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Abstract

Standard Markovian optimal stopping problems are consistent in the
sense that the first entrance time into the stopping set is optimal for each
initial state of the process. Clearly, the usual concept of optimality cannot
in a straightforward way be applied to non-standard stopping problems
without this time-consistent structure. This paper is devoted to the solu-
tion of time-inconsistent stopping problems with the reward depending on
the initial state using a game-theoretic approach in which each state of the
process corresponds to a player in the game. More precisely, we give a
precise equilibrium definition — of the type subgame perfect Nash equi-
librium based on pure Markov strategies. Such equilibria do not always
exist. We, however, develop an iterative approach to finding such equilib-
rium stopping times for a general class of problems and apply this approach
to one-sided stopping problems on the real line. We furthermore prove a
verification theorem based on a set of variational inequalities which also
allows us to find equilibria. As an application of the developed theory we
study a selling strategy problem under exponential utility and endogenous
habit formation.
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1 Introduction

Consider a Markovian process X with state space £ C R? and the problem of
choosing a stopping time 7 in order to maximize the expected discounted reward

E.(e7""F(X,,x)), foreach current state x € E.

Note that the dependence of the reward F'(X,, ) on the current state = implies
that this is not a standard optimal stopping problem. Specifically, the problem
is inconsistent in the sense that we cannot generally expect the existence of an
optimal stopping time that is independent of the current state x. In other words,
if an optimal stopping time is optimal for the current state x, then it will generally
not be optimal at a later time, call it ¢, after adjusting the reward, since the then
current state X; will typically be different from x. Optimal stopping and more
general optimal control problems with this property are called time-inconsistent.

It is clear that the time-inconsistency implies that the usual notion of optimality
cannot be applied straightforwardly — it must first be clarified how the time-
inconsistent stopping problem should be interpreted. One way of dealing with
this issue is of course to treat the problem as a parametrized, by the current state
x, optimal stopping problem and ignore the issue that the corresponding optimal
stopping time will not generally be optimal at later times. In the literature this is
known as a pre-commitment strategy. In the present paper we instead interpret
the time-inconsistent stopping problem using a game-theoretic approach where
we let each state = correspond to an agent, who all play a sequential game against
each other regarding when to stop the process X — and then we look for equilib-
rium strategies i.e. equilibrium stopping times. The type of equilibria we consider
are subgame perfect Nash equilibria based on pure Markov strategies (known as
pure Markov perfect equilibria), see Remark|2.5/for an explanation of these terms.
The present paper contains, to our knowledge, the first general treatment of the
game-theoretic approach to time-inconsistent stopping problems.

The structure of the paper is as follows. In Section [1.1| we describe previous
literature related to time-inconsistent problems. In Section |2l we formulate the
general time-inconsistent stopping problem introduced above in more detail and
define the notions of pure Markov strategies and subgame perfect Nash equilib-
ria in this setting. We also present an example which proves that an equilibrium
(of the type we consider) does not always exist. In Section [3|we develop an iter-
ative approach to finding equilibrium stopping times in a general setting under
certain assumptions. As an application of this iterative approach we, in Section
study a class of one-sided problems on the real line. In Section [5| we present
a verification theorem for time-inconsistent optimal stopping based on a set of
variational inequalities that we call the time-inconsistent variational inequalities.



Ilustrative examples are studied in Sections and 5| In Example [5.7] we ap-
ply the verification theorem to find equilibrium selling strategies for an investor
with exponential utility and endogenous habit formation.

1.1 Previous literature

Time-inconsistency in financial economics typically arises for either of the fol-
lowing reasons:

(i) Endogenous habit formation,
(ii) Non-exponential discounting,
(iii) Mean-variance utility.

Stopping problems with [(i)| and |(ii) can be formulated and studied in the frame-
work of the present paper whereas goes beyond this framework. Stopping
problems with are described below. A stopping problem with((i)]is stud-

ied in Example[5.7] See also [4] for a short description of

There is a substantial financial economics literature that studies specific time-
inconsistent problems; in either continous or discrete time, for either stochastic
or deterministic models, and using either game-theoretic or pre-commitment ap-
proaches. Historically important papers include [16} 30, 32| [33]]. We remark that
most of these papers consider problems of control type. Papers in financial eco-
nomics studying time-inconsistent stopping problems include [} [10} 11} 17, [18]).

The first paper to use a game-theoretic approach — based on subgame perfect
Nash equilibria — to time-inconsistency, there termed consistent planning, was
[33], where a deterministic problem under non-exponential discounting in dis-
crete time is studied. Further financial economics research in this direction can
be found in [2, 16} 22, 30, 32].

Early papers of a more mathematical kind to consider the game-theoretic ap-
proach — based on subgame perfect Nash equilibria — in time-inconsistent prob-
lems in continuous time are [[12}14]], who study optimal consumption and invest-
ment under non-exponential (hyperbolic) discounting. Inspired by the approach
of e.g. [12| 14], the first papers to develop a general mathematical theory for
finding subgame perfect Nash equilibria for time-inconsistent stochastic control
problems in Markovian models are [3, 4]. The main feature of that theory is a
generalization of the standard HJB equation called the extended HJB system and
the main result is a verification theorem saying that if a solution to the extended
HJB system exists then it corresponds to an equilibrium. In [24] it is shown that
a regular equilibrium is necessarily a solution to an extended HJB system. Other



papers studying specific time-inconsistent control problems from a more math-
ematical perspective include [5} 9} 13} 19, 23].

Papers of a more mathematical kind to study time-inconsistent stopping include
[20] who study a stopping problem with non-exponential discounting and [26]
29] (see the discussion below). We refer to [4} 20} 26} 29] for short surveys of the
literature on time-inconsistent problems.

Endogenous habit formation problems (see Example are time-inconsistent
because the reward depends on the current state. Stopping problems of this kind
can therefore be studied in the framework of the present paper. A version of the
non-exponential discounting stopping problem corresponds to maximizing

Et,x((S(T - t)F(XT)) (1'1)

with respect to stopping times 7, where the discounting function § : [0, 00) —
[0, 1] is a decreasing (non-exponential) function satisfying 6(0) = 1. Problem
can in our framework be obtained by letting one of the dimensions of X
correspond to time, i.e., by considering the time-space process.

Mean-variance problems are, however, time-inconsistent for the fundamentally
different reason that the expression to be maximized is a non-linear function of
the expected value of a reward. Hence, mean-variance problems cannot be stud-
ied in the present framework. A version of the mean-variance stopping problem
is to find a stopping time 7 that maximizes

E.(X;) — cVar,(X,), wherec > 0 is a fixed constant. (1.2)

In [29]], this mean-variance stopping problem is studied for an underlying geo-
metric Brownian motion (i.e. a mean-variance selling problem in a Black-Scholes
market). The problem is interpreted and solved in two different ways, by the
introduction of two different definitions of optimality. Static optimality, cor-
responds to finding, for a fixed z > 0, a stopping time that maximizes (1.2).
The static optimality definition corresponds to a pre-commitment approach. Dy-
namic optimality, corresponds to finding a stopping time 7 such that there is no
other stopping time o with P, (Ex . (X,) — cVarx_.(X,) > X;-) > 0 for some
x > 0. This is a novel interpretation of time-inconsistent problems, that does not
rely on game-theoretic arguments, see, however, Remarkbelow. We refer to
[29] for a discussion of the difference between the game-theoretic approach and
the dynamic optimality approach. Time-inconsistent stopping problems with
more general non-linear functions of the expected reward are studied in [26]
using an approach which is inspired by [29].



2 Problem formulation

On the filtered probability space (2, F, (F;):>0, P.) we consider a strong Markov
process X = (X;);>o taking values in (F,B) where E C R? and B is the
corresponding Borel o-algebra and Xy = x € E. We assume that the filtra-
tion satisfies the usual conditions and X to have cadlag sample paths and to be
quasi left continuous and that x +— P,(F) is measurable for each F' € F. The
associated expectations are denoted by E,. Without loss of generality we as-
sume that (2, F) equals the canonical space so that the shift operator 6 given by
Oi(w)(s) = w(t + s) forw = (w(t))>0 € Qand t,s > 0 is well-defined. The
class of stopping times with respect to (F;);>o is denoted by M.

Consider a function /' : E x EF — R and the problem of finding a stopping time
7 such that it maximizes, over the class of stopping times M,

Jr(x) :=E, (e*”F(XT,:L’)l{T@O}) , foreachz € E,

where 7 > 0 is a constant and — to guarantee that all expectations are well-
defined — the function F'(-,y) is measurable and bounded from below for each
fixed y € E. For the ease of exposition we will in the rest of the paper not
explicitly write out indicator functions of the type 1{;..} in expected values,
but instead implicitly assume that they are there.

The difference in our formulation to usual Markovian optimal stopping problems
is that the reward F'( X, ) explicitly depends on the initial state Xy = z. In the
standard formulation, the reward F'( X, x) is independent of z. In that classical
case, it is well-known that — under minimal assumptions — an optimal stopping
time is Markovian in the sense that it is a first entrance time into the stopping
set, see, e.g., [31]], .2.2. In particular, this solution is consistent meaning that
one rule is optimal for each initial state, i.e. such problems are consistent with
Bellman’s principle of optimality.

This kind of consistency can of course not be expected in our formulation. We
therefore have to be careful how to reinterpret the concept of optimality. Clearly,
we could choose different stopping times for different starting points . This,
however, does not represent the following interpretation of our problem:

We interpret the time-inconsistent stopping problem above as a stopping prob-
lem for a person whose preferences, identified with the reward function F'(-, x),
change as the state x changes. Based on this we think of the person as compris-
ing versions of herself, one version for each state x. These versions of the person
can then be thought of as agents who play a sequential game against each other,
where the game regards when to stop the process X. Note that the number of
players in this game is generally uncountable. Each agent, i.e. each x-version of



the person, then has the possibility, at z, to either stop, or not stop. A reasonable
definition of an equilibrium strategy, in this case an equilibrium stopping time 7,
should therefore be such that the following holds:

Under the assumption that each other version of the person uses 7 then,

(i) no z-version of the agent wants to stop in her state before 7, and

(ii) no z-version of the agent wants to continue for an "infinitesimal" time if 7
calls for stopping.

We thus define an equilibrium stopping time 7 using conditions which guarantee
that no agent wants to deviate from 7. Furthermore, we demand that the decision
whether to stop or not should depend directly only on the preferences of each
agent x and not, for example, on the outcome of some randomization procedure,
or on events from the past, cf. Remark[2.5] These conditions are, in reverse order,
formalized in the following definitions.

Definition 2.1. A stopping time 7 € M is said to be a pure Markov strategy
stopping time if it is the entrance time of the state process into a set in the state
space, more specifically, if 7 = inf{t > 0 : X; € S} for some measurable S C F.
Denote the set of such stopping times by N.

Definition 2.2. A stopping time 7 € N is said to be a (pure Markov strategy)
equilibrium stopping time if, for all z € E,

J:(x) — F(z,z) > 0, and (2.1)
Jf’ - J{—o T
liminf 77 0ry 4 (2) >0, (2.2)
h\O Egc(Th)

where 7, = inf{t > 0: | X; — Xo| > h}.

Definition 2.3. If 7 is a (pure Markov strategy) equilibrium stopping time then
the function J;(z), x € FE, is said to be the (pure Markov strategy) equilibrium
value function corresponding to 7. The function

fr(@,y) = EBo(e7TF(Xs,y)), (v,y) € EXE
is said to be the auxiliary function corresponding to 7.

It follows that the equilibrium value function satisfies

Jo(x) = fi(w,2) = Bp(e " F(X;,2)), z € E.



This paper is devoted to the question of how to find equilibrium stopping times
(of the type in Definition [2.2).

The interpretation of is that each z-agent should prefer the equilibrium
strategy over stopping directly. The interpretation of is that each x-agent
should prefer the equilibrium strategy over not stopping on the short (stochastic)
time interval [0, 7;,), over which we interpret the z-agent as being in charge,
given that the equilibrium strategy is played from 7, and onwards.

Remark 2.4. Definition [2.2]is inspired by time-inconsistent stopping problems in
financial economics, see e.g. [11} [18]], and the equilibrium definition for time-
inconsistent stochastic control problems, see e.g. [3] 4].

Remark 2.5. Let us informally describe some of the game theoretic jargon used
above, for a reference see e.g. [25]. A Markov strategy depends on past events
that are payoff-relevant. Markov strategies can be pure or mixed. A pure strategy
is one that determines the actions of the agents without randomization. In our
setting, the actions of the agents are to stop or not to stop, hence first entrance
times correspond to pure strategies. A mixed strategy is one that randomly se-
lects pure strategies. In our situation, this could be realized by extending the
underlying filtration in a suitable way and consider general stopping times with
respect to this filtration. See Example [2.6|below for an illustration. A subgame
perfect Nash equilibrium is a strategy that forms a Nash equilibrium at any time
t, and a Markov perfect equilibrium is a subgame perfect Nash equilibrium in
which all players use Markov strategies. Thus, Definition [2.2| corresponds to a
subgame perfect Nash equilibrium, and more specifically a pure Markov perfect
equilibrium.

Example 2.6. As mentioned above, in standard Markovian optimal stopping
problems, we only have to consider first entrance times and the filtration gener-
ated by X. Moreover, any additional information included in some larger filtra-
tion cannot improve the optimal value function as long as the process is Marko-
vian also with respect to the larger filtration. Similarly, in Markovian Dynkin-
type stopping games it is also the case that equilibria can be found (under tech-
nical assumptions) as first-entrance times, see [15]. This is however not the case
for equilibrium stopping problems in general as we will see in the following ex-
ample.

Consider a discrete time process X that lives on the state space £ = {0, a,b, 02} C
R where 0, and 0, are absorbing states and

1
Po(X1 = 1) = Po(X1 = b) = Py(Xy = a) = Py(X1 = a) = 5.

Let » = 0 and define X, = lim;_,, X;.



1/2 1/2
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1/2 1/2

(X can of course be embedded into a continuous time Markov chain, so that we
do not leave the setting of this paper). Let

0, x:(?l
1 =
F(z,a) = e
3, x=25b
0, l':ag,
4, .fU:al
0 —
Fz,p)y={ ¢
1, z=0
0, ZL‘:aQ

and F'(+,0;) = O0for¢ = 1, 2. We will now show that no entrance time of the state
process X into a subset S C E can be an equilibrium stopping time, i.e. no pure
Markov strategy equilibrium stopping time exists. We do this by investigating
all such stopping sets S. Since 0, and 0, are absorbing we can without loss of
generality assume that 0y, 9, € S. It remains to consider the following four sets:

()

(iii)

S = {01, 05, a, b}: This stopping set corresponds to the rule that both agent
a and agent b should always stop when they get the chance. But this rule
cannot correspond to an equilibrium stopping time, since agent a would
obtain 1 when stopping but she obtains % 0433 = % > 1 (in expectation)
if she deviates from the rule by never stopping.

S = {01, 04, a}: This stopping set corresponds to the rule that a should
stop and b should continue. But this cannot correspond to an equilibrium
stopping time, since agent b obtains % -0+ % -0 = 0 when continuing and
1 > 0 when stopping.

S = {01, 0, b}: This stopping set corresponds to the rule that b should stop
and a should continue. Let Vj ¢(b) denote the value that agent b obtains
when not following this rule. Then Vyo(b) = 5 -0+ 3(3 - 4+ 3Vo0(0)) =
Voo(b) = 3. Note that agent b obtains 1 < V{(b) when stopping. This
means that the set {0y, 02, b} cannot be the stopping set of an equilibrium

stopping time.



(iv) S = {01, 02}: This stopping set corresponds to the rule that both a and
b should continue. Since agent a obtains zero in the absorbing states she
prefers to stop since this gives her 1.

The above implies that there is no equilibrium stopping time in the set of pure
Markov strategy stopping times. However, a mixed strategy equilibrium stop-
ping time (in the sense defined below for this example) does exist, as we shall
now see. Consider the stopping time 7, , defined as follows: for any ¢ € Nj given
{7pq >t} if X; € {01,0:} then 7, , = ¢, if X} = a then 7, , = ¢ with probabil-
ity p, and if X; = b then 7,,, = ¢ with probability ¢ (assume that the filtration
(Fi)t>0 is large enough for 7, , be be a stopping time with respect to (F;)>o).
Heuristically, the stopping time 7, , corresponds to the agents a and b flipping
biased coins in order to decide whether to stop or not. Let V, ,(z),z € {a,b},
denote the (expected) value that agent x obtains when 7, , is used.

The following ad hoc definition, which is inspired by [34], will be used only in
the present example:

A stopping time of the type 7, , (defined above) is said to be a mixed strategy
stopping time. A mixed strategy stopping time 7,/ ;s is said to be a mixed strategy
equilibrium stopping time if V,, (a) < Vjy 4(a) for all p € [0,1] and Vs ,(b) <
Vo (b) forall g € [0,1].

Heuristically, a mixed strategy equilibrium stopping time 7, , is a strategy from
which neither agent a (nor b) wants to deviate from by choosing another mixed
strategy 7, 4 (7, 4), i.e. they do not want to deviate by choosing another biased
coin (including degenerate biased coins, i.e. with p, ¢ € {0, 1}).

We obtain

Vigla) =p- 1+ (1 - p) B'O+;<q-3+(1—q) (;v,,,q(aw;-o))} N

p+3(1—p)g
1-11-p)(1—¢q)
Voa®) =a- 14+ (1= 0[50+ 5 (004 (1 =) (31 +5-4) )| =
g+ (1 —-p)(1—q)
1—i(1—p)(1—Q)'

Vogla) = and

%ﬂ(b) =

Choose p' = = and q , 1.e. consider the mixed strategy stopping time 71 1.

The correspondlng expected values are V1 §< a) = Vi3(b) = 1. All we need to
do in order to verify that 13 is a mixed strategy equﬁlbrlum stopping time, is
to check that neither agent & nor agent b wants to deviate from it, i.e. we need to

Verlfythath’g( a) < Vis(a) = 1forallp € [0, 1] and that Vé,q(b) < V%%(b) =1



for all ¢ € [0,1]. This is easily done as in fact V, s(a) = Véq(b) = 1 for all

is indeed a mixed strategy

3
5
13
5’5

p,q € [0,1]. It follows that the stopping time 7
equilibrium stopping time.

3 A forward iteration approach

The previous example illustrates that there is no hope to come up with a general
method to find equilibrium stopping times (of the pure Markov strategy type,
see Definition [2.2). In particular cases, this can however be done. We now pro-
pose an approach for constructing a candidate for an equilibrium stopping time
by solving a — possibly terminating — sequence of ordinary optimal stopping
problems. More precisely, we construct a set S and prove that — under certain
assumptions — the first entrance time 74 into Sisan equilibrium stopping time.

To this end, write
So:=10, vo(z,y) :=supE.(e""F(X,,y)).
and define recursively for alln > 1

Spi={r € FE:v,_1(x,x) = F(z,2)},
vn(,y) == sup E, (e F(X,,y)).

7<Ts,

Note that v, (+, y) is the value function of an ordinary optimal stopping problem
for the process X absorbed in .S,,. It holds that S;, Sy, ... is an increasing sequence
of sets and we assume that

S1, 59, ... are closed sets. (A1)

We denote the closure of the union )~ , S,, in £ by S. Moreover, v, is decreasing
in n and therefore converges to a limit v,. By the construction of the problem,
it is furthermore natural to assume that

Voo, ) = sup E (e 7" F(X,,x)) forall z € E. (A2)

T<Tg

Our candidate for the equilibrium stopping time is now the first entrance time
T¢ into S. The heuristic motivation is as follows: In case it is rational for the
agent in state y = z to stop immediately in the starting state X, = z in problem
v (2, ), n minimal, say, there is no reason for her not to stop immediately in x
under the global time 74 as 74 < 7g,. Hence, the agent should accept 74 when

10



zes.

On the other hand, in the case x ¢ S, there exists a stopping time 7 < 7¢
that gives strictly more expected reward than to stop immediately. In case the
structure of the problem is such that

is satisfied with 7 = 74 for all z € S\ U Sa (A3)
neN
and
F(r,r) <E, (e F (X, z)) forallz ¢ S, (A4)

we see that it is also in this case optimal for the agent to accept 75. Indeed:

Theorem 3.1. Under the assumptions - (A4), the stopping time T4 defined

above is an equilibrium stopping time.

Proof. Write 7 = 74 for short. Let us first consider x ¢ S. As S is closed, we find
ho > 0 such that the open ball B(x, hg) around x with radius hq is a subset of
Se, Therefore,

J: () = Jrop,, 17, (T)
for all A < hy, so that is fulfilled automatically. Furthermore, warrants
(2.1).
For 2 € S\ U,en Sns holds trivially as 7 calls for immediate stopping, and
yields (2.2).
It remains to check that the equilibrium conditions and are fulfilled for
z € Upen Sn-  In this case holds trivially. For the second property, find
n € N such that x € S, \ S,_1. As S,,_1 is closed, there exists ¢ > 0 such
that the ball B(x, €y) around z with radius € is a subset of S_,. Then, for each
h < epitholds that 7 0 §,, + 7, < 75, , and therefore

F(z,z) =v,(z,2) = sup E,(e7""F(X,, z))

TSTSTL*I

2 Ex(efﬁoeTﬁThF(Xfoérﬁrh71’)) = Jrot,, +7, (),

where we used that x € S,, implies v, (z,x) = F(x,z) and v, _1(z,z) = F(z,x).
This yields

J% - J%o T F ) - Jf'o 7y, T
lim inf (=) e (2) = lim inf (=) Ot (@) > 0.
A0 E.(m) hN\0 E.(7h)

Remark 3.2. We now discuss the assumptions above.

11



« On (Al): Optimal stopping sets are well-known to be closed under weak
assumptions, see [31]], [.2.2. In particular, is obviously fulfilled if

x+— F(z,x), x — v,(z, ) are continuous.

« On (A2): This assumption warrants that — in the sense described above
— the optimal stopping sets of the problems related to v,, converge to the
optimal stopping set of the limiting problem. In particular, if the procedure
terminates, i.e., there exists ny € N such that S,,, = S;,,+1, then assump-
tion (A2) is automatically fulfilled.

« On (A3): This assumption is trivially fulfilled when the procedure termi-
nates. In general, it can be understood as a version of a smooth fit property
for the limiting problem.

« On : In contrast to the previous conditions, (A4) is more than a techni-
cal regularity assumption. As mentioned above, it is by construction clear
that for 2 & S, there exists a stopping time 7 < 74 with strictly larger ex-
pected reward than to stop immediately. But it is not clear in general that
T4 also has this property. As discussed at the end of this section, Example
is a counterexample.

Remark 3.3. In some cases of interest, for example in Section |4} the procedure
terminates already after one step, i.e.

S={rec E:F(z,x) = sup E. (e~ F(X,, 2))}.

Under (A1) it holds that X; € S , where we write 7 = 74 as above. Hence, in the
case of termination after one step, we obtain, using the strong Markov property,
for all x € E and all stopping times o,

P, (Ex, (e 7" F(X,, Xo)) > F(Xz,X3)) =0.

This may be interpreted as an adaptation of the notion of dynamic optimality (see
Section to our setup. Hence, in this case the equilibrium (a local property)
is in this sense also dynamically optimal (a global property). We remark that the
equilibrium in Example [3.4]below is not dynamically optimal.

We close this section by discussing two examples. A general class of examples
with a one-sided equilibrium stopping time found by this approach is discussed
separately in Section

12



Example 3.4. We now consider an underlying one-dimensional Wiener process
X and fix a discount rate r > 0. To illustrate the theory with an explicit example,
we look at the reward function

at , ¥ =0,
Fle.y): {(—x)+ Ly <0
A (somewhat artificial) financial interpretation is that the holder of a perpetual
American option with strike 0 in a Bachelier market is uncertain whether she has
bought a put or a call option. She is inherently optimistic and changes her belief
depending on the state the process is in. If the current state is non-negative,
i.e. y > 0, she believes that the derivative is a call, and a put otherwise. Using
standard approaches to the solution of optimal stopping problems, such as a free
boundary approach or the harmonic function technique of [6]], it is straightfor-
ward to find that for fixed y > 0

T 7:1723717

cx

ae , T < Iy,

vo(w,y) = sup B, (e7"F (X7, y)) = {
where ¢ = \/2r, 11 = 1/cand a; = 1/(ec). Due to symmetry, we have for yy < 0
that vy(z,y) = vo(—x, —y). Therefore,
St = (=00, —21] U [z1, 00).

Now, we can go on iteratively to find v,, and S,, again using standard arguments
for optimal stopping problems for diffusions. Writing

() = ane™ + bpe™,

we try to find z,,11, a,, b, such that

fn<_ajn—l) = 07
fn(xn) = Tn,
fol@n) = 1.

This system is indeed solvable and the solution is given by

L < 1>
Ap = €7 " (T — — ],
2 c

1 1
bn = —e “n ( n )
26 X, + c

13



and = = z,, is the unique solution in (0, z,,_1) of

e gtemr et T
s-w
Then,
Sy = (=00, —x,] U [z, 00)

and fory > 0

x ; T2 Ty,

Un(@,y) = ful®) , —Tnp1 < T < Ty,
0 , T < —Tpi1

and, as above, for y < 0 it holds that v,,(x, y) = v, (—x, —y). It is easily seen that
x, converges monotonically to the unique solution = z* in (0, 1/¢) of

1
64036 — % + ‘T’
1_
so that )
S = (—o0, —x"| U [z", 00)
and fory > 0
x , x> x,
Uw($7y) = foo(x) 9 _x* S T < $*7
0 , r < —x*
with

1 cr* * 1 —cx 1 —cx* * 1 cr
foo(a:)—Qe (x—c)e +5e (:E +C>e.
Again, voo(z,Yy) = Veo(—z, —y) for y < 0.

It is straightforwardly verified that and are fulfilled. holds by the
smoothness of the function v, in z*. could be verified using the theory
developed in the following section. Here, it is however immediately checked
elementary due to the convexity of f., for z > 0 and f/ (z*) = 1. Hence,
Theorem 3.1 yields that

7 =1inf{t > 0: | X, > 2"}
is an equilibrium stopping time.

Example 3.5. We now come back to Example We already know that there
is no pure Markov strategy equilibrium stopping time, so that the approach de-
scribed in this section cannot be successful. Indeed, S; = {01, d»} and the pro-
cedure terminates after this step. As argued in Example this is no equi-
librium stopping time. More precisely, condition fails to hold true.
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Figure 1: The functions = — v (x,z) and x +— F(x,z) for ¢ = 1. Here, z* ~

0.9575.

4 A class of one-sided solvable problems with po-
tential jumps

As a more advanced application of the method in the previous example, we con-
sider a Markov process on the real line. To construct an equilibrium stopping
time for a wide class of examples, we consider the general setting of [8]] for the
auxiliary optimal stopping problems with value function

vy(z) =supE,(e”""F (X7, y)), y €R. (4.1)
That is, we assume that each function F'(-, y) has a representation of the form
F(z,y) = B, (Qy(Mr)),

where M; := supy<,<; X5, t > 0, denotes the running maximum process of X
and T is an exponentially with parameter r distributed random variable inde-
pendent of X. In this section we assume that > 0. At first sight, it is not clear
at all why such a representation should exist. However, as detailed in Section 2.2
of [8], it always exists under suitable integrability and smoothness assumptions.
More explicitly, it is given by
1 z
Qu(2) =~ [ (= Ax)Fu,y)Pu( Xy € dulMy = 2),

T J—oco

]P)I(XT € dU|MT = Z) = ]P)x(XT S du, My € dZ)/]P)x(MT € dZ),

15



where Ax denotes the (extended) infinitesimal generator of X.

Remark 4.1. If Ay is applied to a function ¥ x £ — R then Ax should, here and
in the following, be understood to only act on the first variable.

The conditional density used above can be found (semi-)explicitly for general
Lévy processes and diffusions, so that also (), is given in analytical terms in
these cases. The following result, which follows directly from Theorem 2.5 in
(8], then leads to the solution of the auxiliary optimal stopping problems in case
they are of a one-sided form:

Lemma 4.2. Assume that for each y there exists a point x;, such that

(B1) Qy(z) <0 forz < x},
(B2) Qy(x) is positive and non-decreasing for x > .

Then, the value function of the auxiliary optimal stopping problem is given by
vy(7) = By (Qy(Mr) L (atyas1 )

and
T, = inf{t >0:X; > xZ}
is an optimal stopping time.
Now, using the approach described in Section 3| we obtain the following veri-

fication theorem for problems where the underlying auxiliary optimal stopping
problems are one-sided.

Theorem 4.3. In the one-dimensional setting of this section assume that for eachy
there exists a point x;, such that and hold true. Furthermore, assume that
there exists a point z* such that T, < y fory > x* and T, > x* fory < x*. Then

7:=inf{t >0: X; > 2"}
is an equilibrium stopping time.

Remark 4.4. The conditions of Theorem imply that if the function y — 7}, is
continuous then z* is the unique fixed point of that function.

Proof. Note that Lemma [4.2]yields that the forward iteration sequence of Section

[3|is given by
Sl = [l’*, OO)
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and the procedure then terminates, i.e. S1 = Sy = S5 = ... = S and Sy is closed
(this can easily be seen directly and it also follows from the following argument).
To apply Theorem [3.1] it remains to check (A4), i.e.

F(z,2) <E (e " F(X;,7)) forall z < x*.
This, however, holds as

F(I, l‘) =E, (Qz(MT)) <E, (QI(MT)l{MTZJC*})’

where we used that Q. (Mr7) is non-positive on { My < x*} C {Myp < xt} by
We conclude by noting that Lemma 2 in [7]] yields

E. (Qu(Mr)1arp2ey) = Bale™ 7 F (X, 2)).
]

Remark 4.5. By applying the previous results to —X, we immediately obtain an
analogous result for the case that the auxiliary optimal stopping sets are of left-
sided type (—o0, 7} ].

Example 4.6. To illustrate the general approach above, we consider a perpetual
American call problem with state-dependent strike K (y) in a general Lévy mar-
ket. One interpretation is an investor who has forgotten the concerted strike of
the option. Depending on the state of the price process, she changes her opinion
on the concerted strike. More concretely, her reward function for the log-price
process X has the structure

F(z,y) = (e" = K(y))",

where we assume that the function K : R — (0, 00) is continuous and non-
increasing; the interpretation of this is that the investor believes the strike to be
lower when the asset price is higher. Let X be a general Lévy process. To avoid
trivial cases, we assume X not to be a subordinator and to fulfill Fy(e*!) < .
For technical reasons, we first ignore the (-)*, i.e. we change the reward function
to

F(a,y) = ¢" = K(y),

which makes some arguments and notations in the following shorter. Using the
approach from [8], or just by guessing, we see that the function (), is given by

Qy(r) = ae” — K(y),

where a = 1/EyeMT < 1, see also [27]. The value of a can be found more ex-
plicitly for many classes of processes. For example, for Lévy processes without
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positive jumps, My is exponentially distributed. In the case of a Wiener pro-

V2r—1
TR

problem is therefore, by Lemma (4.2} given by z; = log(K(y)/a). Now use the
properties of K (-) to verify that that the conditions of Theorem [4.3)are satisfied
and that there exits a (unique) fixed point

cess X, we obtain a = The optimal stopping boundary for the auxiliary

" = log(K(z")/a).

It follows from Theorem (4.3 that the equilibrium stopping time for the reward
function F'(z,y) is given by

7=inf{t >0: X; >a"}. (4.2)

We may therefore conclude that the corresponding equilibrium value function
J:(2) = E, (G_T%F(Xf, x)) and the reward function F(z,) satisfy the equi-
librium properties and (2.2).

In order to show that is an equilibrium stopping time also for the origi-
nal reward function F(x,y) = (¢ — K(y))", let us verify that also J:(z) :=
E, (e*T%F(Xf, x)) and F'(z,y) satisfy and (2.2): First, note that if « is such
that e*” — K (z) > 0, then J;(z) = E, (e*ﬁ(eXf — K(x))) =E, (e*ﬁ(ex* — K(:p))*) =
J:(x), and similarly jfogfh“h (x) = fo,gchrTh(a:). Moreover, if = is such that
e — K(z) < 0, then we are in the continuation region and hence 7 =
700, + 7, for sufficiently small h. It follows that J;(x) = o6z, +1 (x) for
sufficiently small /. We conclude that J;(z) satisfies (2.2). Second, note that if
x > x* then J:(x) = F(z,x) and follows trivially. Let us deal with the case
x < z*. If z is such that ¢ — K (z) < 0 then F(z, ) = 0, and since J;(x) > 0, it
follows that satisfied. If x is such that e* — K (x) > 0 then ¢ — K(x) > 0
which implies that J;(z) = J;(z) and F(z,z) = F(zx,z). We conclude that
J:(z) and F(z, z) satisfy (2.1).

We have thus shown that the equilibrium stopping time for the original reward
F(z,y) = (e*— K(y))" is also given by and it follows that the correspond-
ing equilibrium value function can be written as

e’ — K(x), x>z,

Ji () = E, (e—r% (€X+ _ K(J;)f) , T <at,

where more explicitly, for x with log K (z) < z*,

E. (eﬁ (eX* — K($)>+) =E, (64% (GX? - K(@))
= aEx (GMTl{MTZw*}) — K([E)PI(MT > ZU*)a
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Remark 4.7. A put-version of Example 4.6 can be interpreted — economically
more meaningful — as an equilibrium selling problem under endogenous habit
formation and exponential utility in a Bachelier market. That problem is, how-
ever, analyzed and discussed in the more realistic Black-Scholes market in Ex-

ample

5 The time-inconsistent variational inequalities

In the rest of the paper we assume that the state process X is the strong solution
to the d-dimensional SDE

dXt = M(Xt)dt + O'(Xt)th, X() = c E, (51)

where W is an r-dimensional Wiener process, the state space £ C R? is an open
set, and the deterministic functions ;4 and ¢ are continuous. Standard conditions
for the existence of a strong solution to can be found in e.g. [21]]. Note that
we do not exclude the possibility that £ = R% The generator Ax is now given
by the differential operator

d a 1 d 82
Ax = Zﬂi(fﬁ)% t3 > ai;(x)

1]

a(z) := o(z)o’ ().

)
81'1'.1']‘

5.1 A heuristic derivation of the time-inconsistent varia-
tional inequalities

In this subsection we heuristically derive the time-inconsistent variational in-
equalities. We remark that this section is only of motivational value and that
there are no claims of rigor in the derivation. In this subsection we consider
r = 0 for the ease of exposition. Suppose an equilibrium stopping time 7 exists,
see Definition[2.2] Recall that 7, = inf{t > 0 : | X, — X| > h} andlet f;(X,,,z)
denote the auxiliary function that uses the equilibrium stopping time given the
starting value X, . Given sufficient regularity, we use the strong Markov prop-
erty to see that

Jrot m (€)= Ea(F(Xrot,, 4n,, 7))
— E,(Ex, (F(X;,2)))

= E.(f>(X5,, 7)) (5.2)

and Itd’s formula to obtain

B (fr(Xn, ) = fr(o,0) +Ea ([T Axf(Xoo)dt), 63)
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where we recall that the differential operator Ax operates only on the first vari-
able. We now use the dominated convergence theorem, Lebesgue’s differentia-
tion theorem, (5.2), (5.3) and J:(x) = f:(z, z) (cf. Definition[2.3) to obtain, under

sufficient regularity,

J%(ff) - Ji-oOTh—&-Th (I) f;.(:E,l‘) - Ex(f%(XTh,’ :E))

lipg int E, () = limint E, (mh)
E Th Ay f(X
— liminf x( 0 XfT( t>$)dt)
h\O EI(Th)
= _AXff'<x7$)'

This, of course, reflects the well-known characterization of the infinitesimal gen-
erator due to Dynkin. The definition of an equilibrium stopping time in Defini-
tion [2.2) therefore translates to Ax f;(z,2) < 0 and J;(z) — F(z,z) > 0. Now
note that J;(x) = f;(z, z) implies that the equilibrium value function J;(z) is
completely determined by the auxiliary function f;(z,y). We therefore summa-
rize the above in terms of the auxiliary function:

fi(x,x) > F(z,x), x € E (5.4)
AXf‘?‘(:Cax> < 07 r € k.

For any z, stopping yields the value F'(z, x). Using we see that it is therefore
optimal, for the z-agent, to stop if and only if f:(x,z) = F(x,z). Suppose that
the set

C={zecFE: fi(x,x) > F(x,z)}

is open, where C' is said to be the continuation region. It follows that the corre-
sponding equilibrium stopping time is the first exit time from C, or analogously
the first entrance time into the stopping region F\C, i.e

TE\C = ll’lf{t Z 0: Xt c E\C} = mf{t Z 0: Xt ¢ C}, (55)

which implies that f:(z,y) = E.(F(X, ,y)) for all z and y. By it is
also clear that if + € FE\C, then 7p\¢ = 0 which implies that f;(z,y) =
E.(F (X7, 0, y)) = F(x,y). It therefore holds, for any y, that

ff'(l.ay) = F(l’,y), LS E\C

Moreover, since f3(z,y) = Eu(F(Xr ,y)) it follows that f:(X;,y) is a mar-
tingale on C, for any fixed y, given sufficient regularity. Hence, for any fixed
Y,

Axfi(a,y) =0, z€C.
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Let us summarize our findings. If an equilibrium stopping time exists then, under
the assumption of sufficient regularity, it is given by 7\ ¢ defined in (5.5) and the
auxiliary function f;(z,y) = E,(F(7g\¢, y)) satisfies

AXff'('r7x) < 07 T e E7
and for any fixedy € F

AXf’f'<x7y) = 07 YRS Ca
f?(xuy) —F<J],y) = 07 YRS E\Cv

where
C={zxe€E: fi(z,z) > F(x,x)}.

We call the expressions above the time-inconsistent variational inequalities.

5.2 A verification theorem

Let us define the time-inconsistent variational inequalities in more detail.

Definition 5.1. A function f : Ex Ef — Ris said to satisfy the time-inconsistent
variational inequalities if|

Axf(z,z) —rf(z,x) <0, x € E\OC, (5.6)
and, for each fixed y € F,

AXf(x7y> —T’f(l’,y) :07 LS O,
f(:c,y) —F($,y) :Oa er\Ca

where
C:={zx€eFE: f(zx,x) > F(z,x)}.
Moreover, the function f(-,y) : E — R must, for each fixed y € E, satisfy:

Q) f(-,y) € C(C)NC?*(C), where C denotes the closure of C'in E,
(i) f(-,y) € CY(B(y,¢€)) NC*(B(y,e)\OC) for some € > 0, where the second

order derivative is locally bounded (near 9C),

(iii) f(-,y) is bounded on C.

"Recall that the differential operator Ax operates only on the first variable, in e.g. f(x,x).
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Lastly, we also demand that:
(iv) C'is open and OC' # () is a Lipschitz surfacelﬂ

() T sup. goc,, (Ax f(2,9) = 7 (2,)) <0, fory € OC.

Theorem 5.2. Suppose that a function f : E'x 2 — R solves the time-inconsistent
variational inequalities. Suppose that the state process X that solves the SDE (5.1)
spends almost no time on the boundary 0C), i.e.

/0 " Le(X)dt =0 as, (5.9
and that
T7o=inf{t >0: X; ¢ C} <0 as, (5.10)
for each starting value Xy = x € E. Then,
e J: E— R, with J(z) := f(z,x), is an equilibrium value function,
e f: E x E — R isthe corresponding auxiliary function, and
e the stopping time 7 in is the corresponding equilibrium stopping time.

Proof. Recall that the state space £ C R? is here assumed to be an open set and
note that £ can here, without loss of generality, be taken to be connected, since
X has continuous sample paths. Let {C} }7° | be an increasing sequence of open,
bounded and connected sets with C, C C' and U ,C), = C. Consider arbitrary
y € F and x € C, which implies that © € Cj, for any k > k’, for some £’. Let
7, = inf{t > 0: X; ¢ Cy} A k. Use[(i)} Itd’s formula and to obtain

flzy) =E, (e‘”kf(Xm y) — /Om e Ax f( X, y) —rf(X, y))dt>
=E, (7 f(Xr,.9))

where the Itd integral has vanished by the continuity of o(x), the continuity of
the trajectories of X, the continuity of % on C, and the boundedness of
X on the bounded stochastic interval [0, 7. Note that (5.8), [(i)] and imply,
for fixed y € E, that f(-,y) is continuous on C' with f(z,y) = F(z,y) on 0C,

where C' # () by assumption. Since, f(+,y) is bounded on C (cf. we may

For a definition see [28, ch. 10].
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thus use the bounded convergence theorem, and that 7, — 7 a.s. as k — oo (cf.

(5.10)), to obtain
flay) = lm E, (7 f(Xp,9)) =B, (¢ 7F(Xry) . (511)
Using and we see that this implies that
f(z,y) =E.(e""F(X:,y)) onE x E. (5.12)

Definition 2.2} Definition [2.3|and (5.12) yield the following: if we can prove that

flx,z) — F(x,z) > 0, foreachz € F, and (5.13)
xr,Tr)— J%o 4 L
lim inf flz2) 0ry + (2) >0, foreachx € F, (5.14)
NG E, (1)

then it follows that 7 in is an equilibrium stopping time, that J(z) :=f(z, z)
is the corresponding equilibrium value function and that f(x,y) is the corre-
sponding auxiliary function. Thus, all we have left to do is to show that
and are satisfied.

Since f(x,y) solves the time-inconsistent variational inequalities we know that
f(z,z) > F(x,z) on C and f(z,z) = F(x,z) on E\C. It follows that
holds.

Foreachfixedy € E, observe that B(y, €) and B(y, €)NC are open, B(y, €)\0(B(y, €)N
C') = B(y,€)\0C and that 9(B(y, €)NC) is a Lipschitz surface (cf. [iv)). It there-
fore follows fromand Theorem D.1in [28, App. D] that there exists, for each
fixed y € E and some ¢ > 0, a sequence of functions { f;(-, y)}°, such that

(@) fi(-,y) € C(B(y,e)) NC*(B(y,e¢)) for each i,

(b) fi(-,y) converges to f(-,y) uniformly on compact subsets of B(y,¢) as
7 — 00,

() Ax fi(-,y) convergesto Ax f(-,y) uniformly on compact subsets of B(y, €)\0C
as 7 — 00,

(d) {Axfi(-,y)}2, is locally bounded on B(y, €).

For any fixed z € E, h € (0,¢), i and k > 0 it thus follows from It6’s formula
that

Th Ak

filz,x) = E, (e_”h/\kfi(XTh/\k,x) - /0 e "M Ax fi( Xy, 1) — rfi(Xt,x))dt> :
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where the Ito integral has vanished for reasons analogous to the above. Because
of the continuity in[(a) and X; being bounded on [0, 7;,] we can use the bounded
convergence theorem to obtain

filz,x) = klim filz, x)
:Ex (lgh_{go< 7nTh/\kfz( Th/\k’vx _/ _Tt Asz(Xta ) rfz(Xt7$))dt>>

=E,; ( _TThfz( Th ) /OTh e_rt(Asz’(Xt>$) - Tfi(Xtax))dt) .

Set the undefined £ g(z ) ,x € 0C, to zero. Now use the convergence and bound-
edness properties in [(b)] . and[(d)} and the regularity in (5.9), and the bounded

convergence theorem to obtain

f(l‘,:L‘) = lim fi(I,l‘)

1—>00

=B, (Jim (™ fiXo0) = [ (AN (X ) = rhi(X )t

11— 00

Th
—E, (¢ f(X) — [T e (Axf(Xew) - nf (X)) . 6.9
Now use and the strong Markov property to see that
E.(e”"™ f(X,, x)) = Eo(e™ Ex,, (77 F(X3, 7))
— B (e F(Xrep,, 1y 2))
= Jrot,, +1 (T), (5.16)

where we also relied onl|(iii)] and (5.8). Using (5.15) and (5.16) we rewrite the left
hand side of (5.14) as

—E, (Jo" e " (Ax f(Xy, @) — rf (X, x))dt)

lim inf

h\0 EI(Th)
s B U8 T A (K w) —rf (K)o
RN\ E:c(Th)

Hence, all we have left to do in order to show that (5.14) is true, i.e. to conclude
the proof, is to show that (5.17) is non-negative for all x € E. Let us do this.

First consider an arbitrary © € F\OC. Recall that yi(z), o(z) and the trajectories
of X are continuous. Note that & € (0, ¢) implies that the process (X:)o<t<r,
with X, = z stays in B(z, €). The regularity properties in [(ii)| therefore imply
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that the integrand in (5.17), i.e. e " (Ax f(Xy, ) — r f(Xy, 2)), is a.e. continuous
in ¢ a.s. Recall that X is bounded on [0, 7,] when h € (0, €). Note also that that
if we pick a sufficiently small h = h(w) then the integrand in is continuous
int a.s, since we can for sufficiently small h = h(w) avoid the issue that %
is arbitrarily set to 0 at 9C' It follows that we may use the bounded convergence

theorem and Lebesgue’s differentiation theorem to obtain that is equal to
— (Ax f(z,z) + rf(z,2)) > 0, for z € E\OC

where the inequality follows from (5.6). Now consider an arbitrary x € 0C.
Replace the integrand in (5.17) with a right-continuous version (in ¢ a.s.) and use

and in the following way
E, (Jo" e " (Ax f(Xi, x) — rf (X, 2))dt)

— lim sup

A\0 Ew (Th)
I E, (foTh limy o supgy<p € (Ax f(Xirs, @) = 1 f (Ko, $))dt)
= —limsu
AN\O P E.(7h)

> —limsup (Ax f(z,z) —rf(z,2)) >0, forz € OC.
2¢0C—x

We have thus shown that (5.17) is non-negative for all x € F. O

Remark 5.3. In the case » > 0 then the condition in is not necessary in
order for the verification theorem to be true, since in this case is sufficient to
obtain (using also our convention regarding expected values and infinite
stopping times, as described in the beginning of Section [2).

Remark 5.4. The continuous differentiability requirement |(ii) and requirement
imply that we can approximate the function f(-,y) by the sequence of C?
functions f;(-, y), on which we can apply the standard It6 formula. After this we
let © — oo and effectively find that Dynkin’s formula holds. We remark
that the continuous differentiability requirement |(ii)] could in some settings be
relaxed if we instead of using the current approach were to use a more general
version of It6’s formula based on the concept of local time, see e.g. [21} 31]].

Remark 5.5. Let us underline that we can now apply the standard procedure to
use the verification theorem in order to find equilibrium value functions and
equilibrium stopping times in particular cases. More precisely:

(i) Make an ansatz, i.e. make an educated guess of how the solution f(z, y) to
the time-inconsistent variational inequalities should look like. The guess
f(x,y) should typically have traits in common with F'(z,y) and involve
unspecified parameters, see e.g. the a, b and z* in Example [5.6| below.
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(ii) Use the verification theorem to verify that f(z,y) can solve the time-
inconsistent variational inequalities (and the regularity conditions of the
verification theorem) for some specific values of the parameter(s). Note
that the point of step (ii) is two-fold 1) to make sure that the guess f(z, y)
has any chance of solving the time-inconsistent variational inequalities,
and 2) to determine the unspecified parameters of f(x,y).

(iii) If the previous steps were successful then you may use the verification
theorem to conclude that the guess f(x, ), with the specified parameter(s),
is indeed the auxiliary function, that J(z) := f(x, x) is the corresponding
equilibrium value function and that 7 := inf{t > 0 : X; ¢ C} is the
equilibrium stopping time, where C' := {z € F : f(z,x) > F(z,z)}.

Example 5.6. Let us re-analyze the optimistic holder of the perpetual American
option from Example 3.4 using the verification theorem. The advantage here is
that we do not have to solve a sequence of free boundary problems, but can make
a direct ansatz for the value function. Since the state process is a Wiener process
it follows that £ = R. As z — e, z > e, ¢ = /2r, are the fundamental
solutions to Ax f = rf and due to symmetry, a natural guess for a solution to
the time-inconsistent variational inequalities is

x , x> T,
flz,y) =S ae™® +be* | —x* <z <z*,y>0
0 , < —x%,

and f(z,y) = f(—z,—vy), y < 0, with the continuation region C' = (—z*, z*),
for some parameters a, b and =* to be determined. For f(-,y) to be continuous,
we need

_ * *
ae” " + be™ :(L'*,

ae +be~" = 0.
For sufficient smoothness of f(-, 2*) we furthermore need
—cae™ " + cbe™ = 1.

Elementary arguments yield that this system of equations indeed has a solution
given by

T , x> x,
flr,y) = 2e (a* = Dem + Je (2" + L)e™ | —a* <a<a*,y>0
0 , < —x¥,
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where z* € (0, 1/c) satisfies
. 1 1
—et (gt = D) = - (5.18)
c c

Using elementary methods one can now verify that:

«  — f(x,y) is convex and w = 1 for x,y > 0 which implies that

C = (—a*,2") = {zeR: f(z,z) — F(xz,xz) > 0}, which also implies

that and the condition in (5.10) are fulfilled (we remark that the last
condition is not necessary since r > 0, cf. Remark ,

« conditions (5.8), and |(iv) hold.

Let us explicitly verify condition (i)l Naively taking derivatives gives us

(9f( ) 1 9 X Z .ZU*7

x * *

axvy — _%ecx (ZU* _ %)efcat + %676$ (ZL’* + %)ecac ’ << x*’y Z 0
0 , < —a¥
0 , T >k,

Lf(:c,y) = L (gF — L) — Lot (g 4 L)emen —rr<rx<at,y<0

ax 2 c 2 c ) Y

~1 , v < —xt.

It is easy to check that these derivatives are well defined except at points (z, y)
satisfying (z,y) = (z*,y) with y < 0 or (z,y) = (—z*,y) with y > 0. Hence,
for fixed y, f(-,y) € C'(B(y,¢)), for a sufficiently small ¢ > 0. Naively taking
derivatives again gives us

0 T >x*
82f(:v,y) ) A2 cxtox 1\ _—cz 2 _—cx*(,.x 1\ cx 7 * 7 * >
—os = e ($—g)€ + Se (x +E)e , —rf<r<xzty>0
0 , T < —x¥,
0 x> x*
82f(:c,y) 2 cxt (% 1\ cx 2 —cxt (% 1\ _—czx 7 * 7 *
oz =) 2¢" (@7 = e+ g (T 4 J)e , ~T <z <z,y<l
0 , < —x*.

We thus see that f(-,y) € C*(B(y,€)\dC), for any y € F, and that this deriva-
tive is locally bounded. We have thus verified Now use that ¢ = v/2r and
the above to obtain

2 xT
AXf<x7y) _Tf(xuy) = %% _Tf(xuy)
—re<0 ,x>ax"
=<0 , —rF<r<azty>0
0 , T < —T%,

27



AXf(x7y) - Tf(ZL’,y) - %% - Tf(xay)

0 , x>k,
=40 , —rr<zx<zty<0

re <0 |, z<—x".
This means that (5.6), (5.7) and are also satisfied. We have thus verified
that the function f(z,y) with 2* determined in (5.18) is a solution to the time-
inconsistent variational inequalities. The verification theorem therefore implies
that 7 = inf{t > 0 : X; ¢ (—2*,2%)} is an equilibrium stopping time and that
the corresponding equilibrium value function is

v , T >,

J(I) _ %ecx*(l_* _ %)efcx + %e—cx*(‘r* + %)ecz 7 0<z< JZ*,
%ch*(l‘* _ %)ecm + %efcm* (JT* + %)efc:v ’ << 0’
- , < —x*.

Example 5.7. Equilibrium selling strategies under endogenous habit for-
mation and exponential utility. We will now study a model for selling strate-
gies under exponential utility and endogenous habit formation, using the veri-
fication theorem. Section [1.1| contains information about previous literature on
related problems.

Consider an investor who wishes to optimally dispose of an asset in a Black-

Scholes market. Specifically, the price of the asset, measured in e.g USD or MUSD,
is given by the process X satisfying

dXt = O'Xtth.

We model the utility of the investor as exponential, but we also let her utility
be inversely related to the present price of the asset, which makes the problem
time-inconsistent. Specifically, we assume that the agent wishes to maximize

E, (6—7"7 (1 N e—a(XT+g(J:)—k)>) :

where a,r, k > 0 are constants and ¢ : [0, 00) — R is a non-increasing bounded
function such that  — x + g(z) is non-decreasing and ¢g(0) = 0.

We will study this endogenous habit formation selling problem without making
any functional assumptions for ¢(-). In Figure [2| we present the solution to the
problem for a particular specification of g(+).

Remark 5.8. The reward function of the present model corresponds to the func-
tion F(x,y) := 1—e~*@+90W)~=F) which is clearly time-inconsistent and bounded
on [0,00)% If g(-) = 0 and k = 0 then we recover a standard exponential utility
function.
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Remark 5.9. We interpret this model as the investor having formed a habit re-
garding what she thinks the asset should be worth, and the larger the current
value of the asset is the less happy she will be for a given selling price in the
future. The parameter a is a measure of the risk aversion of the investor: a larger
a means more risk aversion. The parameter r is a measure of the impatience of
the investor: a larger » means more impatience. The nonstandard feature of this
model is the function g(-) which we interpret to be a measure of the habit for-
mation of the investor. The assumption that g(+) is non-increasing is interpreted
as follows: the smaller the current price x is, the happier the investor is given
the same future selling price. The assumption that z — z + g(z) is increasing
means that the investor cannot become less happy for a larger selling price given
immediately selling. The parameter k allows the possibility for negative utility.

A reasonable starting point is to try with a one-sided solution C' = (0, z*). We
therefore guess that the auxiliary function is

1 — e—alzt+g(y)—Fk) , T >t

"'E’ = —a Tro% -
f( y) Ex <€TT[I*’°°) (1 —e (X [z ,oo)+g(y) k'))) 7 0< < ZU*7

for some x* to be determined. Using standard theory, see e.g [28, ch. 9,10], we
note that the function f(z,y) can be simplified using

E, <€—TTWW) <1 _ e—a(XT[z*m)-Irg(y)—k))) _ (x)v (1 B e_a(x*+g(y)_k))
o

where v = % + \/i + % Naively taking derivatives therefore gives us

0f(s,y) _ [acrra ez
o Vx;;‘ (1 _ efa(x*+g(y)*k)) , 0<x <™.

In order for ((ii)| to be fulfilled z* must satisfy
wrae~ @ HIE@)R) — (1 _ 6—a(x*+g(x*)—k)> (5.19)
which means that x* must be the zero of the function
H(z) =~ — e ®@H9@=R (5 1 qg), (5.20)

which must be verified to exist uniquely in (0, c0) for the particular choice of
g(+). Note that a unique z* exists if there is no habit formation i.e. with g(-) = 0;
to see this note that if g(-) = 0 then H(0) = v(1 — e*) < 0 and H'(z) =
ae™ @k (qz + v —1) > 0 on [0, 00), since v > 1.
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Taking derivatives again gives us

Pfxy) —aQe*“(“g( y)—k) , x> Tk,
02 = ’7(’7 . 1) (1 —e a(:v*Jrg(y)*k)) ,0< <ot
Using Ax f(z,y) = 32%0? 28 f(x’y and (v — 1) = 2%, we obtain
AXf<x7y) - T‘f(ZL', y)
B x; o2a2e~@+9W)—k) _ (1 — g—ala+g(y)—k) , T > o,
- %0_2372” x'Y*j 1 — e—a(a:*—i—g(y)—k)) —r (%)7 (1 _ e—a(z*+9(y)_k)> , O<ax< x*’

— 2 g2a2eolro)—k) _ (1 _ e*a(erg(y)*k)) x>t
0 , 0 <o <z,

which implies that f(z, y) satisfies (5.7). It follows from that z* + g(z*) —
k > 0, which since z + ¢g(z) is non-decreasing implies that

2
—%UQaQe’“(Hg(x)’k)—r (1 — e’“(”g(x)’k)> <0, x> a"
Hence, is satisfied. Condition [(v) is verified in the same way. Conditions [(i)]
and [(iv)| are directly verified. Now, if g(-) is such that

AXf(x,a:)—rf(x,x) =

C:=(0,z")={zeR: f(z,z) — F(x,z) > 0} (5.21)

holds then conditions (5.8) and (5.9) follow, and all the conditions of the verifica-
tion theorem are hence fulfilled (the condition in (5.10) is not necessary in this
case, cf. Remark 5.3).

To show that holds for the case g(-) = 0 it is sufficient to show that

"/ *
( i) (1 — e ’k)) >1—e R 0 <p <t
x

This is trivially true if the right side is non-positive since the left side is positive
by (5.19), and we may thus treat the right side and the left side as positive. It is
therefore sufficient to show that

K(x) ==

*y
%xiw (1 — €7a(wik)) < 1, O<zx< LL’*.
— e a\xr” —

We obtain that «/(z) = l_e%wxﬂ_l(—]-](x)), and since z* is assumed to be

the unique zero of H(-) and H(0) < 0 it follows that x'(z) > 0, where we also
used to see that the first fraction in x(z) is positive. Since r(z*) = 1 it
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Figure 2: x — J(z) (solid, black) and z — F(x, x) (dashed, black), with g(x) =
arccot(z) — 7, here ¥ ~ 3.3524. = ~ J(z) (solid, red) and v +— F(z,x)
(dashed, red), with g(x) = 0, here * ~ 1.3412. z ~— arccot(z) — 7 (dotted,
black). a = 0.7, = 0.1,k =0.5and 0 = 1.

follows that x(z*) < 1for 0 < < z* and we are done. In order to show that

holds when g(-) # 0, we must show that

<9E>’Y (1 — e_a(x*_k)e_ag(w)) >1—e @M@ (< g < g,
x* ’

This is trivially true if the right side is non-positive; to see this use that the
left side is positive by and since ¢(-) is non-increasing. We may thus
treat both the left and the right sides as positive; and since 1 — ¢~ %(*=%) >
1 — e~ *@=k)e=a9(®) we may also treat 1 — e~**%) a5 positive. It is thus enough
to show that (9”—)7 et e o) ) < g < a*. But lmeae e

z) 1_ea@ —Fe-ag@) 1_e—a@ R g—ag(@)
% and the result follows from the case when g(-) = 0.
We conclude that if ¢(-) is such that H(-) in has a unique zero z*, then
the equilibrium stopping time is 7 = inf{t > 0 : X; > z*} and the equilibrium
value function is

1 — e—alz+g(z)—k) , x> T,
J@) = {(x*)V (1 . e—a(x*+g(l‘)—k)) , 0 <x <™.

T
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