& W,
5%%@;
RS

Vi st
Stockholm
University

Introduction to Real
Analysis

Lecture 6: The Riemann-Stieljes integral

Sofia Tirabassi
tirabassi@math.su.se



Questions?

S Wf»o

7/%%‘*5
Stockholm
University

0N

wRS/y,



< o,
Zulees
Lecture Plan o
Stockholm
University

Rudin Chapter 6



AXy L&

agn \ : é
Partitions ,—. . xx, Stockholm
P University

0\

Given [a, b] a closed bounded interval, a partition of its is a finite set
{Xo0,...,Xn} C [a, b] such that

a=Xo<Xx4<---<Xp=b,
Given a partition P = {xp, ... X} we set
AXj = Xj — Xj_1 A;_A RSN

Ax - X“\Ab

Definition
A refinement of a partition P is another partition P’ such that P’ C P.
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Given [a, b] a closed bounded interval, a partition of its is a finite set
{Xo0,...,Xn} C [a, b] such that

a=Xg<Xxg<--<Xp,=Db,
Given a partition P = {xp, ... X} we set

AXj = Xj — Xj_1

A refinement of a partition P is another partition P’ such that P’ C P.

\ Observe that given two partitions P; and Ps, the partition
2 P* = P; U P> gives a common refinement.
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Let f : [a, b] — R be a bounded function and « : [a,b] — R a
monotonically increasing function.

Observe that, since both a(a)and a(b) are real numbers, we have

that isgo’umj_ai.
Given P a partition of [a, b] we set Z)‘bl — R — = (N0

AO&[—OC(XI)faX/ 1 7‘0 d\, \\(\[/\OOQ
and

Q\v D M= sup f m;:= inf f

[Xi—1,x] [Xi—1,x]

The?n we have

U(P, f,0) ZMAa, L(P,f, ) Zm, A

K))Q@W\ < \o\’v@\ 5\;,”._ Q,%QQD‘E@O\ ‘o P,‘L.d
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/ fda:= mf{U(P f,a) | P is a partition}

and Yo \owt MAeqrot

/ fdoa :=sup{L(P,f,«) | Pis a partition}

We set

If they both exists and are equal, we denote the common value by

/ab e M\ﬁgﬁg\% \:3“

and we say that f is Stieljes integrable on [a, b] with respect to a - we

write \
LR AN
Jo., £Ox \)(?\)\\WB
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We set .
/ fda:=inf{U(P,f,«)| Pis a partition}
a

and .
/ fdoa :=sup{L(P,f,«) | Pis a partition}
2 a

If they both exists and are equal, we denote the common value by

b
/fda
a

and we say that f is Stieljes integrable on [a, b] with respect to « - we
write
feZ(a)

Note: if o(x) = x, then this is the "usual" integral you have seen in
previous analysis courses.
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@ When does it exist?
@ How we compute it?
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Theorem
If P* is a refinements of P we have that

L(P,f,a) < L(P*,f,a)

and
U(P,f,a) > U(P",f,«)

Skt 8o pl (L U)
By mduchion A | PP\ L w
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If P* is a refinements of P we have that
L(P,f,a) < L(P*,f,«)

and
U(P,f,a) > U(P*,f,a)

Corollary
b —b
/ fdo < / f do
Y _a a

% e ("L =©
¥ =
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Equivalent condition for the existerice
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Let f :€ #Z(«) iff, for every ¢ > 0 there is a partition P such that

0 CUPfa)-L(P,fa)<e )

\@*Comabs
B i&é&.
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Theorem

@ If (1) holds for some ¢ and some partition P then it holds for
every refinement of P.

@ If (1) holds, P = {xo, ..., Xxn}, and s; and t; denote elements of
[X,',1 , X,'] then

n

/D > If(si) — f(t)| A < e,
i=1

Q Iffe Z(a), P={Xo,..., X}, ti € [Xi_1, X;] then

n b
318 Aa; —/ f da
i=1 a

<k,
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= If f is continuous on [a, b] then f € Z(«).

If f is monotonic on [a, b] and « is continuous then f € Z(«).

C. Iffis bounded on [a, b], has finitely many discontinuity points and « is
continuous at those points f € Z(«).

‘() If f e Z(a), m < f(x) < Mforall x € [a,b], and ¢ is continuous on
[m, M] then the composition ¢ o f € Z(«a)
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Q@ I f,and % are in ;@(a) then so is : h andb \ »&9?%

u/m+@da=/fmwﬁ/@da W'~$

\
a a a Ahw
Q LetceRand f € Z(a). Then cf € Z(a) and

b b
/ cfda=c fda

Q If f; < £ and they are integrable then M
fi da < fr d .
/ e / 2o w*‘?f{"’

b
/fda
a

< sup |f] - (a(b) — a(a))
[a.0]
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b b b
/fd(a1+a2):/ deer/ fdas
a a Ja
b b
/fdc~a:c/ f da
a a
Theorem

Q lffand garein Z(«a)sois f-g.
Q if|f]isin Z(a) sois f and

b
/fda
a

Q LetceR

b
S/ |f| dev
a
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The unit step function is the function /: R — [0, 1] defined by ~ U™Versity

{o if x <0

I =
) =31 x>0

Theorem
Let s € [a, b] and set a(x) = I(x — s). If f is continuous we have that

——

b
/ f da = f(s) —
a e

Corollary

Let {sk} € (a,b) and set a(x) = >, ckl(x — sk) for some sequence
{ck} in R such that >/, ¢k is convergent. Then
—_

b n
/ fda = Z Ckf(Sk)

a k=1
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Assume that « is strictly increasing and that o' is in Z(id). Suppose
that f is bounded. Then f € Z(«) iff fa’ € %2(id) and we have

/  f do = / 0o ()
R evoun \wgo%r\o}
ok = S8\ A (<) =%

A A~@%MJ&Q fod ¢ RCQ)
L Ddx o deaudked o ot &
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Theorem

Assume that « is strictly increasing and that o' is in Z(id). Suppose
that f is bounded. Then f € Z(«) iff fa’ € %2(id) and we have

/a  f do = /a 0o ()




Thank you for your attention!



