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Lecture Plan

Rudin Chapter 4
Limits of functions
Series (3.22-3.51)
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Limits

Definition
Let (X , dX ) and (Y , dY ) be metric spaces. Consieder E ⊆ X ,
f : E → Y and p ∈ E ′ we say that

lim
x→p

f (x) = q

if, for every ε > 0 there is a δ(ε, p) > 0 such that dY (f (x), q) < δ
whenever dX (x , p) < ϵ

We say that a function f : X → Y is continuous at p ∈ X if if, for every
ε > 0 there is a δ(ε, p) > 0 such that dY (f (x), f (p)) < δ whenever
dX (x , p) < ϵ. The function f is said continuous if it is continuous at
every p ∈ X .
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Continuity

Remark
If p is not an isolated point of X , then f is continuous at p iff
limx→p f (x) exists in Y and it is equal to f (p).
Every function is continuous at isolated points

Thus we have that

A function f : X → Y is continous iff for all pn → p we have that
f (pn) → f (p).
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Topological continuity

Theorem
A function f : X → Y is continuos iff f−1(V ) is open for every V ⊆ Y
open set.
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Topological continuity

Theorem
A function f : X → Y is continuos iff f−1(V ) is open for every V ⊆ Y
open set.

Corollary
A function f : X → Y is continuos iff f−1(C) is open for every C ⊆ Y
closed set.
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Continuity and Compactness

Theorem
Let f : X → Y a continuous function. If K ⊆ X is compact, then f (K )
is compact. In particular if Y ≃ Rn we have that f (K ) is closed and
bounded

Corollary
If f : X → R is continuous and K ⊆ X is compact, then f has a max
and a min value on K .

Theorem
If f : K → Y is continous and bijective, then the inverse funciton
f−1 : Y → K is continuos (we say that f is an omeomorphism).
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Uniform Continuity

Definition
We say that a function f : X → Y is uniformly continuous on X if for
every ε > 0, there is a δ(ε) > 0 such that dY (f (x), f (y)) < ε for all x
and y in X such that dX (x , y) < δ.
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Uniform continuity and compactness

Theorem
Let K be a compact metric space. If f : K → Y is continuous then it is
uniformly continuous.
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Continuity and connectedness

Theorem
Let f : X → Y be a continuous function. If E ⊆ X is connected then
f (E) is connected.
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Section 1
Discontinuities



What can go wrong?
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What can go wrong?

Let f : (a, b) → Y a function and let p be a point such that f is not
continuous at p. We set (if they exist)

f (p+) := lim
x→p+

f (x) f (p−) := lim
x→p−

f (x)

Definition
We say that f has a discontinuity of the first kind at p if f (p+) and
f (p−) exist. Otherwise we say that it has a discontinuity of the second
kind.
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Discontinuities for monotone
functions

What is a monotone function f : (a, b) → R?
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Discontinuities for monotone
functions

What is a monotone function f : (a, b) → R?

Theorem
If f : (a, b) → R, then it has no discontinuities of the second kind.

Theorem
If f : (a, b) → R, then it has at most countably many discontinuity
points.
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Thank you for your attention!


	Discontinuities

