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(1) (a) [1 pt] Show that the collection B = {(a,∞) ⊂ R : a ∈ R} is a basis for
a topology T on R.

(b) [1 pt] What are the closed sets in T ?
(c) [1 pt] What are the limit points of the set (0, 1) with respect to T ?
(d) [1 pt] What are the path connected components of R with respect to T ?
(e) [1 pt] Determine if any of the sets { 1n : n ∈ N} and { 1n : n ∈ N} ∪ {0}

are compact with respect to T .

(2) Let X be a topological space and define ∆ : X → X ×X by ∆(x) = (x, x).
(a) [2 pts] Show that ∆ is continuous and then that it is an embedding.
(b) [3 pts] Show that ∆(X) is closed if and only if X is Hausdorff.

(Note that this is a standard result, but you need to prove it and cannot
just refer to a text book.)

(3) (a) [3 pt] Consider the cylinder Sn × I and define f : Sn × I → Bn+1
by

(x, t) 7→ tx. Show that f is a quotient map for all n ≥ 0.
(b) [2 pt] Show that the quotient map Rn+1 \{0} → (Rn+1 \{0})/ ∼, where

x ∼ y if x = λy for some non-zero λ ∈ R, is not a covering map for any
n ≥ 0.

(4) [5 pts] Let G be a connected topological group with neutral element e and
f : R→ G a continuous group homomorphism. For every n ∈ Z let αn : I → G
be the path αn(t) = f(nt). Prove that if Z ⊂ f−1(e), the map Z → π1(G, e)
defined by n 7→ [αn], is a group homomorphism.

(5) [5 pts] Compute the fundamental group of the complement of n points on S2
for all n ≥ 1.

(6) [5 pts] Prove the following theorems:

Theorem 1. (Homotopy Classification of Loops in S1) Two loops in S1 based
at the same point are path-homotopic if and only if they have the same winding
number.

Theorem 2. (Fundamental Group of the Circle) The group π1(S1, 1) is an
infinite cyclic group generated by the loop ω : I → S1 defined by ω(s) = e2πis.
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