Taras Bodnar

Department of Mathematics

Stockholm University

E-Mail: taras.bodnar@Qmath.su.se

Theory of Statistical Inference

Re-exam, 2019/08/23

The only allowed aid is a pocket calculator provided by the department. The solution should
preferably be given in English. The answers to the task should be clearly formulated and structu-
red. All non-trivial steps need to be commented. The answers of the text questions should cover
the corresponding material presented during lectures.

The post exam review will take place on Monday, September 2, 2019 from 12:00 to 13:00 in

room 329 (house 6).

The grades will be given due to the following table

Grade
Points
Percent

A
100-90
100-90%

B
89-80
89-80%

C
79-70
79-70%

D
69-60
69-60%

E
59-50
59-50%

< 50
< 50%




Problem 1 [16P]

Let X have probability density function

) = 4@, 0<z<0,
0, elsewhere

with 6 > 0.

(a) Prove that X has the following distribution function [5P]

0 <0
Flz)={ 25, 2 0<z<4,
1, x>0.

(b) Show that Z = X/ is a pivot. [3P]

(c) Use the pivot from part (b) to find a 90% lower one-sided confidence interval for 6. [8P]

Problem 2 [21P]

Suppose that X1.,, = (X1, ..., Xp;)7 and V1., = (Y1, ..., Yy, ) are independent random samples,
that is X1, ..., Xpn,, Y1, ..., Yn, are mutually independent, from normal distributions with respecti-
ve unknown means g1 and j2 and variances o? and o3.

(a) Derive the expression of the log-likelihood function when o? # o2 and find the maximum
likelihood estimators for pq, pg, 0%, and o3. [6P]

(b) Derive the expression of the log-likelihood function when 0? = 02 = 02 and find the maxi-

mum likelihood estimators for p1, pg, and o2. [6P]

(c) Find the likelihood ratio statistic for Hy : 0? = o3 against the alternative Hj : o? # o3.
Present the expression of the test statistic in the most simplified form. [6P]

(d) Find an approximate critical region for the test in part (c) if n; and ny are large and the
significance level of the test is a = 0.05. [3P]

Problem 3 [20P]

Let X1., = (X1, ..., X;,)T be an i.i.d. sample of a Weibull distributed random variable X, i.e.,
X1, X0 2 Wei(a, B)

with the density of X given by

f(z) = Baz®*Lexp (=B2%), «a,B>0.

(a) Derive the expression of the log-likelihood function. [2P]
(b) Calculate the score vector U(0) with 8 = («, 8)T. [3P]

(c) Compute the observed Fisher information matrix. [4P]



(d) Let aprp denote the maximum likelihood estimator for a. Construct the two-sided 95%
Wald confidence interval for a using the results of part (c). Present the limits of the con-
structed confidence intervals in terms of X;.,. [2P]

(e) Derive the expression of the profile log-likelihood function for a. [5P]

(f) In this part of Problem 3 we assume that o = 5. Provide the minimal sufficient statistic for
B and explain your answer. [4P)]

Problem 4 [18P]

Let X1., = (X1, ..., X»)T denote a random sample from a normal distribution with mean p and
variance o2 = 1.

(a) Show that the conjugate prior for u is given by a normal distribution. [2P]

(b) Assuming that the conjugate prior from part (a) has mean mg and variance s3, determine
the parameters in the corresponding posterior distribution. [5P]

(c) Compute the posterior mean of p and the posterior variance of p when the conjugate prior
is used. [1P]

(d) Find the expression of the Jeffreys’ prior for u and compute the corresponding posterior
distribution. [6P)]

(e) Calculate the posterior mean when the Jeffreys’ prior is used and compare it to the expression
of the MLE estimator for p obtained in the frequentist statistics. [4P]

Problem 5 [10P]

Define an unbiased estimator, an asymptotically unbiased estimator, a consistent estimator.
What is the mean square error of an estimator? Is a one-to-one transformation of an unbiased
estimator always an unbiased estimator of the correspondingly transformed parameter? Provide
an example.

Problem 6 [15P]

Formulate the statement of the Cramér-Rao lower bound and prove it.
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Det enda tillatna hjdlpmedlet &r en minirdknare, som tillhandahalls av institutionen. Losningarna
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Betygssédttningen sker enligt foljande tabell:

Betyg
Poéang
Procent

A
100-90
100-90%

B
89-80
89-80%

C
79-70
79-70%

69-60
69-60%

59-50
59-50%

< 50
< 50%




Problem 1 [16P]

Lat X ha tathet

41‘(927332) 0 0
flay=4 e 0= <b
0 annars,

dér 6 > 0.

(a) Visa att X har foljande fordelningsfunktion [5P]

0 <0
Flz)=1q 25 2 0<z<0,
1, x> 0.

(b) Visa att Z = X/6 ar en pivotvariabel. [3P]

(¢) Anvénd pivotvariaveln fran (b) for att bestimma ett 90% ensidigt nedat begrinsat konfi-
densintervall for 0. [8P]

Problem 2 [21P]

Lat Xy, Xo, ..., X,, och Y7, Y5, ..., Y,, vara tva oberoende normalférdelade stickprov vars

medelviirden ges av ju; respektive up och varianser av o? respektive o3. Alla fyra parametrar ar

okanda.

(a) Hérled log-likelihood-funktionen om o3 # o3, och hitta maximum-likelihood-skattarna av
{1, pz2, 03, och o3. [6P]
(b) Hirled log-likelihood-funktionen om 0% = 03 = 0 och hitta maximum-likelihood-skattarna

av p1, pi2, och o2, [6P]

(c) Bestdm teststatistikan for likelihood-ratio-testet av Hy : 07 = 02 mot Hy : 0} # 03. Ange
ditt svar pa maximalt forenklad form. [6P]

(d) Bestéam ett approximativt kritiskt omrade for testet i ¢) med signifikansniva o = 0.05, givet
att ny och ng ér stora. [3P]

Problem 3 [20P]

Lat X1, = (X4q,..., X,)7 vara ett i.i.d. Weibullfordelat stickprov, det vill siga
X1, X % Wei(a, 8)
med téthet
f(z) = Baz®*Lexp (=Bz%), «a,B>0.
(a) Bestdm log-likelihood-funktionen I(«, j3). [2P]
(b) Bestiam score-vektorn U(0) dir 6 = (o, 3)7. [3P]
(c) Bestdm Fishers observerade informationsmatris. [4P]
)

(d) Lat aprpr vara maximum-likelihood-skattaren av «. Anvénd del c¢) for att konstruera ett
95% Wald-intervall for a. [2P]



(e) Bestam profil-log-likelihood-funktionen I,(«). [5P]

(f) I den hér delfragan antar vi att @ = 5. Ange den minimlt tillréckliga statistikan for 5 och
motivera ditt svar. [4P]

Problem 4 [18P]

Lat X1., = (X1, ..., X;,)T vara ett normalfordelat slumpmissigt stickprov med viintevirde p och
varians o2 = 1.

(a) Visa att den konjugerade priorn for p ges av en normalférdelning. [2P]

(b) L&t ag och s? beteckna vintevirdet respektive variansen av den konjugerade priorn fran (a),
och hitta parametrarna i den motsvarande aposterioriférdelningen som uttryck av ag och
2
sg. [6P]

(c) Bestdm aposteriorivintevirdet och aposteriorivariansen av p om aprioriférdelningen ges av
den konjugerade priorn. [1P]

(d) Harled Jeffreys’ prior for u och bestdm motsvarande aposterioriférdelning. [6P]

(e) Bestdm aposteriorivintevirdet av p om apriorifordelningen ges av Jeffreys’ prior och jamfor
det med ML-skattaren for p fran det frekventistiska ramverket. [4P]

Problem 5 [10P]

Definiera foljande begrepp: wvintevdrdesriktig skattare, asymptotiskt vintevirdesriktig skattare,
konsistent skattare. Forklara vad som avses med medelkvadratfelet for en skattare. Géller det att
en “one-to-one”-transformation av en véantevéirdesriktig skattare alltid ger en véntevirdesriktig
skattare av den motsvarande transformerade parametern? Illustrera ditt svar med ett exempel
eller motexempel.

Problem 6 [15P]

Formulera och bevisa Cramér-Raos olikhet.



