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Inga hjalpmedel dr tillatna. 15 podng eller mer (med eventuella bonuspodng)
garanterar godkant betyg. Motivera dina svar noggrant. Problemen dr INTE ord-
nade i svarighetsgrad.

(1) Antag att du har tre lador numrerade 1, 2 och 3, som ska malas. Lat n vara
ett positivt heltal och lat X,, vara méngden av séitt att mala de tre ladorna
om du har n farger att vilja mellan, och tva lador tillats ha samma farg.

(a) Berdkna |Xo| och |X4|. 1p.
(b) Hitta en formel for | X, | for alla n. 2 p.
Den symmetriska gruppen Ss verkar pa X, genom att numrera om ladorna.
(¢) Berdkna antalet banor for denna gruppverkan nir n = 4. 1p.
(d) Hitta en formel for antalet banor for alla n. 2 p.

(2) Betrakta foljande 5-tuplar av heltal.
e (3,3,3,1,2)
o (4,4,4,3.2)
o (4,44272)
e (2,22272)
(a) For var och en av dem avgor huruvida det existerar en graf med fem
noder och grader som i den givna tupeln. Om ja, ge ett exempel; om
nej, motivera ditt svar. 2 p.
(b) For varje 5-tupel sa att en sadan graf existerar, avgor huruvida grafen
har ett Eulerspar. Om ja, ge ett exempel; om nej, motivera ditt svar.

2 p.
(3) (a) Visa att grupperna Z/2 x Z/2 och Z/4 inte &r isomorfa. 2 p.
(b) Visa mer allmént att for varje heltal n > 2 dr grupperna Z/n X Z/n
och Z/n? inte isomorfa. 2 p.

(4) Betrakta summan 0% + 1% + 22 + ... + n%

(a) Beridkna virdet av summan modulo 7 fér n =0,1,...,6. 3 p.
(b) Visa att virdet av summan modulo 7 enbart beror pa virdet av n
modulo 7. 3 p.

(5) Betrakta foljande m x n checkmatris (d.v.s. matris med koefficienter i Z/2):
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(a) Hitta alla element i motsvarande kod (d.v.s. kirnan till H, Ker H). 2
p.
(b) Betrakta kodens langd, dimension och minimumavstand.
2 p.
(¢) Antag att meddelandet z = 111010 endast har ett fel. Rétta felet i z.
2 p.
1



(6) (a) Hitta alla rétterna till polynomet % + 423 + 22 + 41 (Z/5)[x]. 2 p.
(b) Faktorisera polynomet x*+4x®+22+41 (Z/5)[x] i irreducibla faktorer.
2 p.



1. ENGLISH VERSION

This is the exam of the previous page translated into English. If there should be
any difference please refer to the Swedish version.

No aids are allowed. A score of 15 or more (eventually counting bonus points) is
guaranteed a passing grade. Carefully motivate your solutions. The problems are
NOT in order of difficulty.

(1) Suppose you have 3 boxes (labeled with the numbers 1, 2 and 3) that must
be painted. Let n a positive integer and let X,, be the set of all the possible
way to paint the 3 boxes if there are n colors available (two boxes can be
painted with the same color).

(a) Compute |X3| and |X4|. 1 p.
(b) Find a formula for | X,,| for any n. 2 p.
The symmetric group S3 acts on X, by interchanging the labels of the
boxes.

(¢) Compute the number of orbits of the action when n = 4. 1p.
(d) Find a formula computing the number of orbits for every n. 2 p.

(2) Consider the following 5-tuples of numbers.

e (3,3,3,1,2)

o (4,4432)

o (4,44272)

e (2,22272)
(a) For each one of them determine if there is a graph with 5 vertices
having the given 5-tuple as degree table. If yes, provide an example;
if no, justify your answer. 2 p.
(b) For each 5-tuple such that a graph exists, determine if it admits an
Eulerspar (what the book calls an Euler path). If yes, provide an

example; if no, justify your answer. 2 p.

(3) (a) Show that the group Z/2 x Z/2 is not isomorphic to Z/4. 2 p.
(b) More generally show that for every integer n > 2 the group Z/nxZ/n

is not isomorphic to Z/n?. 2 p.

(4) Consider the sum 02 4 12 422 4 ... 4 n?.

(a) Compute the value of this sum modulo 7 for n =0,1,...,6. 3 p.
(b) Show that the value of this sum modulo 7 depends only on the value
of n modulo 7. 3 p.

(5) Consider the following m x n check matrix (i.e. a matrix with coefficients
in Z/2):

01 0101
H=101 1110
1 01 1 01

(a) Find all the elements in the corresponding code (i.e. the kernel of H,

Ker H). 2 p.
(b) Compute the length, dimension and minimum distance of the code.
2 p.

(¢) Suppose that the message z = 111010 has only one error. Correct z.
2 p.



(6) (a) Find all roots of the polynomial z* + 42® + 2% + 4 in (Z/5)[z]. 2 p.
(b) Factor the polynomial z* + 423 + 22 + 4 in (Z/5)[z] into irreducible
factors. 2 p.



