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Abstract

In this thesis we show that the Artin braid group is isomorphic to the funda-
mental group of the configuration space of the Euclidean plane. We give enough
group theory to define the braid groups as well as some of its subgroups. We then
define the homotopy groups and fiber bundles, and show that fiber bundles induce
a long exact sequence of homotopy groups. After defining the configuration space
of a topological space, we show that a certain map between configuration spaces is
a fiber bundle, and we then use the long exact sequence of homotopy groups along
with the results about the braid groups to prove the main theorem.

We end with a brief discussion about another result we conclude using this fiber
bundle, namely that the configuration space of the Euclidean plane is a classifying
space of the Artin braid group.
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1 Introduction

The goal of this text is to show that the Artin braid group on n strings, B, is isomorphic
to the fundamental group of the n:th configuration space of the plane R?; concepts
which we will introduce in Section 2 and Section 3 respectively.

The notion of a braid was first introduced by Emil Artin in the 1920s to formalize
intertwining of strings, hence the name. He pointed out that braids with a fixed number
of strings form a group.

To get the most out of this text, the reader would benefit from having taken a course
in topology where concepts such as the fundamental group is being covered, as well
as being familiar with group theory. The content of Section 2 and 3 are mostly from
[2] and [3], with the details filled out by us. The part about the Seifert-Van Kampen
theorem in Section 3 comes mainly from [5]. Section 4 is mostly from [1], with some
modifications.

In Section 2 we will try to get as much as possible out of the group theory part of
the paper. We start by defining the free group and group presentations to get a nice
way of describing the Artin braid group B,. We then define two subgroups of the Artin
braid group - one of them being the pure braid group P,, and the other one the kernel
of a certain homomorphism f, : P, — P, denoted U,. We then go on to show how
the generators of U, will tell us more about P,, with proofs left for Section 4. We end
by proving the five lemma which will be used in later sections.

Moving to Section 3 we will start by giving some of the properties of covering
spaces, and the define the higher homotopy groups 7,(X,x) for a topological space
X with base point xo € X, which are higher dimensional analogues of the fundamental
group of a topological space. Then we compute the homotopy groups of the wedge
sum of n circles, using mainly the Seifert-Van Kampen theorem. We then define a fiber
bundle and show that that construction gives us a long exact sequence of homotopy
groups, which we will make use of in Section 4 after we define the configuration space
Fu(X) of a topological space X and show that a certain map between to such spaces is
a fiber bundle.

Section 4 will be dedicated to the main proof of the text. We piece together the
two previous sections to show that the Artin braid group B, is isomorphic to the fun-
damental group of the unordered configuration space of R?, 7 (%, (R?)). We will start
by showing some of the properties of configuration spaces resulting from the theory
presented in Section 3, and in particular the long exact sequence of homotopy groups.

The very brief Section 5 will be dedicated to show that the homotopy groups of the
n:th configuration space of R?, m;(%;,(R?)), all vanish for k > 2.



2 Artin Braid Group

In this section we define the Artin braid group, and mention some of its properties as
well. We will also prove the five lemma which will be used in Section 4.

Definition 2.1. Let G,H be groups. The free product of G and H, denoted G * H, is
the set of all finite sequences of the form

ap xazxazx...xdy
where g; is an element of either G or H for all i, subject to the following relations:

cokapklkajx .= kajxaj*...

k@R gIRGIRA K. = kaix(g182) ¥aj* ...,

and similarly for elements of H. This set forms a group with * as the operation, in the
sense that
(ay % ...xap) * (b1 % ... xby) = a1 * ... % dp * by % ... % Dy,.

We will now define the free group. To do this we begin by defining a free group
on one generator. Let S be a set and o € S. The free group generated by o is the set
{0} X Z with the operation defined by (o,n)(c,m) = (o,n+m). We abbreviate (o,n)
as 0”. The free group generated by S is the group

F(S)= X F(o).

ces

Proposition 2.1 (Universal property of free groups). Let G be a group and S a set. Let
¢ : S — G be a function from S to the underlying set of G. Then there is a unique group
homomorphism ® : F(S) — G such that the following diagram

S —— F(S)
¢

}‘b

G

commutes. The horizontal arrow is just the inclusion of S.

Definition 2.2. Let S be a set and R be a set of elements of F(S). We define a group
presentation as

(SIR) = F(S)/R,

where R is the smallest normal subgroup of F(S) containing R, in the sense that if we
have a normal subgroup T of F(S) such that R C T C R, then we must have that T = R.
We usually call S the generators, and R the relations.

For example, the presentation (¢ | @) = F(06) = Z and (01,03 | [01,0,]) = 72,
where the bracket denotes the commutator [x,y] = xyx~ !y~



To define a homomorphism ¢ from a presentation (S|R) to a group G is the same as
defining a homomorphism @ from F(S) to G such that ¢(r) = 1 for all relations r € R.
We can summarize this property in the following diagram

Fis) —2 > ¢

P
¢ -
.

///

F(S)/R

where we factor ¢ through the kernel.

Definition 2.3. The Artin braid group on n strings, B, is the group generated by the
n— 1 generators o7, ..., 0,1 and the relations

G,'Gj = GJ‘G,'
foralli,j=1,2,....,n— 1 with |i— j| > 2, and
0;0i+10; = 0;+10;0,+1

foralli,j=1,2,...n—2.
These relations are usually referred to as the "braid relations". We will usually just
call the group the braid group on n strings, and the elements braids.

The group B is the trivial group, and for B, we get an infinite cyclic group isomor-
phic to Z.

If we add the relation Gi2 = 0; to the braid relations, we get a presentation for
the symmetric group S,, where the o;’s correspond to the transpositions of the form
(i,i+1). It is well known that every permutation can be written as a product of such
transpositions, and one can check that they indeed satisfy the relations.

A nice way to visualize these braids is to see them as intertwined strings like in
Figure 1. We can think of the generators o; as twisting the i:th and (i 4 1):th strings,
like in Figure 2. The composition of two braids can be seen as placing one braid above
the other and tying together the strings, like in Figure 5 further bellow. With this in
mind, we can think of the permutations in S,, as braids, but where twisting two string
clockwise gives the same braid as twisting anti-clockwise.

We will now define two important subgroups of B, the first one being the pure
braid group, and the second a subgroup of that. These subgroups will tell us more
about B, and the exact reason will become apparent later in Section 4. We start with
the following lemma.

Lemma 2.2. Ifsy,...,s,—1 are elements of a group G that satisfy the braid relations,
then there is a unique homomorphism f : B, — G such that f(o;) = s; for all i =
1,....n—1.

Proof. Let F(S) be the free group generated by S = {07, ...,0,—1}. By the universal
property of free groups there exists a unique homomorphism f : F(S) — G such that



)\
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Figure 1: Braid in Bs

Figure 2: The element o, in Bs

floi)=s;foralli=1,...,n—1. Since G is assumed to satisfy the braid relations we
get

f(oi0)) = f(01)f(0;) = sisj = s 51 = f(0;01)
for i — j| > 2, and

f(0i6i110;) = f(0:) f(0ix1) F (1) = sisit1si = siv18i8it1 = F(0i41) f(07) f(Oi1)

:f(o_i+16i6i+l)7

so f induces a homomorphism f : B, — G, provided that the braid relations get mapped
to the identity.
O

In particular, if we pick G = §,, where S, is the symmetric group, since the trans-
positions (i,i+ 1) € S, satisfy the braid relations, we have a unique homomorphism
7 : B, — S, such that w(0;) = (i,i+1) forall i = 1,....n — 1, and since the transpo-
sitions generate the symmetric group, this homomorphism is surjective. We call the
kernel of this homomorphism, ker(x : B, — S,), the pure braid group on n strings,
denoted P,.

Proposition 2.3. Define for 1 <i < j < n and for generators oy,...0,—1 € B,

— 610 626-! s lg!
Ajj=0j-10j-2...0;110; 0;1...0;_,0, ;.



Figure 3: Braid relations

The elements A; ; generate B, with relations

Aij ifs<iori<r<s<j
_ A iA; A7) ifs=i
AﬂSlAiJAm =q, 0 —14—1 o .
ArjAs jALjAS jA, ifi=r<s<j
[Ar s As jJAjJAs jyArj] i <i<s <.
Proof. See [1]. .

For a picture of the generators of P,, see Figure 4. The pure braids will the braids
where the start and endpoint of each string lies on a vertical line.

The next subgroup will be defined as the kernel of the forgetting homomorphism
fn : P, — P,—1 which "forgets" about the n:th string of a braid in P,. We define f, as
follows:

Ai7 j j<n

Ja(Aij) = {

It is fairly easy to see that this is well defined. What we do is examine the relations for
P, above and let one of the letters i, j, r, s be equal to n, and then check that they indeed
get mapped to the same element. For example, for the first relation

1 j=n.

AJA A=A ifs<iori<r<s<j,
the only case we have to check is when j = n. So we get
FalA AinArs) = A TA =1,

and
Jn(Aij) =1,
and similarly for the other relations.
See Figure 4 for a visualization of f;,.
We denote the subgroup by U, = ker(f,, : B, — P,—1).
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Figure 4: f7: P; 2 Ays+— Ays € Py

Definition 2.4. Let {G;};cz be a family of groups and {d; : G; — Giy1 }icz a family of
group homomorphisms. A sequence

di—y d; dit 1 di—>

Git1

is said to be exact if for all i, im(d;) = ker(dit1).
In particular, for a short exact sequence

f g

1 G H K 1

)

where 1 denotes the trivial group, we get that f has to be injective and g surjective.

Definition 2.5. Let G be a group. If H is a subgroup and N a normal subgroup such
that HNN = {1} and G = NH. We then say that G is the semidirect product of N and
H, written G =N X H.

Proposition 2.4. Let
1— kL6501
be a short exact sequence of groups. If g has a section, i.e. there exists a homomorphism
s: H — G such that gos = idy, then G = im(f) x im(s).
Proof. Firstly, since the sequence is exact im(f) = ker(g), so im(f) is a normal sub-

group.
We now want to show that if x € G then there exists y € im(s) and z € im(f) such
that x = yz. Since g is surjective, im(s) = im(sog). Let y = s(g(x)) and let z = xy~!.

We will now show that z € im(f).

g(2) =glxy ") =gx)g(v™") =gx)g(y) " =g(x)(g(s(g(x)))) " =
= g(x)idy (g(x)) ' =g(x)g(x) " =1,



s0 z € ker(g) = im(f), y € im(s) and since x = yz, we have that G = im(f)im(s).
Now we need to show that im(f) Nim(s) = {1}. Let x € im(f) Nim(s). Then
x = f(k) =s(h) for some k € K and h € H. Since im(f) = ker(g) we get

1 =g(f(k)) = g(s(h)) = idu (h) = h,

s0
x=f(k)y=s(h)=s(1)=1
which shows that im(f) Nim(s) = {1}. O

We have the inclusion t : B, — B, defined by 1(0;) = 0;. From the braid relations,
it is clear that this defines a homomorphism. In particular, if we restrict this map to the

pure braid group P,_; we have a homomorphism P,_; N P,. This particular restriction
turns out to be rather important, and we will make use of it in Section 4 for the main
proof of the text.

Lemma 2.5. Since the sequence 1 — U, — P, ﬂ) P,_1 — lis exact, and f, has
a section 1 : B,_1 — P, which is just the inclusion map, we can write P, = U, X P,_.
Every B € P, can be expanded uniquely as

B =1(B")B,
where B’ € P,_1 and B, € U,. Here B' = f,(B) and B, = 1(B")~'B. We can see that
B’ € im(1) since f, is surjective, and B, € U, since f,(1(B")"'B) = f,(1(B") ") fn(B) =

B’ -1 B’ = 1. Applying this expansion inductively, we can conclude that every pure braid
B € B, can be written uniquely as

B =B2pBs.-Bns
forBeU;CP;CPh, j=2,3,..,n
Theorem 2.6. The group U, is free on the generators {Ai,n}i:l,l.“.’n—l-

A proof of this theorem will be given in Section 4.
We will now prove the five lemma which will be used later in the main proof of the
text.

Lemma 2.7 (Five lemma). Consider the commutative diagram

1 G 25 G, -2 Gy 1
o e e
1 H - v, 2w, 1

of groups, with rows exact. If Q1 and @3 are isomorphisms, then so is @.



Proof. We start by showing ¢, is surjective. Let x be and element in H;. Since ¢3 is an
isomorphism there exists a y € G3 such that @3 (y) = hy(x), and since the rows are exact
there exists a z € G such that g»(z) = y. Now by commutativity of the right square we
get

ha(x) = 3(82(2)) = ha(2(2))
which implies
ha(pa(r ) = 1

By exactness of the bottom row we get that ¢, (z)x~! € im(hy) so there exists an a € H;
such that /11 (a) = @>(z)x~!, and since ¢ is an isomorphism there exists b € G; such
that @) (b) = a. Now we consider the element g|(b) and apply ¢;. By commutativity
of the left square we get

92(g1(0)) = b (91(b)) = hi(a) = pa(2)x"!
which implies
x=@(a1(b7")2)

SO (@ is surjective.
For injectivity, we start by taking an arbitrary element x € G, such that ¢,(x) = 1.
Now we want to show that x = 1. By commutativity of the right square we get

1 =hy(1) = ha(@2(x)) = @3(g2(x))

which means g(x) € ker(¢3) and since @3 is an isomorphism g,(x) = 1 so, by ex-
actness of the upper row x € im(g;) so there exists a y € Gy such that x = g;(y). By
commutativity of the left square we get

h(91() = @2(81(y)) = @2(x) = 1

and since 4 is injective by exactness of the bottom row, ¢;(y) = 1 and since ¢, is an
isomorphism y = 1. So we have that

x=gi(y)=gi(l)=1

Since the kernel is trivial, ¢ is injective, and hence an isomorphism. O

10



3 Homotopy Theory

In this section we will lay out some of the basic concepts and definitions of homotopy
theory, and show that we get a long exact sequence of homotopy groups which will
lead us to the generators of the group U, from the previous section, which in turn will
lead us to the main proof of the next section. We start by going through the definition
and some properties of covering spaces.

Definition 3.1. A continuous map E 2% B between topological spaces E and B is a
covering map if it is surjective, and if for every b € B there exists an open neighbor-
hood U of b such that p~!(U) is a union of disjoint open sets, each of which maps
homeomorphically onto U by p. We will call such U evenly covered, and for b € B, we
denote the set p~!(b) by Fp, the fiber over b. The space E is called a covering space.

One classic example of a covering space is p : R — S!, where S' is viewed as the
unit vectors in C, and where the covering map is p(x) = >™™,

Proposition 3.1. Let E ~£> B be a covering map. Every path f: 1 — B with f(0) =b
lifts uniquely to a path f : I — E with f(0) = e € Fy. Le. for such f there exists an f
such that the following diagram

commutes.

Definition 3.2. Let X and Y be topological spaces, and f,g : X — Y be continuous
maps. We say that f is homotopic to g if there exists a continuous map H : X x I —
Y, where I denotes the close unit interval [0,1] C R, called a homotopy, such that
H(x,0) = f(x) and H(x,1) = g(x) for all x € X. If f is homotopic to g, write f ~ g.
We can think of homotopies as families of continuous maps {/; : X — Y },¢;.

Definition 3.3. We say that to topological spaces X and Y are homotopy equivalent
if there exist continuous maps f : X — Y and g:Y — X such that fog ~ idy and
go f ~idy. We say that f is a homotopy equivalence with homotopy inverse g. A
space X that is homotopy equivalent to a one-point space is called contractible.

In fact, ~ defines an equivalence relation.

Definition 3.4. Let Maps(X,Y) be the set of continuous maps from X to Y. We call
the set of equivalence classes Maps(X,Y)/ ~, the set of homotopy classes of maps
f:X—=Y.

We will mostly be interested in the cases where the topological spaces are pointed,
i.e. when spaces have a given base point xop € X. We sometimes write such a space
as (X,xo) or, if there is no confusion about what we mean, we just write X as in the
non-pointed case.

11



With this in mind, we would like to have a case where maps f : X — Y takes the
base point of X to the base point of Y. So if x( is the base point in X and y( the one
inY, we write f: (X,x0) — (¥,y0) for a map such that f(xo) = yo. More generally, if
A C X and B CY we write f: (X,A) — (Y, B) for a map that carries A to B, in the sense
that f(A) C B.

A homotopy of base point preserving maps is a homotopy H : X x I — Y from f to
g such that for all # € I, H(xp,#) = yo. In the pointed case, the set Maps(X,Y)/ ~ as
above but where the maps are base point preserving, is called the set of based homo-
topy classes. We denote this set by [X,Y]..

For a topological space X with base point xo € X, we define 7, (X, xo) to be the set
of homotopy classes of maps f : (I",dI") — (X,xp), where homotopies f; are required
to satisfy f;(dI") = xo for all ¢. This set forms a group by the operation defined as

(4 8) (32 r) = {f(le,xz,...,xn) ne0.1/2
g(2x1 — 1,x2,...,xp) x1 € [1/2,1]

Inverses here are given by —f(x1,x2,...,x,) = f(1 —x1,x2,...,x,). Note that for
n =1 we recover the fundamental group m;(X) of X, which will be the main focus
of this text, but the reason for the additive notation here is that for n > 2, we get that
7, (X) is actually abelian, although this is not at all obvious. For more details, see for
example [3]. For n = 0 we can extend this definition by letting I° be a one point space
and 9I° = @, so (X ) becomes the set of path-components of X. However, this is not
a group.

The homotopy invariance of the fundamental group turns out to hold for all homo-
topy groups. Namely, if f : (X,x9) — (¥,y0) is a homotopy equivalence in the base
point preserving sense, then the induced map fi : m,(X,x0) — 7,(Y,y0) is an isomor-
phism for all n. Also, as for the fundamental group, if the space X is path-connected,
different choices of base point xy yield isomorphic homotopy groups 7, (X ,xo) for all n.
Therefore, if the space in question is path-connected we sometimes omit the base point
and simply write 7,(X). See for example [3]. In some cases, the higher homotopy
groups behave much nicer than the fundamental group.

Proposition 3.2. Let p: (E,e0) — (B,bg) be a covering map. Then p induces an
isomorphism of homotopy groups p. : m,(E,eq) — T,(B,bo) for n > 2.

We will use this proposition to compute the higher homotopy groups for n > 2 of a
certain space which will be useful for us later in the text, namely the wedge sum of a
fixed number of circles. Since we will also need to make use of the fundamental group
of the same space, we will compute that first.

Definition 3.5. Let g : X — Y be a continuous map between topological spaces. We
say that g is a quotient map if it is surjective, and if Y has the quotient topology induced
by g, that is if U C Y is open if and only if g~ (U) is open in X.

If ~ is an equivalence relation on a topological space X, then the natural projection
q:X — X/ ~ mapping every x € X to its equivalence class, is a quotient map.

12



Definition 3.6. Let g: X — Y be a continuous map. A subset U C X is called saturated
with respect to q if U = g~ (V) for some subset V C Y.

Proposition 3.3. A continuous, surjective map q : X — Y is a quotient map if and only
if it takes saturated open subsets to open subsets.

Proof. Assume q is a quotient map. If U C X is saturated and open, then U = ¢~ (V)
for some V C Y, and by the definition of quotient map, V is openin Y.

Conversely, assume ¢ is a continuous, surjective map that takes saturated open
subsets to open subsets. We want to show that V C Y is open if and only if g~ (V)
is open. If V C Y open, then ¢~ '(V) is open since ¢ is assumed to be continuous.
Since g~ (V) is saturated by definition, if it in addition is open, then g(g~'(V)) =V is
open.

Definition 3.7. Let Xi,...,X, be topological spaces, with base points x; € X;. The
wedge sum, denoted X; V ... V X, is the space obtained by taking [ [, X;/ ~, where ~
identifies the base points, and no other identifications are being made. The canonical
choice of base point of this space is the equivalence class of the base points xi, ..., x,.

Proposition 3.4. The fundamental group of the wedge sum of n circles, S'\ ...\ 81, is
free on n generators.

To prove this proposition, we can use the Seifert-Van Kampen theorem. We will
not prove the theorem in this text, but see for example [5] for a proof.

Theorem 3.5 (Seifert-Van Kampen). Let X be a topological space. Suppose that
U,V C X are open subsets such that U UV = X, and with U,V and U NV path-
connected. Let xo € UNV, and define a subset C C 71 (U,xq) x 71 (V,x0) by

C={in) ™" | yemUNV,x0)},
where iy, j. are maps induced by the inclusions i: UNV = U and j: UNV — V. Then
m (X,XO) = (75] (U,X()) * T (V,Xo))/é

In particular, m (X ,x0) is generated by the images of 7, (U,xo) and 7 (V,xo) under the
homomorphisms induced by inclusions.

Corollary 3.5.1. Assume that the hypotheses of the Seifert-Van Kampen theorem. Sup-
pose also that U NV is simply connected. Then

m (X,X()) =m (U,.XO) * T (V,XO).

Ideally we would like to apply this corollary to a wedge of two spaces X V X, with
U =X and V = X, considered as subspaces of the wedge sum (X; = § ' =X, in our
case), but the problem is that these spaces will not be open in X; V X;,. Luckily for us,
this can be resolved.

13



Definition 3.8. Let X be a topological space and A C X a subspace of X. A continuous
map r: X — A is called a retraction if the restriction of r to A is the identity map of
A. If there exists a retraction from X to A, we call A a retract of X. Let14:A — X
be the inclusion of A. If 14 o r is homotopic to the identity map of X, we say that r is
a deformation retraction, and we say that r is a strong deformation retraction if it in
addition to being a deformation retraction, there exists a homotopy H from idy to 14 or
that is stationary on A, meaning that

H(x,t) =idx(x) forallxeA,tel.

If r: X — A is a strong deformation retraction, we say that A is a strong deformation
retract of X.

Definition 3.9. A point xg of a topological space X is called a nondegenerate base
point of X if it has a neighborhood that admits a strong deformation retraction onto x.

Lemma 3.6. Suppose x; € X; is a nondegenerate base point for i = 1,...,n. Then the
base point xyg of X1 V ...V X), is nondegenerate.

See [5] for a proof.
Let g : [T X; — X1 V... VX, denote the quotient map. The inclusion of X; into
[T~ ; X; composed with ¢ induces continuous injective maps 1; : X; — X; V... VX,

Theorem 3.7 ([5] (p.256)). Let Xi,...,X, be topological spaces with nondegenerate
base points x; € X;. The map

d:m (X],xl) * ...k T (Xn,x,,) — m (X] V... \/X,,,XO)
induced by 1, : w1 (Xj,x;) = m (X1 V...V Xy, x0) is an isomorphism.

Proof. We start with the wedge sum of two spaces X; V X;. Choose neighborhoods
W; in which x; is a strong deformation retract, and let U = ¢(X;[[W>), V = ¢(W;[1X>)
where ¢ is the quotient map X;[[X> N X1 VX,. Since both X [[W, and W] ]X, are
saturated open sets in X;][X,, the restriction of g to each of them is a quotient map
onto its image, so U and V are both open in X; V X5.

We will now show that the following inclusions

{xo} =UNV
X1<—>U
X, =V

are all homotopy equivalences, because each space on the left hand side is a strong
deformation retract of the corresponding right hand side. For the first space, this just
follows Lemma 3.6. For X; — U, let H : W, x I — W, be a homotopy which gives
a strong deformation retraction of W, to x,. Define G : (Xj[[W2) x I — X;[IW; to
be the identity on X; x I and H on W, x I. The map G descends to the quotient and
yields a strong deformation retraction of U onto X;. A similar argument shows the case
Xy — V.

14



Now, since U NV is contractible, using 3.5.1 gives us that the inclusions U —
X1 VX, and V — X; VX5 induce an isomorphism

(U, x0) * 701 (V,x0) — 1 (X1 V X2,x0)-
Moreover, the maps X U and X 2 V induce isomorphisms

m (X],xl) i> m (U,X())

T (X2,x2) = m(V,x0).

Composing these isomorphisms proves the case n = 2, and the case n > 2 follows by
induction, since Lemma 3.6 guarantees that the hypotheses of the theorem are satisfied
by the spaces X; and Xp V... V X),. O

Applying the previous result to a wedge of n circles show that 7 (S' V...V ') =
Zx...x 7, = F, where F, denotes the free group on n generators.

The Cayley graph of F;, - i.e. a graph where every vertex corresponds to an element
of F,, and where we have an edge between to vertices if and only if they differ by
multiplication by a generator - is a covering space of the wedge of n circles, and is
constructed for n =2 in [3], but generalizes for higher dimensions as well. In particular,
this covering space is a tree and hence contractible. See [4]. This gives us the following
result.

Proposition 3.8. For n > 2, the homotopy groups m,(R*\ {x1,...,x;}) = 0, where
{x1,...,xx} C R? is a set of distinct points.

Proof. Since R?\ {x1,...,x;} is homotopy equivalent to a wedge of 7 circles, and since
the covering space projection induces an isomorphism of homotopy groups 7, for n >
2, we have our result. O

The reason for this computation will become apparent in Section 4.

A concept we will make use of is that of relative homotopy groups for a pair (X,A),
where xo € A C X for base point x. We start by regarding I" ! as the face of I with last
coordinate s, = 0. Let J"~! be the closure of 31"\ I"~!. For n > 1, define m,(X,A,x0)
to be the set of homotopy classes of maps (I",dI",J"~') — (X,A,xo), i.e maps from
I" to X where the boundary 91" gets carried to A and J"~! to the base point xy, where
homotopies are required to be on the same form for all ¢. Note that for A = x(, we get
that 7, (X, x0,x0) = 7, (X,x0), so the relative homotopy groups are generalizations of
the homotopy groups from earlier.

The sum is defined in the same way as for 7,(X), except that we no longer can use
the last coordinate s,,. Thus the set ,(X,A,xq) forms a group for n > 2.

Theorem 3.9. For xy € A C X we have a long exact sequence

e (A, x0) 5 (X, x0) 2 (XA, x0) 2 Touet (A, X0) — ... — o (X, o).
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The maps i, and j, are induced by the inclusions (A, xg) A (X,x0) and (X, x0,x0) EN
(X,A,xo) respectively. The boundary map 9 comes from restricting maps (I",91",J"~!) —
(X,A,x0) to I"~!. For a proof, see [4] or [3].

Definition 3.10. A fiber bundle structure on a space E with fiber F consists of a pro-
jection map p : E — B such that for all b € B there exists a neighborhood b € U C B
with a homeomorphism 4 : p~!(U) — U x F making the following diagram

p\(U) ———— UxF

h
X /
U
commute.

The map & above is what is called a local trivialization of the bundle. Since the fiber
bundle structure is determined by the projection map, we usually say that p : E — B is
a fiber bundle or, if we want to indicate what the fibers are, we write F — E 2 B. We
usually call E the total space and B the base space.

Definition 3.11. A map p : E — B is said to have the homotopy lifting property with
respect to the space X if, given a homotopy g; : X — B and a map gy : X — E lifting
80, SO pgo = go, then there exists a homotopy g; : X — E lifting g;.

So, given g; and gy as above, there exists a homotopy &; such that the two triangles
in the diagram

\

E
T b

B

~

8

-
-
-

8o

X <

l%

X xI

commute.

We say that the map p : E — B has the homotopy lifting property for a pair with
respect to the pair (X,A) if every homotopy f; : X — B lifts to a homotopy g, : X — E
starting with a given lift gy and extending a given lift §, : A — E.

The homotopy lifting property generalizes the path lifting property defined earlier
in this section. This can be seen by taking X in the diagram above to be a one-point
space.

Proposition 3.10. A fiber bundle E Ly B has the homotopy lifting property with respect
to n-cubes, I".

Theorem 3.11. Suppose E L. B has the homotopy lifting property with respect to
I". Choose base points by € B and xo € F = p~'(by). Then the induced map p,
7, (E, F,x0) — T,(B, bo) is an isomorphism for all n > 1. Hence, if B is path connected,
there exists a long exact sequence

oo = Tu(F,x0) = T(E,x0) 25 70,(B,bo) — M1 (F,x0) — ... — o(E,xg) — 0
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We will prove the last statement of the theorem here. To see that p, is surjective
respectively injective, what we basically do is apply the homotopy lifting property
repeatedly. See [3].

Proof. Consider the long exact sequence in 3.9 for the pair (E,F)

o> Ty (Fox0) 5 mu(E,x0) 2 (B, Fox0) 2 a1 (Fixo) — .o,
but let j, be the map p, o j. : @, (E,xo) — m,(B,bo). The sequence then becomes

e Ta(Fyx0) 5 7 (E,x0) "2 700(B,bo) 5 01 (Fxg) — oo,

which is the long exact sequence we are after. For the map my(F) — m(E) at the end,
surjectivity comes from the hypothesis that B is path connected, since a path in E from
an arbitrary point x € E can be obtained by lifting a path from p(x) to by in B. O
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4 Configuration Spaces

In this section we will show that the Artin braid group B, is isomorphic to the funda-
mental group of the configuration space of the plane, 7;(%,(R?)). We start with the
definition of a configuration space, and then we move on to a few properties that follow
from the theory of Section 3.

Definition 4.1. Let X be a topological space. We call the space .7, (X) = {(x1,...,Xx) €
X" |i# j=xi #x;} CX", with the product topology, the n:th (ordered) configuration
space of X.

We have an action of the symmetric group S, on this space, where S,, acts by per-
muting the coordinates of .%,(X). We call the orbit space %,(X) = .%,(X)/S, the n:th
(unordered) configuration space of X.

Sometimes, if @, is a set of m distinguished points {xi,...,x,} C X, we use the
notation .%,, ,(X) for the space .%,(X \ Q). In this paper, X will usually be a man-
ifold, and recall that a manifold of dimension n, sometimes called n-manifold, is a
topological Hausdorff space M such that each point x € M has an open neighborhood
homeomorphic to R”. The following proposition will show that the choice of points
0,, will not matter.

Proposition 4.1. Let M be a connected topological manifold, and let {pi,...,py} and
{q1,---,qx} be two k-tuples of distinct points of M. Then there exists a homeomorphism
© : M — M such that ¢(p;) = q; fori=1,2,....k.

Proposition 4.2. The projection p : %,(M) — 6,(M) is a covering space projection.

Proof. Letx=(x1,...,x,) € €,(M) since all x; are distinct, we can find a neighborhood
U =U X...x Uy of x such that i # j implies U;NU; = @ for all i, j € {1,...,n}. Fix a
o € S, and define Us := Ug(1) X ... X Ug(y). Then we have p Y U)={Us|c€S,}=
Uses, Us and since the U are disjoint we have our covering space projection. O

Recall that this implies every path y: I — %,(M) with y(0) = p(xo) for some
X0 € F,(M) lifts uniquely to a path 7: I — %, (M) with 7(0) = xo.

Theorem 4.3. ([2], p.26) Let M be a connected manifold of dimension > 2. For
1 <r<n, define p: F,(M) = F.(M), by p(ui,...,un) = (u1,...,u,). Then

Frnr(M) — Fy(M) L5 F,(M)
is a fiber bundle.

Proof. Pick a point u® = (u},...,u?) € .Z,(M). The pre-image p~' (u”) consists of the

elements
(ot V1, ey viy) € M™ with u?, .. ul, vy, ..., v, all distinct. Setting Q, =
{ud, ..., ul} we get

Fnr(M\Qy) = Frnr(M) ={(v1,.ccvn—r) € M\ Q)" " | i# j=viF#vj}
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The map {u°} x %, (M) — F,_,(M) defined by (u(f, WOV, Va ) = (V1 ey Var)

%

is a clearly a homeomorphism, so p~!(u°) =.%,_.(M).

Now for local triviality. For each i = 1,...,r let U; C M be an open neighborhood of
u? such that its closure Uj is a closed ball with interior U;. Since uY, ..., u? are all distinct,
we can assume U; NU; = @ forall i,j=1,...,r whenever i # j,soU = Uy x ... x U,
will be an open neighborhood of u° € .%,(M).

We shall see that p|y is a local trivialization, i.e. that there is a homeomorphism
p ' (U) — U x Z,,_,(M) commuting with the projections to U.

For each i = 1,...,7 define a continuous map 6; : U; x U; — U; with the following
properties !. For every u € U, let 6 : U; — U; be the map v — 6;(u,v). We require:

1. 6} :U; — U; is a homeomorphism fixing the boundary dU; pointwise.

2. 0" (u?) = u.

The first property allows us to extend this homeomorphism to the entire manifold
M in the following way. For u = (uy,...,u,) € U, define a map 6“ : M — M by

6"(v) 6;(u,v) ifveU;forsomei=1,...,r
V) =
v ifve M\;U..

It is clear that 8% : M — M is a homeomorphism continuously depending on u, sending
u?, ey u(r) to uy, ..., u, respectively. The formula

(U, V1, ooy Vp—y) = (U, 0% (v1) 5 oo, 0% (Vi—yr))
defines a homeomorphism ¢ : U x Z,,_,(M) — p~!(U) with inverse
o ! (Uy V1, eoeyVp—y) (u,(G“)fl(vl),..., (9”)71(\1",,))
The diagram

-1
p N U) ————— UxZpr(M)

U
clearly commutes, and thus we have our fiber bundle

Frnr(M) — Fo(M) L5 Z.(M)

Corollary 4.3.1. Let M and p be as above. For any m > 0, the map
P Fnn(M) — Fpr (M)

is a fiber bundle with fiber F i yn—r(M).

I'The construction of 6; is carried out in [2] in detail, but requires some knowledge about smooth mani-
folds, as opposed to topological ones.
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Proof. This follows by applying the previous theorem to M = M\ Q,,. O

Proposition 4.4. If 1 (M\ Oy, %) = m3(M \ O, *) = 0 for eachm > 0, then my(F, (M), ) =
0.

Proof. The exact sequence of homotopy groups of the fiber bundle p : .%,, ,(M) —
Fm1 =M\ Oy, from Theorem 4.3 is

e > M\ Oy %) = (Pt 1 (M), %) = T (Fmn(M), %) = T (M\ O, %) — ...,
so since (M \ Q%) = T3(M \ O, *) = 0 for each m > 0 we get that

T (Fnrin-1(M), %) = T (Fn(M),*),
and applying this inductively, we get that

ﬂ2(j.m,n(M)u*) = EZ(merl.nfl(M)»*) == n2(9m+n71,1(M)7*) =
=m(M\ Qmin-1,%) =0.

Corollary 4.4.1. The group m,(.%,(R?)) = 0.
Proof. This follows from Proposition 4.4, since m(R?\ Q) = m3(R*\ Q) =0. [

Let (xY, ...,x9) be the base point of 71 (:%,(M)), and let Z,_ 1 (M) =M\ {x?,...,x0_}.
Define i : Z,_1(M) — F,(M) by i(x) = (x9,...,2_|,x).

Theorem 4.5. If my(M \ Qp,*) = M(M\ O, x) = (M \ Qm,*) = 1 for all m > 0,
then the following sequence is exact
1= M (Fae1a (M),5°) 5 1 (Z (M), (1, o)) 25
B (Fuor (M), (9, .,20_1)) — 1,
where p, is the map induced by the fiber bundle from 4.3.

Proof. The sequence is part of the homotopy sequence induced from Theorem 4.3,
where the 1’s come from the facts that m, (%,_1 (M), *) = 1 established in the previous
proposition, and that mo (%11 (M)) = mo(M\ Qu—1) = 1. O

Definition 4.2. Let f: I — %,(R?), f(t) = (fi(t),..., fu(t)) be a path in .Z,(R?).
Each coordinate function f; defines an arc f; = (fi(¢),t) in R? x I. We call their union
B = Bi1U...UPB, a geometric braid. We say that two geometric braids 8 and B’ are
equivalent if § ~ '

We will now describe the elements that generate 7 (4, (R?),xp). Recall the cov-
ering space projection p : .%,(R?) — ,(R?). For yo = ((1,0),...,(n,0)) € .%,(R?)
pick the point p(yo) as base point xq for 71 (6, (R?),x0). We can lift loops based at xg
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in %,(IR?) to paths starting at yo = ((1,0),...,(n,0)) in %,(R?). The generator &; of
71 (%, (R?),x0) is then represented by the path

@) =1((1,0),...,(i—1,0), f;(¢), fix1(2), (i +2,0), ..., (n,0))
in Z,(R?), where fi(t) = (i+t,—Vt—12) and fi1(t) = (i+1—1,v/t —12). That is to
say, f(r) is constant on all strings except the i:th and (i + 1):th, and those two strings

get interchanged in a nice way. Notice the similarity with the braid in Figure 2.

We refer to Figure 5 to see how the composition of two geometric braids - one
above and one under the middle line - would look like.

/

=S
- -

/\L )

Figure 5: Example of composition of braids

/
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Theorem 4.6 (Artin, 1925). The group m(%,(R?),x0) admits a presentation with gen-
erators Gy, ...,0,_1 and defining relations

6i6;=06;6; if |i—jl=21<ij<n-—1
6,‘(~Fi+16,‘ = 6i+16i6i+1 fOi‘ all 1 S i S n—2.

The proof of Theorem 4.6 will follow after the next lemma, which we will now set
out to prove.

Let b € 1 (%, (R?),x0) be represented by a loop f : (1,{0,1}) = (%,(R?),x0) and
let = (fi,.,fu) : (I,{0}) = (Zu(R?),y0) be the unique lift of f. We can see that
any such lift induces a permutation of the set {1,...,n}, which we call the underlying
permutation of b. We define u : 71 (6, (R?),x9) — S, to be the map which sends each b
to its underlying permutation 7, which we write as

__ (F0)1,- F(0)n
u(b) =Tp= (f(l)i,,f(l)n> €S,.

As an example: for b as in Figure 5 we would have that 7, corresponds to the
permutation (243) € Ss.
Recall also the map 7 : B, — S, in Section 1 defined by n(0;) = (i,i+1).

Lemma 4.7. The homomorphism 1 : B, — 711(6,(R?)) defined as 1(c;) = &; is an
isomorphism if t|p, : B, — 71 (,(R?)) is an isomorphism.

To see that 1 is well defined it is enough to note that the elements &; satisfy the
braid relations by for example examining Figure 3.

Proof. We get a commutative diagram

1 P, B, & S, 1

b b

1 — m(ZR?)) — m(6(R?)) = 85, —— 1

with rows exact so, applying the Five Lemma, we get that 1 : B, — 711 (%, (R?)) is an
isomorphism. l

Now we just need to show that i, := 1|P, is an isomorphism. Corresponding to the
forgetting homomorphism f;, : P, — P,_1 we have the homomorphism 7 (%, (R?)) LY
71 (Fn—1(R?)) from Theorem 4.5 with ker(p.) = 7 (Fp_1.1(R?)) = m (R*\ Qu—1),
which is free on n — 1 generators. Now consider the following diagram:

1 U, P In P 1

Joen | Jins

1 —— 1 (Z011(RY)) — m(Z(RY)) 25 1 (Z,1(RY) — 1.

=
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For i =1,2,...,n— 1, we can think of the image 1(A;,) of the elements A,, that
generate U, as a loop that starts at a point xy € R? and encircles the point x; once,
and separates it from the rest of the points in Q,—1 = {x1,...,x,—1}. Then the set
{1(Ain) | 1 <i<n—1}isagenerating set of 7 (%11 (R?)) = 7 (R*\ Q1) which is
free, and since |y, is surjective, U, is free as well. In particular, 1|y, is an isomorphism
for all n.

The proof of 4.6 will now follow by induction on 7.

Proof of 4.6. For n = 1, both Py and m; (% (R?)) are trivial, so #; is an isomorphism.
For the induction step, suppose that i,_; is an isomorphism. Then since t|U, is an
isomorphism for all n, if we apply the five lemma to the above diagram, we get that i,
is an isomorphism. Hence, by the previous lemma, B, = 7 (%,(R?)). O
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5 Classifying Spaces

In this rather short section we will show that the groups (%, (R?)) and m;(.%,(R?))
all vanish for k > 1.

Definition 5.1. Let G be a group. We say that G is a fopological group if it comes
equipped with a topology on the underlying set of G, such that the multiplication and
inversion maps

U:GxG—G, u(g,g) =g

and

are both continuous.

Definition 5.2. A classifying space BG of a topological group G is the quotient of a
space EG, which has the property that all homotopy groups are trivial, by a free action
of G, meaning that if there exists a point x € EG such that gx = x for some g € G, then
g is the identity element.

If G is a topological group equipped with the discrete topology, then the classifying
space of G is a path-connected space X such that

G k=1
”"(X)ﬁ{o k#1.

A space with the property that for some n = 1,2, ..., m,(X) = G for some group G, and
7 (X) = 0 for k # n is known as a Eilenberg-MacLane space K(G,n). For n = 1, such
spaces exist for arbitrary groups, and can explicitly be constructed. They exist for n > 1
as well, with the additional condition that G is abelian. See [4].

Proposition 5.1. The groups m,(¢,(R?)) and m(.F,(R?)) vanish for all k > 1.

Proof. The proof will be by induction on 7. Firstly, we look at .%,(R?). For n = 1,
Z1(R?) = R?, and since R? is contractible, i.e. homotopy equivalent to a one point
space, all homotopy groups vanish and, in particular they vanish for k > 1. Now sup-
pose m(Z,_1(R?)) = 0 for k > 1. The long exact homotopy sequence of the fiber

bundle .%, 11 (R?) = .Z,(R?) & %, | (R?) is
e = Tt (P 1 (R?)) = i (Fn1.1 (R?)) = m (P (R?)) = mi(Fn 1 (R?)) — ...
and since . (%,—1(R?)) = 0 we get
o= 0= m(Fr1.1(R?)) = m(Fn(R?)) =0 — ..,

which gives us that (%1 1 (R?)) = (%, (R?)), but as established earlier, 7, 1 (R?) =
R?\ Q,_; is homotopy equivalent to the wedge sum of 7 circles which has a con-
tractible covering space, so the homotopy groups vanish for k > 1, and hence m; (.%,(R?)) =
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0. Since we have a covering space projection ., (R?) — %, (IR?), the homotopy groups
of the two respective spaces are isomorphic for k > 1, so the groups 7 (%, (IR?)) vanish
as well. O

This now shows that ,,(R?) = BB, and that .%, (R?) = BF,.
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