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Definition 13.1

Exonmip\L

Let N = (V, E) be a loop-free connected directed graph. Then N is called a network, or
transport network, if the following conditions are satisfied:

a) There exists a unique vertex a € V with id(a), the in degree of a, equal to 0. This
vertex a 1s called the source.

b) There 1s a unique vertex z € V, called the sink, where od(z), the out degree of z,
equals O.

¢) The graph N is weighted, so there is a function from E to the set of nonnegative integers
that assigns to each edge e = (v, w) € E a ¢apacity, denoted by c(e) = c(v, w).

Figure 13.9



Definition 13.2 If N =(V, E) is a transport network, a function f from E to the nonnegative integers is
called a flow for N if

a) f(e) <c(e) foreachedge ¢ € E; and

for each v € V, other than the source a or the sink z, ) _,, f(w, v) =
Zuev f(v w). (If there 1s no edge (v, w), then f (v, w) = 0.)
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THEOREM 13.4 Let f be a flow in a transport network N = (V, E) and let p be an f-augmenting path in
N with A, = min.¢,{A.}. Define fi: E — N by

f(e)+ A, ec€p,eaforward edge
fite) =1 f(e) —A,, ece€p,eabackwardedge

f(e). ecE,eé¢p.
Then f, is a flow in N with val( f;) = val(f) + A,,.



THEOREM 13.5 Let N'= (V/, E) be a transport network with flow {. The flow { s a maximum flow in N
1 and only 1f there exists no f-augmenting path in N,
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Step 1: Place the source a into set P (thus initializing the set of processed vertices.)
19T label ' | = 2,
Assign the label ( , 1) to a and set the counter i = 2 8—(6\ . de) ¢

Step 2: While the sink z is not in P
~ If there is a usable edge in N (- ;(ﬂho
~ Lete = {v, w} be usable with labeled vertex v having L.
the smallest counter assignment
If w is unlabeled
| Label w with (v, i)
Place w in P
Increase the counter i by 1.
Else *

Return the minimum cut (P, P).

Step 3: If z 1s in P, start with z and backtrack to g using the first component of the
vertex labels. (This provides an f-augmenting path p with the smallest number of
edges.)
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The Ford-Fulkerson Algorithm
Step 1: Deﬁnemetmhalﬂnwfeatheedgesobey f(e) =0foreache € E.

Step 2: Repeat
Apply the Edmonds-Karp algorithm to determine
an f-augmenting path p.
Let AP = mincip{ae}*
Foreache € p N
If e is a forward edge
fle):= f(e)+ 4,
Else (e is a backward edge)
f(e):mf(e)“ap .
Until no f-augmenting path p can be found in N.
Return the maximum flow f.

Step 3: Return the minimum cut (P, P) (from the last application afthemdﬂ»
Karp algorithm, where no further f-augmenting path could be constructed).
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Definition 179~ Ann X n Latin square is a square array of symbols, usually 1,2, 3, ..., n, where each
' symbol appears exactly once 1n each row and each column of the array.

WONRLS

Table 17.3 Table 17.4

Day
Mon Tues Wed Thurs

Tues Wed Thurs Auto
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Definition 17.10 Let L, = (a,,), L, = (b,,) be two n X n Latin squares, where 1 <i,j <n and each g;,,
bjel{l, 2,3,...,n}. If the n? ordered pairs (a,;, b,j), 1 <i,j < n, are distinct, then L,
L, are called a pair of orthogonal Latin squares.

Table 17.5

Day
Auto | Mon Tues Wed Thurs

(1,1) 2,2) @G,3) &4)
2,3) (1,4 &1) @G, 2)
3,4 @&, 3) (1,2 2,1)

4,2) @G,1) 2,4 (,3)
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Definition 17.11 If L 1s an n X n Latin square, then L is said to be in standard form if its first row 1s
E 2 3 === B,

THEOREM 17.14 Let L, L, be an orthogonal pair of n X n Latin squares. If L,, L, are standardized as
LT, L5, then LT, LY are orthogonal.
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Definition 17.12 Let P be a finite set of points, and let &£ be a set of subsets of %, called lines. A ( finite)
affine plane on the sets 2 and & is a finite structure satisfying the following conditions.

A1) Two distinct points of % are (simultaneously) in only one element of &; that is, they
are on only one line.

- . \ —n A2) For each £ € £, and each P € P with P ¢ ¢, there exists a unique element £’ € &
t\k(x&Q s L where P € ¢’ and ¢, ¢’ have no point in common.

A3) There are four points in %, no three of which are collinear (that is, no three of these
' four points are in any one of the subsets £ € ¥).

/ The reason for condition (A3) is to avoid uninteresting situations like the one shown in
Fig. 17.1. If only conditions (A1) and (A2) were considered, then this system would be an

Figure 17.1 affine plane.
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For F = (Z,, +, -), we have n = | F| = 2. The affine plane in Fig. 17.3 has n? = 4 points
and n* + n = 6 lines. For example, the line €4 = {(1, 0), (1, 1)}, and £4 contains no other

EXAMPLE 17.18

points that the figure might suggest. Furthermore, £5 and €¢ are parallel lines in this finite
geometry because they do not intersect.

Figure 17.3
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