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Abstract

Regime switching processes have proved to be indispensable in the modeling of various phenomena,
allowing model parameters that traditionally were considered to be constant to fluctuate in a Markovian
manner in line with empirical findings. We study diffusion processes of Ornstein-Uhlenbeck type
where the drift and diffusion coefficients a and b are functions of a Markov process with a stationary
distribution 7 on a countable state space. Exact long time behavior is determined for the three
regimes corresponding to the expected drift: Era(-) > 0,= 0, < 0, respectively. Alongside we provide
exact time limit results for integrals of form fg b? (XS)e*Zfst’ @(Xr)dr g for the three different regimes.
Finally, we demonstrate natural applications of the findings in terms of Cox-Ingersoll-Ross diffusion
and deterministic SIS epidemic models in Markovian environments. Exact long time behaviors are
naturally expressed in terms of solutions to the well-studied fixed-point equation in law X LAX+B
with X 1l (A, B).

1 Introduction

Models based on regime switching stochastic processes have received considerable attention for their appli-
cations in quantitative finance, actuarial science, economics, biology and ecology. In quantitative finance,
volatility, interest rates and asset prices are subjects to risky market environments that fluctuate over
different regimes in a Markovian manner. Understanding how critical parameters (that determine stability
or instability of the process of interest) characterizing the “switching regimes” vary stochastically over
time and affect the long time behavior of the overall process is essential for making short and long term
predictions. Examples of such applications are [3], [7], [19] and [21] in the context of stochastic volatility
modelling in financial market; [44] considering stochastic interest rate models with Markov switching; [27],
[31] and [40] studying long term behavior of stock returns and bond pricing. Similar to quantitative finance,
regime switching stochastic processes are frequently used in actuarial science for solvency investigations,
e.g. [1], mortality modeling, e.g. [20], and in the context of disability insurance, e.g. [14].

Monographs containing both the theoretical foundations and applications of regime switching processes
are [32] and [43]. Significant contributions to the theoretical foundation are [37], [38] and [39] by Jinghai
Shao. A common theme of these works is a stochastic dynamical system (Y;, X¢);>0, where the pro-
cess of interest ¥V := (Y;);>0 is affected by the process X := (X;);>0 that describes the dynamics of a
switching environment. For a class of general diffusion processes Y the aforementioned works investigated
necessary and sufficient conditions under which properties related to stability /instability such as geomet-
ric/polynomial ergodicity [37],[38], positive/null recurrence or transience [39], explosivity, existence and
uniqueness of moments of stationary distributions hold. In a similar context [6] (and references therein)
addresses questions related with survival or extinction of competing species in Lotka-Volterra model influ-
enced by switching parameters in terms of the underlying hidden Markov environment. A main theme is
the analysis of persistence (see section 4 or Theorem 4.1 of [6]) phrased in terms of so-called Lyapunov drift
type criteria and similar concepts. In [12] a large class of general regime switching Markov processes are
considered where a type of condition referred to as “geometric contractivity” ensures exponential stability
of the overall process. In contrast to the general stability results described above, there are very few works
giving exact characterizations of long time behaviors, which are inevitably model specific. In this paper, we



analyze the long time behavior of processes of Ornstein-Uhlenbeck type and Cox-Ingersoll-Ross models in
a regime switching context, and provide exact explicit characterizations. To our knowledge, such explicit
characterizations have not appeared in the literature.

The initial object of study in this paper is an R-valued Ornstein-Uhlenbeck process in a Markovian envi-
ronment, denoted by ¥ = (Y});>0, defined as the solution to the SDE

dY; = —a(X,)Yidt + b(X,)dW;, Yy =yo € R, (1.1)

where (Wy);>0 is standard Brownian motion which is independent of X := (X;);>¢ that represents the
background environment. X is an S-valued, where S is a countable set, jump type process with rate
functions A\;; : R — Ry, (4,7) € S?, satisfying

e o [ M@t  i#)
PlXews=j| Xe =Y =a] —{ 14 Aa(@)5 + o(8),  ifi =7, (1.2)
with notation A;; (%) := — 37, ;c5 Aij(z). The functions a,b: S — R are arbitrary (as long as a path-wise

unique weak solution of (1.1) can be insured) denoting, respectively, the drift and the diffusion functions.
(X1, Yy)s>0 is a Markov process with respect to its natural filtration (F; " );>o. Given “Xij(x) is constant
with respect to z”7, the process X is a continuous-time Markov chain, with respect to its natural filtration
(F)i>0, satisfying the hidden Markovian assumption:

X Ux Yy forallt>s, (1.3)
saying that for all ¢ > s, X; is conditionally independent of Y; given Xj.

For any arbitrary stochastic process X := (X;);>0, by ergodicity we mean that there exists a probability
measure p such that, regardless of Xy, the distribution of X; converges weakly to p as t — oco. p is called
the limiting measure. If X is Markovian and irreducible in a countable state space S, the limiting measure
f is its unique invariant measure [34].

Throughout the text we assume that the hidden Markov chain X is ergodic with stationary distribution
7= {m; : j € S}. The process Y is attractive or stable if E a(-) > 0 holds, otherwise it is divergent if
Era(-) < 0 and null recurrent if E;a(-) = 0 (can be shown using the Lyapunov function construction ideas
from [26], [39]). Under the stability assumption Era(-) > 0, a trichotomy of possible tail bahaviors of
the stationary distribution was established in [4]. Using Fourier analysis techniques, [45] provided precise
results on ergodicity when |S| = 2. A key contribution of our paper is a precise result on ergodicity
including an explicit representation for the stationary distribution when S is a countable state space,
allowing computation of probabilities lim;_, ., P[Y; > y]. The result is generalized by generalizing the
model (1.1) in different ways. Under the instability assumption Era(-) < 0 no stationary distribution

exists and we determine how Y diverges by providing weak limits for the scaled fluctuations % which

1
translates to the behavior of |Y;| vZ. In all long time results we describe how introducing a regime switching
component leads to mixture type representations characterizing the long time behavior.

In parallel to the characterization of the long time behavior of the model (1.1) we provide the corresponding
explicit characterization of the long time behavior of integrals of the type

t t
/0 d(Xs)e J. exoar g (1.4)

for the three regimes Fc > 0,= 0, < 0 corresponding to positive recurrence, null recurrence and transience.

Several previous works, e.g. [22], [8], [33], [5], [44] and [18] have studied exponential functionals of Lévy
processes. For instance, in [22] the asymptotic behavior of integrals of the form fot e BsdP, as t — oo was
explored, where P and R are independent Lévy processes and the property

(P, R) £ (Ps,Ry) + (Pr—s, Ri—s), (P,R) is an independent copy of (P, R),

helps the analysis significantly. We derive exact limit results for integrals of the type (1.4), where X is a
continuous time Markov chain on a countable state space. The asymptotic analysis requires quite different
methods from those used for the corresponding analysis for exponential functionals of Lévy processes.



Asymptotic analysis similar to the one presented in the current paper was done in [4]. Proposition 4.1 in
[4] yields asymptotic bounds for (1.4), but not the exact asymptotic behavior that we present here.

The paper is organized as follows. Section 2 sets notation and presents basic model assumptions. In
Section 3, exact long time characterizations for the stochastic process (1.1) and different generalizations
are presented under assumptions corresponding to the stable regime of the aforementioned process (1.1).
Section 4 presents long time characterizations corresponding to the unstable regime when no stationary
distribution exists. Section 5 contains applications of the findings in Sections 3 and 4 to the CIR model,
originally introduced as a model for interest rates, and to SIS models used in epidemiology. The proofs
are found in Section 6.

2 Preliminaries and model assumptions

Whenever relevant, random elements appearing are assumed to be defined on a common probability space
with probability measure P and expectation operator E. The following notations will be used in this
article. R? will denote the d dimensional Euclidean space with the usual Euclidean norm | - |. The set of
natural numbers is denoted by N. Cardinality of a finite set S is denoted by |S|. For any given sequence
{an}n>1 define {a’®},>1 as the sequence of running maxima a®* := maxi<k<p k-

For a Polish space S, let B(S) be its Borel o-field and let P(S) denote the class of probability measures
on S. P(S) is equipped with the topology of weak convergence. For z € S, §, € P(S) denotes the Dirac
measure that puts unit mass at z. The probability distribution of an S-valued random variable X will be
denoted as £(X). X ~ p means that g € P(S) and p = £(X). Convergence in distribution of an S-valued

sequence (X,)p>1 to an S-valued random variable X will be written as X, <4 X, or L(X,) 5 L(X),
where w stands for weak convergence.

The transition kernels of a Markov process are defined as the maps P;; : (S, B(S)) — [0, 1] such that for
all t > s >0, P (-, A) is B(S)-measurable for each A € B(S) and Ps,(i,-) € P(S) for each i € S. The
distribution of the Markov process is determined by the transition kernels P, together with the initial
distribution . The marginal distribution of the Markov process at time ¢ is 19 Py (-) = [ Po,:(z, - )vo(d).
We will consider only time-homogeneous Markov processes corresponding to transition kernels satisfying
P,y = Py;—s and use the notation P, := Py,;. P,f(-) is the corresponding transition operator given by
P f(x) = [¢ f(y)Py(x,dy) for functions f : (S,B(S)) — (R,B(R)). A time-homogeneous Markov process
in a countable state space S is irreducible if for any i,j € S, P:(4,j) := Pi(i,{j}) > 0 for some t > 0. A
time-homogeneous Markov process with transition kernels P; has a stationary distribution (or invariant
law) p € P(S) if pP; = p holds for all ¢t > 0.

Consider a probability measure 7 on a countable set S such that 7(A) =3, , m; for any A € B(S) and
a set of probability measures {1, : j € S}. Then

Y ow{iNZ;, UL (Zy)jes, Un~m, Zj~pw,
JES
is a random variable whose distribution is the mixture distribution > jes Tiky- For a given bivariate

random variable (A, B), the following time series is referred to as a stochastic recurrence equation (in
short SRE, also referred to as random coefficient AR(1))

Znir = AuwirZu+ Bur,  with  (AiBy) 'R L(AB), Zy AL (Aysr, Bu) (2.1)
for an arbitrary initial value Zy = 2o € R. Let log™ |a| := log(max(al, 1)). If
P[A=0]=0, FElog|A] <0, and Elog"|B|< o0, (2.2)

then (Z,,) has a unique causal ergodic strictly stationary solution solving the following fixed-point equation
in law:

ZL2AZ+B with Z 1l (A,B). (2.3)

The condition P[Ax + B = z] < 1, for all € R, rules out degenerate solutions Z = x a.s. We refer to
Corollary 2.1.2 and Theorem 2.1.3 in [9] for further details.



We denote by N(u,o?) and Exp()\), respectively, the Normal distribution with mean p and variance o2
and the Exponential distribution with mean 1/ > 0.

Throughout the rest of this paper we will assume the following;:

Assumption 1 S is a countable set and the S-valued Markov process X = (X;)i>0 satisfies (1.2).

(a) For every (i,j) € S?, the rate function \i;(+) in (1.2) is constant with respect to its argument.

(b) X is ergodic and irreducible in S with the stationary distribution = {m; : j € S}.

Assumption 1(a) is referred to as the hidden Markovian environment assumption. It follows from Assump-
tions 1(b) that X is positive recurrent. Fix a state j € S. Let 7 be the first time instant X hits state j
and stays there for 7)) time. One can recursively define, for k& > 1,

Tg := inf {t > T]z_l —|—T,g_1 : X, :j}7 T,g := inf {t > T]z : X, ;éj} - T]z, I,z = (Tg_l,Tg]. (2.4)

Tlg is the time X spends in state j after hitting state j at time Tg. (Tg)kzo is an i.i.d. sequence with
Exp(—)\,;)-distributed terms. The renewal cycle lengths form an i.i.d. sequence (|I]|)x>1. A consequence
of positive recurrence of X is that E|I}| < oo for any (j,k) € (S,N). Let

gl := max (sup{n € N: 7] <t},0), supf:=—oc, (2.5)

i.e. the number of times the chain X revisits the state j before time ¢. Positive recurrence of X implies
that g7 *% oo as t — oo.

3 The stable regime

In this section we study long time behavior of the joint process (Y, X) := (Y3, Xi)t>0 and processes defined
in terms of certain functionals of (X;);>o under conditions ensuring that convergence in distribution holds
as t — oo. Together with Assumption 1, the following assumption ensures the existence of a stationary
distribution for (Y, X):

Assumption 2 The S-valued process X and the functions a,b: S — R satisfy
(a) a is integrable with respect to w, and Era(-) > 0.

(b) For every j € S, E[log+ fTJ{ b2(X,)e ? I a(XT)deS} < 0.
7o

Remark 3.1 Assumption 2 correspond, in the current setting, to the general condition (2.2) for existence
of a stationary solution to the stochastic recurrence equation

j )
Tnt1 T J
— [ a(x.)ds 1 T
2 -2 n+l q(X,.)dr
Zins1=c V7 ij—i—/‘ B, )e 2] g
J
_

n

with affine invariant solution of the form

J

— [ a(Xs)ds ] _ wJ
Z; e ff@ Zj +/ TR(X,)e 2[T alXydr g

J
0

If Assumption 2(a) holds but not Assumption 2(b), then results similar to Theorem 1.1 of [10] hold. Notice
that if supjcg |a(j)| < 0o and Erb?(-) < oo, then Assumption 2(b) follows immediately from Assumption
1(b) as a consequence of the inequalities log™ |ab| < log™ |a| + log™ |b| and log™ |a| < |a| for any a,b.



An explicit expression for the stationary distribution of the joint process (Y, X) is the following.

Theorem 1 Under Assumptions 1 and 2 the stationary distribution of the joint process (Y, X) can be
expressed as a scale mixture of Gaussians of the following form

(i, X0) % (300N Z5,U) ast— o0 (3.1)
JeS
where U 1L (Z )Es,UNﬂ'Z—\/ N, V; 1L N, N ~N(0,1) and

T3

V; ibQ(j)/ €—2a(j)(Tj—s)ds+e—2a(j)Tj‘/j*7
0

where T7 ~ Exp(—\;;) is independent of V;*, and L(V}*) is the unique solution to (2.3) with (A, B) having
the distribution of

J
0

J )
—2 [Ta(Xds 7 [
(6 f-,—o ’/ b2(X5)6 2\/‘5 1 G(Xr)d’f‘d8> )

Remark 3.2 Theorem 1 may be generalized by instead of the model (1.1) considering the more general
Ornstein- Uhlenbeck model

dY; = (¢(Xy) — a(X,)Y,)dt + b(X,)dW;, Yo =y € R, (3.2)

for an arbitrary function ¢ : S — R. The stationary distribution of (Y, X) can be determined under the
assumptions of Theorem 1 and the additional assumption (ensured by Er|c(-)| < 00):

'rlj 77

E10g+/_ le(X,)]e > JTr e o o forallje€S.
44

The stationary distribution is given by

(Y, Xi) — (ZéU {Ji}H ZJ,U) as t — oo,
jeS

where U 1L (Z;)jes, U ~m, Z; —M —|—\FN (M;,V;) IL N, N ~N(0,1) and
M, (J)f T o) =) s 4 =al)T gy
<‘/]> ( )f _2a(])(TJ_9)dS+6—2(1(_7)ij* ’

where T7 ~ Exp(—A;;) is independent of (M j*) and [,(M;-*, VJ*) is the unique solution to

)45 3]00)+(3). o as

with (A;, Bj, C;) having the distribution of

- T.lj 2a(Xs)ds ] T{ ot Tf
(e Jog e [ e e, [ exge 700 a)

J
0 0

with notations used in Theorem 1. This generalization of Theorem 1 follows from from expressing Y in
(3.2) as

t t t t t
Y, = Yoo Jo o0 +/ e(X,) (e Jo Xy g +/ b(X,)e Jo EK0d gy (3.4)
0 0

The characterization (3.3) follows along the lines of the proof of Theorem 1 by modifying the proof of
Lemma 6.1 by determining the weak limit of

t t t t ¢
(6 fo a(X"')dr,/ co(Xs)e fs a(X"')des,/ bz(Xs)ef2fs a(X"')drds>.
0 0



Remark 3.3 Theorem 1 can be extended further by replacing the standard Brownian motion W by an
arbitrary Lévy process L in (1.1):

dY, = —a(X,)Y,dt + b(X,)dL;, Yy=y€ER. (3.5)

Ezxact long time behavior can be determined from the expression

t t t
Y, = Yoe_ fo a(X,)dr +/ b(XS)e_ fs a(XT)deLS
0

under the same assumptions as in Theorem 1 except that Assumption 2(b) is replaced by

Elog*

The stationary distribution can be expressed as

(Y, Xt) — (Z(SU {Ji}H ZJ,U) ast — oo
JES

where U 1L (Z;)jes and
17 , o
z, L b(j)/ T =L 4 e g
0

where T7 ~ Exp(—Aj;), L and Z; are independent, and L(Z7) is the unique solution to (2.3) with (A, B)
having the distribution of

J
~ [Ta(xds [ o
(e /5 / b(X,)e fsla(XT)drdLs). (3.6)

J
0

The special case L =W corresponds to Z; £ VV;N with (V;,N) as in Theorem 1.

Remark 3.4 Theorem 1 together with Mill’s ratio inequalities yield tail bounds for the stationary distri-
bution L(Yy), writing Yz % Vi ast — oo for the marginal convergence in (3.1). With pj := L(V;),

S [ D o) < P> 0 < S [ Ay
ies jJeSs

Sharper versions of the Mill’s ratio inequalities, see e.g. [17], yield sharper bounds.

Remark 3.5 Moments for the stationary distribution of Y in (3.5) can be computed recursively using the
representation for (A;, B;) in (3.6). From Z; 4 A;Z; + Bj follows that, for m € N,

Zm(1— AT Z( )AkBm hZk

If there exists n € N such that E|Z;|™ < oo, then EA;“ < oo and EA?B;”_k <oo for0<k<m<n, and
independence between Z; and (A;, B;) gives

BEZ' = % Amz< ) E[AYBI*|EZ).

From the representation for the limit distribution follows that EY™ = ZjeS m EZ



Remark 3.6 Theorem 1 can be generalized by allowing Y to be a vector valued Ornstein Uhlenbeck process.
In that case, when both drift and diffusion functions a(-),b(:) are matriz valued functions of hidden Markov
process X, stability conditions will change in a nontrivial way which require careful analysis.

Theorem 1 and the methodology used for proving the theorem can be extended to general regime switching
dynamics that is marginal of a Markov renewal process (also known as semi-Markov process), where in
every regime j € S the regime process spends a random time distributed as H7 with finite mean that is not
Exponentially distributed. Since a semi-Markov process is in general non-Markovian, instead of a stationary
distribution one should use the similar notion of a limiting distribution for investigating exact long time
behavior. Allowing H7 to have infinite mean would make the analysis substantially more complicated.

In many applications integrals of the form
i ‘e(X,)d
F, = / d(X,)e Jo O g (3.7)
0

appear for functions ¢,d : S — R and X being a regime process satisfying Assumption 1. The following
corollary addresses the long time behavior for F} under the stability regime Fc(-) > 0 and suitable integral
property of d(-) in form of the following assumptions.

Assumption 3 The S-valued process X and the functions c,d : S — R satisfy

(a) c is integrable with respect to w, and Erc(-) > 0.

(b) For every j € S, E[log+ ‘ fT; d(Xs)e_ I C(XT)deSH < 00.
To

The difference between Assumption 2 and Assumption 3 is that in the latter the function d can take
negative values in contrast to only positive values for b? appearing in Assumption 2.

Corollary 1 Under Assumptions 1 and 3, Fy in (3.7) satisfies
F 4 N 00 (GhV; ast— oo,
jeS
where U 1L (V})es and
17 ‘ ‘
Vi 2 d(j) / eI =8) gg 4 ¢=c()T; vy,
0

where T7 ~ Exp(—\j;) is independent of V', and L(V}") is the unique solution to (2.3) with (A, B) having
the distribution of

J
[}

j v
— [Te(xds i o _
(e I , / d(X,)e f.fC(X”d’ds) (3.8)
Remark 3.7 The Goldie-Kesten theorem (Theorem 2.4.4 in [9]) characterizes heavy-tailed behavior of
the solution to the fized-point equation (2.3). If A > 0 a.s. and L(IogA | A > 0) is non-arithmetic,
PlAz+ B =z] <1 for all x € R, and there exists v > 0 such that

EA” =1, E|B” <oco, FEA"log" A< oo,
then there exists constants cy,c_ with cy +c_ > 0 such that

PX >zl ~ciz™, PX<-—-z|~c_z™” aszx— 0.

This result is applicable to the stationary distribution of Y in Theorem 1 if infjcsa(j) < 0. Let

i
7cfj1 a(Xs)ds
vj ::sup{c>O:Ee o <1}, v = ingl/j.
JjE



If

J

aup (][ irorge L7000 ) <o

JjES 'rg

and ;
—v* le a(Xs)ds -2 7.1 a(Xs)ds
sup {E {e ffo logte frb ] } < 00,
JjeSs
then the left and right tails of the symmetric distribution of
> ou{iHV VN
JjES

are regularly varying with index v*. The statement follows since V; is a stochastic affine transformation
of Vi by random variables having finite moments of all orders, and since the standard normal distribution
has finite moments of all orders. The indices v; can be estimated from the sample paths of X through the
empirical estimator

R . 1 "o o—cfa(Xs)ds .
Vn,j ::1nf{c>0:726 fIf :1}, inf () := +o0,
n
i=1
of v; based on n regenerating intervals {IZ w_1. Therefore, v* may be estimated iteratively as the limit of
~ . N . N 1 "o—c ca(Xs)ds
V;klajk+1 := min (I/;:’jk,lnf {c € (O,V:7jk) P Ze flf - 1})7 k=1,...,]S.
i=1

Another representation for the tail index infjes v; was presented in [4], [35] (with a spectral analysis) for
finite state space S, in terms of the spectral radius of a certain matriz.

4 Transient and null-recurrent regimes

In this section we study the long time behavior of the process Y = (Y;);>0 and processes defined in terms
of certain functionals of (X;);>0 under conditions different from Assumption 2 and Assumption 3. In
particular, it will be assumed that the stability condition Era(-) > 0 in Assumption 2(a) does not hold
and that instead Era(-) < 0. By choosing a suitable Lyapunov function as done in [39] it follows that
E.a(-) <0 and Era(-) =0 correspond to transience and null-recurrence, respectively, for the model (1.1).

It can be shown that if Assumption 1 holds and the stability condition Era(-) > 0 in Assumption 2(a)
is replaced by Era(-) < 0, then the long-term behavior of ¥ will be determined by the first term in the
representation

t t t
Y, = Yvoe— fo a(X,)dr +/ b(XS)e_ fs a(XT)drdWS.
0

Consequently, the ergodic theorem gives

log Y] as
ogt\ i Y _Fra(-) ast— oo.

However it is not well known how scaled fluctuation
log | Yy

T + \/EEW(I(~)

behave for the model (1.1) as ¢ — oo, and how the regime switching dynamics play a role in that limit.
This is the motivation behind the results of the present section.

Assumption 4 The S-valued process X and the functions a,b: S — R satisfy



(a) a is integrable with respect to 7, and Era(-) < 0.
(b) For everyj €S, o3 := Var(f:gf a(Xs)ds) < 0.

(¢) Assumption 2(b) holds.

Remark 4.1 Assumption 4(b) is necessary for having the CLT type results in Theorem 2 below. For
|S| = 2 or for very simple cyclic Markov chains, e.g. S = {0,...,n} and transitions0 -1 — --- —n — 0,
Assumption 4(b) holds trivially but for more general cases we need to impose Assumption 4(b).

Theorem 2 Suppose Assumptions 1 and 4 hold. Let U ~ 7 and N ~ N(0,1) be independent.

(a) (Transient regime) If E a(-) <0, then

log |V
Vit

+ViEza() 53 su () —2

jes \/ E||

(b) (Null recurrent regime) If E a(-) =0, b(:) #0 and

N ast— occ.

(o [ 200 )

70
then
log |Y; . o
g\/gt' A > du({ih)——==IN| ast— oc. (4.1)
jes \/ Bl

In Theorem 2(b), | N| appears in the weak limit because the left-hand side in (4.1) asymptotically behaves
as a scaled mixture of maxima of partial sums of random walks for which the long time behavior was
characterized by Erdés and Kac in [16].

Remark 4.2 The result in Theorem 2(a) does not depend on the diffusion function b. In fact, the result
holds for any stochastic process (Y;)i>o0 such that

~ t L
Y; =Yie fo a(Xr)dr where Yt‘/? i) 61 ast— oo.
An example is

t s
Y= Yo+ / b(xX,)edo “X
0

for a Lévy process L together with an associated integrability condition.

For the exponential integral process (F})¢>o in (3.7) results similar to Theorem 2 hold. Similar results are
found in Theorem 2(a) and Theorem 3(a) of [29].

Assumption 5 The S-valued process X and the functions c,d : S — R satisfy

(a) c is integrable with respect to w, and Erc(-) < 0.
(b) For every j €S, o5 == Var(f:{ c(Xs)ds> < 0.

J
0

(c) Assumption 3(b) holds.

Corollary 2 Suppose that Assumptions 1 and 5 hold. Let U ~ 7 and N ~ N(0,1) be independent.



(a) (Transient regime) If E.c(-) <0, then

log\Ft\
Vit

+ VB (e()) Y 6 ({i}) =N st oo.

jes \/ E|L|

(b) (Null recurrent regime) If E;c(-) =0, d #0 and

E[(log+/

J
7o

J
1

d(Xs)e” S C(Xr)drds) 2} < o0,

then

log | F; ;
o | t‘iZM{j})i"f IN| ast— oo.

Vi j€s \E||

Corollary 2 can be proved by a minor modification of the proof of Theorem 2. The proof of Corollary 2 is
therefore omitted.

5 Applications

The results presented in Sections 3 and 4 have applications in various contexts involving stochastic pro-
cesses under hidden Markovian environments. We consider two specific applications: the Cox-Ingersoll-
Ross process originally introduced for modeling interest rates, and a classical SIS model considered in
epidemiology.

5.1 The Cox-Ingersoll-Ross process

In [28] authors considered general Cox-Ingersoll-Ross (CIR) model and explored the criteria for different tail
properties of the stationary distribution in terms of the hidden Markovian switching dynamics. Following
we consider a specific parametrization of CIR process and express the explicit stationary distribution that
one observes under hidden Markovian contexts for drift and diffusion coefficients.

Let a,b: S — R with a # 0 be arbitrary functions, let n € N such that n > 2 and define

k,0,6:8 >R, k:=2a 60:=—, &:=20b.
2a

Consider the CIR process (R;):>o defined as the solution to the stochastic differential equation
th = n(Xt)(é(Xt) — Rt)dt —+ E(Xt)\/ thWt, R() =179 > 0. (51)

In [13] the CIR model was introduced as a interest rate model where &, 8, are positive constants and
Feller proved that 2x6 > £2 ensures that the CIR process is non-negative with probability 1 (which holds
automatically for the above parametrization, regardless of the value of X; = x € S since n > 2). We
present long time results for the CIR process defined above.

Proposition 5.1 Consider the CIR model (5.1) with above parametrizations and X as defined in (1.2).
Let U ~ 7 and Nq,...,N, ~N(0,1) be independent.

(a) Suppose Assumptions 1 and 2 (Exk(-) > 0 and integrability of £(-)) hold. Then

R 53 su({ihVv; ijvf as t — oo, (5.2)

j€s i-

where V; is independent of U, N1, ..., Ny and L(V}) is given in Theorem 1.
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(b) Suppose Assumptions 1 and 4 hold. If E k(-) <0, then

log R;
Vit

+ 2VtE k(") A ZéU({j}) 29 max N; ast— oo.

jes VE)| SR

(c) Suppose Assumptions 1 and 4 hold. If E;k(-) =0, then

log It LY ZéU({j}) 20; max |N;| ast— .

Vi jes VB

Remark 5.2 Proposition 5.1 cannot be easily extended to moninteger values n. However for moninteger
n the solution to the CIR process can be written as a sum of squared OU processes and a squared Bessel
process (Chapter 6 of [30]). Therefore we would need to investigate long time behavior of Bessel processes
under Markovian regime switching in detail in order to generalize Proposition 5.1.

5.2 The SIS model in epidemiology

We consider deterministic SIS epidemic models under Markov modulated environments similar to the one
considered in [24] but with number of regimes |S| > 2 instead of just two states. Let «,3 : S — R
be functions denoting rate of infection and recovery, respectively. Consider a fixed population size n and
subpopulation sizes I; and S; at time t > 0, satisfying I; +.5; = n, of infectious and susceptible individuals,
respectively. The model is determined by the system of equations

ds, dI

= BX)ST + o(X)L, —F = B(X)S T~ o(X)L, L+ S =n,
where I}, S; may take arbitrary real values in [0,n]. If a, 8 were constants instead of functions then one
would have, with v := fn — «,

(1l B B 1 -t
L= (e (5 = 5) + Sl tomo + [+ 81 10
=g ) S e 0 lo=o
which would lead to

lim I, = L ify >0, lim I, =0 if~<O0.
t—o0 ﬁ t—o0

Notice that v < 0 is equivalent to Ry < 1, where Ry is the reproduction number. For |S| = 2, results from
[24] suggest

(a) If Exv(-) > 0, there is a persistence for the infected population size, i.e., in probability,

By lmmwlost> £

liminf log I} <
t—o0

(b) If E;v(-) = 0, simulation suggests that I; — 0 in probability, but no analytical results were provided.

(¢) If Exv(-) <0, then I; — 0 exponentially fast, i.e limsup,_, lo%;lt < Eqv(-), in probability.

The following proposition provides sharper asymptotic results.
Proposition 5.3 For the model described above and for a < b the following holds

(a) If Exv(-) > 0, then lim;_, o P[I% € (a, b)} = ZjeS ij{‘/j € (a,b)} , where Vj is given in Corollary 1
when (¢,d) = (v, ).

(b) If Ex~(-) =0, then, for a >0, limt_moP[It € (e’b\/‘?,e*‘“ﬁ)} =D jes 7TjP|:|N| € (aoj,boj)|, where
N ~N(0,1) and o3 = Var(f:g{ Y(X)ds).
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(c) If Ex~(-) < 0, then limtﬁooP[It € (etE”(')_bﬂ,etE”(')_“\/z)} =y
™
N ~N(0,1) and 0% = Var(ng Y(X,)ds).

jeSﬂ'jP[N € (aaj,baj)], where

Similar results can be obtained for Markov modulated deterministic SIR models as integrals of type

t
fot e f v(Xs) B(Xs)ds show up as a consequence of the Markovian environment in the transition rates.

6 Proofs

We use the convention Zf: ;@i =0 and H ;a; =1if j >k for any a;.
For functions ¢,d : S — R and j € S, define

Cc, —C r—s d j —xcl]g
G d / d(y (@)( )ds—xd( )1{ (j)=0} + 8;( —e ()>1{C(J)750} (6.1)

6.1 Proof of Theorem 1

Proof. We prove the statement in a number of steps. The marginal distribution of the regime process
X in for S with initial distribution d;, i € S, is denoted

Pij(0,t) := P[X; = j | Xo =i| = 0;P,(i,{j}).

Let the transition kernels of the time-homogeneous Markov process (X¢, Y;):>0 be the maps Pt (S X R) X
B(S x R) — [0,1]. Then, for any (i,40) € (S x R) and (I, A) € B(S x R),

8(i.90) P (4 90), => P[(X,Yy) € {7}, A) | (X0, Y0) = (i, %0)]
jel
=> P;(0,t)P[Y; € A| Yy =yo, Xo =i, X = j], (6.2)
jel

since, by (1.3),
P[X; =j | (Xo0,Y0) = (i,90)] = P[X, = j | Xo =] = P;;(0,1).

If we can show that there exists a p € P(S X R) such that
(5(i,y0)Pt Blieo ast— oo forall (i,10) € (S x R), (6.3)

then as a consequence of the strong Feller property, satisfied trivially by (X,Y), one can deduce that g,
is the unique invariant measure. The strong Feller property ensures that one may interchange the order
of limit and expectation in

poo P’ f = tlggo Sy PP f = tlgrolo (i) P T f = piso f  for all s> 0.

We find oo using (6.3).

Lemma 6.1 below provides a representation of the second factor in the product in (6.2). The representation
is expressed in terms of an (F;X);>o-adapted stochastic process ( El), EQ))tZO- Fix two arbitrary states
i,j € S and suppose that X, = i. Recall that 7y is the first time X hits state j and define 7§ and T} for

k > 0 recursively as in (2.4). For k > 1 define

(Ji, K7) -

—fTJZ a(Xs)ds  pTi 7 i
( o ’/vk b2(XS)e—2‘f;ka(Xr)d7ds)’ (64)

J
k—1

(I )y = (e— [ a(Xs)ds,/O B(X, _2f  a(X, Ddr g )

12



Note that ((J,i, K )i, is an i.i.d sequence by virtue of a renewal argument for the regenerating process
X: the renewal cycles (I])>1 are ii.d. X generates identical palrs (J1, K}) of functionals of X which are

independent for k > 1. However, for a fixed ¢ > 0, ((J,i,K,JC)) t . are not i.i.d. since g/, defined in (2.5), is
a renewal time which is dependent on sum of all renewal cycle lengths before time ¢.

Lemma 6.1 Suppose Assumptions 1 and 2 hold. Then for anyt > 0,
PlY, € A|Yy =yo, Xo =i, X; = 5| = P[yoQ” PN eA|Xg=1i,X, =
[Yi € A| Yy =yo, Xo=14,X; =j] [10Q; '+ Q' N e A| Xg =i, X, = j],

where N ~ N(0,1), N 1 (F{X)i>0 and (Q§1)7Q£2))t20 is an (F;¥ )i>0-adapted process given by

—a(j)(t— TJ )
El) _ / < | I J])J(%J)
(2) J ~2a(7)(t= T J (4,5) e J J
Q; :Gj(t—ng)w [(”J) +> ( [] J)K} (6.5)

! k=1 Ni=k+1

Now we prove the main result by finding p. by computing the limit as ¢ — oo for a term in the sum (6.2).
Note that P;;(0,t) — m; as t = oo by the ergodicity Assumption 1(b). Using Lemma 6.1 it remains to
show that

Ply@" + QPN e A| Xo=i, X, =j| > P[VViN € 4] (A,) € (BR),S). (6.6)
Let us summarize the steps. (6.6) follows if we show
£U(QMW, QP | Xo =i, X, = j) B s @ L(V;) ast— oo (6.7)

The result above is observed by taking the limit as ¢ — oo of the expression on the right hand side of
(6.5). Set

R, := (RV,R?) (( H JJ>J<W> (H J]) K5 + Z ( 19_[ Jj)QK,{) (6.8)

I=k+1
and notice that, on {Xq =i, X; = j},

—a(y) (t—77, ) —2a(j)(t—77})
@, Q) = (e ( gt)REI),G?a’bz(t—T;j)—Fe i R§2)>. (6.9)

t

Next we determine the weak limit, as ¢t — oo, of L(((t — Tj,-) R;) | Xy = j) and in particular show

that (¢ — Tg ;) and R, are asymptotically independent, given Xt = j. Take z € (0,¢) and set By, :=
{X makes no jump in (t — z,¢]}. Then,

{Xe=jit =70, >2,Ry € A} = {Bro, Xoey = . Res € A}, A= (A1, Ad),

since Tjj < t — x implies 7'; ;= T;j which further implies R; = R;_,. Using the above equality,

P[t—T;z >x, R € A| Xy =j] = P[Bia, Xi—o = j, Ri—s € A| Xy = j]

P[thaz = J}

= P[Bis | Xis = . Rew € AVP[Rus € 4| Xoy =) et =)

Since R;_, is F;X ,-measurable, the Markov property of X implies

P[Biy| Xi—o =j, Rty € A] = P[Byy | Xy—p = j| = M7,

13



Moreover,

. PXy =]
i e = b
We will show that
Jim P[R,_ € A| Xy o = j] = P[X] € As]ljoea,y, A:= (A1, Ar), (6.10)

for any A := (Ay, Az) such that P[(0, X}) € JA] = 0 with JA denoting the boundary of A, where X7
satisfies

g/ g 2
Z( 11 J;) KgiX; as t — 0o, X;‘i(Jf)QXj+K{, X5 1 (J],K7). (6.11)
k=1 “l=k+1

This would imply that (¢ — 7'3_]-) and Ry, given {X; = j}, are asymptotically independently, and the weak

limit of (¢ — T;j) is Exp(—A\;;). We will use the following lemma:

Lemma 6.2 Under Assumptions 1 and 2, R in (6.8) satisfies
Ry % (0,X}) ast— oo, (6.12)
where X3 2 ()2 X7 + Ki with X7 1L (J, K).

Exploiting the Markovian structure of X we will show that
tlggoP[Rt_w EA| Xy, = j] = P[(O,Xj) € A]. (6.13)

We begin with the following lemma for a slightly more general process R in order to fit well also in
subsequent proofs. In Section 6.5 we show that the R in the current context defined in (6.8) indeed
satisfies conditions (6.14) of the following lemma.

Lemma 6.3 Consider an (F;X)i>o-adapted process (Ri)i>0, and suppose there exist a random variable
R and an increasing deterministic function t — e(t) such that

t
Ry 4 Ry, &(t) — oo, ? =0 and Ry— Ry . B0 ast— . (6.14)
Suppose further that (L§1),L§2)
P[R. € 0A] =0,

)tzo satisfies (Lgl),ng)) £ (0,1) as t = oo. Then, for any A such that

lim P[L" + L R, € A| X, = j] = P[Ro € 4].

t—o0
Remark 6.1 Note that for establishing weak convergence it is sufficient to restrict attention to continuity
sets, i.e. here sets satisfying P[Rs € 0A] = 0. The part of (6.14) involving e(t) resembles Anscombe’s

condition ([25], p. 16). As seen in the subsequent arguments using Lemma 6.3, the Ry to which Lemma

6.3 is applied will be f;’(j measureable.

Using Lemma 6.2 we have shown (6.10) and in Subsection 6.5 it is verified that the conditions (6.14) are
fulfilled. Using Lemma 6.2 in (6.9) together with the aforementioned argument prove that

L@, Q) | Xo =i, X, = j) % 6o @ £(G2 (T7) + e 20T x7),

where TV ~ Exp(—2J,;) is independent of X 7. This proves (6.7) and concludes the proof of Theorem 1.
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6.2 Proof of Lemma 6.1

Proof. The process (Y;):>0 in (1.1) has the representation

®(0,1)Y, + / b(Xs)®(s,t)dW,, B(s,t):=€ f:a(xr)dr. (6.15)
Define

QM,QP) = ( (0,) / b2(X,)®2(s, t)ds ) (6.16)

Note that on {Xo =14, X, = j} :={w e Q: Xo(w) =1, Xy (w) = j},

le) =®(0,t) = @(ng,t)(H@(le1,7'{))’1)(0,73) =e (- " ) (HJ]> T, (6.17)
1=1

4 —a(i){t—7
where the identity @(T;j,t) =e ( 9t> on {Xo =i, X, = j} follows from the fact that if s € (7,,¢),

t gt
then X, =5

We now consider the second term in (6.15). Notice that by Ito isometry
t 1/2
/ b(Xs)®(s,t)dW, | Xo = 1, Xt—j) ([/ bZ(X(g)<I’2(S,t)ds} N\oni,Xt:j)
0

Partitioning [0, #] into [0,¢] = [0, 7] U Uk (U (T;‘j,t], we may write ng as

t

t
b2 (X )®%(s,t)ds = bZ( VB2 (s,t) ds—l—Z/ X;)®%(s,1) ds+/ b?(Xs)®?(s,t)ds. (6.18)

0 0
Expanding one term in the middle sum

/Tk b2(Xs)«1>2(s,t)ds=/Tk ®2(r], )0 (X,) B2 (s, 7)ds

J J
k—1 Tk—1

g7 —1

= ®%(r ( H ®2(77, {+1 )/Tk b2 (X, )®(s, 7] )ds

for some k < g/. Putting these estimates in (6.18) we have

/ b2 (X)) ®%(s,t)ds =B (r ], {( H ®2(7) ,TZH / b2 (X,)®2(s,7])ds

+§:( H ‘1’2 Tl sz+1 )/ bQ(Xs)‘I’Q(&Tg)dS
k=1 I=k -1

t
+/A b2 (X))@ (s, t)ds.
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Moreover, on {Xy =14, X; = j},

J

/ % B2(X,) B2 (s, t)ds =
0

—2a 7' gz j ’ j
2a(5) (¢~ KHJj) KS””+Z< I1 JJ) Kg}

I=k+1

Combining the above gives, on {Xo =14, X: = j},

: ~2a(j)(t—77,) o \2
P =@ -l e 7 [(HJ7> K“’”+Z( 1T JJ> K,@] (6.19)

l=k+1

The assertion of Lemma 6.1 follows by combining (6.17) and (6.19). O

6.3 Proof of Lemma 6.2

In following two subsections we prove Lemma 6.2 by first proving (6.11) and then
( I1 Jg)Jé”) 4o, (H JJ) K8 %0 ast— . (6.20)
k=1

6.3.1 Proof of (6.11)

To simplify the notation we omit the superscript j in this subsection. Main technical difficulty here is to
obtain a similar version of Vervaat’s Theorem 1.5 in [42] but in a continuous time context driven by the
renewal time g;. For n > 1, define

n n 2
Sp :Z< 11 Ji) Kp=K,+J2K, | +...+(Jy...J,)°K,.
k=1 “i=k+1

Note that §n+1 S, .J2 i1+ Ky and therefore (Sn)n21 is Markovian. For n > 1, define

=> (HJ,-) Ki=Ki +J Ko+ ...+ (J1...Ju1)°K,.
k=1 =

Note that S,41 = Sp + (J£...J2) K41 and therefore (S,,)n>1 is not Markovian but S, is a partial sum

of the infinite sum
(oo}
-3 (114) w

k=1

We will show that S,, % Suo as t — 0o where S, satisfies So, = (J))280 + K, Soo 1L (J{,K{). From
uniqueness of the solution we will conclude that £(Sw) = L(X}). We will prove (6.11) in the following
steps.

e Step 1: §gt < Sy, for any ¢t > 0.

log K a.s.
— 0l X () as t — 00.

e Step 2: m

2
¢ Step 3: Zk 1 (H1 1 Ji+gt+1) Kk+gt+1'

e Step 4: L(S«) is the unique solution of (6.11).
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Given steps 1-4, proof of (6.11) is completed as follows. Observe by step 1 £(S,,) = £(S,,); and

S k—1 5
SOO _Sgt = J12J22...J92tth+1 +J12J2 Jt+1(z (HJi+gt+1) Kk+gt+1)' (621)
k=1 =1

We will prove that the quantity in RHS of (6.21) converges to zero in probability as ¢ — co. Then the

assertion Sgt A Soo follows. The first term in the quantity in the expectation may be written as

JEJE ... JQQtthJrl = exp

{t(2 9 log J; N logth_H)} — oxp {t(2 > log J; N IOqutH)@}.
t t gt gt t

By the renewal theorem,

gt a 1
=z Q t
n E|11| as t — oo
and by Assumption 2(a), as t — oo,
1 J’L a.s.
Litilog i ag Eng——E/ X,)ds = —E|L|Exa(’) < 0.
gt

Together with Step 2, we have therefore

(2 7t log J; n IOgthH)@ ag

—2Fra(-) <0 ast— oo
gt gt t

from which J2J3 .. Iy, 2 Ky 11 %% 0 as t — oo follows. For the second term in the quantity in the expecta-
tion,

E(i (ﬁﬂwﬁl) Kk+gt+1) = L(X7)
k=1 =1

and 9% log
JfJg...Jgt:exp{t(¢>%} — 0 ast— o0
Gt

from which Slutsky’s theorem gives

o] k—1 2
JEJE ... tH(Z ( H Ji+gt+1) Kk;+gt+1) — 0 in probability as ¢ — oo.
k=1 =1

Given Steps 1-4 we have thus shown (6.11). It only remains to prove Steps 1-4.

e Step 1: Notice that for each t > 0,

((JlaKl)v (JQ’K2)7 e (ngth)) g ((‘]gt7th)’ (Jgt_17th_1)7 teey (leKl))

and that §Tgt and Sr ~are the result of applying the same function to the two above identically

distributed random vectors. Hence, ggt 4 Sy, for any ¢t > 0.

e Step 2 : We first show logKi’l“ 2£ 0 as a consequence of Borel-Cantelli Lemma and Flog K,, < oo.
This is evident as E logK 11 < oo implies

ZP[logKi+1 >en| < oo for every e > 0,

n=1

& P[logKnJrl >enio.] =0 foreverye >0,
(:)flong 130 asn—oo.
n
Then from above step and gf 2% 50 Step 2 will follow by observing

t
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e Step 3 : Observe that for any ¢ > 0,

((Jgt+1v thJrl)v (Jgt+27 th+2)7 e ) < ((Jlﬂ Kl)v (JQa K2)v - ) (6'22)

Notice that {g: = n} = {r, <t < Tpy1} 18 0{Xs : 0 < s < 7,41 }-measurable and independent of
0{Xs : Thy1 < s}. For a sequence of measurable sets (A4;);>1,

P((Jgt-i-vigf-i-l) € Al? (Jgt+2aKg¢+2) € AQ; . )

= ZP Jgit1, Kgo 1) € A1, (Jg42, Kgo42) € Ao, | g0 = n)P(gt =n)
n>0

= ZP Jni1, Knt1) € Av, (Jnso, Kni2) € Az, ... | 9o = n) P(gr = n)

n>0

= Z P n+13 n—i—l) S Al, ( n+2, Kn_;,_g) S Ag, . )P(gt = n) (by independence)
n>0

= 3" P((1. K1) € Ay, (J2. K2) € As, ... ) P(g, = )
n>0

= P((Jl,K1) S Al, (JQ,KQ) < AQ,...)

proving (6.22). A consequence of (6.22) is

00
g Z ( H J1+9t+1) Kk+gt+1 th+1 + J{?t-i-l(th'i‘Q +J :+2( )) (623)
=1 =

e Step 4 : We will prove that £(S) is the unique solution to the distributional fixed point equation

n (6.11). By step 1, £(§gt) = L(Sy,) holds. To prove the uniqueness of £(Ss) as the solution to
(6.11) under Assumption 1, observe that

i(HJ)Kk K1+J;(§'f(

k=1 k=1 i=

i +1)Kk+1)
1

and
oo

(K1, J1) 1L (Z(ﬂ +1)Kk+1) i(lj[ +1>Kk+1 Soo-

So So satisfies (6.11). Now from Lemma 1.4(a) (which applies since E'logJ < 0 under Assumption
1) and Vervaat’s Theorem 1.5 in [42] (or Theorem 2.1 in [23]) we conclude that the solution to (6.11)
is unique and hence the assertion follows.

Remark 6.2 We acknowledge that Lemma 6.2 can be proved alternatively using Anscombe’s theorem (page
16 of [25]) for any sequence of stopping times g — oo, and R, 4 (0, X7). However, in order to conclude

that R, % (0, X7) one needs to verify Anscombe’s conditions for (Rr, )n>1 leading to arguments similar to
steps 1-4 above which are similar to the arguments in the proof of Varvaat’s Theorem 1.5 in [42].

6.3.2 Proof of (6.20)

We begin by showing that log |J0i’j)| = Op(1) and log |Kéi’j)| = Op(1). Let, for arbitrary ¢,5 € S, A(lC
denote the event that X visits the state j in k-th excursion from state ¢ to itself (i.e in time mterval
(ri_,,7i]). Clearly 0 < P(Agf)) < 1 for any k € N since X is irreducible in S. Note that on {Xo = i},

3 e
log |J§9)| = 7/0 Ta(X,)ds < 3 log Jj +/_ la(X,)|ds, k* = inf{k > 1010, = 1}.
=1 T;*—l 7
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Since the upper bound is a geometric sum of random variables having finite expectation we have shown
that log |Jém)| = Op(1). Similarly, on {X¢ =i},

I k*—1 k* S+
e B 1 R L R
= n=I[+1 Thw—1

Note that (7}, ,,74] C (},_,,7i,] and that
> (11 7)
=1 n=Il+1

is absolutely convergent due to Assumption 2. Hence, log |Kéi’j)| = Op(1).
Note that

g, -1 gi-1 j (i,4) (i
. i t logJ; log J,
( 11 Jg)“’é N _e"p{t(Zkfl Feh SR ) T
k=1

Gt gt

Applying the renewal theorem and law of large number in the renewal context gives, by Assumption 2(a),

Gt as. 1 log Jk as.

ad ) ¥ ElogJ] <0 ast— oco.
3 E|L]| 95

(4,9)

Moreover, logJ = Op(1) implies

1 Ji,j) s
%70%'0 as t — oo.
gt

Putting the pieces together yields the first statement of (6.20). Analogous arguments proves the second
statement of (6.20):

gi—1 gl—1 (4,4)
N2 2579 og Jj | log K
(H:Li) K(()’])Zexp{t< Zk:l.Og o8 >gt}—>0 as t — oo.
k=1 9 gt t

The proof of (6.20) is complete and therefore also the proof Lemma 6.2 is complete. 0

6.4 Proof of Lemma 6.3

Proof. The main assertion will follow if we prove that, for any A whose boundary OA satisfies
P[Rs € 0A] =0

lim P[R, € A, X, = j| = lim P[R, € A| = m;P[Ro € A]. (6.24)
Then, by Slutsky’s theorem,
lim P[LY + LR, € A, X, = j] = lim P[R, € A, X, = j].
t—o00 t—o0

We prove (6.24) in the following two steps.

e Step 1: limyoo P[Ry—ct) € A | Xy = j] = P[R € Al.

e Step 2: limy_,oo P[Ry € A| Xy = j| =limy_yo0 P[Ri_cry € A | Xy = j].
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Step 1: Notice that

P[ths(t) = j/,Xt = j]

P[Ry_cy €A| Xy =j] = > PRty €A| Xoe(y = ', Xo = j]

s PIX; = j]
PXt—j|X € =] P[Xfe :]/]
= PlRicy €A Xieiy = 5] | tP([;)(—]] -
j'es t=J
P (0,e(t
_ZPRts)EAXt e(t)_]];,[)(( _()})
ies t=1J]

The second equality follows by observing R;_.() is conditionally independent of X; given X, .. The
third equality follows as X is a time homogenous continuous time Markov chain. By ergodicity of X,

limg o0 Pjr;(0,e(t))/P[X; = j] = 1. Since Ry_ ) S R as t — oo the proof of Step 1 is complete.
Step 2: Take any & > 0 and define A° := {x : d(2,A) < 6}, A=% := {x € A : d(z, A°) < §} and note that
A9 C A C A% Denoting B; := R; — R;_. () one has

P[Rt cA | Xy = j] = P[Rt—s(t) + B; € A, |Bt| <9 | X = ]} + C; (625)

where PB, > 4]
>
limsup C; < limsup ——"1 = 1 —
t—)oop b= t~>oop P[Xt :.]]

The first term on the right-hand side in (6.25) satisfies
P[Rtfs(t) S A7€ | Xt = ‘]} S P[Rtfe(t) + Bt S A, |Bt| S 9 | Xt = ]} S P[Rt,(._«(t) S AE | Xt - ]]

The assertion follows from Step 1 together with letting § — 0. O

6.5 Verification of R; in (6.8) satisfying (6.14) in Lemma 6.3

Proof. Note that fort > le, on {Xo =i, Xy = j} Ry is composed of{(Jg,Ki) ck=1,...,94 Jo(i’j),K(gi’j)}.

By Lemma 6.2, R £ (0, X7). We will show the condition Ry — R; 1) 20 for an increasing function e
such that lim; o €(t) = 0o and lim;_,, £(t)/t = 0. Note that from (6.8),

(1) (1) (2) (2)
Ry = Ry ety = (Rt Rt—e(t)’ Ry Rt—e(t))

and the conclusion holds if we prove Rg 9 R(l —> 0 as t = oo for i = 1,2. Note that

9; £(t) gl
REI) R(1 1 e(r) = ©XDP { Z log J]} [exp { Z log Ji} — 1] JOW).
k= i 5(1)+1
where by virtue of Flog le < 0. The exponents in the first two factors are partial sums of a random walk

with negative drift, since F log J,Z < 0. Hence, the first factor goes to 1 and the second to 0 almost surely
by the law of large numbers in the renewal setting:

a1 j
9 < Jog JJ Ek: J +1 log Jj; S :
w“ ElogJJ <0, if*“”j ¥ ElogJ] <0 ast— oo
gtfs(t) It — Gi et
since ) )
J J
g1 — gt—s(t) a.s. 1

t) — t—e(t) — = - t — oo.
£(t) — oo, £(t) — oo, e(t) E|IJ| as >
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@ _ p@

t—e(t)’

J i\ 2 0,7 ~ gg J 2 1.7
<%m>_ (ITies ) K + 5, (T ) Ko™ + 8,
R (M kPR 5, )\ 2P s,

t—e(t
(t) Tt—e(t)

Regarding R; applying arguments of Step 1 in Lemma 6.2 one has

[l

Combining ( g{_ Jj)zK(M) 2% 0 and S, ; £ S ast — oo from (6.21) of Lemma 6.2, S] S 5o

Jt—e(t)
as t — oo. Putting the pieces together yields R(Q) R(z) % 0 as t — oo which completes the verification.
(]

6.6 Proof of Corollary 1 and the proposition in Remark 3.3

Proof. Notice that
P[F,e A|Xo=1i]=)Y PR eAX, =j|X,=i
JES
=> Py(0,t)P[F, € A| Xo =i, X, = j].
jeSs

On {Xo = i,Xt = j},

e )
F, = / 0 d(Xs)Bi fso c(X7.)drdS

0

(X, dr

—f o(Xp)dr gi—1 T] 7 -
ST [ e o
i=k Tho1

. ,

+/_ d(X,)e J.0 eXndrg
T
9

Therefore, upon redefining (J,z7 Ki) and Kéi’j) as

) ) —fr’]“ c(Xs)ds T 7—7 X )
(oK) = (e o /k A(X,)e” I gg),

J
k—1
I o
K9 = / " a(x)e S e g
0

notice that, on {Xo =, X; = j},

G e )KHJ])Ké” +Z( H )kl

¢ k=1 l=k+1

Now the assertion will follow by applying the same arguments as in the proof of Theorem 1. Similar

arguments to those used to prove Lemma 6.2 show that ng A X7 as n — oo, where X7 satisfy (2.3) with
t

(A, B) as in (3.8). Existence and uniqueness are ensured by Assumption 3.

For the Lévy driven model in (3.5) the statement of Remark 3.3 can be proven upon minor modifications
of the proof of Theorem 1 since the pairs

J .
_ [T a(X,)dr T,J Tg
(6 fTi]fl > / b(Xs)ei ‘L a(X’p)drdLs)

J
i

form an i.i.d. sequence. This holds due to the stationary and independent increment property of Lévy

processes:

d d d
=Ly =l g=Ly—Ly
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Similarly for the added continuity factor on {Xo = i, X; = j} one has

t , =Tl —a() =T —y)
/ b(X el XL, — () / L, L () / e L
‘rg{. 0
where last equality follows by observing L, — L_; 4 L, ;. O
o o

6.7 Proof of Theorem 2(a)
Proof. LetY, =Yy + fot b(X,)®71(0,s)dW, and note that Y; = 'IJ(O,t))N/t. For any A € B(R),

P“YH% €A|Xo=1,Yy =1y :ZPUYH% €A X, =j|Xo=14Yy=yo]

JjES
*ZPzJOt ‘YE|IGA|XO*ZXt7J,Y07y0]
jES
4~ ‘ .
:Zpij(ovt)P[q)(Oat)ﬂD/Hﬂ €A|Xo=1i,X;=3Y0 =10
j€S

We will let t — oo and determine the limit. On {X, = ¢, X; = j},

&(0,1) = Rl (IIJv)Jmn

Therefore, on {Xo =14, X; = j},

1 - J J .
&(0,6)%F log J§"7) Ty S log J}
= e {57 —al)— 7 exp { SR 4 Via()) (6.:26)

Since both log Jo(i’j) and t — T;j are Op(1) the first factor in the product on the right-hand side goes to

1 in probability as ¢ — co. Note that, by the ergodic theorem, Elog.J! = —E|I;|Exa(-). By the renewal
theorem,

+.

g

Jt a.s. 1

— - ast — o0
t  E|f]

and the second factor in the product on the right-hand side of (6.26) satisfies

g]

t 1 J .

M ::exp{i+\fE a()}%exp{ % .N} as n — 0o, (6.27)
vt el

where N ~ N(0, 1), by applying the central limit theorem for the renewal reward process (when the reward
is log Jj for the I-th interval I7) (see Theorem 2.2.5 of [41]) together with the continuous mapping theorem
using the map z — e”

We now consider the conditional distribution of |Y;| appearing in the product ®(0, t)ﬁ DN/t|%
P[[¥i] €| Xo =i, X, = j.Yo = o]
t 1/2
- PHyo + (@’Z(O,t)/ b (X)®2(s, 1)ds ) N’ €| Xo=1i,%, =]
0
G- KD+ s

PH +( ’ I ‘f)l/QN’e | Xo =14, X }
= Yo - . 0=1%1LAt =171,
®2(0,1) (Jéw))2
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where N ~ N(0,1), N 1L X and

e Sy
Sn.—Z(Jj)2k=1(J’z), n>1.

Applying similar arguments as those in Step 4 in the proof of Lemma 6.2, using

J

1 K
Elog—— <0, Flogt —— < o0,
(J7)? (J7)?
we find that
1 Ki 1 KJ
S*jiS* as n — 0o, o jzs* j12, *J_L(—],ﬁ)
g (J1) (J1) Ji(A)

In the transient regime,
IOg |¢2(07 t)l a.s.

; = —2Era(-) >0 ast— oo,
so ®(0,t) diverges exponentially as ¢ — 0o, and since G?a’bQ (t— 7’; ;) is Op(1), applying similar arguments
as those proving (6.13) shows that
K(glxj) + S§*

P[10g|Yt|€~\oni} —>P[log‘yo+<m

)‘ € ] as t — oo. (6.28)

Since P[(J{)*l = 0} = 0, applying Theorem 1.3 of [2] shows that the distribution of S* is absolutely
continuous. From (6.28) follows that

log |Y;|
N

50 ast— oo
which implies, using Lemma 6.3, that

P[|ffﬁ| €| Xo=1,X, :j} 85 () ast— oc.
Combining (6.27) and the consequence of (6.28) gives

kg
e*ﬂEwa(J

9j

VEIL|

Therefore, using similar arguments as those used in Lemma 6.3, taking

P[ €-|X0:i,Y0:yO}£>P[exp{ N}e-} as t — 0o, (6.29)

» _ -
p{logJé’”_a(j)t Ty | log|Yi|
Vit Vit Vit

in the statement of Lemma 6.3, (6.29) implies

Lgl) =0 LEQ) =ex }, and Ry :=eMt

)

V|V
o~ ViEra()

P[ €-|X0:i,Xt:j,Y0:yo]gP[exp{ i N}G'} as t — 0o (6.30)

VEI|
given the conditions of Lemma 6.3 hold for e or M. That is, given that

My — My .y 50 ast— oo (6.31)

for some increasing function &(¢) such that @ — 0 as t — oo. The verification of these conditions is done
in Subsection 6.7.1. Using (6.30) along with lim;_,, P;;(0,t) = m; in the following display for any =z € R

1
P[W log |Y;| + VtEra(-) € (z,00) | Xo =i, Yy = o
1
= > Py(0,6)P| = log|Yi| + VEBra(:) € (w,00) | Xo =i, X = 4, Yo = yo
: Vi
JeES
the assertion of Theorem 2(a) follows by taking the limit of the above expression as ¢t — co. O
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6.7.1 Verification that M; in (6.27) satisfies (6.14) of Lemma 6.3

All conditions hold trivially except (6.31) which is proved below.

9] x

Proof. Take (t) := v/t. Define ]\Z = 1\=/%Y’ , where Y} := log Jg — Elog Jg for k = L...,gf is a

sequence of random variables with zero means. Note that it is sufficient to prove condition (6.14) for M,
since

Ety+ (t — E1g, ) Eral-)
Vit

and the second term in the right-hand side above is o, (1). Now observe

M, = M, —

jZ—MFﬁZZEigiP_O_jﬁ—ﬂ+4514447

Using the asymptotic approximation

shows that

gziﬂ t—V't
” Y: 1.1 . Y;
s Vi o Ly el Y e By
P k

Vit

by the renewal version of the law of large numbers. By a similar argument

Lilg ¥V Xy o Yg-g 1
= —=4 >3 EY; =0.
Vi 99 s Vi E|L;|
The verification is complete. O

6.8 Proof of Theorem 2(b)

Before proving Theorem 2(b) we introduce some notation useful for random walk related arguments. Fix
j € S. Under Era(-) = 0, the one dimensional random walk S27 := S°7_ log J}, S¢” = 0, is null-
recurrent. Recall that log J! = —fTJ’Z a(X,)ds with mean —Ea(-)E|I/| = 0 and variance 3. For this
Te—1
random walk we define the sequence (Z”);>1 of ladder variables as follows. Define the sequence (7,27 )>1
such that ' 4 ' 4 4
T :=inf{m: S5 >0}, T :=inf{m > T’ : S%7 > 877 1.

The ladder variables are defined as Z,?j = S?é,j — S?éj . Let M%7 := maxj<p<n Zle log Jf
k k—1

Proof. We begin by expanding (6.15) differently from what was done in the proof of Theorem 2(a).
Since Era(-) = 0, instead of extracting ®(0,¢) as in the proof of Theorem 2(a), we will extract Z :=

N2 . o
maxi<p<n (Hf;ll Jf) Kj, for n = g/. Note that all J{, Kj are non-negative. Let N ~ N(0,1) and recall

notations le) and Qf) in (6.16) and S,, :== Y ;_, (Hi:ll Jij)zK,z. Using that §gj < Sy for all £ > 0
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(Step 1 in the proof of (6.11)), on {Xy =14, X; = j},

v £ QY + §2)N

—a)e=77) , Cpa(—r ) BT N2
4 (HJJ)JOW (G?a’bQ(t—T;g)—Fe (T A K(§W>+Sgg]) N
k=1
. —2a(j)(t— 'r ) gfil 1/2
<o + <G?“’b2(t_7';z) re o ( H JJ) K+ 8, D N
S N\ 1/2
= /7, <A§1)+<A<2>+A(3> gt) N), (6.32)
9 7*
where

Agl) :: e_a(])(t_T;Z)Jéi’j) HZ:I Jljc ,
Z
9t
) —2a(j)(t—77)

G?a,bQ (t _ ’TJJ-) +e EH (

9+

171 ,J

) e

A ’
9

A§2) =

—2a(j)(t—77)
A§‘°’) = 9,

Since K7 (TT1-, Jj)2 < Z:foralln > 1, AY AP A® are all Op(1). Denote the second factor in

the product (6.32) by A,. Since Z} < S, < nZ} for all n > 1, |A,| = Op(\/t) and is strictly positive.
Moreover,

S i\ 1/2 b,
*> N‘}—>1 as t — oo.

1 1
At|ﬁ=eXp{10g 7

Vit

A 4 (A(Q) + AP

Consider the probability
1 ) = a1 , )
PVi|vF € A| Xo=i,Yo =yo] =Y Py(0,0)P[(Z},)>|Ai|¥7 € A| Xo =i, Xy = j,Yo = yo]. (6.33)

jes !

Applying Slutsky’s theorem through Lemma 6.3, by taking
1 R

(L7, L Re) o= (0,144 %7, (22,)77)
in the statement of the lemma in order to get rid of X; = j in the conditioning event on the right-hand

side in (6.33), yields the following limit result

1 .
tlggoP[lYtlf € AlXo=1i,Yy=yo] =) m; lim P[(Z},)" € A| Xo =] (6.34)
jes
log Z*;
given the right hand limit of (6.34) exists and Tgt satisfies condition (6.31) as M;. Lemma 6.4 below
verifies that. Immediately from the definitions of M7 and Z} (see also (4.4) in [29]) follows

2M® — max 1ong <10gZ* <2M®J—|— max long
9 1<k<g] 9t 1<k<gJ

It is shown in [29] that
M 4 maxlgkgnlogKZ

NG and NG

However, we need a version of the above convergence in a renewal time context: Lemma 6.4 below. Using
this lemma, it follows that

P
—0 asn— oo.

logZ; J
2\[' = 0;|N| ast— oo,

which concludes the proof of Theorem 2(b). O
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Lemma 6.4 Under the assumptions of Theorem 2(b), as t — oo,

max, s log K;J o M;@j log Z;{
(a) £t 230, (b)) —= 4 a;IN|, (c) verifies (6.31) as M.

Vol Ve v

Proof.  The terms of (log K7),>1 are i.i.d. Since, by assumption, E(log K{')2 < 00, the strong law of
large numbers gives

%Z (logK,z)2 % E(logK{)2 <00 asn — o0

or equivalently, by the Borel-Cantelli lemma, as used in Step 2 in the proof of Lemma 6.2,

1/naX1<k<n IOg Kk a.s.
NG

By Theorem 2.1 in [25] we may replace n by g7, from which the conclusion of part (a) follows. We will
prove part (b) and (c). For readability, write p; := 1/E|I{|. By Theorem I in [16],

M®d
vn

as M%7 is the maximum partial sum of a random walk with mean 0.

=0 n— oo

as n — oo (6.35)

We prove part (b) by showing Anscombe’s condition (uniform continuity in probability, condition (A) on
page 16 in [25]) which in our context requires showing the following: Given v > 0,7 > 0, there exist
d > 0,m¢ > 0 such that

M®J M®]
P[ max
{k:|[k—n|<nd} \f Vn

Since {k: |k —n| <ndé} ={n <k <n(l+0)}U{n(l—-0) <k <n} an upper bound for the probability in
(6.36) is

’>7}<n YV n > no. (6.36)

- M M;?j‘ N ] N P[ MPT MY }
% _
{km<k<n+nd} | /k LD i {k: n(l 5 <k<n} VE vn

We prove that the first term is smaller than 7/2. Similar arguments show that second term is smaller than
1/2 from which (6.36) follows. Observe that

ul

M®J M®J

M®J M®J M®J M®]
P <p ‘ ‘
[{k n<k<n (14+6)} vn ] [{k n<k<n 146)} ( ) > 'y}
M®j M — M®i
n(146) 1 v n(i+e) — Mn? o
<P|l———[(1+6§)z—-1]>=|+P|————— > —|. .
[ s 7] p 2 oo
For all 6 >0, (1+0)2 < (1+ + £). Consequently, for all § > 0,

M §(148) M%

n(146) 1 o (1+3) Myiqts) 0

Pl——20(14+882 -1 — | <P —1.
[ vn (1 +9) ]>2}— [ 2 n(1+5)>2}

For given v > 0,1 > 0 one can choose a small §, > 0 and a large nél) such that for all § < (57(71), as a
consequence of (6.35),

5(1+ 9 Mf)j
P[ (1+3) (1+9) >l} <Q, fornZn(()l)7
2 n(ito) 2174
The second term in (6.37) can be shown to be smaller than 1/4. This can be shown by first writing, with

Ay i={(z,y): 0<y < o00,—00 <z <y},

p[M%q+6) M > %\/ﬁ} = / P[M® 5 — M3 > %\/ﬁl (S8, M$T) = (5,1)] fg29 ppo0 (s, t)dsdt
Al L n

M  t—s 'y\/ﬁ
/ P[ T > = g | Fseranen (5, Ddsdt (6.38)
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where (6.38) follows from the independent increment property of the random walk (S%7),,~;. For (s,t) €
Ala

M®] t _ ®]
P|: nd $ _|_ ’Y\/>:| P|: nd > g :|
vn \/ 2vVn Vns ~ 2V§
By choosing 57(7 y > 0and 6 < 57(72% such that v/(2v/9) is sufficiently large and choosing ns,% large, as a
consequence of (6.35),
M®j
p[7n5> 7 }<Q fornzn@)
Vns — 2V/6

ny
Putting this upper bound in (6.38), part (b) follows by taking n > n(()l) v "572')7 and § < (57(71) A 65,227

Part (c) follows if M ©3 /\/t verifies (6.31) as M,. Take t — £(t) to be an increasing function satisfying
lim; 00 £(t) = 00 and hmtHOO g(t)/t = 0. Observe that

@ M @ _ 1y 2y @ M - M
M, gl sm My My My My s(t))] A N Sy (6.39)

Vit \/t—a B Vit NG Vit—e(t Vit —e(t)
For 6 > 0, set A; ;) = {n € N:|n/t — pj] < ¢} and observe that lim;_, o, Plg: € A(M)] = 1. For the first
term on the right-hand side in (6.39),

M - M, M — M, M7 = My
p[g7w>ﬂ<p[9‘7“f>vgje/1 .]+P[gt7W>ngeAcl
Vi - Vi 27 = ) Vi e Ted
A V) M — M2
(1 +8)t 4 -t i—0)t
< p[ e )\}E il > o] 4 P[0 \/EM > o| 4 Plol ¢ A% )

The first two terms on the right-hand side above goes to 0 as ¢ — oo from the same arguments as those
applied to prove part (b). The third term goes to 0 as t — oo since g} /t g w; as t — oo. Consequently,
the first term on the right-hand side in (6.39) goes to 0 in probability as ¢ — oo. Similarly, the third term
on the right-hand side in (6.39) goes to 0 in probability as ¢ — oo since t — &(t) — oo as t — oo. The
second term on the right-hand side in (6.39) goes to 0 in probability as ¢ — oo by using an argument
similar to (6.37) with e(t)/t — 0 as ¢ — co. This concludes the proof of part (c). O

6.9 Proof of Proposition 5.1

Proof. Let (Ud)t>0, i = 1,...,n be Ornstein-Uhlenbeck processes under a Markovian environment
given by dU} = —a(X;)Ufdt + b(X;)dW}, where W1 ... W™ are i.i.d. standard Brownian motions on R.
Using Ito’s lemma we may express R, := > (U;)? as the solution to a stochastic differential equation:

dR, =) d(U})”
i=1

- zn: [2Ug‘dU;‘ + 2d<Ui>t}

_Z( a(X)(UI)? + 02(X,) )dt+z;2b XU dW;
:2a(Xt)[T;I;((X )) }dt+2b X,) fZUtth

= HRO0%) ~ R+ 000 VR (i

Since xXu (W’)? 1 and (My)>o given by M, := fo Sor_  UidW! is a martingale with quadratic variation
M), = fo r L (UH2ds = fo R,ds, by Levy’s characterization of Brownian motion, (W/);>¢ given by

/t " 2dWl
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is a standard Brownian motion. Hence, (R;):>0 is a weak solution to the CIR SDE (5.1). In particular,
L(Ry) is the unique time-t marginal distribution of any solution to the CIR SDE (5.1) with the given
parametrization.

The conditions of part (a) implies that Theorem 1 can be applied to U, ..., U™ jointly which gives

(Utl,...,U” Z(SU {]} Nl,...,Nn) as t — 0o,
JES

where U 1L (Nl, .. .,Nn), U~ m Ni,...,N, are ii.d. standard normal and U, Ny,..., N, independent
of V; given in Theorem 1. Consequently,

Rt—>Z(5U {ih \FZN2 as t — oo.

j€S
For parts (b) and (c), notice that
P[R € A] =Y P;(0,t)P [Z(Ug’)?emxozi,xt:j] (6.40)
JjeS i=1
2 2 2 2
Note that similar to (6.29), P[((Ug)ﬂ,...,(Up)ﬂ) e Xo= z} - [((Ut)f (UP)T) € } and
1 2 2 d 012»
m((Ut)\f 7(Ut)ﬂ)—>exp{ E|I|(N]_,7Nn>} as t — oo. (641)
J

Write

N _ (772 = (Ut(i))z
Ry = ;(Ut) (U:) [1 + ; (Ut(n))Q}’ (6.42)

where, for each ¢, U(”) > > Ut(l) denote the ordered values. Boundedness of
n—1 (i)\2
U,
1§1+z( tn)) <n,
iz (Up)?
gives
n—1 (i)\2 1
U, NG
{1+Z(t )}fil as t — 0. (6.43)

If p denotes the weak limit in (6.41), then the discontinuity set Dy of the mapping (x1,...,2,) —
maxi<i<n & =: h(x1,...,z,) satisfies u(Dp) = 0. Hence, the continuous mapping theorem applied to
(6.41) and h gives

L ()2 d i
TEW()(U ) Ve —>exp{ max N-} as t — oo. (6.44)

VE|L] 1<i<n”

Combining (6.42), (6.43) and (6.44) gives

L g q o
R, %exp{ max NZ-} as t — oo,

R T} E[I;| 1<i<n

which, upon taking the logarithm using the form in (6.40) applying the limit argument used in Lemma
6.3, gives the statement in part (b) of the proposition to be proved. The statement in part (c) is proved
similarly. O
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6.10 Proof of Proposition 5.3

Proof. Using that S; = n — I; and conditioning on the path of X, the dynamics of the infected

population can be expressed as

I,
—r = BX)(n = L)L = a(X)T.

Dividing each side by I? the above dynamics is expressed as the following first order ODE for 11

1 1 s Lo r

L1 - oo +/ o S (X B(X,)ds.
I Iy 0

The result now follows immediately after using Corollaries 1 and 2. For E,~(:) > 0, Corollary 1 provides

weak convergence for the second term while the first term goes to 0 as t — oo. For Ev(-) < 0, using

Corollary 2(a) gives

P{It c (etE,r'y(-)—b\/f7etE,r»y(-)_a\/f):| _ P[— lo\gftft FViEA() € (a,b)}

— Zﬂ'jP[N € (aaj,baj)] as t — 0o.
JjES

For E,v(-) = 0, using Corollary 2(b) gives

_ —a log I,
P{It € (e Ve ¢ ‘/{)} = P[— \g/it € (a,b)} — ;WjP“N‘ € (aoj,boj)|] ast— oco.
J
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