
Chapter 10

In this chapter it is good to remember that a picture tells a thousand words. It is therefore
good to draw some kind of Brownian Motion to get inspiration from.

10.1 In these exercises, the variance parameter of the Brownian Motion is 1.

B(s) +B(t) = 2B(s) + [B(t)−B(s)] ∼ 2N1 +N2,

where N1 and N2 are independent N1 ∼ N (0, s) and N2 ∼ N (0, t− s). So by properties
of the normal distribution

B(s) +B(t) ∼ N (2× 0 + 0, 22s+ (t− s)) = N (0, 3s+ t).

10.2 For t ≥ 0 set B′(t) = B(t1+t)−A and set B′ = B−A and s′ = s−t1 and t′2 = t2−t1.
B′(·) then defines a standard Brownian motion. We first compute the distribution of B′(s′)
conditioned on B′(t′2) = B′. Or for N1 ∼ N (0, s′) and N2 ∼ N (0, t′2 − s′) and N1 and N2

independent we want to compute the conditional density

fN1|N1+N2(x|B′) =
fN1,N2(x,B

′ − x)

fN1+N2(B
′)

=

1√
2πs′

exp
[
− x2

2s′

]
1√

2π(t′2−s′)
exp

[
− (B′−x)2

2(t′2−s′)

]
1√
2πt′2

exp
[
B′2

2t′2

]
=

√
t′2

2πs′(t′2 − s′)
exp

(
−x

2(t′2 − s′)t′2 + (B′ − x)2s′t′2 −B′2s′(t′2 − s′)
2s′(t′2 − s′)t′2

)
=

1√
2π

s′(t′2−s′)
t′2

exp

(
−x

2(t′2)
2 − 2B′xs′t′2 +B′2s′2

2s′(t′2 − s′)t′2

)

=
1√

2π
s′(t′2−s′)

t′2

exp

−(x− B′s′

t′2
)2

2
s′(t′2−s′)

t′2


which is the density function of a normal distribution with mean B′s′/t′2 (which lies on the

straight line from the origin to (t′2, B
′)) and variance

s′(t′2−s′)
t′2

. To obtain the density of B(s)

conditioned on B(t1) = A and B(t2) = B, we note that B(s) = B′(s−t1)+A = B′(s′)+A.
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10.3

E[B(t1)B(t2)B(t3)] = E[E[B(t1)B(t2)B(t3)|B(t1)]]

= E[B(t1)E[B(t2)B(t3)|B(t1)]].

We now consider the inner expectation E[B(t2)B(t3)|B(t1)]:

E[B(t2)B(t3)|B(t1)] = E[E[B(t2)B(t3)|B(t1), B(t2)]|B(t1)]

= E[(B(t2))
2|B(t1)].

So, using that (B(t2))
2 = (B(t2)−B(t1))

2 + 2(B(t2)−B(t1))B(t1) +B(t1)
2,

E[B(t1)B(t2)B(t3)]

= E[B(t1)E[(B(t2))
2|B(t1)]]

= E[B(t1)]V ar(B(t2)|B(t1)) + 2E[B(t1)
2E[B(t2)−B(t1)|B(t1)] + E[B(t1)[(B(t1))

2]]

= E[B(t1)](t2 − t1) + 0 + E[B(t1)(B(t1))
2]

= 0 + 0 + E[(B(t1))
3]

= 0,

where we have used that the odd moments of the normal distribution are 0.

10.4 Using equation (10.6) on page 611, we obtain that

P(Ta <∞) = lim
z→0

2√
2π

∫ ∞
z

e−y
2/2dy =

2√
2π

∫ ∞
0

e−y
2/2dy = 1,

because it is twice the integral over the density of a standard normal distribution over
the positve half-line.

E[Ta] =

∫ ∞
0

P(Ta > t)dt =

∫ ∞
0

1− P(Ta ≤ t)dt

=
2√
2π

∫ ∞
0

∫ a/
√
t

0

e−y
2/2dydt

=
2√
2π

∫ ∞
0

∫ a2/y2

0

e−y
2/2dtdy

=
2√
2π

∫ ∞
0

(a2/y2)e−y
2/2dy

≥ 2√
2π

∫ 1

0

(a2/y2)e−y
2/2dy

≥ 2√
2π

∫ 1

0

(a2/y2)e−1/2dy =∞

10.6 Translated to a Brownian Motion problem we want to know

P(Tb+c > t|B(0) = b) = P(Tc > t|B(0) = 0) = 1− P(Tc ≤ t)

and we can use equation (10.6) on page 611.

21



10.7

P( max
t1≤s≤t2

B(s) > x)

=

∫ x

−∞
P( max

t1≤s≤t2
B(s) > x|B(t1) = y)fB(t1)(y)dy +

∫ ∞
x

P( max
t1≤s≤t2

B(s) > x|B(t1) = y)fB(t1)(y)dy

=

∫ x

−∞
P( max

t1≤s≤t2
B(s) > x|B(t1) = y)

1√
2πt1

e−y
2/(2t1)dy +

∫ ∞
x

1× 1√
2πt1

e−y
2/(2t1)dy

=

∫ x

−∞
P( max

0≤s′≤t2−t1
B(s′) > x− y)

1√
2πt1

e−y
2/(2t1)dy +

∫ ∞
x

1× 1√
2πt1

e−y
2/(2t1)dy.

Using the display on page 612, the first integral becomes∫ x

−∞
P( max

0≤s′≤t2−t1
B(s′) > x− y)

1√
2πt1

e−y
2/(2t1)dy

=

∫ x

−∞

2√
2π

∫ ∞
(x−y)/

√
t2−t1

e−z
2/2dz

1√
2πt1

e−y
2/(2t1)dy

=
1

π
√
t1

∫ x

−∞

∫ ∞
(x−y)/

√
t2−t1

e−z
2/2e−y

2/(2t1)dzdy

and I do not think it gets nicer than this.

10.9 Let {X(t), t ≥ 0} = {σB(t) + µt, t ≥ 0}. So,

fX(s),X(t)(x, y) = fσB(s),σB(t)(x− µs, y − µt)

=
1

σ2
fB(s),B(t)

(
x− µs
σ

,
y − µt
σ

)
=

1

σ2
fB(s),B(t)−B(s)

(
x− µs
σ

,
y − x− µ(t− s)

σ

)
=

1

σ2
fB(s)

(
x− µs
σ

)
fB(t)−B(s)

(
y − x− µ(t− s)

σ

)
=

1√
2πσ2s

e−
(x−µs)2

2sσ2
1√

2πσ2(t− s)
e
− (y−x−µ(t−s))2

2(t−s)σ2

and it doesn’t get much nicer than this.
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10.10 Let {X(t), t ≥ 0} = {σB(t) + µt, t ≥ 0}. If s < t then,

fX(t)|X(s)(x|c) =
1

σ
fB(t)|B(s)

(
x− µt
σ
|c− µs

σ

)
=

1

σ

fB(s),B(t)

(
c−µs
σ
, x−µt

σ

)
fB(s)

(
c−µs
σ

)
=

1

σ

fB(s),B(t)−B(s)

(
c−µs
σ
, x−c−µ(t−s)

σ

)
fB(s)

(
c−µs
σ

)
=

1

σ

fB(s)

(
c−µs
σ

)
fB(t)−B(s)

(
x−c−µ(t−s)

σ

)
fB(s)

(
c−µs
σ

)
=

1

σ
fB(t)−B(s)

(
x− c− µ(t− s)

σ

)
=

1√
2πσ2(t− s)

exp

[
−(x− c− µ(t− s))2

2σ2(t− s)

]
So conditioned on X(s) = c, X(t) is normal distributed with expectation c+µ(t− s) and
variance σ2(t− s).

Similarly if s > t, then

fX(t)|X(s)(x|c) =
1

σ
fB(t)|B(s)

(
x− µt
σ
|c− µs

σ

)
=

1

σ

fB(t),B(s)

(
x−µt
σ
, c−µs

σ

)
fB(s)

(
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σ

)
=

1

σ

fB(t),B(s)−B(t)

(
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σ
, c−x−µ(s−t)

σ

)
fB(s)

(
c−µs
σ

)
=

1

σ

fB(t)

(
x−µt
σ

)
fB(s)−B(t)

(
c−x−µ(s−t)

σ

)
fB(s)

(
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σ
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=

1

σ
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2πt

exp
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− 1

2t

(
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2π(s−t)

exp
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− 1

2(s−t)

(
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σ
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(
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σ
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=

1√
2π t(s−t)

s
σ2

exp

[
s(s− t)(x− µt)2 + st(c− x− µ(s− t))2 − t(s− t)(c− µs)2

2t(s− t)sσ2
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1√

2π t(s−t)
s
σ2

exp

[
[(x− c t

s
)2

2 t(s−t)
s
σ2

]
.

This is the density of a Normal random variable with expectation ct/s and variance
σ2t(s− t)/s, which is independent of µ.
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10.11 If we consider the logarithm of the described process then with probability 1
2
(1 +

µ
σ

√
h) the new process increases σ

√
h per h time units and with probabilty 1

2
(1 − µ

σ

√
h)

it decreases σ
√
h. The expected step is µh and the variance is σ2h. The new process

has independent increments and by the CLT the increment after t/h steps is normal
distributed with mean µt and variance σ2t.

10.32 A Brownian motion is a Gaussian process with expectation function E[B(t)] = 0
and Covariance function Cov(B(s), B(t)) = s. The Brownian bridge is a Gaussian process
with expectation function E[Z(t)] = 0] and Cov(Z(s), Z(t)) = s(1 − t) for 0 < s, t < 1
(see page 630). For all sequences of times t1, t2, · · · , tn. (Y (t1), Y (t2), · · · , Y (tn)) is a
multivariate normal because Z is a Gaussian process and the Y s are just constants times
Z’s evaluated at different times. Further E[Y (t)] = (t + 1)[E][Z(t/(t + 1))] = 0, because
the expectation function of a Brownian Motion is 0. To go to the covariance, for s ≤ t
we have

Cov[Y (s), Y (t)] = Cov

[
(s+ 1)Z

(
s

s+ 1

)
, (t+ 1)Z

(
t

t+ 1

)]
= (s+ 1)(t+ 1)Cov

[
Z

(
s

s+ 1

)
, Z

(
t

t+ 1

)]
= (s+ 1)(t+ 1)

s

s+ 1

(
1− t

t+ 1

)
= s.

So the expectation function and covariance function of the Gaussian process {Y (t), t ≥ 0}
are those of a Brownian motion and therefore the process is a Brownian Motion.

10.33 First assume s > 1, then

Cov(X(t), X(t+ s)) = Cov(N(t+ 1)−N(t), N(t+ s+ 1)−N(t+ s)) = 0,

because it is the covariance between the number of arrivals in the non-overlapping inter-
vals (t, t+ 1) and (t+ s, t+ s+ 1).

If s ∈ [0, 1], then

Cov(X(t), X(t+ s))

=Cov(N(t+ 1)−N(t), N(t+ s+ 1)−N(t+ s))

=Cov([N(t+ 1)−N(t+ s)] + [N(t+ s)−N(t)], [N(t+ s+ 1)−N(t+ 1)] + [N(t+ 1)−N(t+ s)])

=Cov([N(t+ 1)−N(t+ s)], [N(t+ s+ 1)−N(t+ 1)])

+ Cov([N(t+ 1)−N(t+ s)], [N(t+ 1)−N(t+ s)])

+ Cov([N(t+ s)−N(t)], [N(t+ s+ 1)−N(t+ 1)])

+ Cov([N(t+ s)−N(t)], [N(t+ 1)−N(t+ s)])

=0 + V ar(N(t+ 1)−N(t+ s)) + 0 + 0

=λ((t+ 1)− (t+ s)) = λ(1− s)

Where we have used that covariance of the number of arrivals in non-overlapping interval
is 0, while the variance of the number of arrivals in an interval of length x is the variance
of Poisson distributed random variable with mean λx.
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10.34 In a Poisson process the waiting times between arrivals are independent and
identically exponentially distributed and the exponential distribution is memoryless.
In particular {N(t); t ≥ 0} is distributed as {N(t + s) − N(s); t ≥ 0} and therefore
{Y (t); t ≥ 0} = {min{u ≥ 0;N(t+u)−N(t) ≥ 1}, t ≥ 0} is distributed as {Y (t+s); t ≥ 0}
for all s > 0.

Cov(Y (t), Y (t+ s)) = E[Y (t)Y (t+ s)]− E[Y (t)]E[Y (t+ s)] = E[Y (t)Y (t+ s)]− 1/λ2

Y (t) has distribution function f(u) = λe−λu. So,

E[Y (t)Y (t+ s)] = E[E[Y (t)Y (t+ s)|Y (t)]] =

∫ ∞
0

λe−λuE[Y (t)Y (t+ s)|Y (t) = u]du

=

∫ s

0

λe−λuE[uY (t+ s)|Y (t) = u]du+

∫ ∞
s

λe−λuE[uY (t+ s)|Y (t) = u]du

Now, if Y (t) > s then Y (t+s) = Y (t)−s, while if Y (t) < s then Y (t+s) is exponentially
distributed with parameter λ and further independent of Y (t). So,

E[Y (t)Y (t+ s)] =

∫ s

0

λe−λuu
1

λ
du+

∫ ∞
s

λe−λuu(u− s)du

=

∫ s

0

e−λu
1

λ
du− [e−λu

u

λ
]su=0 +

∫ ∞
0

λe−λ(u
′+s)(u′2 + u′s)du′

=
1

λ2
(1− e−λs)− s

λ
e−λs + e−λs(V ar(Y (t) + E[Y (t)]2) + sE[Y (t)])

=
1

λ2
(1− e−λs)− s

λ
e−λs + e−λs

(
2

λ2
+
s

λ

)
=

1

λ2
(1 + e−λs)

and

Cov(Y (t), Y (t+ s)) = E[Y (t)Y (t+ s)]− 1

λ2
= e−λs

1

λ2

10.35 a)

V ar(X(t+ s)−X(t)) = Cov(X(t+ s)−X(t), X(t+ s)−X(t))

= Cov(X(t+s), X(t+s))−2Cov(X(t), X(t+s)+Cov(X(t), X(t)) = RX(0)−2RX(s)+RX(0)

as desired.

b) E[Y (t)] = E[X(t+ 1)]− E[X(t)] = 0, because X(·) is stationary, while

Cov(Y (t), Y (t+ s))

=Cov(X(t+ 1)−X(t), X(t+ s+ 1)−X(t+ s))

=Cov(X(t+ 1), X(t+ s+ 1))− Cov(X(t), X(t+ s+ 1))

− Cov(X(t+ 1), X(t+ s)) + Cov(X(t), X(t+ s))

=2RX(s)−RX(s+ 1)−RX(s− 1),

which is independent of t.
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