











































































































MM 7022 Logic II HT 2021

fram 2021 12 15

stationss



1 Sumeny 15,1 2 151 Yo 15,1 24 Isak 2

so 151 191 1541 1531

ITIS sat S fiaeasingfuns fitta
We know IN 1 2
since a g N SPIN NY EP A E 2

But we can give a bijection 1N 5 as follows

forarbitrary fisk
define an increasing

facklan xlfl.NU

byitssequenceAsums x f n Iff n

frånreasig gikt N
define Alg N NI as itssequenceof differences

Alg o sglol
Alg n slut glatt far a 0

So IIs IN f 2
SildecareasigfunctionEN Nlb IsafAb

S sist is clear sincewecangive an injection

NAS by e g sending not
to theconstant

functionwithvaken



To show 151s ute that we canencode any
decreasing functionfas afimkseg.it på of
naturals whose ith element is the ith distinct

value f takes togetherwiththe minimalinput on
which f takes thatvalley
eg.it t is the function ftp
it would be codedas 10,3 3,1 14,0

Thefact f is decreasing ensures this sequence
is fint

f can dearly be recovered from it

se this coding gives
an injection sp NAMNEN

and me know 1N 4

e 1St 212 S NB

2M ENN E D N xD E P R ERR
so NY 12111 212

Call 1541 2 sy increasing f R N3

ta 2 skyl inte we can give an injection Rosy

by eg sending not to f g 10 gör
1 y sa



conversely for 14132
first inte thatfor any fitt N increasing

the inverse image f n of any ned
mentbean

interval sina if myof_ n and nasty
then no flats flatsfly sa so zef.lu

Sg ang
such f can beencodedbygivingthesequence

of endpointofthose intervals togetherwiththevalues
at there endpoints

that thoseintervalsmay ii

beinfinite

as eg a sequence MpN Rosso 0,17

as illustrated plut inffa flat al
Melulå I if fluflula n

o otherwise

where we take aif R o if f so
This gives an injection

Syns ofta do ERE YE2 2N

and so showy 154152



2 Carl We willshowthat Baris lenna Chick isequivalent
to AC over 2F implies theorderextension

principle

tet X s be a partialoder Take P to

be the paret of partial orderings on X extending

ordered by
inclusion

We claim
i p is chain complete

ti any
maximalelementof P is a totalorder

Together these
willgive a totalorderingextending s

as desired by i andZon'sdenna P has some

maximalelement by ii it matbetotal

Proofof dawn lit If CSP is a chain

then se VC is a partialorder extending s

Certainly contains s hence isreflexive

is transitive since if a toy se 2
that means n s y 522 for some

ta in C Who9 Sky sinceCis a
Chain so nSay 527 so n szz and so

k te Z j



y
andantisymmetry is similar to transitivity

so se gives a least upperbond forC in P

Proof of claim ii Suppose SI e P isuttalati we will show it is ut maximal niP

Since I is not total there are some ex ut

att 6Ha Define s to be

I u n
g I as a b

Clearly s contains s isreflexive

Transitivity if us g s 2
there are farpossibilities

K 5 y 5 t

usla 6s y s Z

K y sla 6 I
z

n så 6s y sla
6312

The first three each inply n s a Thefourth

cannot occur since it would imply 6 sa but we
chore a b suchthat bfa
Finally antisymmetry If ses y andys

n



then again we have four possibilities as above

se 5 y 5 n

usla 6s y s n

k o y sla 6s
n

n så 6s y sla
b 3 n

Now all of the last 3 imply 6 så so cannot

occur Se onlythefirst care ispossible which

implies nog
Se is a partial orderextending s

and indeed strictlyextending s

since as 6 but a 6

so s shows that s Isadmanualin P

so we're done

b The order extensionprinciple implies
thatevery

set admits some totalordning
såna it carries the

discrete partialorder which can thenbe

extended to some totalorder



Sogiven a familyof nonemptyfinite sets Dies
we may

take some totalorder som the union fyi
Now sinceany

finite me subsetof a totalorder has

a unique minimal
element we getthe function

i min XD

giving advice function for the original family



3 a Given consistent T over has in thequestion

we burn by completeness
T has somemodel M

If M is finite then 1MKR46
1141 sowe'redone

Otherwise M is infinite so by downward ES has

some elementary
substructure N M with IN1 still

So N is a model AT of size tmall.HU
as required

b Take T tobethetheoryof a totalorderwith no

maximalelement Then T isfinite 141 46

2T has no finitemodel so every
modelisof size

3 mex th ULD

e Take L tobetheemptylanguage
Thu they nyny

Then mex ATHALIAHulkko but any
model AT is

A size s 1
a Ye any

consistent infinite T has somemodelAsige

ET Prog GivensuchT det LIEL bethe
sub

language specifiedbyjust the symbolsappearing int



Thesetof suchsymbols is at size sT sinceeach

fountain T containonly fin manysymbols T isinfinite

so 11 lilla KTH Now let T be T lived as a

theoryover t By a T has some model M

A size smax Att Hill till But now

we can expand M to an b structure N by

picking some arbitrary
interpretation for the symbols

of L that are not in L then N is a

model ett A sige ATA as desired



4 a Predecessor satifies

p o o

p slulon

I is thefunction specifiedbythesimplerecursivedefy
plo gl
plats hlnplus

where g.HN is theconstant0

hit N is theprojection klayton
So it is a primitiv recursive function

b Similarly monas satisfies me o m

m Su p min

so is the function f NAN specifiedby the

parametrised recursivedet fem g m

f m subtilm n fluga
where gilla Whyy a p a Nowg is a

projectionfunction
h isthe composite ofpanth

the 3rdprojection NhsN So g klare recursive

so monus is recursive



S As described in the question if 2FC is consistent

then it has some countable model callthis M a

Note that the relation ärneed not be actual set
membership it is justsome binaryrelationenM
Since ME Zfc we knowthat M thereexists some

uncountableset

that is thee is some a cM suchthat

M a is uncountable

However thisdoesnt meanthat fromI nära is

uncountable It means thatM there is no sujection was a

i e there is no foM suchthat
ME fisa smjetion was

a

Even if en is e wth w andallettof a are inM

jut means that Mdenttain any injection was a

S a may
be countable sucksmjetiamay exist_

theyjust cannot lie in M

µ



6 a To slow T is consistent it suffices

bythe
compactness tha to showthatevery

finite subset I ST is consistent

But given such Tl take

N men ueN I sä ET

and observethat taking the standardmodel IN

A PA with a interpreted as N gives a modet

att
So every such T is consistent so T is

consistent has somemodel M But now

M Corto bepedantic its redet to La is a

non standardmodel of PA sime foreach noN

T t e A since Tt e

PA Amy n SHINY
so MM EN



6 Again me are compactness

Given X P let I be thetheory

again in ta plus
one new constantsymbol c

PA plo I pox o lite I pot
Anyfinite T s Tx is contained in

PA v9 i t l p ex Ju Lite I p ex

for some fete disjointsets A primes N x

and so is modelledby N
with a interpreted

as TL
pex

I P
So by compactness I

has some model the defn AT ensures
that

prime

in
any

suchmedel the standarddivisors

A Ge are precisely X

I



I rely

Finally by
downward Löwallenin

Sholem some Kaltio theremustexist

some countably such model

e For any
model M A PA

write An XP I there is some all
whorestandardised

are precisely x

If MIMI then f Amt so we can

speak of Any for any
is classA models

Moreoren if M is a
countable model

Ar is certainly countable
Pat 6 tells us that

PA U Aµ
Man iso dass
rattlemodelsofPA



if there were only countablymany is dasset
A other models of PA RED wouldbe a

other union of etta sets and hencewouldbe

countable But IP f Glo so PCR is uncountable

So there must be ancountablymany
is

classes of countable models of PA


