
















































Kathleen Kohn
KTH

StockholmNonlinear
AlgebraGoals

Don't be afraid of algebra

Identifying algebraic structures is helpful

Today Projective space is your friend



















































Example 1 LU factorization

A LU
5

square Tupper
matrix

lower triangular
triangular tf
he

Not every A has such a factorization Can you find a

2 2 example



















































Example 1 LU factorization

A LU
5

square uppermatrix
lower triangular
triangular Ty
Re

Not every A has such a factorization Can you find a

2 2 example
Exercise A d has an Lude
composition iff a 0 or 6 0 or c O



















































Example 1 LU factorization

In other words the image of

ULU R 1R R

Re EAI EFI
is ME:D KT V18 D



















































Example 1 LU factorization

In other words the image of

ULU R 1R R

He.EE HE I

I LINKEDIN.EI.IEID
This is not closed in Euclidean topology

Its closure is 122 2 i e

every A can be approximatedby an LU decomposition



















































lift
given by a Toeplitz matrix

with filter WER

Wo Wi way and stride
s.LI

p

An LCN singlechannel 1 dim signals composes several such
linear maps one for each layer



















































Example 2 Linear Convolutional Networks CNS

www.E.nu

layer2 layer 1
filterweR filter veR

stride stride 2

Does every AER
have such a factorization

Can it be approximated
by one



















































Example 2 Linear Convolutional Networks Ns

www.htwh t

layer2 layer 1
filterweR filter veR

stride stride 2

Does every AERNo
have such a factorization

Exercise A afb.la dle has

such a factorization iff No Can it be approximated
ad be bed c 4ae by one

The set of such A is closed
in Euclideantopology



















































Yiu R R 1R You:R xR Rs

1 471 1 In uh eh
u

image is not closed image is closed

What is the difference



















































Yiu R R 1R You:R xR Rs

11 471 1
n d Eiffel

image is net closed image is closed

What is the difference

Yu is not a projective Glen is a projective
morphism morphism



















































Issue Affine space is not Projective space is compact

compact

I
affine line R

projective line Pp R'v a



















































Issue Affine space is not Projective space is compact

compact

g I.it
affine line R f

projective line IP R'vita

standard construction

PR R 1103 where

an V HER 1101 U dv

R2 4

Pr set of lines
in R
throughorigin



















































Issue Affine space is not Projective space is compact

compact

g I.it
affine line R f

projective line IP R'vital

standard construction

PR R 1103 where
compact

an V FAERITO a Av

Pk is the sphere in R after p
Y

identifying antipodal points P PR set of lines

My in RPI is compact in the quotient
topologyof the Euclidean topology on R

throughorigin



















































Standard fact from topology

y T T continuous map between topological spaces
T compact

imly is compact



















































Standard fact from topology

Q T Ta continuous map between topological spaces
T compact
im y is compact

not compact

Yin R 122 2

EI EF IEEE 1 continuous

Can we projectivize you



















































L BU α L PU αβ LU xp pull h

so you is well behaved under scaling the factors
and it makes sense to consider

Qiu Ph Ph

1471 MIL eEE I

defined up to scaling

BUT



















































L BU α L PU αβ LU xp pull h

so you is well behaved under scaling the factors
and it makes sense to consider

Lu PE x PE PI

HEH.IE EE4I EYI I

defined up to scaling

BUT You is not defined everywhere

Jeannot applyE g 171.47 Et P
topology fact



















































Exercise Compute all points in Ph Pk where

Jin is not defined

This is called the base locus of flu



















































Standard fact from topology

y T Ta continuous map between topological spaces
T compact
im y is compact

YLCN:R xR Rs
Iw v1 ENTITY

can be projectivized GLEN PAPI R
tws tea

Exercise Gun is definedeverywhere i.e can apply
its base locus is empty topology fact



















































Hence im Yuen 1T is compact in Euclideanquotienttop

Since im Yan Rs is the affine cone over inlycan
it is closed in Euclidean topology

replace each projective
point by theaffine line



















































Another example Low rank matrix completion

Which can be completed to a rank 1 matrix

Equivalently what is the image of

4 I ad be R

1 b c d



















































Another example Low rank matrix completion

Which can be completed to a rank 1 matrix

Equivalently what is the image of

41 I ad be R

1 b c d

Exercise imly b c d I do or 6 0 or c o

Lot closed in Euclidean topology



















































What is the image of

a If ad be R

1 b c a d



















































What is the image of

a I ad be R

1 b c a d

Exercise im 921 1 b c Δ I be 20

is closed in Euclidean topology

Topology reasons

92 is well behaved under scaling i.e YeldA 19 AI

and can be projectivized



















































projective variety compact

a
FEELY

bic a d

is defined everywhere
since only EI maps to 0,0 0

not of rank 1



















































projective variety compact

ÉEfby

bic a d

is defined everywhere
since only EI maps to 0,0 0

not of rank 1

topology

If im ite is compact
imly is closed in Euclideantopology



















































1

We cannot apply the topology fact to

projective variety compact

Q f ph

b c d

since it is not defined at

Frank 1



















































lDefinitionAlgebraicVarieties

K field often mathbbR or
mathbbC or mathbbQ or a finite field for computations

An affine variety is a subset of Kn that is the solution
set of a system of polynomial equations

piknleftKn1backslashleft0rightrightn projective space unvestdelklio u du

A projective variety is a subset of Rkn that is the
solution set of a system of homogeneous polynomialequations.allterms have the same

degreeExamplefxyz is inhomogeneous

fleft111right0neqfleft222right 1

although left111rightleft222rightinmathbbR2

gxyz2 is homogeneous

gleftlambdaxlambdaylambdazrightlambda2gleftxyzright



















































ImportantProjective
varieties are compact in the Euclidean topology

affine varieties are generally not only closed

mathbbR2Example
mathbbR2

yx20
not compactin

mathbbR2
x2y210

compactin
mathbbR2



















































Definition Zariski

topologyZariskitopology on Kn resp Pkn closed sets are the algebraic

varietiesTheZariskitopology is coarser than the Euclideantopology
Zariski closed implies Euclideanclosed

Zariski open implies Euclidean open

mathbbR2 mathbbR2
EuclideanclosureEuclideanclosureZariski

closureZariski
closureWhat

are the Zariskiclosed setsin mathbbR1



















































Definition Zariski

topologyZariskitopology on Kn resp Pkn closed sets are the algebraic

varietiesTheZariskitopology is coarser than the Euclideantopology
Zariski closed implies Euclideanclosed

Zariski open implies Euclidean open

mathbbR2 mathbbR2
EuclideanclosureEuclideanclosureZariski

closureZariski

closureWhat
are theZariskiclosed sets in mathbbR2What are the Zariskiclosed setsin mathbbR12

mathbbR1 finitelymanypoints
varnothing



















































Definition Zariski

topologyZariskitopology on Kn resp Pkn closed sets are the algebraic

varietiesTheZariskitopology is coarser than the Euclideantopology
Zariski closed implies Euclideanclosed

Zariski open implies Euclidean open

mathbbR2 mathbbR2
EuclideanclosureEuclideanclosureZariski

closureZariski

closureWhat
are theZariskiclosed sets in mathbbR2What are the Zariskiclosed setsin mathbbR12

mathbbR2 finiteunions ofalgebraiccurves points varnothingmathbbR1 finitelymanypoints
varnothing

therefore



















































Definition Maps
1km mathbbRn
u1

varphi

A morphism between affine varieties XrightarrowYu is a polynomial

map i e of the form varphileftxrightleftvarphi1leftxrightldotsvarphinleftxrightright with varphiiinKleftx1ldotsxmright

A polynomial map between projectivevarieties XfrightarrowY
needs all coordinatefunctions varphii to be homogeneous of the same

degree.topology

If varphi is defined on all of x1 it is a projective morphism
fact

appliesOtherwiseit is called a rational map and we write XldotsrightarrowY

The base locus of varphi is the set of xinX where varphi is not defined



















































20

Definition Semi Algebraic Sets
mathbbR2

An algebraic set algebraic variety in
mathbbRn is a solution set

of a system of polynomial equations in R leftx1xnright

xy1



















































20

Definition Semi Algebraic Sets
mathbbR2

An algebraic set algebraic variety in
mathbbRn is a solution set

of a system of polynomial equations in mathbbRleftx1xnright

xy1A basic semialgebraic set in mathbbRn is a solutionset of a system of

X0polynomial equations and polynomialinequalities in mathbbRleftx11xnright



















































20

Definition Semi Algebraic Sets
mathbbR2

An algebraic set algebraic variety in
mathbbRn is a solution set

of a system of polynomial equations in mathbbRleftx1xnright

xy1A basic semialgebraic set in mathbbRn is a solutionset of a system of

X0polynomial equations and polynomialinequalities in mathbbRleftx11xnright

A semialgebraic set is a finiteunion of basic semialgebraic gets

rangle

leftxyrightleftrightarrowx x0ux0

xy1



















































2
Tarski SeidenbergTheorem

mathbbRnUI mathbbRnu1
A morphism between algebraic varieties varphiXrightarrowY is a polynomial

map i e varphileftvarphi1ldotsvarphimright varphiiinmathbbRleftx1negxnright

Thm varphileftxright is a serialgebraic set

leftxyrightleftrightarrowx7 x0ux0

xy1



















































Z

varphiXrightarrowY morphism between

varietiesEx
PLCN

projectivevarietiesEx
GLU

affinevarietiesimly

Euclidean closedKmathbbR

Euclidean closedKmathbbC



















































Z

varphiXrightarrowY morphism between

varietiesEx
PLCNExGLU

affinevarietiesimly projective

varietiessemialgebraic
finite union of solution sets of polynomial
equations polynomial inequalities
Tarski Seidenberg

theoremsemi
algebraic

Euclidean closedKmathbbR

Euclidean closedKmathbbC



















































Z

varphiXrightarrowY morphism between

varietiesEx
PLCN

projectivevarietiesEx
GLU

affinevarietiesimly
semi algebraic
finite union of solution sets of polynomial
equations polynomial inequalities
Tarski Seidenberg

theoremsemi
algebraic

Euclidean closedKmathbbR

constructible
finite union of differences of varieties

Chevalley's theoremEuclidean
closedKmathbbC

Example
begincasesxendcases
I backslashleftleftleftbeginmatrix0endmatrixrightrightbackslashleftleftleftbeginmatrix00endmatrixrightrightcupleftleftbeginmatrix00endmatrixrightrightrightright

leftleftbeginmatrixendmatrixrightbackslashleftleftbeginmatrix0endmatrixrightrightrightcupleftleftbeginmatrix00endmatrixrightrightcupleftleftbeginmatrix00endmatrixrightright



















































Z

varphiXrightarrowY morphism between
varietiesEx
PLCNExGLU

affinevarietiesimly projective

varietiessemialgebraic
finite union of solution sets of polynomial
equations polynomial inequalities
Tarski Seidenberg

theoremsemi
algebraic

Euclidean closedKmathbbR

constructible
finite union of differences of varieties

Chevalley's theoremEuclidean
closedKmathbbC

OverQ The Euclidean closure of a constructible set is a variety
i.e Euclidean closure Zariskiclosure for constructible setts

this is in general false for semialgebraic sets e g mathbbRgeq0timesmathbbRgeq0



















































Z

varphiXrightarrowY morphism between

varietiesEx
PLCNExGLU

affinevarietiesimly projective

varietiessemialgebraic
finite union of solution sets of polynomial
equations polynomial inequalities
Tarski Seidenberg

theoremsemi
algebraic

Euclidean closedKmathbbR

constructible
finite union of differences of varieties

Chevalley's
theoremvarietyEuclidean closedKmathbbC

maintheorem of
elimination

theoryTheEuclidean closure of a constructible set is a variety
i.e Euclidean closure Zariskiclosure for constructiblesetts

this is in general false for semialgebraic sets e g mathbbRgeq0timesmathbbRgeq0



















































Z

mathbbR2times2 varphi

LCN mathbbR2timesmathbbR3rightarrowmathbbR5varphiLu cdotmathbbR3timesmathbbR3

i

Q V0 kw0w1 v1leftwvright1LL U0 VLV1

KmathbbRKmathbbR or KmathbbC

im leftvarphiLUright im leftvarphiLCNrightleftaleftbrightcleftdrighteright
ad2b2ebcd c2geq4ae

semi algebraic Euclideanclosed00
I O

OVI luit
constructible
semi algebraic over 24

not Euclidean

closedU
KC 1

imvarphiLCN leftabrightcleftdrighte
ad2b2ebcd

variety


