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1 We solve the homogeneous equation first:
M—TA+12=0= N\ =3,4

= Yhom = C1€°% + coet®.

Particular solution to the non-homogeneous equation can be found in the form
yp = (ax + b)e”.
Substitution into the original equation gives:
2ae” + (az + b)e® — 7(ac® + (ax + b)e®) + 12(ax + b)e” = 6we’.
Comparing the coefficients in front of ze® and e* we get the linear system:

{a—7a+12a=6, a—1b=1.

2a4+b—T7a—T7b+12b=0

The general solution to the differential equation is
y=(z+1)e" + cr1e*® + cpe3®.
To satisfy the initial conditions we need to choose ¢; and ca:

{1+cl+cQ:0 = 21,

1+1+3Cl+462 :O
Summing up the solution is
y = (x4 1)et — 2% — 23" + 17,
2 Assume that the solution is given by the power series: y = Y - axz”. Then we have:

y=ao+arx+ax®+...,
Yy = aj + 200 + 3asz> + ...,
y" = 2as + 6azzx + . ..

Substitution into the differential equation gives:
z? <2a2+6a3:p+. .. ) Jr:v(al +2a2z+3a3z3+. .. > — (a0+a1:17+a2x2+. . ) =+t +a+. ..

We check coefficients in front of different powers of x:

2V —ag=0 = ay=0
x! a1 —a; =0 = ap — arbitrary
22: 2a9 4 2a3 —as =0 = a2=0
23: 6asg+3as—as=0 = a3=3

¥ k(k—1Day +kap —ap =0 = ak:ﬁ,k:3,4,5,...

We get the following general solution:

=1
y(x) = ax + kz_g ﬁxk7

where « is an arbitrary constant.



3 The matrix
1 3
2 4

has eigenvalues —1 and 6 with the eigenvectors ( _52 ) and ( } ), respectively. General

solution to the linear system is given by

The solution satisfying the initial conditions is

(3)e

The system is unstable since one of the eigenvalues is positive (A = 6).

4 The equilibrium points must satisfy

—r+ %siny =0
—r—5y=0
implying in particular that siny = —10y = y = 0. Then « is calculated from any of the

equations x = 0.
There is just one critical point (0, 0).

The linearised system near this point is

Y = —x -5y
The eigenvalues are
7
)\1’2 = _3 Zt 5

and both are negative, hence the system is stable near this critical point.

The Lyapunov function can be taken in the form: L(z,y) = 22+by? > 0, (x,y) # (0,0),b > 0.
Really we have

1
L,z + Lyy =2x(—z + §y) + 2y(—z — by) = —22° 4+ zy — 2bxy — 10by>.

Choosing b = 1/2 we get:

L:C"LJ + Lyy/ = _2I2 - 5y2 < Oa (xay) # (070)

5 The operator is symmetric:

< Lu,v> = /Oﬂ(—u")vdx = —u'(z)v(x)|F_g + w(z)V' (z)|T_g + /OTF u(—v")dz
= —u/(m)v(r) +u/(0) v(0) +u(m) v'(7) — u(0) v (0)+ < u, Lv >,
iy N ney

since u, v belong to the domain and satisfy the boundary condiitions.

The eigenfunctions are solution to the equation y”” = Ay, X = k2. Every solution is of the
form
y = asinkx + bcoskx.

Checking boundary condition at z = 0 we conclude that

y = asinkzx.



The boundary condition at x = 7 gives

sinkr=0=k=n, n=12,....

2
Hence the eigenvalues and the eigenfunctions are A\, = (n) s Yp = apsinnx, n=1,2,3,...

The normalisation constants a,, are calculated from

(an)~2 = /Oﬂ (Sinn:z:>2dx = 1/2= ap = \/Z

We get the following eigenfunction expansion:

flz) = i cnfsinnx, Cp = /7T f(m)\/gsinnxdx,
n=0 g 0 m

which is nothing else than the standard sine Fourier transform.



