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Abstract

This thesis explores the deep connections of measure theory and proba-
bility theory. We introduce fundamental results of measure theory. We
then use these results to rigorously develop probability theory. Special
attention is given to independence and conditional expectation of random
variables. The thesis aims to be self-contained to a high degree and most
results are given detailed proofs.
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1 Introduction

There are many motivations for letting measure theory provide the foundation
for probability theory which the ardent student almost surely would discover
on his or her own. But as a concrete example, conditional expectation is more
easily treated. This is indispensable for the development of martingales. These
are important in the theory of stochastic process and useful, for example, in
financial modelling. Martingales are also interesting in their own right and can
be used to prove some important theorems in real analysis. See, in particular,
[5] and [7] for that kind of development.

However, we do without martingales in this thesis and instead focus on more
fundamental concepts. In Section 2, we cover o-algebras, measures, measurable
functions, the Lebesgue integral and the main convergence theorems. In Sec-
tion 3, we explore connections between real analysis and probability theory. We
prove Weierstrass approximation theorem and Jensen’s inequality in the pro-
cess. In Section 4, we thoroughly develop the notion of independence between
o-algebras. The section ends with proofs of fundamental theorems, namely,
Kolmogorov’s 0-1 law and the two versions of Borel-Cantelli’s lemma. Section
5 is largely devoted to proving useful properties of the conditional expectation
with regards to a o-algebra. In the concluding section suggestions for further
reading are given.

The prerequisites are a basic understanding of probability theory and real
analysis. Some familiarity with measure theory is helpful too but not necessary.



2 Measure Theory Preliminaries

For a quick probabilistic motivation of our first concept, consider an experiment
consisting of flipping a coin until we get heads. Let A, denote the event of
getting heads after n throws. Then A := U22 , Ay, is the event of getting heads
after an even number of throws. From undergraduate theory, we would expect
the probabilities P(A,,), P(A), P(A€), and P(AUA®) to all be well-defined. These
well-defined sets are in a sense what makes up a o-algebra.

Definition 2.1. Let S be a set. A collection F of subsets of S is a o-algebra if

(i) SerF,
(i) AeF = S\AeF,

(i) Ap Ay e F = |JAeF

n=1

Since () = S¢, the o-algebra contains the empty set. Furthermore, by De
Morgan’s laws, we have

Ay, Ay, €F = ﬁAnz (G A;) € F.
n=1

n=1

The sets of F are called measurable. From the definition, it is evident that both
{0, S} and 2° are o-algebras on S. The second example shows that for any
collection of sets, there exists a o-algebra containing the collection.

It is also straightforward to verify that any intersection of g-algebras on S
is a o-algebra. Thus the smallest o-algebra containing a collection of sets A
coincides with intersection of all o-algebras containing A. This o-algebra is
said to be generated by A. It is denoted by o(A).

The Borel o-algebra B(.S) is the o-algebra on a topological space S generated
by the open sets of S. We often work with the Borel o-algebra on the extended
real line R := R U {—o00, +00} equipped with the topological basis consisting of
all open intervals (a, b) along with (a,o0] and [—o0,b) where a,b € R. We will
refer to this particular Borel set by B.

Definition 2.2. Let F be a o-algebra. A function p: F — [0, 00] is a measure
if p(@) =0 and

Ay, Ag,---€F, and A;NA; =0 for i #j — N(U An> = (A,
n=1

n=1

Remark. The first condition is merely to avoid the trivial case when y = oc.
Otherwise, it is implied by the second condition. Also, using the notation above,
if we let A, =0 for n > 3, then u(A; U As) = u(Ar) + p(As).



Consider the function p : 2% — Ny U {oo} which for A C S,

Al, if A finite,
n(A) = 4] e
oo, if A infinite,

where |A| denotes the number of elements in A. This functions is a measure. It
is called the counting measure. Another example of a measure is the Lebesgue
measure which is defined on a o-algebra larger than the Borel set of R. It
essentially maps intervals [a,b) to b — a. Consult the literature, notably [1], [2]
or [7], for elaboration on the Lebesgue measure.

Proposition 2.3. If Ay C Ay C ...F and A := lim U2, A,, then for any
n— o0

measure (b we have
lim u(A,) = u(A).

n— oo

Remark. Other notations for A are lim A, = A and A, T A as n — oc.
n—oo

Proof. Let By, = Ul_, Ay \U}Z| Ay, then B;NB; = (fori # j and A,, = UP_, By,

thus

w(A) = p (U Bn) = Z w(Bn) = 7}1_{20 p(An).
O

Definition 2.4. If F is a o-algebra on S and p is a measure on F then the
triple (S, F,u) is a measure space. If we do not specify the measure, we say
that (S, F) is measurable space. If f is a function from one measurable space to
another and the inverse image of every measurable set is also measurable, then
f is a measurable function.

We will for the most part restrict ourselves to extended real-valued mea-
surable functions. These will thus take the form of f : (S, F) — (R, B) where
B € B implies f~1(B) € F.

Lemma 2.5. Suppose f: X — Y is a measurable function and g : Y — Z is
continuous, where Y and Z are both topological spaces equipped with their Borel
o-algebra. Then the composition go f : X — Z is measurable.

Proof. Let B be open in Z, then (go f)~1(B) = f~'(¢g~'(B)). By the definition
of a continuous function, g~1(B) is open in Y. Since g~!(B) is a Borel set of Y,
by the measurability of f, we have that f~!(g~!(B)) belongs to the o-algebra
of X. If B is a Borel set of Z which is not open, then it is still in the o-
algebra generated by open sets and is thus equal to a combination of countable
intersections and unions of open sets. Now, the inverse image is closed w.r.t.
those operations in the sense that for a countable sequence of Borel sets (B,,)02 4,
we have U, f~1(B,,) = f~1(U%, B,,) and likewise for intersections. Thus the
initial argument holds for non-open B too. O



The last argument of the proof above yields the next lemma.

Lemma 2.6. A function f on (S,F) is measurable if and only if
~(a, b)), f~*((a,+x]), f~*([~o0,b)) € F for all a,b € R.

Lemma 2.7. A function f on (S,F) is measurable if and only if
fY([—o0,b)) € F, for every b € R.

Proof. For the ”if’-part, fix a,b € R such that a < b. Then

o0 1 .
F~Y((a, +o0]) Uf a+ , +o0)) U oo,a+g)),
F (@, b)) = f7H([=00,0)) N fH ((a, ])
Since a, b were arbitrarily chosen, this is sufficient. O

Theorem 2.8. Let u and v be measurable functions on (S, F), let
@ : R xR — R be continuous, and define h(x) == ®(u(z),v(x)) forx € S. Then
h:S — R is measurable.

Remark. As usual, R x R is assigned the product topology. See [3] for more on
topology. We let oo — oo be undefined but oo - 0 := 0. Thus this result implies
the measurability of (well-defined) sums and products of measurable functions.

Proof. Define f(z) = (u(z),v(z)), then h(xz) = (®o f)(z). Thus by Lemma 2.5
it suffices to prove the measurability of f. For an open rectangle I = I; x Iy €
RxR, we have f~(I) = u=(I;)Nw~!(I3) € F. We are now done since any open
subset of R x R can be ertten as the countable union of open rectangles. [

Proposition 2.9. Suppose (f,)52; is a sequence of measurable functions, then

sup fn, mf fn, limsup f, and hm 1nf fn are measurable.
n>1 n—oo

Proof. Denote 1I;f1 fn by f. Note that for every b € R, f(z) < b implies

fn(x) < b for some n. By using the previous lemma, it is sufficient to note that

f7H([=00,0)) = U £ ([=00,0)).
n=1
Consequently,
sup fr = — inf (=),
n>1 >1
limsup f,, = (sup fn> 7
n—00 n>m
lim inf f,, = sup ( inf fn> ,
n—0o0 m>1
all follow. O



Remark. In particular, for a measurable function f we have that f*(z) =
max {f(z),0} and f~(z) = max{—f(x),0} are measurable.

The indicator function of a subset E C S is defined as

1, ifzeF
I — ) b
2 (@) {0, it ¢ E.

Proposition 2.10. The indicator function Ig is measurable if and only if E is
measurable.

Proof. We have

0, ifa>1orb<0,
E¢ ifa<0<b<1
[71 b _ ) = 4
5 ((@,0)) E, if0<a<1<b,
S, ifa<0<1<b.

Hence the function is measurable if and only if these four sets are measurable.
Since o(F) = {0, E, E°, S}, we are done. O

A simple function is a real function with finite range. An indicator function
is trivially a simple function, but f : R — R given by f(x) = x is not, because
the range is an uncountable set. In general, a simple function s can be written
as

s(z) = Z a;la,(x),

where each «; is distinct, and {A41,... A,} is a partition of the domain. It is
evident that s is measurable only if each A; is measurable.

The next proposition gives a good characterization of the relationship be-
tween simple functions and measurable functions.

Proposition 2.11. Let f : S — [0,00] be a measurable function. Then there
erists a nondecreasing sequence of mnonnegative measurable simple functions,
(8n)221, that converges pointwise to f.

n=1-
Proof. Let
n2"
Sn(x) = Z i27 "1y, (),
=0
where An,i = {LE 127 < f(l‘) < (Z + 1)2—71} = An+1,2i U An+1721+1. O

Definition 2.12. Let E be a measurable subset and

@) = > aul (@),



a nonnegative measurable simple function. Then we define
n
/ sdu = Z%’N(Ai NE),
B i=1

where 0 - 0o := 0 as noted before. If f a nonnegative measurable function, then
the Lebesgue integral of f over E p of f is defined as

/fd,u::sup/ sdpu.
E E

where supremum is taken over all measurable simple functions 0 < s < f.
If f is allowed to be negative and fs |f|dp < oo, then it is integrable, or
u-integrable. Tts integral is defined as

/Efdu::[Ef*du—/Ef‘dw

We denote it by f € L1(S,F,u), or just f € L. More generally, f € LP for

p € [0,00) if and only if
P
1= ([ 1P d) <.

Here are some elementary properties of the Lebesgue integral. We omit a
proof.

Proposition 2.13. If f,g,h € LY(S,F,n) with f < h and a,b € R, then
af +bg € L' and

(a) /S(af+bg)du:a/sfdu+b/sgdm
(b) /Sfduﬁ/shdu,
(@\LmﬂséﬂW-

We have now arrived to one of our main results in this section.

Theorem 2.14 (Monotone convergence theorem). Suppose (f)32, is an non-
decreasing sequence of nonnegative measurable functions on S which converges
pointwise to a function f, then f is measurable and

ti [ fudu= [ fan

Proof. Since f = sup f,, it follows that f is measurable. Thus the integral
n>1

makes sense and we have

anzéﬁm vin. 1)



The limit of the left side of (1) exists because of monotonicity. If the limit is
infinite the equality is trivially true. We can thus assume that

lim [ f,=acR.

n—oo S

Now, (1) implies, by taking the limit of the left side,

agéfw. (2)

For the reverse inequality, take any measurable simple function 0 < s < f,
and any ¢ € (0,1). Consider the set E,, = {x € S : fn(x) > e¢s(x)}. Clearly
E, C E,1, hence Uf:le E, = Ex. Furthermore, E, 1 S as n — oo. The
latter assertion needs a clarification. Take € S. If s(x) = 0, then z € Ey. If
s(x) > 0, then f(z)—ecs(z) = € > 0. By pointwise convergence f(z)— f,(z) < e
for n > N for some N. This implies x € Ey. Further,

/fndﬂz/ fndMZC/ sdp.
S E, E

0426/ sdu,
E

n

azc/sd,u.
S

Since the inequality holds for any ¢ € (0,1), it must also hold for ¢ = 1, resulting

in
o > / sdpu.
S

Finally, since s is arbitrary we can invoke the definition of the Lebesgue integral,

and thus
oz [ rdu
s

which coupled with (2) yields the desired equality. O

This implies

and by letting n — oo, we get

Remark. The condition f; > 0 can be replaced by fs fi < oo, ie. finite
integral of the negative part of fi;. This is seen by applying the theorem on
fn + f1 , which is nonnegative, and then subtract.

Theorem 2.15 (Fatou'’s lemma). Suppose (f,)52; is a sequence of nonnegative
measurable functions, then

/ liminf f, dy < lim inf/ fndpu.
S n—oo S

n— oo



Proof. We have liminf f,(z) = sup (igf fn(x)>, for every = € S, that is,
n—oo m—oo \n>m

iI>1f fn(z) 1t liminf f, (z) as m — co. Now,

n>m n—o0

[t fudus [ fedn
smnzm 5
holds for any k& > m. Thus

/ inf f,du < liminf/ fndu
gnzm n—oo [g

holds for any m. We are therefore allowed to take the limit of the left side,
which is given by the Monotone convergence theorem. O

Corollary 2.16 (Reverse Fatou’s lemma). Suppose (f,), is a sequence of
nonnegative measurable functions, and there exists an integrable function g such
that f, < g for allm. Then

/ limsup f, du > lim sup/ frndp.
S S

n—oo n—oo

Proof. By Fatou’s lemma we have

/liminf(g—fn)d,u:/gd,u—/limsupfnd,u
s s s

n—o00

n—oo
< liminf/(g — fn)du = / gdu — limsup/ fndp,
n—oo S S n—oo S
and since |, 5 g dp is finite we can subtract it from both sides. O

Remark. There are set versions of Fatou’s lemma as well. For a sequence
(En)S2; of measurable sets, we define

liminf E,, := ﬁ G E,,

n—00
m=1n=m

(o) o0
limsup E,, == U ﬂ E,.

n—00
m=1n=m

We omit a proof, but we nonetheless have that liminf F,, and limsup F,, are

n—o0 n—00
measurable. Further,

p(liminf E,,) < liminf u(E,),

n—oo n—oo
and if p(E7) < oo, then

p(limsup E,,) > limsup p(E,,).

n—o0 n—oo

10



m

Theorem 2.17 (Dominated convergence theorem). Suppose that g, (fn)5>,
LY |fal < g for all n and f, converges pointwise to function f. Then

im [ 1= fldu=0.
*Js

n—

Proof. We first note that f = limsup f,, and is thus measurable. Since 0 <

n— oo

|fr. — f| < 2g, we can apply the previous corollary,

tiwsup [ |f, ~ fldp < [ tmsup|f, — fldp =0 < it [ |f, ~ f]du

n— oo
O

Remark. The conclusion implies lim [o fodu = [o fdp since | [g frdp —
n—0o0
Js fdul < [g|fn — fldu by Proposition 2.13c.

A property p is said to hold almost everywhere, abbreviated a.e., if p({z €
S : p does not hold}) = 0. Since the integral over subsets with measure 0 always
equals 0, we may replace the condition of pointwise convergence in the Monotone
convergence theorem and the Dominated convergence theorem with pointwise
convergence a.e. This extra flexibility will be useful later when dealing with
conditional expectation.

11



3 Probability Theory

We begin by introducing the basic measure-theoretic definitions in probability
theory. A probability space is a measure space, (Q, F,P), where the elements
of €, are called outcomes, usually denoted by w, the elements of F are called
events, and P(Q) = 1. A random variable X is a measurable function, with
the notational convention that P(X € B) := P({w : X(w) € B}). The expected
value of an integrable random variable is defined as E[X] := [, X dP.

A property is said to hold almost surely, abbreviated a.s., if said property
has probability 1 of occurring.

Fubini’s theorem, see [5] for a concise proof, gives a nontrivial representation
of the expected value. Let 1 denote the Lebesgue measure, then we have

XT(w) [
X*(w) :/0 du(x) :/0 Iixt w)y>ay i),

E[X"] = /Q (/Ooo Iix+ (w)>a) du(@) dP(w)
)

[ ([ 1m0 ) ) i) = [P > 2o

0 0 0
X" (w) =/ du(z) =/ Iix-(w)> o) du(z) =/ I X (w)<ay (@),

E[X7] = /Q (/_000 I x-(w)<a} du(%)) dP(w)
-/ OOO ( | 1ex-wen dP(w)) duta) = [ Ooo P(X < 2)du().

In total, given that X is integrable,

[es) 0
E[X]=E[X1] - E[X ] :/o P(X > x)du(x) —/ P(X < z)du(zx).

—00

The constructive version of the proof of the next theorem shows that probability
theory is helpful for mathematical analysis.

Theorem 3.1 (Weierstrass approximation theorem). For any continuous real-
valued function, f, on an interval [a,b] C R, there exists a sequence of polyno-
mials which converges uniformly to f on that interval.



Proof. Without loss of generality, we let the interval be [0,1]. Indeed, if the
theorem holds for this specific case, and f satisfies the original conditions, then
g, defined as g(x) .= f(a+ (b — a)z) on [0, 1], satisfies the new conditions.

Let X, ~ Bin(n, p) be binomially distributed, that is,

P(Xn = k) = <Z>pk(1 -p"

Then

_ " (n _ e
Bl = Y () k-
k=0
which is the polynomial we will use for approximation with p as independent
variable. As we know from the undergraduate theory, E[n='X,] = p and
Var(n=!'X,) = n"1p(1 — p). Hence by Chebyshev’s inequality,

pl-p) 1

P(ln~'X, —pl >¢) < )
(In"" X, —p|l > ¢) < e e

Since f is continuous and [0, 1] is compact, f is bounded, that is, | f(z)] < K for
every € [0,1] and some K € R. Furthermore, f is uniformly continuous. Thus
for a fixed € > 0, there exists some ¢ such that |f(z) — f(y)| < § if |z —y| <.

Using that 4, we let A, 5 = {w : [n"'X,(w) — p| < &} and h(n,p) =
|f(n=tX,) — f(p)|. We then have

[E[f(n™"X0)] = f(p)] <

< -P(jn"'X,, —p| < 0) + 2KP(In"' X,, — p| > 9)
<;+ S
— 2 - )
whenever n > %. The choices of § and n are independent of p. Uniform
convergence has thereby been proved. O

A real function ¢ is convez on an open interval (a, b) if for every z,y € (a,b)
and A € (0,1) we have

Az + (1= XNy) < dp(z) + (1= Ne(y).
By reorganizing, this is seen to be equivalent to

p(t) —p(s) _ p(u) = @(1)
t—s - u—t

I

where a < s <t < u < b. Indeed, this yields

Pt) < " p(u) + S (s),

13



and if A = £=2 then 1 — XA = %=L and t = M+ (1 — A)s. We now show that

u—s’

convexity implies continuity. Let a < r < s <t < u < b, then

p(s) —o(r) ) = ols) _ p(u) —o(t)

s—r t—s - u—t

Thus the middle fraction seen as a function of s,¢ € (r,u) is bounded. As the
denominator becomes arbitrarily close to zero, so must also the numerator.

Theorem 3.2 (Jensen’s inequality). Suppose ¢ : O — R is convex on an open
interval O C R, and X is an integrable random variable such that X(w) € O
for allw € Q. If o(X) € LY, then

p(E[X]) < E[p(X)].
Proof. For any t € O, let (s,)22; and (u,)52; be sequences in O such that

Sp < t < uy for every n € N, and lim s, = lim u, = t. By convexity and
n— oo n— o0

continuity,

P() = #lsn) g (D2o)(t) = lim p(un) — (1)

n— o0 t— s, n—o0 Uy — T

both exist, and (D_y)(t) < (Dip)(t) for every t € O. Let z,t € O, then, if
x > t,

(D-p)(1) < (D, )(r) < A=Y

and so

(D-p)(t)(z —t) < (Dyp)(t)(z — 1) < p(x) — @(t).

If x <t,

(D)) > (D_g)(1) > PO,

and since the denominator is negative,
(D)) (@ — 1) < (D-9)(t)(z — 1) < p(z) — @(t).
Hence for any k € [(D_¢p)(t), (D+¢)(t)] and any z,t € O,
p(x) = k(z — 1) + o(t).
Thus we have almost surely,
p(X) = k(X — E[X]) + ¢(E[X]),
and by taking expectations,

E[p(X)] = E[k(X - E[X]) + ¢(E[X])] = ¢(E[X]). O

14



Remark. Using the notation of the proof above, we have by continuity
o(x) =sup[(Dyp)(t)(x —t) + ¢(t)] = sup(anz +b,) for all x € O,
teO n
where (a,)52; and (b,)5%; are sequences in R. This will be needed later for
the proof of the conditional expectation version of Jensen’s inequality.

We also have a few other important inequalities. For simple and effective
proofs via Young’s inequality of the next two theorems, see [7].

Theorem 3.3 (Holder’s inequality). Suppose p,q > 1 such that % +% =1.
Then for any two measurable functions f,g on (S, F, ), we have

s (/S|f|pdu)'i (/qudu)‘l’,

or more concisely put,

1falls < 11 lpllgllq-

Theorem 3.4 (Minkowski’s inequality). If the conditions of the previous theo-
rem hold and f,g € LP, then

1+ glly < 1 f1lp + llglp-

Remark. Minkowski’s inequality is the triangle inequality in L£P-spaces. As a
side note, || - ||, defines a norm of equivalence classes of £? where f and g are
equivalent if and only if f = g almost everywhere. Furthermore, these normed
vector spaces are complete, i.e. they are Banach spaces. For p = 2 the norm
defines an inner product and is thus a Hilbert space.

Proposition 3.5 (Lyapunov’s inequality). Let 0 < p < r < oo, then X €
LP(Q, F,P) whenever X € L7(Q2, F,P). Furthermore,

E[X[P]7 <E[X|]".

Proof. We give two proofs. Since r/p > 1, the function ¢(z) = z# has a
nondecreasing derivative on [0, 00) and is thus convex. Since min{|X|,n}? € £!
for every n € N, we can can apply Jensen’s inequality,

E[min{|X|,n}"]> = p(E[min{|X|,n}"])
< E[p(min{|X], n}")] = E[min{| X, n}"] < E[|X]"].

Applying the Monotone convergence theorem completes the proof.
Alternatively, let ¢ == (1 — %)_1, then £,¢ > 1 and %—i—% =1 IfY €

P
Lv,7Z € L9, then by Hélder’s inequality,
E(lY Z|] < E[[Y[?]7E[Z]"]".

Set Y = |X|P and Z = I to yield the desired inequality. O

15



4 Independence

We now attempt to put independence of random variables on a rigorous footing.
For this we introduce the concepts of m-systems and d-systems. These will help
us define independence more generally and then recover familiar results from
undergraduate theory.

Definition 4.1. A nonempty collection Z of subsets of S is a w-system if it is
closed with respect to finite intersection.

Definition 4.2. A collection D of subsets of S is a d-system, or Dynkin system,
if

(i) SeD,

(ii) A, BeDand BCA = A\BeD,

(iii) Ay CAyC---€D, lim A,=A = AecD.
n—oo

Lemma 4.3. A collection F is a o-algebra if and only if F is both a w-system
and a d-system.

Proof. The ”only if”-part is clear. Now suppose F is mw-system and a d-system.
The first two conditions of our definition of a g-algebra clearly hold. Further-
more, F being closed with respect to finite intersection and with respect to
complements implies it being closed with respect to finite unions by De Mor-
gan’s laws. Let Ay, Ay--- € F and B,, .= |J;_, 4;, then By C B, C --- € F,
hence by the third property of d-systems, J;~, 4; = nll)n;o B, € F. ]

Theorem 4.4 (Dynkin’s lemma). Let d(Z) be the d-system generated by all the
sets belonging to the m-system Z. Then d(Z) = o(Z).

Proof. Clearly d(T) C o(Z). Thus by the previous lemma it suffices to show
that d(Z) is a m-system. Let D; = {A € d(Z) : AN B € d(Z), VB € I}, then
Z C D1 C d(T). Also, Dy is a d-system.

Indeed, take any B € Z, then SN B = B € d(Z), thus S € D;. Also, if
Al,AQ € D1 and Ay C Al, then A; ﬂB,AQ NBe d(I) and so (Al \Ag) NB=
(A1NB)\ (A2NB) € d(Z). For the third and last property, let A1 C Ay C -+ €
D1, then AyNB C A,NBC---€d(Z). Thus (T}eréoAn)ﬂB:T}LIr;oAnﬂB €
d(Z). This establishes that D = d(Z).

Now, let Dy = {A € d(T): AN B € d(Z), VB € d(Z)}, then by considering
the preceding result we have Z C Dy. We show that Ds is a d-system too. It
follows in almost identical fashion as previously.

Take any B € d(Z), then SNB = B € d(Z), thus S € Ds. If A1, Ay € Dy and
Ay C Al, then A1NB,AsNB € d(I) and so (Al\Ag)ﬂB = (AlﬂB)\(AgﬂB) S
d(Z). Finally, let Ay C As C -+ € Dy, then 41N B C AsNB C -+ € dI).
Thus (nh_>nolo A,)NB = nh_}n;o A, N B € d(Z). This establishes that Dy = d(Z).

And it is now easily seen that Dy, and so d(Z), are m-systems as were to be
proved. O



Theorem 4.5. Suppose 11 and po are two measures on (S, F) such that p1(S) =
u2(S) < oo and o(Z) = F for some w-system Z. If p1(I) = pe(I) for every
I €T, then uy = poa.

Proof. Let D=A{F € F : y1(F) = pa(F)}, then T C D C F. It suffices to show
that D is a d-system since by the previous theorem we then have F = d(Z) C D.

By the definitions of pi, ps, we have S € D. If Fy,Fy, € D and Fy C Fi,
then p1 (F1\ F2) = p1(F1) — pa(F2) = pa(F1) — p2(F2) = pa(F1 \ Fa), and so
Fy \ F» € D. Lastly, suppose F} C F5 C --- € D and F,, 1 F as n — oo, then
by Proposition 2.3 we have p;(F) = nh_)rrgo w1 (Fy) = nh_)rglo pa(Fy) = po(F'), and

so ' € D. Thus D is a d-system by the previous lemma and we are done. [l

A subset G of a g-algebra F on S is a sub-o-algebra if G is itself a o-algebra
on S. We now introduce the main concept of this section.

Definition 4.6. Sub-c-algebras Gi,Gs, - C F are independent if whenever
G; € Gi,i €N, and iq,...1, are distinct, we have

P(Gi, N---NGi,) = [[P(Gi).
k=1

Random variables X7, Xs,... are independent if o(X;),0(X3),... are inde-
pendent, where o(X) is the smallest o-algebra making X measurable. Events
E,, Es, ... are independent if their corresponding indicator functions /g, , Ig,, . . .
are independent.

Remark. As we will see with conditional expectation, o(X) can informally be
seen as the information of the random variable X. This motivates this general
definition of independence.

Proposition 4.7. Suppose G, H are sub-c-algebras of F and for two w-systems
Z,J we have 0(Z) = G, o(J) = H. Then G,H are independent if and only if
Z,J are independent, that is, P(INJ) =P(I)P(J) for every I € Z,J € J.

Proof. The ”only if”-part is clear. Suppose Z,J are independent. Fix [ € T
and define two measures uq, 2 on H by H — P(I N H) and H — P(I)P(H),
respectively. These are measures. Indeed if Hy, Ho,--- € H and are pairwise
disjoint, then

NI(U Hn) :P(Im U Hn) :P(U(ImHn))

=N "PUNH,) = pu(Hy),
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also

UH ) = P(I)P( UHn)—P(I)Z]P’

n=1 n=1

—Z]P n)—ZNQ n)

n=1

Moreover, pi1, pi2 agree on J, thus by the previous theorem they agree on o(J) =
H. Now fix H € H and define new measures us, g on G by G — P(H N G)
and G — P(H)P(G), respectively. By comparison with the previously defined
measures, we see that us, 4 agree on Z, and therefore also on ¢(Z) = H. Thus
P(GN H) =P(G)P(H) for any pair of G € G, H € H. O

Corollary 4.8. Suppose X andY are two (finite) random variables on (Q, F,P).
Then X and Y are independent if and only if P(X <z, ¥ < y) = P(X <
2)P(Y <y) for every z,y € R.

Proof. Tt suffices to note that the collection of sets (—oo,z], where z € R,
constitute a mw-system. O

Proposition 4.9. If XY € L' and are independent, then XY € L' and
E[XY] = E[X]E[Y].

Proof. By linearity, we only need to treat the case when X,Y > 0. Suppose
X,Y are simple, or more precisely, X = Y1 a;la,, Y =3 ", bilp, then

E[XY] = ZZalb P(A; ﬁB)_ZZazb P(A;)P(B;)

i=1 j=1 i=1j=1
= zn:ai ib P(B,) = E[X]E[Y].
i=1 j=1

Suppose now that X, Y are not simple. By Proposition 2.11 there are sequences
(Xn)22 1, (Y5,)22; of nonnegative simple random variables such that X,, 1 X and
Y, 1 Y. From their construction X,, and Y,, are easily seen to be independent.
By the Monotone convergence theorem,
E[XY] = lim E[X,Y,] = lim E[X,]E[Y,] = E[X]E[Y]. O
n—oo n—o0
Our excursion into the intricacies of independence yields an impressive the-

orem, namely Kolmogorov’s 0-1 theorem. But we need to first introduce the
concept of a tail o-algebra.

Definition 4.10. Let (X,,)32, be a sequence of random variables, and define
Tn = 0(Xpi1, Xnt2,...) and T :== (', Tn, where 0(X, 41, Xpt2,...) is the
smallest o-algebra making X, 11, Xn42,... all measurable. Then T is the tail
o-algebra.

18



Proposition 4.11. The following events belong to T :

F ={w: lim X, (w) exists},
n—oo

[e.e]

F={w: Z X (w) converges},

n=1
1 n
F3={w: nh~>n;o - ZXk(w) exists}.
k=1
Proof. For any n € N we have

limsup X, = in>f (sup Xk> = inf <sup Xk)7

k—oo m20 \ g>m m>n+1 k>m
thus 7, makes lim sup X measurable. A similar argument shows that the same

k—o00
property holds for liminf X;. Now,
k—oo

Fy = {limsup X, < oo} N {liminf X} > —oo} N {limsup X} — liminf X}, = 0},
k—o00 k—oo k—s00 k—o0

thus Fy € 7,. Since n was arbitrary this holds for every n, hence F; €

N~ T = T. For the second case, let n € N be fixed. Define S, := ZZ’:”H X

for m > n, then 7,, makes .S,, measurable for m > n, thus

F={w: ZXk (w) converges} = {w : W}gnoo S (w) exists} € T,
k=1

by the previous case. Since n was arbitrary, Fy belongs to 7. Lastly, let n
be fixed again. Define S, = L ZZZ};T Xy, for m > n, then 7, makes S/,
measurable for m > n, thus once again

RN . L :
Fy={w: nl;rrgo - ;IX]C (w) exists} = {w: n%gnoo S, (w) exists} € Ty,

hence F5 € T. O

Theorem 4.12 (Kolmogorov’s 0-1 law). Let T be the tail o-algebra correspond-
ing to the sequence (X,)%2 ¢ of independent random variables. Then P(F) equals
0 or 1 for every F € T. Moreover, if f is a T -measurable function, then there
exists ¢ € R such that P(f = ¢) = 1, that is, f is a.s. constant.

Proof. Let X, = 0(Xy,...,X,) and T, be defined as before. Consider the two
m-systems given by sets of the form {w : X;(w) < z; for 1 <4 < n} and sets of
the form {w : X;(w) < z; for n+1 <i <n+r} where 2; € R and r € N. These
m-systems generate X, and 7,, respectively, thus X,, and 7,, are independent.
Since T C T, for every n, we have that X,, and T are independent for every
n. This in turn implies that the 7-system X. = [J,-; X, is independent of 7.
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Now, T C 0(Xx), hence T is independent of itself. Thus for every F € T, we
have P(F) =P(FNF) =P(F)P(F), hence P(F) equals either 0 or 1.

For the second assertion, let f be T-measurable. Since {w: f(w) <a} €T
for every a € R, we have P(f < ) =0or 1. Let c = inf{a € R: P(f < a) = 1},
then P(f =¢) =1, that is, f = c a.s. O

We end this section with two well-known theorems

Theorem 4.13 (First Borel-Cantelli lemma). Let (E,)2; be a sequence of
events. If Y. | P(E,) < oo, then P(limsup E,,) = 0.

n—oo

Proof. For € > 0, there exists some N € N such that Y~ P(E,) < e. By
definition

o0 oo oo
limsup E,, = ﬂ U E, C U En,
n=N

n— oo
m=1n=m

thus
P(limsup E,) <P(| ) En) < > P(E,) <e.
oo n=N n=N
Since € is arbitrary, the proof follows. O

Theorem 4.14 (Second Borel-Cantelli lemma). Let (E,)32; be a sequence of
independent events. If - | P(E,) = oo, then P(limsup E,,) = 1.

n—00
Remark. Since limsup E,, is in the tail o-algebra and by assuming indepen-

n—oo
dence, Kolmogorov’s 0-1 applies here. However, it will not be needed for the
proof.

Proof. First note that

(limsup E,,)¢ = (ﬂ U En> =U N E:.

n—o0
m=1n=m m=1n=m

Hence it is enough to show P(N_, ES) = 0 for every m € N since then

n=m n

o0

P(limsup E,)°) < Y P(() E;) =0.

n—o00
m=1 n=m

By independence, we have

({1 5)- T

n=m
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for every N > m. Hence by first taking the limit of the left and then the right

side, we get

()< Tl

n=m

and, reversing the order,

n=m

p<ﬁ E;> > 1 o)

Using that 1 —z < e™* for x € [0,00), we finally get

P<ﬂ1%>—IIME®—IIU—MEMSem
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- > PB(E,)
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5 Conditional Expectation
We first need a few auxiliary results before defining the the expected value

conditioned on a o-algebra.

Lemma 5.1. Let f € LY(S, F, ), if for every F € F we have [, fdu =0,
then f =0 a.e.

Proof. For any € > 0, we have

OSSM({xif(x)ZE}):/ EduS/ fdu=0,
{z:f(x)>e} {z:f(x)>e}

thus p({z : f(x) > €}) = 0. A similar argument shows that u({z : f(z) <
—¢e}) = 0. Together we have

ul{a s fla) #0)) = U{x )2 JUfe:f@) <)) =0. O

Remark. The result and proof are similar when |’ rfdp>0.

Lemma 5.2. Let f be a nonnegative measurable function on (S, F, n), then the
function v : F — [0,00] defined by v(F) = [, f du is a measure.

Proof. Let Fy,Fs,--- € F and F; N F; = for i # j. Define E,, == UZ=1Fk and
E = lim E,. Hence 0 < Ip, [ < IE"+1f and Ig, f(z) — Igf(x) as n — oo,

n—o0
for every x € S. Using the Monotone convergence theorem, we have

v(nL_Jan):v(E):/Efd’u:/SIEfdﬂ:nhaH;c/SIE"fdu

= lim fdu= lim / fdu=" v(Fg). O
n—oo Ur_, Fr n%m; Fr ;

Let o be a measure on (S, F). If u(S) < co then p is finite. If there exists
a sequence By C Ey C -+ € F such that u(E,) < oo for alln € Nand E, 1 S
as n — 00, then p is o-finite. Thus all finite measures, including probability
measures, are also o-finite. The Lebesgue measure on R is an example of a
o-finite measure which is not finite.

Let NV, denote the collection of zero sets of p1, that is, N, = {E € F : u(E) =
0}. Let v be another measure, then v is absolutely continuous with respect to
w, if N, C N,,. Tt is denoted by v < p.

We can now state an important result in measure theory. We refer the
reader to [7] for a constructive proof. Let M™(F) denote the set nonnegative
F-measurable functions.

Theorem 5.3 (Radon-Nikodym). Suppose p and v are o-finite measures on
(S, F). Then the following are equivalent:

i) v<p,

(ii) v(E)= [Efd,u7 for some f € MY (F) and all E € F.



Remark. By Lemma 5.2 the second condition of the theorem makes sense. The
function f is referred to as the Radon-Nikodym derivative and is denoted by ZTVL'

Theorem 5.4 (Definition and existence of conditional expectation.). Let X €
LY(Q, F,P) be a random variable and G be a sub-c-algebra of F. Then there
exists a random variable Y € LY(Q,G,P) which satisfies

/YW:/X&
G G

for every G € G. This random variable Y is a version of the conditional expec-
tation of X given G. It is denoted by E[X|G].

Proof. We assume that X > 0. Let Py be the restriction of P to G. Let v be the
measure on (2, G) for which G — [, X dP. Since X is integrable, v is finite.
We also have v < Py, hence by the Radon-Nikodym theorem,

dv dv
Xd]P’ZVG:/—dP 2/—d]P’.
/G ©) ¢ dBy ° T Jq dPg

Since ij’O is G-measurable, it is a version of the conditional expectation. The
general case follows by decomposing, X = X — X, and linearity. O

Proposition 5.5 (Uniqueness of conditional expectation). If Y’ is another
random variable with the properties of Y in Definition 5.4, then Y' =Y a.s.

Proof. This is an immediate consequence of Lemma 5.1. O

Remark. It is usually more convenient to refer to Y or E[X|G] as the condi-
tional expectation of X given G, even though most results involving it only hold
a.s.

Proposition 5.6. Let X € LY(Q, F,P) and Y € LY(Q,G,P) where G is a sub-
o-algebra of F. If Y satisfies

Lymzéxw, (1)

for every G € T, where T is a w-system which contains 2 and generates G, then
Y = E[X|F] a.s.

Proof. We will show that the collection D of sets satisfying (1) form a d-system.
We have 2 € D by the definition of Z. If A, B € D and B C A, then

/ YdIP’:/YdIP’—/Yd]P’:/XdIP’—/XdIP’: X dP,
A\B A B A B A\B

thus A\BeD. If Ay C Ay C--- €D, lim A, = A, then for any ¢ > 0 there
n—oo
exists some N such that n > N implies P(A\ A,,) < e. Thus

/YdP—/ Y dP < ¢E[[Y|] < 0
A Ap
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since € was arbitrary, lim [ 4 Y dP = i) 4 Y dP. The same argument holds for
n—oo n
X too. Hence

/Yd]P’: lim Y dP = lim XalIP’:/XdIP’7
A A

n—o00 An n—0o0 An
thus A € D. Dynkin’s lemma, Theorem 4.4, completes the proof. O

Proposition 5.7. Consider £2(2, F,P) as a Hilbert space with norm (X,Y)
E[XY]. Let X € L%(Q, F,P) and G be a sub-c-algebra of F. Then the orthog-
onal projection of X onto L2(Q2,G,P) is given by E[X|G].

Proof. The orthogonal projection Z satisfies E[(X —Z)Y] = 0 for every bounded
Y € £2(9,G,P). In particular, for Y = I, where G € G, we have

/Q(X—Z)IgdP:/G(X—Z)d}P’:O.

Put another way, for every G € G, we have

/ZdIF’:/XdP,
G G

which is the definition of E[X|G]. O

We can find a useful expression for E[X|Y] given that the joint density fx, y
is known. We first need a lemma.

Lemma 5.8. Let X,Y be random variables. Then X is o(Y)-measurable if and
only if X = F(Y)) for some measurable function F: R — R.

Proof. The "if” part is clear. For the ”only-if” part, if X = I4 for some A €
o(Y), then X = Ip-1(4)oY. Similarly, if X = als + blp for a,b € R and
A,B € o(Y), then (alp-1(4) +blp-1(py) oY. Thus it holds if X is simple. If
X is not simple, then assume X > 0 and take an increasing sequence of simple
random variables (X,,)$2; given by Proposition 2.11. Let X,, := F,, oY, and
F = linrr_1>i01<1}f F,, then

FoY =(liminf F,)oY = lim F,oY = lim X, = X.
n—00 n—00 n—r00

The general case follows by decomposing: X = X+ — X . O
Now, by Lemma 5.8, we let F(Y) := E[X|Y], then for any G € o(Y),

XdP = / (/ zfxy(z,y) dx) dy.
YeG ¢ \Jr
Meanwhile,

YeGXdP:/YeGF(Y)dP:/G<F(Z/)/fo,Y(x,y)da:> dy.
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Combining these, we have almost surely

F(Y)/fo,y(m,Y)dm:/Rxfxyy(:r,Y)dx,
or

B fR zfxy(z,Y)dz

E[X‘Y] f]R fxvy(l‘,Y) dx '

The expectation conditioned on another random variable E[X|Z] is defined
as E[X|o(Z)]. The expectation conditioned on an event is not as straightfor-
ward because we want it to be constant. Therefore it is defined as E[X|A] :=
eay Ja X dP, where P(A) # 0.

Next we will prove some interesting properties of the conditional expectation.
We assume for the remaining part of this text that X, Y, (X)), (¥,,)S2, €

n=1

LY(Q, F,P) and G,H are sub-c-algebras of F. All the equalities, inequalities
and convergences hold almost surely.
We begin with linearity.

Proposition 5.9. E[aX + bY|G] = «E[X|G] + bE[Y|G], for a,b € R.

Proof. For any G € G, we have
/E[aX—I—bY\g]dIP’:/(aX—i—bY)dP:a/ XdIP’—I—b/ Y dP
G G G G
:a/ E[X|G] dP—i—b/ E[Y|G] dP,
G G

which conforms with Definition 5.4. [
Proposition 5.10. E[E[X|G]] = E[X].
Proof. E[E[X|G]] = fﬂ E[X|G]dP = fQ X dP = E[X]. O

Next we prove the conditional expectation versions of the main convergence
theorems in Section 1; the Monotone convergence theorem, Fatou’s lemma and
the Dominated convergence theorem. One reason the proofs are different are
that we demand integrability for the conditional expectation to be well-defined.

Proposition 5.11.
(a) Xn1X — E[X,|0] 1 E[X][]].

(b) Xl X — B[X.|d] | E[X[g]
(¢) X,/ <Y = Ellminf X,|0] < liminf E[X,|G].
(d) ‘Xn| <Y = E[limsuan|g] > limsupE[Xn‘g]'

(e) |Xn| <Y and X,, » X a.s. = E[X,,|G] — E[X|]].
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Proof. For (a), by the remark to Lemma 5.1, we have E[X,,|G] < E[X,41]7]
for n > 1. By taking limits, we get lim E[X,,|G] < E[X|G]. For the reverse
n—oo

inequality, take any G € G, then

/ lim E[X,[C] sz/E[Xn|g] dP,
G G

n— oo

for all n > 1. By the remark to the Monotone convergence theorem and the
fact that 0 < E[X; ] < E[|X1]] < oo, we have for any G € G,

/ lim E[X,|G]dP > lim [ E[X,|G]dP
G n—oo G

n—oo

= lim Xnd]P’:/XdIP’:/ E[X|G] dP.
G G G

n—oo

Applying the remark to Lemma 5.1 again gives lim E[X,|G] > E[X|G] a.s.
n—o0
For (b), apply (a) to —X,. For (c), we have that iI;f X T liminf X, as
m>n n— 00
n — oo. Because of the added condition, the random variables lim inf X,, and

n—oo

ir;f X, are all integrable for all n > 1. Thus their conditional expectations are
m>n

well-defined. We have by (a),
liminf E[X,|G] = lim E[inf X,,|G] = liminf E[ inf X,,|G] < liminf E[X,|d],
n—00 n—oo  m>n n—00 m>n n—00

where the last inequality is given by the fact that ir;f Xm < X,
m>n
For (d), it suffices to note that limsup X,, = —liminf —X,,. The last result

n—o0

n— oo
(e) follows by combining (c) and (d). O
We now state the conditional expectation version of Jensen’s inequality.

Proposition 5.12. If ¢ : R — R is conver and ¢(X) € LY (Q,F,P), then
P(E[X]G]) < E[p(X)[g].

Proof. From the remark to Jensen’s inequality there are sequences (a,)52; and
(bn)32 such that ¢(x) = sup,, (anz+by,) for every x € R. Thus ap X +b, < p(X)
and so a, E[X|G]+b, < E[p(X)|F] a.s. for every n € N. As demonstrated before,
the countable union of sets with measure 0 has measure 0, hence we may neglect
the instance were the inequality fails to hold. Consequently,

sup(an B[X|G] + bn) = p(E[X|F]) < Elp(X)|d]

holds almost surely. O

Proposition 5.13. IfY is G-measurable and XY € LY(Q, F,P), then
E[XY|G] = YE[X]G].
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Proof. If Y = I4, then A € G, thus, for any G € G,
/E[XIA|g}dIP’:/XIAdIP’: X dP
G G GNA

:/ EWMW:/LMMQW
GNA G

By linearity, the conclusion holds if Y is simple, and we only need to consider
the case when X,Y > 0. For simple nondecreasing X,, T X,Y, TY as n — oo,
and any G € G, we have

n—oo

/E[XY|g] dIP:/XYdIP’: lim [ X,Y,dP
G G G

= lim [ Y,E[X,|]] dIP:/ YE[X|G] dP. O
G

Proposition 5.14. If H C G, then E[E[X|G]|H] = E[E[X|H]|G] = E[X|H].

Proof. For any H € H, we have H € G, and the conclusion follows immediately
from Definition 5.4, as

/HE[E[X\QHH]CZIP’:/HE[X|Q}dIP:/HXdIP’
:/ E[X|7-l}:/ E[E[X [}]|G] dP. O
H H

Proposition 5.15. If H and o(c(X),G) are independent, then
E[X|o(G,H)] = E[X|G].

Proof. By linearity, we can assume X > 0. Note that sets of the form G N H
where G € G,H € H form a 7-system Z such that o(Z) = o(G,H). Now, for
any G € G, H € ‘H, we have

/ B[X|o(G, H)]dP = [ X dP = B[XIcIy]
GNH GNH

= E[XIg|E[I4] = ]P’(H)/GXdIP.

Similarly,

:IP’(H)/GE[X|Q] dIP’:IP’(H)/GXdIP’.

Thus the absolutely continuous measures defined by F — [, E[X|o(G,H)] dP
and F — [, E[X|G]dP agree on Z, and so on (G, H) too. O

Corollary 5.16. If 0(X) and H are independent, then E[X|H] = E[X].
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Proof. Set G := {0,Q}. Then o(c(X),G) and H are independent. By Proposi-
tion 5.15,

E[X|G] = E[X|o (G, H)] = E[X[H].

Evidently, E[X] satisfies the conditions of Definition 5.4. O
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6 Suggestions for Further Reading

For a similar introduction to measure theory, see chapter 1 in [1]. For a quick but
still rigorous introduction to martingales, see [5]. As an opposite, [3] develops
more concepts but slower. Most suitable for self-studying are [6], [7] and [9]. The

first lacks rigor but has many problems with solutions making it good exercise.
The second is highly rigorous. It develops probability theory while real analysis
is the main focus. A complete solution manual can be found online. The third
book strikes a balance between the other two. It reads like a graduate course
in probability theory. Half of the given problems have solutions online.
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