
















































Motivating example Linear Convolutional Networks LENS

YLCN:R R R How many linear maps does
1W v1 EM this 2 layer network parametrize

layer2
layer I



















































Motivating example Linear Convolutional Networks LENS

YLCN:R xR Rs How many linear maps does
1W v1 Eh this 2 layer network parametrize

layer2

5 parameters dimlin you 4 imlycan a b c d e I
ad b e bed c 4ae

This dimension measures

the exact expressivity
of the network



















































How to compute the dimension of the image of 9 Y in general

Directly study in y

E g for you 2h 47 to L.aeRnxn

show that almost every AER has a LU decomposition
dimintent

Fiber dimension theorem

Jacobian check



















































What is thedimension of a semialgebraic set KinmathbbRmathbbC

A variety XsubseteqKn is imeducible if it is not the union of 2 propersubvrieties
i e there are no varieties X1X2subseteqKn sit XX1cupX2

varnothingneqXileqqX
mathbbR2

Ex is reducible into 6 irreduciblecomponentstherefore

Fact There is a subvariety DeltansubseteqX such that XbackslashDelta is a smoothmainfold of dimension k
If X is irreducible k is the same for all such bigtriangleup K is the dimension of X

dimleftright1dimleftcdotright0



















































What is thedimension of a semialgebraic set KinmathbbRmathbbC

A variety XsubseteqKn is imeducible if it is not the union of 2 propersubvrieties
i e there are no varieties X1X2subseteqKn sit XX1cupX2

varnothingneqXileqqX
mathbbR2

Ex is reducible into 6 irreduciblecomponentstherefore

Zariskiopenin X

Fact There is a subvariety DeltansubseteqX such that XbackslashDelta is a smoothmainfold of dimension k
If X is irreducible k is the same for all such bigtriangleup K is the dimension of X

irreducible
varietiesdimleftright1dimleftcdotright0 In general XUiXi

dimleftXrightmax_idimleftXiright
semialgebraic set XsubseteqmathbbRn

For a constructible set XsubseteqKn Zariskiclosuredefine dimleftXrightdimleftoverlineXright

dim 2dim



















































Dimension of
ImagelkeiR.CILetvarphiX K morphism between irreducible

varieties.Zariski
closureExercisesYvarphileftXright is irreducible



















































Dimension of
ImagelkeiR.CILetvarphiX K morphism between irreducible

varieties.Zariski
closureExercisesYvarphileftXright is

irreducibleLet
us first consider the case XKn

It is sufficient to compute the imagedimension over mathbbC

If KmathbbR I is a polynomialmapwith real coefficients

Exercise dimmathbbRvarphileftmathbbRnrightdimmathbbCvarphileftmathbbCnright
inmathbbRm inmathbbCm



















































Dimension of
ImagelkeiR.CILetvarphiX K morphism between irreducible

varieties.Zariski
closureExercisesYvarphileftXright is

irreducibleImportant
Principle
Complex AG

often easier than
real AG
AG algebraic

geometryLet

us first consider the case XKn

It is sufficient to compute the imagedimension over mathbbC

If KmathbbR I is a polynomialmapwith real coefficients

Exercise dimmathbbRvarphileftmathbbRnrightdimmathbbCvarphileftmathbbCnright Solverealproblem
over firstinmathbbRm inmathbbCm



















































Fiber Dimension theorem Let varphimathbbCnrightarrowmathbbCm be a polynomial map Yimleftvarphiright

a dimYn

b For all yeim pl every irreducible component of the fiber psi1leftyright
has dimension geqndimY

c There is a subvariety DeltaleqqY sit dimleftvarphi1leftyrightrightndimY
for all yeim p

Δ.We

can compute dimleftYright by computing the dimension of a generic fiber

Do you know this from linear algebra



















































Linear Algebra

varphimathbbCnrightarrowmathbbCm linear map

Yimleftvarphiright vector space

everyfiber overY has

sameNonlinear

Algebra

varphimathbbCnrightarrowmathbbCm polynomial map

Yimleftvarphiright
varietyfibers

over Y varyin dimension

but almost all fibershave same

dimensiondimension



















































Example

varphimathbbC2rightarrowmathbbC2leftxyrightleftrightarrowleftxxyright
Compute varphi1leftabright



















































Example

varphimathbbC2rightarrowmathbbC2leftxyrightleftrightarrowleftxxyright
Compute varphi1leftabright

aneq0 cdotvarphi1leftabrightleftleftafracbarightright

a0bneq0varphi1left0brightphi

a0b0 y1left00rightleftleft0yrightyinmathbbCright

1

point1

line



















































7ExampleimleftvarphirightleftmathbbC2backslashLrightcupleftleft00rightright
Lleft0righttimesmathbbC line in mathbbC2

varphimathbbC2rightarrowmathbbC2leftxyrightleftrightarrowleftxxyright
Compute varphi1leftabright

aneq0 cdotvarphi1leftabrightleftleftafracbarightright

a0bneq0y1left0brightphi

1 point

a0b0 y1left00rightleftleft0yrightyinmathbbCright 1lime

Almost every fiber is a single point



















































Linear Algebra

varphimathbbCnrightarrowmathbbCm linear map

Yimleftvarphiright vector space

everyfiber overY has

sameNonlinear

Algebra

varphimathbbCnrightarrowmathbbCm polynomial map

Yimleftvarphiright
varietyfibers

over Y varyin dimension

but almost all fibershave same

dimensiondimensionrank
nullity theorem

ndimWwleftvarphirightdimY
fiber dimension theorem

ndimvarphi1leftyrightdimY
for almost all yinY



















































Linear Algebra

varphimathbbCnrightarrowmathbbCm linear map

Yimleftvarphiright vector space

everyfiber overY has

sameNonlinear

Algebra

varphimathbbCnrightarrowmathbbCm polynomial map

Yimleftvarphiright
varietyfibers

over Y varyin dimension

but almost all fibershave same

dimensiondimensionrank
nullity theorem

ndimWwleftvarphirightdimY
fiber dimension theorem

ndimvarphi1leftyrightdimY
for almost all yinY

works over mathbbR as welldoes not work our
mathbbR



















































Example

varphimathbbRrightarrowmathbbR varphimathbbCrightarrowmathbbCxleftrightarrowx2xleftrightarrowx2

imleftvarphirightmathbbRgeq0 imle mathbbC

For almostall yinmathbbCvarphi1left4right2 points

forallyneq0

y0Rightarrowvarphi1leftyright2 points

40Rightarrowvarphi1left4right 1point

y0 varphi147varnothing



















































In otherwords Which network
parametersgive the same

function

What is the generic fiber of

varphi

LCN cdotmathbbC2timesmathbbC3rightarrowmathbbC5
V0 k1WoW v1 w0v0leftw0v1w0v2w1v0rightw1v1w1v2leftwvright

U0 VLV1
layer2

lavl



















































In otherwords Which network
parametersgive the same

function

What is the generic fiber of

varphi

LCN mathbbC2timesmathbbC3rightarrowmathbbC5
Q V0 k1WoW v1 w0v0leftw0v1rightw0v2w1v0leftw1v1rightw1v2leftwvright

Vo V

LYlayer2layer1
leftw0w1x2rightcdotleftv0v1xv2x2rightw0v0w0v1xleftw0v2w1v0rightx2w1v1x3w1v2x4



















































In otherwords Which network
parametersgive the same

function

What is the generic fiber of

varphi

LCN mathbbC2timesmathbbC3rightarrowmathbbC5
Q V0 k1WoW v1 w0v0leftw0v1rightw0v2w1v0leftw1v1rightw1v2leftwvright

Vo V

LYlayer2layer1
leftw0w1x2rightcdotleftv0v1xv2x2rightw0v0w0v1xleftw0v2w1v0rightx2w1v1x3w1v2x4

A quarticpolynomial has 4 complex roots there are finitelymany ways uptoscaling

to combinethoseroots to the 2 layer factorsa4b4xa1b1x a2b2x a3b3x

v0v1xv2x2omega0omega1x2



















































In otherwords Which network
parametersgive the same

function

What is the generic fiber of

varphi

LCN mathbbC2timesmathbbC3rightarrowmathbbC5
Q V0 k1WoW v1 w0v0leftw0v1rightw0v2w1v0leftw1v1rightw1v2leftwvright

Vo V

LYlayer2layer1
leftw0w1x2rightcdotleftv0v1xv2x2rightw0v0w0v1xleftw0v2w1v0rightx2w1v1x3w1v2x4

A quarticpolynomial has 4 complex roots there are finitelymany ways uptoscaling

to combinethoseroots to the 2 layer factorsa4b4xa1b1x a2b2x a3b3x

1 dimensionalfibers
over image

v0v1xv2x2omega0omega1x2

Each of theseways has a 1 dimensional scalingambiguity lambdaleftw0w1x2rightcdotfrac1lambdav0v1xv2x



















































In otherwords Which network
parametersgive the same

function

What is the generic fiber of

varphi

LCN mathbbC2timesmathbbC3rightarrowmathbbC5
Q V0 k1WoW v1 w0v0leftw0v1rightw0v2w1v0leftw1v1rightw1v2leftwvright

Vo V

LYlayer2layer1
leftw0w1x2rightcdotleftv0v1xv2x2rightw0v0w0v1xleftw0v2w1v0rightx2w1v1x3w1v2x4

A quarticpolynomial has 4 complex roots there are finitelymany ways uptoscaling

to combinethoseroots to the 2 layer factorsa4b4xa1b1x a2b2x a3b3x

1 dimensionalfibers
over image

v0v1xv2x2omega0omega1x2

Each of theseways has a 1 dimensional scalingambiguity lambdaleftw0w1x2rightcdotfrac1lambdav0v1xv2x
fiber
Rightarrowdim im1ALCN dimleftmathbbC2timesmathbbC3right14dim thm



















































Jacobian check Let varphiKnrightarrowKm be a polynomialmap Yimleftvarphiright

There is a subvariety
bigtriangleupleqqKn sit for all pinKnbackslashDelta

the rank of the Jacobi matrix yvarphileftpright equals dim Y

leftbeginmatrixfracpartialvarphi1partialx1fracpartialvarphi1partialx2ldotsfracpartialvarphi1partialxnvdotsvdotsvdotsfracpartialvarphimpartialx1fracpartialvarphimpartialx2ldotsfracpartialvarphimpartialxmendmatrixright l

Practical test choose a random point pinKn
compute rank leftyvarphileftprightright
repeat until confidentworks

over

R D



















































lLetvarphiKnrightarrowKm be a polynomialmap Yimleftvarphiright

Exercise rank leftJvarphileftprightrightleqdimY for all pinK
n

Corollary Finding a single point pinKn with rank leftpartialvarphileftprightrightm
is enough to show that YKm e.g for LU decomposition



















































YLCN mathbbR2timesmathbbR3rightarrowmathbbR5
beginmatrixv0v1endmatrix kWoW w0v0leftw0v1w0v2w1v0rightw1v1w1v2leftwvright1

Vo VLV1
layer2layer1

00 omega0V0 0

0 0 omega0V1Jacobi matrix ywv
omega1 0V0 w0V2

omega1V10

w10 0V2

Exercise a Check that rank Jon leq4 for all wv

b For which w and V do we have rank leftywvrightleq3
What about rant ileftpartialwvrightleq2 and rank leftpartialwvrightleq1



















































What about morphisms q XrightarrowKm
irreduciblevariety
Ex mu12times2rightarrowK3

leftbeginmatrixabcdendmatrixrightleftrightarrowleftbeginmatrixbcdendmatrixright



















































lWhatabout morphisms q XrightarrowKm
irreduciblevariety
Ex mu12times2rightarrowK3

leftbeginmatrixabcdendmatrixrightleftrightarrowleftbeginmatrixbcdendmatrixright

For a fiber dimension theorem to hold we need to workagain over mathbbC

If KmathbbR and XsubseteqmathbbRn we consider

XmathbbC Zariski closure of X inside mathbbCn i.e thesmallestvariety in mathbbCn
containing X

Fact dimmathbbRvarphileftXrightdimmathbbCpsileftXmathbbCright



















































Fiber Dimension theorem Let varphiXrightarrowmathbbCm be a polynomialmap

XsubseteqmathbbCn irreduciblevariety YvarphileftXright

a dim Y dim X

b For all yeim pl every irreducible component of the fiber psi1leftyright
has dimension geqdimX dimY

c There is a subvariety DeltaleqqY sit dimleftvarphi1leftyrightrightdimXdimY
for all yeim e 1

bigtriangleup

This theorem also holds for irreducible projective varieties XsubseteqPmathbbCn
and homogeneous polynomial maps varphiXrightarrowmathbbRmathbbCm



















































Example varphileftleftxyrightinK2x2y210rightrightarrowK
leftxyrightleftrightarrowx

mathbbR2

varphidownarrow

varnothing if KmathbbR
varphi1leftcdotrightR2 points if KmathbbC

varphi1 12

pointsIn
fact for KmathbbC

varphi1leftxrightint E beginmatrixxneqpm1x1or1endmatrix



















































Example psileftleftxyzrightinmathbbRK2x2y2z20rightrightarrowmathbbDK1
leftxyzrightrightarrowleftxzright

one dim

projectivespaone
dimensional curve

inprojective

planeExercise

For KmathbbC varphi1left11rightleftleft101rightright
varphi1left11rightleftleft101rightright I

varphi1leftXzright2 points if leftxzrightnotinleftleft11rightleft11rightright



















































Example psileftleftxyzrightinmathbbRK2x2y2z20rightrightarrowmathbbDK1
leftxyzrightrightarrowleftxzright

one dim

projectivespaone
dimensional curve

inprojective

planeExercise

For KmathbbC varphi1left11rightleftleft101rightright
varphi1left11rightleftleft101rightright I

varphi1leftXzright2 points if leftxzrightnotinleftleft11rightleft11rightright

Also whenworking with affine cones the generic complex fiber is 2points

leftleftxyzrightinK3x2y2z20rightrightarrowK2
XZleftxyzrightleftrightarrowleftxzright 2 dimsemialgebrasurfacein mathbbR3 set in R

UK R
1xz



















































For a Jacobian check we need to restrict the Jacobi matrice
to the tangent spaces of X

Issue In general varieties have singularities



















































Singularities Tangent spaces

XsubseteqKn irreducible variety



















































Singularities Tangent spaces

XsubseteqKn irreducible variety

IleftXrightfinKleftx1ldotsxnright peX fleftpright0 vanishing ideal



















































Singularities Tangent spaces

XsubseteqKn irreducible variety

IleftXrightleftfinKleftx1ldotsxnrightforallpinXfleftpright0right vanishing ideal
finite byHilbert'sbasistheorem

Fix a generating set Fleftf1fsrightsud hat lleftlanglef1fsrightrangleIX



















































Singularities Tangent spaces

XsubseteqKn irreducible variety

IleftXrightleftfinKleftx1ldotsxnrightforallpinXfleftpright0right vanishing ideal
finite byHilbert'sbasistheorem

Fix a generating set mathcalFleftf1ldotsfsright such that leftlanglef1fsrightrangleIX

Compute Jacobian matrix
yFleftbeginmatrixfracpartialf1partialx1ldotsfracpartialf1partialxnvdotsvdotsfracpartialfspartialx1ldotsfracpartialfspartialxnendmatrixright



















































Singularities Tangent spaces

XsubseteqKn irreducible variety

IleftXrightleftfinKleftx1ldotsxnrightforallpinXfleftpright0right vanishing ideal
finite byHilbert'sbasistheorem

Fix a generating set mathcalFleftf1ldotsfsright such that leftlanglef1fsrightrangleIX

Compute Jacobian matrix
yFleftbeginmatrixfracpartialf1partialx1ldotsfracpartialf1partialxnvdotsvdotsfracpartialfspartialx1ldotsfracpartialfspartialxnendmatrixright

Fact There is a subvariety Δ EX sit rank yFleftprightndimleftXright
for all pinXbackslashDelta



















































Singularities Tangent spaces

XsubseteqKn irreducible variety

IleftXrightleftfinKleftx1ldotsxnrightforallpinXfleftpright0right vanishing ideal
finite byHilbert'sbasistheorem

Fix a generating set mathcalFleftf1ldotsfsright such that leftlanglef1fsrightrangleIX

independent
of choiceof F

Compute Jacobian matrix
yFleftbeginmatrixfracpartialf1partialx1ldotsfracpartialf1partialxnvdotsvdotsfracpartialfspartialx1ldotsfracpartialfspartialxnendmatrixright

Fact There is a subvariety Δ EX sit rank yFleftprightndimleftXright
for all pinXbackslashDelta

can be taken as a definition of dim leftxright



















































20SingularitiesTangent
spacesDefinition

Points peX with rank yFleftprightndimleftXright are

called regular or smooth

All other pinX are called
singular.Fact

At singular pointspeX rank yFleftpright ndimleftxright
c

Corollary The set of singular points on X is a proper

subvariety defined by the polynomials in
Ileftxright and the c X c minors of ymathcalF



















































20SingularitiesTangent
spacesDefinition

Points peX with rank yFleftprightndimleftXright are

called regular or smooth

All other pinX are called
singular.Fact

At singular pointspeX rank yFleftpright ndimleftxright
c

Corollary The set of singular points on X is a proper

subvariety defined by the polynomials in
Ileftxright and the CXC minors of ymathcalF

Definition The tangent space at a smooth point pinX is

TpXkerpartialmathcalFleftprightsubseteqKn
independent of choice of FdimleftTpXrightdimleftXright



















































Z

Example

Ileftxrightleftlangley2x2leftx1rightrightrangle

yleft2xleftx1rightx22yright
y2x2leftx1right0

X



















































2

Example

Ileftxrightleftlangley2x2leftx1rightrightrangle

yleft2xleftx1rightx22yright
y2x2leftx1right0

X

rank leftyright0 leftxyrightinileft00rightleftfrac230right
lies on does not

lie on X

The only singularity of the curve X is the origin left00right



















































22

Example

Ileftxrightleftlangley2x2leftx1rightrightrangle

yleft2xleftx1rightx22yright
yleftleft10rightrightleftbeginmatrix10endmatrixright

y2x2leftx1right0
X

left10right
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Example

Ileftxrightleftlangley2x2leftx1rightrightrangle

yleft2xleftx1rightx22yright
yleftleft10rightrightleftbeginmatrix10endmatrixright

y2x2leftx1right0
X

left10right

Tleft10rightxkeryleftleft10rightrightleftleft0yrightyinKright



















































2Jacobiancheck Let varphiXrightarrowKm be a polynomial map
XsubseteqKn irreducible variety YvarphileftXright

For pinX partialvarphileftpright defines a linear map
mathbbRn Km

leftbeginmatrixfracpartialvarphi1partialx1fracpartialvarphi1partialx2ldotsfracpartialvarphi1partialxnvdotsvdotsvdotsfracpartialvarphimpartialx1fracpartialvarphimpartialx2ldotsfracpartialvarphimpartialxmendmatrixrightleftpright

If p is a smooth point the restriction of partialvarphileftpright onto the
tangent space TpX is the first order approximation of varphi wound p

There is a subvariety bigtriangleupleqqX sit for all pinXbackslashDelta
I is a smooth point of X

the rank of partialvarphileftprightTpX equals dim Y



















































2Jacobiancheck Let varphiXrightarrowKm be a polynomial map
XsubseteqKn irreducible variety YvarphileftXright

For pinX partialvarphileftpright defines a linear map
mathbbRn Km

leftbeginmatrixfracpartialvarphi1partialx1fracpartialvarphi1partialx2ldotsfracpartialvarphi1partialxnvdotsvdotsvdotsfracpartialvarphimpartialx1fracpartialvarphimpartialx2ldotsfracpartialvarphimpartialxmendmatrixrightleftpright

If p is a smooth point the restriction of partialvarphileftpright onto the
tangent space TpX is the first order approximation of varphi wound p

Theimageof the

linearmap Ipp is

TyapsY if q p is
asmoothpointof

Y.There

is a subvariety bigtriangleupleqqX sit for all pinXbackslashDelta
I is a smooth point of X

the rank of partialvarphileftprightTpX equals dim Y

dpvarphi



















































2Example
TpX

left11rightp
leftlangle00rightrangle

Xleftleftxyrighty2x30right



















































2ExampleY
TpX

left11rightp
leftlangle00rightrangle leftxyright1leftxyxyright
Xleftleftxyrighty2x30right



















































2ExampleY
TpX

left11rightp
leftlangle00rightrangle leftxyright1leftxyxyright
Xleftleftxyrighty2x30right
f

yfleft3x22yrightpartialfleftprightleft32rightTpXlwffleftprightleftleft2t3trighttinKright
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Example
Y

TpX
left11rightp

leftlangle00rightrangle leftxyright1leftxyxyright
Xleftleftxyrighty2x30right
f

yvarphileftbeginmatrix1001YXendmatrixright
yyleftprightleftbeginmatrix100111endmatrixright has rank 2

butrestricted to TpX it

yfleft3x22yrightpartialfleftprightleft32rightTpXlwffleftprightleftleft2t3trighttinKright

has rank 1 with image Tleft111rightYIleft2t3t5tright
tinK
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How to compute the dimension of the image of varphiXrightarrowY in general

Directly study inleftvarphiright

E g for varphiLU leftleftlfloorrightrfloorrightrightarrowLcdotUinmathbbRntimesn I

show that almost every AinmathbbRntimesn has a LU decomposition

Fiber dimension theorem

Jacobian check

dimleftimleftvarphiLnrightrightn2


