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Lecture Goal and Outcome e
University

Goals:

@ Introduce the notion of vectors and matrices, their operations,
and the connection to linear systems.

@ Introduce the Gauss elimination method to solve linear systems.
Learning Outcome: At the end of the lecture you will be able to
solve problem like the following:

Problem
The demand and supply equations of a good are given by

4P = —Qq + 240, 5P = Qs + 30,

where P is the price of the good, Qy is the quantity demanded, and
Qs is the quantity supplied to the market.
Find the values of P, Qs, Qs such that the market is in equilibrium.



Why you should care
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The Portfolio problem

Given a wealth W, we want to invest it in a collection of n risky assets
{S1,..., Sp}: afraction of our wealth, w; say, in asset S;.
Assuming that short selling is allowed (some of the w; may be
negative (borrow)).
How can we choose an optimal set of weights {w, ,,,, Wn}, SO
that our overall investment is likely to yield a promising return
with minimal risk?

[92]

To attack this problem, you need to learn several mathematical tools:
Linear Algebra, Optimisation and Probability.



Lecture Plan

@ Vectors & Matrices

@ Matrix operations
@ System of linear equations & Gaussian Elimination
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Vectors

We can represent a portfolio of n-stocks (or other assets) with a table
of nrows and 1 column (vector) as
X1

. X2
X =

Xm

where x; shares of stock i =1...,m.
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We can represent a portfolio of n-stocks (or other assets) with a table
of nrows and 1 column (vector) as
X1
S | X
X =
Xm
where x; shares of stock i = 1..., m. We can define its transpose as

XT=[x1 X ... Xm



Similarly, we can write £ 4
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S =1 S ... S
[ ! 2 n] University

where s; represents the price of a share of asset / under a particular
economic scenario (or the )
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Similarly, we can write :?;

where s; represents the price of a share of asset / under a particular

economic scenario (or the )
The overall value of the portfolio under the given scenario is

S1Xq + SoXo + ...+ SpXp
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Similarly, we can write
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where s; represents the price of a share of asset / under a particular

economic scenario (or the )
The overall value of the portfolio under the given scenario is

S1X1 + SoXo + ...+ SpXn

Multiplication of a (1 x n) row vector and and (n x 1) column
vector

X1
7o X2
S X := [31 So ... Sn]~ |l =81x1+Sox0 4. ..+ SX,

Xn
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Suppose now that we have m different scenarios, each with different
price for share i:

T :
S; :[Sj1 Sj2 ... S/'n] j=1,....m,

We can represent all of them in a rectangular array of numbers with
m rows and n columns (m x n-Matrix):

T
S11 Si2 ... Sin 317_
Soq Soo ... Sop SE
S: ) i i —
T

Smi1 Sm2  --- Smn Sm
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The overall value of the portfolio for the m scenarios is given by the
m x 1-matrix

TS
S11 Si2 ... S1p Xq 1TX
. So1 Sp2 ... Sop| | Xe S X
Sx = = )
Smi Sm2 .- Smn| |Xm Sm T 5%
Examples

:2|p-fe
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Suppose now, that we want to manage k-different portfolios, which

we could represent now as a n x k-Matrix

X1 X2 ... Xk

. . Xo1 Xoo ... Xok

X = [X1 Xo Xk] = .
Xm Xm2 ... Xnk

The overall value of the k different portfolios under m different
scenarios is given by the m x K matrix

S11 S12 ... Sin X1 X2
So1 S22 ... Sop X241 Xoo

SX=[Sx1 ...S%] = ]
Sm Sm2 --- Smn Xn1 Xn2

X1k
X2k

Xnk
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Multiplication of a (m x n) Matrix S and and (n x k) Matrix X

S11. S12 ... Sip X111 X2
So1 S22 ... Sop Xo1  Xo2
Sm Sm2 --- Smn Xm Xn2

gives a m x k-matrix C where the element in the row /i and
column j is given by the matrix multiplication of the row i of S
and the j column of X

X1j
X2/'
ci=1[sn Sz ... S| .| =S8i1Xij+Si1Xej+...+




Examples

< W,
2 &

Vi st
Stockholm
University




& s,

Comparison of two matrices fkhlm
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Two matrices (aj)mxn, (bjj)kxs are equal if

@ Have the same order (same number of rows and columns) (i.e.
m=k,n=1)
Q@ Foralli=1,...,mandj=1,...,n

aj = b,
Examples
1 2 1 2
2 87 g
For which values of xq, x2, x5 are the two following matrices
equal?

4 Xo| X4 3
X3 4| |5 X4



Sum of matrices
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Whenever we have to matrices of the same order (same number of

rows and columns) we can add them together term by term:

S11 S12
So1 S22

Sm Sme

S11 + X141
S21 + X21

Sm1 + Xm1

S1n
Son
4

Smn

Sq2 + X12
Sop + X2

Sm2 + Xm2

X11
X21

Xm1

Given S, X two m x n matrices, we define S + X as

X2 ... Xin
Xo2 ... Xop

Xm2 .. Xmk

Sin + X1n
S2n + Xon

Smn + Xmn
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Given an m x n matrix S, and a real value a we define aS as

as11 asi2 ... asSin

asoq asSop ... AasSop

aSm1 aSm2 e aSmn
Examples:
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X11
. X1 . . ST
If X = its transpose is X' = [x11 X2y Xn |
Xn
In general
X114 X2 ... Xk X111 Xo1 Xn
Xo1  Xo2 Xok T X2 X2 ... Xp2
X= then X' = .
X1k Xok Xnk

Xnm Xnm2 ... Xnk
If A, B are m x n-matrices, C n x k-matrix, and a € R:
o(AT)T:A °(A+B)T:AT+BT
Q@ (AC)" =CTAT Q (aA)” = aAT
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Linear systems: Motivation-| e
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The matrix S below represents the net profits to 3 stocks under 4
outcomes or scenarios:

2 3 1
-1 2 o
S=lo -1 6
1 -1 -5

Can we invest in a way that produces the vector v = [0 0 0 5} "o
How can we figure out the answer to this?

We look for a vector ¥ = [x y Z] " such that

2 3 1 . 0 —2x+3y+z = 0
1 2 0 o —X+2y = 0
0 -1 6 H ~lo| < —y+6z = 0
1 -1 -5 ‘ 5 xX—y—-5z =5
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The demand and supply equations of a good are given by
4P = —Qq + 240, 5P = Qs + 30,

where P is the price of the good, Qy is the quantity demanded, and
Qs is the quantity supplied to the market.

At the point of intersection of the demand and supply curves (i.e.
Qs = @, =: Q), the market is said to be in equilibrium because the
quantity demanded is equal to the quantity supplied.

How can we find that equilibrium point?

We need to find (P, Q) such that

4P+Q =240 _ [4 1][P]_[240
5P-Q =30 5 —1||Q| = |30
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A linear system of m-(linear) equations and n-unknowns xi, ... X,

—

aiXi+ ...+ ainXxn = b

: & AX =b,
am‘]X‘] + ... +aman — b‘]
where
a1 ... @@in X1 by
A == : - i E s )? = b g N
am ... amn Xn bm

Ais called the coefficient matrix X unknown b independent term.



5 s,
&%
Zurlee?
7, &

o gt

Stockholm

University
Taking the unknowns for granted, we can write the system in a
compact form (Augmented coefficient matrix):
a1 ... Qin X1 b1 a{yi ... @in b1
Ai=be | : . L= | N
am  --- amn| |Xn bn am --- amn| bm
Examples
4 1 P| 240 - 4 1 |240
5 —1]|Q| |30 5 —1| 30
-2 3 1 X 0 -2 3 110
-1 2 0 |0 o -1 2 0|0
0 -1 6|70 0 -1 6|0
1 -1 -5 5 1 -1 -5|5



Simple systems Ax = b -

The equation...
@ 1-x =1 has a unique solution x = 1.
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The equation...
@ 1-x =1 has a unique solution x = 1.
@ The equation 0 - x = 0 is satisfied for all x € R. Has an infinite
number of solutions.
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The equation...
@ 1-x =1 has a unique solution x = 1.
@ The equation 0 - x = 0 is satisfied for all x € R. Has an infinite
number of solutions.
© 0. x =1 has no solution.
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The equation...
@ 1-x =1 has a unique solution x = 1.
@ The equation 0 - x = 0 is satisfied for all x € R. Has an infinite
number of solutions.
© 0. x =1 has no solution.
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The equation...
@ 1-x =1 has a unique solution x = 1.
@ The equation 0 - x = 0 is satisfied for all x € R. Has an infinite
number of solutions.
© 0. x =1 has no solution.
The system of equations...

1 0|10 x =10 .
Qo [O 1 30}@{ y = 30 has only one solution.
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The equation...
@ 1-x =1 has a unique solution x = 1.

@ The equation 0 - x = 0 is satisfied for all x € R. Has an infinite
number of solutions.

© 0 x =1 has no solution.
The system of equations...

1 0|10 x =10 .
Qo [O 1 30}@{ y = 30 has only one solution.

1 1|10 x+y=10 x=10—-1t
9[0 oo}@{o-xw-y:o ‘i’{ y=t &
The system has an infinite number of solutions.
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The equation...
@ 1-x =1 has a unique solution x = 1.
@ The equation 0 - x = 0 is satisfied for all x € R. Has an infinite

number of solutions.
© 0. x =1 has no solution.
The system of equations...
o | 9|0 @{ X=10" s only one solution.

0 130 ] y =30
[1 1]10 ] x+y=10 x=10—t
@10 0l0 @{o-x+o-y=o { y=t L&

The system has an infinite number of solutions.

1 1]10 ] x+y=10 .
Q 0 0] 1 @{ 0~ 1 has no solution.
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Gauss elimination method e
University

Strategy: Simplify the system by using the following elementary
operations:

@ Exchange two equations (rows);
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Strategy: Simplify the system by using the following elementary
operations:

@ Exchange two equations (rows);
@ Multiplying equations (rows) by scalars;
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Strategy: Simplify the system by using the following elementary
operations:

@ Exchange two equations (rows);
@ Multiplying equations (rows) by scalars;
© Adding a multiple of one equation to another
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Strategy: Simplify the system by using the following elementary
operations:

@ Exchange two equations (rows);
@ Multiplying equations (rows) by scalars;
© Adding a multiple of one equation to another
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Strategy: Simplify the system by using the following elementary
operations:

@ Exchange two equations (rows);
@ Multiplying equations (rows) by scalars;
© Adding a multiple of one equation to another

Example
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Strategy: Simplify the system by using the following elementary
operations:

@ Exchange two equations (rows);
@ Multiplying equations (rows) by scalars;
© Adding a multiple of one equation to another

Example
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Gauss elimination method e
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Strategy: Simplify the system by using the following elementary
operations:

@ Exchange two equations (rows);
@ Multiplying equations (rows) by scalars;
© Adding a multiple of one equation to another

Example

5 -3|25 N 1 1|6 N
5 -83|25 | —s5R+R—R, | 0 -8
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Strategy: Simplify the system by using the following elementary
operations:

@ Exchange two equations (rows);
@ Multiplying equations (rows) by scalars;
© Adding a multiple of one equation to another

Example
5 3|25 N 1 1 6 N 1 1 6
1 1 6 RoR | 5 —83[125 | s5R+R—mR | 0O —8]| -5
N 8 0 |43
R+8Ry—R | O —8 | =5
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Strategy: Simplify the system by using the following elementary
operations:

@ Exchange two equations (rows);
@ Multiplying equations (rows) by scalars;
© Adding a multiple of one equation to another

Example
5 -3|25 N 1 1 6 N 1 1 6
1 1 6 | RorR | 5 3|25 | —sR4+R.—wR. | O -8 | -5
N 8 0 |43 N 1 0]43/8
R+8Ry—R | O —8 | =5 Ry /8—R, 0 1| 5/8

—R2/8—>F1'2
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If we want to solve a bunch of systems with the same coefficients, but
different independent terms

Ax:51, Ax:Bg... Ax:Bk
we can run the method for all of them at the same time by writing
[A|bi b2 ... by ]

Example Determine if any of following systems has any solution. If
so, find all solutions.

2x+y =1 2x+y =1
o{4x+2y_3 9{ 4x 42y =2

2 1)1 1 N 2 1)1 1
4 2|3 2| 2R+mR—R |0 01 O
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Determine if the systems of the motivational examples have any
solution. If so, find the solution(s):

4 1 |240
o [5 1130 ].P30,Q120

-2 3 1|0
-1 2 010
° 0 -1 6|0
1 -1 5|5



< Yo,

Multicomodity market %%Sé};;’%t‘;l

The demand and supply functions for two interdependent
commodities are given by

Qo1 = a1 +b1P1 +¢1Pp
Quz = a2 + b2 Py + P2
Qs1 = a3 + b3 P
Qs2 = az + c3Po

where P;, Qg and Qys denote the price and quantity demanded, and
quantity supplied for the ith good, and a;, b;, ¢; are constants
depending on the model.

Determine the equilibrium price and quantity for this two-commodity
model (i.e. Qd,' = Qs,‘)



Thank you for your attention!
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