvalues of AAT, which are the same as the decreasingly ordered
nonzero eigenvalues of AT A. They are called singular values of A.

The proof of the theorem and more can you find on page 150-151 in [2].

Remark:

It is very easy to think about SVD is just another matrix decomposition. However we want
to point out something more fundamental. We recall the following theorem

The fundamental theorem of linear algebra [4].

Remember that linear transformation (or matrices A) are the important object in linear
algebra. Associated with them are the four fundamental vector spaces,

I.  Column space C(A) that spans by the columns in A, (or image/range space of A).
II.  Row space (or coimage) C(AT), spans by the rows in A.
III.  Nullspace (or kernel) N'(4) = {x € R™: Ax = 0},
IV.  Left null space (or cokernel) V(A7) where AT is the transpose of A.

They are related to each other by The fundamental theorem of linear algebra:
Let A € M, ,, be real matrix.
1. The column space and the row space have the samme dimension r which is called

rank of A. The nullspace V'(A) have dimension n — r, and the left
nullspace V' (AT) have dimension m — .



More precisely:
« dim(c(4)) = dim(¢(4")) = r = rank(4)

o dim(W(4)=n-r
o dim(W@AD)=m-r

2. C(AT) = N(A)*r or R™ = ¢c(AT) @ N (4)
N(AT) = (A or R* = N (AT) @ c(4)
3. There exists orthogonal matrices W € M, respectively V € M, such that
AW =VX
where X is the block matrix in the form

¥ = (diag(alf ...,O’T) Orx(n—r) )
O(m—r)xr O(m—r)x(n—r)

and diag(agy, ..., 0,) is the diagonal matrix with gy, ..., ;- elements on the diagonal.
Note that

AW =V o A=VIwT
which is the wellknown Singular value decomposition (SVD).

Let columns in V and W be v, ..., v, and wy, ..., w,, respectively. Then v, ..., v, are
orthonormal and similar for wy, ..., w,,.

It’s obvious that SVD isn’t just a matrix decomposition. It creates ON-basis vy, ..., v, and
Wy, ..., W, for the four fundamental vector spaces (I. — IV.).

More precisely we have columnwise from 3. above:

e Aw;=0,i=1r+1,..,n.s0 N(4A) = span{w, .4, ..., w,},
° AWi=Ui0'i,i=1,...,T,O’i¢0$vi€C(A)

but M (4) = €(AT)* and V' (AT) = C(A)* respectively. So {wy, ..., w, } is an
ON-basis for the row space and {v,,4, ..., U, } is an ON-basis for the column space.

* If we consider A as a linear transformation from the row space to the column space,
Aw; = o;v; for i = 1, ..., means that the matrix representation for A in the basis
{wy, ..., w,.} in the rowspace is a diagonal matrix in ON-basis {vy, ..., .} (in the
column space).

10



Remark:
We can use the singular value for the norm ||A||; = 0,45 (4) (the maximal singular value
of A).

2.2 Linear algebra and relations to linear systems ODEs
The material in this subsection is based on e.g. Sontag. See page 467 — 492 in [5].

2.2.1 System of first order equations and state form

In continuous time, a first order system is defined in terms of x; (t), x5 (t), ..., x,,(t) that
are functions of the continuous variable t. These variables are related by a system of n first
order differential equations of the following general form:

xl(t) = fl(xl(t)r lxn(t)' t)
J'CZ (t) = fz(xl(.t)y !xn(t)ﬂ t)

30 () = fo(r (D), o) % (), 0)

where x; = % and f; are continuous functions of x; (t), x,(t), ..., x,,(t), t. In matrix form
x() = f(x(®),0),

where x(t) = (2, (), ., %2 () and f = (fy, .., £)T

If a continuous-time system is /inear then it has the following form called state space form

X1 () = a1 (0)x1(t) + aga(O)x2(8) + -+ + a, ()x, () + uy (t)
X (1) = Az (O)x,(8) + az(D)x,(8) + -+ + azn (O)x, () + uy(t)

F (D) = Ay (D%1(0) + Ana ()% (6) + -+ + Ann (D20 (8) + +11n ()

as before, the x;(t),i = 1,2, ..., n are state variables, the a; j (t) are coefficients, and
u;(t),i =1, ...,n are forcing terms. In order to guarantee existence and uniqueness of
solution, the a;;(t) are assumed to be continuous in t. The linear system in matrix form is

x=A)x(t) +u(t)
where the x(t) is the n X 1 vector, u(t) is the n X 1 forcing vector and A(t) isthe n X n

matrix of coefficients referred to as the system matrix. If the matrix A(t) = A, independent
of t, the system is said to be time invariant. [6]

11



2.2.2 Matrix exponential

Theorem 2.7 (Matrix exponential), see page 386 in [7]:
LetA € M,.

a) There exist functions a, (t), a,(t), ..., @, (t), such that
et = a; (DAL + a, (O)AV 22 + o+ a4 (DAL + ay .
b) For the polynomial (in r)
p(r) = a; (O™t + a, (Or™ 2 4 - + a1 (Or + a,(t).
if A is an eigenvalue of 4, then e? = p(4), so that e*t = p(At).

c) If Ais an eigenvalue of multiplicity k, then

a_de@ i dip)

k_
_ _d’p() P IO
dr l.—;’ dr?

e €= T
r=1 r=1

2.2.3 Variation of constant formula, see page 21 in [7]

A way to solve for to solve linear equations via an integrating factor
. . Lo d
1. Write the linear equation in the form ﬁ + P(x)y = Q(x).

2. Calculate the integrating factor el P)dx
3. Evaluate the integral [ Q(x) e/ P094%dx and then multiply this result by e~/ P@)dx,
4. The general solution to Z—z + P(x)y = Q(x) is

y = Ce—fP(x)dx + e—fP(x)dxj Q(x)efP(x)dx dx.
So if we consider first order system of the form

X =Ax + F(t)

where F is a vector with continuous functions as its entries.
That system has solution

x(t) = edtc + et .[ e AtF (t)dt.

12



It is easiest to understand the derivation of this solution in terms of a general fundamental
matrix and the method of variation of parameters. If we also have an initial condition, the
solution can be written to take this into account. Thus

x = Ax + F(t), x(ty) = xo

has solution
t

x(t) = eAlt=to)y, 4 g4t f e 4SF(s)ds.

to

Lets us do one example with it without the initial condition in mind.
See page 396-397 in [7]. We will solve the following problem

() (10,

To solve this we can calculate the matrix exponential by Theorem 2.6 and get

At l(e—3t 4+ 23t 73t _ Ze3t>

et = _ _
3\ =3t _ o3t 2¢-3t 4 g3t

We also need to calculate [ e 4t F(t)dt. We note that e ~4¢ is easily calculated from e“t to

simply replacing t with —t. Then we have

1/,3t -3t 3t _ —3t\ /— i
fe-AfF(t)dt=f§<e vl e ) () =

@3t — g3t 23t 4 o3t et

_ fl(—e” sin(t) — 2e~ 3¢ sin(t) + 2e*t — 2e‘2t> dt =
3\ —e3tsin(t) + e 3¢sin(t) + 2e*t + e 2t

1 <2e‘3t cos(t) + 6e3tsin(t) + e3t cos(t) — 3e3tsin(t) + 5e*t + 106’_2t>

30\ e3t cos(t) — 3e3tsin(t) — e 3t cos(t) — 3e 3t sin(t) — 5e72t + 5e*t

We then left multiply by et and obtain, after a lot of simplifications,

1 (cos(t) + sin(t) + Set)
10 —2sin(t) '

We add this last vector to the product of e4t with an arbitrary vector. In the formula, we

gave the arbitrary constant vector as ¢, but for comparison purposes, we let k be our
arbitrary constant vector.

13



x(t) = l(e‘” + 2e3t 2e73t — Ze3t> <k1> 4 1 (cos(t) + sin(t) + Set) _
3\ et —e3t 2073 43t J\ky) T 10 —2sin(t) B

B 1((k1 + 2ky)e 3t + 2k, — 2k2)e3t> i(cos(t) + sin(t) + Set)

3\ (ky + 2ky)e 3 + (—ky + ky)edt 10 —2sin(t)
Now let ¢; = (kl+3—2kZ) and ¢, = @ then our answer can be written as

x(t) = c,e3t G) + cye’t (_12) + et (1{2) + cos(t) (1/010) + sin(t) (i/ll/(g

3. Kronecker Product

Now we introduce the definition of Kronecker product. We will do some examples with
the properties of Kronecker product!

Definition 3.1 (Kronecker product), see page 11 in [8]:
Consider two matrices A € M, ,,, and B € M, ; we define the Kronecker product of A and
B as follows
a1B - a,B
AQB = :

)

apB - ay,B

which is a matrix of size npXxXmgq.

3.1 Basic properties of Kronecker product [9]

KP1) Scalar — For all elements ainC,A € M,, ,, and B € M, :

(@A) B=AQ (aB) = a(A Q B).
KP2) Right — distributive — Let A € Ml ,, and B € Ml,, ,,, and C € M, ;:

(A+B)QC=AQC+BQC.

KP3) Left — distributive — Let A € M, ,, and B € M, ; and C € M,

AQB+C)=AQB+AQC.

14



KP4) Combined distribution (see page 12 in [8]):
If (A+B) € M,,,,, and (C + D) € M, , then:

A+B)R®C+D)=ARC)+(BRC)+(AQD)+(BQD)

Proof:
Let E = (A + B) then we have

EQ(C+D)=[KP3)]= EQC+EQD = [put back (A+ B)] =
=(A+B)®C+(A+B)®D =[KP2)|]=(ARC)+(BRC)+(AQ D)+ (BRD).

Same result will be obtained if we choose instead E = (C + D). [ |
KP5) Associative — Let A € M, ,,, ,B € M, , and C € M, :
A®B)RC=4AQ (B O0).
KP6) Transpose — Let A € Ml ,, and B € M,
(AR B)T =AT Q BT.
KP7) Conjugate — Let A € M, ,,, and B € M, ,:
(A® B)*=A"Q B".

KP8) Product (even called mixed product property)

Let A € M, B € M, C € M.y and D € M,:

(AQB)(CQ®D)=AC Q BD.

KP9) Commutator — Let A€ M,,,,, BEM,,,,C € M, ;,D € M,

p.qQ’
[AQ B,C ® D] = AC ® BD — CA ® DB.
Proof:
[A® B,C ® D] = [def. 2.6] = (A® B)(C ® D) — (C ® D)(A® B) = [KP8)] =
=AC ® BD — CA Q@ DB. [ ]

KP10) Trace — Let A € M,,, B € M,;:

Tr(AQ B)=Tr(BQ A) =Tr(A)Tr(B)

15



KP11) rank — with mXm matrix A and nXn matrix B:
rank(A @ B) = rank(A)rank(B)
KP12) Determinant — Let A € M,,, B € M,;;:
det(A ® B) = det(B ® A) = (det(A4))™(det(B))"

A consequence of this property is that A @ B or B @ A is nonsingular if and only if both A
and B are nonsingular.

KP13) If A € M,, and B € M,,, are nonsingular then
A®B)1=41Q B

We get this property directly from KP7) and KP12)

KP14) Permutation — Let A € M, ,,, and B € M, :

B A= Sn_p(A X B)S,anq,
where

Sn,m = Z(e;r X Im (%9 ei) = z(ei X I, X ejT)
i=1 =1

is called the perfect shuf fle permutation matrix. Although the Kronecker product
is not commutative, we see here that it is so under permutation described in.

KP14) In Section 3.3 we provide an example to show its role in

vectorized matrix A and vectorized matrix AT.

3.2 Properties of factorization [9]

KP15) LU — factorization - Let A € M,, and B € M,,, be invertible
and let Py, Ly, Uy, Pg, Lg, Ug be the matrices corresponding to their LU factorizations

with partial pivoting.Then we have the LU factorization with partial pivoting
of their Kronecker product:

AQB = (PA ® PB)T(LA ® LB)(UA ® UB)'

Proof:
Let A=PIL,U,, B =PlLgUg, ]y = PIL, and Jz = P} Lg we get

AQB = (PATLAUA) &® (PgLBUB) = (JaU4) ® (JpUp) = [KP8)] =

= (Ja®Jp)Us ® Up) = ((PATLA) ® (PBTLB))(UA ® Up) = [KP8)] =
=(Pf QP;)(Ls @ Lp)(Uy @ Up) = [KP6)] = (P, Q@ Pp) (Ly @ Lg)(Us @ Up). m

16



KP16) — Cholesky factorization - Let A € M,, and B € M,,, to be positive
definite,and let Ly, L be the matrices corresponding to their Cholesky factorizations
Then we can easily derive the Cholesky factorization of their Kronecker product;

AQB = (LA X LB)(LA X LB)T'

Proof:
Let A = LyLY, B = LgL% we get

AQB = (LALE) ® (LBLZ) = [KP8) = (L, ® LB)(LE ® Lg) = [KP6)] =
= (LA &® LB)(LA ® LB)T- [ |

The fact that A @ B is positive (semi) definite follows from the eigenvalue theorem which
we will establish later.

KP17) — QR factorization — Let A€ M,,,,, , BEM,,,, 1 <m<n,1<q<=<p,
be of full rank,and let Q4, Ry, Qp, R be the matrices corresponding to their
QR — factorizations.Then we have the QR factorization of their
Kronecker product.

AQB = (QARA) X (QBRB) = (QA X QB)(RA X RB)-

KP18) — Schur factorization — with A € M,,,B € M,,, and let Uy, T4, Ug, Tp
be the matrices corresponding to their Schur factorizations.
Then we have the Shur factorization of their Kronecker product:

AQB = (UA ® UB)(TA ® TB)(UA ® UB)*'

Proof:
LetA = UATAUZ!B = UBTBUEP HA = UATA and HB = UBTB’ we Wlll have

A® B = (UsTyU;) ® (UgTpUp) = (HaUz) @ (HgUg) = [KP8)] =
= (Hy ® Hp)(U;y @ Ug) = (UsT, @ UpTp)(Uy ® Up) = [KP8)] =
= Uy Q@ Up)(Ty ® Tp)(Us @ Ug) = [KPT7)] = (Us Q@ Ug) (T4 ® Tp)(Uy @ Ug)™. m

KP19) — Singular value decomposition or SVD —

Let A € My, ,, B € M, ;, have rank v, and 1, and let V,, Wy, Z4, Vg, Wg, Zg be
the matrices corresponding to their SVDs.

Then we have the SVD of their Kronecker product:

AQB = (VA &® VB)(ZA X ZB)(WA ® WB)T-

17



Proof:
LetA = VAZAWAT,B = VBZBWBT' QA = VAZA and QB = VBZB’ we Wlll get

AQB =V, W) Q@ (VegZpWg) = (QuW,]) ® (QsW5) = [KP8)] =

= (Qa Q@ QWS QW) = ((V4Z) @ (VaZ)) (WS @ Wi) = [KP8)] =
= (VA X VB)(ZA X z:B)(Vl/:qT X WBT) = [KP6)] = (VA ® VB)(ZA (%Y ZB)(WA X WB)T- u

3.3 Examples on Kronecker product properties

In this subsection we illustrate some properties by working through some examples.

EX KP2:

teaa=(2 1)5=( Qantc=(! 2)

And do first (A + B) Q C:

(G D+C D)ol D-C Dol H-

Uy
N
SWwWN -
O W

And now the other way :

O CICE TR N I
- 1 2 1 2 1 2 1 2/
0(2 3) 1(2 3) 1(2 3) 2(2 3)
2 4 1 2 3 6 0 O 5 10 1 2
_(4 6 2 3 n 6 9 0 0)_(10 15 2 3
0 0 1 2 1 2 2 4 1 2 3 6
0 0 2 3 2 3 4 6 2 3 6 9

So(A+B)R®C=AQC+BRC.
We will get similar result if we did the same with KP3)
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EX KP4:

A® (B® C):

Let us use same A, B and C to check the next property — (A @ B) @ C

(] »

)

2 1
0 1

<A®B>®c=<(

—~
N N
— N
N
R
O NO N
M — N
OO O
O NO O

~—__ —
I

R
N ™
— N

I
—

AN N N N
NMANMAN NN N

— N~ N N— N
— — — —

S N O N

N N N TN
NMNMANMAN MNMNAN M

I AN N (N (N
N— N N

M = N

AN N N N
N MNMANMAN MNMAN M

N N N
S— —

o ¥ © o

TN TN N N
NMANMAN NN N

N N N
— — — —

©O N o O
/|\

D R

o o

S O N
O O N

on O

S O

004

OO O O

O ON
MnNO OO M

NN O~ N

N
10000

o oo o

G 1

AQ® (B®O)

N —
O OF VO OF O

OCoOoON MO ON M

m o™ Nay o~ N
((
— —

—/ ~ —
OO VO OF O

O ON MO N M

Mmoo N o N
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6 12 0 O 3 6 00

12 18 0 0 6 9 0 0

2 4 4 8 1 2 2 4

_ 4 6 8 12 2 3 4 6
0 0 0 O 3 6 0 0F

0 0 0 O 6 9 0 0

0 0 0 O 1 2 2 4

0 0 0 O 2 3 4 6

(AR B)®Cand A Q (B Q () are the same.

EX KPO9:
LetA,B e M,
[A X In'In X B] = (A X In)(ln X B) - (In X B)(A (% In) =
=AL)QUy'B)— U, AQB 1) =4,8B, -4, ®B, =0
EX KP14:

Here is an example of (2,3)-perfect shuffle matrix

S OO R OO
O R OO OO
S OO O RO

S OO OO
SO r O OO
=== e

Note that 4; @ A, # A, @ A,. However if A; € M, ,,,, A, € Ml ; then
Sni(41 @ Az)SL,z =4, ® A

The perfect shuffle is also “behind the scenes” when the transpose of a matrix is taken,
e.g.,

1 0 0 0 0 O aiq aiq
0O 0 01 0 o az1 ai;

01 0 0 0 O a a
Saavec =140 0 0 0 1 0 ai; - ai: = vec(A")
0O 01 0 0 O az; asq
0O 0 0 0 0 1 as; as;

where vec(A) is stacking the columns on top of each other from the first column to the last
column. The vec(A) is studied in next section.
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3.4 Vec-operator and Kronecker product

Definition 3.2 (Vec-operator), see page 2 and 4 in [10]:
For any matrix A € M,, ,,, the vec-operator is defined as

vec(A) = (Aqq, o) Ap1y A12s e 120 oons Qs oo s Q) T

i.e. the entries of A are stacked columnwise forming a vector of length nm.
A property of this definition is with the square matrices mxm A and B:

trace(ATB) = vec(A)Tvec(B),

Theorem 3.1
Vec-operator is linear. Linearity holds for the vec-operator.

Proof:
To be a linear operator the following properties must hold:

* vec(A+ B) = vec(A) +vec(B) for A,B € M,,.
* vec(aA) = a-vec(A) for A to be n x n matrix.and a to be any real number.

Let us have two vec-operator

a1 b11
a

vec(4) =| ' |,vec(B) = b?l
Ann bnn

Proof of the first property:

vec(A + B) = vec(ay; + by1,a31 + by, oo, QG + b)) =

a1 + b1q a1 b4

a
421 + b2 = ;21 + b?1 = vec(A) + vec(B).
Ann + bnn Ann bnn

and the second property:

aagq a1
aa a

vec(ad) = 2l =al 2| = avec(d). [
aaTlTl aTlTl
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Definition 3.3 (Kronecker Sum), see page 268 in [11]:
Let A € M,, and B € M,,,, the Kronecker sum of A and B is defined as

A@B=(1m®A)+(B®In)»

which will be used later.

3.5 Matrix equations

Consider matrix equations

I. AX =B, (Linear equation 1)
II. AX+XB=C, (Sylvesterequation)
III. AXB=C, (Linear equation 2)

IV. ATX+XA=C (Lyapunov — equation)

They can be formulated as system of linear equations in the form of matrix times a vector
using Kronecker product and vec-operator.

i. (QAvec(X)=vec(B)
ii. [I®A)+ (BT Q®D]vec(X)=[A® BT|vec(X) = vec(C)
iii. (BT ® A)vec(X) = vec(C)
iv. (IQ®ADvec(X)+ (AT @ Nvec(X) = [AT @ AT |vec(X) = vec(C)

Let us prove 2 of them:
Proof (i.), see page 2-3 in [10]:

Note that AX = AXI.

AX = B = vec(AX) = vec(B) = vec(AXI]) = vec(B) =
= (I ® A)vec(X) =vec(B). m

Proof (ii.)
AX + XB = C = vec(AX + XB) = vec(C) = by linearity =
= vec(AX) + vec(XB) = vec(C) = like above = vec(AXI) + vec(IXB) = vec(C) =
= (I ® A)vec(X) + (BT ® Nvec(X) = vec(C) = [Definition 3.3] =
= (A D BT)vec(X) = vec(C). m
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Theorem 3.2 (eigenvalues and eigenvectors for Kronecker product),
see page 13-14 in [8].

Let A € M,,, with eigenvalues A4, 1,, 45, ... , 4,,, and the corresponding eigenvectors

Uq, Uy, Us, ... ,Upy. Let B € M, with eigenvalues pq, 4y, U3, ... , Uy and the corresponding
eigenvectors vy, v, Vs, ... , Un. Then the matrix A @ B has the eigenvalues A;u;, with the
corresponding eigenvectors u; @ vy, where 1 < j <mand1 <k <n.

Proof:
We will use the eigenvalue equations to solve this theorem.
The equations look like following:

Au; = Aju; where 1<j<m (D
Bv, = ugv, where 1<k<n (2)

Lets do the Kronecker product of Au; with Bv,. We will get to results
1]
(Ay;) ® (Bvy) = [use (1) and( 2)] = (L) ® (uevi) = [KP1) with 4; ] =
= (u]. ® (ﬂkvk)) = [KP1) with 11, ] = L (w ® vy
2]

(Ay;) ® (Bvy) = [KP8)] = (A ® B)(w; ® vy).
We can now combine 1] and 2] and get
AQ B)(uj ® Vk) = Aj.uk(uj ® Uk)
which is exaclty of the form of eigenvalue equation. Here the eigenvalues of (A @ B) will
be Ay, and its corresponding eigenvectors will be u; @ v, which we were looking for.

[ ]
There is an other theorem and will be important later:
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Theorem 3.3 (Eigenvalues and eigenvectors for Kronecker sum), see page 14-15 in [8]:
Assume the same condition on A and B as in Theorem 3.2 then the eigenvalues and
eigenvectors of AP B = A Q I, + [, ®B will be 4; + . and u; &Q vy, respectively.

Proof:
Our goal is to get the eigenvalue equation for

AQ L, +1,9B) (v @ vy)
Let us calculate it and see what happens:

AR I+ Iy ® B)(w; ® vy) = [KP2)] =
= AR L) Q) + (I, ®B)(w ®v;) = [KP8)] =
= (Auj) & (I,vy) + (Imuj) Q (Bvy) = [use (1) and(2)] =
= (Ajuj) ® (Lvy) + (Imuj) Q (k) =
= (Ajuj) Qvr +u; ® (uevy) = [KPl) — scalar on p;, and /1]-] =
=4 (w @ vi) + e ® vil) = (4 + ) (w; ® o).

Now the expression (A Q I, + Im®B)(uj R vy) = ()1]- + ,uk)(uj ® vy)
looks exactly like the eigenvalue equations which we wanted. [

4. Lyapunov equation

In this section we will use our knowledge of Kronecker product to solve the Lyapunov
equation,

ATX + XA = Q.

where A is known square matrix and Q is symmetric and known. X is symmetric and
unknown.

This equation plays very important role in Lyapunov stability and optimal control theory.
In Section 4.1 we give a brief derivation of Lyapunov equation for linear systems. Then in
Section 4.2 we study the existence and uniqueness of solution to this equation, and we give
in Section 4.3 the closed form of solution and conditions for it to be positive definite.
Finally in Section 4.4 we show that this closed form solution is exactly the same solution
obtained using Kronecker product.
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4.1 Lyapunov theory for linear systems

Lyapunov, in his original 1892 work, proposed two methods for demonstrating stability.
Roughly speaking stability is about convergence of solutions a dynamical to its equilibria,
which is called (asymptotical) stability. The first method developed the solution in a series
which was then proved convergent within limits. The second method, which is now
referred to as the Lyapunov stability criterion or the direct method, makes use of a
Lyapunov function V(x) which has an analogy to the potential function of classical
dynamics. It is introduced as follows for a system x = f(x) (mentioned in Section 2.2)
having an equilibrium at x = 0. It is locally (asymptotically) stable if there is a
differentiable function V: R™ — R such that, in a neighborhood U of x = 0, V(x) >0
forall x # 0,V (0) = 0 and

av._ovdx, 0V dx, av dxn

v
dt " ox, dt oy dt T 9w, dt fl(x)+ fZ(x)+ o, 00 =

= VV - f(x) <0 forall x # 0.
It is easy to prove that this local property is global for the linear system x = Ax. In other
words, x(t) = 0 as t - c. A Lyapunov candidate V (x) for this system could be

V(x) = xTPx where P is a symmetric positive definite matrix. Clearly V(0) = 0 and
V(x) > 0 forall x # 0. Next we derive the condition for P to fullfil the last condtion

V= Z—‘Z < 0 (See [12] and see page 218-233 in [5]).

The derivative of Vis:

V =xTPx + x"Px
Since x = Ax we have

V = (Ax)"Px + xTP(Ax) = xTATPx + xTPAx =
= xT(ATPx + PAx) = xT((ATP + PA)x) = xT(ATP + PA)x

Hence V < 0 if there exists a positive definite matrix Q and P satisfies the matrix equation

ATP + PA=—-Q
because

xT(ATP + PA)x = —xTQx < 0
since Q is positive definite.

Now we can see an expression, ATP + PA = —Q which is the Lyapunov equation!

25



4.2 Solution of Lyapunov equation using Kronecker product

There are a few ways to find the solution P of the Lyapunov equation. In this subsection
we make use of Kronecker product. Vectorize the equation in the following steps.

We rewrite it in Vec-operator as

vec(ATP + PA) = —vec(Q) © vec(ATPI) + vec(IPA) = —vec(Q)
o (I Q ANvec(P) + (AT ® vec(P) = —vec(Q) &
& (AT @ AT)vec(P) = —vec(Q).

Our expression (AT @ AT)vec(P) = —vec(Q) looks like a familiar one which is Ax = b.
(a linear equation). One way for us to solve such expression is by taking the left inverse of
A and get

Ax=b o A M Ax =A"h © x = A"1b.
To implement this on our original expression we would get:
(AT @ ATvec(P) = —vec(Q) © vec(P) = —(AT @ A7) 'vec(Q)
if (AT @ AT) is invertible which we’ll prove now.

To solve that kind of equation on our original expression we would begin by finding the
eigenvalue of (AT @ AT) and the eigenvectors. By Theorem 3.3,

the eigenvalue of (A" @ AT) is 4; + A; and eigenvectors v; @ v;. Note that 4; + 4; # 0,
fori # j © det(A” @ AT) # 0 will show that the solution is unique (Theorem 2.1).

In other words, AT and - AT, or equivalently A and - A, have no common eigenvalues.
However this does not guarantee that the solution is positive definite.

4.3 Positive definite solution of Lyapunov equation

In order to find the unique positive definite solution we will show that there is a closed
form of P which is

o]

P =JetATQe“‘dt.

0

It is clearly well defined if Re(li (A)) <Oforalli=1,..,n.
Moreover P satisfies the Lyapunov equations because

26



ATP + PA = f(ATetATQetA + etATQetAA)dt =
0

09} d .
f (aetATQetA>dt — [etATQetA]O = I%I_{EO eRATQeRA —Q=
0

= [By having Re(A) < 0] =0—-Q = —Q.

Since @ is positive definite, there is an invertible matrix C (e.g. a Cholesky factor) such
that Q = CTC. Next we show that P defined above is positive semi-definite. It is obvious
that for any vector z,

zTPz =zZT fetATQetAdt zZ= J(zTetATCT)(CetAZ)dt =f||CetAZ||2dt >0
0 0 0

So P is positive semidefinite. Finally we see that P is positive definite since C and etA’
are invertible. Note that Re(1;(A)) < 0 for all i = 1, ..., n guarantees that A and - A have
no common eigenvalues which is required in the previous section.

4.4 Uniqueness of solutions

It remains to show that P obtained in Section 4.2 and 4.3 are the same. In this text we take
an alternative approach (which we couldn’t find in the literature).

We have already shown that the vectorized Lyapunov equation has a unique solution if
A; +A; # 0, for i # j which holds since now we have Re(4;(A)) < 0 for all i # j. Hence
we have to prove that

The LHS is

o)

f vec(etATQetA)dt = f(e“‘T ® etAT)dt vec(Q)
0

0

Thus it remains to show that

(o]

f(etAT ® etAT)dt = —(AT @ AT)!

0

or equivalently

(AT @ AT) f (et4" ® et4")dt = —I.
0
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We get
(AT @ AT) f (et” @ et4")dt = f(AT RI+1® AT (et ® et4")dt.
0 0

NowletX = AT,Y = I,V = et4", our expression will now look,

j(X®Y+Y®X)(V®V)dt.
0

We will substitute again where N =X Q Y, M =Y Q@ Xand R = (V ® V) and have

f(X®Y+Y®X)(V®V)dt=f(N+M)Rdt:f(NR+MR)dt=
0 0 0

=J-NRdt+fMRdt.
0

0
which look easier. Let us now substitute back and will get

o)

fNRdt+fMRdt=f(x®y)(V®V)dt+f(Y®X)(V®V)dt=
=f(X®Y)(V®V)dt+f(Y®X)(V®V)dt=[KP8)]=
0 0

[ee) o

= f(XV@ YV) dt+f(YV ® XV) dt = f(ATefAT ® Iet4") dt+f(1etAT ® ATet") dt =
0 0

0 0

= .[ ((ATetAT) ® etAT) dt +f (etAT ® (ATetAT)) dt.
0 0

. T _d T o . . .
Since ATet4 = o (etA ) we use partial integration to evaluate the integral i.e.

f((ATetAT) ® etAT) dt f(% (etAT) b4 etAT> dt =
0 0

[ee) o)

P d d
— [etAT R etAT] _ f etA” R _(etAT) dt _|_f etA” R _(etAT) dt =
0 dt dt
0 0
=[e"" ® '] = -1,
where all eigenvalue of A have negative real parts. [ ]
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5. Least square problem

In many applications we have to solve the following minimization problem

min[|(B & C)x — bl|

where ||. || is the 2-norm (Euclidean norm), can be efficiently solved by computing the QR
factorizations (or SVDs) of B and C. Barrlund’s book Efficient solution of constrained
least square problems with Kronecker product structure (1998, SIAM), page 154-160
shows how to minimize ||(4A; @ A,)x — f|| subject to the constraint that (B; @ B,)x =
g, a problem that comes up in surface fitting with certain kinds of splines. [13]

5.1 Least square — primer

First we give a short review on how to solve minimization problem

min||Ax — b||?,
X
where A € M,,, , and m > n and rank(4) = n.

5.1.1 Normal equation

Using standar calculus the necessary condition for the minimum is

grad(||b — Ax||?) = 2(ATAx — ATh) = 0.
The last equation is equivalent to

ATAx = ATb (normal equation),

Since AT A is positive definite the function ||Ax — b||? is convex and the normal equation
has unique solution. Therefore this unique solution is the global minimum.
In other words to solve the optimization problem above is equivalent to find the solution to
the over-determined system Ax = b,which can be done as follows

ATAx = ATh & x = (ATA)"1ATh

The expression (ATA)"*AT = A is called (Moore-Penrose) pseudoinverse.
It would now look like x = A% b.
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In practise we don’t invert matrix but we use Cholesky-decomposition

ATA=RTR
where R is overtriangular matrix.

5.1.2 QR-decomposition

Another alternative is the use of QR-decomposition:
a=qr= @)(")=awr
0 111

where Q € M,,, is orthogonal (QTQ = I) and R is overtriangular.

The columns in Q; € M, , form an ON-basis for the range space V(A) and the columns in
@, spans the orthogonal complement. The decomposition A = Q{R; is called sometimes
“economy” QR — decomposition.

Letr := b — Ax, be called the residue, then

R 2
Irll3 = lle@™rll3 = 110" r1 = [| (') x = @7b| = lIRux — QT I + QZ 1.

We can’t do so much with the term ||Q7b|| but we can choose a proper value of x such
that it affects ||[R;x — QT b||3. Because we minimize ||r|| we choose x such that we can
solve the equation

Rix — Qb =0 o x = R{1QTh.

5.1.3 Singular value decomposition

A third method to solve the overdetermined system of equation is
with the Singular Value Decomposition (SVD).

For A € M, ,,, we have

2y

— T —
A=VIWT =V, VZ)(O

)WT = V5w,

where V' € M;,and W € M, is orthogonal matrices and X € M, ,, is diagonal with the
diagonalelement
0, =0, =+ = 0, > 0 (singular value of A)

Vi € My, .2, € M, and W € M,,.
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Let the columns in V be vy, ..., v, and in W be wy, ..., w,,,. Then we have
lAx = bll5 = |(VVTYAWWT)x = b)|I5 = IV (AWWTx — b)||5 =
= l[VTAWWTx —VTh||2 = |(VTAWIWTx —VTb||3 = [EWTx — VTb||% =
n m
— |5z — UTh|2 = Z(aizi —uTh)? + Z Wlb)>.
i=1 i=n+1

The second term on the last line is known and we can’t do anything about. But the first one
we can choose such that it can be 0. Then we get a solution for z and therefore x = Vz.
We will notice that 2-norm of z and x are the same:

, 1 =1,..,rand z; arbitrarily fori =n+1, ...,m

and

m
min||Ax — b||2 = z Wlb)2.
b

i=n+1
5.2 Least Square - Kronecker Product

Now we solve the problem min||(B @ C) — b||. Assuming B @ C has full column rank,
i.e B and C have full column ranks. Since rank(B @ C) is equal to rank(B)rank(C).

Alternative 1 (Using normal equation):
We need to solve

BRCOTBRCx=BRC)he ((BTB)Q (CTC))x = (BT ® CT)b.

Since B, C have full column ranks, BB and CC is invertible. Thus ((B"B) ® (CT()) is
invertible. Then

x=((B"B) ® (CTC)) (BT ® CT)b & [KP13)] &
& (BTB) 1@ (CTC)™H(B" @ CT)b < [KP8)] & ((B"B)™'BT) @ ((CTC)~1CT)b.

From this we see that we only have to find the inverse for the matrices B and C,
respectively. That is, it is not necessary to invert the big matrix (B ® C)T(B ® C).
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Alternative 2 (using QR):
Assume that we have the economy QR-factorization for B and C:

B = QpRp, C = QcRc
where Ry and R are triangular. Then
B® C = (QsRp) ® (QcRc) = (Q5 ® Qc)(Rs @ R¢)

According to the solution in the previous subsection we have

x=(Rp ® Re) ™ (Qp ® Q)b & [KP13) and KP6)] & (Rz' ® Rc)(Qf ® Q)b &
& [KP8)] & ((R5'Q%) ® (Rc'QL)) b.

Again we only have to carry out matrix computaions for the smaller matrices B and C.

Alternative 3 (using SVD):

Let B = UgXgVh, C = U ZoVE, Ug, Vg and Ug, Ve have orthonormal columns and the
factorizations are in economy form. Then

B® C = (UgZgVl) ® (Ucz:VI) © [KP8) and KP6)] © (U @ Uo)(Es @ X)) (Vs @ V)T

So all the calculations are boiled down to the smaller matrices B and C as follows::
x=Vs ®Vy)z z=(z],2zI) withz, € R"™ and

Ep®Z)z = Up ®U)™b = [KP6)] = Uy @ UOb & 2z = (T ® Z¢) (U @ ULb =
= [KP13)] = (55' ® 57 (W ® UD)b = [KP8)] = ((25'UF) ® (57'UD) )b

and z, arbitrary.
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