
















































genericallyNowlet us consider the case of finite fibers

varphiXrightarrowY polynomial map between
irreducible varieties Yimleftvarphiright

dimleftYrightdimleftXright

Jacobian
For generic xinX the derivative dXvarphi TxXrightarrowTvarphileftxrightY
checkis bijective

X
inverseFor generic xinX

4 is invertible in

an open Euclidean
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genericallyNowlet us consider the case of finite fibers

varphiXrightarrowY polynomial map between
irreducible varieties Yimleftvarphiright

dimleftYrightdimleftXright

Jacobian
For generic xinX the derivative dXvarphi TxXrightarrowTvarphileftxrightY
checkis bijective

X
inverseFor generic xinX

4 is invertible in

an open Euclidean

neighborhood around X

function thm

X

Y
nonlinear
inverse

problemWecan exploit this to compute all points in a fiber

E g given a function coming from a neuralnetwork find all networkparameters
that yield the function
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X

Y y2y1

Imagine we know psi1lefty1right and want to compute psi1lefty2right
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X

Y y2y1

Imagine we know psi1lefty1right and want to compute psi1lefty2right

We can track each solution in varphi1lefty1right to the solutions in varphi1lefty2right



















































2

X

Y y2y1

Imagine we know psi1lefty1right and want to compute psi1lefty2right

We can track each solution in varphi1lefty1right to the solutions in varphi1lefty2right

Problem varphi is not locally invertible at pointsin the

critical lows DeltaxinXrankleftdxleftvarphirightright a dimXdimY
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X

Y
y2y1

How can we track from psi1lefty1right to psi1lefty2right
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X

Y
y2y1

How can we track from psi1lefty1right to psi1lefty2right

over the complex numbers

XbackslashDelta is not connected over mathbbR

but it is connected over
mathbbC

RightarrowdimmathbbRDeltamathbbCleqdimmathbbRXmathbbC2
XmathbbCbackslashDeltacent isconnectedReason

dimmathbbCDeltamathbbCdimmathbbCXmathbbC



















































XmathbbRleftleftxyrightinmathbbR2x2y21rightDeltaRleftleft10rightleft10rightrightExample
leftxyrightvarphi

X
downarrow

YR

XmathbbCleftleftxyrightinmathbbC2x2y21right DeltamathbbC



















































XmathbbRleftleftxyrightinmathbbR2x2y21rightDeltaRleftleft10rightleft10rightrightExample
leftxyrightvarphi

X
downarrow

YR

XmathbbCleftleftxyrightinmathbbC2x2y21right DeltamathbbCleftleft10rightleft10rightright

TleftxyrightX1kleftleftabrightinmathbbR2xayb0rightdleftxyrightvarphiK
leftabright1a

Exercise dleftxyrightvarphi is bijective iff yneq0

XmathbbCDeltacent dimmathbbRmathbbC2

dimmathbbCdimmathbbR



















































XmathbbRleftleftxyrightinmathbbR2x2y21rightDeltaRleftleft10rightleft10rightrightExample
leftxyrightvarphi

X
downarrow

YR

XmathbbCleftleftxyrightinmathbbC2x2y21right DeltamathbbCleftleft10rightleft10rightright

TleftxyrightX1kleftleftabrightinmathbbR2xayb0rightdleftxyrightvarphiK
leftabright1a

Exercise dleftxyrightvarphi is bijective iff yneq0

dimmathbbRmathbbC2
XmathbbCl2

Deltacent

dimmathbbCdimmathbbR
0

0



















































X
non real
solutions

y2y1

PaulPainlevé 19001 between2truthsoftherealdomain theeasiest shortestpath
quite oftenpassesthroughthecomplexdomainWeneed to track all complex

solutions.Thismethod is called polynomial homotopy continuation

Newton'smethod on speed



















































X
non real
solutions

y2y1

PaulPainlevé 19001 between2truthsoftherealdomain theeasiest shortestpath
quite oftenpassesthroughthecomplexdomain

Weneed to track all complex

solutions.Thismethod is called polynomial homotopy continuation

Newton'smethod on speed

Strategy computevarphi1lefty1right for one y1 somehow

compute psi1lefty2rightquickly for many y2
using homotopy continuation



















































X
non real
solutions

y2y1

PaulPainlevé 19001 between2truthsoftherealdomain theeasiest shortestpath
quite oftenpassesthroughthecomplexdomain

Weneed to track all complex

solutions.Thismethod is called polynomial homotopy continuation

Newton'smethod on speed

Strategy computevarphi1lefty1right for one y1 somehowExercise completethe3272104

40 16
57 11 1

10 27 13times4times2 tensor
724O

compute psi1lefty2rightquickly for many y2
using homotopy continuationto a rank 2 tensor using



















































How to solve the start system varphi1lefty1right

Grobner basis classical symbolic

methodcanbe very computationally expensive

Monodomy might not find all solutions

Take any other start system that has at least as many solutions
as the fibers of y

homotopy continuation can track between seemingly
differentpolynomial

systems

can pick a start system for

you.oftenpicks a start system with way too many solutions
need to track many paths
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Polynomial Homotopy Continuation More
FormalLet

Xleftx1ldotsxnright pleftp1ldotspkright 1nwarrow

parametersvariables
mathcalFleftf1leftXprightldotsfnleftXprightrightsubseteqmathbbCleftx1ldotsxnp1ldotspkright

parametrized family of square polynomial
systems.Example

Computing generically finite fibers of polynomial maps

XleftleftxyrightinmathbbC2x2y21right
X parameter k1

y variable leftn1right

f1x2y21

leftxyrightvarphi

X llbracket
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FormalLet

Xleftx1ldotsxnright pleftp1ldotspkright 1nwarrow

parametersvariables
mathcalFleftf1leftXprightldotsfnleftXprightrightsubseteqmathbbCleftx1ldotsxnp1ldotspkright

parametrized family of square polynomial

systems.Definition

KxrhoinmathbbCk
zinmathbbCn is a regular zero of F at p

it1f1leftzprightldotsfnleftzpright0
2

detleftbeginmatrixfracpartialf1partialx1ldotsfracpartialf1partialxnvdotsvdotsfracpartialfnpartialxnldotsfracpartialfnpartialxnendmatrixrightleftz1Rrightneq0



lExampleComputing generically finite fibers of polynomial maps
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X parameter k1
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X llbracket

y is
a regular zero at x if x2y21

0neqleftfracpartialf1partialyrightleft2yright



Example Computing generically finite fibers of polynomial maps

XleftleftxyrightinmathbbC2x2y21right
X parameter k1

y variable leftn1right

f1x2y21

leftxyrightvarphi

X llbracket

y is
a regular zero at x if x2y21

0neqleftfracpartialf1partialyrightleft2yright
The only non regular solutions are y0 at xpm1



variables n2

parameter k1

1Examplef1leftxyprightleftx1rightcdotleftx2rightcdotleftx2y21right
f2leftxyprightlefty1rightcdotleftyprightcdotleftx2y21right

has solutions
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parameter k1

1Examplef1leftxyprightleftx1rightcdotleftx2rightcdotleftx2y21right
f2leftxyprightlefty1rightcdotleftyprightcdotleftx2y21right

y
f0has solutions spddot

11 1 X
2

Exercise a solutions on the circle leftx2y21right are never regular

left1pright is not regular for p0
left2pright is not regular for ppmsqrt3

b no regular zeros for p1
c 3 regular zeros for p0 or ppmsqrt3
d 4 regular zeros for pnotinleft01pmsqrt3right



lPolynomialHomotopy Continuation More
FormalLet

Xleftx1ldotsxnright pleftp1ldotspkright 1
backslash

parametersvariables
mathcalFleftf1leftXprightldotsfnleftXprightrightsubseteqmathbbCleftx1ldotsxnp1ldotspkright

parametrized family of square polynomial
systems.For

pinmathbbCk let Nleftpright be the number of regular zeros of F at p

Nsup_pinmathbbCkNleftpright
Parameter Continuation Theorem Ninfty

there is a proper algebraic subvariety DeltansubseteqmathbbCk such that

NleftprightN for all pnotinDelta discriminant



Example Computing generically finite fibers of polynomial maps
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lPolynomialHomotopy Continuation More
FormalLet

Xleftx1ldotsxnright pleftp1ldotspkright 1nwarrow

parametersvariables
mathcalFleftf1leftXprightldotsfnleftXprightrightsubseteqmathbbCleftx1ldotsxnp1ldotspkright

parametrized family of square polynomial
systems.piecewisesmooth path
gammalefttright in mathbbCk with
gammaleft1rightq gammaleft0rightp

pinmathbbCk fixed

mathcalFleftXpright0
targetsystem we wishtosolve

qinmathbbCk Δ fixed

mathcalFleftXqright0
startsystemwithknown zeros

regularzero

nonregular

zerotrackzeros of Fleftxqright0 to Fleftxpright0 along the

homotopy HleftxtrightmathcalFleftxylefttrightright
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zero of
start system

mathcalFleftzqright0
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n th Jacobian matrix

must stay invertible



lTrackinguse

numerical algorithms to solve

ordinary differential equation ODE initial value problem

leftfracddxHleftxtrightrightfracdxdtfracddtHleftxtright0 l Xleft1rightz

zero of
start system

mathcalFleftzqright0

n th Jacobian matrix

must stay
invertiblegeometrically

path gammalefttright must stay away from discriminant bigtriangleup

irecallmathbbCkbackslashA is connected
mathbbC
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parametrized family of square solynomial systems

gammamleftorightp
Nsup_pinmathbbCkNleftpright

Fix qinmathbbCkbackslashDeltapinmathbbCk

For minmathbbCk define piecewise liner path

gammamleftfrac12rightm

gammamleft1rightq

gammamlefttrightintleft2t1rightq2left1trightm 1 if frac12 etel

2mleft12trightp if 0tleqfrac12
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lPolynomialHomotopy Continuation More
FormalLet

Xleftx1ldotsxnright pleftp1ldotspkright 1nwarrow

parametersvariables
mathcalFleftf1leftXprightldotsfnleftXprightrightsubseteqmathbbCleftx1ldotsxnp1ldotspkright

parametrized family of square solynomial systems

gammamleftorightp
Nsup_pinmathbbCkNleftpright gammamleftfrac12rightm

Fix qinmathbbCkbackslashDeltapinmathbbCk
gammamleft1rightq

Theorem For almost all minmathbbCk solution
paths

The homotopy HmleftxtrightmathcalFleftxgammamlefttrightright defines N smooth

curves xlefttright satisfying Hmleftxlefttrightxright0 for 0tleq1
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FormalLet

Xleftx1ldotsxnright pleftp1ldotspkright 1nwarrow

parametersvariables
mathcalFleftf1leftXprightldotsfnleftXprightrightsubseteqmathbbCleftx1ldotsxnp1ldotspkright

parametrized family of square solynomial systems

gammamleftorightp

Nsup_pinmathbbCkNleftpright gammamleftfrac12rightm

gammamleft1rightqFix qinmathbbCkbackslashDeltapinmathbbCk

Theorem For almost all minmathbbCk
As trightarrow0 I the limits of the N solutionpaths include all

regular solutions of mathcalFleftxpright0
If pnotinDelta every solutionpath converges to

a regular zero of Fleftxpright
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How to solve a square system without parameters

Xleftx1ldotsxnrightf1leftXright0vdots
fnleftXright0

linearly interpolate between

start system mathcalFleftx1right target system FleftX0right

x1dogleftf1right10vdotsxndogleftfnright10

I will see next lecture this start systemhas at least as

many zeros as targetsystem is outside of the discriminan
of the interpolating family



2CautionNumerical

computations are not exet can produce errors

However there are ways to certify the solutions of polynomial
homotopy continuation

computerproof
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e.g start system with 6000 zeros target systemwith 8 zeros



2Another
IssueIf

the start system has many solutions trackingmay becomeveryinefficient

e.g start system with 6000 zeros target systemwith 8 zeros

solution 2
solution 1

choosea better

starting system
see next lecture

monodromy



2Monodromysolution

variety in
mathbbCn

mathbbCk
parameter

space



2Monodromy
Find one solution X for

some parameter p

e.g this is easy if we want

to compute fibers of mapsvarphiXrightarrowY
choose a random xinX and set

pvarphileftxright
solution
variety in

mathbbCn

X

mathbbCk
parameter

space
p
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applies for instance
tomaps varphi XrightarrowY
betweenirreducible
varitieswithgenerica
finitefibersMonodromy

If the variety leftleftxprightinmathbbCntimesmathbbCkmathcalFleftxpright0right is
irreducible then

For almost all pinmathbbCk monodromy finds in theory
all solutions x such that Fleftxpright0

often more computationally intensive
than finding the solutions

In practice one can use the trace test to verify that all
solutions have been found

One can certify the solutions found by monodomy also against

duplicates which yields a lower bound on Nleftpright
number ofsolutionswewill learn some

upperbounds in the next lecture


