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ponential and mixed power-exponential moments of hitting times for non-
linearly perturbed semi-Markov processes are presented. The algorithms are
based on special techniques of sequential phase space reduction and some
kind of operational calculus for Laurent asymptotic expansions applied to
moments of hitting times for perturbed semi-Markov processes. These al-
gorithms have a universal character. They can be applied to nonlinearly
perturbed semi-Markov processes with an arbitrary asymptotic communica-
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computationally effective, due to a recurrent character of the corresponding
computational procedures.
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1. Introduction

In this paper, we present new algorithms for construction of asymptotic
expansions, without and with explicit upper bounds for remainders, for ex-
ponential and power-exponential moments of hitting times for nonlinearly
perturbed semi-Markov processes with finite phase spaces.

Hitting times are also known under such names as first-rare-event times,
first passage times, and absorption times, in theoretical studies, and as life-
times, failure times, extinction times, etc., in applications. These random
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functionals and their moments play an important role in theory of semi-
Markov processes. We refer to books [1] — [12] and [15] — [20] containing
results related to asymptotic expansions for perturbed Markov chains and
semi-Markov processes, including results concerned hitting times, as well as
their applications to asymptotic analysis of reliability, queuing, bio-stochastic
systems, information networks, and other models of perturbed stochastic pro-
cesses and systems. Also, we would like to mention the resent paper [14],
where one can find a comprehensive bibliography of works in the area and
the corresponding bibliographical remarks.

We consider models, where the phase space for embedded Markov chains
of pre-limiting perturbed semi-Markov processes is one class of communica-
tive states, while it can asymptotically split in one or several closed classes
of communicative states and, possibly, a class of transient states.

The initial perturbation conditions are formulated in the forms of Laurent
asymptotic expansions for power-exponential moments of transition times for
perturbed semi-Markov processes given in two alternative forms, without or
with explicit upper bounds for remainders. The algorithms are based on
special time-space screening procedures for sequential phase space reduction
and algorithms for re-calculation of asymptotic expansions and upper bounds
for remainders, which constitute perturbation conditions for the semi-Markov
processes with reduced phase spaces. The final asymptotic expansions for
exponential and power-exponential moments of hitting times for nonlinearly
perturbed semi-Markov processes are given in the form of Laurent asymptotic
expansions, without or with explicit upper bounds for remainders.

The present paper continues the line of research of book [4] and the recent
authors’ works [14] and [15]. The book [4] contains a detailed presentation of
results related to the asymptotic analysis of quasi-stationary distributions for
nonlinearly perturbed semi-Markov processes, where the power-exponential
moments of hitting times play the central role. In this book, asymptotic
expansions for power-exponential moments have been obtained for the non-
singularly perturbed semi-Markov processes with the simple asymptotic com-
municative structure of the set of non-absorbing states, which, in this case,
consists of one communicative class plus possibly a class of transient states.
However, the method (based on asymptotic analysis of generalised matrix
inverses) used in this book does not work well for the more complex model of
singularly perturbed semi-Markov processes, where the set of non-absorbing
states has a more complex asymptotic structure and can asymptotically split
in several closed communicative classes of states plus possibly a class of tran-
sient states. In this case, moments of hitting times can be asymptotically
unbounded functions of perturbation parameter due to presence of asymptot-
ically absorbing states or subsets of states. Their asymptotic analysis, with



the use of the generalised matrix inverses, becomes rather intricate. Also,
the only asymptotic expansions with remainders given in the standard form
of o(g¥) have been given in this book. In works [14] and [15], asymptotic ex-
pansions are obtained for singularly perturbed semi-Markov processes, with
remainders without and with explicit upper bounds for remainders, but only
for simpler power moments of hitting times.

In the present paper, we get asymptotic expansions for more complex
power-exponential moments of hitting times for singularly perturbed semi-
Markov processes. An important novelty of results presented in the pa-
per is that the corresponding asymptotic expansions are obtained with re-
mainders given not only in the standard form of o(e¥), but, also, in the
more advanced form, with explicit power-type upper bounds for remainders,
lo(eF)| < Gre*to asymptotically uniform with respect to the perturbation
parameter. The latter asymptotic expansions for power-exponential moments
of hitting times for nonlinearly perturbed semi-Markov processes were not
known before.

The corresponding computational algorithms have a universal character.
They can be applied to perturbed semi-Markov processes with an arbitrary
asymptotic communicative structure of phase spaces and are computation-
ally effective due to the recurrent character of computational procedures.

2. Laurent Asymptotic Expansions

Let A(e) be a real-valued function defined on an interval (0, €o], for some
0 < g9 <1, and given on this interval by a Laurent asymptotic expansion,
A(e) = ap,e™ + - + ag, " + 04(e™), where (a) —oo < hy < ky <
oo are integers, (b) coefficients ay,, ..., ax, are real numbers, (c) function
04(e*4)/ek4 — 0 as € — 0. We refer to the Laurent asymptotic expansion
A(e) as a (ha, ka)-expansion. We also refer to A(e) as a (ha, ka,da,Ga,e4)-
expansion, if additionally (d) |oa(e®4)| < Gaekat94 for 0 < & < e4, where
() 0 <94 <1,0< Gy < o0, and 0 < g4 < g9, We say that the Laurent
asymptotic expansion A(e) is pivotal if it is known that a,, # 0.

It is also useful to mention that a constant a can be interpreted as function
A(e) = a. Thus, 0 can be represented, for any integer —oo < h < k < o0,
as the (h, k)-expansion, 0 = 0" + ... 4 0¥ + o(g¥), with remainder o(e*) =
0. Also, 1 can be represented, for any integer 0 < k < oo, as the (0, k)-
expansion, 1 = 1+ 0e + ... + 0g* + o(g¥), with remainder o(¢*) = 0.

Let us consider three Laurent asymptotic expansions, A(g) = a4 +
oot ag, €7+ 0a(eF), B(e) = b,y + -+ + by + 0p(eFE), and Cle) =
Che€MC 4 -+ + o™ + 0o (e4¢) defined on the interval (0, &)

Let us denote Fy = maxy,<i<k, |ai|, Fp = max,,<i<ky |bi|], and Fo



MaXpe<i<he |G-

The following lemma presents operational rules for Laurent asymptotic
expansions. The corresponding proofs can be found in the works of authors
[14] and [15].

Lemma 1. The following operational rules take place for Laurent asymp-
totic expansions:

(1) If A(e) is a (ha,ka)-expansion and c is a constant, then C(g) =
cA(e) is a (ho,kco)-expansion such that: (a) he = ha, ko = ka; (b)
Chotr = COpgir, T =0,...,kc — he. This expansion is pivotal if and only if
Che. = cap, # 0.

(ii) Also, if A(e) is a (ha,ka,da,Ga,ea)-expansion, then C(e) is a (he,
kc,oc,Ge, ec)-expansion such that: (c) 0c = 04; (d) Geo = |c|Ga; (e)
ECc —€Aa.

(iii) If A(e) is a (ha,ka)-ezpansion and B(e) is a (hp, kp)-expansion,
then C'(e) = A(e) + B(e) is a (he, ke)-expansion such that: (a) he = ha A
hg, ko = ka AN kp; (B) ¢hotr = Angsr + bpotr, 7 = 0,..., ke — he, where
apgtr = 0 for 0 <r < hyg—he and by4r = 0 for 0 <r < hp — he. This
expansion is pwotal if and only if cp. = ap, + by, # 0.

(iv) Also, if A(e) is a (ha, ka,da,G a,ca)-expansion and B(e) is a (hp, kg,
0, Gp,ep)-expansion, then C(¢) is a (heo, ke, dc, Go, ec)-expansion such that:
(C) (50 = 6A /\53, (d) GC = GA +FA(kA — kc) + GB + FB( B — k’o) (e)
Ec=€aNER.

(v) If A(e) is a (ha, ka)-expansion and B(e) is a (hp, kp)-expansion, then
C(e) = A(e)-B(e) is a (he, ke )-expansion such that: (a) he = ha+hg, ke =
(ka+hp)N(kp+ha); (B) Chesr = Yo<icr GhatiOhpir—i» 7 = 0,... kc—hc.
This expansion is pivotal if and only if ch, = ap, by, # 0.

(vi) Also, if A(e) is a (ha,ka,0a,Ga,ea)-expansion and B(e) is a (hg,
kg,0p,Gp, €g)-expansion, then C(g) is a (hco, ko, dc, Go, £c)-expansion such
that: (C) 0c = 04N0p; (d) Ge = FAFB(kA—hA+1)(k’B—hB—l—l)—i-GAFB(kB—
hg + 1) —+ GBFA<]€A —ha+ 1) + GAGp; (e) Ec =caNER.

(vii) If A(e) is a (ha,ka)-expansion, and B(e) is a pivotal (hg, kg)-
expansion such that B(e) # 0,e € (0,e0], then C(e) = 28 is a (he, ke)-
expansion such that: (a) he = ha — hp,kc = (ka — hp) A (kg — 2hp + ha);
(b) Chetr = bﬁ;(ahﬁr — Xi<i<r bng+iChotr—i), T = 0,...,kc — hc. This
expansion is pivotal if and only if cn, = apn, /bn, # 0.

(viii) Also, if A(e) is a (ha,ka,da,Ga,ca)-expansion and B(e) is a
pivotal (hg, kg, dp,Gp,ep)-expansion, then C(e) is a (he, ke, 00, Ge,ec)-

expansion such that: (c) d¢ = 04 A 0p; (d) Go = (@)‘%FA(/’{:A —ka A




(ha+kp—hp))+Ga+t FFp(kp—hp+1)(kp—hp+1)+GpFp(kp—hp+1));

1ba g | o
(e) ec=¢calNepN (2(FB(kBjB)+GB)) -

2. Perturbed Semi-Markov Processes.

Let X ={0,...,m} and (e n, ken),n = 0,1,... be, for every € € (0, g¢],
a Markov renewal process, i.e., a homogeneous Markov chain with the phase
space X X [0, 00), an initial distribution p. = (p.; = P{n.o =i, k.0 = 0} =
P{n.0 = i}, i € X) and transition probabilities, defined for (i,s),(j,t) €
X % [0,00),

Qeij(t) =P{nen = Joken <t/nep =1, ke = s} (1)

In this case, the random sequence 7. ,, is also a homogeneous (embedded)
Markov chain with the phase space X and the transition probabilities, defined
for 7,7 € X

Pij(€) = Qe,ij(00) = P{n-1 = j/n-0 = i} (2)

The following communication condition plays an important role:

A: There exist sets Y; C X, ¢ € X such that: (a) probabilities p;;(e) >
0,7 €Y 1 €X, fore € (0,e]; (b) probabilities p;;(e) =0, j € Y;, i €
X, for € € (0,e0]; (c) there exists, for every pair of states 7,5 € X, an
integer n;; > 1 and a chain of states i = Iy, lij1,- .-, lijn,; = J such
that lij,l S Ylij,o’ . ?lij,m‘j € le’j,nij—l‘
We refer to sets Y;, ¢ € X as transition sets. Conditions A implies that

all sets Y; # ), i € X and that the phase space X of Markov chain 7. ,, is one

class of communicative states, for every e € (0, g.
The following condition excludes instant transitions:

B: Q.;;(0) =0, 4,j € X, for every ¢ € (0, g].

Let us now introduce a semi-Markov process 7:(t) = 1., t > 0, where
ve(t) = max(n > 0: (., < t)is a number of jumps in the time interval [0, ¢]
and (o, = Keg + -+ Ken, n = 0,1,..., are sequential moments of jumps,
for the semi-Markov process 7.(t).

Let us introduce transition power-exponential moments of transition times,
for o >0,k=0,1,...,1,5 € X|

0ij(k,0,€) = Ez‘/ff,ﬁg“s’ll(ne,l =j) = /0 the? Q. 1;(dt). (3)



Here and henceforth, notations P; and E; are used for conditional proba-
bilities and expectations under condition 7,y = .

Conditions A (a) — (b) and B imply that, for every e € (0, g¢], moments
¢ij(k,0,€) € (0,00], for o > 0,k =0,1,...,5 € Y;,i € X, and ¢;;(k, 0,¢) =0,
for o>0,k=0,1,...,5€Y;,i € X.

Let us assume that the following condition holds for some p, > 0:

Cpo: ¢ij(07p075) <00, j€ Y;, 1 € X, for e € (O,50].

Obviously condition C,, implies that moments ¢;;(k, 0,€) < oo, for any
0<0<po,k=0,1,...,7€VY,;,1€X

It is appropriate to mention two important particular cases.

If Q.i;(t) = I(t > D)pi;(e),t > 0,4,5 € X, then () = 1.y, t > 01is a
discrete time homogeneous Markov chain embedded in continuous time. In
this case, ¢;;(k, 0,¢) = e%p;;(e) < o0, for p > 0,4,5 € X.

If Q..i(t) = (1 — e 2Ep(e),t > 0,i,7 € X (here, 0 < \i(e) < 00,7 €
X), then n.(t),t > 0 is a continuous time homogeneous Markov chain. In
this case ¢;;(k, 0,¢) = %pﬁ(é‘) < o0, for o < X\i(e),4,j € X.

Let us define the hitting time for the semi-Markov process 7.(t) to the
state 0 (of course, this state can be replaced by any other state i € X),

Ve, 0
Teo = Y Kep, Where v.g =min(n >1:1n., =0). (4)

n=1

The object of our interest are power-exponential moments for hitting
times, for 0 > 0,k =0,1,...,71 € X|

O, (k, 0,6) = Eﬂioe@”vo. (5)

Condition C,, does not imply that exponential moments ®;(0, po,€) are
finite.

Necessary and sufficient conditions of finiteness for exponential moments
of hitting times are given in terms of so-called test-functions in [4] and [13].

We refer to functions v(i),7 € X defined on the space X and taking value
in the interval [0, 00) as test-functions.

Let us introduce condition:

D,.: There exist, for every € € (0,¢¢], a test-function v, ,, (i),¢ € X, such
that the following test inequalities hold,

Ve, po (Z> > ¢10(07 :0078) + Z ¢ij(07 p078)v€,po (j)7 i € X. (6)

JEX,j#0



Lemma 1. Let conditions A, B and C,, hold. Then, the exponential
moments $;(0, po,e) < 00,1 € X, for e € (0,g¢], if and only if condition
D,, holds. In this case, inequalities ®;o(0, po,e) < v.,. (i), i € X hold, for
e € (0,e0], and the exponential moments ®;0(0, po,),i € X are, for every
e € (0,e9], the unique solution for the system of linear equations,

q)i0(07 Po, 6) = ¢i0(07 Pos 5) + Z ¢z](07 Po, 5)¢j0(0a Pos 5)7 1 e X (7)

JEX,j#0

In what follows, we always assume that conditions A, B, C,,, and D,
hold.
It is obvious that ®;(k, 0,€) < L po—oPi0(0, po,e) < 00, for 0 < p <
po,k=0,1,...,i € X, where Ly 5,—, = sup,> zhe=(Po—0)7 « oo,
Let us assume that the following perturbation condition, based on Laurent
asymptotic expansions, holds, for some integer d > 0 and real 0 < p < p,:
ht [k,
Ea,: ¢ii(k,pe) = Zl:h[_—_f,i ol L Z]EZ + Ok,p,ij(gh;rj[k’p])a e € (0,&], for k =
gt
0,...,d, j € Y;, i €X, where (a) —oo < hy;[k, p] < h;-;[k,p] < 00 are
integers, coefficients g;;[k, p,l],1 = hy;[k, pl, ..., h;; [k, p] are real num-
bers, and gij[k.p,+h;j[k,p]]+> 0, for k =0,...,d,57 € Y;,;i € X; (b)
function 0k7p7ij(5hij[k‘p])/€hij[k’p] —0ase = 0, for k=0,...,d,j €
Yi, 1€ X.

We refer here to the book [4], where the asymptotic expansions appearing
in condition Eq, are explicitly given for the cases of discrete and continuous
time Markov chains.

If .o # 0, then the first hitting time 7.0 > 7. = >0, k.,, where
pe = max(n > 0: 9. # Neo). This inequality implies that, for o > 0,7 # 0
and ¢ € (0, &),

¢Z(07 0, 8) > EieQTs = Z gbu(oa 0, 8)71—1 Z gbZ](Ov o, 5)

n>1 j#i
_ Xz 9ii(0, 0,€) 8
1 —¢4(0,0,¢) (®)

Thus, condition D,, implies that the following inequalities should also
hold, for € € (0, &),
¢:i(0, po,e) < 1,1 #0. (9)
Condition E;, and inequalities (9) imply that the following condition
should also hold:



F,: For every ¢ # 0, either (a) h;[0,p] > 0, or (b) h; [0, ] 0 and
gii[07p7 h;[oapn < 17 or (C) h;[oap] O gm[o p? 1 [0 ,O]] = [Oap]
> 1, and there are non-zero terms in the sequence, g”[O,p, 1],...,
gi]0, p, h£[0, p]], moreover, the first such term, say g¢[0, p,[;], where
1 <1; < h[0,p]], is a negative number.

It is useful to note that proposition (i) of Lemma 1 and conditions Eg4,
and F, imply that the function,

h;0,p]
1= i(0,p,8) =1— > —gulk, p, 1l — 05 (")
I=h;10,p]
hi;10.p]
= > Gulk.p,l|g" + 00 pii(e iil0 #), e € (0, e0], (10)
I=h;;[0,0]

is, for every i € Y;,i # 0, a pivotal Taylor asymptotic expansion, with
parameters h;; [0, p] equal to 0 if alternative (a) or (b) takes place, or I;
if alternative (c) takes place in condition F,, hf[0,p] = h}[0,p], and the
corresponding coefficients and remainder determined in an obvious way by
relation (10). Note also that 1 — ¢4(0,p,e) =1, for i € Y;,i # 0.

Conditions E4, and F, guarantee that there exists {, € (0, o] that func-
tion ¢;(0, p,€) given by the asymptotic expansion appearing in condition
satisfies, for every i # 0 and € € (0,¢(], inequality 0 < ¢;;(0, p,e) < 1. For,
simplicity, we just assume that e = .

In the case, where Laurent asymptotic expansions with explicit upper
bounds for remainders are the objects of interest, the assumption E; (b)

imposed on the remainders omj(a‘hjj -1y should be replaced by the following
stronger condition:

0,...,d,j € Y;, 1 € X, where 0 < 0;5[k,p] < 1, 0 < Gylk, p] < o0,
0 <eilk,p] <ep,for k=0,...,d, jeY;, iecX

Gy, |ok,p7ij(5hi+j[k’p})| < Gij[k:,p]shjj[k’p]wiﬂk’p],() < e < gylk,p), for k =

It is also useful to note that, in this case, the above (h;[0, o], u[ . P))-
expansion for function 1 — QS“(O,p, g)is a (h; [O,p],hgt[ pl, 0ulk, pl, Giilk, pl,
eiilk, p])-expansion, for i # 0.

Condition Eg, does not imply that there exist limits, lim._,o p;;(¢),,j €
X. However, any sequence ¢, — 0 as n — oo obviously contains a subse-
quence &,, — 0 as N — oo such that there exist limits, limy_,o p;j(eny) =
pi;(0),4,j € X. Matrix ||p;;(e)|| is stochastic, for every e € (0, ¢, and, thus,
matrix [|p;;(0)]] is also stochastic. It is possible that matrix ||p;;(0)|| has more

8



zero elements than matrices ||p;;(¢)||. Therefore, a Markov chain 7, with
the phase space X and the matrix of transition probabilities ||p;;(0)| can be
non-ergodic, and its phase space X can consist of one or several closed classes
of communicative states plus, possibly, a class of transient states.

3. Reduced Semi-Markov Processes

In what follows, we assume that conditions A — D, hold.

Let us choose some state r % 0 and consider the reduced phase space
X =X\ {r}, with the state r excluded from the phase space X.

We define the sequential moments of hitting space , X by the embedded
Markov chain, ,§. ,, = min(k > & o1, Nk € X),n=1,2,..., where, & o=
0, and the random sequence, (;7zn, rhen) = (1, .0 5 LE_ETEE 1 Rer), n =
L2, (rns,()y r’is,O) = (778,07 O)

This sequence is also a Markov renewal process with the phase space
X X [0,00), the initial distribution ,p. = (;p:; = pes,? € X), and transition
probabilities, defined for (i, s), (j,t) € X x [0, 00),

rQs,ij(t) = P{rne,l = j7 rRe,1 S t/ rlle0 = ’i, rRe 0 = 5}-
The transition probabilities Q). ;;(t) are expressed via the transition prob-

abilities Q. ;;(t) by the following formula, for 7,5 € X, ¢ > 0,

rQa,ij( ) Qa Z] + Z Qazr arr( ) Qam( ) (11)

Here, symbol * is used to denote the convolution of distribution functions.
The above formula directly implies the following formula for transition
probabilities of the embedded Markov chain ,7. ., for i, j € X

2(E) = Qe (56) = pile) + pnle) TP (12)

The transition distributions for the Markov chain , 7., are concentrated
on the reduced phase space . X, i.e., for every 7 € X

Y i) = Y pigle) +pirle) D 1p”(g)

jerX JjerX jerX _prv"(e)
= > pij(e) + pirle) = 1. (13)
JjeX

If the initial distribution p. is concentrated on the phase space ,X, i.e.,
Per = 0, then the random sequence (,7ey, rken),n = 0,1,... can also be

9



considered as a Markov renewal process with the reduced phase X x [0, 00),
the initial distribution ,p. = (pe; = P{in0 = 4, vhc0 = 0} = P{,n.0 =
i},1 € ,X) and transition probabilities ,Q.;;(t),t > 0,4,5 € ,X.

If the initial distribution p is not concentrated on the phase space ,X,
ie., p., > 0, then the random sequence (;7e, rken),n = 0,1,... can be
considered as a Markov renewal process with so-called transition period.

Respectively, one can define the transformed semi-Markov process,

rns(t) = e, rve(t)s t > Oa (14)

where ,1.(t) = max(n > 0: (., < t) is a number of jumps at time interval
[0,t], for t > 0, and (., = phe1 + -+ + rRen, n = 0,1,... are sequential
moments of jumps, for the semi-Markov process ,.n.(t).

If the initial distribution p. is concentrated on the phase space , X, then
process ,1.(t) can be considered as a standard semi-Markov process with the
reduced phase , X, the initial distribution ,.p. = (,.p; = P{,7.(0) = i},i € ,X)
and transition probabilities , Q. ;;(t),t > 0,7,j € ,X.

According to the above remarks, we can refer to the process ,n.(t) as a
reduced semi-Markov process.

If the initial distribution p. is not concentrated on the phase space X,
then the process ,7.(t) can be interpreted as a reduced semi-Markov process
with transition period.

Let us introduce the following sets, for i,r € X,

{je X:jeY,} ifrey,

0 ifr ¢V, (15)

Yi={j€ TX:jGYi}andY;:{
and
Y=Y, uY;, ieX (16)

)

It is readily seen that, for every r # 0, condition A holds for the reduced
Markov chains ,7.,, with the phase space ,X. In this case, ,Y;,7 € ,X are
the corresponding transition sets.

Condition A implies that p,.(¢) € [0,1), r # 0, £ € (0, &0].

This relations and formulas (12) — (13) imply that transition probabilities
Pri(e) > 0,75 € .,Y, =Y, \ {r}, for e € (0,0, or ,p,;(¢) =0, j € ,Y,, for
e € (0,¢&).

Thus, if ,7.,, is a reduced Markov chain with transition period, then set
+X is a closed class of communicative states, while r is a transient state, for
every € € (0,¢e0].

Obviously, condition B also holds for the reduced semi-Markov processes
o1 (t)-

10



Taking into account that & ; is a Markov time for the Markov renewal
process (Nen, Ken), we can write down the following system of stochastic
equalities, for every 7,5 € X,

rﬁe,i,ll(rna,i,l = ]) & ,{/67@1-[(77577;71 = ])

+ (Kt + rher ) (Mg = 1) (1 0ern = 7),
et L et = §) 2 KepiI(0eps = J)

+ (Kt + rRer ) (Nern = )10 1 = J),

(17)

where: (&) (7)1, ke41) is a random vector, which takes values in space X x
[0, 00) and has the distribution P{7n.;1 = j, ki1 < t} = Qy(t), j € X, t >0,
for every i € X; (b) (721, rke,i1) is arandom vector which takes values in the
space ,X X [0,00) and has distribution P{,n.;1 = J, ykci1 <t} =Pi{;n.1 =
Js rken <t} = 1Qi;(t), 7 € kX, t >0, for every i € X; (¢) (9,1, Kes1) and
(+Ner1s +Mera) are independent random vectors, for every i,r € X.

Here, symbol 2 is used to show that random variables on the left and
right hand sides of the corresponding equality have the same distribution.

Let us introduce transition power-exponential moments, for 0 > 0,k =
0,1,....7#0,i € X, 5 € ,X|

r¢ij(k7 o, 5) = /OOO tkegt TQs,ij (dt> (18)

By computing exponential moments in stochastic relations (17) we get,
for every 0 < 0 < po,r # 0,i,j € X and ¢ € (0, &), the following system of
linear equations for the exponential moments ,¢,;(0, 0,¢), »¢;;(0, 0, €),

{ Tgbrj(O? 0,€) = ¢7~j(0, 0,€) + ¢(0, 0,€) r@brj(oy 0,€),
r¢ij(07 o, 8) = ¢ij(07 0, 8) + ¢i7’(07 o, 8) T¢Tj(07 0, 8)’

It is possible that the moments ¢,..(0, p, ) or ¢;-(0, p, €) equals to 0, while
the moment ¢;o(0, p,e) equal to 400 in relation (19). In such cases, one
should set the product 0 - co to be 0 when calculating the products at the
right-hand side of equality (19).

However, inequality (9) and relation (19) imply that ,.¢;;(0, po,€) < o0,
for every r #0,i € X, 5 € ,X and ¢ € (0, &)

Thus, relation (19) yields the following formulas for moments ,.¢,;(0, p, €)
and ,¢;;(0, p, ), for every 0 < o < po,r # 0,i,j € , X,

(19)

rj 07 5
r¢rj(0>;0>5) :%’

ir O: E)Prj 0’ €
10550, p,) = (0, p, ) + LPLACCLS)

(20)

11



It is useful to note that the second formula in relation (20) reduces to the
first one, if to assign ¢ = r in this formula.

Thus, condition C,, holds for the reduced semi-Markov processes ,7:(t).

Obviously, ,¢;;(k, 0,€) < L py—o r®ij (0, po,€), for 0 < o < po,k =0,1,..,
r#0,i€X,j€ ,Xande € (0,e).

Also, it is easily seen that for every 0 < o < po,k = 1,...,r # 0,7 €
X, j € ;X and € € (0,g¢], function ,¢;;(0, 0,€) has a derivative of order &,
and it is the function ,¢;;(k, o, €).

Therefore, we can differentiate equations (19) and get the following sys-
tem of linear equation, for every 0 < o < pg,k=1,...,r #0,i € X, j € ,X
and € € (0,¢e0],

{ w0ri(k, 0,€) = tArj(k, 0,€) + 61(0, 0,€) 10y (K, 0, 2), o
r0ij(k; 0,€) = +Aij(k, 0,€) + ¢ir(0, 0,€) v¢r; (K, 0, €),
where,
k=1
ij(k, 0.€) = ¢ij(k, 0,€) + g <l>¢ir(k —1,0,€) +0ri(l, 0, ). (22)

Relation (21) yields the following formulas for moments ,¢,;(k, ¢, ¢) and
+0ij(k, 0,€), which can be used, for every 0 < p < po,k = 0,1,...,r #
0,i1,7 € ;X and ¢ € (0,e],

1”)\7"' k7 )
r¢rj(ka 0, 5) = #(0?@2)’

ir O, 5 7‘)\7" k? B}
ik, 0,8) = ;Nij(k,0,6) + ¢ (15);37«(0,;,(6)96)'

(23)

Formulas (23) have recurrent character since expressions for functions
+Arj(k,0,€), »Nij(k, 0,€) include functions ,¢,;(, 0,€),l =0,1,..., k — 1.

For k = 0, formulas (23) reduce to formulas (20).

Let us define the hitting times for the reduced semi-Markov processes, for

r#0,

rVe,0
7 Te0 = Z rKen, Where ,v.0=min(n >1: 1., =0), (24)
n=1
and the corresponding power-exponential moments, for o > 0,k = 0,1, ...,
1€ X,
+®i(k,0,¢) =E; 7471_:}“’069”5’0. (25)

The following proposition follows from the fact that hitting of state j €
+X by the semi-Markov process ,7.(t) can occur only at moments of hitting
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space X by the semi-Markov process 7.(t). Its proof can be found, for
example, in [14] and [15].

Lemma 2. The hitting times 7. and 7. to the state 0, respectively, for
semi-Markov processes n.(t) and .n.(t), coincide, for every state r # 0 and
e € (0,

The following lemma, which is a corollary of Lemma 2, plays an important
role in what follows.

Lemma 3. The exponential moments, ,P;(0, 0,e) = P4(0,0,e) < oo,
for any 0 < o < po,7 # 0,i € X and € € (0,e0], and the power-exponential
moments, Dy (k, 0,e) = Pi(k, 0,6) < oo for any 0 < o < po,k = 0,1,...,
r#0,i€X and e € (0,g).

Let us summarise the above remarks.

Lemma 4. Conditions A — D,, assumed to hold for the semi-Markov
processes N:(t), also hold for the reduced semi-Markov processes .n.(t).

Since condition D, holds for reduced semi-Markov processes ,7.(t), the
following inequalities also hold, for e € (0, ],

rgb”‘(O,,Oo,Zf) <1,1 7é 0,7 (26)

4. Asymptotic Expansions for Mixed Power-Exponential
Moments of Hitting Times

Let us now describe algorithms for construction of asymptotic expansions
for power-exponential moments of hitting times.

Proofs of Theorems 1 and 2 presenting these algorithms are based on
recurrent application of operational rules for Laurent asymptotic expansions
given in Lemma 1 to the reduced semi-Markov processes constructed with the
use of the recurrent time-space screening procedures of phase space reduction
described below. In fact, one should correctly describe to which functions,
in which order, and which operational rules should be applied for getting the
corresponding expansions (their parameters, coefficients and parameters of
upper bounds for remainders) as well as to indicate some particular cases,
where the corresponding computational steps should be modified. This is
exactly what is done in the proofs of Theorems 1 and 2. An explicit writing
down of the corresponding operational formulas representing the recurrent
algorithms described below (which could be given as corollaries of the above
theorems) would, in fact, replicate the above proofs in the formal form, re-
quire implementation of a huge number of intermediate notations, take too
much space, etc., but would not add any new essential information about the
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corresponding algorithms. That is why the decision was made, just, to say
in each theorem that the description of the corresponding algorithm is given
in its proof. This makes formulations slightly unusual. But, as we think, this
is the most compact way for presentation of the corresponding asymptotic
results and algorithms.

Theorem 1. The following propositions take place:

(i) If conditions A — F, hold for the semi-Markov processes n.(t), then
these conditions also hold for the reduced semi-Markov processes ,n:(t), for
every v # 0. The corresponding pivotal (;hi;[k, p], +hi[k, p])-expansions for
the mized power-exponential moments ,¢;;(k,p,€),k =0,...,d,j € ,Y,;,i €
X are given by the algorithm described below, in the proof of the theorem.

(ii) If, additionally, condition Gg, holds for the semi-Markov processes
n:(t), then this condition also hold for the reduced semi-Markov processes
(t). In this case, the above (vhi[k, p], +hij[k, p])-expansions are also the
pwotal (vhi;[k, pl, b5k, pl, vk, pl, +Gijlk, p) veijlk, p])-expansions, with pa-
rameters 0;j[k, pl, »Gijlk, pl, r€i;[k, p| given by the algorithm described below,
in the proof of the theorem.

Proof. Lemma 4 implies that conditions A — D, hold for the semi-
Markov processes ,1.(t), with the same parameter ¢, as for the semi-Markov
processes 7).(t), and the transition sets ,.Y;,7 € X given by relation (16).

In order to prove that condition E, , also holds for semi-Markov processes
M (t), with the same parameter €3 and the transition sets ,Y;,7 € .X given
by relation (16), let us construct the corresponding asymptotic expansions
appearing in this condition.

Let r #0,i € X and j,r € Y;NY,.

At the initial step, we construct the asymptotic expansions for exponential
moments ,¢,;(1, p,€) and ,¢;;(0, p, ) using formulas formulas (20) and the
corresponding asymptotic expansions appearing in condition Eg,.

First, proposition (vi) (the multiplication rule) of Lemma 1 should be
applied to the product ¢;,(0, p, €)é,; (0, p, €).

Second, proposition (vii) (the division rule) of Lemma 1 should be applied
e
1 — ¢.+(0, p,€) given in relation (10) should be used.

Third, proposition (iii) (the summation rule) of Lemma 1 should be ap-
plied to the sum ¢;;(0, p, &) + ¢"(10_”;2?6¢2’)p ),

If j ¢ Y, then ¢;;(0,p,) = 0; if j ¢ Y, then ¢,;(0,p,e) = 0; if r ¢ Y,
then ¢;.(0,p,e) = 0; if r ¢ Y, then 1 — ¢,..(0,p,e) = 1. In these cases, the
above algorithm is readily simplified.

to the quotient bir . Here, the asymptotic expansion for function

14



According to Lemma 1, the (.h;[0, p], »h;;[0, p])-expansions,

rhi510,p]

+
+0ij (0, p,€) = Z +9i510, p, l]5l + rOO,p,z‘j(ﬁrhij[o’p]), (27)
l:T'h‘;j[Ovp}

yielded by the above algorithm, for » # 0,7 € X, j € ,Y;, are pivotal.

Steps of the algorithm described above should be recurrently repeated for
k=1,...,d.

Let assume that the corresponding pivotal asymptotic expansions for
power-exponential moments ,¢,;(l, p,€), »¢i;(l,p,€),l = 0,...,k — 1 have
been already constructed with the use of formulas (22) — (23). In this case,
the asymptotic expansions for moments ,¢,;(k, p, €), »¢i;(k, p, ) can be con-
structed using the above asymptotic expansions, formulas (22) — (23), and
the corresponding asymptotic expansions appearing in condition Eg ,, in the
following way:.

First, propositions (i) (the multiplication by constant rule) and (v) (the
multiplication rule) of Lemma 1 should be applied to the products (lf) Ggr(k—
L,p,€)rdri(l,p,e), for l=0,...,k—1and g =1,r.

Second, proposition (iii) (the summation rule) of Lemma 1 should be

recurrently applied to the sum ;A (n, k, p, ) = ¢4(k, p,e) + 210 (?) Ggr(k—

la P, 6) T¢Tj<l7 Py 5) = T)\qj(n_]-’ ku Py €)+<ﬁ>¢q7‘(k_n7 Py 6) Tgb?“j(n? Py 5)7 forn =
1,...,k—1, in order to get the asymptotic expansion for sum ,\,;(k, 0,€) =
Agi(k = 1k, p,€) = 645k, 0,6) + 2050 () bar(k =1 0,€) vri(1, 0, ), for q =
1,7,

Third, proposition (v) (the multiplication rule) of Lemma 1 should be
applied to the product ¢;,(0, g, ¢) A\ (K, 0,¢).

Fourth, proposition (vii) (the division rule) of Lemma 1 should be applied
S
1 — ¢.(0, p,€) given in relation (10) should be used.

Fifth, the proposition (i) (the summation rule) of Lemma 1 should be
applied to sum ,\;;(k, 0, ) + d)”((l) 9:;) (/(\)T;(: 206)

As it was already mentioned alSTove five steps of the above algorithm
should be recurrently repeated for k =1,2,...,d.

If j ¢ Y, then ¢;;(k,p,e) =0,k =0,...,d; if j ¢ Y, then ¢,;(k,p,e) =
0,k =0,...,d;if r ¢ Y; then ¢;.(k,p,e) =0,k =0,...,d; if r ¢ Y, then
Orr(kypye) =0,k = 1,...,d and 1 — ¢,..(0,p,e) = 1. In these cases, the
above recurrent algorithm is readily simplified.

Note that parameter €y, does not change in the multiplication and summa-

tion steps as well as in the division step, since 1 — ¢,..(0, p, ) > 0, € € (0, &¢].

to the quotient bir . Here, the asymptotic expansion for function
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According to Lemma 1, the (.hj[k, p], hj[k, p])-expansions,

rh;’ [k,p}

+
r¢ij(k7> P, 5) = Z rgij [ka P, Z]EZ + rok’,p,ij (Erhij [k,p])7 (28)
l:Th;j (k. p]

yielded by the above recurrent algorithm, for £k =1,....d,r # 0,1 € X,j €
»Y;, are pivotal.

It remains to note that condition E;, and inequalities (26) imply that
condition F, also holds for the reduced semi-Markov process ,7.(t), for every
r # 0.

This completes the proof of proposition (i) of Theorem 1.

In order to prove proposition (ii) of Theorem 1, one should repeat the
same sequence of recurrent steps described above and, additionally, to ap-
ply to every intermediate asymptotic expansion, obtained with the use of
operational rules given in propositions (i), (iii), (v) or (vii) of Lemma 1,
the corresponding additional operational rules given, respectively, in proposi-
tions (ii), (vi), (vi) or (viii), for computing parameters of the corresponding
upper bounds for remainders. []

Remark 1. It is worth noting that the above algorithm yields the
asymptotic expansions for mixed power-exponential moments ,.¢;;(k, p, ) for
k=1,....d;vr # 0,i € X,j € ,Y,, ie., for the corresponding transition
characteristics of the reduced semi-Markov processes ,7.(t) with transition
period defined in Section 4.

Let us choose some state ¢ # 0 and let 7y = (Tg0,- - Tgm) = (Tg.0s - - -
rem) be a permutation of the sequence (0, ..., m) such that ry,—1 = ¢, 7¢m =
0, and let 7y, = (Tq0,--.,7gn), » = 0,...,m be the corresponding chain of

growing sequences of states from space X.

Theorem 2. The following propositions take place:

(i) Let conditions A —F, hold for the semi-Markov processes n.(t). Then,
for every i € X, the pivotal (hi_o[k,p],h;{)[k,p])—eajpansions for the power-
exponential moments of hitting times ®;0(k,p,e),k = 1,...,d,i = ¢q,0 are
gien, for every q # 0, by the recurrent algorithm based on the sequential
exclusion of states rq0,...,7qm-2,q from the phase space X of the processes
n:(t). This algorithm is described below, in the proof of the theorem. The
above (hi_()[k, ol h;g[k:, pl)-expansions are invariant with respect to any permu-
tation Ty = (Tq0, - - - Tqm—2,¢,0) of sequence (0, ..., m).

(ii) If, additionally, condition Gg, holds for the semi-Markov processes
ne(t), then the above (higlk, p], hib[k, p])-expansions for the power-exponential
moments of hitting times ®,o(k, p,e), k=1,...,d,i = q,0 also are, for every
q # 0, pivotal (ﬁi_()[k,,o], h;{)[k,p], T(;io[k:,p], rGio[/{,p], ~Eiolk, p|)-expansions,
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with parameters x,, 0ilk, pl, 7., Giolk,pl, 7, .€iolk, p] given by the algorithm
described below, in the proof of the theorem.

Proof. Let us exclude state r; ¢ from the phase space of the semi-Markov
process 1).(t) using the time-space screening procedure described in Section
4. Let n., () = r,on:(t) be the corresponding reduced semi-Markov pro-
cess, with the phase space 7 (X = X\ {rq0}. The above procedure can be
repeated. The state 7,; can be excluded from the phase space of the semi-
Markov process 7.7, ,(t). Let n.7 . (t) = », 7-7,,(t) be the corresponding
reduced semi-Markov process, with the phase space 7 X = X\ {rg 0,741}
By continuing the above procedure for states 749, ...,74,, We construct the
reduced semi-Markov process 7.z, ,(t) = r,.7e7yn_.(t). This semi-Markov
process has the phase space 7, , X = X\ {rg0,7¢,1,---,7¢n}

Let 7 Y0 € 5, X and 7,045k, p,e),j € 7,,.Yii € 5,,.,X be, re-
spectively, the transition sets and transition power-exponential moments for
process Ner, ,(t) = 1. Meyn . (t) defined in the same way as the transition
sets ,Y;, 4 € X and the transition power-exponential moments ,.¢;;(k, p,€),j €
+Y;, i € X for process ,n.(t).

Theorem 1 implies, by induction, that conditions A — F, hold for the
reduced semi-Markov processes 1. (t), Nz, o (L), - - - s Ne,yn (1)-

Thus, the recurrent application of the algorithm described in Theorem1 to
processes Nz, (t), ..., Mz, (t) let us construct the pivotal Laurent asymp-
totic expansions for transition power-exponential moments 7, , ¢4;(k, p,€), j €
Fan Yis 4 € 7, X

Let us take n = m — 1. In this case, the semi-Markov process 7. 7, ., (t)
has the phase space 7 ,,_,X = {0}, which is a one-state set. Also, the space
Fom_oX = {q,0} is a two-states set.

By Lemma 3, the power-exponential moments of hitting times, ®;o(k, p, €),
coincide for the semi-Markov processes 1. (t), 7z, (1), - - - s Nery s (1), for ev-
ery k=0,...,d,i=q,Q.

Also, for the reduced semi-Markov process 0z, .. . (t) = ¢, .. (t), the
exponential moment ®;o(k, p,€) = 7, ,._,¢io(k, p,€), forevery k =0,...,d,i =
q,0.

Thus, the recurrent algorithm of sequential phase space reduction de-

scribed above let to construct, for k = 1,...,d,i = ¢, 0, the pivotal (h;|k, p],

hi[k, p])-expansions expansion,

P+
hij (%.0]

. . -
Dok, pe) = Y. Giolk, p,l|e + 0p oy (M0, (29)
I=hig[k.p]

The above Laurent asymptotic expansions coincide with the correspond-
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ing Laurent asymptotic expansions for the transition power-exponential mo-
ments 5 ., ®io(k, p, ).

The summation and multiplication operational rules for Laurent asymp-
totic expansions presented in propositions (iii) and (v) of Lemma 1 possess
commutative, associative and distributive properties, which should be un-
derstood as identities for the corresponding Laurent asymptotic expansions,
i.e., identities for the corresponding parameters h, k, coefficients and remain-
ders of functions represented in two alternative forms in the corresponding
functional identities. We refer to works of the authors [14, 15], for the corre-
sponding details.

This makes it possible to prove that the Laurent asymptotic expansions
for power-exponential moments 7 ., ¢io(k, p, €) are are invariant with respect
to any permutation 7y, = (rq0, .- -, Tam-2, ¢, 0) of sequence (0,...,m).

This legitimates notations (with omitted index 7, _,) used for parame-
ters, coeflicients and remainder in the asymptotic expansions (29).

Let 0 <n <m—2and 7, = (rg...,7,,) be a permutation of the
sequence 7 .

The corresponding reduced semi-Markov process 7. (t) is constructed
as the sequence of states for the initial semi-Markov process 7.(t) at se-
quential moments of its hitting into the same reduced phase space X =
X\ {75003 Tont = 7o X = X\{7q1, .-, 7¢n}- The times between sequential
jumps of the reduced semi-Markov process e, (t) are the times between
sequential instants of hitting the above reduced phase space by the initial
semi-Markov process 7.(t).

This obviously implies that the transition power-exponential moment
7o @ij(Ky py€) s, forevery k =0,...,d,j € 7 Yy, i€ 5, , X,n=0,...,m—
1, invariant (as functions of ) with respect to any permutation 77, of the
sequence 7 .

Moreover, as follows from the recurrent algorithms presented above, the
transition power-exponential moment 7, ¢;;(k, p,€) is a rational function of
the initial transition power-exponential moment ¢;;(k,p,€),7 € Y;,i € X
(quotients of sums of products for some of these moments).

By using identity arithmetical transformations (disclosure of brackets,
imposition of a common factor out of the brackets, bringing a fractional ex-
pression to a common denominator, permutation of summands or multipli-
ers, elimination of expressions with equal absolute values and opposite signs
in the sums and elimination of equal expressions in quotients) the rational
functions 7, ¢;;(k, p,€) can be transformed, respectively, into the rational
functions »  ¢i;(k, p,€) and wise versa.

In fact, one should only check this for the case, where the permutation

Ty, 18 obtained from the sequence 7, by exchange of a pair of neighbour
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states r,; and 7441, for some 0 <[ < n—1. Then, the proof can be repeated
for a pair of neighbour states for the sequence 77, etc. In this way, the proof
can be expanded to the case of an arbitrary permutation 77 ,, of the sequence
T¢n- The above mentioned poof of pairwise permutation invariance involves
processes 7, ,_,7(t) (for the moment, we denote as », _,7.(t) = n.(t) the initial
semi-Markov process), 7 ,7-(t) and 7, 7.(t). It is absolutely analogous, for
0 <1 <n—1. Taking this into account, we just show how this proof can be
accomplished for the case [ = 0.

The transition exponential moments 7, ,;;(0, p,€) and »  ¢;(0, p, €) for
the sequences 74, = (ro,m1) and 7, = (ri,70) (here, i, # ro,r1) can be
transformed into the same symmetric (with respect to ry and r1) rational
function of the corresponding exponential moments, using the identity arith-
metical transformations listed above,

7‘0¢7"1j(07 P, 5)
- T0¢T17’1 (0’ Py 5)

Fq,1¢ij(07 P, 5) - ro¢ij<07 P, 5) + r0¢ir1 (07 P, 5) 1

¢Toj(07 P, 5)
1- ¢TOT0 (07 P 5)

rTOT1 07 Y

¢1” (07 ) )
(Qbrlj(oa s €) + dring (0, p, 5)#0(8;,6))
d)r r1 (0,p,
1 - ¢7‘17‘1 (07 P; 6) - ¢T1T0(O’ P 5)%
= ¢z‘j(0:pa €)

+

= ¢¢j(0, P 5) + gbiT’o (07 P 5)

X

Dirg (0, 0, €)Pry5 (0, p, €)(1 = ¢, (0, p, €))
(L = brgro (0, 0,€))(L = b1, (0, 9, €)) = Drory (0, P, €) Dy (0, ps )
Girg (0, p, €)Pror, (0, p,€)@1r15(0, p, €)
(L = brgrg (0, 0,€))(L = b1, (0, 9, ) = Drory (0, P, €) Dy (0, oy €)
Gir, (0, 0,)0r,5(0, p,€)(1 = rory (0, p, €))
(1 = brorg (0, 0, €))(1 = Dryry (0, 0,€)) = rory (0, 0, €) D110 (0, p, €)
Giry (0, p, €)Bryr, (0, p, €)dry5(0, p, €)
(1 = Prorg (0, 0,))(1 = @1y (0,0, €)) = brory (0, 05 €)1, (0, p, €)
r Proj (0, p, €)
= r10:5(0,0,€) + 11irg (0, p,8) 7~ e (0.0
=, i;(0,p, ). (30)

+

_|_

+

The above proof for the power-exponential moments 7, , ¢4 (k, p, €) is anal-
0gous.
Due to commutative, associative and distributive properties of operations
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rules for Laurent asymptotic expansions, the above arithmetical transforma-
tions do not affect the corresponding asymptotic expansions for functions
7on @i (K, p,€) and, thus, these expansions are invariant with respect to any
permutation 77, of the sequence 7.

Therefore, the Laurent asymptotic expansions for the transition power-
exponential moments r,, ¢;;(k, p,€) and »  ¢i;(k, p,€), given by the recurrent
algorithm of sequential phase space reduction described above, are identical.

We refer to the book of authors [15], where one can find an analo-
gous proof, concerned the invariance property of the corresponding Laurent
asymptotic expansions for transition power moments for hitting times, pre-
sented in the more detailed form.

The described above recurrent algorithm for construction of Laurent asym-
ptotic expansions for power-exponential moments ®;0(k, p,e),k = 0,...,d,
1 = ¢,0 can be repeated for every ¢q # 0.

This completes the proof of proposition (i) of Theorem 2.

In order to prove proposition (ii) of Theorem 2, one should repeat the
same sequence of recurrent steps described above and, additionally, to apply
to every intermediate asymptotic expansion, obtained above with the use of
operational rules given in propositions (i), (iii), (v), and (vii) of Lemma 1,
the corresponding additional operational rules given, respectively, in propo-
sitions (ii), (vi), (vi), and (viii) of Lemma 1, for computing parameters of
the corresponding upper bounds for remainders.

Unfortunately, the summation and multiplication operational rules for
Laurent asymptotic expansion with explicit upper bound for remainders,
presented in propositions (iv) and (vi) of Lemma 1, possess commutative but
do not possess associative and distributive properties. This makes parameters
parameters 7, dilk, p|, 7,..Giolk, pl, 7, m€i0lk, pl,k = 0,...,d,i = q,0 given
by the algorithm described below dependent of the choice of the sequence
Tgm, for ¢ # 0. O

Remark 2. Formulas for parameter d¢ given in Lemma 1 imply, however,
that, the following explicit inequalities take place, for any sequence of states
Tgmamd k=0,...,d,1=¢,0,q #0,

rimOlk, p 2 8%k, o] = min - 8iiln, pl. (31)

We would like to note that, despite bulky forms, the algorithms for com-

puting coefficients in the asymptotic expansions, and parameters for upper

bound for remainders presented in Theorems 1 and 2, are computationally
effective due to their recurrent character.

In conclusion, we would like to mention again that the power-exponential

moments, which are interesting objects themselves, play the central role in
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studies of so-called quasi-stationary phenomena in stochastic systems. This
phenomena describe the behaviour of stochastic systems with random life-
times. The core of the quasi-stationary phenomenon is that one can observe
something that resembles a stationary behaviour of the system before the life-
time goes to the end. The corresponding quasi-stationary distribution can be
expressed via the exponential moments of sojourn times and the first order
power-exponential moments of return times, with parameter p, which is the
characteristic root for the distributions of the corresponding return times.
Related formulas and comments can be found in the book [4]. The asymp-
totic expansions for quasi-stationary distributions of nonlinearly perturbed
semi-Markov processes do involve higher order power-exponential moments
of return times and asymptotic expansions for these moments. We hope to
publish the corresponding asymptotic results for nonlinearly and singularly
perturbed semi-Markov processes in a near future.
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