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Suppose that we have a sequenJof functions {f, : E — R} such that
for every x € E the sequence f,(x) or the series > 2 fo(x )
convergent. Then we can define two functions f: E — R and
g : E — Rin the following was

fx) = lim fo(x) - o
. (Mo &
X) =Y falx)
n=0

We say that the sequence (series) of functions {f,} (Zﬁ:o fn)
converges pointwise to f (g).

Secret desire
To compute limits, derivatives, integral of f and g using f,.
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Suppose that we have a sequend of functions {f, : E — R} such that
for every x € E the sequence f,(x) or the series > ; fo(X) is
convergent. Then we can define two functions f: E — R and

g : E — Rin the following was

f(x) = lim f,(x)
9() = > h(x)
n=0

We say that the sequence (series) of functions {f,} (Zﬁ:o fn)
converges pointwise to f (g).

Secret desire

To compute limits, derivatives, integral of f and g using f,.What we
need is
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Definition

We say that a sequence of functions {f, : E — R} converges
uniformly to a function f : E — R if for every € > 0 there is an integer
N(e) such that, for or eyery n > N(e) we have that

olef>o
L) W do@é Ifa(x) — f(x)| < e
for all x € E. In this case we write C“ —~ ¢ uwk

fh=f
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Cauchy Criterion

A sequence of functions {f, : E — R} converges uniformly to a
function f : E — R iff, for every ¢ > 0 there is N(¢) > 0 such that

[fa(X) = fm(x)| < €

for alle n,m > N(g) and for every x € E.

Theorem

A sequence of functions {f, : E — R} converging pointwise to
f: E — R converges uniformly (to f) iff,

M, := sup |f,(x) — f(x)] — 0
E

for all n,m > N(g) and for every x € E.
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Weierstrass M-test

Theorem

Let {f, : E — R} a sequence of functions such that there is a
sequence {M,} in R satisfying

[fa(x)] < Mp

for all x € E. If the series Y M, converges, then the series of
functions > f,(x) converges uniformly.
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Theorem

Let {f,: E — R} a sequengof functiorr converging uniformly to a
function f : E — R. Let x € E’ and suppose that for every n
lim;_x fo(Xx) exists and s denote%by An. Then the sequence {A,}
converges and ke -kw:, OO = A S e
S R — m ()8
n— o0 t—x

Corollary
The uniform limit of a sequence of continuous function is continuous.
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Uniform convergences on compact:
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sets Tl

Let K C X be a compact. Let f, : K — R a sequence of functiors
satisfying
@ f, are continous on K

@ the sequene&.f, converges pointwise to a function f which is
continous C

-

Q forall x € K the sequence{f,,(x%is monotone.
Then the sequence f, converges uniformly to f.
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A metric space of functions
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%(X) :={f: X — C continuous and bounded }
let £— £ i B
1]} = sup £(x)]
and &\—-—)-) ‘;
d(f.9) = lIf - gl

Theorem
We have that (4'(X), d) is a complete metric space.
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Thank you for your attention!



