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THE RIEMANN-STIELTJES INTEGRAL

The present chapter is based on a definition of the Riemann integral which
depends very explicitly on the order structure of the real line. Accordingly,
we begin by discussing integration of real-valued functions on intervals. Ex-
tensions to complex- and vector-valued functions on intervals follow in later
sections. Integration over sets other than intervals is discussed in Chaps. 10

and 11.

DEFINITION AND EXISTENCE OF THE INTEGRAL

6.1 Definition Let [a, b] be a given interval. By a partition P of [a, b] we
me

n a finite set of points x,, X, ..., X,, where

a=XgSX <" <Xy <Xx,=b.
We write

Ax,=x,—xi_1 (i=1,...,n).



Now suppose f is a bounded real function defined on [a, b]. Corresponding to
each partition P of [a, b] we put

M, = sup f(x) (xi-1 < x < Xxy),

s o~ reoN £ - . e s\
m; =10l j{(x) Ki-1 S X = Xy),

UP.f) = 3 M A,

L(P’f) =i=ilmi Axi’
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M [ fax=infU(p,p),
a
b
) [ fax=supL(P,p),
va
where the inf and the sup are taken over all partitions P of [a, b]. The left
members of (1) and (2) are called the upper and lower Rtemann mtegrals of f

over [a, b], respectively.

If the upper and lower integrals are equal, we say that f is Riemann-
integrable on [a, b], we write fe & (that is, # denotes the set of Riemann-
integrable functions), and we denote the common value of (1) and (2) by

b
3 J fdx,
a
or by
b
(4) [ reyax.
a
This is the Riemann integral of f over [a, b]. Since f is bounded, there

Hence, for every P,

so that the numbers L(P, f) and U(P,f) form a bounded set. This shows that
the upper and lower integrals are defined for every bounded function f. The
question of their equality, and hence the question of the integrability of f, is a
more delicate one. Instead of investigating it separately for the Riemann integral,
we shall immediately consider a more general situation.



6.2 Definition Let o be a monotonically increasing function on [a, b] (since
a(a) and a(b) are finite, it follows that o is bounded on [a, b]). Corresponding to
each partition P of [a, b], we write

It is clear that Ax; >0. For any real function f which is bounded on [a, b]
we put

where M;, m; have the same meaning as in Definition 6.1, and we define

il

%) fdo = inf U(P, £, o),
“b

(6) Ja waa = sup “‘(‘pu’ a)’

the inf and sup again being taken over all partitions.
If the left members of (5) and (6) are equal, we denote their common
value by

™ (" 1 do

va

or sometimes by

b
@®) fa f(x) da(x).

This is the Riemann-Stieltjes integral (or simply the Stieltjes integral) of
f with respect to «, over [a, b).

If (7) exists, i.e., if (5) and (6) are equal, we say that f is integrable with
respect to «, in the Riemann sense, and write f'e #(«).

By taking a(x) = x, the Riemann integral is seen to be a special case of
the Riemann-Stieltjes integral. Let us mention explicitly, however, that in the
general case a need not even be continuous.

A few words should be said about the notation. We prefer (7) to (8), since
the letter x which appears in (8) adds nothing to the content of (7). It is im-
material which letter we use to represent the so-called ‘‘variable of integration.”
For instance, (8) is the same as

[ 10 da.



The integral depends on f, a, a and b, but not on the variable of integration,
which may as well be omitted.

The role played by the variable of integration is quite analogous to that
of the index of summation: The two symbols

n
pNT Y. G
i=1 k=1
mean the same thing, since each means ¢, + ¢, + *** +¢,.
Of course, no harm is done by inserting the variable of integration, and

in many cases it is actually convenient to do so.

We shall now mveehoatp the existence of the oral (7\ Without sayi -p_g

so every time, f will be assumed real and bounded, and o monotomcally increas-
ing on [a, b]; and, when there can be no misunderstanding, we shall write f in

place of f:.

6.3 Definition We gav that the pnrhhnn DP* s a raﬁnonaont of P if p*

Gy wvaa VAVANSAR

(that is, if every point of P is a point of P*). Given two partitions, P, and P,,
we say that P* is their common refinement if P* =P, U P,.

P

6.4 Theorem If P* is a refinement of P, then
©) L(P, f, ©) < L(P*, f, &)

(10) U(P*, f, o) < U(P, f, %).

Proof To prove (9), suppose first that P* contains just one point more
than P. Let this extra point be x*, and suppose x;.; < x* < x;, where
x;-, and x; are two consecutive points of P. Put

= inf f(x) (xj-1 < x < x*),
w, =inf f(x) (x*<x<x).
Clearly w, > m; and w, > m;, where, as before,
m; = inf f(x) (x;-1 < x < x)).
Hence
L(P*, f, &) — L(P, f, &)

= wy [o(x*) — a(x;-1)] + walalx;) — a(x*)] — m;[a(x;) — a(x;-4)]
= (w; — mp[a(x*) — a(x;-,)] + (W, — m)[a(x;) — a(x*)] = 0.

If P* contains k points more than P, we repeat this reasoning k
times, and arrive at (9). The proof of (10) is analogous.



b =b
6.5 Theorem f fda sf fda.

Proof Let P* be the common refinement of two partitions P, and P, .

2 a0 san

™. & A
.Dy 1 11VVUl i1l V.1,

L(P,, f, @) < L(P*, f. @) < U(P*, f, &) < U(P,, £, ®).

Hence
an L(Py, f, o) S U(P,, f, ®).

If P, is fixed and the sup is taken over all P, (1 es
(12) [faus v, 0.

The theorem follows by taking the inf over all P, in (12).

6.6 Theorem fe Z(x) on [a,b] if and only if for every € >0 there exists a
partition P such that
(13) UP,f,a) — L(P, f, o) < &.

Proof For every P we have

'~<——.|

U(P, f, a).

N\ v

L(P,f,0) <

5u3 7

A}

[ fdo <
J
Thus (13) implies

Osffdoc— ffdoc<s.
Hence, if (13) can be satisfied for every ¢ > 0, we have
[fda=[faa,

that is, fe Z(x).

Conversely, suppose fe€ Z(«), and let ¢ > 0 be given.

exist partitions P, and P, such that

(14) Uy S, ) - [ fau <5,

(15) [ fdo— 1P, £, ) <§.

Then there
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We choose P to be the common refinement of P, and P,. Then Theorem
6.4, together with (14) and (15), shows that

UP,f,8) S UPy, f,0) < [ fdu+ = <L(Py.f,@) + e < L(P.f, o) + 5,

so that (13) holds for this partition P.

Theorem 6.6 furnishes a convenient criterion for integrability. Before we
apply it, we state some closely related facts.

6.7 Theorem
(@ If (13) holds for some P and some ¢, then (13) holds (with the same )

for every refinement of P.
(b) If (13) holds for P ={x,, ..., X,} and if s;, t; are arbitrary points in
[Xi-1, x;], then
-; |fis) —f(t)]| Aa; <e.
(o) If fe R(x) and the hypotheses of (b) hold, then
n b
Y S) oy~ [ f o

Proof Theorem 6.4 implies (a). Under the assumptions made in (b),
both f(s;) and £(¢,) lie in [m;, M,], so that |f(s;) — f(¢)| < M;—m;. Thus

<eé.

3 1) = f0)] Ay < U, £, ) = L(P. .,

which proves (b). The obvious inequalities

L(Pa.fa a) < Zf(tl) Aai < U(P,f;d)

L(P,f, o) < | fdou < U(P, f, o)

and
prove (¢).

6.8 Theorem If f is continuous on [a, b] then f € #(«) on [a, b].
Proof Let e > 0 be given. Choose n > 0 so that
[o(b) — a(a)n < e.

Since f is uniformly continuous on [a, b] (Theorem 4.19), there exists a
6 > 0 such that

(16) ) —f@O)] <n
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if x€[a, b], te[a, b), and |x —t] <.
If P is any partition of [a, b] such that Ax; < é for all i, then (16)
implies that
¥ M—m;<n (i-1,...,n)

and therefore
U, f, o) — L(P, f, ) =‘ZI(M i —m;) A,

< n;;:lAai = nla®) — a(@)] <.

6.9 Theorem If f is monotonic on [a, b], and if « is continuous on [a, b], then
f€ R(x). (We still assume, of course, that o is monotonic.)

Proof Let &> 0 be given. For any positive integer n, choose a partition
such that

Al By

a(b ) a(a‘
Aai =

[ =1,...,n).
- ¢ )
This is possible since a is continuous (Theorem 4.23).
We suppose that fis monotonically increasing (the proof is analogous

in the other case). Then
Mi=f(x), m=flxy) (@(=1..n),

so that

U.fo2) - LP.1,0) = X250 $ (7(x) s,

B) —
- 9‘_(_2_'11@ U®) - f@] <

if n is taken large enough. By Theorem 6.6, fe Z(«).

6.10 Theorem Suppose f is bounded on [a, b), f has only finitely many points
of discontinuity on [a, b, and o is continuous at every point at which f is discon-

tinuous. Then f € R(a).

Proof Let &> 0 be given. Put M = sup |f(x)|, let E be the set of points
at which fis discontinuous. Since E is finite and « is continuous at every
point of E, we can cover E by finitely many disjoint intervals [u;, v;] =
[a, b] such that the sum of the corresponding differences a(v;) — a(u)) is
less than &. Furthermore, we can place these intervals in such a way that
every point of E n (a, b) lies in the interior of some [4;, v;].
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Remove the segments (4;, v;) from [a, b]. The remaining set X is
compact. Hence f is uniformly continuous on K, and there exists 6 > 0
such that |f(s) —f(¢)| <eifseK, tek, |s—t| <é.

Now form a partition P = {x,, Xy, ..., x,} of [a, b], as follows:
Each u; occurs in P. Each v; occurs in P. No point of any segment (u;, v;)
occurs in P. If x;_, is not one of the u;, then Ax; < 4.

Note that M; — m; < 2M for every i, and that M, — m,; < ¢ unless
X;-1 is one of the u;. Hence, as in the proof of Theorem 6.8,

UP,f, ) — L(P, f, a) < [a(b) — a(a)]e + 2Me.

Since ¢ is arbitrary, Theorem 6.6 shows that /e Z(«).
Note: 1If fand « have a common point of discontinuity, then f need not

be in %(a). Exercise 3 shows this.

6.11

Theorem Suppose fe R(a) on [a,b), m<f< M, ¢ is continuous on

[m, M}, and h(x) = ¢(f(x)) on [a, b]. Then h € #(«) on [a, b).

o.e]

~_
[N
'

(19)

Proof Choose ¢ > 0. Since ¢ is uniformly continuous on [m, M], there
exists 6 >0 such that 6 <e and [¢p(s) — ¢(¢)| <¢ if |s—¢] <6 and
s, te[m, M].

Since f'€ %(a), there is a partition P = {x,, X,, ..., x,} of [a, b] such
that

Let M;, m; have the same meaning as in Definition 6.1, and let M}, m}
be the analogous numbers for 4. Divide the numbers 1, ..., n into two
classes: ie Aif M, —m;<d,ie Bif M; —m, = 6.

For i € 4, our choice of § shows that M* — m} < e.

For ie B, M — m} < 2K, where K = sup|¢(t)|, m<t< M. By
(18), we have

52Aai_<_ Z(Mi—mi)Aai <62
ieB ieB
so that Y ;.5 Aa; < &. It follows that
U, h,a)— L(P, h,0) = ) (M} — m¥) Aa; + Y (M — m¥) Aq;

icd ieB

< e[a(b) — a(a)] + 2K < e[o(b) — a(a) + 2K].

Since ¢ was arbitrary, Theorem 6.6 implies that h € #(«).
Remark: This theorem suggests the question: Just what functions are

Riemann-integrable? The answer is given by Theorem 11.33(b).
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PROPERTIES OF THE INTEGRAL

6.12 Theorem
(@) Iff, e (o) and f, € R(x) on [a, b], then
Si + /2 € R(w),

cf € A(a) for every constant c, and

[Gesyda=[rians [ roam

b b
f cfdoc=cf fdo.
() If 1(x) < fo(x) on [a, b], then
b b
Lﬁ@sﬁﬁm

(©) If fe R(x) on [a,b] and if a <c < b, then fe R(x) on [a, c] and on
[c, b), and

fcfdcx +f"fda =f"fda.
(d) Iffe R(a)on[a, bl and if |f(x)| < M on [a, b, then
|f{fdu
(e) Iffe R(a) and f€ R(ay), then fe R(x, + a,) and
b b b
[rde +ay=[ rdo+ [ fau,;
if fe R(x) and c is a positive constant, then f e R(cx) and

J.: fd(ca)=c f: fda.

< M[a(b) — a(a)].

Proof If f=/f, +f, and P is any partition of [a, b], we have
(20) L(P, f1, &) + L(P, [, ®) < L(P, f, @)
< UP,f,0) S UP, fi, o) + UP, f2, %)-

If f, € A(¢) and f, € A(«), let ¢ >0 be given. There are partitions P;
(j =1, 2) such that

U(P;, f;, @) — L(P;, f;, o) <&



21)

6.13

These inequalities persist if P, and P, are replaced by their common
refinement P. Then (20) implies

UP,f,a) — L(P, f, &) < 2e,

which proves that fe Z(a).
With this same P we have

UPf,0)<[fide+e (j=1,2);
hence (20) implies
[fda < UL, f,0) <[ fyda+ | f, do + 2e.
Since ¢ was arbitrary, we conclude that

ffdassflda+ff2doc.

If we replace f; and f, in (21) by —f; and —f,, the inequality is
reversed, and the equality is proved.

The proofs of the other assertions of Theorem 6.12 are so similar
that we omit the details. In part (c) the point is that (by passing to refine-
ments) we may restrict ourselves to partitions which contain the point c,
in approximating | f du.

Theorem If fe #(a) and g € #(a) on [a, b), then
(@ fg9eR@);

() |f| € #(e) and if: f dai < JF: |f] do.

Proof Ifwe take ¢(¢) = t2, Theorem 6.11 shows that f2 € Z(«) if f € R(0).
The identity

4fg =(f+9?-(-9)

Choose c = £1,s that
¢ |fda=0.
Then
| [fdu| =c|fda=[cfda<-[|f| du,

6.14 Definition The unit step function I is defined by

0 (x<0),

=11 >0
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6.15 Theorem If a <s <b, f is bounded on [a, b), f is continuous at s, and
a(x) = I(x — s), then

b
Jf fdo = f(s).
Proof Consider partitions P = {x,, x;, X,, X3}, where x,=a, and
X, =8§<x,<x3=>b. Then
U(Paf’a):M2’ L(Ps.f’a):mZ'

Qliamna £ 20 Amsadliomrrarza o A caa o naad -ne  amcavraeaa LLN Lo
Since f is continuous at s, we see that M, and m, Comverge 1o j(§j as

Xy 8.

6.16 Theorem Supposec,=>0forl,2,3,..., Zc, converges, {s,} is a sequence
of distinct points in (a, b), and

@2 a(x) = 3 6 1(x = 5,
Let f be continuous on [a, b]. Then

b o
@3) [ rdu=Y crfis).

Proof The comparison test shows that the series (22) converges for
every x. Its sum a(x) is evidently monotonic, and a(a) =0, a(b) = Zc
(This is the type of function that occurred in Remark 4.31.)

Let ¢ > 0 be given, and choose N so that

o0
Y ¢, <e.

N+1

Put
N 00
0(X) =Y cl(x —5,),  axx) =) c,l(x —s,)
n=1 N+1

By Theorems 6.12 and 6.15,
(24) ffml qﬂm

Since a,(b) — a,(a) < &,
< Mg,

oD ([ rda,




(26)
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where M = sup|f(x)|. Since a =0a,; + a,, it follows from (24) and (25)

that
b N
] [ fdu =¥ cuf(s)| < Me.
a i=1

If we let N — oo, we obtain (23).

6.17 Theorem Assume o increases monotonically and «' € R on [a, b]. Let f
be a bounded real function on [a, b).

2N
&y

(28)

(29)

(30)

(1)

Then fe R(x) if and only if fa' € R. In that case

b

Jl' fdou = Jf (x)o'(x) dx.

Proof Let ¢ > 0 be given and apply Theorem 6.6 to a':

tition P = {x,, ..., x,} of [a, b] such that
UP,a)— L(P, o) <e.

There is a par-

The mean value theorem furnishes points ¢; € [x;_,, x;] such that

Aa; = o'(t;) Ax;
fori=1,...,n Ifs;e[x;_y, x;], then

S la(s) — a(r)] Ax, <,
i=1
by (28) and Theorem 6.7(b). Put M = sup|f(x)|. Since
3 7G5 By = 3. fs)a'e) Ax

it follows from (29) that
3 (6 By = 3. Fs)(5) Ax,| < Me
In particular,
iif (s) Aa; < U(P, fo') + M,

for all choices of s; € [xi_l, x,], so that

U(P, f, 6) < U(P, fu') + |

The same argument leads from (30) to
UP, fa") < U(P, f, a) + Me.

Thus
|UP, f, ) — U(P, f')| < Me.



Now note that (28) remains true if P is replaced by any refinement.
Hence (31) also remains true. We conclude that

'T b Sfdo— Tff ()’ (x) dxl < Me.

But ¢ is arbitrary. Hence
b <b
(32) [[fdu=] 1) ax,

for any bounded f. The equality of the lower integrals follows from (30)

in exactly the same way. The theorem follows.

Aii walsweiy AW waiw s waad ASSIASYY

6.18 Remark The two preceding theorems illustrate the generality and
flexibility which are inherent in the Stieltjes process of integration. If ais a pure
step function [this is the name often given to functions of the form (22)], the
integral reduces to a finite or infinite series. If « has an integrable derivative,

the integral reduces to an ordinary Riemann integral. This makes it possible

in many cases to study series and integrals simultaneously, rather than separately.
To illustrate this point, consider a physical example. The moment of
inertia of a straight wire of unit length, about an axis through an endpoint, at
right angles to the wire, is
1
(33) f x* dm

0

where m(x) is the mass contained in the interval [0, x]. If the wire is regarded
as having a continuous density p, that is, if m'(x) = p(x), then (33) turns into

(34) [ 5% bty ax.

On the other hand, if the wire is composed of masses m; concentrated at
points x;, (33) becomes
(35) Z x,z m;.
1

Thus (33) contains (34) and (35) as special cases, but it contains much
more; for instance, the case in which m is continuous but not everywhere

differentiable.

6.19 Theorem (change of variable) Suppose ¢ is a strictly increasing continuous
function that maps an interval [A, B] onto [a, b). Suppose a is monotonically
increasing on [a, b] and f € R(«) on [a, b). Define f and g on [A, B] by

(36) BO) = (o), 90 =S(e()-
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Then g € #(B) and

(7

(38)

(39)

f: gdf= fa" fd.

Proof To each partition P = {x,, ..., X,} of [a, b] corresponds a partition
0 =1{yo,...,ya of [4, B, so that x; = ¢(y;). All partitions of [4, B]
are obtained in this way. Since the values taken by f on [x,_y, x;] are
exactly the same as those taken by g on [y;_y, y;|, we see that

U(Q’ g, ﬂ) = U(P’f’ d), L(Q’ 9, B) = L(P’f’ d).
Since f'€ %#(«), P can be chosen so that both U(P, f, «) and L(P, f, o)
are close to {fdx. Hence (38), combined with Theorem 6.6, shows that
g € #(B) and that (37) holds. This completes the proof.

Let us note the following special case:

Take a(x) = x. Then f = ¢. Assume ¢’ € Z on [4, B]. If Theorem
6.17 is applied to the left side of (37), we obtain

b B
[ 10y dx = fet)e' ) dy.

INTEGRATION AND DIFFERENTIATION

We still confine ourselves to real functions in this section. We shall show that
integration and differentiation are, in a certain sense, inverse operations.

6.20 Theorem Letfe X on[a,b). Fora <x <b, put

F(x) = f 1) dt.

Then F is continuous on [a, b); furthermore, if f is continuous at a point x, of
la, b), then F is differentiable at x,, and

F'(x0) = f(xo0).

Proof Since fe #, f is bounded. Suppose |f(t)| <M for a<t<b.
Ifa<x<y<b, then

1F0) - Fool = [/ 76y < by =,

by Theorem 6.12(c) and (d). Given & > 0, we see that
IF(y) —F(x)l <g,




provided that |y — x| <ée/M. This proves continuity (and, in fact,

uniform continuity) of F.
Now suppose f is continuous at x,. Given & > 0, choose 6 > 0 such

that
|f(£) = f(xo)| <&
if |t — xo| <8, and a <t < b. Hence, if
Xo—0<S<Xo<t<Xo+0 and ass<t<hb,
we have, by Theorem 6.12(d),
[F(t) — F(s)
t—s

—f(xo)i = ]t—é—sf:[f(u) = f(%o)] dul <e.

It follows that F'(x,) = f(xo).

6.21 The fundamental theorem of calculus If f € & on [a, b] and if there is
a differentiable function F on [a, b] such that F’' = f, then

f " fx) dx = F(b) — F(a).

Proof lLet ¢ >0 be given. Choose a partition P = {x,, ..., X,} of [a, ]
so that U(P,f) — L(P,f) < . The mean value theorem furnishes points

{ € [xi...l, xi] such that
F(x;) — F(x;-y) = f(t;) Ax;
fori=1,...,n Thus
iZlf(ta) Ax; = F(b) — F(a).
It now follows from Theorem 6.7(c) that

<é&.

b
F(b) — F(a) — f f(x) dx

Since this holds for every ¢ > 0, the proof is complete.

6.22 Theorem (integration by parts) Suppose F and G are differentiable func-
tionson[a,b), F =feR,and G' =ge R. Then

LbF(x)g(x) dx = F(b)G(b) — F(a)G(a) — f” F(X)G(x) dx.

Proof Put H(x) = F(x)G(x) and apply Theorem 6.21 to H and its deriv-
ative. Note that H' € #, by Theorem 6.13.



