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ABSTRACT

Kurt Godel developed a translation, called the Dialectica translation, from Heyting
Arithmetic into a type system called T. This type system can be described by a
lambda calculus. I present Goédel’s translation and then, to get a sense of how it
functions in practice, I apply it to two theorems in Heyting Arithmetic. The first
theorem is about < being a total order on the natural numbers. When I apply the
Dialectica translation I get lambda terms for subtraction and for the characteristic
function of <. The second theorem is about there being arbitrarily large prime
numbers. This gives me under the translation a lambda term for a function that
from any natural number can produce a prime number bigger than that number.
I also implement these lambda terms as functions in the programming language
Haskell.
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1 INTRODUCTION

Intuitionistic logic is a form of logic that uses the same language as classical logic.
However, in intuitionistic logic we do not have the law of the excluded middle ¢ Vv
—¢. This means that our normal interpretation used for classical logic, where each
formula is given a truth value of true or false and formulas can be checked with
truth tables, is not sufficient for intuitionistic logic. Instead, we can use the BHK-
interpretation where formulas are interpreted by their construction so e.g. p A is a
construction of ¢ and a construction of ¢ whereas ¢ — 9 is a method of turning a
construction of ¢ into a construction of v. We see that this gives a more algorithmic
interpretation of proofs. [SU0G, p.28-29]

We will look at an intuitionistic theory of the natural numbers called Heyting
Arithmetic (HA). HA is a first order theory; that is we are allowed to quantify over
numbers but not over anything else (like sets or functions). It is an analogue of
Peano Arithmetic (PA) in intuitionistic logic. PA and HA use the same axioms
but the difference is that for PA the underlying logic is classical first order logic
whereas for HA the underlying logic is intuitionistic first order logic, so the law of
the excluded middle can be used in PA but not in HA.JAF95, p.5]

Godel developed a system called T and a translation from HA to T called the
Dialectica translation. This allowed him to prove the consistency of HA using T.
[AF95, p.2] The main benefit of formulas in T compared to HA is that they are
essentially quantifier free. To do this he used a many-sorted system, that is whereas
HA only allows talking about one type of object (numbers), T allows talking about
different types of objects. [AF95, p.6] These can be numbers, functions between
numbers and also functions between functions. These functions can be described by
a version of typed lambda calculus|AF95, p.8-9]. This lambda calculus can be seen
as a sort of limited programming language.

In this paper I will present the translation and translate some theorems in HA
to T using the Dialectica translation. Using the algorithmic content in the proofs
I will find the related functions arising from the translation. I will also implement
these functions in the programming language Haskell.



2 GODEL’S DIALECTICA TRANSLATION

HEYTING ARITHMETIC

Heyting Arithmetic can be described as a theory with one constant 0, one unitary
function S (the successor function) and two binary functions +,-. To describe HA
we can use the following axioms (from [SU06, p.233-234]):

1.

2.

6.
7.

Va,b:S(a)=S(b) wa=b

Va :=S(a) =0
.Va:a+0=a
. Va,b:a+S(b)=S(a+0)

.Va:a-0=0
Va,b:a-S(b)=a-b+a

For any proposition ¢ the axiom ¢(0) — Vn : (¢(n) — ¢(S(n))) — Vn : ¢p(n)

Here the last item in the list is the induction scheme.
As shown in appendix A one can easily derive the basic rules of arithmetic, e.g.
commutativity and associativity, in HA.

252

SYSTEM T

The Dialectica translation uses a type system called system T. This description
of T as a typed lambda calculus is from [AF95, p.6-7]. T has one primitive type
Nat representing natural numbers and further types that are defined inductively
by saying that if o,7 are types then we have a function type o — 7 (representing
functions from o to 7) .

All terms in system T have a unique type. If 7 is the type of a term ¢ we write

t:T.

1.

2.

The terms are:

Infinite sets of variables for each type.

0 : Nat representing the natural number 0.

S : Nat — Nat representing the successor function.

For any term t of type 7 and type o we can form the term A\z°.t : 0 — 7
representing abstraction.

If ¢ is a term of type 0 — 7 and s is a term of type o then ts (or t(s)) is a
term of type 7 representing the value of t applied to s.
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6. For every type o we get a term R, : 0 — (Nat - 0 — o) — Nat — o
representing recursion.

[ will write ¢(s1, Sa, ..., $n) for (((ts1)s2)...)sn, and Ax{'...xf".t for Ax]'.(Ax32. (... \x0".1)).

Also I will write ¢[s/x] for the term ¢ with all occurrences of = swapped for s (and
if necessary a renaming of bound variables in t to avoid capture).

Computation in system T is carried out by substituting occurrences of (Az?.t)s
with t[s/x] , R,(s,t,0) with s and R,(s,t,S(n)) with t(n, R,(s,t,n)) [AF95, p.9].
The strong normalization theorem for system T says that for any term ¢ this process
will always result in a unique normal term (i.e. a term where no more substitutions
can be done)[SUO0G, p.256].

Basic operators in T
We see from the axioms that addition and multiplication are defined recursively.
Thus we can in system T define:

a+ b := Ryat(a, \n™ 2N S(2), )

ab := Ryt (0, \nN2*2N 22 4 a, b)

It will also be useful to define some Boolean operators. For that I identify 0 with
“True” and 1 with “False”. Then I can define the operators “and”, “not” as well as
“or” by ad&eh = ab, la = Ryai(1, \nN2tzN2t 0, a) and a|b =!(!a&!b) Finally I can define
a “if then else” operator as a?s : t = Ryai(t, \nN* 2Nt s a).

THE TRANSLATION

The Dialectica translation (as given in [G94, p.249]) works as follows. For any
formula ¢ = ¢(z) in HA we get a formula ¢/ = 3a2Vy a(x,y, z) in system T where
x,y and z are lists of variables and a does not have any quantifiers and only contains
the variables x,y, z. The translation is defined inductively by first taking ¢’ = ¢ if
¢ contains no logical operators. Then if we have formulas ¢, such that we have
already defined ¢' = JaVy a(z,y, z), ¢ = FuVv (u, v, w), we define:

L. (pAY) =3z, uVy,v (az,y,2) A B(u,v,w))
2. (pV ) =3c,x,uVy,v ((c=1ANa(x,y,2))V(c=0A B(u,v,w)))
Vn: ¢(z)) = 3IXVy,n a(X(n),y, 2)

(
- (
4. (3n:¢(2)) = In, 2y a(z,y, 2)
(¢ =) =30, YV, v (a(z, Y (2,0), 2) = BU(z),v,w))
-+ (

—¢) = IYVa -a(x,Y(x),2)



In the base case we need to translate the numbers and S, +, X in to their coun-
terparts in system T.[AF95, p.10] We see that in the case of disjunction we add a
constant that describes which case we are in. For universal quantification we need
to swap the place of a “for all” and an “exists”. If for all n there exists some x
satisfying some proposition then there should be a function X (n) that maps an n
to such a x, which is the idea behind that rule.

In the case of implication we use that Jz¢(x) — Juw(u) means that if there exists
a witness of ¢ we should be able to find a witness of ¢ and Yy¢(y) — Vuib(v) means
that if there is a v such that v is false then we need a y such that ¢ is false[G94, p.249].
This is because Vyo(y) — Yuip(v) implies it’s contrapositive =Vuih(v) — —Vyo(y).
Combining these we get that with ¢, as above we can transform ¢ — 1 into
AUVzYVo(a(z,Y (v),z) — B(U(z),v,w)) and then use the translation rules for
quantification to get 5. The rule for negation comes from the rule for implication
and the fact that —¢ is equivalent to ¢ — 1[G94, p.249].

PROOFS IN T

Proofs in T use the inference rules of propositional logic and for equality. The
axioms in HA are replaced with quantifier free axiom schemes. For example the
axiom Va : =S(a) = 0 is replaced with the axiom scheme, that for any a : Nat we
have =S(a) = 0. Instead of the the normal induction scheme we have the rule that
for any formula a(x™**) and term ¢ : Nat that we from «(0) and a(z) — a(S(z))
can deduce a(t).[AF95, p.9]

Godel’s main result about the Dialectica translation was that for any formula ¢,
where ¢ = JxVya(z,y, z), if ¢ is provable in HA then there is a term ¢ such that
a(t,y, z) is provable in T.JAF95, p.13]

To prove that result we can show by induction on the size of a proof, that if
HA proves oy, ...,0, & ¢, where o, = Jzg, Vyryi(zk, Yk, wx) then there are terms
ty,...,tn, s such that T proves

( (1, 61 (1, ey Ty ¥), 1) A oo A Y (X T (T4, ooy Ty y), W) = (S(21, ey T0), Y,y 2),

for arbitrary x1,....,x,,y and for choice of wy, ..., wg, z (being mindful of the fact
that these variables may overlap).

Most of the axioms follow immediately from their counterpart in HA. For the
induction scheme one uses the fact that T has a term for recursion[AF95, p.13].

For the inductive step we assume that the translation works for all shorter proofs
and then verify that it still works when we apply each inference rule.

For —-introduction we have a proof of oy, ...,0,,¢ F 1 and get a proof of ¢
¢ — 1. Here we say ¢ = JxVy : 5(x,y, 29). Thus we need to show that if there are
th, ...t 1,8, such that for all #,..., 2 ,,y" T proves

(ya (2, 8 (2, x;H, y),w1) A Ayl t (2 x;H, y'), wy)
A a<x;’z+17 8<x/1a sy 'CE;H-D y,)7 Zl)) — 6(3/(3;/17 sety ‘I{n—f—lv yi)v y/a 22)7



then there are tq, ..., t,,t, s1, So such that for all zq, ..., x,,y1,y2 one can prove

Y1\ Z1, 1\ L1y -+ Ty Y1, Y2 ), W1 Tn\Ln, tn\ L1, -y Tn, Y1, Y2), Wn
(71 (@1, ta( ), W) A oo A Y (@, tn( ), Wn))
= (a(yr, s1(T1y ooy Ty Y1, Y2), 21) = B(S2(T1, ooy Ty Y1), Y2, 22))-

/

Clearly one can simply take x| = xy,...,2,

=1, ty=1,81=1,,,5 =5
For inference rules with multiple premises we use the following lemmas:

= xn,xln_,’_l = yl,y’ = Y2 and define

Lemma 2.1. Assume I have formulas vy, ..., v, and terms t|, ...t t],....;t". Define
T =2T1,y..., Ty,

Y@, y) =@, B(@Y) A Ava(@a, 1,(T,Y))
and
V(@ y) = 1@, (@ Y") A A ya (@, (T 7).
Then there are terms ty, ..., t, such that T proves y(T,y) — ~'(T,y) ANY"(T,y), where
V@, y) = 71(z1, (@, ) Ao A, 0T, 1))
Proof. One can show that for any formula v*(z,y) there is a term t.«(x, y) such that
T proves t,«(z,y) =0 <> v*(x,y) [AF95, p.12]. Let
tk(T7 y) = t’Y' (T7 y)7t;€ (Ta y) : tg(f7 y)

Now assume (7, y). Next either t./(Z,y) = 0 or not.

o Ift,/(Z,y) = 0 then since t..(T) = ' (T) we get v/ (7,y). Also if t..(T,y) =0
then t,(z,y) = t1(T,y) so v(T,y) becomes v"(Z,y). Hence we get v (Z,y) A
(T, y)

o If t,/(Z,y) # 0 then since 7'(z) — t,(T) = 0 we get =7/(Z). However since

ty(Z,y) # 0 we also get that t,(Z,y) = t,.(T, y) so 7(T,y) becomes v'(Z,y) and
we get a contradiction.

Thus T proves v(Z,y) — ¥ (T, y) AV (T, y). O

Lemma 2.2. Assume there are terms t|, ...t s, t],...,t" s" and t1,t2,5 such that
1

forany oy, ...l 2 L xl Y and T4, 39,9, T proves

PRI

/ /

(2, (2 2l ) w) A Ay (2t (2 Yy wn) = an (8'(2 2, Y T, ),

(@ 8 (2] o 2l ) w) A Ay (2t (2 2y ) wn) = (S (22l Yy W, 20)

n’'n ") n

and
a1 (Z1, 11 (F1, %2, 7), 21) A az(Za, t2(T1, To, §), 22) — B(5(Z1, T2), T, 23).

Then there are terms ty,...,t,, s such that for any T,y
7(%‘1, tl(fa y)> wl) ARTA V(xna tn(fa y)a wn) — 6(3(§)7 Y, ZB)'

7
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Proof. Let o} = 2 = xq,...,2,, = 2! = x,,9 =y, let 77 = §(T), "(Z) and let
Y = H(5(2), (D), 1),y = Ba( (7). 5"(7), ). Define 5(z) = §(5'(z), 5" (z)) and use
the previous lemma to get ¢1, ..., %; such that T proves

’)/1<$1,t1(f y) ) /\’)/n(l‘n,t (Ta y>7wn)

= (2, (T, (s ’( ), 8"(®),9))s w1) Ao A, 6(T, 01 (8'(T), 8"(Z), y)), wa)
A'Yl(xl?tl(x?t?(sl( ) ( ) ))le)/\”'/\Vn(xmt;;(f?g?(s/(f)?sll(f)ﬁy))vwn)'

Using lemma 2.2 we can easily verify the induction step for most inference rules
that do not discharge assumptions. For example to verify it for A-introduction we
only need to show that there are tq,ts, 1, 59 such that

oz, t1 (21, 2o, Y1, ¥2), 21) A By, ti(z1, 2,91, 42), 22)
— a(si(z1, 12), Y1, 21) A B(s2(1, 72), Y2, 22)

so we just take ti(w1, 9, y1,y2) = Y1, ta(T1, T2, Y1, Y2) = Y2, 81(71,72) = 71 and
So(w1, T2) = Xa.
For —-elimination the condition ¢ — 1) corresponds with

3X5, XoVyr,ys - Oé(ylel(be/z),Zl) — B(Xz(?/l),ymzz)

so we need to show that there are ¢y, ¢, t3, s such that

(a(tr(X1, Xo, 23, ), X1(t1, t2), 21) = B(Xa(t1), ta(X1, Xo, 73,7), 22))
A a(ws, t3( X1, Xo, w3,1), 21) = B(s(X1, X2, 23), 4, 22).

Thus we take t1 (X1, Xo, 23,y) = x3,t2(X1, Xa, 3, y) = y, t3(X1, Xo, 23, y) = X1 (t1,t2) =

Xi(xs,y) and s(Xq, Xo, 23) = Xo(t1) = Xa(z3).

Finally for the rules V-elimination and 3-elimination which do discharge assump-
tions one needs to directly apply lemma 2.1. So e.g. if we use J-elimination to prove
1 from dz : ¢ we need to show that there are ¢4, ...,%,, s such that T proves

(M (z1, t1 (21, ey Ty YY)y w1) A o AV (Tt (T, oy Ty Y)W ) = B(s(1, -, Tn), Y, 22).

Say ¢/ =3dz : Vy : a(x,y, 2, 2) and (Iz: gzﬁ( ))’ = dz,2Vy : a(z,y, z, 21) then the
induction hypothesis gives that we have t', s/, s}, 5, t;, ssuch that

(i (2, (2,2l Y w) A o Ay (2l (2 2y ) wn)
— a(sy (2], . 77,), Y, sh(h, 2, 21),

and
(’)/1<I/1/,t/1,(1’/1/, >$Z+1ay”) wl) ARTA ’Yn( Z,tg(ﬁ/{, '”vx;fwrlvy//)? wn)
1

N a( n+17tn+1(x17 . '7x;;+17y )7Za Zl) - 5(8”(3:/1/7 '-'7$n+1)7y//a 22)'



By assumption for the J-elimination rule z is not a free variable in oy,...,0, or
1 so it is independent of wy,...,w, and z,. Hence we can freely pick z. Thus
we take 7] = 2f = x,...,2, = 2, and ¥, = §'(x1,...,7,). Then we take
Yy =y, y =t (@, ., 2, 8 (21, 1), y) and 2 = s3(xq, ..., 2,). Finally we de-
fine s(z1,...,x,) = " (21, ..., Ty, s} (21, ..., x,)) and use lemma 2.1 to get tq, ..., 1,.
This ends the proof, so we can conclude the presentation of Godel’s Dialectica

translation with:

Theorem 2.3. If HA proves ¢ where ¢’ = JxVy : a(x,y, z) then there is a term t
such that T' proves a(t,y, z).



3 EXAMPLE 1: INEQUALITY

In HA we can define the normal ordering of natural numbers by saying that n < m
means that 3d : n +d = m. To test the Dialectica translation I want to start
by looking at a useful proposition relating to this ordering. To be able to use the
translation on the proposition I first need to formulate it within HA. Then I need
to have the constructive proof of the proposition, where the proof is directly from
the axioms of HA.

The proposition I look at is that either n < m or not, in which case m < n, i.e.
Vn,m:n <mV(—-n<mAm<n). Here m < n is defined as m < n A —-m = n.
Thus the statement is formally given by

Vn,m:(Ja:n+a=m)V (=(3Fb:n+b=m)A(Jc:m+c=nA-m=n)).

PROOF OF EXAMPLE 1

SRRE [LEMMA: EQUALITY

For all n, m either n = m or not. Formally Vn,m : n =m V —-n = m. The proof is
by induction on a.

First I need to show that Vb : 0 = bV —0 = b which I do by induction on b. We
immediately have 0 = 0 and =S(b) = 0.

Now I assume Vb : a = bV —a = b and I need to show Vb : S(a) = bV =S(a) = 0.
For this we again use induction on b. We have immediately that =S(a) = 0. In the
case of S(b) we have that S(a) = S(b) if and only if a = b, which is either true or
false by the induction hypothesis.

SRWE PROOF OF PROPOSITION

First note that a < b if and only if a + S(d) = b for some d. This is since if a < b
then a +d = b and if d = 0 then a = b. This gives a contradiction so d # 0 which
means d = S(e) for some e. On the other hand if a + S(d) = b then a < b. Also if
a = b then we get b+ S(d) = b so S(d) = 0. This gives a contradiction so —a = b.

Next note that if m < n then —-n < m, because if m < n and n < m then there
is d, e such that m 4+ S(d) = n and n + e = m. This give us that n + e + S(d) =
m+ S(d) =nso S(e+d) = e+ S(d) = 0 which is impossible.

Now to prove the proposition I use induction on n. First 0+m =m so Vm : 0 <
m.

Next assume that for all m either n < m or the negation holds and m < n. If
m < n then m + d = n for some d and m + S(d) = S(m + d) = S(n) so m < S(n).
Otherwise if n < m then by the lemma n =m or -n = mi.e. n < m. If n < m then
n+ S(d) = m for some d. Thus S(n) +d=n+S(d) =mso S(n) <m. If n=m
let d =0s0m+ S(d) = S(m) =S5(n) and m < S(n).

10



TRANSLATION

RWRN [.EMMA: EQUALITY

The translation of Vn,m : n = m V —-n = m becomes
JEq : Nat® — Nat Vn,m : Nat (Eq(n,m) = 1An=m)V (Eq(n,m) =0A-n =m).

We see that Eq is the characteristic function for equality. From the proof we see
that Fq is defined by multiple recursions. In the first case we get a recursion that
starts with “True” and is “False” in all other steps. For the recursion step we have a
recursive function that starts with “False” and for later steps it applies the previous
result to b. So

Eq — RNat%Nat(RNat(ly )\bNatyNat.O, )7 /\aNatXNat—>Nat.RNat<Oj )\bNatyNat.X(b), )’ )

EPWY PROPOSITION
The translation of
Vn,m:(Ja:n+a=m)V(=(Fb:n+b=m)A(Jc:m+c=nA-m=n))
is
3Dif, Dif,, Leq : Nat? — NatVn,m,b : Nat

(Leg(n,m) =1 An+ Dif(n,m) =m)
V (Leg(n,m) =0A-n+b=mA (m+ Dify(n,m) =nA-m=mn)).

Here we see that Leq is the characteristic function of <. Dif is the difference of
n and m if n < m and Dif, is the difference of m and n if m < n.

In the proof n < m held in the base case and S(n) < m held in the induction
case when it held for n and n # m. Thus we can write Leq as

Leq = MnN*mNat Ry (1, \EN* 2N 2& ! Eq(k, m), n).

The difference between n and m was m at first and then increased by one each step
SO
Dif = AN mN Ry (m, AN 2N S(k), n).

The difference between m and S(n) was 1 when m = n and then increased by one
when m < n so

Dify = N mNat Ry (0, AN 2N Bg(m, k)?1 : [Eq(x,0)70 : S(z)], n).

11



4 EXAMPLE 2: EXISTENCE OF INFI-
NITE PRIMES

For a look at how the Dialectica translation works on a more complex statement, I
look at the famous theorem stating that there are infinite primes. As in example 1
I need to formulate and prove this in HA.
To formulate the theorem I start with the definition that n divides m (n|m) if
b : nb = m. Then we can define the statement “p is a prime number” (Prime(p))
as:
Va:alp— (a=1Va=p)A-p=1

Now our theorem becomes
Vn : 3p : Prime(p) An < p,
which is the same as

Vndp:[Va:(3b:ab=p) > (a=1Va=p)AN—p=1A[Fd:n+d=Dp].

PROOF OF EXAMPLE 2

'MW [.EMMA 1: BOUNDED QUANTIFICATION

We need to prove that if a formula ¢(-) either holds or does not hold for any given
number, then the same is true for the statement that for a given n there is a number
m < n satisfying ¢. This we can write as

Vn:o(n)V-on)] = Vn:[(Fm:m <nAp(m))V-=(Im:m<nAep(m)).

For this proof first note that if m < 0 then m = 0. This follows since from Example
1 we have that if m < 0 then either m = 0 or m < 0. If m < 0 then m + S(d) =0
for some d. However if m + S(d) = 0 then S(m + d) = m + S(d) = 0 which gives a
contradiction.

Now we assume that we have a formula ¢ that is either true or false for any given
number, and then work by induction on n. If n = 0 we know that if m < n then
m = 0 so we only need to check if ¢(0) is true or false.

Next we assume that for a specific n we have that there either is or is not an
m < n such that ¢(m) is true. If there is such an m then we also have m < S(n).
If there is no m < n such that ¢(m) is satisfied we use our fist assumption to get
that ¢(S(n)) is true or false. If ¢(S(n)) is true then m = S(n) satisfies m < S(n)
and ¢(m). If ¢(S(n)) is false then there is no m < n satisfying S(m) and m = S(n)
does not satisfy ¢(S(m)) so there is no m < .S(n) satisfying ¢(m).

12



LEMMA 2: DIVISORS

Next I show that it is either true or not that m divides n, i.e. Vm,n : m|n vV -m|n.
We start by noting that for any b either mb = n is true or not. By Lemma 1 we get
that either there is b < n such that mb = n or not. If there is b such that mb =n
then m|n. If there is no such b < n then assume there is b such that mb = n. Either
b <n orn < b, but we have assumed that we do not have b < n son < b i.e. there
is d such that n + S(d) = b. Now I show that mb # n by induction on m. If m =0
we get n = mb = 0 but then 0 < n and m0 = n which gives a contradiction. For
S(m) we get S(m)b=mb+b=mb+n+ S(d) =n+ S(mb+d) # n.

BN [ .EMMA 3: PRIME DIVISORS

Finally I need to show that every number (except 1) has a prime divisor i.e. Vn :
dp: —-n =1 — Prime(p) A p|n.

For this I use strong induction on n, that is I want to prove by induction on n
that for all n and for all m < n, if m # 1 then Prime(p) A p|m. If I can show this
then the lemma follows since n +0 =mn so n < n.

For the base case we have m < 0 so m = 0. If there exists any prime number p
then p0 = 0 so p is a prime divisor of 0. Thus I only need to prove the existence of
a prime number. Assume a|2 so ab = 2 for some b. Since 0b = 0, we get that a # 0.
Now either @ = 1 or not and either a = 2 or not, so start by assuming that a # 1
and a # 2. Since a # 0 we get a = S(a) for some a. If @« = 0 we would get that
a=1s0a=S5(p) for some B. Similarly § # 0 because a # 2 so = S(y). Next if
b=01get ab=0so0b# 0 and I can write it as S(c) for some c¢. Then

S(5(0)) = ab = S(5(5(7)))S(c) = S(S(S(M)))e + 5(S(S(7)))
= S(S(S(S(S(S(v))e + 7)),

so 0= S(S(S(S(7)))c+ ) which is impossible. Hence a =1 or a = 2 so 2 is prime.

For the induction step, assume that all m < n where m # 1 have prime divisors.
We use Lemma 1 and Lemma 2 to get that either there is m < n such that m|S(n)
and m # 1 or there is not. If there is such an m then there is b such that mb = S(n)
and by our induction hypothesis there is a prime number p such that p|m i.e. there
is ¢ such that pc = m. Then p(cb) = S(n) so p is a prime divisor of S(n).

Now assume that there is no such m. If S(n) = 1 then clearly S(n) satisfies that
if S(n) # 1 then it has a prime divisor. Otherwise assume a|S(n) so ab = S(n) for
some b. Thena <norn <a. lfa<nthena=1o0ra+#1, butifa# 1 wegeta
contradiction with our assumption so a = 1. If n < a then n + S(d) = a for some d
so S(n)+d=n+S(d) =aie Sn)<a Now S(n)=aor Sn) <a If S(n)<a
then S(n) + S(d) = a for some a. Next if b = 0 then ab =0 # S(n) and if b # 0
then b = S(c) for some ¢ so
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ab = (S(n) + 5(d))S(c) = S(n)S(c) + 5(d)S(c)
= S(n)c+ S(n)+ S(d)c+ S(d) = S(n) + S(S(n)c+ S(dc) + d) # S(n).

This means that a = S(n). Thus a = 1 or a = S(n) so S(n) is prime. Then since
S(n)l = S(n) we have that S(n) divides S(n). If m < S(n) then m = S(n) or
m < S(n). If m = S(n) we have shown that we can find a prime divisor of p.
Otherwise if m < S(n) then m + S(d) = S(n) for some n so S(m + d) = S(n) and
m + d = n, which means that m < n so we can find a prime divisor of m by the
induction hypothesis.

'BWE [PROOF OF THEOREM

I start by showing by induction that for any n there is a number k # 0 such that for
all m < n if m # 0 then mlk. Since there are no numbers m < 0 such that m # 0
this case is satisfied by showing that there is some k # 0. k = 1 satisfies this. Now
assume that there is k& # 0 such that for all m < n if m # 0 then m|k i.e. there is
by, such that mb,, = k. Then m(b,,S(n)) = kS(n) so any m < n such that m # 0
divides kS(n). Also S(n)k = kS(n) so S(n)|kS(n). This completes the induction.
Now take any n and take k # 0 such that for all m < S(n) if m # 0 then m|k.
Since k # 0 we have that S(k) # 1 so by Lemma 3 there exists a prime number p
such that p|S(k). Now either p < n or n < p but since 2|0, 0 is not prime so if p < n
then p|k. Thus pa = S(k) for some a and pb = k for some b. Also since p # 1 we get
p = S(S(q)) for some q. Now a < b or b < a. If a < b then a + d = b for some d so

S(k) = S(pb) = S(p(a + d)) = S(pa + pd) = pa + S(pd) = S(k) + S(pd)

this is impossible. Thus b < a so b+ S(d) = a for some d. Then

S(k) =pa=p(b+ S(d)) = pb+ pS(d) =k + S(S(q))S(d)
=k +5(S(¢q))d+ S(S(q)) = S(k) + S(S(S(g)d + q)

This is again impossible so n < p.

TRANSLATION

LEMMA 1: BOUNDED QUANTIFICATION

The statement of the theorem was
[V : ¢(n) V =g(n)] = Vn: [3m:m < nA¢(m))V =(Im:m < nAd(m)),
which is the same as
Vi (0 )V—o(n')] = ¥ : [(Gm : (3d : m+d = n)Ad(m))\V—(Tk : (e : k+e = n)Ad(k))).
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The first part Vn : ¢(n) V —¢(n) translates into
37 : Nat — Nat, z : Nat Vn',y : Nat (Z(n') = 1A é(n')) V (Z(n') =0 A =p(n'))
whereas
Vn:[(3m:(3d:m+d=n)ANop(m))V-(Tk: (Je:k+e=n)A¢pk))]

translates into

dM, D, W : Nat — Nat Vn, k,e : Nat
(W(n)=1AMn)+Dn)=nAo(m))V(Wn)=0A=(k+e=nAdk))),

so the statement translates into

3N : (Nat — Nat) — Nat® — Nat, M, D, W : (Nat — Nat) — Nat — Nat
VZ : Nat — Nat,n, k,e : Nat
(Z(N(Z,n,k,e)) =1N¢(N(Z,n,k,e)))V(Z(N(Z,n,k,e)) =0AN=¢(N(Z,n,k,e)))]
— (W (Z,n) =1ANM(Z,n)+ D(Z,n) =nA$(M(Z,n)))
VW (Z,n)=0A=(k+e=nAok))).

Here Z is supposed to be characteristic of ¢(n), and W characteristic for Im : m <
n A ¢(m). In the proof Im : m < n A ¢(m) was decided by induction. For n = 0 this
was the same as ¢(n) and for S(n) it was true if Im : m < n A ¢(m) held for n or if
®(S(n)) was true. Thus W can be given by the term

Wy = AZN =Nt R (Z(0), \aNatnNat 121 - Z(S(n)),).

M is the witness for 3m : m < nA¢(m) (if such exists) and so has to be zero in the
first step of the induction. If there has already been a witness for Im : m < nA¢(m)
then that was used as a witness for Im : m < S(n)A¢(m), and otherwise the witness
would have to be S(n), so M can be given by

My = AZN37Nat R (0, AeN¥ nNat Wy (n) 2 - S(n), ).
Similarly D, the difference between M and n becomes
Dy = AZN 7Nt B (0, XeN2tnNat W (n)?2S(x) : 0,).

Finally N needs to come in to make sure that the statement still holds if Z is
not characteristic for ¢(n) and the conclusion fails. Then N need to be a witness to
the fact that Z is not characteristic for ¢. The conclusion can fail if:

e Wi(Z,n) ¢ {0,1} so Z(n) ¢ {0,1} and Z is not a characteristic function at
all.
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e Wi(Z,n) =1s0o Z(M(Z,n)) # 0 but ¢(M,(Z,n)) is false i.e. Z produces a

false positive.

e Wi(Z,n)=0and k+e=nsok <nand Z(n) =0 but ¢(k) is true. That is
Z produces a false negative.

Thus we can take N to be

Ny = \zNat=Nat pRatpRat o Nat po(Wy(Z,n),0)?%k : (Eq(W1(Z,n),1)?My(Z,n) : n).

LEMMA 2: DIVISORS

Here the statement was simply Ym, n : m|nV —-m|n i.e. Vm,n(Ja : ma =n) Vv =(3b:
mb = n). This translates into

37, A : Nat? — Nat Vm,n, b : Nat
(Z(m,n) =1 AmA(m,n) =n)V (Z(m,n) =0A —-mb=n).

Here Z is the characteristic function for m|n and A is the witness i.e. A gives the
quotient of two numbers if it exists. The proof relied on the fact that mb = nvV—-mb =
n for given values of m,b,n. Then I used Lemma 1 and checked number b up to n.
Thus using Wy, M; from Lemma 1 T get

Zy = dmN Nt W (AN Eq(mb, n),n),

Ay = NNt AL (AN Eg(mb, n),n).

RS [.EMMA 3: PRIME DIVISORS

The statement of lemma 3 was Vn : Ip : -n = 1 — Prime(p) A p|n which is the
same as

Vn:3dp:—m=1—=[Va:(I:ab=p) = (a=1Va=p)A—-p=1]A3Jc:pc=n.

The condition of being prime Va : (3b: ab = p) — (a = 1Va = p)A—p = 1 translates
into

37 : Nat? — Nat Va,b : Nat
ab=p— ((Z(a,b) =1Na=1)V (Z(a,b) =0Na=p))\N—p=1,

so the entire statement becomes

3P,C : Nat — Nat, Z : Nat®> — Nat Va,b,n : Nat -n =1 —
l[ab= P(n) — ((Z(a,b,n) =1ANa=1)V (Z(a,b,n) =0Aa= P(n))) AN—=P(n) =1]
A P(n)C(n) =

S
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Here Z(a,b,n) should be 1 if @ = 1 and 0 otherwise.

P(n) should be the function that gives a prime divisor of n. In the proof it was
given by inductively showing that a prime exists for all numbers below a certain
number and then applying n. Thus we want to recursively define a function that
for a given n gives a function that gives a function that for m < n returns a prime
that divides m. We saw that in the first step this could be the constant function 2.
For later numbers if m = S(n) we took p = m if m had no nontrivial divisor and
otherwise we applied the induction hypothesis to the nontrivial divisor whereas if
m # S(n) we simply applied the induction hypothesis to m. To get the nontrivial
divisor we used Lemma 1 and 2 so the characteristic function for S(n) having non-
trivial divisors is w(n) = Wi (AN Z,(k, S(n))&!Eq(k, 1), n) whereas the divisor is
given by a(n) = M; (ANt Z,(k, S(n))&!Eq(k,1),n). This gives

P3 — RNat—>Nat(/\mNat-2a )\nNatXNat_}NatmNat.EQ(m, S(n))7
[w(n)?X (a(n)) : S(n)] : X(m),n)(n).
C'(n) is the quotient between the prime divisor and n. This was found in a similar
way in the proof as the prime. But in the base case it is 0. If S(n) was prime it
was 1 and if S(n) was not prime then after we used the induction hypothesis to get

a prime divisor of m|S(n) I needed to multiply the quotient of the prime number
dividing m and the quotient of m and S(n).

CS — RNat—)Nat(AmNat-Qa AnNatXNat%NatmNat‘Eq(m’ S(n))7
[w(n)?(X(a(n))Az(a(n), S(n))) : S(n)] : X(m),n)(n)

{WRS 'THEOREM: INFINITE PRIMES
The statement of the theorem was
Vnip:[Va:(3b:ab=p) = (a=1Va=p)A-p=1A[Fd:n+d=Dp].
This translates into
17, P, D : Nat — Nat Va,b,n : Nat

l[ab= P(n) — ((Z(a,b,n) =1Na=1)V (Z(a,b,n) =0Aa= P(n))) AN—=P(n) =1]
A[n+ D(n) = P(n)].
Here Z(a,b,n) should be 1 if a =1 and 0 otherwise.
P(n) should be the function that gives a prime number larger than n. In the
proof such a prime was found by first finding a number k£ and then applying Lemma

3 to S(k). k was found by induction on n. It was one in the first step and then
multiplied by S(n) in each step (so k = n!). Thus

P = An™ Py(S(Ryay (1, AmN2t2Ne* - 2.8(m), n))).
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D(n) is the witness of n < P(n). In the proof that inequality was shown by proving
that P(n) was not less than or equal to n. Thus D is simply

D = A\n™** Dif,(P(n),n).
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A APPENDIX: SOME BASIC RULES IN
HA

These are some useful results for proving things in HA. However the statements
are of the form Vx : ¢(x) where ¢ does not contain any quantifiers or disjunctions.
Therefore the Dialectica translation does not affect these statements and so there is
no computational content we can extract that way.

ADDITION

Associativity: (a+b)+0=a+b=a+(b+0). Assume (a +0b) + ¢ = a + (b + ¢) then
(a+b)+S5(c)=95(a+b)+c)=Sa+(b+c)=a+S0b+c)=a+ (b+S(c)).

Commutativity: Since 0 +0 =040 and if a+0 =0+ a we get S(a) +0 =
S(a) =S(a+0)=S0+a)=0+S(a). SoVa:a+0=0+a.

Assume Va : a+b=>b+a. Then 0+ S(b) = S(b) + 0 and if a + S(b) = S(b) + a
we get S(a) + S(b) = S(S(a) +b) = S(b+ S(a)) = S(SOb+a)) = S(S(a+10) =
S(a+S(b)) =S(S() +a)=5()+ S(a) soVa:a+ Sb)=S()+ a.

Cancellation: a +0=0+0 — a =b. Assume a +c =0+ c — a = c then if
a+S(c)=b+S(c) L get S(a+c)=a+S(c)=b+S(c)=50b+c)soa+c=b+c
and a =b. Thus a+ S(c) =b+ S(c) - a=0.

MULTIPLICATION

Distributivity (e +0)0 =0 =04 0 = a0 + b0 so assume (a + b)c = ac + bc. Then
(a+b)S(c)=(a+bc+a+b=ac+bc+a+b=ac+a+bc+b=aS(c)+bS(c).

Identity We have S(0)0 = 0 and if S(0)a = a we get S(0)S(a) = S(0)a+S(0) =
a+ S(0) = S(a).

Commutativity We have 0-0 =0-0. Assume a0 = Oa then S(a)0 =0 = a0 =
0a = 0a + 0 = 0S5(a). Thus Va : a0 = Oa.

Assume Va : ab = ba, then aS(b) = ab+a = ba+a = ba+ S(0)a = (b+5(0))a =
S(b)a.

Associativity We have (ab)0 = 0 = a0 = a(b0). Assume (ab)
(ab)S(c) = (ab)c + ab = a(be) + ab = a(bc + b) = a(bc + bS(0)) = a
a(bS(c)).

¢ = a(bc), then
(b(e +5(0))) =
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B APPENDIX: HASKELL IMPLEMENTA-
TIONS

The code is also available at https://pastebin.com/8dB1JGtW

s:: Int—>Int
s x=x+1

r :: a—> (Int —> a —> a) — Int —> a
r x f n = if n==0 then x else (f (n—1) (r x f (n—1)))

-~ BEXAMPIE —

—Lemma

eq :: Int—Int—Bool

eq ab=r1 (r True (\n x—=>False) ) (\n x — r False (\m y—> x m)) a b

—Proposition
leq :: Int—Int—Bool
leq n m=r True (\k x —>x && (not (eq km))) n

dif :: Int—>Int—>Int
dif nm=rm (\k x—>(s k)) n

dif2 :: Int—>Int—Int
dif2 nm=1 0 (\k x = if (eq m k)
then 1
else (if (eq x 0) then 0 else (s x))) n

-~ EXAMPLE 2

—Lemma 1

—Wi

boundedZ :: (Int—Bool)—>Int—Bool

boundedZ f n =1 (f 0) (\n x—= if x then True else f (s n)) n

—M1
boundedX :: (Int—>Bool)—>Int—Int
boundedX f n =1 0 (\n x— if (boundedZ f n) then x else (s n)) n

—D1
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boundedD :: (Int—Bool)—>Int—Int
boundedD f n =1 0 (\n x— if (boundedZ f n) then (s x) else 0) n

—Lemma 2
—72

divides :: Int—Int—Bool
divides a b= boundedZ (\d — axd=b) b

—A2
quotient :: Int—>Int—Int
quotient a b= boundedX (\d —> axd=b) b

—Lemma 3

—P3

primedivisor :: Int—Int

primedivisor n = (r (\m—=> 2) (\n x m—> if m=—s n

n)

then (if (boundedZ (\k— (divides k (s n)) && (not (k==1)
) n)

then x (boundedX (\k— (divides k (s n)) && (not (k==1
else s n)

else (xm))) nn

)
)

~— —

—C3
seconddivisor :: Int—>Int
seconddivisor n = (r (\m=> 2) (\n x m—> if m=s n

then (if (boundedZ (\k— (divides k (s n)) && (not (k==1))) n)
then ((\m—> (x m)x(quotient m (s n)) )

l(bOLiI)ldedX (\k= (divides k (s n)) && (not (k==1))) n))

else (xm))) nn

—Theorem
largerprime :: Int—Int
largerprime n=primedivisor (s (r 1 (\m x—= x#*(s m)) n))
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