Solutions to Fourier analys, January 12, 2008

1. a) Find the sine series for
cx
o’
flx)={c, where a <z <7m—«
c(r—x)
[e3

where 0 < x < «

where m —a < x < 7.

One has f(z) = >{° b, sinnz where

anQ{/a 7cxsmnxdx+/W_acsinnxdx—i—/ﬂ c(ﬂ—x)sinnxdx}.
a0 0 «Q [eY T—a «

_zcosn(z—y) + sinn(z—vy) )

It is easy to calculate [zsinn(z —~)dz =

n n2
Therefore,
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b, = c{[acosnoz sm;zoz] — —cosnz |7 +*/ Zsinn(m — i)di} =
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B 2c{sinna cosn(r—a) 1 ,—acosn(a—m) N sinn(a—w)}} B
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0, if n is even
amn

— > sinna, if n is odd

2
= %{sinna +sinn(r —a)} = {

and T =z — .
Final answer. f(z) = 2<(sinasina + 223 sin 3z + 25 sin 5z + ... ).

b) With the termwise integration of x = 23 - | (—1)"T1880L find the Fourier
series for x2 and x3.

One has

I2:2/ xdx_4z n+1/ 51nnxd$:4z(_ n COSNT |0_4Z n COSNT 42(_1)n+17
0 n 1

i oo qyn+l 1 a0 =2 2 _gw_ﬁ
The series 4] (2 1"l equals %, where ag = 2 [ #?de = 22 |7=2%-.
a2

Therefore, 4 = =

28 =3 [T a2de = 3{ [ T da+A X (1) [ €S0 iy} — n2p412 21 (—1)nsinnz —
2172 Zl w_’_lQZl ( )nsmnoc Zl ( ) smnx( 12 2x2 ): 2 Zl ( ) smmc(
).

2. Solve the boundary-value problem

Uty = A" Ugy
w(z,0) = uz(0,t) = ux(I,t) + hu(l,t) =0, wi(x,0)=1,h>0
With the separation of variables one gets
X/I T//
—_— = = —)\
X a?T
X X — T" 27 —
or A) +A 0 B) + Aa 0
X'0)=X"1)+hX(1) =0, T0)=0
The eigenvalues of A) are the solutions of —v/A, sin /Al + hcos VAl =0 or
VantanvAul = h Stanv/Aul = =




The eigenfunctions are X,, = cosy/A,z. The corresponding solutions to B) are
T, = sinav/A,t.

We are looking for a solution in the form u(z,t) = Y_7° ay, cos a,z sin aa, t, where
Qp =V Ap-

The condition w;(z,0) =1 give us Y ;" aanoy, cos a,z = 1.

We know that the functions cos o, x are orthogonal on [0, 1] and fé cos? apwdr =

L2
W, see the textbook.
sin oy, [

1 o 1
Thus, acpay [, cos® apzdr = [ cos aprdr = ot or
P — 2h sin a,

" ™ a2 a(hl+sin? a,l) "

h2
ETey

tan? @
1+tan2 6
Because of that we can express a,, as

h2
2h  \/ R®+aZ 2h R+ a2

a2 (hl + 25)  aa l(h® +a2) +h’

one gets sin® a,l =

According to the identity sin® 6 =

3. Solve the boundary-value problem

Uge +Uyy = 0; 0<2z <], 0<y<1

Due to the superposition principle we are looking for a solution as the sum of the
harmonic function which satisfies I) u,(0,y) = u,(1,y) = u(x,0) = 0 och u(x,1) =
Bz and the harmonic function satisfying IT) u.(0,y) = u.(1,y) = u(xz,1) = 0 and
u(z,0) = A.

Separation of variables give us

X"+2X =0
o) = x) =0,
1
2 {Y —AY =0
Y(0)=0

Problem I) has the following solutions: A = 0, X = 1 and A} = 72(2k + 1)%;
with X = cosw(2k + 1)x. The corresponding solutions to problem 2) are Y;, =
sin hm(2k + 1)y and Y = y.

Thus we are looking for u(z,y) in the form

a0y | .
5 + ; ay cos(2k — 1)z sin hw(2k — 1)y.

u(z,y) =
The last condition gives us

u(z,1) = a0 4 Zak cos(2k — 1)z sin hw(2k — 1) = Bux.
2 =
This means that ag = 2 fol Bzdxr = B and
1 . 1 .
. sinm(2k — 1)z sinw(2k — 1)z 2B cos m(2k -
ax sin hr(2k—1) /0 weosm(2k—1)dr {m T@E—1) 0 /O 72k — 1)dz 72(2k — 1

. _ —4B
Finally, ar = =ar=1yzsm e

Problem II has an obvious solution A — Ay.

Answer. u(z,t) = A+y(Z—A)-Y1, w2(2k71)2t§1h(2k71)ﬂ' cos m(2k—1)x sin hr(2k—
1)y.
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4. a) Find the eigenvalues and the eigenfunctions of the Sturm-Liouville problem
(z%y') + XX =0; on [1,4]
{y(l) =y(4) =0.
Using the variable change = = e® we obtain

d? dy
dingder)\st y(0) = y(In4) = 0.

A general solution to the new problem is:

s 1 1
y=e72 (asinsy/ A — Zercossy/)\f 1)

and since y(0) = y(In4) = 0 we get b = 0 and In4y/\, — 1 = k.

The eigenvalues are ap = 1/ A\ — % = ﬁ and the eigenfunctions are y; =
ﬁ% b) Is the operator Ly = (1 — 2%)y" — 2xy’ +n(n + 1)y  self-adjoint?
Ly = ((1=2*)y)" = (—2zy) +n(n+1)y = (1-2?)y'—2zy) +2(zy'+y)+n(n+1)y =

(1 —22)y" — 22y +n(n + 1)y.
Answer: Ly is self-adjoint.

l—z, dir0<z<1

5. a) R t th t -
a) Represent the function f(x) {07 dar 1 <z < oo.

as a Fourier sine integral.

We are lookmg for a representation in the form: f(x fo ) sin cxdx where
_ 2 _ 2 _ __ 2f—cosax |1 pzcosax 1
=2 [F f(z)sinaxdr = fo (1 — x)sin axd:v 2{ | +Eeesaz |3
o sin az } _ 2(a—sin a)
Ta?

« ! .
Answer. f(z) = 2 [7(2=2P) sin axda.

b) Calculate fooo (a—sina)singda

a2

Ifz=1theni=/f(3)=2 fo (e jlzna) sinaxdo or T = fo (e s;na) sin azda.

6. A function f is defined on the whole x-axis and has a derivative there. Show
that under the conditions that f and f' are absolutely integrable one has that

+oo
lim f(z)sin Azdz = 0.

A—oo J o

It suffices to show that for any € > 0 there exists R such that for each A > R =
| ffooo f(A) sin Azdz |< e.

The condition that fis absolutely integrable implies = 3N such that f__ojz |

fl@) | de+ [y | flz) | de < e/2.
Since f is differentiable = f is continuous = f is bounded (| f |< M) on the
interval [—N, N].

oo

A N cos A
| / Flaysindade [ =T f@) S [ S a1 20 [ 17 [do < o2

— 00

om A > R = GMEI z>|dz>_

Thus A > R =| [*_ f(z)sin Azdz |< f__ojz—l—fiVN—i—f;\)/o <€/2+¢€/2=¢ O




