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Nonlinear Algebra & Computer Vision




Linear algebra

All undergraduate students learn about Gaussian elimination, a general method for solving
linear systems of algebraic equations:

AP X+2y+3z=5
X Iyl 37 =T
19x + 23y + 29z = 31

X = -35/18
y = 2/9
2= 13/6

Solving very large linear systems is central to applied mathematics.




Nonlinear algebra

Lucky students also learn about Grobner bases, a general method for non-linear systems
of algebraic equations:

Input: X2+ y2+72=2
X*+y3+2°=3
X4+y4+z4:4

Output: 3212 - 12219 -122° + 1228 + 7227 - 662° - 12Z2* + 1223 -1 =0

4y? + (362z't + 5420 - 692° - 25278 - 216z’ + 5732° + 722°
-122%-99z23 + 10z + 3) y + 362! + 482'° - 722°
-23428 - 19277 + 5642z° - 482> + 9624 -96z23 + 1022+ 8 =0

4x + 4y + 362! + 54210 - 692° - 2522°% - 21627’
+5732° + 722° - 122*-992°+ 102+ 3 =0

This is very hard for large systems, but . . .




The world I1s non-linear!

Many models in the sciences and engineering are characterized by polynomial equations.
Such a set is an algebraic variety.

Algebraic statistics
Machine learning
Optimization
Computer vision
Robotics
Complexity theory
Cryptography
2][e][e]s)Y,
Economics




Nonlinear Algebra N

Discrete Geometry

Convex Geometry

Algebraic Topology
" Multilinear Algebra Representation Theory
-
[

Number Theory .
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Proposition 3.27 Let ¥ be a family of polynomial systems with k parameters. Let N > 2
and A be as in Theorem 3.18. Given q € CK\A and p € C*, for almost all choices of

Pmid € Ck, the piecewise linear path

(2t - Dq+2(1 = )pmia if 3
y() = 5 .
Pmid + (1 = 21)p if 0

satisfies:

(a) y((0,1]) N A = 0.

N~
IAN A

[ [N
S -

(b) The homotopy H(x,t) := F(x;vy(t)) defines N smooth curves x(t) with the property

that H(x(t),t) = 0 for O < t < 1. These curves are called solution paths.
(c) As t — 0, the limits of the solution paths include all regular solutions of F (x; p) = 0.
(d) If moreover y(0) & A, then every solution path X(t) converges fort — 0 to a regular

zero of F(X; p).
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