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Abstract

In this thesis we study formal differential graded algebras and coalge-
bras. As our tools we use theory of Koszul algebras and some homotopical
algebra. We also give some examples of Koszul algebras, formal differ-
ential graded algebras and non-formal differential graded algebras from
algebraic topology.
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1 Introduction and notation

The homotopy groups 7, (X) of a topological space X play an important role in
algebraic topology. They are however often very hard to compute. A standard
example which illustrates this is the fact not even for spheres are there complete
descriptions of the homotopy groups. In rational homotopy theory the groups
T (X) ® Q are studied for simply connected spaces X. The idea is to forget
about the torsion in order to get a more computable theory. This was made
precise by Serre in [14] and it was in some sense a success. For example there
are complete descriptions of the rational homotopy groups of spheres. Later,
Quillen and Sullivan would come up with ways to model rational homotopy
theory of simply connected spaces using differential graded Lie algebras and
commutative differential graded algebras respectiely [15], [16]. But even the
rational homotopy groups can be hard to compute which is why formal topo-
logical spaces are interesting. Formal topological spaces are topological spaces
whose rational homotopy type is determined by the rational cohomology ring
H*(X;Q). There are some equivalent definitions of formal spaces but one is
that the differential graded cochain algebra C*(X) is connected to its cohomol-
ogy by a zig zag of quasi isomorphisms. There is a similar notion of coformal
spaces which are defined by the property that the algebra Co(€2X) be con-
nected to its homology by a zig zag of quasi isomorphisms (here 2, X denotes
the based loops space of X and the algebra structure on Co(€2,X) comes from
the monoidal structure on €, X). For this reason, a differential graded algebra
with the property that it is connected to its (co)homology by a zig zag of quasi
isomorphisms is called formal. These will be some of our main objects of study.
More precisely we will examine how the notions of formality and koszulity are
related in algebra and also in topology. This thesis consists of five chapters.
In chapter one we introduce some terminology and theory that will be used in
later chapters. The most important objects for us will be differential graded
algebras and differential graded coalgebras (abbreviated dga algebras and dga
coalgebras respectively). In chapter two we summarise some theory necessary
for us to state and prove the main theorem of this thesis. Most of the theory
in chapter two concerns how dga coalgebras and dga algebras are related; we
construct the bar and cobar functor, we give the space of linear maps from a
dga coalgebra to a dga algebra the structure of a dga algebra and we introduce
the twisted tensor product of a dga coalgebra and a dga algebra. In chapter
three we prove the following special case of theorem 2.9 in [1].

Theorem 1. Let x : C — A be a Koszul twisting morphism where A is a
connected dga algebra and C' is a connected dga coalgebra. The following are
equivalent:

(1) C and A are formal.

(2) A is formal and H,(A) is Koszul.
(3) C is formal and H,(C) is Koszul.



We do so without having to introduce operads or A,-algebras. Instead of
introducing A..-algebras we spend section 3.2 establishing certain factorisation
and lifting properties in the category of dga algebras to prove the following
preliminary result.

Proposition 2. Let k : C — A be a Koszul twisting morphism where A is
a connected dga algebra and C' is a connected dga coalgebra. If C' ~ C’ and
A ~ A’ then there is a Koszul twisting morphism ' : C" — A’

In chapter four we explain how our main theorem connects to algebraic
topology. We introduce the notion of Koszul spaces and give two examples of
such, namely spheres and euclidean configuration spaces (where we assume the
number of points to be less than or equal to the dimension). We follow a proof
from [2] for the intrinsic rational formality of Euclidean configuration spaces
but as a warm up example we show how the same ideas can be used to prove
intrinsic rational formality of spheres.

In chapter five we give an example of a topological space whose cohomology
ring is Koszul but which is not formal over Z,. The example is F;(R?) and the
proof of its non-formality comes from [2].

1.1 Preliminary definitions

The aim of this section is to establish the notation which we will use throughout
the thesis. First of all we will denote by K a field and the vector spaces, algebras
and coalgebras will be over K. Almost all objects we are interested in will be
graded vector spaces with extra structure. So let us first make precise what we
mean by a graded vector space.

Definition 3. A graded vector space is a vector space V with a direct sum

decomposition
V=V
JEZ
For a homogenous element v € V' we denote by |v]| its degree.

Most of the graded vector spaces that occur in this thesis come with what
we call a differential structure. Here is the precise definition.

Definition 4. A differential graded vector space (V,d), also called a chain com-
plex is a graded vector space together with a differential d : V' — V such
that d(V;) C V;_y for all i and d> = 0. A morphism of chain complezes
(V,dy) — (W,dw), also called a chain map, is a linear map, homogenous of
degree 0, which commutes with the differentials.

We recall that any chain complex gives rise to a new graded vector space
which is smaller in some sense.

Definition 5. The homology of a chain complex is by definition the graded
vector space Ho(V,dy) := @nezker(d : Vi, = vp_1)/im(d : Vaq1 — V). Any
chain map induces a linear map in homology. A chain map which induces an
isomorphism in homology is called a quasi isomorphisms.



We will think of K as a chain complex with trivial differential which is zero in
all degrees except 0 where it is K. (We say that it is concentrated in degree 0.)
A differential graded vector space (V, dy ) is called augmented if there is a chain
map from (V,dy) — (K,0). An augmented vector space is called acyclic if the
augmentation map is a quasi isomorphism. This means we might call a chain
complex acyclic if either their homology vanishes or their homology consists
of just one copy of K in degree zero (it should be clear from context which is
meant).

Sometimes we will encounter chain complexes (V,dy ) with differentials of
degree +1 rather than —1. We call them cochain compleres and we indicate
their grading with superscript as in V = @&,;¢zV7. We say that a chain complex
is homologically graded and a cochain complex is cohomologically graded. The
following convention will however allow us to restrict ourselves to the study of
chain complexes.

Convention 6. We think of a cochain complex (V, dy ) as a chain complex which
is homologically graded by V,, := V~". We note that with this convention dy :
V, =V = V"t =V, _; is of degree —1 with respect to the homological
degree.

Now we move on to the notion of algebras and coalgebras.

Definition 7. An associative algebra is a vector space A equipped with a linear
map p: A® A — A such that the following diagram commutes

AARA 22 A0 A

|wen I

ApAd —" 5 4

The algebra A is called unital if comes equipped with a linear map u : K — A
such that the following diagram commutes

KoA 25 A® A —— ASK
kAL
A

Notice that a unital algebra has an identity element u(1x) which we usually
denote 1 4. The last diagram in the previous definitions shows that 14 is indeed
a two-sided identity for the multiplication.

Together with the notion of algebras comes a notion of structure preserving
maps between algebras.

Definition 8. Let (A, u) and (A’, ') be associative algebras. A linear map
f:A— A is called an algebra morphism if it respects the multiplication. In



other words if the following diagram commutes

Ao A L8 pgn

T

A—T

If A and A’ are unital we also require that f(14) = 1a-

We note that K is itself a unital associative algebra with the usual multipli-
cation and the unit being the identity map K — K.

Definition 9. An algebra A is called augmented if there is an algebra morphism
€ : A — K. One often denotes by A the kernel of the augmentation map e.

A lot of the algebras we will be dealing with come with an extra graded
structure. Here is the precise definition.

Definition 10. We say that the algebra A is graded if it has a vector space

decomposition
A=EP4;
JEL
such that the multiplication u respects this decomposition meaning p(A4;®A;) C

Aitrj. A morphism of graded algebras f : A — A’ is a morphism of algebras
which respects the grading, meaning f(A;) C Aj.

Example 11. The polynomial ring A = K[z, ..., ,,] is an example of a graded
algebra. The degree n part is the linear span of all monomials of degree n:
Ap = (@t ay? ik |ng +ng 4 0y = ).

When working in the graded setting one often has to deal with a lot of minus
signs which can make computations much harder to follow. There is however
a convention which can make things somewhat simpler called the Koszul sign
convention:

Convention 12. Throughout this thesis we will, unless otherwise stated, define
the tensor product of two linear maps f:V — V', g: W — W’ by the rule

fogwow) = (=19 fw) o gw).

We now define the type of algebras that we will mostly be interested in,
namely algebras which are also chain complexes.

Definition 13. A differential graded associative algebra (dga algebra for short)
(A, d) is a graded associative algebra (A, i) together with a differential d : A —
A which is a derivation for the product. In other words d is a linear map of
degree minus one which satisfies

d>=0, anddop=po(d®1l+1d).



A morphism of dga algebras f : A — A’ is a morphism of graded algebras which
commutes with the differentials, meaning f oda4 = dar o f. A dga algebra A
is called augmented if there is a morphism of dga algebras A — K where K is
thought of as a dga algebra concentrated in degree 0.

Because a dga algebra (A, d) is a chain complex if we just forget about the
algebra structure we can of course take homology of a dga algebra. Because
the differential is a derivation for the product the homology of a dga algebra
inherits the structure of a graded algebra.

As with chain complexes, any morphism of dga algebras f : A — A’ induces
an algebra morphism f, : He(A) — Ho(A’). We are particularly interested in
those maps f : A — A’ that induce isomorphisms on homology. As for chain
complexes we will call such maps quasi isomorphisms.

Example 14. Consider the unital algebra A = K[z, y]/I where I = (22,1?).
We can force a grading on it by specifying the degree of the generators. Setting
|z| = 0 and |y| = 1 for example then forces |zy| =|z|+|y| = 1. Also the degree of
1 in any unital graded algebra must be zero because [14] = |14-14| = |1a|+]|14].
We see that with this grading we get Ag = (1,2), A1 = (y,zy) and A; = 0 for
all other i. We can define a differential by specifying what it does on the
generators, d : y — x and d :  — 0, and then use the Leibniz rule from
definition 13 to extend this to any product of the generators (one also has to
check that d(I) C I). For example d(zy) = d(z)y + zd(y) = 0 + 22 = 0. This
makes A into a dga algebra. We saw that A is concentrated in degrees 0 and 1
and as a chain complex it looks like

and it is not so hard to compute its homology, Ho(A) = Kla4, Hi(A) = Kzy.
As a graded algebra He(A) is the trivial algebra on one generator zy of degree
1.

Sometimes a graded algebra A comes equipped with an extra grading which
we will call weight. Such algebras we will call weight graded. The multiplication
of A must respect both the original grading and this extra weight grading. We
will require weight gradings to be concentrated in non negative weight. For an
element a € A of a weight graded algebra we will denote by |a| the degree and
by w(a) the weight of a. A weight graded dga algebra is often abbreviated wdga
algebra.

An other type of algebraic objects that will occur frequently in this thesis
are coalgebras. They are in a sense dual to algebras.

Definition 15. A coalgebra is a vector space C' equipped with a linear map
A:C — C®C, called the coproduct, we call C' an coassociative coalgebra if
the following diagram commutes

c—2 LcoeC

A 1A

cCeCc 2% coceC



and we say it is counital if it is equipped with a linear map € : C — K making
the following diagram commute.

e

COK ¢-— C®C 25 KeC

A morphism of coalgebras f : C — C' is a linear map which commute with
the coproduct, meaning Ac: o f = (f @ f) o A¢. If the coalgebras C' and C’
are counital with counits v : C' — K and v’ : ¢/ — K we also require that f
commutes with the counits, meaning v’ o f = u.

We note that K is itself a counital associative coalgebra with multiplication
defined by 1 — 1 ® 1 and the counit being the identity K — K.

Definition 16. A counital coalgebra C is called coaugmented if there is a
coalgebra morphism u : K — C. We denote by 1< the image of 1 under wu.

We note that if C is coaugmented we must have € o u = idg because u
is a coalgebra morphism which means that it commutes with the counits but
the counit of K is idg. Moreover there is a natural way to define a coalgebra
structure on ker(¢) namely by A(z) = A(z)—1c®r—r®1c. If A is coassociative
then A is too.

Definition 17. We say that a coaugmented coalgebra C' is conilpotent if for all
c € C there is an integer n such that A™(c) = 0 where A™ is defined inductively
as A"(c) := (A ® 19" 1) o Am1(c).

As with algebras we will often encounter coalgebras with a graded structure.
Here is the precise definition.

Definition 18. A graded coalgebra is a coalgebra C' which has a vector space
decomposition
c=@p¢;
JEL
such that the coproduct respects the grading, meaning
ACy)C P Civ .
i+j=n

A morphism ofgraded coalgebras f : C — C' is a morphism of coalgebras which
respects the grading, meaning f(C;) C f(C}) for all i.

Definition 19. A differential graded associative coalgebra (dga coalgebra for
short) (C,d) is a graded associative coalgebra (C, A) together with a differential
d : C'— C which is a coderivation for the coproduct. In other words d is a linear
map of degree —1 which satisfies

d>=0and A®d=(d®1+1®d)oA.



Example 20. If we take the linear dual of the algebra A from example 14 we
get a coalgebra C' = A* whose coproduct is given by the composite

A A, (AR A)* =2 A* @ A* .

(The isomorphism above exists since dim(A) < co.) We can give C' a grading
by Co = (1%,2*), C_1 = (y*, (zy)*) where we have fixed the basis of A* dual
to the one in example 14. Then we can compute for example the coproduct of
(zy)* by applying p*((zy)*) to the basis elements of A ® A obtained by taking
tensor product of basis elements of A. We get

wal(zy)")(1a @ zy) = (zy)" (pa(l @ y)) = (2y)* (2y) = 1,

pa((zy))(z @y) = (zy)" (pa(z @ y)) = (zy)"(zy) = 1,
wa((zy)")(wy @ 1a) = (zy)" (palzy ©1a)) = (zy)"(zy) = 1,

and then the rest is zero because no other product of basis elements of A contain
xy as a term so we get p% ((zy)*) = 1% ® (zy)* + 2* @ y* + (zy)* @ 1%. We also
get a differential on C' by taking the dual of the differential d in example 12.
Explicitly it is given by

d* 1% —0, 2" —=y" vy =0, (zy)" — 0.

Using that p4 is associative and that d is a derivation for g4 one can check
that p% is coassociative and that d* is a coderivation for p* so (C,d*) is a dga
coalgebra.

Finally a connected (co)algebra is a non-negatively graded (co)algebra such
that 4g =K (Cy = K). A weight graded (co)algebra is connected with respect
to weight if A(0) =K (C(0) = K).

Next we introduce two functors that assign to any vector space V' an algebra
and a coalgebra respectively. The algebra is usually denoted T(V) and called
the tensor algebra and the coalgebra is denoted T¢(V) and called the tensor
coalgebra. Each of these satisfy a universal property that will come in handy
in later chapters. For the proofs of the properties of the tensor (co) algebra we
refer to [3].

Definition 21. Given a vector space V the tensor algebra of V is an algebra
whose underlying vector space is

TV)=KeVeVR2eV®»g..

The elements of T'(V') are sums of elements of the form v @ v2 ® ... ® vy,. 1t is
however customary to omit the tensor sign and denote this element by vy - - - v,,.
The multiplication is given by concatenating words meaning

/Ul...vn®u1...um}_)/Ul...fvnul‘..um.

10



As we mentioned the tensor algebra is a functor from the category of vector
spaces to the category of augmented associative algebras; it assigns to any linear
map f: V — W the algebra morphism

Do fE" : T(V) = T(W).

It is not so hard to check that this is indeed an algebra morphism and that this
assignment respects the identity and the composition of maps. Now we move
on to the universal property of the tensor algebra.

Proposition 22. Let V be a vector space. The tensor algebra T'(V) of V
satisfies the following universal property: For any unital associative algebra A
and linear map f : V — A there is an algebra morphism f : T(V) — A making
the following diagram commute

where i is the inclusion V < T'(V).

We recall that if V' and W are two graded vector spaces then V @ W is

graded too by
(VOW)p =®Birj=nVi @ Wj.

This way when V is a graded vector space then T'(V) is graded too and moreover
the multiplication on T'(V) respects this grading so in this case T'(V) is a graded
algebra with the grading induced from V. Here is a result which allows us to
uniquely extend any linear map V' — T'(V) to a derivation T(V) — T(V). We
state the graded version here.

Proposition 23. Let V be a graded vector space. For any linear map f: V —
T(V) of degree —1 there is unique derivation dy : T(V) — T'(V) which makes
the following diagram commute

V — T(V)
N 1
\df N
(V)
The corresponding construction for coalgebras goes as follows.

Definition 24. Given a vector space V the tensor coalgebra of V is the coal-
gebra whose underlying vector space is

T(V) =Ko VoV®2eve®ag ..

with comultiplication defined by deconcatenation of words meaning

U1~~~vn+—>Zvl~~~vi®vi+1~~~vnETC(V)@)TC(V)
i=0

11



The tensor coalgebra is a functor from the category of vector spaces to the
category of coaugmented associative coalgebras. It assigns to any linear map
f:V = W the map ®,>0f®" : T¢(V) — T¢(W). Again it is not so hard
to check that this is a coalgebra morphism and that this assignment respects
the identity and the composition of maps. The tensor coalgebra also satisfies a
universal property. It is in fact dual to the one the tensor algebra satisfied in
the sense that all the arrows are just reversed.

Proposition 25. Let V be a vector space. The tensor coalgebra T¢(V') satisfies
the following universal property: For any conilpotent coalgebra C, and linear
map f : C — V with f(1¢) = 0 there is a unique morphism of coaugmented
coalgebras f : C — T¢(V) making the following diagram commute

(V)
K\
LN
AF
v — C

where p is the projection T¢(V) — V.

1.2 Simplicial sets

We end this first chapter with a short introduction to simplicial sets. This
will mostly be used in chapter five but since simplicial sets give rise to natural
examples of dga algebras we include it here. Denote by A the category whose
objects are the sets [n] := 0,1, ...,n for n > 0 and whose morphisms are functions
f:[n] = [m] such that i < j = f(i) < f(j).

Definition 26. A simplicial set is a contravariant functor X : A — Sets. The
elements of X ([n]) are called n-simplices

Consider the following morphisms in A

‘ ‘ i<

@il =) @@ =40 "
i+1,ifi>7y

; » 1ifi <y

s’ n+1] = [n], $3) = -
[ J= [nl, °@) {i—l,ifi>j

Given a simplicial set X we will denote by d; and s; the set-functions X (d7)
and X (s7) respectively. These functions are called face and degeneracy maps
respectively. An element x € X ([n]) is called degenerate if z = s;(y) for some j
and some y € X ([n — 1]).

12



The set-functions d;, s; satisfy the following identities [5]

did;j =dj_1d; ifi<j
disj = s;_1d; ifi<j
djsj =1=djq15;

dis; = sjdi—1 ifi>j5+1
5i8; = sj418; ifi <j

Given a simplicial set X we can define a chain complex Co(X) over any field K
as follows. In degree n we have C),(X) = KX([n]) is the free K-vector space on
the set X ([n]). The differential is given by

Using the identities above one can see that 02 = 0. Also using the identities
above one can show that the subspaces DX C C:X spanned by the degenerate
elements of X([n]) form a sub complex and we define the normalised chain
complex of X to be R

Co(X) =Co(X)/Do(X).
We will however be more interested in the dual cochain complex
C*(X) := (BpHom(Cr(X),K),0*). The cochain complex C*(X) has a prod-
uct, called the cup product. Let f € CP(X), g € CU(X), z € X([p + ¢]) and
let

t:pl = p+gql, i

and

nilgd = lp+g, impti

Then the cup product can be defined by the following formula
fUg(x) = (=1)"(f o X()(x)) - (9 0 X(n)(x)).

Directly from these formulas one can show the cup product is associative and
that the following formula holds

O (fug) =0 (fHug+ (DM fuo*(g).

In other words (C*(X),U,0%) is dga algebra.

There is another multiplication that we will use which is of degree —1
U1CP(X) ® C1(X) — CPTI=1(X). If f, g are as before and y € X([p+ ¢ — 1])
and if we for j € {0,1,...,p — 1} define

: Pifi <
dipl = pt+qg—1], i— -
)= lp+a—1] {z’+q—lifz'>j

Wil = ptag—1], iit+j

13



then U; can be defined by

p—1

fULg(y) =D (=D)P D (f o X () () (go Y (') (y)).

=0

The definition goes back to Steenrod [13] and he also proved that the following
formula hold.

Proposition 27.
I (furg) =" (flUg+ (1P fUI(g) + (~-1)PTT fUg+ (1P PTg U f.

Example 28. An example of a simplicial set is the set of singular simplices of
a topological space T'. It is defined on objects by

S(T)([n]) ={o : A™ — T : o is continuous}.

It is defined on morphisms by
S(T)(h: [n] = [m])(0) = 0 (Tn(0)s Tn(1) -+ T(h(m))) Where
(Th(0)> Th(1)s s T(h(m))) * Dn = Ay is the map sending a point (o, ..., 1) € A,
to > o tieneiy and {e;} is the standard basis of R™. The face are given explicitly
by

di : Sp(X) = Sn-1(X), 0= 00{(xg, ., Tiy ooy Tny)

where 2; means we omit z;. The degeneracy maps are given by
$i 2 Sp(X) = Sni1, 0> G0 {(X0y ey Tiy Tiyerey Ty )

We can then define the normalised singular chain complex of T with coefficients
in some field K as we did for a general simplicial set above Co(T) := Co(S(T)).
It gives rise to the homology of T

Ho(T;K) := Ho(Ca(S(T)))-

We can further define the cochain algebra of the topological space T' with coef-
ficients in K by
C* (1K) i= C*(S(T))

which gives rise to the cohomology ring of T’
H*(T;K) := H*(C*(S(T))).

A map between simplicial sets is a natural transformation X — Y. One can
show that this is equivalent to a family of maps X ([n]) — Y ([n]) that commute
with the face and degeneracy maps. A sub simplicial set Z C X is a simplicial
set such that Z([n]) € X([n]) for all n and Z(f : [n] — [m]) = X(f : [n] —
[m])| z(jm))- Given a map of simplicial sets ¢ = {¢, : X([n]) = Y([n])} and a
sub simplicial set Z C Y the inverse image ¢~1(Z) is a sub simplicial set of X
in a natural way. Also the intersection of two sub simplicial sets Z C X and
Y C X is a simplicial set in a natural way by ZNY([n]) := Z([n]) NY ([n]) and
Z0Y(f:[n] = [m]) = X(f : [n] = [mD|z(mpny (m)-

14



2 Bar construction, cobar construction & twist-
ing morphisms

In this chapter we study the relation between dga algebras and dga coalgebras
further. We introduce the convolution algebra and twisted tensor products.
We also study the bar and cobar adjunction. The theory in this chapter can
be found in chapter two of [3]. T have decided to only go into detail on those
proofs that I find especially interesting or that are only sketched in [3]. In this
chapter the algebras (coalgebras) will assumed to be augmented (coaugmented)
and concentrated in non-negative degrees.

2.1 Bar and cobar construction

There are functors going from from the category of dga algebras to the category
of dga coalgebras and vice versa. These functors will occur a lot in this thesis
so let us give explicit descriptions of them and prove some properties that they
enjoy.

Starting with a dga algebra (A, p, d4) the bar construction of A is the coalge-
bra T¢(Ks® A) where Ks is a one dimensional graded vector space concentrated
in degree 1. We use the notation sA := Ks ® A. We will define two differentials
dy and ds on A and show that their sum d; + ds is a differential as well.

The first differential d; comes from d 4. Indeed, we can define a differential
dgl) on sA by sa — —sda(a). We can then take the tensor product of this to
get differentials

d" =310 .0d"®. .01 (sA)"" - (sA)*".

We can then define d; to be the direct sum of all the dgi)’s (d® = 0) which is
then a differential on T¢(V).

The second differential dy is induced by the product in A. In formulas we
have

dz (501 ®...®sa,) = Z(—l)i’1+|a1|+|“2|+'“+|a”|sa1 ®...Q0su(a;,ai11)®...Q 8a,.

i

Proposition 29. d; and ds are indeed differentials on the graded coalgebra
T¢(sA). Moreover, they anti commute so that their sum dy + do is again a
differential.

Proof. To prove that d; and ds are coderivations for the coproduct one just has
to write out the formulas. The fact that d; squares to zero follows from d4 being
a differential. To see that d2 = 0 one has to write out the formulas, keeping
close attention to the signs and use the associativity of . Finally, proving that
dy ody + ds ody = 0 also just comes down to writing out the formulas and using
the fact that d 4 is a derivation for u. O

15



We can now conclude that BA = (T¢(sA),d = di + da) is a differential
graded coalgebra. To see that B is in fact a functor we have to say what it does
on morphisms. If f : A — A’ is a morphism of augmented dga algebras then
f(A) C A’. Then we can define a linear map f, : sA — sA’ by sa + sf(a). But
then we can take tensor powers of f, to get linear maps f&" : (sA)®" — (sA")®".
Finally we take the direct sum of of these maps to get Bf :

Bf := @f?" :T(sA) — TC(sA).

n>0

It is not so hard to check that B f is a coalgebra morphism that commutes with
the differential and that Bly = Blpa and B(f og) = Bf o Bg when f and g
are composable.

Now we move on to the cobar functor 2. So let (C, A, d¢) be a coaugmented
dga coalgebra. As an associative graded algebra we have

QC :=T(s"'C)

where s71C is short for Ks™!' ® C. Ks~! being the one dimensional vector space
concentrated in degree —1. As with B we have two differentials on 2, let us
call them ¢; and d3. The first one comes from the original differential on C.
First we get a differential 5%1) 15710 — s71C by sc +— —sdc(c). Then we get
differentials

3 =Y1®..00 0.1 (s10)%" — (s7L0)°"
for all n. Finally we can take the direct sum of all of these to get

o =P c - ac.

i>0

The other differential d5 is induced by the coproduct on C. More precisely,
we can define it as follows. Let A, : Ks™! — Ks~! be the map defined by
sl —s'@s L Let 7 : Ks ' ®C — C ®Ks™! be the map defined by
st ®@cr (=1)llc® s™! and let A be the reduced coproduct in C. Then we
consider the following composition

Ks'oO —2:%0 [ KelogKs'loCod

e
Ks1@CoKs @0 ——— T(s710)

This composition is a linear map Ks™'C — T(Ks~'C). It has degree —1
because Ay does and all the other maps have degree 0. Hence by proposition
23 it extends uniquely to a derivation dy : T(Ks™1C) — T(Ks™1C).

Proposition 30. §; and d2 are indeed differentials on the graded algebra
T(s~1C). Moreover, the two differential §; and 3 anti commute so that their
sum &1 + s is again a differential.

16



Proof. To see that §; is a derivation one just has to write out the formulas.
After showing this, the fact that §; squares to zero follows from the fact that
do does. We know already that s is derivation so let us prove that it squares
to zero. Let s~ ¢ be an element of s~'C and let

Alc) = Zai ® aé.

We then note that the linear map s~ !C — T(s7'C) we used to define dy is
given explicitly by

sT103s7 e —Z(—1)|a1|571a§ ® s 'ab.
i

Now let us call A(al) = > b @by and A(ab) = > fi? @ f3. Then, using the
formula for 82(s71c) from above, the fact that d is a derivation and the fact
that A respects the grading of C' we get

62(sle) =
Z(—l)‘béjls_lbij © s @ s~ al, + Z(—l)lflij‘_ls‘lai © s fi @ 51 fi
ij ij
But since Ais coassociative we know 37, s s b @s ah = > s A ®
s @ s fy? and since
(s71C)®3% = @ sTIC, s 0, @ s71C,
n,r,teZ
is a direct sum we see that the components, on each side of the equality, be-

longing to C,, ® C, ® Cy, must equal for all n,r,t € Z. But then, if we fix n,r
and ¢ and only consider the terms in the two sums

Z(—l)“’?‘sflbij © s b7 © s~ lai, + Z(_l)\ffjlflsflaé © s L fil @ L fi
ij ij
belonging to C,, ® C, & ?t we have |b§j | =| ffj | = r so if we still only consider
the terms belonging to C),, ® C, ® C; we get

Z(—l)’“silbij ® silb;j ® s talh + Z(—l)“lsflai ®st fj ® sflfgj =

ij ij
(=1)" Z sflbij ® silbéj ®s tal + (=1)"1 Z stal @ Silffj ® silfglj =0.

ij ij

But since the same argument holds for all n,7 and ¢t we see that d2(s~lc) is
indeed 0. Because 63 is zero on the generators of QC it follows that 63 = 0

17



It remains to show that the two. differentials anti commute. First we show
that §; 0 83 + d2 0 61 is zero on s~ 1C. To do this we recall that we have

Sils-1i6=1®0de:Ks '@ C - Ks '@ C,

1l(s-1ye: = 1®de®1®1+101010de : (Ks™' @ 0)®? — (Ks™' @ C)®?
and

Salscie=10721)0(A®@A): Ks ! @C = (Ks™! @ C)%2
Then we check

52001 |,-16=1®701) 0 (A;®@A)o(1®dc) =
(1®T®1)o(As®(Aode)).

Using that d¢ is a coderivation we get

(1o701)o(A®(1®do+dec®1)oA)) =

~-1e7e)o(1®1®1®dec+1®1Rdc®@1)o (A;®A) =
~(191®1®dec+1®de®1®1)o(1®T®1) 0 (A;®A) =
—01002]5-10

where the minus sign appears because the map (1®dc+dc®1) which is of degree
—1 jumps over the map A, which is also of degree —1. The above computations
shows that &; o d2 4+ 85 067 is zero on s~1C'. Now because §; 0§y + d2 0 §; is zero
on the generators of 2C an inductive argument show that it is in fact zero on
all of QC.

O

We have seen that the cobar construction of a coaugmented dga coalge-
bra is an augmented dga algebra (the augmentation is given by the projection
T(s71C) — K). But the cobar construction is in fact a functor from the cate-
gory of conilpotent dga coalgebras to the category of augmented dga algebras.
Indeed, it assigns to any morphism of conilpotent dga coalgebras f : C — C’
the map

10 (U@ fle)®) : T(s7'C) = T(s~'C").

n>0

It is not so hard to check that this map is indeed a morphism of dga algebras
and that this assignment respects the identity and composition of maps

18



2.2 The convolution algebra

In this section we give the set of linear maps from a dga coalgebra to a dga
algebra Hom(C, A) the structure of a dga algebra. We identify, in this algebra,
certain elements called twisting morphisms. These twisting morphisms give rise
to a chain complex structure on C'® A which we call twisted tensor products.

We will denote by Hom(C, A) the set of all linear maps from C' to A. We
give it a graded structure by Hom(C, A), := {f : C — A|f(C;) C A;4,}. Define
a multiplicaiton in Hom(C, A) by

frg:=po(f®g)oA.

Since A and p have degree zero and f®g has degree | f|+|g| we see that x respects
the grading on Hom(C, A). Finally we define a differential on Hom/(C, A).

Proposition 31. The linear map 0 : Hom(C, A) — Hom(C, A) defined by
Af)=daof—(-)Hfodc
makes (Hom(C, A), *,0) into a dga algebra.

Proof. To see that x is associative one just has to write out the formulas. Let
us check that 9 is a differential. First we note that since dc and d4 both have
degree —1 the map O(f) has degree |f| —1 which means 9 is of degree —1. Next
we check that 0 is a derivation for *:

O(f*g)=dao(fxg)— (1)l fxg)ode =

dyopo(f@g)oA—(=D)Hlo(f@g)oAode.

But using that d 4 is a derivation and d¢ is a coderivation we can move things
around until we get to

po((daof—(-D)fode)®g)oA+
(1) po (f@ (daog—(—1)godc)) =
A(f)*g+ (=D fxa(g).

Checking that 82 = 0 again just comes down to writing out the formulas.

O

We are interested in certain special elements in this dga. These will play an
important roll in adjunction between the bar functor and the cobar functor.

Definition 32. An element « of the dga algebra Hom/(C, A) is called a twisting
morphism if it has degree —1, satisfies the Mauer-Cartan equation axa+0(a) =
0 and if it is zero when composed with the augmentation map of A or with the
coaugmentation map of C. The subset consisting of all twisting morphisms of

Hom(C, A) is denoted Tw(C, A).
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Starting with two chain complexes (V,dy) and (W,dy ) there is a natural
way to define a chain complex structure on their tensor product V@ W. Indeed,
we have already used that dy ® 1 4+ 1 ® dyy is a differential on the graded vector
space V ® W. We will now introduce a different chain complex structure in
the case V = C' is a dga coalgebra and W = A is a dga algebra and there is a
twisting morphism « : C' — A. For this purpose we note that any linear map
a: C — A gives rise to a linear map d, : C® A — C'® A, namely the composite

CoA22 0e0oA 2 A A 25 CoA .
Lemma 33. For « and § in Hom(C, A) we have the following relation
da o dﬁ = da*g
Proof. We have
doods=(10p)o(1@a®l)o(A®)o(1@u)o(l®F1l)o(A®1).

Using that p is associative and A is coassociative we can move things around
until we reach

(181 o(1® (uo(a®B)oA)®1)o(A® 1) = daws.
]

Proposition 34. If o : C — A is a twisting morphism then the map d], =
do +dc®14+1®d4 is a differential on C ® A. The chain complex (C'® A, d.)
is referred to as the twisted tensor product of C' and A and denoted C' ®, A.

Proof. We need to show that d/? = 0. Using that (1 ® da + dc ® 1) squares to
zero we get

(do +1@da+doc®1)? =d2 +dyo(1®da+dc®@1)+(1Rda+dc®1)0d,.
If we expand the second two terms we get
dpo(1®da+de®1)+(1®@da+de®1)od, =
doo(1®da)+dao(de®1)+(1®da)ods+ (de ®1)0d,.
Using the definition of d, we see that the first and the third term above give
(1op)o(lea®l)o(A®1)o(1®da)+(1®da)o(l®u)o(l®a®l)o(A®1).

Using the fact that d 4 is a derivation for u we can move things around until we
reach

1Ieop)o(l®(daca)®1l)o(A®1)=dj,on-

Similarly one can show that dy o (dc®1)+(de®1)ody = daod, - Then if we put
all of this together and use the previous lemma and the fact that composition
and tensor products of linear maps are additive operations, we get

(da +1® dA + dC &® 1)2 = di + ddAoa + daodc = da*a+6(a)'

But this last expression is zero since « satisfies the Mauer-Cartan equation.
O
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As we showed in the previous proposition any twisting morphism v : C — A
gives rise to a chain complex (C' ®, A). We are particularly interested in those
that give rise to an acyclic chain complex.

Definition 35. A Koszul twisting morphism is a twisting morphism «: C — A
for which the twisted tensor product C' ®, A is acyclic.

2.3 Bar-cobar adjunction and the fundamental theorem
of twisting morphisms

Twisting morphisms are closely related to the bar and cobar functors that we
introduced in the previous section. In fact, as we will see the bar and cobar
functors form a pair of adjoint functors and the easiest way to describe the
adjunction is through Tw(C, A).

Proposition 36. Let C' be a conilpotent dga coalgebra and let A be an aug-
mented dga algebra. There are bijections

Homdga—alg(QC7 A) = Tw(Ca A) = Homconil. dga—coalg.(ca BA)

Proof. The first bijection goes as follows. To a morphism f : QC — A of
dga algebras we assign the map f = f o where ¢ : C — QC' is defined by
lc—0, C3cr— s’lcN. Then f has degree —1, vanishes on K C C' and maps
C into A. To see that f satisfies the Mauer-Cartan equation we note that

0=daof(s'c)— fodi(s7te) = foda(sic) =

dao f(e)+ fodo(e) + fx f=0a(f)e)+ [ fle)
where the first equality follows from f being a chain map. On the other hand if
a € Tw(C, A) we can define a degree zero map o’ : s71C — A by s lc— a(c).
By the universal property of the tensor algebra we get an algebra morphism
fa : QC — A. To see that f, is a chain map we let A(z) = >, x; ® y; which
gives

da(fa(s7'¢)) = faldac(s7"e)) = da(fa(s7'¢)) = fal01(s7")) = fa(d2(s ")) =
da(fa(s7'0)) + fals ™ do(e)) = fa(D_(-) s 2 @57 yi)) =

K2

dA(fa(Silc)) + fa(sildC(C)) - Z(_l)Imi‘fa(silxi)fa(silyi) =

%

da(fa(s7'0) + fals T de(e) = Y (=D la(z)aly;) = 0(a)(c) + axa(c) = 0.

7

Finally we check that these assignments are inverses of each other. First we
assign to f € Homaga—aig(2C, A) the twisting morphism f = f o Then we
assign to the twisting morphism f the unique dga algebra morphism F' : QC' —
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A which satisfies F(s™'¢) = f(c). But f(s'c¢) = fou(c) = f(c) so F = f. On
the other hand, if we assign to the twisting morphism « : C' — A the unique
dga algebra morphism f, : QC — A which satisfies fo(s™'c) = a(c). To fq
we then assign the twisting morphism f, = f, ot which is precisely « since
fa(s7tc) = a(c). This proves the first bijection.

For the second bijection let g : C — BA be a morphism of conilpotent
dga coalgebras. Let g be the composition m o g where 7 : BA — A is zero
everywhere except on sA on which it is defined as sa — a. Then § is of degree
—1 it vanishes on K C C and it maps C into A. Next we show that § satisfies
the Mauer-Cartan equation. Let ¢ € C. Since g is a chain map we have

mogoda(C)=modgaog(c). (D)
The left hand side is § o do(¢). The right hand side we can rewrite as
modyog(c)+modyog(c).

Let us first study the first term. For this purpose let g(c) = sc1 + M where M
consists of terms of word length other than one. Since d; fixes word length and
7 vanishes on everything of word length other than one we get o d; o g(c) =
modi(sc1) =w(—sda(c1)) =—da(c1) = —daomog(c)=—daog(c).

Now we study the second term which I claim is precisely —gx g. To see this we
will show that the following diagram commutes

C g BA —®

|ac |24 e

CoC 2% BAoBA 2% Ag A

This would prove the claim because composing the arrows on top gives us pre-
cisely m o ds o g and going down, right, right and then up is precisely —g % g.
The first square however commutes because g is a morphism of coalgebras so
it remains to check that the pentagon to the right commutes. Because 7 o do
and (m ® m) o Ag4 both vanish on elements of BA of word lenght other than
two it remains to check that the pentagon commutes for elements of the form
>, 5a;®sb;. Let us use small and large tensor symbols (® and ) to distinguish
between elements of BA and BA ® BA. We have

7u0(7r®7r)OABA(Zsai®sbi) =

_uo(W®ﬂ)(Z(1®sai®sbi+sai®sbi+sai®sbi®1)) =

(2

_M(Z(—l)‘ai‘ﬂai ®b;) = Z(—l)l‘”‘u(ai ® b;).

i i

On the other hand we have

o dz(z sa; @ sb;) =7 ( Z(fl)l‘”lsu(ai ® b)) = Z(*l)lailu(ai ® b;)

% % %
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so the diagram does indeed commute. But then we can rewrite the equation
(A) as

godec =—-daog—g*g
or if we bring everything to the left hand side we get precisely

9(9)(c) +g*g(c) =0

and since ¢ was arbitrary we see that § satisfies the Mauer-Cartan equation so
it is a twisting morphism.

On the other hand if we start with a twisting morphism ¢ : C' — A we can
define a linear map 1[1 as the composite

c Yy A-5,4A BA

where the map S is defined by 14 — 0 and a — sa for a € A. We see that zﬂ has
degree zero. Since ¥ is a twisting morphism 1 (1¢) = 0 and since BA is cofree
on the vector space sA proposition 25 tells us that there is a unique coalgebra
morphism ¥ : C — BA which lifts 1[1 To see that 1/3 is in fact a morphism of
dga coalgebras we must show that

Vo dc(c) = dBA o \I/(C)

for any ¢ € C. To do this we recall from the proof of proposition 1.2.1 in [3]
that ¥ can be defined by the following formula

U(c) = Z P& o A" (e).

n>1

Then we have

\I/OdC(C) = Z 1/A)®nOAn_1Odc(C) = Z
n>

n>1 1

n—1
S e (1% @de®19" )0 AN (¢) =
=0

n—1

YD W@ (odo) @) 0 A" o).

n>1i=0

We also have
dpAo¥(c)=d;o¥(c)+ dyo¥(c).

To give a more explicit description of the first term let d’; be the map defined
by sa — —sda(a). Then we get

n—1
howe) = i ( Y 95m0AT0)) = 35S a1 ey nenn ) =

n>1 n>11:=0

n—1
Z(,(Z)@'L ® (d;‘ ° ,L/A}) ® 1®n—i—1) ° An—l(c>.
1:=0

n>

23



To give a more explicit description of the second term dj o U(c) let us define a
map S~!:sA — A by sa — a. Then we note that the differential do has the
following formula when restricted to (sA)®"

n—2
d?‘(sA)@n = — Z(1®l ® (SO,U,O (S—l ® S—l)) ® 1n—7ﬁ—2)'
=0
This gives
dy o ¥(c) =ds < Z 1/}®n o A”_l(c)> =
n>1
n—2 )
— Z Z(1®l ® (S o o (S_l ® S_l)) ® 1”—1—2) o w@n o An—l(c) _
n>1:=0

S W o (Sope (57 5T 0 ) @ i) 0 AV (o),

n>11=0

Because BA = @P,,5,(sA)®" is a direct sum it is enough to check that the
component of ¥ odg(c) that lies in (sA)®" equals the component of dp 4 o ¥(c)
that lies in (sA)®" for each n. Using the explicit expressions we have found this
amounts to showing that

n—1

S @ (o de) &) o A (e) =

n—1

> @ @ (dy o) ® 19771 0 Am(e) -
1=0

n—1

D W@ (Sopo (ST @S o) @ g 0 Ao,

=0

If we rewrite the last sum in the following way

n—1
Z(,&@z ® (SO/,L o (571 ® Sfl) ° 1/}@2) ® ?ﬁnfifl) o An(c) _
=0

n—1

S (@ 0 (Sopo (ST @5 )0 g0 A) @ n 1) 0 AnI(g)

=0

and collect all three sums on the left side and use bilinearity of the tensor
product we are left with showing that

n—1

> @%e (zﬁodcd;om(Souo(S—l®S-1>oz/3®2oA)) L N O

=0
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But using that ¢(z) = sih(z) and 1(1¢) = 0 the last expression can be written
as

s(O(Y)(x) + ¢ * ¢ (x))

which is zero since v is a twisting morphism. So W is indeed a morphism of dga
coalgebras.
To see that these assignments are inverses to each other let g : C — BA be
a morphism of conilpotent dga coalgebras. Then we assign to it the twisting
morphism g = w o g. Then to g we assign the unique morphism of conilpotent
dga coalgebras C — BA that lifts S o §. But if p : BA — sA we see that
pog=Somog = So0gso glifts Sog. If we on the other hand start with
a twisting morphism %, we assign to it the unique morphism of conilpotent
dga coalgebras W that lifts S o). Then we assign to ¥ the twisting morphism
7oW =S lopo¥ = S~ 1oSo0 = 1. We have thus proved the second bijection.
O

When discussing these bijections it is helpful to have the following diagram
in mind
c I~ Ba
QC —5 4

where ¢, @ and 7 are linear maps between graded vector spaces, f, is a morphism
of conilpotent dga coalgebras and g, is a morphism of augmented dga algebras.
When we refer to the (co)algebra morphisms corresponding to a twisting mor-
phism « we will usually denote them by f, and g, as in this diagram.

The following fundamental theorem on twisting morphisms gives a close
relation between quasi isomorphisms QC' — A, Koszul twisting morphisms C' —
A and quasi isomorphisms C' — BA through the bijections from the proposition
above. We only sketch the proof and refer the reader to [3] for details.

Theorem 37. For any twisting morphism a : C' — A, where C' is a connected
wdga coalgebra and A is a connected wdga algebra which is connected with
respect to weight and homological degree the following are equivalent:

1) The twisted tensor product C ®,, A is acyclic.

2) The map g, : QC — A corresponding to a through the bijections of the
previous proposition is a quasi isomorphism.

3) The map f, : C — BA corresponding to « through the bijections of the
previous proposition is a quasi isomorphism.

Proof. The proof depends on the following facts:
1) m: BA — A is a Koszul twisting morhpism,

2) v: C = QC is a Koszul twisting morphism,
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3) given a map f : C — C’ between wdga coalgebra, a map g : A — A’
between wdga algebras and twisting morphisms o : C — A and o/ : ¢/ — A’
such that f ® g: C ®4 A — C' @4 A’ is a chain map we have that if two out
of the maps f, g and f ® g are quasi isomorphisms then so is the third.

Then to prove the equivalence 1) <= 2) we consider the map idc ® g, :
C®,0C - C®,A. By the second fact C®, QC is acyclic. Also one checks that
idc @ go 18 a chain map which means, using fact 3), that « is a Koszul twisting
morphism if and only if g, is a quasi isomorphism. Similarly one proves the
equivalence 1) <= 3) by considering the map f, ® ids : C ®4 A - BA®, A.

O

Remark 38. The theory introduced in chapter 2 before this last theorem works
just as well over an arbitrary commutative ring rather than a field. The proof
of this last theorem however, and in particular the proof of fact 3, cannot be
modified in any obvious way to work for arbitrary modules over some commu-
tative ring. The problem arises in the comparison lemma in [3] (which is what
we called fact 3 in the proof above). The proof of this lemma begins by filtering
the weight n part of the twisted tensor product by

F(CoA™ .= @ i eanm.

d+m<s

Then one looks at the associated spectral sequence and notes that first differ-
ential is do ® 14 and the second differential is 1¢ ® da. Working over a field
one can then conlcude that the second page of the spectral sequence look like
E2, = @fnonp,m(C’SM)) ® Ht4m) (Asnfm)). But for this to be true when
working over some commutative ring we would need the extra requirement that
A,gm) and H(k)(Cfm)) are flat modules.

3 Koszulity, formality and how they are related

The goal of this chapter is to give a detailed proof of theorem 2.9 of [1] restricted
to the case of associative algebras. By restricting ourselves to the associative
case we do not need to introduce operads. To prove proposition 2.5 of [1] we
devote one section to prove certain factorization and lifting properties in the
category of dga algebras.

3.1 Main theorem

Given a Koszul twisting morphism C' — A we will in this section investigate
some equivalent conditions for when C' and A are both formal. These equivalent
conditions use the notion of Koszul algebras and Koszul coalgebras. We begin
by giving some definitions

Definition 39. A weak equivalence of dga algebras A and A’ is just a quasi
isomorphism. We say that two dga algebras A and A’ are weakly equivalent if
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there is a zig-zag diagram of weak equivalences connecting them
A By - 5B A

A weak equivalence between dga coalgebras C' and C’ is a morphism of dga
coalgebras f such that Qf : QC — QC’ is a quasi isomorphism. We say that
two coalgebras C and C’ are weakly equivalent if there is a zig-zag diagram of
weak equivalences connecting them

C3Dgé - 5DeC'.

Finally we say that a dga algebra (dga coalgebra) is formal if it is weakly
equivalent to its homology.

Now let A be a weight graded dga algebra with A(0) = K (recall that we
require weight gradings to be concentrated in non negative weight). Then A is
augmented with the augmentation map being the projection onto A(0). This
weight grading carries over to the bar construction. Because the bar construc-
tion comes with another natural grading, namely word length, the coalgebra
BA is in fact bigraded. Because A is concentrated in positive weight BA will
have a lower triangular structure which is depicted in table 1. Recall from the
previous chapter that the differential on BA is a sum d; + ds where ds decreases
the word length by one. Let us denote by 2 the diagonal @D, ,(sA(1)®%) of
BA. Let us further denote the intersection 2 N ker(ds) by Al.

Definition 40. We say that the dga algebra A is Koszul if there is a weight
grading on A such that A(0) = K and the inclusion A1 < BA is a quasi
isomorphism.

We can do something similar with coalgebras. Assume C' is a weight graded
dga coalgebra and assume C'(0) = K. C' is then counital with counit given by
the projection C'— C'(0) = K. Also it is conilpotent because

A:cn)—» @ Chyec

k+l=n, k,1>0

lowers weight in each factor. The weight grading on C' gives a weight grading on
QC. QC is then bigraded, by weight and word length. Because C' is concentrated
in positive degree QC will have a lower triangular structure as depicted in table
2. The differential on QC' is a sum d;1 + 2 where do increases the word length by
one. Let us denote by Z¢ the diagonal @, (s 1C(1))®" of QC. Let us further
denote by C' the quotient Z¢/(imds N D).

Definition 41. We say that the dga coalgebra C' is Koszul if there is a weight
grading on C such that C(0) = K and the projection QC — (' is a quasi
isomorphism.

Proposition 42. Let k : C — A be a Koszul twisting morphism where C' is
a coaugmented connected dga coalgebra and A is an augmented connected dga
algebra. If C' and A both have trivial differentials then C' and A are Koszul.
Moreover C' = Al and A = C'.

27



Proof. Because k is a twisting morphism we get a commutative diagram

C’*>BA
[N
QC — 5 A

where f,; is a morphism of dga coalgebras and g, is an morphism of dga algebras.
Moreover, since k is a Koszul twisting morphism it follows from the fundamental
theorem of twisting morphisms that f. and g, are quasi isomorphisms. Note
that A and C are weight graded by homological grading because they both
have trivial differentials so the fundamental theorem of twisting morphisms does
indeed apply. Now we define a weight grading on C' by

Clp) = £ ((s4)77).

Because f, is a morphism of augmented coalgebras C(0) = f!(K) = K. Next
we will define a weight grading on A. First we note that since the differential
on C'is trivial the differential on 2C increases word length by precisely 1. From
this it follows that the homology of the cobar construction admits a weight
grading

H,(00) = @ herldoc (TIN5 T O
im(dac : (s71C)&r+l — s—1(C)®r)

p=>0

But then we can transport this weight grading to A via
H,(QC) 2 Ho(A) =

where the last equality follows from the fact that d4 = 0.

Now we show that Al < BA is a quasi isomorphism. To do this I claim
that x vanishes outside weight 1. Indeed this follows from that fact that =
vanishes outside word length 1. Also I claim that im(x) C A(1). Indeed,
Since s vanishes outside C(1) it is enough to check that x(C(1)) C A(1). Let
c € C(1). Then i(c) = s7tc € s71C(1) lies on the diagonal of QC. Because
doc increases word length by precisely 1 any element on the diagonal is a cycle.
So [s7'¢] € H (Q0)M) and g,.(s7'c) = (gx)«[s7'c] € A(1). Since k = g, o it
follows that x lands in A(1). But since im(k) C A(1) it follows from how the
second bijection of proposition 36 is defined that f.(C) C Z4. Also since C has
trivial differential f,,(C) C ker(dpa) so f.(C) C Al. I claim that this inclusion
is in fact an equality. To see this let x € Ai. Because f, is a quasi isomorphism
there is a cycle z € C such that f.(z) =z + b for some boundary b. Because f,
lands on the diagonal Z4 b is a boundary in the diagonal but 2 Nimdga =0
so fx(z) = z and f,(C) = Al and since f, is a quasi isomorphism and de = 0
fr must be injective and then C' 2 Al. But this implies A is Koszul because we
have a commutative diagram

C —=— BA

N
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Next we show that also p: QC' — C' is a quasi isomorphism. To do this I claim
that ker(p) = ker(gx). For the inclusion (C) we note that since x vanishes
outside C(1) it follows from how the first bijection of proposition 36 is defined
that g, vanishes outside the diagonal 2. Also since g, is a chain map it takes
boundaries to boundaries but A has trivial differential so g, vanishes on imdac
aswell. For the inclusion (D) suppose = € ker(g,). Then since both p and
g, vanish outside o we can assume x € Yo. But dgco is trivial on Y¢ so
then x is a cycle and (g, )«[z] = 0. But g, is quasi isomorphism so x must be
a boundary and then p(z) = 0. This means g,, descends to an injective map
gr : C' — A and since A has trivial differential and g, is a quasi isomorphism
gx is surjective and then g, is too. So C1 = A. But then C is Koszul because
we have a commutative diagram

o ———— A

N

O

Now we are ready to state the main theorem. We will however postpone the
proof of it until the end of this chapter.

Theorem 43. Let x : C — A be a Koszul twisting morphism where A is a
connected dga algebra and C' is a connected dga coalgebra. The following are

equivalent:
(1) C and A are formal.

(2) A is formal and He(A) is Koszul.
(3) C is formal and He(C) is Koszul.

3.2 Factorisation- and lifting properties in the category of
dga algebras

In this section we show that the morphisms of augmented dga algebras have
certain nice factorization and lifting properties. The main purpose of this section
is to prove the following result.

Proposition 44. Let k : C — A be a Koszul twisting morphism where A is
a connected dga algebra and C' is a connected dga coalgebra. If C ~ C’ and
A ~ A’ then there is a Koszul twisting morphism ' : C' — A’.

But the theory developed in this chapter has a broader interest and is part
of what is often called homotopical algebra.

First we recall that given a chain complex (V,dy ) the tensor algebra T(V)
is an augmented dga algebra. Indeed by proposition 23 the composition

V- v e T(V)
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induces a unique derivation on T(V) and because d> = 0 on the generators it
follows that d? = 0.

Next, we show that the category of augmented dga algebras has pushouts.
Consider the following diagram of augmented dga algebras and morphisms of
such

c 2B

lf : (*)
A

We construct its pushout as follows. Think of ([1 ®B,d=ds®d ) as a chain
complex. Then we saw that the tensor algebra T'(A @ B) is an augmented dga
algebra. In the following proposition we show that a pushout of the diagram
above can be defined as

AxpgB:=T(A® B)/I
where I is the two sided ideal generated by all elements of the following form
a1 ®@ag — palar @ az), by @by — up(br ®@b2), f(c) —g(c)
for a1,as € A by,by € Band c e C.

Proposition 45. A x¢, B is an augmented dga algebra. Moreover A x¢ 4 B is
a pushout of the diagram ()

Proof. To prove this we first note that I is generated by homogenous elements
(b4, B, f g are all linear maps of degree zero) so I is a graded ideal and then
T(A @ B)/I inherits a grading from T(A @ B). Next we show that d(I) C I
which would then imply d descends to a differential on A xf, B. It is enough
that d(«) € I on the generators a. We have

d(ar ® az — pa(ar ® az)) =
da(ar) ® as — pa(dalar) @ az) + (_1)\111\&1 ®dalas) — (—1)\111\“,4(&1 ®da(az))

which is in 7. Similarly d(b; ® ba — g (b1 ® b2)) € I. Finally we check that
d(f(c) = g(c)) = da(f(c)) — dr(g(c)) = f(dc(c)) — g(dc(c)) € 1.

For the second statement suppose we have a commutative diagram of the form

c 25 B

e

A—— D

Then we claim there is a unique morphism of augmented algebras ¢ : Ax¢ B —
D such that ¢ oig = h and ¢poip =k where i4 : A — Axy 4 B is defined by
14— 1and A > a+— a and similarly for ig : B — A *¢, B. But since we have
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a linear map h® k : A® B — D the universal property of the tensor algebra
gives us a unique morphism of algebras ¢ : T(A ® B) — D. Let us check that
#(I) = 0. We have

<ZE(G1 ®as — palar ® az)) = h(ar)h(az) — h(palar ® az)) =
h(al)h(ag) - h(al)h(ag) =0

and similarly ¢(b1 @by —pp(b1®b2)) = 0. Also (f(c)—g(c)) = hof(c)—kog(c) =
0. So we get a well defined map ¢ : A xf, B — D which makes everything
commute. Also this map ¢ is unique because if there was some other map ¢’
then ¢ and ¢’ agrees on i4(A) and ig(B) which generate A , B so they agree
everywhere. O

We will now use pushouts to construct new algebras from old ones by adding
generators. This construction reminds us of adding cells to topological spaces
because it can be used to turn cycles of the original algebra into boundaries.
Let A be a dga algebra. Let V' be a chain complex with zero differential and let
CV =V @& sV be the chain complex with differential defined by

v = 0,50 — 0.

The composition V < CV — T(CV) induces an algebra morphism 7(V) —
T(CV). Now if we choose a basis {e;} for V and to each basis element a cycle of
A a; we can define a morphism of dga algebras T'(V') — A by specifying e; — a;.
In this scenario we say that a dga algebra B is obtained from A by adding cells
if B fits into a pushout diagram

T(V) —— T(CV)

| |

A—— B

Moreover, we say that a morphism of augmented dga algebras f: A — B is a
relative cell algebra inclusion if there is a sequence

A:A0—>A1—>A2—>...

such that A; is obtained from A;_; by adding cells and such that B is the colimit
of this sequence.

Proposition 46. Let f : A — B be a relative cell algebra inclusion. Then f has
the following lifting property. For any surjective quasi isomorphism p: X — Y
and commutative diagram

Ay x

7
Bty
there exists H : B — X such that Ho f =h and po H = k.
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Proof. We prove this in four steps.

Step 1: We show that for any vector space V the inclusion V' — CV has
the corresponding lifting property in the category of chain complexes. Indeed,
consider the commutative diagram

| QLN g

[k

cv k. y

where p is a surjective quasi isomorphism. Then I claim that for each v € V'
there exists a z € X such that dx(z) = h(v). To see this, note that since v is
a cycle in V and h is a chain map h(v) is a cycle in X. But then [ph(v)] is an
element of H(Y). But

[ph(v)] = [k(v)] = [kdov (sv)] = [dy (k(sv))] = 0

and since pe : H(X) — H(Y) is an isomorphism [h(v)] = 0. In other words
h(v) is a boundary so there is an € X such that h(v) = dx(z). Moreover, I
claim that we can choose z such that p(xz) = k(sv). To see this let 2’ be such
that dx(2') = h(v). Then since dyk(sv) = k(v) = ph(v) = pdx(z') = dyp(z’)
we see that p(x’) — k(sv) € ker(dy). But then since p, : H(X) = H(Y)
there is a cycle w € X such that [p(w)] = [p(z’) — k(sv)] or in other words
p(w) = p(z') — k(sv) + dy(a) for some a € Y. But since p is surjective there
is a ¢ € X such that p(c) = a. If we then set x = 2’ — w + dx(c) we have
dx(z) = dx(2') = h(v) and

p(x) = p(x') — p(w) + pdx (c) = p(a’) — p(z’) + k(sv) + dy (a) — dyp(c) =
k(sv) + dy (a) — dy(a) = k(sv).

Now we can define H : CV = V@& sV — X as follows. Let {e;} be a basis for V.
Then {e;} U {se;} is a basis for CV. We define H by e; — h(e;) and se; — z;
where z; € X is an element such that p(x;) = k(se;) and dx (z;) = h(e;) (such
x; exist by the argument above). Then H is a chain map by construction and
Hoi=hand po H =k.

Step 2: We show that the induced morphism of augmented dga algebras
T(V) — T(CV) has the lifting property. For this purpose we consider the
following commutative diagram of dga algebras

TV) —— X

)

T(CV) oy

By only considering the underlying chain complexes we get a commutative dia-
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gram of chain complexes

Ve—=TV) 08X

AN

CV —— T(CV) —+

From the first step of this proof we know there is a linear map H : CV — X
which turns the commutative (big) rectangle into two commutative triangles. By
the universal property of the tensor algebra there is a unique algebra morphism
H:T(CV) — X such that

H

CV & T(CV)

commutes. But then the linear map V < T(V) — X extends to two algebra
morphisms h : T(V) — X and H oi: T(V) — X so by the universal property
of T(V') we get h = H oi. Also the linear map CV — T(CV) — Y extends to
two algebra morphisms k : T(CV) — Y and po H : T(CV) — Y so we must
have po H = k. The fact that H is a chain map follows from H being a chain
mabp.

Step 3: We show that if A;;1 is obtained from A; by adding cells then the
map A; — A;41 has the lifting property. Again we consider a commutative
diagram

A —I s X
bk
Ai+1 i) Y

where p is a surjective quasi isomorphism. Because A;;; is obtained from A;
by adding cells we get a commutative diagram

T(V) —— A, —" 5 X

N 2

T(CV) —— Ay —E5 v

where the left square is a pushout diagram. In step 2 we proved there is a map
H: T(CV) — X such that the big rectangle above splits into two commutative
triangles. But then since the left square is a pushout diagram we get a map
H: A1 — X such that Hot = H and H oj = h. It remains to check that
po H = k. This too follows from the fact that the left square is a pushout
because the maps poh: 4; — Y and kot : T(CV) — Y induces a unique map
A;r1 — Y but both k and po H fit.
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step 4: We show that the relative cell algebra inclusion f : A — B has the
lifting property in the statement of the proposition. Since f is a cell algebra
inclusion there is a diagram

A:A()‘)Al%AQ*)...

and B is the colimit of this diagram. This means we have maps f; : A; — B
such that

. — Ai,1 Ai+1

A;
&‘1 lﬂ/
fir1

B

commutes for all ¢ > 1. Starting with the commutative diagram

A—hx

b b

B——Y

we can replace f and get a new commutative diagram

A—" X

| I

AlLBLY

and since A; is obtained from A by adding cells we saw in step 3 of this proof
that there exists Hy : A; — X such that

A—" X

|

Ay
commutes and k o f; = po Hy. But then we get a commutative diagram

Al#*){

| I

AQLB#Y

and we get a map Hy such that

A1L>X

| =

Az
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commutes and k o fo = p o Hy. Continuing like this we get maps H; : A; — X
such that

A, — 2 x
|
Ain

commutes and ko f; = po H; for all i. But since B = ColimA; we get a map
H : B — X such that H; = Hof; for all i. In particular h = Hy = fooH = foH.
It remains to check that p o H = k. This however follows from the universal
property of a colimit because we get maps ko f; : A; — Y such that

Ai E— AiJr]_

ikofi
kofit1
Y

commutes for all ¢. But then there is a unique map F' : B — Y such that
ko fi = F o f; but both k and p o H fits as F' so they must equal.
O

Next we will prove an extremely useful factorization property that mor-
phisms in the category of augmented dga algebras enjoy.

Proposition 47. Any morphism of augmented dga algebras f : A — B factors
as f = poj where j is a relative cell algebra inclusion and a quasi isomorphism
and p is surjective. Moreover j has the following lifting property: for any
surjective morphism ¢ : X — Y and commutative diagram

Ay x

bl

Bt X
there exists a map H : B — X such that Hoj=h and qo H = k.

Proof. Let V be the graded vector space with basis {s™1e,}pep where |ep]| =
|b| — 1. Let Alep]se be the algebra we get from the pushout

T(V) —— T(CV)
UAOCET(V) l (*)

A ——— Ales]ven

where the leftmost map is the composite of the augmentation of T'(V') and the
unit of A. Then let W be the graded vector space with basis {s~!z}}yep Where
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|zp| = |b]. Then we define Aley, zp, dzy = eppep as the pushout

W) —— 5 T(CW)

ls’lxw—wb l . (**)

Aleplver —— Aley, o, dxy = eploen

Then let j : A — Aley, zp,dxy, = eplpen be the inclusion. Further let f/ :
Aleplves — B be the map induced by f: A — B and T(CV) — K — B. Then
we let p : Aley, xp, dzp = eplpes — B be the map induced by f': Aleploes — B
and T(CW) — B, s~ 'z — db, o — b. Now I claim that po j = f. Indeed
if we denote by i : A — Aleploep and @' : Aleplocn — Alew, b, dxy, = eplpep We
see that f = f'oi=poi' oi=poj.

The fact that j is a cell algebra algebra inclusion follows from the fact that
Alep, xp, dzp = eplpep was obtained from A in two steps by adding cells. Also,
p is surjective by construction.

It remains to check that j has the lifting property.

We first show that the linear map 0 — CW has the corresponding lifting
property in the category of chain complexes. Indeed, consider the following
commutative diagram of chain complexes

00— X
Lk
CW —Y
where p is surjective. We can then define H : CW — X by x}, — ¢, where ¢ is
any element in the preimage p~1(k(x)) and s~ oy — dx(cp).
As in the proof of the previous proposition it then follows that the morphism
of dga algebras T'(0) = K — T(CW) has the desired lifting property.

But using the fact that () and (xx) are pushout diagrams one can show that
there is a pushout diagram

K A

lz lj . (3¢ % %)

T(CW) E— A[eb,xb, dl‘b = eb]beB

and then we are done because we have seen that K — T'(CW) has the desired
lifting property and as in the proof of the previous proposition we get that j has
it too. Finally we show that j is a quasi isomorphism. To do this we introduce
the dga algebra

ACW] =Ko AP (AQCW R A)® (ACWRAQRCW R A) @ ...
with multiplication given by

Qs 'y ® ... Qay @ an, ®a'1 R Tpr @ ... @ al, >
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-1
a1 XS TpR...RQxy X ana'1 Ry K ... ®a;n

and where the differential is obtained from d4 and dow by taking tensor prod-
ucts and direct sums. Now I claim that A[CTV] also fits into the pushout diagram
(* * *) where T(CW) is identified with the subalgebra

K (Kla@CWRKIy) @ (Kla@CWKlya@CW Kla)®...C A[CW]

and A is identified with the subalgerba K @& A C A[CW]. We have to show that
given a commutative diagram

there is a unique morphism ¢ : A[CW] — D such that

T(CW) —— A[CW] +—— A
g i"*/

commutes. If ¢ exists it is unique because A and T(CW) generate A[CW]. For
existence we define ¢(a1 @5~ 2p®...Qz,®an) = ¢1(a1)d2 (s z) - da(z})d1(an).
This is well defined because on each direct summand AQCW @ AQCW ®...Q A
it is the composition of ¢; ® P2 ® P1 ® P2 ® ... ® ¢1 and the product in D. The
fact that ¢ is a chainmap and an algebra morphism follows from the fact that
¢1 and ¢y are. But then since A[CW] and Aley, xp, dzy = ep)pep both fit in the
pushout diagram (x * %) there is an isomorphism A[CW]| & Alep, zp, dxp, = €p)
which fixes A. Because CW is acyclic it follows from Kunneth’s formula [9]
that H(A[CW]) = K® H(A) = H(A) and the inclusion A < A[CW] is a quasi
isomorphism but then so is j : A < Aley, xp, dxy = e,]pep because there is a
commutative diagram

A—1 Aley, 2, dxy = eplpen
AlCwW]

O

We prove one final lifting property. In the language of homotopical algebra
this shows that shows that QC' is cofibrant.

Proposition 48. Let C be a coaugmented dga coalgebra which is connected.
Then the the unit map K — QC has the following lifting property: For any sur-
jective quasi isomorphism of dga algebras p : A — B and dga algebra morphism
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f:QC — B we can find a lift H as in the diagram below

H 7 i
P p-

oc . B

Proof. We define maps H,, : T(s7'(®",C;)) — A inductively. Set H_;
T(0) = K — A be the unit map for A. Assume by induction that we have
constructed a morphism of augmented dga algebras H,,_; such that

/Q

T(@'—)s 'C;) —— QC B

commutes. This gives us a commutative diagram of vector spaces

/i

o tsTIC — o015 B

where ¢, is the composition @' }s1C; —— T(®I ;s '1C;) —— LN
We will extend it to a map b 1 B gsIC; — A, Let {ea} be a basis for
Chn. Let zo = H,_1(dac(s71e?)). Note that H, ; is defined on doc(e?) be-
cause doc = di + ds where d; is induced by d¢ which maps e} into @]~ s’lCZ-
and dy which is induced by the coproduct maps el into

@ sTIC @710 C T(@)ys™10y).

i+j=n

Because doc(s~'e?) is a cycle in T(©72)s~'C;) and H,_, is a chain map z, is
a cycle too. Also dQC(S_l ") is a boundary in QC so p(z,) = f(dac(s™ten))
is a boundary in B. But since p is a quasi isomorphism this implies z, is a

boundary in A. Let a, € A be such that d4(a,) = zo. Then since

dp(p(aa)) = p(Hn-1(dac(s™'ep))) = f(dac(s™"en)) = dp(f(s™'eq))

1. n

we see that p(as) — f(s~'el) is a cycle in B. But the fact that p is surjective
and that p is a quasi isomorphism implies that there is a cycle a), € A such that
plal,) = paa) — f(s™'el). Then da(aq — al,) = da(aa) = Hp—1(doc(s~'el))
and p(aq —al) = f(s te ") We can now define a linear map G BT ys 10 —
A by ¢n = ¢p_1 on B 's71C; and ¢n(e?) = aq — al,. This induces H,

T(®" s 1C;) — A and H,, is a morphism of dga algebras because is commutes
with the differential on all the generators by construction. Moreover we have
flr@n s—1¢,) = po Hy by construction. O
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Now we are ready to prove proposition 45.

Proof. We will prove four special cases from which the proposition will then
follow. As the first case let’s assume there is a weak equivalence ¢’ — C and
A = A’. Then since k : C — A is a Koszul twisting morphism there is a quasi
isomorphism QC' — A (fundamental theorem of twisting morphisms). But since
there is a weak equivalence C' — C’ we get a quasi isomorphism QC’" — QC and
since composition of quasi isomorphisms is again a quasi isomorphism we get
a quasi isomorphism QC’ — A and then there is a Koszul twisting morphism
k' : C — A (fundamental theorem of twisting morphisms).

The second case where we assume C' = C’ and assume there is a weak
equivalence A — A’ is very similar to the first case.

As our third case we assume there is a weak equivalence C — C' and A = A'.
Then there is a quasi isomorphism f : QC — QC’. I claim that there is one in
the opposite direction as well. Indeed, we know that f admits a factorization
f = poj where p is surjective and j is a quasi isomorphism which has the
lifting property described in proposition 48. But since f and j are both quasi
isomorphisms it follows that p must be too. We get a commutative diagram

K oc — B

| -

Q¢ —m Q'

By proposition 49 we get a map H

Ly

Q¢ —— QC’

such that everything commutes. Also, because p is a quasi isomorphism so is
H. Next consider the commutative diagram

QC —— QC

b

B——K

Because of the lifting property that j enjoys we get a map h as in the diagram

QC — QC
o 2]
B— K

and beacuse j is a quasi isomorphism h is too. But then ho H : QC' — QC' is a
quasi isomorphism and composing with the quasi isomorphism QC' — A we get
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a quasi isomorphism QC’ — A and then there is a Koszul twisting morphism
C'— A

As our last case we consider C' = C’ and there is a quasi isomorphism
g: A’ — A. Factorize g as goi where p is surjective and 7 is a quasi isomorphism
with the lifting property described in proposition 48. By proposition 49 we get
the dashed arrow ¢ in the diagram below

A — D

¢ 7
- o

QC — A

Because i and g = ¢ o ¢ are quasi isomorphisms ¢ is too. But then since the
bottom arrow is a quasi isomorphism ¢ must be as well. Now by the lifting
property that ¢ enjoys we get the dashed arrow £ in the diagram below.

A= A

et
7 e

-

D—K

Because 7 is a quasi isomorphism k is too. But then ko ¢ : QC — A’ is a quasi
isomorphism and then there is a Koszul twisting morphism ' : C' — A’ (by the
fundamental theorem of twisting morphisms).

O

Before moving on to the proof of the main theorem we state a proposition
very similar to proposition 49 which we will use later in chapter 4.

Proposition 49. Let W be a graded coalgebra which as a vector space has an
extra weight grading W = ©,>0W(,. If (T'(W),d) is a dga algebra such that
d is homogenous of degree —1 with respect to weight then (7'(W),d) has the
same lifting property as QC' in proposition 49.

Proof. The proof is very similar to that of proposition 49 but instead of using
induction on the homological degree we use induction on the weight. O
3.3 Proof of main theorem

The following lemma is the final thing needed to prove the main theorem.

Lemma 50. Suppose there is a quasi isomorphism of dga coalgebras ¢ : C' —
BA. Then it is a weak equivalence, i.e. QC — QBA is a quasi isomorphism.

Proof. There are commutative diagrams,
BA —— BA BA

RN

OBA —5 A QOC —— A
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where all the vertical maps are quasi isomorphisms. Now I claim that we have
an equality of maps € o Q¢ = 1. To see this let s7'¢; ® ... ® s~ !ci be an
element of QC'. Then from how the functor 2 is defined on morphisms we see
that

Qo(sle1 @ ... @8 ep) = dler) @ ... @ de).

But then, since € is the algebra morphism corresponding to the twisting
morphism 7 through the bijections of proposition 36 we see that

€oQp(s e ® ... @5 tep) =mop(ey) o ple).

But then by commutativity of the diagram above we see that the last
expression equals k(c1) - - - k(cy) which is precisely ¥(s7le; ® ... ® s7leg).
Now since € and € o 2¢ = 1) are both quasi isomorphisms it follows that Q¢ is
too.

O
We are ready to prove the main theorem.

Proof. We begin by proving that (1) = (2) and (3). Assume C and A are
formal. By proposition 45 there is a Koszul twisting morphism &' : He(C) —
H,(A). Since these have trivial differential it follows from proposition 43 that
Ho(C) and H4(A) are Koszul.

Next we prove (2) = (1). Since A ~ Hq(A) =: A’ proposition 45 tells
us there is a Koszul twisting morphism ' : C — A’. By the fundamental
theorem of twisting morphisms there is a quasi isomorphism C' — BA’ and by
the previous lemma this is in fact a weak equivalence. But A’ is Koszul so the
inclusion A’ «— BA’ is a quasi isomorphism. The previous lemma implies that
this is in fact a weak equivalence. But A’ has trivial differential so He(A'1) = Al
From what we just said we know that He(A') = He(BA’) and since we had
a quasi isomorphism C — BA’ we have an isomorphism H,(C) = H,(BA’).
Putting all of this together gives a zig-zag diagram

CSBAC A = Hy(AN) = H(BA") = H,(C)

which proves that C is formal.

Finally we prove (3) = (1). Since C is now formal we know C ~ H,(C) =:
C'. By proposition 45 there is a Koszul twisting morphism ' : C' — A.
But then there is a quasi isomorphism QC’ — A. Also, since C’ is Koszul
there is a quasi isomorphism QC’ — C'i. But C’l has trivial differential so
H,(C") = C"i. Since we already said there are quasi isomorphisms QC’" — A
and QC" — C'l we get isomorphisms He(A) = He(2C") =2 Ho(C'T). Since quasi
isomorphisms between dga algebras are by definition weak equivalences we get
a zig-zag diagram

AEQC'SC = H(C) = H,(QC") = H(A)

which proves that A is formal.
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3.4 Alternative definition of Koszul algebras

The definition of Koszul algebras that we gave in section 3.1 is somewhat differ-
ent from the classical notion of Koszul algebras in two ways. The more classical
way refers to some quadratic data of the algebra when defining the Koszul prop-
erty, where as the definition we use is not a priori limited to quadratic algebras.
The other difference is that the definition we use allows for the algebra to come
with a differential. We will in this section show that for algebras with triv-
ial differential a Koszul algebra using our definition is equivalent to the more
classical. Let us briefly recall the classical definition.

Definition 51. A quadratic data (V,R) is a graded vector space V and a
subspace R C V ® V. A quadratic algebra with quadratic data (V,R) is a
graded algebra A(V, R) isomorphic to T(V)/(R). A quadratic coalgebra with
quadratic data (V, R) is a graded coalgebra C(V,R) isomorphic to the following
subcoalgebra of the tensor coalgebra

K@V@R@(H@VﬁV@R)@...@( N V®i®R®V®j)@...
i+2+j=n

One can show [3] that given quadratic data (V, R) there is a twisting mor-
phism
a:C(sV,s*R) — A(V,R)

which is zero everywhere except on the weight one part sV where it is defined
by sV 3 sv — v € V. The more classical definition of Koszul algebras is as
follows.

Definition 52. The quadratic algebra (V, R) is Koszul in the classical sense if
the twisting morphism « : (sV,s2V) — (V, R) is a Koszul twisting morphism.

Proposition 53. If a connected weight graded algebra A is Koszul as in section
3.1 then it is quadratic and Koszul in the classical sense.

Proof. A being Koszul means by definition that AT < BA is a quasi isomor-
phism. By the fundamental theorem of twisting morphisms we have a commu-

tative diagram
BA

Al — > A

QA
where the arrows marked with ~ are quasi isomorphisms. Almost by definition

Al is the weight graded coalgebra

A=K @ sA(1) © (sA(1)®? Nker(dy : (sA(1))%? = sA(2)) @ ...
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< m ((sA(l))®i®(sA(1))®2ﬂker(d2 :(sA(1)%? — sA(Q))@(sA(l))®j)EB...
i+2+4j=n

Then QAT looks as in table 2 with C replaced by Al and we see that the diagonal
is just the tensor algebra of A(1), Zaa = T(s7*Ai(1)) = T(A(1)). As in the
proof of proposition 43 one can show that the quasi isomorphism g : QA — A
in the diagram above vanishes outside the diagonal. Moreover, since A has
trivial differential, so does Ai and then the only differential on QAT is the one
induce by the coproduct ds. But then, since the diagonal of QA is contained
in the kernel of 3 and the map ¢ is a quasi isomorphism we see that A is
isomorphic to a quotient of the diagonal A =~ T(A(1))/(im(d2) N T(A(1))).
But (im(d2) N T(A(1)) is precisely the two sided ideal in T (A(1)) generated by
im (8 : sTHAI(2) — A(1)®A(1)) C A(1)®A(1). This proves that A is quadratic
with quadratic data (V, R) = (A(1),im(d2 : s~ AI(2) — A(1) ® A(1))).

To see that A is Koszul in the classical sense we just have to note that under
the identification A = T(V))/(R) we have ker(dz : sA(1) ® sA(1) — sA(2)) =
ker(ds : sV@sV — s(V®V/R)) = s*R because ds is induced by the product of
A and under the identification A = T(V')/(R) this is just concatenating tensors
and then taking the quotient. But then we see that Al = C(sV,s?R) and the
Koszul twisting morphism in the diagram above is precisely the map « from
definition 20.

O

4 Connection to topology and some examples

Much of the algebra developed in the previous chapters is motivated by problems
in algebraic topology. For instance the cobar construction €2 is closely related
to Moore’s loop space construction of a topological space (denoted €2p). Adams’
theorem states that He(Q2Ce (X)) = He (€2 X) for a simply connected topological
space X. Also the theory of chapter 3.2 is related to topology; the category of
topological spaces is one of the first examples of model categories. The main
theorem in this thesis has a topological counterpart too. We will state, but not
prove it, in the following section.

4.1 Coformal and formal topological spaces
The notion of formality originally comes from algebraic topology.

Definition 54. Let K be a field. A topological space X is K-formal if C*(X;K)
is formal as a dga algebra.

For topological spaces we also have the notion of coformality. Before giving
the precise definition we recall what Moore’s loop space of a topological space X
is and we quickly describe the algebra structure on it. Moore’s loop space of a
pointed topological space (X, ) is the set of pairs (f,to) where f is continuous
function [0,00) — X and ¢y € [0,00) such that f(0) =z and f(t) = x¢ for all
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t > to. It inherits a topology from the product X0 x [0, 00). Moreover it has
a natural monoid structure defined by

(fito)(g,t1) = (f *g,to +t1)

where f g :[0,00) — X is the function defined by
(), 0<t<t
frg(t) = { " ’

<
<to+t1.

<
g(t), to <t

This multiplication is continuous and hence induces a multiplication on Ce(X).
One can show that this makes Cq(X) into a dga algebra.

Definition 55. A topological space is K-coformal if Cq(£2,X; K) is formal as a
dga algebra.

Spaces that are both formal and coformal have the special property that their
loop space homology can be computed from their cohomology algebra. Here is
the topological counterpart to the main theorem in the previous chapter.

Theorem 56. Let X be a simply connected topological space of finite K-type
then conditons 1-3 below are equivalent and they imply condition 4.

1) X is both formal and coformal,

2) C*(X;K) is formal as a dga coalgebra and H*(X) is Koszul.

3) Co(2X : K) is formal as a dga algebra and H,(Q2X) is Koszul.

4) Hy (X : K) and H*(X) are both Koszul and they are Koszul dual

H,(2X : K) > H*(X : K)".

4.2 Bigraded- and filtered models

In what follows we will work with cochain algebras of topological spaces. These
are concentrated in non-negative cohomological degree. In this section we de-
velop some tools that will aid us in our study of these cochain algebras and in
particular formality of those. More precisely we define the bigraded model of a
graded algebra A. Then we describe how the differential of the bigraded model
can be perturbed to get a filtered model for any cochain algebra whose cohomol-
ogy is A. Halperin and Stasheff first used these ideas in their article [7] when
studying obstructions to homotopy equivalences and Haouari later generalised
their ideas to the non-commutative case.

Definition 57. Let A be a graded algebra concentrated in non-negative coho-
mological degrees. A bigraded model for A is a quasi isomorphism p : (T'(V),d) —
(A,0) such that

i) V = ®rn>0V,}F is a bigraded vector space, making T'(V) a bigraded algebra,
and d: T(V)k — T (V)]

i)H,(T(V),d) = 0 for n > 0. We call the upper grading on V and T(V)
cohomological degree and the lower grading weight.
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If A is for example the cohomology algebra of a dga algebra (Y, dy) then a
bigraded model for A together with the following theorem can be of use when
examining whether (Y, dy) is formal or not.

Theorem 58. Let C' be a dga algebra concentrated in positive cohomological
degrees and assume the cohomology H(C') = A is connected. If p : (T'(Z),d) —
(A,0) is a bigraded model for A then there is a differential D on T'(Z) and a
morphism of dga algebras 7 : (T(Z), D) — (C,d¢) such that

D)(D —d): Zn = By T(2);

i)if z € T(Zy) then 7(z) is a cycle in C and [7z] = pz

i41)m is a quasi isomorphism.

Moreover, if D’ is some other differential such that (7(V'), D’) also has all the
properties above, then there is an isomorphism ¢ : (T'(W), D) — (T'(W), D’)
such that ¢ — id lowers filtration level.

The proof is from an article by Stephen Halperin and James Stasheff [7].
They prove it for graded commutative dga algebras but the same arguments
work for non-commutative dga algebras. We include the proof of the existence
since we will be referring to the construction performed in the proof. For the
last statement concerning uniqueness however we refer to [7] and [10] for the
non-commutative case. The proof of the theorem depends on the following
lemma.

Lemma 59. If we have a differential D’ on T(Z<,,) such that (D' —d) : Z; —
' Z27(Z); for 0 < I < n. Then if u € @' }T(Z); is in ker(D') there are
elements v € @' (T(Z); and a € A such that v = D’(v) + n(a) where n: A —
T(Zp) is a linear map such that pon =ida.

Proof. The lemma is proved using induction on n. For n = 1 we have u € T'(Z),.
Set @ = p(u). Then since u and n(p(u)) both are in T(Zp) they are both in
ker(d). But p(u — n(p(u))) = 0 and since p is a quasi isomorphism there is a
v € T(Z)1 such that dv = u — n(«). Finally since D’ — d lowers the weight by
2 D’ and d agree on T(Z), and we get

uw=D'(v) +n(a).

Now assume the claim is proved up to n — 1 and we will prove it holds for n
aswell. Now u € ®]'-;'T(Z); and we can write

n—1
=0

By assumption (D’ — d)(u) € 7= T(Z); and since D’(u) = 0 and d lowers the
weight by precisely 1 we get d(u,—1) = 0. Because the cohomology H(T(Z),d)
vanishes in positive weight there is a v’ € T(Z),, such that u,_1 = d(v'). But
then u— D'(v') = —(D' —d)(v') € ®!-7T(Z); and since D'(u— D'(v")) = 0 the
induction hypothesis tells us there are o € A and v” € ea?:_olT(Z ); such that
u—D'(v") = n(a) + D'(v"") and if we set v = v' + v” we get u = n(a) + D'(v)
as desired. O
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Now we are ready to prove the theorem.

Proof. We construct the maps D and 7 inductively. We first set D = d on
T(Z<1). Define 7|z, : Zy — C on a basis by sending a basis element z to any
representative of p(z) € A = H(C). This extends to a unique morphism of
algebras T'(Zy) — C and we have 1o D = dcom = 0 on T(Zy) so it is in fact
a morphism of dga algebras. Next we define m on an basis of Z;. Let x € Z;
be a basis element. Then I claim that 7(d(z)) is a boundary in C. Indeed this
follows from how 7 was defined on T'(Z) because

[w(d())] = p(d(x)) = 0.

Then let ¢ € C be an element such that de(c) = w(d(z)) and define © on Z;
by x + ¢. This extends to a unique morphism of dga algebras T(Z<1,D) —
(C,d¢c). Now we extend m and D to T(Z<2) as follows. We fix a basis for Z,
and consider a basis element z. Then d(z) € T(Z)1 C T(Z<1) and because
D =don T(Z<1) we have d(z) € ker(D). But since 7 : (T'(Z<1),D) — (C,d¢)
is a morphism of dga algebas 7(d(2)) is a cycle in C so [7(d(z))] is an element
of A. D is then defined on Z5 by

z = dz —n([r(d(2))]).

Note that since d is of degree 1 and n and 7 are both of degree 0 (upper
degree) D is of degree 1 and it then extends to a derivation on T(Z<3). We
saw already that D? = 0 on Zy and Z; and if 2 € Zy then D?(z) = dD(z) =
d(d(z) — n[r(d(z))]) = 0 because 7 lands in T(Zy) C ker(d). So D extends to a
differential on T'(Z<2). Now we extend 7 to Zz. We saw already that 7(d(z)) is
a cycle in C and since n lands in T(Zy) C ker(D) and 7 : (T'(Z<1), D) — (C,d¢)
is a morphism of dga algebras 7 (n([w(d(z))])) is also a cycle of C. Then 7(D(z))
is a cycle too and we have

[7(D(2))] = [7(d(2))] = [x(n([m(d(2))]))] = [7(d(2))] = p(n([m(d(2))])) =
[w(d(2))] = [x(d(2))] = 0

which means 7(D(z)) is in fact a boundary in A. We then define 7 on a basis for
Zy by z — ¢ where c¢ is such that dc(c) = 7(D(z)). This extends 7 to T'(Z<2).
Defined in this way D satisfies i) because (D — d) = 0 on Zy and Z; and for
z € Zy we have (D — d)(z) = n([x(d(2))]) € T(Zo).

Now for the induction step assume a differential D is defined on T'(Z<,—1)
such that ¢) holds and suppose further 7 : (T(Z,_1,D)) — (C,d¢c) has been
defined. We then extend D to Z,. Fix a basis for Z, and let z be a basis
element. Then D(d(z)) = (D — d)(d(z)) € ®};T(Z); C T(Z<n-3) so by
the previous lemma there are elements a € A and v € @}-?T(Z); such that
D(d(z)) = n(a) + D(v). Now I claim that o = 0. Indeed we have 7(n(a)) =
m(D(d(2))) — n(D(v)) = da(n(d(z) — v)) which means 7(n(«)) is boundary so
0 = [7(n(a))] = p(n(a)) = a. This means d(z) —v € ker(D). Then if (d(z))™
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and v™ denote the components of d(z) and v of cohomological degree m we have
d(z)™ —v™ € ker(D) for all m. Let w =3, A, v"™ where

_ {0 if (d(z))™ =0,
™ 1if (d(2)™ # 0
Then d(z) — w € ker(D) aswell and we can extend D to Z, by
2 d(z) —w —n([r(d(z) —w)]).

D

7, is then homogenous of degree 1 and D?(z) = 0. Also,

(D —d)(2) = —w = n([r(d(z) —w)])) € BIFT(2)i
so we can extend D to T(Z<,) such that ¢) is satisfied. But then we note that
for z € Z,, we have

[w(D(2))] = [w(d(2)—w—n([m(d(z)—w)]))] = [7(d(z)—w)]=[m(n([r(d(z)—w)]))] =
[w(d(2) —w)] = [r(d(2) —w)] =0

and we can define 7 on a basis of Z,, by z — ¢ where dc(¢) = mo D(z) and then
we get a morphism of dga algebras 7 : (T(Z<,), D) — (C,dc¢). This concludes
the induction step and so we have proved existence of D and m. It remains to
prove that 7 is a quasi isomorphism. If we think of A as a dga algebra with trivial
differential then since imn C T'(Zy) C ker(D) we have n : (4,0) — (T'(2), D)
is a morphism of cochain complexes. We know that m, o n, = ida so 7, is
injective. Also it follows from the previous lemma that 7, is surjective so 7, is
an isomorphism and then 7, must be its inverse.

O

Now we explain how to get a bigraded model for a graded algebra A in
the case A is weight graded and Koszul. To do this introduce the following
convention.

Convention 60. The vector space Ks is concentrated in homological degree
1 and cohomological degree —1 and the vector space Ks~! is concentrated in
homological degree —1 and cohomological degree 1. This is

Theorem 61. If A is a non-negatively graded algebra which is Koszul then a
bigraded model for A is given by QAi — A.

Proof. For the proof of this we do not use convention 6. The reason for this is
that we want to use the fact that a positively graded algebra can be thought of
as a dga algebra concentrated in non-negative homological degrees with trivial
differential but it can also be though of as a dga algebra concentrated in non-
negative cohomological degrees with trivial differential. We will however use
convention 60.
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We call the grading on A homological grading and denote it by subscript.
We equip A with another grading called the cohomological grading, denoted by
superscript, which coincides with the homological grading: A, = A" for all n.
Recall that A being Koszul means that it also has an extra weight grading such
that Al < BA is a quasi isomorphism. Then we have a commutative diagram

/f <B£4

4 —% 5 A

where the horizontal maps are quasi isomorphisms. Now Al C T¢(sA(1)) which
has a homological grading and a cohomological grading that come from the
homological grading and cohomological grading of A and Ks (see the convention
above) and because ds is homogenous with respect to both homological and
cohomological grading these gradings passes over to Al = ker(ds) N T(sA(1)).
We also have a weight grading on Al namely Ai(k) = Al N (sA(1))®*. Now
we introduce a weight grading on Ai which we will call syzygy degree. Set
Ailk] := AN (sA(1))®k*+1 which induces a syzygy degree on QAi too. We have
that QA has a triangular form with respect to weight and word length (see
table 2 with C' = Al). As in the proof of proposition 43 one can show that
g : QA — A vanishes outside the diagonal. But QAi also has a triangular
form with respect to syzygy degree and weight (see table 3) and we see that
the column of syzygy degree 0 is precisely the diagonal in table 2 so g vanishes
outside (2A1)[0]. Now we note that the differential d2 of QA! is homogenous of
degree 1 with respect to cohomological degree. Also, QAT has a basis consisting
of elements which are homogenous with respect to homological and cohomolgical
grading and whose homological degree differ from their cohomological degree by
a multiple of two, and from this it follows that J, satisfies the Leibniz rule with
respect to the cohomological grading. I claim that QAT with the cohomological
grading and the syzygy grading is a bigraded model for A. Indeed the differential
do is homogenous of degree —1 with respect to syzygy degree. The cohomology
H* (A1) vanishes in positive syzygy degree. The quasi isomorphism g respects
the cohomological grading because it vanishes outside syzygy degree 0 and in
syzygy degree 0 the cohomological degree agrees with the homological degree
(note that st AI[0] = s71sA(1) = A(1). O

4.3 Spheres

Spheres are examples of Koszul spaces. We will here show that the rational
cohomology ring of spheres is Koszul. Then we use this fact to show that
spheres are formal.

We know from [6] that

Qif m e {0,n}
0 else

Hm<Sn;Q) _ {
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The ring structure is then completely determined; for degree reasons we must
have H*(S™ : Q) = Q[z]/(x?) where x has cohomological degree n. Let’s prove
that it is Koszul.

Proposition 62. Q[z]/(z?) is Koszul.

Proof. The algebra A = Q[z]/(2?) is weight graded with A(0) = Q14 and
A(1) = Qz and zero in every other weight. With this weight grading we have
Al = T°(sx) is the tensor coalgebra on one generator sz of degree n+1. We will
show that a : At — BA — A is a Koszul twisting morphism. The kernel K of
the augmentation map Al ®, A — Q has a basis {(sz)"® 14| n > 1}U{(sz)"®
x|n > 0}. Because A and Al both have trivial differential the differential on the
twisted tensor product is given by

Oifn=00rk=1
(s2)" "' @ 2**! else

do((sz)" ® a:k) = {

Then if w =}, ; car(sz)" @ z¥ is in K N ker(d,) we have ¢, = 0 whenever
n # 0 and k # 1. But then w is in fact of the form

w= chl(sx)n Qr+cnl@x =
n#0

da(z Co(sz)" M @1, + co1(sz) ® 14).

n#0
This means « is a Koszul twisting morphism and by the fundamental theorem
of twisting morphisms Al < BA is a quasi isomorphism so A is Koszul. O

Next we will show that spheres are formal over Q.
Let A = T(Qx)/(2?) be the cohomology ring of S™. We construct its bi-
graded model as in the proof of theorem 59. We have

Al=Q®Qsz @ (Qsz)®? @ ...

where sz has cohomological degree n — 1. Since A is Koszul a bigraded model
for A is given by QA! where A is bigraded with cohomological degree (denoted
by superscript) and syzygy degree (denoted by subscript).

Theorem 63. S™ is intrinsically formal over QQ for n > 2.

Proof. Let Y be a topological space with H*(Y;Q) = H(S™;Q) = A. Then by
theorem 4.2 there is a differential D on T'(s~!Ai) such that (D — d3) lowers the
syzygy degree by 2 and a quasi isomorphism 7 : (T'(s~*Ai), D) — (C*(Y),d).
We know that D = dy on (s71Ai)<;. And if z € (s71Ai)>y has weight at
least 2 then it has cohomological degree atleast 1 + 3(n — 1) = 3n — 2. But
if n > 2 then 3n —2 > n+ 1. We see that D = J5 in cohomological degree
(s7'Ai)="*1. Then we can define ¢ : (s7'Ai) = A by ¢|-14)., = p and
¢l(s-1 41, = 0 where p is the quasi isomorphism T'((s ' Ai), d5) — (A,0). Then

49



we extend ¢ to an algebra morphism T'(s~1Ai) — A. I claim that this is in fact
a quasi isomorphism (T'(s~'Ai), D) — (A,ds = 0). First we note that it is a
morphism of graded algebras because it respects the cohomological degree of
the generators. Next we check that it commutes with the differential. Because
da = 0 this just comes down to checking that ¢ vanishes on boundaries. For
z € T(s7 LAt C T((s71Ai)<1) we have

¢(D(2)) = ¢(d2(2)) = p(d2(2)) = 0

since p vanishes on dy-boundaries. Also, if z € T(s7'Ai)="*2 then D(z) €
T(s71Ai)Z"*+2 and then ¢(D(z)) € AZ"+2 = 0.

The fact that ¢ is a quasi isomorphism follows from the fact that
H*(T(s~'Ai), D) = A vanishes in cohomological degree
>n+1and T(s7LAN)<"HL C T((s71Ai)<1) so ¢* = p® is an isomorphism. But
then we have a zig-zag

(C.(Y)7 a) = (T(SilAi)v‘D) — (A: 0)

proving that Y is formal.

By theorem 57 it then follows that spheres are both formal and coformal.
O

4.4 FEuclidean configuration spaces

In this section we will see another example of a Koszul space, namely configu-
ration spaces. We prove that Fj(R™) is intrinsically formal over Q, for k < n,
following an article [2] by Paolo Salvatore. We will not explain how to compute
the cohomology ring of Fj(R™) but refer to [1].

Proposition 64. The cohomology ring H®(Fj(R™); Q) admits a quadratic pre-
sentation (V, R) where V is a free graded vector space concentrated in degree
n — 1 with basis

and R C V ® V is spanned by
{AZZJ} U {A”Ajk + (—1)nAjkAik + (—1)”A1kA”|Z <j< k‘}U

{AijAkl — (—1)(n_1)2Ak1Aij}.
Proposition 65. H*(F;(R™); Q) has a graded basis provided by the set

U{Ailjl c Aig | <o <isie < i}
1>0

Remark 66. The generators A;; are in fact pullbacks of the standard generator
of H*(S"~!) under the maps mij + Fr(R™) — S™! which maps (o, ..., ) €
Fi(R") to =24 € "L

EX
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Let A = H*(F(R™); Q). The basis in the previous proposition is a so called
PBW-basis and as a result of this A is a Koszul algebra [8]. Its Koszul dual
coalgebra is given by

A=QasVesRo..o( [ (V¥R (sV)Y)o..
i+24j=n

We note that AP is bigraded. The upper grading is the cohomological degree
and it is induced by the cohomological grading on V (recall it is concentrated
in cohomological degree n — 1 so sV is concentrated in degree n — 2) and the
lower grading is the syzygy degree introduced in the end of section 4.2. Since
A is Koszul QA — A is a bigraded model for A.

Theorem 67. Fy(R™) is intrinsically formal over Q for n > k.

Proof. Let Y be a topological space with H*(Y) = H*(F;(R™)) = A. Recall
that we already constructed a bigraded model for A namely QAi. Theorem 4.2
applied to the cochain algebra C' := C*(Y) gives a differential D on T'(s~1Al)
such that

(D —dy) : s~ Al — 22T (s~ Ai),, for all .

I claim that D = dy on (s~ !Ai).,. To see this let z € (s71Ai)-, be a ho-
mogenous element of syzygy degree i. Since the syzygy degree is the word
length minus 1 and the elements of sV are of cohomological degree n — 2
(see proposition 65 and convention 61) we see that x must have cohomologi-
cal degree 1+ (i + 1)(n — 2). But then (D — d)(x) has cohomological degree
24 (i+1)(n—2). To get a contradiction assume (D — d)(z) # 0. Then there is
some non-zero homogenous monomial m € T(s~1Ai) that occurs in (D — d)(x).
We note that m must lie in (s~'A1)®! where | = 2 modulo n — 2. This fol-
lows from the fact that the cohomological degree of (D — d)(x) is congruent
to 2 modulo n — 2 and the homogenous elements of s~'Ai are all congruent
to 1 modulo n — 2. I claim that m cannot be in s~ 'Ai @ s~1Ai. Indeed,
since m was assumed homogenous this would mean m = v, ® v, for some
v, € (s71Al), and vy, € (sAl), which means v, ® v, have cohomological degree
1+(e+1)n—=-2)41+0+1)(n—2) =2+ (a+ b+ 2)(n—2) which would
mean a+ b+ 2 =i+ 1. This would however imply v, ® v, is have syzygy degree
a + b =i — 1 which contradicts the fact that (D — d) decreases syzygy degree
by atleast 2. But then m € (s71A1)®! where [ is atleast 2 + (n — 2) = n. But
then the cohomological degree of m is atelast n(1+(n—2)) =2+ (n+1)(n—2)
which would mean i is at least n which contradicts the fact that z € (s~ Ai) .
So (D —d)(z) =0 as claimed.

Then we can define a map ¢ : T(s7'Al) = A by ¢[,-14y_, = p and
¢l(s-141y,, = 0 where p is the quasi isomorphism (T'(s™'Ai),d) — (A4,0). I
claim that ¢ is a quasi isomorphism (T'(s~!Ai), D) — (A,0). First we note
that it is a morphism of graded algebras because it respects the cohomological
grading on the generators. To see that it commutes with the differentials it is
enough to see that it vanishes on coboundaries. But if z € T'(s~ ! Ai)<(k=1)(n=1)
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then z € T((s71Ai),) and we have

¢(D(2)) = ¢(d(2)) = p(d(z)) = 0

because p vanishes on d—boundaries. If z € T(s~'Ai)>(k=D=1 then Dz
has cohomological degree at least (k — 1)(n — 1) + 1 but then ¢(D(z)) €
A+E=D(=1) — (0 Finally to see that ¢ is a quasi isomorphism we note that
because H*(C, D) = A only lives in degrees less (k — 1)(n — 1) where ¢ and p
agree we must have ¢®* = p® which is an isomorphism.

O

By theorem 57 it then follows that Fj(R™) (with n > k) is both formal and
coformal.

5 Non-formality of planar configuration space
with four points over characteristic two

In the previous two examples we used koszulness of the cohomology rings of
some topological spaces, together with the theory of bigraded and filtered mod-
els to prove formality of these spaces. In this section we will see that these ideas
can also be used to prove non-formality. We explain how Salvatore [2] proves
the non-formality of the planar configuration space with four points over char-
acteristic two. In the first section we introduce the Barratt-Eccles simplicial set
W Sy where Sy denotes the symmetric group. Then we define a filtration on it
Fi(WSy) called the Smith’s filtration. This filtration has the property that in
level 2, its geometric realisation is homotopy equivalent to F(R?) which allows
us to study the formality of Fy(R?) by studying the formality of the cochain
algebra of the simplicial set Fo(WSy4). To study the formality of this algebra
we construct the filtered model of it up to filtration level 2 which allow us to
define the obstruction class [@]. We then explain why non-triviality of this ob-
struction class implies the non-formality of the cochain algebra of the simplicial

set ./TQ(WS4)

5.1 Barrat-Eccles simplicial set

Now we describe the simplicial set which has the property that its geomet-
ric realization is homotopy equivalent to Fy(R?). Let us denote by Sj the
symmetric group on {1,2,...,k} and let us denote a permutation o € Sy by
o= (0(1) o(2) --- o(k)). By definition the k’th Barrat-Eccles simplicial set is
the contravariant functor WSj, defined on objects by WSk ([l]) = Si™ and on
morphisms by

WSk(f : [n] — [m]) : SZL+1 — S,:L+1, (O'(), ...,O’m) — (Uf(O)v ...,O’f(n)).
With these definitions we can make the face and degeneracy maps explicit:

di(UOa ,O'n) = (O-di(o)a "'7O'di(n*1)) = (007 <y 04—1,0441, aan)
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5i(00, o, 0n) = (Osi(0)5 -+ Osi(nt1)) = (005 0 Oiy Ty ey ).

We define for all ¢ > 0 a filtration on W.S;. More precisely we define a chain of
sub simplicial sets

.. C ]:t(WSQ) C ft+1(WS2) C ...

where F;(WS2) is the sub simplicial set spanned by all non-degenerate simplices
of degree at most t — 1:

WSa([n]), ifn<t—1

ft(WS2)([”]) = {Uisi(WSQ([n - ID) fn>t—1

Now for all 1 < 4 # j < k consider the simplicial maps m;; : WS, — WS,
defined on WSy ([n]) by

71'1'.7‘(0'0, [aS) Un) = (TOa "'7Tn>

where
J@2)ite; N 6) < o7t ()

L {(21) if o771 (i) > o ()

Using these maps we can define filtrations on W .S, for all k by
Fi(WSk) = iy Fo(WSs).

We are particularly interested in Fo (W Sy).

The following proposition explains why we are interested in the simplicial set
F:(WS). The proof of this proposition requires more background on simplicial
sets so we simply refer to theorem 6.2 and proposition 7.9 in [11].

Proposition 68. The geometric realization of F;(W.Sy) is homotopy equivalent
to Fj(R"). Moreover the realization of the maps of simplicial 7;; defined above
corresponds, up to homotopy, to the projection 7;; : Fi(R") — S*~! defined by
(X1, ey Tp) >

loi—a;|"

Let us denote the normalised cochain algebra (over Zz) of Fo(WSy) by £3 (k).
We recall from chapter one that it is a dga algebra under the cup product.

5.2 Filtered model for £3(4)

Let A = H®(F4(R?);Z2). It has the same presentation as in proposition 64
but over Zs now. We recall that since A is Koszul there is a quasi isomorphism
QAT — A. In this section we will however think of QAT in a slightly different way.
It follows from proposition 3.2.1 in [3] that there is an isomorphism of graded
coalgebras Al 2 @;s'(A'(i))* where A' is the quadratic dual of A and A'(i) is the
image of (V*)®* under the projection T(V*) —» A'. From now on we identify Al
with the desuspended, graded dual of A' through this isomorphism. Under this
identification we have QAl = (T(W),d) where W = s~ ( ®;>1 s'(A'(4))*) and d
is now induced by the coproduct p* of @;>15°(A'(i))* dual to the multiplicaiton
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of A'. The syzygy degree on Ai described in the previous chapter corresponds
to the following weight grading (A')*(k) = (A'(k +1))*. We have the following
description of A'

Proposition 69. A' 2~ T(B)/(S) where B has a basis {B;;|1 <i < j < 4} and
S C B ® B is spanned by

Biijk + BjkBij + BjkBik + Bik‘Bjky 1, 7, k distinct,
Bistt + BstBija fOI‘ {7’73} N {S, t} = @
where we use the convention that B;; = Bj;.

Proof. Set B;; = Aj; where A;; are the generators for A. We then have to
prove that R is spanned by the relations above where R is as in proposition
65 except with coefficients in Zs. It is not so hard to see that the relations
above all vanish on R so it remains to see that they span R. We know from
proposition 66 the Hilbert series for A starts with ha(z) = 1+ 6x + 1122 + ...
Then since A is Koszul theorem 3.5.1 in [3] tells us h i (—z)ha(z) = 1 which
tells us hy = 1+ 6x + 2522, So since dim(B ® B) = 36 we only have to show
that the relations above span an 11 dimensional subspace but it is not so hard
to find 11 linearly independent relations of the desired form. O

This is the so called Yang-Baxter algebra and in [12] the following basis is
computed for it.

Proposition 70. The algebra A'(n) admits a basis {B;,j, - Bi.j. |71 < j2 <
voe < iny i < Jp for all t}.

Under the identification Al = @;s%(A'(7))* the the quasi isomorphism QA —
A is defined by Bj; — A;; and (B, j, -+ Bi,j,)* = 0 for n > 1.

We know that H®(E3(4)) = A so theorem 4.2 tells us that there is a differ-
ential D on T(W) and a quasi isomorphism ¢ : (T (W), D) — £3(4) such that
D — d decreases the weight by at least 2. In this section we will make the map ¢
and the differential D explicit up to T'(W<2) by following the proof of theorem.
Before doing so we give names to certain elements of &£ (k).

Definition 71. Set w}j := (4|7, ws,))* ((12), (21)) € & (k) for all k.

Definition 72. Set Ar := ((132),(312))" € £3(3).

We want to transfer the element Ar to £3(4). We do this using maps of
simplicial sets fijr : F2(WSy) — WSs, one for each triple 1 <4 < j < k < 4.
These maps are defined as follows.

Definition 73. We set

fijk (0'0, ...,Um) = (7'1, ...,Tm)
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where 73 is the permutation which only remembers how o, permutes i, j and k.
More precisely let 7/ be the unique permutation on the set {7, j, k} such that
(1(¢) 7(j§) 7(k)) is the order in which ¢, and k occur in (o(1) 0(2) o(3) o(4))
then let 7 € S3 be the permutation corresponding to 7’ through the bijection
1172k 3.

Now we start building the filtered model for £3(4)

Proposition 74. The algebra morphism ¢ : T(s 'W<1) — £3(4) defined on
generators by

B*»—)w 1<i<j<4,

ij>
0, ifi=Fkandj =1,
w4 Ui wiy, if j #1,

Zkl(A?") +whUiwy, ifj=landi<k
fig(Ar), ifj=1landi>k

s(silBijslekl)* >

agrees with the construction in the proof of theorem 4.2. In other words
¢ : (T(s7'W<1),d) — (E3(4),0) is a morphism of differential graded cochain
algebras and it can be extended to a filtered model (T'(s~'W), D) — (£3(4),0)
as in theorem 4.2.

The proof is almost only computation. To perform these computations we
need the following two lemmas.

Lemma 75. An element (o,7,7) € WS5([2]) is in Fo(WS5)(]2]) if and only
if the order in which any two indices i # j € {1,2,3} appear does not change
more than once in

(0,7,7) = ((e(1) 0(2) 2(3)), (7(1) 7(2) 7(3)), (v(1) ¥(2) ¥(3)))-

Proof. ( = ) If the order of two indices i # j € {1,2,3} does change more
than once in (o, 7,7v) then m;;(o,7,v) € WSs is non-degenerate and therefore
not in Fo(WSs2) and then (o, 7,7) ¢ Fa(W.S3).

(<) If the order in which 4,j appear in o, 7 and v only changes zero or one
time then m;;((0,7,7)) is degenerate and if this holds for all i # j € {1,2,3}

then (o,7,7) € N 755 (F2(WS2([2]))) = F2(WS5)([2]). O
Lemma 76. The set F2(WS3)([2]) contains the following 36 simplices
((321), (132), (123)) ((321), (213), (123)) ((321), (231), (123))
((321),(231),(213)) ((321), (312), (123)) ((321),(312),(132))
((231),(123),(132)) ((231), (213), (123)) ((231),(213),(132))
((231), (321), (132)) ((231), (321), (312)) ((231), (312), (132))
((312), (123), (213)) ((312), (132), (123)) ((312), (132), (213))

55



231)) ((312), (231), (213

((312),(321), (231)) ( )
((123),(132), (312)) ((123), (213), (321))
( (231), (321)) ((123), (231), (321))
((132),(123),(213)) ((132), (123), (231))
( (213),(231)) ((132), (321), (231))
)) ((132),(312), (231)) ((213), (123), (132))
( (132) ) ((213), (321), (312))
((213), (231), (321)) ((213), (231), (312))

Proof. First we note that W is concentrated in cohomological degree 1 and
wis| = |w?j Ui wi| = £ (Ar)| = | friu(Ar)| = 1 so ¢ is a degree zero map.
Next we recall that in the proof of theorem 4.2 that when defining the map
¢ on the generators in weight zero all we require is that they get mapped to
a cocycle which represents a the element in cohomology which that generator
gets mapped to by the bigraded model. In our case we need that wfj is a
cocycle representing A;;. To see that it is a cocycle we check that ((12), (21))* €
E3(WSsy) is a cocyle. This however follows from the fact that F2 (W Ss)([2]) has
only degenerate simplices so £2(W S3) = 0. On the generators s~ (sB;;sBy)*
1 of weight 1 all we require is that 9*¢(s™(sB;jsBy)*) = ¢d(s *(sB;jsBpi)*).
To prove this we have to make some computations.

Computation 1: For simplicity we drop the suspensions for a while. First
we compute ¢d((B;;By)*). First thing to note is that d((B;;jBr)*) € Wo ®
Wo which has a basis {B]; ® Byli < j,k < l}. Since we work over Zy we
only have to check which such basis elements occur in d((B;;By;)*). Since d is
induced by the coproduct p* dual to the multiplication of A' we will compute
w* (BijBri)* (Bst @ Byr) to see if By, @ B, occurs i the expression for d(B;; By)*
We have p* (B Bri)* (Bst @ Bgr) = (Bij Bri)* (Bt Bgr). But to compute the last
expression we must know how By, B, is expressed in the basis of proposition
71. Using the relations in proposition 70 we get

ByBg ift <r,

By Bg if r <tand s #gq,r,

B Bst + BytBst + BBy if r <t and s =q
By Byt + BBy + BBy if r <tand s=r

Bsth'r =

Then we can compute (B;;By)*(BstBgr) by dividing into cases depending on
i,j,k and I. First we have (B;;B;;)*(BstBgr) = 1 only when (s,t) = (q,7) =
(4,7) so d(B;;Bi;)* = Bj; ® Bj;. Next we have for j # [
(BijBil)"(BstByr) =
1if (s,t) = (i,7) and (q,7) = (4,1) (from the case t <) ,
1if (g,r) = (4,4) and (s,t) = (i,1) (from the case r < t, s # q,)
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so d(B;;By)* = ij ®B,+B;® Bi*j. Similar computations give the other cases
and all the computations can be summarised as

B ® By if (i,5) = (k,1),

BY, ® B, + By @ By if j #1,

Bf, ® B, + B, © By + B, ® By, if j = Land i < k,
By, ® Bj+ Bl ® By + B}, @ By, it j = land i > k

d(BIJBk]) =

Then finally we get
4 4 iers s
wy; Ywg; if (i,5) = (k,1),
wijwﬁl+wglUw§j if j #£1,
wij Uwiy + Wi Uwlh +wi; Uwiy, if 5 = Land i <k,
wii Uwiy +wp; Uwg, +wih Uwg, if j = land i > k

¢(d(BijBii)") =

Finally we note that wfj Uwfj = (mijl mwsy) (((12), (21))* U ((12),(21))*) =0
because ((12), (21))* U ((12), (21))* € £2(2) = 0.

Computation 2: Now we want to compute 0*(¢(B;;Bri))*. We have of
course 0*(¢(B;;B;;)*) = 0*(0) = 0. Next, we want to compute 0*(¢(B;;Bi)*)
for j # . We have by definition of ¢

9" (¢(BijBri)*) = 0" (wy; Uy wiy)-
Because wfj and w}, are coboundaries proposition 27 tells us
* * * 4 4 4 4 4 4
0"(¢(BijBi)*) = 0" (wy; Ut wiy) = wyj Uwiy + wiy Uw;.

Next we want to compute, for j =1 and ¢ > k, 0*(¢(B;; Br1)) =
O (fh.(Ar)) = i, (0% Ar). We recall that

ikj
Ar € £5(3) = Hom(ZaFo(W S3)([2]), Z2).
Let us express 0* Ar in the basis dual to the one in lemma 77 Since

0" (Ar)(op,09,03) = Ar(o1,02) + Ar(oo + 02) + Ar(og + 01)

we see that out of the elements in lemma 1.3 dAr vanishes on all except those
in which (132) and (312) occur (in that order). We get

d*(Ar) = ((123), (132), (312))* + ((132), (312), (321))*+
((132), (312), (231))* + ((213), (132), (312))*.

Now I claim that this equals w; Uw$y 4+ wis Uwsy 4+ wis Uwis. To prove this
we will compute these three cup products in terms of the basis dual to the one
in lemma 77. We first note that

wf’j U wgl(ao,al,ag) =
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wij(o0, a1)wiy (01, 02) = ((12), (21))* (m35(00, 1)) (12), (21))* (mh (01, 02) ).

The last expression however is 1 precisely when (i j) is a subsequence of
(00(1) 00(2) 00(2)), (j i) is a subsequence of (o1(1) 01(2) 01(2)), (k1) is a subse-
quence of (o1(1) 01(2) 01(2)) and (I k) is a subsequence of (o2(1) 02(2) 02(2)).
Using this we see that out of the elements in lemma 77 w}; U w$, vanish on
all except ((123),(312),(321)), ((132),(312),(321)), ((132),(312),(231)) which
means

wis Uwiy = ((123), (312), (321))* + ((132), (312), (321))* + ((132), (312), (231)).
Similarly one computes
wis Uwiy = ((123), (132), (321))* + ((123), (312), (321))*,

wis Uwis = ((123), (132), (321))* + ((123), (132), (312))* + ((312), (132), (312))*
and adding these up gives

((123), (132), (312))* + ((132), (312), (321))*+

((132), (312), (231))* + ((213), (132), (312))*
which we said was §* Ar. So we have

0" (¢(BijBri)) = 0" (fiy;(Ar)) =
Fa(0" Ar) = fi(wis Uwty + wis Uwy + wiy Uwly) =

Frit@is) U frin(@iy) + fri(@is) U fra(wdy) + fri(wis) U fra(wds).

But I claim that f;;(w};) = w{,. To see this we apply fi;(w?;) to a non-
degenerate simplex (09, 01) € Fo(WS4)([1])-

fri(Wwis(00,01) = wis o fra(oo,01) =

m13(((12), (21))") (frit(00, 1)) = ((12), (21))"(m13(70, 1))

where 79 and 71 are as in the definition of fi;;. This last expression however is
0 unless (1 3) is a subsequence of 7y and (3 1) is a subsequence of 71 in which
case it is 1. But this happens precisely when (k 1) is a subsequence of oy and
(I k) is a subsequence of o1 from which we conclude that

Fia(@is(00,01) = ((12), (21)) " (ma(00, 01)) = wy (90, 01).
Similarly one can show that f},(w$,) = wi, and fr;,(w3;) = w}. We get
0*(¢(BijBr1)) = wiy Uwi; +wih Uwi, +wi Uwpy, for j =1, k<.
Finally we will compute, for j = and i < k

0" (6(Bij Bu)) = 0" (fia(Ar)) + 0 (wiy Ur wy).
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The first term we just computed (but with the roles of ¢ and k switched) and
for the second term we use proposition 27. This gives for j =1 and i < k

9" (¢(BijBri)) = wij Uwiy, + wiyy Uwiy, + wiy Uwi) + wjj Uwyy 4+ wiy Uwyy =

wip Uiy, + wiy Uwiy, + wi Uwyy
To summarise we have
0 (1, 5) = (1),
wii Uwpy 4wy Uwi; if § #1,
wi; Uwiy +wih Uwl, +wi; Uwgy if j =1 and i <k,
wi; Uwiy +wit; Uwi, +wiy Uwy; if j =L and i > k

0" (¢((BijBr)")) =

O

Now we will define a map Wy — A(2) where. This map will in the next
section prove to be an obstruction to formality for £5(4).

Definition 77. a(w) := [¢(d(w))].

We note that this definitions makes sense since dw € T'(W<1) on which ¢ is
defined and by the previous proposition we have

0" (¢(dw)) = ¢(d*w) = 0

so ¢(dw) is indeed a cycle. So far we have constructed the filtered model of
&3(4) up T(W<1). We will however need to construct D one step further, to
T(W<3). Following the construction in the proof of theorem 4.3 we see that we
need to fix a map linear n: A — T'(Wy) such that pon =ida.

Definition 78. Define : A — T'(Wp) on the basis in proposition 65 by

Aiyjy - Aiyj, — B

1171

®..® B . € T(Wp).

itJt

We note that then p(B;, ;, ®..@ B} ;) = p(B},;,) - p(B},;,) = Aiyjy - Ay,

as we wanted so we can define D on on Wy by D(z) = d(z) — n(a(z)) as in the
proof of theorem 4.2.

5.3 Hochshild homology

In this section we recall the twisted hom-space Hom™ (W, A) and show that «
as defined in the previous section is a cycle in this complex. Then we explain
why non-triviality of the class of « is implies non-formality of F}(R?). Consider
the map 7 : W — A which is zero everywhere except in weight 1 where it is
given by sBJ; — A;j.

Lemma 79. 7x7 =0
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Proof. Because 7 vanishes outside weight 1 and the coproduct of W respects
weight 7 x 7 definitely vanishes outside W (2). To see that it vanishes in weight
2 as well we use the computations done in the proof of proposition 75. Because
d is induced by the coproduct we have (recalling the relations in A)

A3 =0if (4,5) = (k,1),

Aij A + A Ayy = 0if j #£ 1,

Ajj A + A Ai + A Ay =0 =1, 1 <k,
AijAkj + Aijki + AijAki =0 lfj = l7 P>k

T*T((BijBkl)*) =

O

This will allow us to put a twisted differential structure on Hom(W, A). Let
us define 0 : Hom(W, A) — Hom(W,A) by f— fx7+7x* f.

Lemma 80. (Hom(W, A),0) is a dga algebra.

Proof. Then O is indeed a differential because 0%(f) = A(f x 7+ 7 f) =
FrTxT+Txf*xT+T7xkf*xT7+T7x7xf=0. Also O(fxg) = fxg*xT+T*f*g
where as O(f)xg+ f*0(g) = f*xTxg+T*fxg+ frxgxg+ f*Txg = [*xg*xT+T*f*g.

O

We now note that the map « defined in the end of the last section is an
element of Hom (W, A) and we will see that it is in fact a cycle with respect to
the differential 9.

Proposition 81. d(a) =0

Proof. We first note that since a vanishes outside W5 and 7 outside Wy we see
that a x 7 + 7 x a vanish outside W3. Let X € W3. Then we want to compute

a0 (@@ 7)o 1y (X) + pa o (7 @ ) 0 iy (X).
But since the differential d on T'(WW) is induced by the coproduct of W we have
pao(a®r)opy, (X)+pao(r@a)o’y, (X) = pac(a®r)od(X)+puso(r@a)od(X).

Because the syzygy degree is weight minus one, and the coproduct of W respects
the weight, it follows that d(X) € Wo @ Wy @ W1 @ W1 & Wy @ Wa. Let us
write d(X) = > 2, Qyi + Y. a; @b, + > w; ® 2; the first sum is in We @ Wy,
the second in Wy ® W7 and the third in Wy ® W5. Then we see that

0(0)(X) =pac (@) (Y mou+ Y aob+d womn)+

pac(T®a) < Z xi®yi+z ai®bi+z wi®zi> = Z Oé(xi)T(yi)+Z T(wi)a(z).

Let us show that this is in fact zero in A. Since d(X) € Wa @ Wy @ W1 @ W1 &
Wy ® Wy and since D — d lowers syzygy degree by 2 (see theorem 4.2) we see
that

D(X) = (D= d)(dX) = (D - d) (Y wi@pi+ I a; @b+ Y wi©z) =
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Y (D=d)(z)@yi+ Yy wi@D—d)(z) =) nlal(@)@yi+ ) wion(a(z))

where we used the definition of D on W5 from the end of the previous chapter
and the fact that we are working over Z, for the last equality. But since ¢ can
be extended to a filtered model (T'(W), D) — (£5(4),0) we see that ¢(DdX) is
a boundary in £3(4). So

0= [B(DdX)] = | 3 dlna(z)o(:) + Y o(wi)d(nalz)|.

Because na(x;), y;, w; and na(z;) all land in Wy they are all cycles and then the
last expression equals

> _[o(a@)] - [By)] + D _[é(wi)] - [B(nalz:))-

By property ii) of the filtered model (see theorem 4.2) we have [¢(v)] = p(v)
for any v € Wy and since pn = id4 we see that the last expression equals

D al@) - ply) + Y plw) - afz).

However comparing the definitions of p and 7 we see that they equal on Wy
meaning the last expression is precisely > a(z;)7(yi) + > 7(w;)a(z;) which we
said was d(a)(X) proving that « is a cycle in Hom(W, A). O

We have now identified the obstruction class [a] € H(Hom(W, A)). Proving
that it is non-trivial however requires some more work and we refer to [2] for
the details behind the following lemma.

Lemma 82. The class of « is non-trivial.

Let us however explain how the non-triviality of [«] implies non-formality of
Fi,(R™). First we have the following lemma from Salvatore’s article

Lemma 83. There is no isomorphism ¢ : (T'(W),d) — (T'(W), D) such that
1) — id lowers the syzygy degree.

Proof. To get a contradiction assume there is an isomorphism v as in the state-
ment of the lemma. Since ¥ — id is supposed to lower the syzygy degree we
must have ¢ = id on Wy. On W; ¢ must be of the form ¢ = id + f where
f Wi — T(Wp) and on Wy ¢ must be of the form » = id + f1 + fo where
fi: W = T(W<q) and fo : Wy — T (Wy). Now let € Wy. By assumption
we have ¢ o d(z) = D otp(z). Let us write d(z)(z) = > a; @ b; +>.¢; ®d; €
W1 @ Wy @ Wy @ Wi. Then

Y(dz) = ¢(Zai®bi+zci®di) = Z(id+f)(ai)®bi+Zci®(id+f)(di) =
Zai®bi+ZCi®di+Zf(ai)®bi+zci®f(di) =
dm+Zf(ai)®bi+ZCi®f(di)
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and
Doy(x) =D(x)+ Do fi(xz)+ Do fo(z) = dx + na(z) + do fi(z).

Comparing these two expressions we see that

D fla) @b+ e @ f(di) = na(z) +do fi(z)

and applying p on both sides give

Y pofla) @pbi)+ Y ple)) @ po f(di) = afa).

Finally we note that po f : W3 — A and p = 7 on Wy so the above equality
becomes a(x) = d(po f). Since x was arbitrary we see that [«] is trivial which
contradicts the previous lemma.

O

Now we are ready to state Salvatore’s main result in [2]
Theorem 84. The configuration space Fy(R?) is not formal over Z.

Proof. Recall from proposition 69 that the geometric realization of F,, (W Sk)
is homotopy equivalent to Fi(R™). This mean the following are quasi isomor-
phic C*(F4(R?)) ~ C*(F2(WSy4)) = E3(4) so formality of Fi(R") is equivalent
to formality of the dga algebra £5(4). Now to get a contradiction let us as-
sume &3 (4) is formal. This means there is a zig-zag of dga algebras and quasi
isomorphisms

E3(4) +— Ag — ... A=A .

We may assume that this zig-zag induces the isomorphism H®(£3(4)) = A
under which we have been working in this section (we can extend the zig zag
by a suitable isomorphism A = A if necessary). I claim that in this situation
there is a quasi isomorphism ¢ : (T'(W),d) — £3(4) such that [¢(w)] = p(w) for
all w € T(Wy). Indeed, to prove this it suffices to show that (T'(WW), d) has the
following lifting property. Given quasi isomorphisms f : (T'(W),d) — (B, dg)
and g : (X,dx) — (B, dp) there is a quasi isomorphism h : (T'(W),d) — (X,dx)
such that the following diagram commutes on the level of homology

X

hoT
e g .

Tw) —1- B

To prove this we first factor g = p o j as in proposition 48 where p : Y — B is

surjective and j : X — Y is a cell algebra inclusion and a quasi isomorphism
and it has the lifting property in proposition 48. But since g and j are quasi

62



isomorphisms p is too. Then by proposition 50 there is a map ' : (T(W),d) —
(Y, dy) such that

TW) —1- B

commutes. Because f and p are both quasi isomorphisms A’ is too. But then
since j has the lifting property from proposition 48 there is a map A" such that

X — X

:
/,

-

Y

commutes. Note that h” is necessarily a quasi isomorphism. Then h = h” o A/
is a quasi isomorphism with the desired property. But now we have two filtered
models
£3(4)
®
a
(T(W),D) (T(W),d)

which by theorem 4.2 means there is an isomorphism ¢ : (T'(W),d) — (T(W), D)
which lowers the syzygy degree. This however cannot happen by the previous

lemma so Fy(R™) is not formal.
O

So over Zo Fy(R?) gives an example of a space whose cohomology ring is
Koszul but which is not formal.

63



\ 2 3
0 0
0 0
sA(1) @ sA(1) 0

sA(1) @ sA(2) ® sA(2) @ sA(1) 1 )
Dy ;-1 (A1) ® (sA>j)) B,y irma(34(0) © (sA()) ® (sA(R))  (sA(1))®*

O O O

»
'
=
®
»

2
®
»

b
=

Table 1: BA decomposed into weight and word length. The rows show the weight
that come from the weight grading on A. The columns show word lenght.

0] 1 ] 2 \ 3 [ 4 T[]
0K 0 0 0 0 -
1]o0 s'c@) 0 0 0
210 s71C(2) sTlC() @ s7iC(1) 0 0
3]0 sTICB) @y_ssIC0) @57IC0) sTle() @ s~re(l) @ s~io(1) 0
4710 s7'CH) @iyjmas 'COH®@TICG) Byyjppeas 'CH)@sTICH @s7ICK)  s71C(1)%*

Table 2: The table shows QC' decomposed by weight and word length. The rows
show weight and the columns show word length.

. A . . (4)
0 sTIAIR] = (sTMAD@sTMA) @ (sT A @ sTTAI0) = sTMAI0] @ sTHAI0] @ sTHAI0] | (3)
0 0 sTLAI[] - sTLAI[0] ® s~ Ai[0] 2)
0 0 0 s~LAI0] (1)
0 0 0 K (0)
3 2 1 0 \

Table 3: QA decomposed by syzygy degree (indicated on the last row) and
weight (indicated on the last column).
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