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Abstract

Optimal portfolio selection problems are determined by the (unknown) parameters of
the data generating process. If an investor want to realise the position suggested by the
optimal portfolios he/she needs to estimate the unknown parameters and to account the
parameter uncertainty into the decision process. Most often, the parameters of interest
are the population mean vector and the population covariance matrix of the asset re-
turn distribution. In this paper we characterise the exact sampling distribution of the
estimated optimal portfolio weights and their characteristics by deriving their sampling
distribution which is present in terms of a stochastic representation. This approach pos-
sesses several advantages, like (i) it determines the sampling distribution of the estimated
optimal portfolio weights by expressions which could be used to draw samples from this
distribution efficiently; (ii) the application of the derived stochastic representation pro-
vides an easy way to obtain the asymptotic approximation of the sampling distribution.
The later property is used to show that the high-dimensional asymptotic distribution
of optimal portfolio weights is a multivariate normal and to determine its parameters.
Moreover, a consistent estimator of optimal portfolio weights and their characteristics
is derived under the high-dimensional settings. Via an extensive simulation study, we
investigate the finite-sample performance of the derived asymptotic approximation and
study its robustness to the violation of the model assumptions used in the derivation of

the theoretical results.

Keywords: sampling distribution; optimal portfolio; parameter uncertainty; stochastic rep-

resentation; high-dimensional asymptotics



1 Introduction

The solution to the optimal portfolio selection problems are determined by the parameters of the
data generating process. In many cases, the optimal portfolio weights and their characteristics,
like the portfolio mean, the portfolio variance, the value-at-risk (VaR), the conditional VaR
(CVaR), etc, can be computed by only using the mean vector and the covariance matrix of the
asset return distribution. More precisely, these relationships are summarized by the following
five quantities:
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where p = E(x) and ¥ = Var(x) are the mean vector and the covariance matrix of the
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The five quantities in (1.1) have an interesting financial interpretation. The p-dimensional
vector Wy is the weights of the global minimum variance (GMV) portfolio, i.e. of the
portfolio with the smallest variance, while Rgyry and Vgasy are the expected return and the
variance of the GMV portfolio. The quantity s is the slope parameter of the efficient frontier,
the set of all optimal portfolios following Markowitz’s approach. This parameter together with
Raayry and Vgyy fully determine the location and the shape of the efficient frontier which is
a parabola in the mean-variance space. Finally, the p-dimensional vector v is the weights of
the so-called self-financing portfolio (cf. Korkie and Turtle [43]), i.e. the sum of its weights is
equal to zero that is 1Tv = 0.

The five quantities in (1.1) determine the structure of many optimal portfolios, like the
GMV portfolio, the mean-variance (MV) portfolio, the expected maximum exponential utility
(EU) portfolio, the tangency (T) portfolio, the optimal portfolio that maximizes the Sharpe
ratio (SR), the minimum VaR (MVaR) portfolio, and the minimum CVaR (MCVaR) portfolio,
maximum value-of-return (MVoR) portfolio, maximum conditional value-of-return (MCVoR)
portfolio among others (see, e.g., Markowitz [45], Ingersoll [37], Jobson and Korkie [40], Alexan-
der and Baptista [3], Alexander and Baptista [4], Okhrin and Schmid [49], Kan and Zhou [42],
Frahm and Memmel [31], Bodnar et al. [21], Adcock [1], Woodgate and Siegel [57], Bodnar
et al. [17], Bodnar et al. [11], Simaan et al. [54], Bodnar et al. [16], Bodnar et al. [9]). On
the other hand, the quantities (1.1) cannot be directly used to compute the weights and the
characteristics of these portfolios, since both u and 3 are unobservable parameters in practice.
As a result, an investor determines the optimal portfolios by replacing p and X in (1.1) with

the corresponding sample estimators given by
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given a sample of asset returns xi,Xs,...,X,. This approach leads to the sample or the so-
called plug-in estimators of the optimal portfolios which are based on the corresponding sample

estimators of (1.1) expressed as
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as well as to the sample (plug-in) estimators of the optimal portfolio weights.

The notion of the sampling distribution in portfolio allocation has recently been given large
attention. Investors and researchers realize that the uncertainty introduced by using historical
data needs to be integrated into the optimal portfolio decision process as well as to be properly
assessed. The sampling distribution of the mean-variance portfolio was investigated as early
as Jobson and Korkie [40], Britten-Jones [22], Okhrin and Schmid [49] where the distributions
of estimated optimal portfolio weights were derived under the assumption of an independent
sample of asset returns taken from a multivariate normal distribution. Moreover, both the
asymptotic and finite-sample distributions of the estimated efficient frontier, the set of all
mean-variance optimal portfolios, were obtained by Jobson [39], Bodnar and Schmid [19], Kan
and Smith [41], and Bodnar and Schmid [20] among others, while Siegel and Woodgate [53] and
Bodnar and Bodnar [7] presented its improved estimators and proposed a test of its existence.
Some of these results were later extended to the high-dimensional setting in Frahm and Memmel
[31], Glombeck [33], Bodnar et al. [17], Bodnar et al. [16].

The sample mean vector and the sample covariance matrix given by (1.3) have been used
extensively in previous research (see, e.g., Britten-Jones [22], Memmel and Kempf [47], Okhrin
and Schmid [50]) for estimating the asset return vector and its covariance matrix. These
estimators appear to be consistent and the estimated optimal portfolios which involved them
have desirable asymptotic properties when the portfolio dimension is considerably smaller than
the sample size. However, they cannot be longer used when a high-dimensional portfolio is
constructed due to their pure performance when the portfolio dimension is comparable to the
sample size. On of the issues lies in that the quantites (1.4) depend on the inverse covariance
matrix whereas the sample inverse covariance matrix is not a consistent estimator in the high-
dimensional settings (see, e.g., Bodnar et al. [10]). To cope with these limitations a number
of improved estimators have been considered in the literature (cf., Efron and Morris [29],
Jagannathan and Ma [38], Golosnoy and Okhrin [34], Frahm and Memmel [31], DeMiguel
et al. [27], Rubio et al. [52], Yao et al. [58]).

We contribute to the existent literature by deriving the joint sampling distribution of the es-
timated five quantities in (1.4) which solely determine the structure of optimal portfolios. These

results are then used to establish a unified approach for characterizing the sampling distributions



of the estimated weights and the corresponding estimated characteristics of optimal portfolios.
The goal is achieved by presenting the joint distribution of (Vearyv, Wy, Reav, 8, v1)T in
terms of a very useful stochastic representation. A stochastic representation is a computation-
ally efficient tool in statistics and econometrics to characterize the distribution of a random
variable/vector which is widely used in both conventional and Bayesian statistics. While it plays
a special rule in the theory of elliptical distributions (c.f., Gupta et al. [36]), the stochastic repre-
sentation is also a very popular method to generate random variables/vectors in computational
statistics (see, e.g., Givens and Hoeting [32]). The applications of stochastic representations in
the determination of the posterior distributions of estimated optimal portfolios can be found
in Bodnar et al. [12] and Bauder et al. [6]. Finally, Zellner and Ando [59] among others argued
that the direct Monte Carlo approach based on stochastic representations is a computation-
ally efficient method to calculate Bayesian estimation. In the present paper, we employed the
derived stochastic representation for (VGMV,W(T;MV, RGMV,§,</T)T in the derivation of their
high-dimensional asymptotic distribution as well as in obtaining the high-dimensional asymp-
totic distribution of estimated optimal portfolios.

The rest of the paper is organize as follows. In Section 2, we derive the finite-sample joint
distribution of (VG MV, Wy Re v, 8, v )T, This result is then used to establish the sampling
distributions of the estimated optimal portfolio weights and their estimated characteristics in
Section 3. Section 4 presents the asymptotic distributions of the estimated weights derived
under the large-dimensional asymptotics. The results of the finite-sample performance of the
asymptotic distributions and the robustness analysis to the distributional assumptions imposed

on the data-generating process is investigated in Section 5, while final remarks are given in

Section 6. The technical derivations are moved to the appendix (Section 7).

2 Exact sampling distribution of VGMV, WEMVY s RGMV, S,

and v

Throughout the paper we assume that the p-dimensional vectors of asset returns x,Xs, ..., X,
are independent and normally distributed with mean vector g and covariance matrix 3, i.e.
x; ~ Ny(p,X) for i = 1,...,n. While Fama [30] argued that the distribution of monthly
asset returns can be well approximated by the normal distribution, Tu and Zhou [55] found no
significant impact of heavy tails on the performance of optimal portfolios.

The stochastic representation of Ve MV, é, Re Mmv, S, and 1) is derived in a more general case,

namely by considering linear combinations of 0 and 7) expressed as

~

0= LVAVGMV and ’f] = L\A/,

where L is a k X p matrix of constant with £ < p — 1 and rank(L) = k. In the same way, we



define the population counterparts of 0 and 7) given by
0 = Lwgyy and n = Lv.

Since fu and ¥ are independently distributed (cf. Rencher [51]), the conditional distribu-
~ AT A
tion of (Vamv, 0 , Ramv, §,ﬁT)T under the condition @i = @ is equal to the distribution of
N AT ~
(Vamv, 0 , Raay,3,7')" with
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while their population counterparts we denote by:

~T —1 ~

T 10 > SRV . LQp

RGMV = m, S= MK Q[,l,, and n = ﬂTQﬂI (22)

Let the symbol 2 denote the equality in distribution. In Theorem 2.1 we present a joint
stochastic representation of VGMV, é, RGMV, s, and n which will be used in the next section
to characterize the distribution of portfolio weights on the efficient frontier. The proof is given

in the appendix.

Theorem 2.1. Let x1,Xs,...,X, be independent and normally distributed with mean vector
w1 and covariance matriz 3, i.e. X; ~ Np(u,X) for i = 1,...,n with n > p. Define M =
(LT, @1,1)" and assume that rank(M) = k + 2. Let X be positive definite. Then, a joint

stochastic representation of VGMV, Z%GMV, 9, S, and 1 is given by
(’L) VGMV a VGIWV&‘
(ii) Roav < Raav +v/Vanry (% + \/7\/%”1);

(iii)
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where gl ~ X?L—;w §2 ~ XrZz—p-l—Qf 53 ~ X;—k—l;n/J/TApl,’ L~ N(Oa ]‘)7 Zy ~ Nk(O7LQLT)7
ti~tn—p+1), ta ~tpg(n —p+2), and t3 ~ ti.(n — p + 3) are mutually independent with

A=Q-QL' (LQL') 'LQ. (2.4)

The results of Theorem 2.1 provides a simple way how observations from the sample distri-
bution of Vanv, Ramv, é, S, and 7 can be drawn. It is remarkable that in a single simulation
run, random variables from well-known distributions should be simulated only. Moreover, the
total dimension of independently simulated variables is equal to (3k+5), which is considerably
small when the direct simulation will be used that are based by drawing a p x p matrix from a
Wishart distribution and a p-dimensional vector from a normal distribution. To this end, we
point out that both the square roots in (iii) and (v) can be computed analytically which will
further facilitate to speed up the simulation study. This observation is based on the following
two equalities

(D —bb")"/?=D"?(I- D "/?bb D2 (2.5)

where D'/2 is a square root of D and ¢ = (1 —v/1 —bTD~!b)/b"D'b and
I+dd")Y?=1+add’ (2.6)

where a = (v/1+d'd — 1)/d"d. Hence, it holds that

(2.7)
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As a result, the inverse matrices and square roots of matrices in stochastic representations
given in Theorem 2.1 are function of population quantities only. Thus, independently of the
length of the generated sample they all should be computed only once. This is not longer true
when simulations are based on generating the realizations of the sample covariance matrix and
the sample mean vector. Putting all these together, an efficient algorithm is obtained which
allow us to generate samples of arbitrary large size from the sample distribution of Ve,
Reuv, 0, 5, and 7 in a relatively small amount of time. Another important application of
findings of Theorem 2.1 leads to an efficient way for sampling from the sample distribution
of the optimal portfolio weights and their estimated characteristics which will be discussed in
detail in the next section. These results will be used to assessed the finite-sample properties of

the estimated optimal portfolio weights.



3 Exact sampling distribution of optimal portfolio weights

The weights of the optimal portfolios that belong to the efficient frontier have the following

structure
wy = wanv + 9(Ramv, Vauv, s)v (3.1)

with their k linear combinations expressed as

LWQ = e_l_g(RG’MVaVGMVas)na (32)

where the function g(Ranv, Vany, s) determines a specific type of an optimal portfolio. Tt is
remarkable that this function depends on p and 3 only over the three quantities Rgaryv, Vanv,
and s which fully determine the whole efficient frontier in the mean-variance space. By consid-
ering the general form of (3.2) we are able to cover a number of well-known optimal portfolios:
the global minimum variance (GMV) portfolio, the mean-variance (MV) portfolio, the expected
maximum exponential utility (EU) portfolio, the tangency (T) portfolio, the optimal portfolio
that maximizes the Sharpe ratio (SR),the minimum value-at-rsik (MVaR) portfolio, and the
minimum conditional value-at-risk (MCVaR) portfolio, the maximum value-of-return (MVoR)

portfolio, the maximum conditional value-of-return (MCVoR) portfolio, among others. The

specific choices of g(., ., , ) for each of these optimal portfolios are provided in Table 1.
Portfolio 9(Remv, Vanrv, S) Additional quantities
GMV 0
MV Ranvy — 1o o € R -target expected return
EU Vs ~v > 0 is the risk-aversion coefficient
T Vemvs/(Remyv — 7¢) rs is the risk-free return
SR Vamvs/Ramv
MVaR s\/VGMV/(zfx —5) 2o = D7)
MCVaR s\/VGMV/(kg —s) ko = exp{—22/2}/(27(1 — a))
MVoR (RGMVHO)H\/Z‘%S((ZG fiv+vo)2+(s_z‘2’)VGMV) vy > 0 is the target value-at-risk
MCVoR (RGMV+k°)s+\/k‘%s((f§ﬁv+k°)2+(s_k‘21)VGMV) ko is the target conditional value-at-risk

Table 1: Choice of the function g for several optimal portfolios. The symbol ®(.) denotes the

distribution function of the standard normal distribution and ®~'(.) stands for its inverse.

Let w, denote the sample estimator of the optimal portfolio weights given in the general form
as in (3.2) which is obtained by plugging the sample mean vector and the sample covariance
matrix instead of the unknown population counterparts. Then, k linear combinations of the

optimal portfolio weights are estimated by
L, = 0 + g(Rouv, Vauv, §)i. (3.3)
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By Theorem 2.1 the exact sampling distribution of (3.3) is derived in terms of its stochastic
representation. The results are summarized in Theorem 3.1 whose proof follows from Theorem
2.1.

Theorem 3.1. Under the conditions of Theorem 2.1, it holds that

. d Vamv 131 9(Rauv, Vouv, 8)
Loy 2o (T oty ol (sn+ 22/ V)

1/2
+ - ! 3
. (LQLT_ LALAICALEND ) ( mdlm_;“
g(ﬁgGMV7‘A/GMV7 tl/\/n —-p+1 to n Q(RGM\/,‘A/GM‘/',!g)
vai \/1 2 vVn—p+2 Vf

p+1

G R 3.4

n—p+2 vVn—p+3
where the joint stochastic representation of Veurv, Ry and § is giwen in (1)-(v) of Theorem
2.1.

From findings of Theorem 3.1 we can derive a number of important results. First, they
provide a complete characterization of the sampling distribution of the estimators for the opti-
mal portfolio weights. This distribution can be assessed by drawing samples with independent
observations from the derived stochastic representation of a relatively large size and then apply-
ing the well-established statistical methods for estimating the distribution function, the density,
the moments, etc. Second, the obtained stochastic representation in Theorem 3.1 provide an
efficient way for generating samples from the finite-sample distribution of Lw, following the
discussion provided in Section 2 after Theorem 2.1 which is based by drawing independent
realizations from the well-known univariate and multivariate distributions. To this end, we
note that the two square roots in (3.4) should be computed as given in (2.7) and (2.7). AS a
result, the derived stochastic representation includes the inverse and the square roots of popu-
lation matrices only and, hence, these objects should be computed only once during the whole
simulation study. That is not longer the case when the observations from the sampling distri-
bution of the estimated optimal portfolio weights is obtained by their corresponding definition,
i.e. by generating independent sample form the Wishart and normal distributions. Third, for
the chosen values of the population quantities used in the simulation study, we can constructed
concentration sets of optimal portfolio weights. Fourth, an important probabilistic result about
the sampling distribution of Lw, follows directly from the derived stochastic representation.
Namely, that the finite-sample distribution of Lw, depends on the population mean vector p
and the population covariance matrix 3 only over Ry, Vaoumvy, s, 0, i, and LQL. Only these
seven quantities will have to be fixed when the samples from the distribution of Lw, has to be
drawn. In particular, in the case of a single linear combination, i.e. when k = 1, we only have

to fix six univariate quantities independently of the dimension p of the data-generating process.



In a similar way, we derive statistical inference for the estimated characteristics of optimal
portfolio with weights W, as given (3.1). The expected return of the optimal portfolio with the
weights (3.1) is given by

Ry = Reuv + 9(Ramv, Veuv, s), (3.5)
while its variance is P v )
V, = Vv + g( GMV»S aMV, 5) . (3.6)
Similarly, the VaR, the CVaR, the VoR, and the CVoR are computed by
R Vamv, 8)?
VaR, = —(Romv + 9(Ramv,Vauv,s)) — Za\/VGMV + 9 Bany . Gy ) . (3.7)
R Vamv, 8)?
CVaR, = —(Reuv +9(Ramv,Vemv,s)) — ka\/VGMV + 9 fauy . Guv, 9) . (3.8)
and by symmetry
R Veoumy, s)?
VoR, = (Romv + 9(Romv,Vemv,s)) — Za\/VGMv + 9(Reuy . Gy 9) . (3.9)
R Vamv, s)?
CVoR, = (Romv + 9(Remv,Vomv,s)) — k:a\/VGMV + 9 Ramv . Gy 9) . (3.10)

Inserting the sample mean vector and the sample covariance matrix in (3.5)-(3.10) instead
of the population counterparts, we get the sample estimators of the optimal portfolio charac-
teristics. The application of Theorem 2.1 leads to the statement about their (joint) sampling

distribution which is presented in Theorem 3.2

Theorem 3.2. Under the conditions of Theorem 2.1, the stochastic representation of the es-
timated characteristic of optimal portfolio are obtained as in (3.5)-(3.10) where Ramv, Vamv,

and s are replaced by their sample counterparts RGMV, VGMV, and s with

~ Vi
VGMV g nGiJ‘l/ §7

N Ve -1
Reuv £ Reouv +J va (1 + pl/)) z,

n—p+1
4 (= Dp-1)
nn—p+1)

VAR

where & ~ Xi_p, v~Fp—1,n—p+1,ns), z~ N(0,1) are mutually independent.

The proof of Theorem 3.2 is given in the appendix. It has to be noted that the joint
distribution of all six estimators (Rg,‘A/g,v/CL\Rg,C‘//ZLRg,‘//O\Rg,C%Rg) is completely deter-
mined by three mutually independent random variables &, ¥, and z with the standard marginal
univariate distribution. Moreover, it depends on the unknown population mean vector and
covariance matrix only over three univariate quantities Rgyv, Vanmy, and s which uniquely
determine the whole efficient frontier in the mean-variance space. To this end, the stochas-

tic representation derived for the estimated optimal portfolio characteristics appear to be

9



simpler than the one obtained in Theorem 3.1 for the corresponding estimator of the op-
timal portfolio weights. Similarly, the independent realizations from the joint distribution
of (Rg, Vg, V/a\Rg, C‘//\CLRQ, V/O\Rg, C‘//\oRg) can be drawn efficiently by employing the results of
Theorem 3.2.

Another interesting financial application of the derived theoretical findings of Theorem 3.2
is present in the case of the EU portfolio whose sample expected return and sample variance

possess the following stochastic representations:

Rov £ Rouv +77'% (3.11)
VEU g VGMV+/7_2§~ (312)

As a result, it appears that Rgy and Rpy conditionally independent given the estimated slope
parameter of the efficient frontier 5. Only in the limit case, when the risk aversion coefficient
~v becomes infinity, i.e. the EU portfolio is located in the vertex of the efficient frontier and,
thus, coincides with the GMV portfolio, the two estimated portfolio characteristics become
unconditionally independent. In all other cases, the dependence between them is fully captured

by the estimated geometry of the efficient frontier.

4 High-dimensional asymptotic distributions

The derived stochastic representations of Sections 3 and 4 are also very useful in the derivation
of the asymptotic distributions of the estimators of optimal portfolio weights and their estimated
characteristics. To this end, we note that the same approach can be used independently whether
the dimension of the data generating process p is assumed to be fix or it is allow to grow together
with the sample size that additionally can be used to analyze the structure of high-dimensional
optimal portfolios. These two regimes have been intensively discussed in statistical literature.
The former asymptotic regime, i.e. with fixed p, is called the ”standard asymptotics” (see,
e.g., Le Cam and Yang [44]). Here, both the sample mean and the sample covariance matrix is
proven to be consistent estimators for the corresponding population counterparts. challenges
arise when p is comparable to n, i.e. both the dimension p and the sample size n tend to infinity
while their ratio p/n tends to a positive constant ¢ € [0, 1), the so-called concentration ratio.
It is called the "large dimensional asymptotics” or ” Kolmogorov asymptotics” (c.f., Bithlmann
and Van De Geer [23], Cai and Shen [24]), while the case ¢ = 0 corresponds to the standard
asymptotics.

Although, there is a large amount of research done on the asymptotic behavior of functionals
which include only the sample mean vector or only the sample covariance matrix under the
high-dimensional asymptotics (see, e.g., Bai and Silverstein [5], Cai et al. [25], Wang et al.
[56], Bodnar et al. [10], Bodnar et al. [14], Bodnar et al. [8]), the situation becomes more

complicated when both the sample mean vector and the sample (inverse) covariance matrix are

10



present in the expressions. The problem is still unsolved and attracts both the researchers and
the practitioners. In this section, we show how the derived stochastic representations of Sections
2 and 3 can employed in the derivation of the high-dimensional asymptotic distributions of the
estimated optimal portfolios and their characteristics. The main advantage of the suggested
approach based on the stochastic representations is that they clearly separate the deterministic
quantites from the stochastic ones where the joint asymptotic distributions of the later can be
determined.

Throughout this section we will imposed the following technical conditions on the functions

involving the population mean vector and the population covariance matrix:

(A1) There exist m and M such that
O<m<pu' ¥ 'u<M<oo and 0<m<1"3'1<M<oo (4.1)

uniformly in p. Moreover, for a linear combination of optimal portfolio weights determined

by the p-dimensional vector 1 it holds that
0<m<1I'S1<M< oo (4.2)
uniformly in p.

The financial interpretation of Assumption (A1) is based on the fact that it ensures that
the parameters of the efficient frontier Rgav, Vouy, and s as well as the components of k
linear combinations of optimal portfolio weights Lw, are all finite numbers. Mathematically, it
may happen depending on p and ¥ that some quantities of Rgarv, Vamv, s, and Lw, tend to
infinity as p increases. In such cases, one should replace the constants m and M in (4.1) and
(4.2) by p~"m and p~*M for some x > 0. This approach would lead only to minor changes in
the expressions of the derived asymptotic covariance matrices in this section where some terms
might disappear (see, e.g., Bodnar et al. [13] for similar discussion).

To this end, by an abuse of notations we use the same notations for the functions involv-
ing the population mean vector p and the population covariance matrix 3 and their corre-
sponding deterministic limits. For instance, pu'3 'u will also be used to denote the limit
lim, oo p" 37 . The interpretation of the quantities becomes clear from the text where they

are used.

4.1 High-dimensional asymptotic distribution of VGMV, RGMV, 9, S,

and 7

Before presenting the high-dimensional asymptotic results for the estimated optimal portfolio
weights and their characteristic, we derive the asymptotic stochastic representation for the

five quantities VGMV, RGMV, é, 3, and m. It is presented in Theorem 4.1 in terms of several

11



independently normally distributed random variables/vectors. Such a presentation allows also
to characterize the asymptotic dependence structure VGMV, RGMV, 9, s, and 1) as well as to

derive the expression of the asymptotic covariance matrix which is given after Theorem 4.1.

Theorem 4.1. Under the conditions of Theorem 2.1 and Assumption (A1), it holds that
(i) V/n—p (VGMV - %VGMV) 5 V2(1 - )Vanvu,
(Z’L) Vi —DpP (RGMV — RG’MV) i> \/VGMV (\/1 — ClUy + VS + CU5),
- 1/2
(11i) /n —p (9 — 0) Ve <jg%n + (LQLT _ SsTannT) uG),
(iv) v/r=p (8 = G

5 L (¢2(1 — ) (c+ 2T Apyus + 25,/(1 — o) (LQLT)"2uy 4+ v/2(s + cm),

(v) Va=p (i = 2mm) % 7= (LQLT - j%cnnT)l/z us

s\/Q(l—c)(c-l—Ql,LTA[,l,)ug
(502 n

+ (Vsi:c; (LQLT — Q;icnnT) (LQLT)"Y2u; —

for p/n — ¢ € (0,1) as n — oo where uy, us, Uz, uy, us, Ug, Uz, Ug are mutually independent,

Uty Uz, Ugq, Us, U7 ~ N(O7 ]-) and us, Ug, Ug ~ Nk<07Ik)

Several interesting results are summarized in the statement of Theorem 4.1 whose proof is
given in the appendix. We observe that three quantities related to the estimators of the weights
and of the characteristics of the GMV portfolio, the vertex point on the efficient frontier, are
asymptotically independent of the estimated slope parameter of the efficient frontier § which
determines the curvature of the efficient frontier as well as of the estimated weights of the
self-financing portfolio 7 which is related to the location of the selected optimal portfolio in
the efficient frontier. Moreover, the sample variance of the GMV portfolio appears to be
asymptotically independent of its estimated expected return Reary and the estimator of the
weights 0 following the finite-sample findings of Theorem 2.1. However, it is surprising that the
covariance between 8 and Repy is partly determined by the estimated self-financing portfolio
7 du to the deterministic expression close to us in the asymptotic stochastic representations
of /n—p (]%G uv — Ra MV) and \/n —p (é — 0). Finally, the direct application of the derived
stochastic representations in Theorem 4.1 leads to the expression of the asymptotic covariance

matrix as given in Corollary 4.1.

Corollary 4.1. Under the conditions of Theorem 2.1 and Assumption (A1), it holds that

> 1-p/n
Vamv — =i Vamy

Revv — Ramv

Vn—p 0—6 — Nay3 (0,

o lstp/m)(—1/n)
1-p/n+2/n

(1l

)

S

lf’ - 3+p/n"7
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with

0 Veuv(L+s)  Vouvsn' 0 0
== 0 VGM\/ST] VGMVLQLT 0 0
= =T

0 0 0 Bes Bop

0 0 0 Esm Enn

forp/n — c € (0,1) as n — oo where

_ 2(c+ 2s) (s + c)?

ST 01— -0 (4.3)
- _s+1 82 (2c(1 =)+ (s+¢)?)
T (st QL (s+ ) i (4.4)
_ 25 (20 — 5+ 4,uTAu))

Ssm = (s +c)? -

4.2 High-dimensional asymptotic distribution of optimal portfolio

weights

The results of Theorem 4.1 are used to derived the high-dimensional asymptotic distribution
of the estimated optimal portfolio weights w, as well as of the corresponding estimated char-
acteristics of this portfolio given in Section 3.
Let
- . ~ T s+c\ "
A= (RGMV7 Vamv, S) and A= | Rauv, (1 - C>VGMV7 1_¢ (4-5)

where the results of Theorem 4.1 show that

Ramy — Rauv = op(1),
Vauv — (1= )Vauy = op(1),
s+c
. _ ]
S=1 . op(1),

where op(1) “3 0 for p/n — c € (0,1) as n — oo.
Throughout this section it is assumed that the function g(z,y, z) is differentiable with first

order continuous derivatives and define

dg(x,y, 2
gl(Io,yo,Zo) = (835) )
(mvy7z):(5507y0,z0)

dg(x,y, 2
92(33'073/0720) = (ay) )
(%,y,2)=(20,Y0,20)

dg(x,y, z

93($0,y0,20) = (az)

(Ivyaz):(z&yo,zo)
The asymptotic distribution of Lw, is given in Theorem 4.2 with the proof presented in the

appendix.
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Theorem 4.2. Let g(., ., .) be differentiable with first order continuous derivatives. Then, under

the conditions of Theorem 2.1 and Assumption (A1), we get

59 (M)
s+p/n

Vn—p <ng - <e + n)) 2 Nu(0,Q0,) (4.6)

for p/n — c € (0,1) as n — oo with

O, = ( (o) ), VGMV)LQLT n 52{2(1_0)%21%2 ()

s+c s+c (54 c)?
(A g\ 20— 4(1—c) (A g\ (A gV
* (1—c_s+c> (S+C)2+(S+C)2 (A)(l—c_s—l-c>+8<1—c_s+c>
ol ) M () 4 e }"mT. (47)

In the special case of the EU portfolio we get g(z,y,2) = v 'z, g1(z,y, 2) = g2(2,y,2) = 0,

and
g g™ _ 1, s +¢

1-¢c stc 1-¢! (1—c)(s+ec)

As a results, the asymptotic covariance matrix of LWgy is expressed as
—2.2

l—c _;s+c\ v! (1 —2c)y72s
Q = ! > Vi LQL" + ——__ " qyn". 4.8
LBy <<S+c+7 l1-c 1—c+ GMV) QL+ (1—c)2 nnm (4.8)

In the same way, the high-dimensional asymptotic distribution of the estimated optimal port-
folio characteristics is obtained. Following (3.5)-(3.10), (R4, V,, VaR,,CVaR,, VoR,, CVoR,)

are functions of RoMV', Vguv, and s only. On the other hand, Theorem 4.1 determines the

joint high-dimensional asymptotic distribution of RGMV, VGMV, and § expressed as

Remv — Romv
n—p | Vauy — =2Vouy | — N3 (0,Egys)

1-1/n
5 (stp/m(1-1/n)
1-p/n+2/n
for p/n — c € (0,1) as n — oo with
Vemv(1+s) 0 0
0 0 2(c+2s) 49 (s+¢)?

(1-0) (1-0)?

which shows that (]A%GMV, Ve, §) are asymptotically independently distributed.

Let hyi(Ramv, Remv,s) denote the i-th characteristic of the optimal portfolio with the
weights w, and let h; (X) stand for its sample estimated where A is defined in (4.5). The j-th
first order partial derivative of hy;(.) at A we denote by hy;.; (A). Then we get the following
result about the high-dimensional distribution of estimated optimal portfolio characteristic

whose proof is obtained from the proof of Theorem 4.2.

14



Theorem 4.3. Let hy;(.,.,.), i = 1,...,q, be differentiable with first order continuous deriva-
tives. Then, under the conditions of Theorem 2.1 and Assumption (A1), we get

hy1 (A) = g1 (V)
Vi—p : — N, (0,E))
hg,q (3‘) - hg,q (A)

forp/n = c€(0,1) as n — oo with B, = (Epyj), ;. where

3
Eh;w Z ZRvs; llhé],%l }‘) hg,j;l (A) . (4-9)

4.3 Interval estimation and high-dimensional test theory

The results of Theorems 4.2 and 4.3 indicate that both Lw, and hg; (5\), 1 =1,...,q, are not
consistent estimators for Lw, and hy; (Ravv, Vamv, s), © = 1,...,q, respectively. While the
asymptotic bias of the sample estimator of linear combinations of optimal portfolio weights is
(ig (A) — g (Ramv, VGMV,S)) 1, the asymptotic bias in the estimator of the i-th portfolio
characteristic is hy; (A) — by (Remv, Vamv, S).

On the other hand, the results of Theorem 4.1 already provide consistent estimators for

Vamv, Rauv, 0, s, and 1. Namely, they are given by

Vamv

Vorve = : 4.10
My = p/n (4.10)
Remvie = Rouv, (4.11)
6. = 0, (4.12)
b = n_p<A— b > (4.13)
n p+n
. Sc+p/n .
n, = Sy, (414

Combining these equalities, we derive consistent estimators for Lw, and hy; (Ramv, Vamv, s)

expressed as

LVAVQ;C = é + g (RG’MV;ca VGMV;ca §c) 'f]c (415)
and
i’g,i,c = hyg, (EGMV;(:; VGMV;C; §c> . (4.16)

In Theorem 4.4, the asymptotic covariance matrices of the consistent estimators of optimal

portfolio weights and their characteristics are present.

Theorem 4.4. Let A = (Rgyv, Vauv,s)'. Then, under the conditions of Theorems /.2 and
4.3, it holds that

15



(a) /= p (Lwge — Lw,) 5 Niy(0,Qp,.) for p/n — ¢ € (0,1) as n — oo with

D ge= ( <i -T— z + 2 ;L % (Ao)) g (jo) + VGMV) LQL' (4.17)
2) o (1= ) Véyy M) (s+0) g\ 21—0)
i 8{2 s(s—l—i) g2<)\0)+< s s > (s +c)?
1(1214__0)02) s ‘;‘ Cg (Ao) <93 ()\0)8(3 +c) g (jo)) 4 (93 <)\0)5(8 +¢) g (jo))
n VGMV8(21 —c) g1 (o) + VG;\/[Vgl (Ao) + 2(1 — 022(5 + C)2g3 (Ao)? — g (:\20) }nnT;

() A
hg,l,c - hg,l O‘O)
Vvn—p : — N, (0,2 )
hg,q,c - hg,q (AO)

forp/n —c€(0,1) as n — 00 with Bne = (Eheij); ;.. , Where

Eheis = Vauv(1+ 8)hgia (Xo) hgjia (Xo) + 2Vinryhgiz (Ao) By jia (Ao)
+ (282 +4s + 20) hg7i;3 ()\0) hgﬂ';g (Ao) .

Since both 4. and Ej, . depend on unobservable quantities, we have to estimate them
consistently under the high-dimensional asymptotic regime when confidence regions for the
optimal portfolio weights and for the optimal portfolio characteristics are derived.

Consistent estimators for Vaarv, Romv, €, s, and i are given in (4.10)-(4.14). Similarly, a

consistent estimator for

fllszfl

Y 1
LQL ' =L (X! -
Q ( 17211

—00"
GMV

) L'=LX'L" -
is constructed. First, Vgyv and 0 are replaced by their consistent estimators VGMV;C and 96.
Second, we use that a consistent estimator for 17X 7'l; with deterministic vectors 1; and 1,
satisfying Assumption (A1) is given by (1 — p/n) 1] X7'L; (c.f., Bodnar et al. [16, Lemma 5.3]).
As a result, LQL'T is consistently estimated by (1 —p/n) LQLT with Q given in (1.5) and,
hence, Vaurv, Rawuv, 0, s, n, and LQLT with their consistent estimators in (4.17) and (4.18),
we obtain consistent estimators for €2y, ;. and =, . denoted by QL,M and éh,c. For instance, a

consistent estimator for the covariance matrix of the estimated weights of the EU portfolio is

given by:
A B 1—c¢, R 1 1 ~ _ AT
QL,EU,C - 5 +c + (Sc + Cn)/y Y + VGMV;C (1 Cn)LQL (418)
o) 2(1 —¢,)e 5c(8c +2¢,)  2(1—c)(8c+cn)* 5| .
2 n/)4n c\°c n n/"n\°c n 2 T
4(1 n)Cn =< ~ - )
+7 { Gt (1 —cn)e Goro)e © e Se (MMl



where ¢, = p/n.
The suggested consistent estimators of €y, , . and 5j, . are then used to derived (1—/) asymp-
totic confidence intervals for the population optimal portfolio weights and their characteristics.

In the case of k linear combination of the optimal portfolio weights w, we get
- A—1 -
Crgi-p = {w D (n—p) (Lwg, — LW9>T QL,g,c (Lwg,. — Lw,) < Xz;l—ﬁ} ) (4.19)

where x3.,_5 denotes the (1 — §) quantile from the x*-distribution with k degrees of freedom.

Finally, using the duality between the interval estimation and the test theory (c.f., Aitchison
2]) a test on the equality of k-linear combination of optimal portfolio weights to a preselected
vector r can be derived. Namely, one has to reject the null hypothesis Hy Lw, = r in favour
to the alternative hypothesis Hy Lw, = r at significance level 3 as soon as r does not belong
to the confidence interval Cf, ;1_p as given in (4.19). Similar results are also obtained in the

case of optimal portfolio characteristics.

5 Finite-sample performance and robustness analysis

The finite sample performance of the derived high-dimensional asymptotic approximation of
the sampling distribution of the estimated optimal portfolio weights is investigated via an
extensive Monte Carlo study in this section. Additionally, we study the robustness of the
obtained asymptotic distributions to the violation of the assumption of normality used in their

derivation. The following two simulation scenarios will be considered in the simulation study:

Scenario 1 Multivariate normal distribution:

Sample of asset returns xi, Xs, ..., X,, are generated independently from N,(p, X);

Scenario 2 Multivariate t-distribution: Sample of asset returns xi,Xs, ..., x, are generated
independently from multivariate ¢-distribution with degrees of freedom d = 10, location
parameter p, scale matrix ‘%22. This choice of the scale matrix ensures that the covari-

ance matrix of x; is X.

Scenario 1 corresponds to the assumption used in the derivation of the theoretical results of
the paper, while Scenario 2 violates this assumption by allowing heavy tails in the distribution
of the asset returns. In both scenarios the components of p are generated from U(—0.2,0.2).
The eigenvalues of the covariance matrix 3 are fixed such that 20% of them are equal to 0.2,
40% are equal to 1, and 40% are equal to 5, while its eigenvectors are simulated from the Haar
distribution. Furthermore, we put n = 1000 and ¢ € {0.5,0.9}. The results of the simulation
study are illustrated in the case of five quantities VGMV, 9GMV, RGMV, s, and m), and the
estimator for first weight of the EU portfolio with v = 20 and L = (1,0,0, ...,0).

In Figures 1 to 4, the QQ-plots are shown for each of the six estimated quantities, where

the theoretical quantities obtained from the high-dimensional asymptotic approximations as
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Figure 1: QQ-plots of the standardized quantities of VGMV, éGMv, fiGMw 3, 1, and Lwgy in
comparison to their high-dimensional asymptotic distribution. Data generating from Scenario
1 with ¢ = 0.5.

given in Theorems 4.1 and 4.2 are compared to the exact ones obtained by employing the
stochastic representation of Theorems 2.1 and 3.1 from which the finite-sample distribution of
each estimated quantity is approximated by using B = 5000 independent draws VG(?\)JV, 9(3\4{/,
Rg’}w, 50, ﬁ(b), and LVV%’[)] for b = 1,...,B. To this end we note that the application of
Theorems 2.1 and 3.1 provides an efficient way to generate the sample XA/G(I}\)M/, 923\4\/, }?(Gbng,
50 ﬁ(b), and LVAV%)?] which also avoids the computation of the inverse sample covariance matrix
which might be an ill-defined object in large dimensions, especially when ¢ = 0.9.

In Figures 1 and 2 we display the QQ-plots in the case of the multivariate normal distri-
bution following Scenario 1. We observe in the figures that the high-dimensional asymptotic
distributions provide a good approximation for the moderate value of the concentration ratio
¢ = 0.5 and its large value ¢ = 0.9. The approximation seems to be worst off in the context of
approximating the distribution of § when ¢ = 0.9 as the tails becomes much heavier than the
approximation seem to be able to account for.

In Figure 3 and 4 we can how the high-dimensional asymptotic approximations of the sam-
pling distributions of VGMV, éGMv, Z%GMV, s, 1, and Lwgy works well when the returns are

assumed to be multivariate ¢-distributed. Small deviations from the asymptotic normality is
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Figure 2: QQ-plots of the standardized quantities of VGMV, éGMv, fiGMw 3, 1, and Lwgy in
comparison to their high-dimensional asymptotic distribution. Data generating from Scenario
1 with ¢ = 0.9.

observed only in the case of § and Vg when ¢ = 0.9. Also, a small positive bias is present
for these two quantities when ¢ = 0.5 which is explained by the influence of heavy tails in
the estimation of the inverse of the high-dimensional covariance matrix. On the other hand,
the asymptotic variances seem to be well approximated by the results of Theorems 4.1 and
4.2. All other quantities show a good performance despite the violation of the distributional
assumption. We also observe the same type of skewness as in Scenario 1 in the case of § when

the asset universe becomes large.

6 Summary

In this paper we derive the exact sampling distribution of the estimators for a large class of op-
timal portfolio weights and their estimated characteristics. The results are present in terms of
stochastic representations which provide an easy way to assess the sampling distribution of the
estimated optimal portfolio weights. Another important application of the derived stochastic
representations is that it presents the way how samples from the corresponding (joint) sam-

pling distribution can be generated in an efficient way that excludes the inversion of the sample
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Figure 3: QQ-plots of the standardized quantities of VGMV, éGMv, fiGMw 3, 1, and Lwgy in
comparison to their high-dimensional asymptotic distribution. Data generating from Scenario

2 with ¢ = 0.5.

covariance matrix in each simulation run. Furthermore, the derived stochastic simulation sim-
plify considerably the study of the asymptotic properties of the estimated quantities under the
high-dimensional asymptotic regime.

The finite sample performance of the obtained asymptotic approximations to the exact
sampling distributions are investigated via an extensive simulation study where the departure
from the model assumption is studied as well. While a very good performance is observed
when the data sets are simulated from the normal distribution, some biases are present in the
asymptotic means and the asymptotic variances when the assumption of normality is violated.
Although, the normal approximations seem to provide a good fit also in the later case. Assessing
the biases in the asymptotic means and in the asymptotic (co)variances of the estimated optimal
portfolio weights and their characteristic is an important challenge which will be treated in the

consequent paper.
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comparison to their high-dimensional asymptotic distribution. Data generating from Scenario
2 with ¢ = 0.9.

7 Appendix

In this section, the proofs of the theoretical results are given. In Lemma 7.1 we derive the
~ AT -
conditional distribution of (Vgary, 0 ,RG]V[V,§,77T)T under the condition f1 = [, i.e. the
~ AT ~
distribution of (VGMV7 0 y RGMV; §, ’F[T)T.
Lemma 7.1. Under the conditions of Theorem 2.1, the distribution of(VGMV, é . Ramv, 8 5n" )"
15 determined by

(i) Ve is independent of (éT, Reuv, 5,077

(ii) (n—1)Vemr 2

Vamv

0 0 3
iii 3 ~t n—p+1,| . ,Yeuv G| | with
() ( Ramv ) o ( ! ( Ramv ) o )

&_ (MQLT LQa)\ _ (LQLT si)
\a"QLT aTQa)  \ st ’

(iv) § and M are conditionally independent given 0 and Reay
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(0) (0=t (14 ety

Vemv
(vi)

710" R y n—p+3)"'F
’I’]|9 s Rayv ~ 1 [n—p+3,7+h, ( (~p )~ )2 2 |
v R —R
S (1 + W)
where
. g . . ] ) ]
h = (1 + Fouy = RGMV)2> (0 — 6 —n(Remv — Remv))(Remv — Rauv)
Vamvs Vemvs
and

F = (LQL" —397") (1 +

(Remv — éGMV)2>
Vemvs
_0—

Vald

+

(é — 0 — (Romy — JU%GMV)) (é N(Remv — RGMV))T :

Proof of Lemma 7.1: Under the assumption of independent and normally distributed sample

of the asset returns, we get that
. 1
(@) i~ Ny (%)
n
(b) (n — 1)E ~ W,(n — 1,) (p-dimensional Wishart distribution with (n — 1) degrees of
freedom and covariance matrix X);

(¢) jr and 3 are independent.

As a result, the conditional distribution of a random variable defined as a function of fi and
3 given fu = [ is equal to the distribution of a random variable defined by the same function

where [t is replaced by f.
Let M = (L7, f1,1)7 and define

H21 H22
with
LS LT LY L3 1
~ ~ ~ ~ N A1
1= ( ~T2_1LT ~T2—1~ )> 12 = ( ~T2—1 ); Hy, :H1T27 Hjy, = 1’ 1
ft f ft L
and
H=MX"'M' Hu Hip
H21 H22
with



Also, let

. - HpF L\ . LQLT LQj G, G
G:HH_HI:QIHm:(NT)Q(LT ﬁ):( Q QN>:(~11 élz) (7.1)

22 Iz 2'QLT ATQf Gar G2
and
H,-H L LQL"T LQg G G
G=Hy,— ;21 21 _ - Q( LT ) _ ~TQ . ~TQH~ _ 11 12 (7.2)
22 7 p QLY o Qp Ga1 Go

with Gas = 2" Qft and Gy = 1" Qj.
In using the definitions of H and G, we get

. 1 0 H . G
VGMV: ~ ~ = ~12, §:G22, ’f]: ~12.
Hy, Remrv Hoy, G

Moreover, from Muirhead [48, Theorem 3.2.11] we get (n—1)H"' ~ Wy o(n—p+k+1, H 1) and,
consequently, (see, Gupta and Nagar [35, Theorem 3.4.1] (n— 1)_11:1 ~ Wil (n—p+2k+4,H)
((k + 2)-dimensional inverse Wishart distribution with n — p + 2k + 4 degrees of freedom and
parameter matrix H). The application of Theorem 3 in Bodnar and Okhrin [15] leads to

(i) H,, is independent of Hiy / H,, and G and, consequently,

. AT~
Veuy s independent of (0, Ry, 3,01 ) .

(i) We get that (n — 1)"'Hayy ~ Wy (n — p + 2, Hy,). Hence,

121 Very
—_ 1 _ — — 1 —_— 2 N 7.3
(TL ) 1T2_11 n )VGMV anp ) ( )

(iii) Let

l .
() = st-on r(m 4L
2 bl 2

~ - R . T
be the multivariate gamma function. Then, the density of Hys/Hgy = (OT RGMV) is
given by
fly) = G| 2[Hy,| = L e )
71'% FkJrl(n*p;kJrl)
n—p+k+2
x I+ G 'y — Hya/Hao)Hao(y — Hyp/Hyp) |72
_ |G /Hap| 73 Ty (“25E42)
7'('% Fk+l(n*p;k+1)
__n—p+k+2
X (1 + H22(y — H12/H22)TG71(Y — H12/H22)) 2 (74)

where the last equality is obtained by the use of the Sylvester determinant identity. The
density presented in (7.4) corresponds to a (k + 1)-dimensional ¢ distribution with (n —

. T
p—+1) degrees of freedom, location parameter Hys/Hgs = (OT Ra MV) and scale matrix

Vaemv
——] G.

23



In the proof of parts (iv)-(vi) we use the following result (see Theorem 3.f of Bodnar and
Okhrin [15])
o AT o~ B
(n—=1)7'GlO , Roav ~ Wily (n—p+ 2k +4,B).

. . T N .
- 1 0-06 0-0 B B
B _ G_ + ) g . g _ 5 11 N 12
Vauv \ Remv — Roumy Rovv — Ramv By By

: N _ (Remv—Ramv)?
with B22 = GQQ + Venrty

where

Hence,
(iv) § = G and 1) = G, / G, are conditionally independent given éT and Repy.
(v) It holds that (n — 1)_1C~422|9T, Reyy ~ Wit (n —p+4, ]322). Hence,

5+ (Ramv — Rouv)?/Vemy
1) : SRCI (75)

(vi) Finally, similarly to the proof of part (iii), we get

g aT = ]312 1 13111322 - B12B21
0 R ~tpln—p+3, =, = ,
ul GMV ™~ Uk ( p By, n—p+3 B2,

where

1

Vamv

R ~R . R - R .
_ <G12 ‘l‘ GM;//GMVGMV (0 o 0)> <G12 + GMV GMV (0 N 9)>

BHBZQ — B12B21 = (Gn +

G A A R - R 2
= G11Gy — G1oGoyy + v 22 (6—6)(6— 9>T 4 (Ramv GMV) G
GMV

_ Rguv — Rguv ((é _0)Gl, + Go(6 — 0)7)
Vamy

G,,G R - R 2
_ <G11— 12 21) <G22+( GMYV GMV) )

Vamv

Gy [ 4 G, - ) A G, - 8 !
+ 22 (0 -0 — G—H(RGMV — RGMV)) (9 -0 — Gim(RGMV — RGMV))

22 22

Proof of Theorem 2.1: From Theorem 7.1.ii we get

N V.
Vamv L nGiﬂl/ &1 (7.6)

where & ~ Xi—p- Moreover, Theorem 7.1.iii implies that 0 and Reyy are jointly multivariate
t-distributed and, hence, it holds that (see, e.g., Ding [28])

Vamvs >

R ~tln—p+1, Royy, —222
GMV <n p+ GMVn—p—l—l
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and

0| Ry ~ t (n —p+2,0 +7(Ramv — Ramy),

n—p+1+n—p+1)(Reuv — Ronv)?/Vanrv3) Veuv (LQLT - 5777v7T)
n—p+2 n—p+l1

= (n —p—+ 2, 0+ ’f](éGMV — RGMV),

LGMV (RGMV_RGMV>2 T vuuT
1 LQLT —
n—p+2 ( + LGMVé ( 5 )

As a result, we get

PR \/W\/;lTQllt "
V=TS T el (7.7)

and

> 131 LQA
0 < 0+ \Vouv
viepr L aTap

NN 1/2
P PR VVeuv LQLT——LQ““TQLT /t
n—p+1lyn—p+2 i Qi ?
/ LQp 131
= 0+ VGMV( (7.8)
JitQavn—p ]
LQui QLT 2 t
+ <LQLT—W> 1+ 1 2
n Qo n—p+1lyn—p+2

where t; ~ t(n—p+1), ta ~ t(n—p+2) are independent and also they are independent of &;.
Similarly, the application of Theorem 7.1.v leads to

AT A ~
gé(n—1)<1+ i )”5?” (7.9)

where & ~ be_p 1o and is independent of ¢, t5, and &;.
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Finally, the application of Theorem 7.1.vi leads to

N T T 1/2
e (naur - Sy e
7 d LQu n pH ® Qu % p+2\//lTQ[1,\/ pt1

i =B .

pQpu 1+

1 1 AAT LT t2

T 2 (LQLT QTQ> (1 + 1>

VETQal + Qv n—p+1
L Yowv (1qur - LQii QL "

Vamv n—p+1 n—p—|-2 ATQN

1/2
LQuj QLT ts

X tot) [ (LQLT — ——~— 8

22(< ° i Qi U

L 7 1 ~ AT LT
- as” (LQLT QATQ> (7.10)

AT~
Qe m Qft
1/2
to 3] T tgt;— t5

X + (I + —= S —

\/1 8 Vn—p+2yn—p+1 <k H Q“n—p+2 vVn—p+3

np+1

where t3 ~ tx(n — p + 3) and is independent of ¢; and ty. Moreover, due to Theorem 7.1.i and
7.1.iv we get that &, &, t1, to, and t3 are mutually independent.

Next, we derive stochastic representations for the linear and quadratic forms in f1, namely of
1", LQf and 1" Qi which are present in the derived above stochastic representations.
Let P = QLT (LQLT) V2 mdA=Q-PPT=Q-QLT (LQLT) LQ. Then

P Q=i Aju+ (PT ) (PT ). (7.11)

Moreover, the equality 17Q = 07 implies

17s! sa_ | VA _ 0’ o
PT \Pza) \pPT—_PT |

and, consequently, we get from Theorem 5.5.1 in Mathai and Provost [46] that fi' Ajft is in-
dependent of 1"X 1 and P 1, while Corollary 5.1.3a in Mathai and Provost [46] implies
that

nin AfL = & (7.12)

where &3 ~ X;_k_l;np,TApf

Finally, the identity 1”3 'SP = 0 ensures that 1" 't and P"fi are independent (c.f.,
Rencher [51, Chapter 2.2]) with

i _ _ Rouv 1 21
1S 1 2175 1y + /1T 11 2L + Tt 7.13
» # \/_ Vemv — VVauv vn ( )
and -
) 1/2 7 ~1/2
P itP u+ (P EP)’ 72 — (LqL) e+ 7?” (7.14)
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where z; ~ N(0,1) and z5 ~ N;(0,1;) are independent. Inserting (7.11) — (7.14) in (7.6) —

(7.10) and performing some algebra, we get the statement of the theorem. O

Proof of Theorem 3.1: The statement of the theorem follows directly from the results of The-
orem 2.1. ]

Proof of Theorem 3.2: The mutual independence of £, 1, and z follows from Theorem 2.1, while
Theorem 2.1.i provides the stochastic representation for VGMV.

Next, we derive the joint stochastic representation for Reuy and §. Let & = &' Then, the
distribution of (RGMV, 3,t1, f) is obtained as a transformation of (21, 52, t1, f) where 52 =1/&

with the Jacobian matrix given by

Vamv 0 \/}\/VG]\/IV 1 VVeuvt
vn Vn—p+1 2 \/m\/?
t? n— nd +2 ~
J = 0 (n - 1) (1 + n—;-i-l) f 721(—13—}—1% ftléé (TL - 1) (1 + n—;-‘rl) 52
0 0 1 0
0 0 0 1

. . . n— 2
which implies that |J| = (\/;Ll)\/VGMV (1 + n—t;—i-l) f.
Let ds(-) denote the marginal density of the distribution of f. Ignoring the normalizing

constants, we get the joint density of (RGMV, 3,t1, f) expressed as

A 2
R - R _ ftl\/VGMV
5 n \Lemv GMV It T
d<RGMV7§7t17f> X €xp _7< p+1)
2 Vamv

n7p+2+1

() e )

n—p+2 ~ 2 -
N (f) | exp{ n (RGMV - RGMV) N n (RGMV - RGMV) iy

5 ! 2 Vemv Ve
m-1)f 1 n—1 [t
ST VRS

We now notice that

. p{n(RGMV_RGMV) \/7\/7;71% (né—l—(n—l))ftQ}
X 1

VGMV 2§(n—p+1)

. N 2
. (ns+(n—1)f . n?sy/n —p+1 (RGMV - RGMV)
—ex — —
P 2§(n—p+1) ! \/VGva(n§+ (n— 1))
R 2
n*s (RG’MV - RGMV)

QVGMv(n§ -+ (TL — 1))

X exp

Y
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where the first factor is the kernel of a normal distribution. Hence,

d(RGM\/aé) = //d(RGMV7§7t17f)dt1df
Ry R

. 2 o (2 2
n (RGMV — RG’MV) n<s (RG’MV - RGMV)
X exp{ — — ex _
P 2 VGMV P QVGMV(nS + (n - 1))

f B e*zfg _((n=1)+nd)f (tl_g\/"_p+1(RGMV_RGMV))2
i, \° / R
~ (1 + §)1/2 exp{ — 2 (Rowv = Rau) (7.15)
n—1 2 (1+#§)VGMV

f ! et
/ () dy(f)df. (7.16)

S
R+

where (7.15) determines the conditional distribution of Ry given § which is a normal dis-
tribution with mean Rgjy and variance (1 + ﬁﬁ) VG% The expression in (7.16) specifies
the marginal distribution of § which appears to be the integral representation of the density
of the ratio of two independent variables f and ¢ with (n —1)¢ ~ x2_,,, and nf ~ x3_,(ns)
(c.f., Mathai and Provost [46, Theorem 5.1.3]). Hence, n(n —p+1)/((n — 1)(p — 1))$ has a
noncentral F-distribution with (p — 1) and (n — p + 1) degrees of freedom and noncentrality

parameter ns. O

Proof of Theorem /.1. If & ~ an,é, then it holds that (see, e.g., Bodnar and Reif} [18, Lemma
3))

m m m m

—1/2
(5—1—5> 2% and\/ﬁ<2 <1+2§1>> (5—1—5> 2 N(0,1) (7.17)

for m — oo.

Throughout the proof of the theorem the asymptotic results are derived under the high-
dimensional asymptotic regime, that is under p/n — ¢ € (0,1) as n — oco. The applications
of Slutsky’s lemma (c.f., DasGupta [26, Theorem 1.5]) and Theorem 2.1, and the fact that a
t-distribution with infinite degrees of freedom tends to the standard normal distribution yield

the following results:

(i) The application of Theorem 2.1.i and (7.17) with m = n — p leads to

A 1—9p/n 1—p/n
Vn—p <VGMV — 1_11)§nVGMV> 4 1_}1)§nVGMV\/n —-p <n§ — 1) KN V2(1—c)Vanvu,

where u; ~ N(0,1).
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(i) Using (7.17) with m =p—k — 1 and 6 = nu' Ap, we get

.
fe % + (sn + Z2> (LQL")™! (sn + Z2>

Vn Vi
(p—k—1) & np' Ap p—k—-1) -
B n (p—k—l_l_p_k;_1>+ n +u Qu
+ 1n (28’)’](LQLT)_1Z2 + \jﬁz;(LQLT)_lz2> “Ls+e (7.18)

and, hence,

n—p(f—(s+p/n)) < \/2(1 —¢) (c+2uT Ap)uy + 25y/(1 — ¢)n (LQLT)~/?us,

where uy ~ N(0,1) and us ~ Ni(0,I;) which are independent of u; following Theorem
2.1. Furthermore, the application of (7.18) yields

—oin 1/2
\/n—p(RGMV_RGMV) = \/VGMV(\/l_p/nzl+<1_1 p/ ) \/}h)

p/n+1/n

% Ve (v I —cus+ s+ cu5) (7.19)
where uy, us ~ N(0,1) and uq, ug, ug, uy, us independent.

(iii) Furthermore, by the stochastic representation of 6 as given in Theorem 2.1.iii we have

that
; sn + 22/y/n 1—p/n
\/n—p(O—O)i,/VGMv( JT Jl—p/n%—l/nl
N\ 172
(54 m/VR) (514 1/ YR) 8 JiTT
* (LQL - 7 ) J1+n—p+lm )
9 1/2
i) v Vamv (\/SST]—_'_CU@ + (LQLT _ Sj_ c,r’,r’T> u6) (720)

where ug ~ Ni(0,1I;) and is independent of uy, uy, us, uy, and us.

(iv) The application of Theorem 2.1.iv and (7.17) leads to

MG_ (s +p/n)( 11/71;
)

1—p/n+2/n

d l—l/n
 1—p/n+2/n ( n—p+1

t] _ [
o[

—p(f —(s+p/n))
&/(n—p+2)

§af/(n —p+2)

1

<\/2(1 —¢)(c+2uT Ap)uy + 25/ (1 — c)n " (LQLT)"Y?u3 + v/2(s + c)u7) ,
—c
where u; ~ N(0,1) and is independent of uy, us, uz, uy, us, and ug.
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(v) Similarly, from Theorem 2.1.v we get
B S a1 —5
Jn—nlhH— a1l —-s — B —
! p(” s+p/nn> 7 <s+p/n\/” p(f (s+p/n))n+mz2>

T\ 1/2
1 T (sm+za/y/n)(sn+22/\/n)
+ 5 (LQL 2 )

)

n—p+1

tQtT 1/2 n—p 1/2t
n p+2 n—p+3 5
2. T\ 1/2
d LT — s nn _
_>
\/s+c<Q s—l—c> s
V]‘ (LQLT "777T
S

(s+c¢) +c

t, n—p 1/2
X t1
2 yn—p+2\n—-p+1

s\/2(1 —c)(c+2uTAp)us

+ (s+c)?

) (LQL") /?u; — yl

where ug ~ Ni(0,1;) and uq, us, us, uy, us, Ug, U7, ug are mutually independent dis-
tributed.

]

Proof of Theorem J.2: The application of Theorem 4.1 and of the continuous mapping theorem
(c.f., DasGupta [26, Theorem 1.14]) leads to
a.s. R (1 =) Vemv, 1—
L, ;)9+89( amv, (1 —c) erMV (s +c)/( C))n
s+c

for p/n — c as n — oo.

Let A and X be defined as in (4.5). Then, the first order Taylor series expansion yields

o2

Vi—p(6-6)+n— (n—Hp/nn)g Vii=p(g(A) - g( ))sz/n
Vii—p(6-86)+vn (n—s+p/nn>g
Ramv — Rauv 1 (A) .
vV =p | Vamv — (1 — p/n)Vauy g2 (A) S +p/n n +op(1) (7.21)
§— ffifz g3 (A)
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Hence, from Theorem 4.1 we get

oo 250

s+p/n
Ay Sus n LQLT— 52 . 1/211
GMV mn S+C’7"7 6
1 52 12 V1i—c¢ 52
L LT o T v:- " L LT _2 T L LT —-1/2
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S 1

S +

+g2 (A) (\/5(1 - C)VGMvul) s (A) ( (\/2 (1—c)(c+2uTAp)uy

1—
+25y/(1 — )T (LQLT)"2uy + v2(s + c)u )>S+C

V2= Vauvs <g3 A <A> ) V20— ) (c+ 2T Ap)s

=92 (A) s+c 1—c¢ +c s+c 2
+- L-c <g (A)LQLT + 25 <g3 — )‘> ) (LQL)Y?uj
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svVeuv V1 —c svVauy
1 _vy 7
(TR ) st )+ 1) Y
52 1/2 s
Vamv (LQLT — T) ug + <\/§1 — 93 ()\)) nuy
/2
g(A) T s '
LQL )
+\/s—i-c< Q s+cm7 s

Using that wuy, us, us, ug, us, g, Uy, ug are mutually independent and standard (multivariate)

normally distributed, the expression of the asymptotic covariance matrix of Lw, is obtained. [

Proof of Theorem 4./: Using (4.10)-(4.14) together with a first order Taylor expansion we get
that

~ R n ~ ~ ~
— 0) — /N — p(S — S)(pz;{lm (RGMV;ca VGMV;C7 Sc) n

] ° ) b —;p/ng (RGMV;ca Verrve, §c)

. T
(RGMVC — Rauv 91 (Ramv, Vamv, s)

VGMV;C — Vamv 92 (Ramv, Vamv, s) | m+op(1)

~

S.—s 93 (Remv, Vamv, s)

+ vVn—p
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~

= Vn—p (é - 9) +vn—p (ﬁ I "7) i ﬁp/ng (RGMV;Ca Verrve, §c)

s+p/n S
. T
Remv — Ramv
+ vn—p|Veuv — (1 =p/n)Vauv
5 — s+p/n
1-p/n
g1 (Remv, Vamv, s)
X (1=p/n)~" g2 (Ramv, Vauv, s) 1+ op(1)

(1—p/n) (93 (Remv, Vamv, s) — %g (RGMV;ca Vauvie, §c>)

The rest of the proof of part (a) follows from the proof of Theorem 4.2. Similarly, the statement
of part (b) is obtained. O
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