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Part 1
Introduction

Adic spaces were introduced by Roland Huber in [Hub93a], [Hub93b] and [Hub94] with the aim to
provide a natural framework to work with in non-archimedean geometry, generalizing rigid analytic
varieties and formal schemes. Despite the simplicity and strength of the theory, it only gained popu-
larity after Peter Scholze who used adic spaces in [Schll] to introduce perfectoid spaces. Ever since,
adic spaces have become crucial in the development of p-adic geometry and p-adic Hodge theory. The
primary aim of this thesis is to give an introduction to the theory of adic spaces. A secondary aim
is to study its relation with classical rigid and algebraic geometry. To justify this relation further,
we introduce etale cohomology of adic spaces and present two comparison theorems. Although there
are many other recent texts that serve as an introduction to adic spaces, most notably [Wed19] and
[Mor19], the author hopes that what is discussed in this thesis will give new insights to the reader.
The author believes that the direction taken here is different ,in many ways, than other such texts
and that many notes and remarks have not been made elsewhere. On the other hand, this is still
(mostly) an introduction to the basic theory and so i) the material intersects to a great extent with
the material of other similar texts and ii) this thesis contains only a fraction of the material contained
in other similar texts. Moreover, no result is originally due to the author.

Outline

The thesis is structured as follows

Section 1. This is the core of the thesis. Here we introduce the commutative algebra behind the
theory by defining valuations, Huber rings, Huber pairs and we prove basic results. Moreover, we
introduce the adic spectrum associated to a Huber pair, topologize it and define a presheaf of topo-
logical rings on it. We define adic spaces and among other things, we prove Tate’s acyclicity theorem
in this context. Lastly we define morphisms of certain type between adic spaces that are to be used
later in the thesis.

Section 2. In this section we describe a functor from schemes locally of finite type over a non-
archimidean field K to adic spaces over K and a functor from rigid analytic varieties over a non-
archimidean field K to adic spaces over K. This leads to a commutative diagram

ad

(schemes 1ft over K) (adic spaces over K)

- /

(rigid analytic varieties over K)

where "rig” refers to the rigid analytification.

Section 3. Here we introduce the etale site of stable adic spaces. Moreover we discuss about differ-
entials and prove basic results on etale morphisms of adic spaces, ultimately leading to the theorems
of section 4.

Section 4. Here we present two comparison theorems in etale cohomology related to the diagram of

section 2. In particular we prove that the etale cohomology of a rigid analytic variety is equivalent to
the etale cohomology of its associated adic space.

Part 4. All of the material discussed here is essential for the main part of the thesis. In partic-



ular we use the material of A, B and D in section 1 and the material of C in sections 2 and 4.

As a general motivation for the subject and for the outline of this thesis, the reader should keep
in mind the following: adic spaces provide a framework to work with in rigid geometry without the
need of Grothendieck topologies. It also provides a framework to work with in etale cohomology of
rigid varieties (again without all the difficulties that come with working with classical rigid analytic
varieties). All the above will be explained in this thesis (and a big part of this thesis is devoted to
explaining the above).

References, Notation

Every result in the main part of the thesis can be found in [Hub93b], [Hub94] and [Hub96] and
those are the main references for this text. We should note that notation in Huber’s original papers
differs from the modern one. In particular the term ”f-adic ring” has been replaced by ”Huber ring”
and the term ”affinoid ring”, denoted by A = (A", A") has been replaced by ”Huber pair”, denoted
by (A, AT). We do our best to follow the notation that is mostly used (for example the notation in
[SW20]). We should also say that in this thesis every ring is commutative and every group is abelian.



Part II
Basics

1 Basics of Adic Spaces

In this section we introduce the category of adic spaces. Recall that the category of affine schemes
is the opposite category of rings. We aim to do something similar for adic spaces. Namely, given a
Huber pair (A, A™), we want to have an adic space associated to it so that the opposite category of
Huber pairs is the category of "affine” (later to be called affinoid) adic spaces. This is not exactly the
picture we end up with, but it is close! There are two problems with the latter. First of all, not every
Huber pair (A, AT) gives a locally topologically ringed space and a priori to the topological space
associated to (A, A") we can only define a presheaf. Secondly, Huber pairs give the same space up
to completion. So we may say for now that the category of ”affine” adic spaces will be the opposite
category of "nice” complete Huber pairs. Adic spaces will be defined roughly in the following way:
consider the set of continuous valuations (1.1) on a Huber pair (A, AT), topologize it and define a
presheaf of topological rings on it (1.3). The latter will be called the adic spectrum of (A, A™) and will
be denoted Spa(A, AT). Lastly, glue adic spectra to get adic spaces (1.4). Moreover, in 1.4 we present
some cases when the presheaf on Spa(A, AT) is a sheaf. In particular we prove Tate’s acyclicity
theorem. The references for 1.1-1.4 are [Hub93a],[Hub93b] and [Hub94]. For a pure introduction
to adic spaces, the results on spectrality in 1.3 could be omitted, but we will use them later in an
essential way. In 1.5 we define morphisms of ”finite type” between adic spaces and prove that under
some (favorable) conditions, fiber products of adic spaces exist. Lastly in 1.6 we define ”quasi-finite”
morphisms of adic spaces which will later be used to understand etale morphisms of adic spaces. The
main references for 1.5 and 1.6 are [Wed19] and [Hub96]. All over this section, we use the results on
topological rings, spectral spaces and Cech Cohomology, discussed in the appendix.

1.1 Valuations

Definition 1.1. A totally ordered abelian group (I', X) is a group with a total order < on its underlying
set such that if a < b then for ally €', a-v<b-~.

A morphism ¢ : I'1 — I's of totally ordered abelian groups is a morphism of groups with a <y b
if and only if ¢(a) <2 ¢(b) for all a,b € I';, where <; and <, are the total orders of I'; and T's
respectively.

Definition 1.2. Let I' be a totally ordered abelian group. A subgroup A of I' is called convex if for
every a,b,c € I' with a < ¢ <b, a,b € A implies that ¢ € A.

Let (T, x) be a totally ordered abelian group. We add an element 0 in I' and extend the group
law by 0-~v=~-0=0 for all v € I' and the order by 0 < for all v € I.

Definition 1.3. Let A be a ring and (T, X) a totally ordered abelian group. A wvaluation on A is a
map |-|: A— T U{0} such that

i) 10| =0,]1] =1

ii) |ab| = |a| - |b| for all a,be A

i11) |a + b| < max{|al,|b|} for all a,b e A

Definition 1.4. Let x : A — I'U {0} be a valuation on a ring A.

i) The set {a € A : xz(a) =0} is called the support of x and is denoted by supp(x).

i1) The subgroup of I' generated by im(x) \ {0} is called the value group of x and is denoted by T',.
iti) The convex subgroup of I' generated by {x(a) : a € A,x(a) > 1} is called the characteristic group
of © and is denoted by cI',.

i) The rank of x is the height of Ty, i.e the ordinal of the set of the convex subgroups of T'y.



Note. In the above definition, we wrote x instead of |- | to denote a valuation. We will eventually stick
with this notation, as points of the topological spaces that we will study are valuations.

Definition 1.5. Two valuations |-|1,| |2 on a ring A are equivalent if there exists an isomorphism of
ordered abelian groups ¢ : I'y — 'y ,where I'y and 'y are the value groups of |- |1 and |- |2 respectively,
such that po| |1 =1"|a.

Lemma 1.6. Two valuations |- |1,| |2 on a ring A are equivalent if and only if for every a,b € A,
laly < |bl1 if and only if |ala < [b|2.

Proof. We claim first that we may replace A by a field. This is because in any case, supp(| - |1) =
supp(] - |2) = p a prime ideal and since |a|; and |a|y only depend on the image of a in A/p, we may
replace A by A/p. Furthermore, A/p is an integral domain and supp(| - |1) = supp(] - |2) = {0} which
means that we may extend |- |1 and |- |2 to Frac(A/p) (by mapping ¢ to |al|b|~1).

Let us now resume the actual proof. We write K instead of A. Obviously if |-|; and |-|2 are equivalent,
then the condition holds. Assume now that |a|; < |b|; if and only if |als < |b] for all a,b € K. Then,
{a € K:lay 21} = {a € K : [a|]z > 1}. Moreover ||y : K* — I, and |- |2 : K* — T,
are surjective homomorphisms that have the same kernel. Therefore there exists a unique group

homomorphism f : T'|, — T}, such that fo|-[; =] ]o. Note then that f maps elements < 1 to
elements < 1 and so is a homomorphism of totally ordered abelian groups since if a < b then ab™! < 1
and so ¢(ab~!) < 1 which implies that ¢(a) < ¢(b). O

Definition 1.7. Let A be a topological ring. A valuation |-|: A — T'U{0} is called continuous if for
every v € I', the set {a € A : |a|] <~} is open in R.

1.2 Huber rings and pairs

Definition 1.8. A Huber ring is a topological ring A for which there exists an open subring Ag of A
that is adic with respect to a finitely generated ideal of definition I.

For the definition of an adic ring, see A.10. For a Huber ring A and Ag, I as in the above definition,
we call (Ag, ) a couple of definition. Morphisms of Huber rings are just morphisms of topological
rings. If a Huber ring A contains a topologically nilpotent unit @, then A is called Tate.

Example 1.9. Every discrete ring A is a Huber ring with Ag = A and I =0

Example 1.10. Any non-archimedean field K is a Huber ring with ring of definition K° and ideal of
definition (w) where W is any element of K with 0 < |w| < 1. Also the K—algebra K(T1,...,T,) (see
C.3) is a Huber ring with ring of definition the subring K°(T1,...,T,) and ideal of definition (@).

Example 1.11. A case of interest of latter example is the field of p-adic numbers Q, is a Huber ring
with ring of definition Z, and ideal of definition (p).

Definition 1.12. A morphism of Huber rings ¢ : A — B is called adic if there exist rings of definition
Ay and By of A and B respectively and an ideal of definition I of A such that ¢(Ag) C By and ¢(I)By
18 an ideal of definition of By.

Definition 1.13. A subset B of a Huber ring A is called bounded if for every neighborhood U of O
there exists a neighborhood V' of 0 such that vb € U for allv € V and b € B.

Definition 1.14. An element x of a Huber ring A is called power-bounded if the set {x™ : n > 0} is
bounded. We denote A° the set of power-bounded elements of A. A subset T of A is called power-
bounded if the set |,y T'(n) is bounded, where T'(n) = {ty---t, : t; € T}.

Note. A subset of a bounded subset is bounded, by definition.

Definition 1.15. An element x of a Huber ring A is called topologically nilpotent if the sequence x™
converges to 0. We denote A°° the set of topologically nilpotent elements of A.



Proposition 1.16. A subring Ay of a Huber ring A is a ring of definition if and only if it is open
and bounded.

Proof. Assume first that A9 C A is a ring of definition and let I be a finitely generated ideal of Aj.
By definition, Ag is open. To show that it is bounded, it is enough to show that for every n there
exists a neighborhood V of 0 in A such that V' - Ag C I"™. For that, it is enough to choose V = I".

Assume now that Ay is an open and bounded subring of A. Let U be a subset of A such that (U"),en
is a fundamental system of neighborhoods of 0 in A and let 7" be a finite subset of U such that
T-U = U? C U (take for example U to be equal to some ideal of definition of A and T a finite system
of generators of this ideal). Since (U"),en is a fundamental system of neighborhoods of 0 and 7" C U,
there exists k such that T'(k) C Ap. Let I = T(k) - Ag. We will show that (I"),en is a fundamental
system of neighborhoods of 0. Let [ be such that U' C Ag. Then I" = T(nk)-Ag D T(nk)-U' = UH"F,
Therefore since U™™F is a neighborhood of 0, it follows that I™ is a neighborhood of 0. Now let V'
be a neighborhood of 0. Since Ay is assumed to be bounded, there exists a neighborhood Y of 0 with
Y - Ay C V. Let m be such that U™ C V. Then U™ -Ag C V and so I"™ C V. Now since [ is a finitely
generated of Ag, the result follows. O

Corollary 1.17. Let A be a Huber ring. Then A° is the union of all rings of definition of A. In
particular, A° is open.

Proof. Let Ap be a ring of definition of A. Since A is bounded, for every x € Aj the set {z" : n > 0}
is bounded as a subset of Ag. Therefore x € A° and so Ay C A°. Let now x € A°. We need to show
that = belongs in some ring of definition of A. We have that {z" : n > 0} is bounded. Let Ay be some
ring of definition of A. Then Ag - {z™ : n > 0} is open and bounded and thus a ring of definition that
contains x. O

Proposition 1.18. Let A be a Huber ring. Then A°° is the union of all ideals of definition. In
particular A% is open.

Proof. We need to show that f € A is topologically nilpotent if and only if it belongs in some ideal of
definition. We may assume that A is adic (this will be visible by the end of the proof). If f € I for
some ideal of definition I, then since I" form a fundamental system of neighborhoods of 0, we have
that f € A%. Conversely assume that f € A°. Let I be an ideal of definition. There exists n such
that ™ € I. Let J =1+ xA. Then J is an open ideal of A and I C J, J" C I and so J is an ideal of
definition of A that contains x, as we wished. O

Proposition 1.19. Let A be a Huber ring with couple of definition (Ao, I). Consider @A/I" as a
group with the inverse limit topology. There is a ring structure on l'glA/I" making the natural map
it A— yLnA/I" a ring homomorphism.

To prove the above, we first note the following

Notf; The group homomorphisms Ag/I™ — A/I™ give rise to an injective group homomorphism
j: Ay — h&lA/I”. It is easy to see that an element x = (z1 + I, 79+ I%,...) € A/I" is an image/o\f
4 if and only if z1 € Ag. Thus the quotient of (Ag 4+ I, A + I?, A+ IA3, ...)in @A/I“ is equal to Ag
and is also open. As a final note, we see that every element z of A can be written as x = y + i(a)

for some y € ;1\0 and some a € A. Indeed, if 2 = (z1 + I, 22 + I?%,...), then it is enough to take
y= (0,50 —x1 + 1%, 23—+ I,...) and a = 1.

Proof. For every a € A there exists ¢ > 0 such that a-1¢ C Ag. Therefore for alln > 1, a-I""¢ C I". Let
x = (z1+1,29+1?,...) be an element of lim A/I"™. We consider y = (ax¢y1+1, axeio+12,...) which is
an element of lim A/I™ from the above relation. We define z-i(a) to be equal to y. Now let z; and x2 be
two elements of lim A/I™. From the note, we can write z1 and 2 as y1+i(a;) and y2+i(az) respectively,
for some 1, y2 € A and some ay, as € A. We define 21 - 75 = y1-y2+y1-i(az) +y2-i(ar) +i(ar) -i(ag).
It follows immediately that ¢ is a ring homomorphism. O



We denote A the topological group l&lA/ I™ together with the ring structure of the above propo-
sition and call it the completion of A.

Note. In the proof we defined the product z - i(a) by making a choice on the presentation of z as a
sum of some element of ;1?) and some element in the image of i. Moreover we defined z1 - x2 by making
a choice on the presentation of x1 and zs as sums of some elements of ;lB and some elements of the
image of . Strictly speaking one should check that the definitions are independent of the choices we
make. This is standard (and tedious in this case).

Note. From the way we defined multiplication in @A/ I™ it follows immediately that j : ;l\o — Ais
a ring homomorphism.

Note. For a Huber ring A, L m A/I" is the completion of A viewed as a topological group. Therefore

since we defined a multiplication in 1&1.4/ I™ that respects the topology and the morphism i : A — A
the completion of A is the completion in the sense of topological rings.

Proposition 1.20. The completion of a Huber ring A is a Huber ring.

Proof. As we have shown already, Ao is an open subring of A. Moreover A(] is adic with ideal of
definition [ AO which is finitely generated. Thus A is a Huber ring with couple of definition (Ao, 1 Ag)
O

Proposition 1.21. Let A be a Huber ring with couple of definition (Ao, I). Then A= 1/45 ®a, A.

Proof. Consider the following diagram

T\ i

Ay ®4, A

A

Given a € g, we may write it as a sum i(a) + ao for some a € A and ag € ;15. Then we define

h:A— A ®4a, A given by h(i(a) + ag) = f(a) + g(ag). h is easily seen to be well defined (i.e

independent of the presentation we choose for a). We note from the definition that i has the following

properties:

i) h is additive

i) f=hoi

iii) g = h| T

From this and the way we defined A, it follows that joh = id 3 and hoj(z) = z for all x € f(A) Ug(?l\g).

Therefore if we show that h is a ring homomorphism then it will follow that h o j is the identity on

ZXB ®4, A and so j will be an isomoprhism. For this, it is enough to find a topology on ;l\() ®4, A that

makes it into a topological ring such that f and h are continuous. This is done by considering the

topology on ;17) ®4, A for which g is a topological embedding. For the remaining details see [Hub93b].
O

Definition 1.22. A subring A" C A is called a ring of integral elements if it is open in A, integrally
closed in A and contained in A°.

In the following theorem, the ”usual bijection” refers to the bijection between the open subgroups
of A and the open subgroups of A (see A.8).

Proposition 1.23. Leti: A — A be the completion of a Huber ring A. Then
i) Ao = A°
it) if G and H are open subgroups of A and A respectively that correspond to each other under the



usual bijection, then G is a ring of definition of A of and only if H is a ring of definition of A.

i11) If G and H are open subgroups of A and A respectively that correspond to each other under the
usual bijection, then G is a ring of integral elements of A if and only if H is a ring of integral elements
of H.

Proof. 1) Since open subgroups of A correspond bijectively to open subgroups of A and since the
topologies on A and A are generated by open subgroups, F C A is bounded if and only if i(F) is
bounded. Therefore, i_l(/Al") C A° and so A° C A°. On the other hand we have i(A°) C A° C Ao,
Since i(A°) is dense in Ao it follows that A° is dense in A°. But A° is open in A and so it is closed
and therefore 4° = Ao,

i) First of all i(G) is dense in H and therefore since i(A) is a subring of A, G is a subring of A if and
only if H is a subring of A Tt is enough to show that G is bounded if and only if H is bounded. If
i(G) is bounded, then so is G and so if H is bounded then so is G. Assume now that G is bounded.
Then i(G) is bounded and so we can find n such that I™ C H where [ is an ideal of definition of A
Then H = i(G) + I" since i(G) is dense in H and therefore H is bounded.

iii) As in ii), G is a subring of A if and only if H is a subring of A. Moreover, G C A? if and
only if H C Ae. Therefore, we need to show that G is an integrally closed open subring of A
if and only if H is an integrally closed open subring of A. Assume first that G is an integrally
closed open subring of A. let = € A be integral over H. Then z" + a1z + --- 4+ a, = 0 for some
a; € H. Since H is an open neighborhood of A, there exist 2/ € A and ay,...,al, € G such that
r—i(2') € H and (2" +a12™" '+ +ay,) — (i(2))" +a}i(2")" 1 +---+i(a),)) € H. Hence it follows
that 2" + a2 1 +...+al, € G which implies that 2’ € G since G is integrally closed in A. Therefore
i(z/) € H and so = (z —i(a)) +i(2’) € H which means that H is integrally closed in A. If on the
other hand H is integrally closed in Aandz € Ais integral over G, then i(x) is integral over H and
so i(x) € H which implies that x € G which means that G is integrally closed in A. Ul

Definition 1.24. A pair (A, AT) where A is a Huber ring and A" a ring of definition is called a Huber
pair. A morphism (A, AY) — (B, B") of Huber pairs is a morphism of topological rings ¢ : A — B
with $(A") C B*. Moreover ¢ is said to be adic if ¢ : A — B is adic.

The following follows directly from proposition 1.23.

Corollary 1.25. For a Huber pair (A, AT), the ring A+ isa ring of integral elements ofA\ and thus
(A, AT) is a Huber pair. We call (A, At) the completion of (A, AT).

—

Remark. There is a natural morphism of Huber rings i : (A, AT) — (E, A*) induced by the morphism
i: A — A, which is adic.

Definition 1.26. Let (A, AT) be a Huber pair and I an ideal of A. Then we define (A, AT)/I to be
the Huber pair (A/I, AT /(AT N 1)) where A/I is endowed with the quotient topology.

1.3 Adic spectrum and Rational Subsets

Let z be an equivalence class of valuations on a ring A and let f € A. We write |f(z)| for |f| where
| - | is some valuation in the class z. We only care about the inequalities valuations impose and not
about the actual values, so any two choices in the same class will not affect the definitions. We will
not always use this notation (especially in proofs where this would make things more confusing) and
in this case we will write x(f) instead. The latter point about working with equivalence classes of
valuations is already visible in the following definition.

Definition 1.27. Let A be a commutative ring. We consider the set Spv(A) of equivalence classes of
valuations on A with the topology generated by the sets of the form

U(ifl’“g"f") = {z € Spv(A) : [fi(z)| < |g(x)| # O for all i}

and call it the valuation spectrum of A.



Example 1.28. Ostrowski’s theorem states that on Q, every absolute value is equivalent to the real
absolute value or some p-adic absolute value (and those are valuations). Using that, one can prove
that Spv(Q) and Spec(Z) are isomorphic topological spaces.

Proposition 1.29. Spvu(A) is spectral and its boolean algebra of constructible subsets is generated by
the sets of the form {x € Spv(A) : |a(x)| < |b(x)|} for the different a,b € A.

Proof. Let u be a valuation on A. Then u defines a binary relation |, on A by al,b if and only if
u(a) > u(a). Note that two valuations on A are equivalent if and only if |,, = |4,. Therefore we
can define a map ¢ : Spv(A) — P(A x A) given by x + |, where u is any valuation in the class z.
Note that this is injective. We consider P(A x A) as the topological space {0,1}4*4 where {0,1} is
endowed with the discrete topology. It is standard to check that the image of ¢ in P(A x A) is the
set of all relations | such that for all a,b € A

1) alb or bla

2) a|b and b|c implies that alc

3) alb and a|c implies that a|b + ¢

4) a|b implies that ac|bc for all ¢ € A

5) if aclbc and 0 fc implies that alb

6) 0 /1

Therefore it follows that the sets U (f 1"§’f ) are open and closed with respect to the topology induced

by ¢. Therefore we get that X is spectral and that the sets of the form U (%) form a basis of
quasi-compact open subsets of Spv(A). O

Definition 1.30. Let A be a commutative ring. We consider the set Cont(A) of equivalence classes
of continuous valuations on A with the topology generated by the sets of the form

Ucont(£2202) = {a € Cont(A) : | fi(x)| < |g(x)] # 0 for all i}

and call it the continuous spectrum of A.

Note. Cont(A) can be viewed as a subspace of Spv(A).

We have the following important theorem

Theorem 1.31. For every Huber ring A, Cont(A) is spectral and the subsets of the form

Ucom(fl"'g%f") ={x € Cont(A) : |fi(x)] < |g(x)| # 0 for all i}

with A% C \/(f1,.--, fn) form a basis of quasi-compact subsets of Cont(A).

Proof. For every ideal I of A such that Spec(A) — V(I) is quasi-compact (this is equivalent to saying
that there exists a finitely generated ideal .J of A such that v/T = v/.J) and every valuation z € Spv(A),
we define ¢, (I) to be equal to cl'y if (1) Ncly # (. Otherwise, we define ¢I',(I) to be equal to
the greatest convex subgroup of I'; such that x(a) is cofinal for all @ € I (meaning that for all h € H
there is n € N such that xz(a)"™ < h). Note that groups as the latter exist, so we may consider the
greatest one: for example, if T is a finite set of generators of I, we consider the convex subgroup of
Iy generated by max{z(t) : t € T}. We define

Spuv(A,I) ={x € Spv(A) : cI'x(I) =T4}
and endow it with the subspace topology induced by Spv(A). We have
i) Spv(A,J) is spectral and a basis of quasi-compact subsets is given by the sets of the form

Uy(Bsdn) = (& € Spu(A,J) : |fila)| < lg(x)| # 0 for all i}
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for which J C \/(f1,.--, fn)-

We note that z(I) N H # ( if and only if x(v/I) N H # § for every subgroup H of I',. That is
because z(I) N H C x(v/T) N H and if 2(v/T) N H # (), then there is a € A such that z(a) € H. But
then a™ € I for some n and so z(a)" € z(I) N H.

So Spa(A,I) only depends on v/I and so since there exists a finitely generated ideal .J such that
VI = +/J, we may assume that I is finitely generated. The sets of the form U, J(f Lo Hoenn) are obviously
open as

Uy(fndoy = Spa(A, J) N U(Ledz)
and moreover UJ(%) = UJ(W). Let now 7,7’ be finite subsets of A with J C /T and
I C VT and let g,¢' € A. Then J C VTT'". Moreover we may assume that g € T and ¢’ € T" and
then

U Iy nus (L) = UJ@;/)

the topology on Spu(A, J). Of course this would be obvious if there was no restrlctlon on fi,..., fn-
For this, it is enough to show that for every = € Spv(A, J) and every open U of Spv(A) with = € U,
there exist fi,..., fn € A with J C \/(f1,..., fn) such that Uj(fl"'g%f") C U. Let U be such an open

subset. Let f1,..., fn,g € A such that x € U(flg%f”) cUu.
If T, = eIy, there exists a € A such that x(a) > z(g)~! (this follows directly from the definition of
cl'y), i.e z(ag) > 1. Then

If on the other hand I'y, # cI', and ay,...,a, are generators of .J, then there exists k£ € N such that
x(a;)* < x(g) for all i € {1,...,m} (this is because z € Spa(A, J) is equivalent to I, = zI", or z(a)
is cofinal for every a € J, which follows from the definitions). Then
z € Uy(Lodntivnttny o fitn) c 7

We now consider the map r : Spv(A) — Spv(A4, J) given by = + x|, (s). Let T'C A be finite such
that J C J and g € A. We will show that »—* (U, ( ) = U( ). From the way we defined r, it follows
that =1 (U;(L)) € U(T). Let now z € U(%) We will show that r(z) € Uy(5). 1 r(J) = {0},
then r(x) = z. If r(J) # {0} then r(x)(t) < r(z)(g) for all t € T' and so we only need to show that
r(z)(g) # 0. Assume that r(x)(g) = 0. Then r(z)(t) =0 for all t € T and so r(z)(j) =0 for all j € J
since J C VT. But z(J) N el (J) # 0 and so there is j € J with 7(x)(j) # 0 which contradicts the
assumption.

Let us now combine the above to finally prove i). Consider SpvA with its constructible topology. More-
over consider the boolean algebra of the subsets of Spv(A, J) of the form UJ(%) with J C 1/(T) and let
X be Spv(A, J) equipped with the topology generated by the latter algebra. Then r : (SpvA)cons — X
is continuous and since (SpvA)cons i quasi-compact and r surjective, X is quasi-compact. Moreover
we conclude that Spv(A,J) is spectral and all the subsets of the form U, J(%) (with the known as-
sumptions on 7T') are constructible. Moreover r is spectral.

ii) Cont(A) = {x € Spv(A4, A% - A) : for all a € A, |a(x)| < 1}
Let x € Cont(A). Then for z € A% and every v € I'; there is n such that z(a)” < v, i.e z(a)

is cofinal in I'y. This implies that z(a) < 1 and I'y = 'z (A% - A).
Let now = € Spu(A, A% - A) : for all a € A, z(a) < 1}. We first prove that z(a) is cofinal in I',, for
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all a € A, If Iy, # cI';, then we already know it. If ', = cI'y, fix a € A and v € I';,. There is t such
that () # 0 and x(t)~! < v. Moreover there is n such that ta® € A° and then z(ta™) < 1 which
implies that z(a)™ < . Let U be an open subset of A such that (U"),en forms a fundamental system
of neighborhoods of 0 in A and T a finite subset of U such that T'- U = U? C U. Since U C A%, we
have z(u) < 1 for all w € U. For a given v € T',, there exists n such that (maz{x(t),t € T})" < v
and so for every a € T" - U = U™*! we have x(a) < ~. This implies that x is continuous.

iii) Put J = A% - A. Then

Cont(A) = Spv(A, J) — Uye a0 UJ(%)
and so Cont(A) is a closed subset of Spa(A, J)

By combining all the above the result follows. Note that for an ideal J of A we have A% C V/J if
and only if J is open. That is because if J is open, then for a € A°° ,a™ € J for n large enough and
so a € v/ J. If on the other hand A% C +/J and (A, I) is a couple of definition of A, then I C A%
and so I C v/J. Hence, if I = (a1,...,ax) for some a; € Ag, there is N such that ajlv, .. .,a,iv € J and
so I* c J. Therefore J is open. Using this, we see that the requirement on fi,..., f, is that they
generate an open ideal. O

Let (A, AT) be a Huber pair.

Definition 1.32. We define Spa(A, A™) to be the set of equivalence classes of continuous valuations
|| on A such that |AT| < 1 with the topology generated by the sets of the form

{z € Spa(A, AT) : |f(2)] < [g(x)| # 0 for all i}

for the different elements g, f € A.

Definition 1.33. Let (A, A+) be a Huber pair and consider X = Spa(A,AT). Let s € A and
t1,...,ty € A be such that they generate an open ideal of A. We define the set

X(%) = {x € X : max|t;(x)| < |s(z)| #0 for all i}

and call such sets rational subsets of X.

Note. The intersection of any two rational subsets is rational: it is enough to show this for two rational
subsets and this comes down to showing that for finite subsets {t1,...,t,},{t},...,t,,} C A such that
(t1,-- - tn), (t1, .., t;,) are open, the ideal generated by the elements #;¢; is open. But this is true
since I¥ C (t1,...,t,) and I' C (#),...,t,,) for some k,! and therefore I**+! C (tit}).

Note. A morphism ¢ : (A, At) — (B, BT) of Huber pairs gives rise to a morphism of topological
spaces Spa(¢) : Spa(B,B") — Spa(A, A") which maps = to z o ¢. Although this is continuous,
Spa(4)~H(U) might not be rational where U is some rational subset of Spa(B, B*). This is because
of the condition that ¢1,...,t, generate an open ideal. If ¢ is adic, then this property holds.

Theorem 1.34. Spa(A, A") is spectral and the rational subsets form a basis of quasi-compact subsets
of Spa(A, A™).

Proof. Write X for Spa(A, A"). For a € AT we have

{z € Cont(A) : |a(z)| < 1 for all a € A} = Uepns (1)

which is a quasi-compact subset of Cont(A) and so is constructible. Hence

SP@(A7 A+> = ﬂaeA+ Ucont(lia)

12



which is pro-constructible. Therefore since Cont(A) is spectral, it follows that Spa(A, AT) is spectral
and the inclusion Spa(A, A*) — Cont(A) is spectral. Now since

X (Dl = X (Vs (L)

the result follows. O

Lemma 1.35. Let A be a Huber ring and T a subset of A such that the elements of T' generate an
open ideal of A. Then for every n € N and every neighborhood V of 0 in A, the set T" -V is open.

Proof. Since T - A is open it follows that 7™ - A = (T - A)™ is open. Consider a finite subset U of A
and a finite subset S of of U such that (U™),en is a fundamental system of neighborhoods of 0 in A,
S.-U=U?CUandU CT"-A. We have seen earlier that such U, S exist. Let R be a finite subset
of A such that S C T™- R and k € N such that R-U* C V. From the above relations it follows that
Ukt T .V and so the result follows. O

Proposition 1.36. The natural morphism i : (A, AT) — (//l\, A\“L) induces an isomorphism of topolog-
ical spaces Spa(A, AT) — Spa(A, AT) and U C Spa(A, A") is rational if and only if Spa(i)~Y(U) is

rational.

The following 3 lemmata are the key components to the proof of the latter. Those are mostly
valuation-theoretic, but of great independent interest (especially the last 2) and so we proceed to
prove them.

Lemma 1.37. Let A be a Huber ring and i : A — A its completion. The induced map Cont(g) —
Cont(A) is bijective.

Proof. Let F be a Cuachy filter on A and let |-|: A — I'U {0} be a valuation on A. We claim that
one of the following is true:

i) for every v € T there is F' € F such that |a| < for all a € F

ii) there is F' € F such that |- | is constant on F.

Indeed, if i) does not hold, then there exists 9 € I' such that for every F' € F, there is a € F with
la| > 0. The set {a € A : |a| < v} is an open neighborhood of 0 and since F is Cauchy, there exists
F € F such that |a — b| < vy for all a,b € F. Let ag € F be such that |ag| > 7. Then for all a € F
we have |a — ag| < g < |ap| and so from the strong triangle inequality it follows that |a| = |ag]|, so ii)
follows.

We resume the proof. Since i(A) is dense in A;, every continuous valuation on A is completely deter-
mined by its restriction to ¢(A) and so Cont(A) — Cont(A) is injective.

Let now |- | : A — T'U {0} be a continuous valuation on A and let a € keri and F be the filter of
neighborhoods of a in A ,which is Cauchy. If | - | satisfies the condition i) as above, then |a| < v for
every v € I and so |a| = 0. If it satisfies condition ii) then there is F' € F such that | - | is constant
on F. But a € F and 0 € F and so |a|] = |0] = 0. In any case we have that |a| = 0 and so it follows

that | - | factors through i(A) and so we may assume that i is injective.
Let a € A and consider a Cauchy filter F on A that converges to a. If F satisfies condition i), then
we set |a|" = 0. If it satisfies condition ii) then consider F' € F such that |- | is constant on F and

set |a| = [b| for any b € F. It is straightforward to check the resulting map |- | : A — T'U {0} is
a valuation and is independent of the choices made. In fact |- |’ is continuous as for every v € T,
{a € A |a|] <~} is an open subgroup of A and by definition of | - ', its closure in A is contained in

{a € A :]a]' <~} which implies that the latter is open. Therefore Cont(A) — Cont(A) is surjective
and the result follows. O

Lemma 1.38. Let A be a complete Huber ring and ti,. .., t,,s € A such that (t1,...,t,) is an open
ideal of A. There exists a neighborhood U of 0 in A such that for all s € s+ Uty € t1 + U,...,t), €

tn + U, (t),...,t,) is an open ideal of A and X (H=otn) = X(M)

s

13



Proof. We write I for the ideal generated by ti,...,t,. Let Ag be a ring of definition of A. Let
T1y-.-yTm € AgNI such that J = (ry,...,ry) is an open ideal of Ag. By [Bou72] III 2.10 cor. 3, there
is an open neighborhood V of 0 in Ay such that for all 7} € ri +V,....rl, €rp+V, J = (r},...,70,).
Therefore there exists an open neighborhood U’ of 0 in A such that (¢|,...,t,) is open in A for all
teti+U,.. .t ety +U.

For every ¢ € {0,1,...,n} we consider the rational subset R; = X (Stltitn) where by convention
to = s. Every R; is quasi-compact and for every x € R;, x(t;) # 0. Therefore by lemma 1.39, there
exists a neighborhood U” of 0 in A such that x(u) < z(t;) for every u € U” Jevery i and every x 6 R
We consider U = U'NU"NA and we will show that it has the desired property. Let t| € t1+U, ...t €

tn+U,s €s+U. Let v € X(“4=tn). Since t] —t; € U”, it follows that x(t; — ¢;) < z(s) and so
z(t)) = z(t; + (8, — t;)) < max{z(t;), z(t, — t;)} < z(s) = z(s)

Therefore X(tl’ uln ) X (Ain 1’ ot )

Let now = € Spa(A, A1) such that = ¢ X (4=2n) We will show that = ¢ x(* L ") If m( ;) =0 for
all 7, then supp(z) is open, as it contams I Wthh is open. Therefore s’ — s € supp( ), as s —s € A%
and so s’ € supp(z). Therefore s’ € X( 1’ 7 ”) If now z(t;) # 0 for some 4, then we may choose t; such
that z(t;) is maximal among x(s), (tn), ..., z(t,). Then x(tg) < x(t;) since otherwise z € X ({rnin s’t").
Moreover note that € R; and since t; —t; € U”, it follows that x(t; —t;) < x(t;) for all i. Therefore
it follows that

z(ty) = x(to + t — to) < maz{z(to), z(t, — to)} < z(t;) = x(t;)

Therefore = ¢ X (tllsi,t;’) O

Lemma 1.39. Le (A, A") be a Huber pair, Y a quasi-compact subset of Spa(A, A") and s € A such
that x(s) # 0 for all x € Y. There exists a neighborhood U of 0 in A such that x(u) < x(s) for every
uecUandx €Y.

Proof. Let T be a finite subset of A° such that T - A° is open. For every n € N we consider
Y, = {z € Spa(A, A") : z(t) < z(s) # 0 for all t € T™} that is open in Spa(A, A™). Moreover, as
T C A%, it follows that for every z € Y, x € Y,, for some n large enough, so Y C |J,,, Y. Therefore as
Y is quasi-compact, Y C Y, for some m. Put U =T"™ - A° which satisfies the property we wish. [

Proof. (of proposition 1.36) We use lemmata 1.37,1.38,1.39. First of all i : A — A gives rise to a bi-
jection Cont(A) — Cont(A). Therefore by the definition of the adic spectrum, it follows directly that
Spa(i) : Spa(A, AT) — Spa(A, AT) is bijective. Let X (4=tn) be a rational subset of Spa(A, A™).
The ideal generated by i(¢1),...,i(t,) is open and we have

Spa(i)~ (U (Bt)) = X (Mkestlta)

Therefore the inverse image of a rational subset is rational and so Spa(i) is continuous. Hence Spa(7)
is an 1somorphlsm of topological spaces. We shall now prove that the image of a rational subset of
Spa(A, AT ) is a rational subset of Spa(A, AT). Since i(A) is dense in A, it follows that every rational
subset of Spa(A, A+) is of the form

§(t1)senesi(tn)
X5

for some t1,...,t,,s € A such that i(t1),...,i(t,) generated an open ideal. Since this is quasi-

compact and |i(s)(x)| # 0 for all x € U, it follows that there is an open neighborhood G of 0 in A

such that |i(g)(z)| < |i(s)(z)| for all ¢ € G and = € U. Therefore for any t|,...,t € G such that

(t,...,t,) is open, we have that
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X(tlv”wtnvtlp”wt{m)

S

is a rational subset and it is equal to Spa(i)(U). O

Proposition 1.40. For a complete Huber pair (A, A™)

i) Spa(A, AT) = 0 if and only if A/{0} = 0.

iW) AV ={feA:|f(z)] <1 for all z € Spa(A, A")}

iii) f € A if invertible if and only if | f(x)| # 0 for all x € Spa(A, A™).

Proof. i) Let us assume that Spa(A, At) = (). The main idea is proving that {0} is an open ideal of
Spa(A, AT). This is done, by first proving an analogous theorem for Spa(A, A™),, which is the set of
analytic points of A, i.e the set of points x for which supp(z) is not open in A. Namely, one can prove
that Spa(A, At) = () if and only if A/{0} is discrete. For a proof of this fact, see [Hub93b] Lemma
3.6 ii. Let us use that @ is open as a fact. For every prime ideal p of A, consider the valuation | - |,
on A given by |a|, = |amodp|iyri, where |- |44, is the trivial valuation on A/p. The valuations |- |, for
which {0} C supp(| - |,) are elements of Spa(A, AT). By the assumption, there should be no such p,
i.e there is no prime ideal p of A with {0} C supp(|-|,) = p. This implies that A = {0}.

ii) Let F4 denote the set of pro-constructible subsets of Cont(A). Such sets are intersections of the
form

Nacarlr € Cont(A) : x(a) < 1}

where A’ can be any subset of A. Moreover we consider the set G4 that consists of the subrings of
A that are open and integrally closed. There is a bijection between F4 and G4 mapping G € G4 to
{z € Cont(A) : z(g9) <1 for all a € G} with inverse mapping F' € F4 to {a € A : xz(a) < 1 for all
xz € F}. This fact uses heavily techniques that we used in theorem 1.31. For a proof see [Hub93b]
Lemma 3.3. This implies directly our proposition.

iii) We will first show that every maximal ideal m of A is closed and that there exists x € Spa(A, A™)
such that m = supp(x). Consider A° which is an open subring of A. Then 1 + A% is open in A and
as A is complete, 1 + A° is an open subring of the group of units of A. Therefore A* is open in A.
Assume that m is not closed. Then its closure is A, which contradicts that A\ A* is closed. Hence m
is closed. Therefore A/m is Hausdorff and

{z € Spa(A, A") : supp(x) D m} = {x € Spa(A, A1) : supp(x) = m} = Spa((A, AT)/m)

which proves our claim. Therefore since f € A is invertible if and only if it does not belong in
any maximal ideal of A, the result follows.
O

Note. Part ii) of the above proposition is often called ”adic nullstellensatz”. The assumptions on AT
that it should be open and integrally closed in A are just to ensure that we can recover A™ from A
and Spa(A, AT) while the fact that AT C A° is the crucial condition for the theory to work.

Theorem 1.41. Let U C X be a rational subset. There exists a complete Huber pair (Ox (U), 0% (U))
with a morphism of Huber pairs ¢ : (A,AT) — (Ox(U),0%(U)) such that the induced morphism
Spa(Ox(U), 0% (U)) — Spa(A, AT) factors over U and for every morphism f : (A, AY) — (B, BT)
where (B, BT) is complete such that the induced morphism Spa(¢) : Spa(B,Bt) — Spa(A, AT)
factors over U, there exists a unique morphism ¢ : (Ox (U), (’)}(U)) — (B, B") such that f =1 o ¢.

To prove this, we need the following two lemmata.

Lemma 1.42. Let A be a Huber ring with couple of definition (Ap,I), s € A and T be a finite
subset of A such that the elements of T generate an open ideal of A. We consider a group topology
on the localization A[%} such that (I" - B)pen 18 a fundamental system of neighborhoods of 0, where
B = Ao[t,t € T|. The latter is a topological ring which we denote A(L) and is independent of the
choice of the couple of definition (Ag,I).
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Proof. We first show that it is a topological ring. By lemma 1.35, T'- Ay is open in A. Therefore
I" C T - Ag for some n and so L - I" C Ag[t,t € T] which implies that for every x € A[%] and

every neighborhood U of 0 in A(%) there exists a neighborhood V' of 0 with = -V C U, so indeed
A(%) is a topological ring. With the same argument it follows easily that two couples of definition
(A1,11), (Ag, I2) on A give the same topology. O

Let (A, A1) be a Huber pair. Let s € A and T' C A be a finite such that the elements of T' generate
an open ideal. Let A(L)* be the integral closure of A*[Z] in A[1]. Then A(£)* is a ring of integral
elements of A(L). We will sometimes denote the Huber pair (A(%), A(L)T) as (A4, A7)(D).

Note. From the definition it follows that the natural morphism (A, A*) — (A(L), A(L)*) is adic.

S S

Lemma 1.43. Let s € A and {t1,...,t,} C A be such that (t1,...,t,) is open. There exists
a complete Huber pair (A(“=tn) A(Betn)®) with o morphism of Huber pairs ¢ : (A, AT) —
(A(Betn )y A(Bdny Yy gych that @(s) ds invertible in A(™=2n) and ¢(4) € A(B=tnyt for all i
and is universal for all such Huber pairs, i.e for any complete Huber pair (B, BT) with a morphism
f (A AT) = (B,B") such that f(s) in invertible in B and f(%) € BT for all i, there exists a unique

morphism g : (A(tl";’t"),A(tl"'s"t">+) — (B, B") such that f = go ¢.

Proof. The Huber pair (A(%wte) A(4=uln)t) gatisfies the same property without assuming that
(B, B") is complete. By the universal property of completions, it follows that the completion of
(A(Bzntny A(tl"'s"t”)ﬂ satisfies the desired properties. O

S

Proof. (of theorem 1.41) We set (Ox(U),0%(U)) = (A(Henbn) A(Mewtn)4) - Let (B, BY) be a
complete Huber pair with a morphism f : (A,AT) — (B,B™) such that the induced morphism
Spa(B, BT) — Spa(A, AT) factors over U. First we note that |f(s)(z)| # 0 for all z € Spa(B,B™)
and thus it follows from proposition 1.40 that f(s) in invertible in B. Moreover, |(J}((ZZ)) )(z)| <1 for all
i and for all z € Spa(A, AT) and thus it follows from proposition 1.40 that % € BT for all i. The
result follows from the universal property of (A(tl";’t">, A(Btny+y, O

In addition to theorem 1.41, we have the following

Proposition 1.44. Let (A, A") be a Huber pair and U a rational subset of Spa(A, A™1).

i) If V C U is a rational subset of Spa(A, AT), there exits a morphism of Huber pairs (Ox (U), 0% (U)) —
(Ox(V).04(V))

ii) The morphism Spa(Ox(U), O (U)) — Spa(A, AT) is a homeomorphism onto U and it induces a
bijection between the rational subsets of Spa(Ox(U), 0% (U)) and the rational subsets of Spa(A, AT)
that are contained in U.

Proof. i) follows from the universal property of (Ox (U), 0% (U))
ii) Assume that U = X (%) where T C A is a finite subset of A such that its elements generate an
open ideal. Factor the morphism (A4, AT) — (Ox(U), 0% (U)) as

(A, A%) L (AE), ALY ) & (AL, AL

S S S

As f and i are adic, it follows that ¢ o f is adic and therefore the inverse image of any ratio-
nal subset of Spa(A,A") is a rational subset of Spa(A(L), A(L)F). Since i induces an isomor-

s
phim Spa(A(L), A(T)*) — Spa(A(L), A(Y)*) mapping rational subsets to rational subsets, it is

enough to prove that Spa(f) : Spa(A(L),A(L£)*) — Spa(A,A") is a homeomorphism onto U
mapping rational subsets to rational subsets. The first claim follows from the definition of A(%)
We write Y for Spa(A(L), A(L)*) and let V = Y(%) be a rational subset of Y, for some

s s
li,...,0n,g € A(%) = A[%] By multiplying [, ¢1,...,9n by a suitable power of s, we may assume
that there exist d,ci,...,c, € A with [ = f(d) and g; = f(¢;) for all i. Since V' is quasi-compact,

there exists a neighborhood E of 0 in A such that x(f(e)) < z(l) for every e € E and x € V. Let
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D be a finite subset of E such that D - A is open in A. Then X (W) is a rational subset of
Spa(A, AT) and Spa(f)(V) = UﬂX(W) which is rational in Spa(A, A1)
UJ

Definition 1.45. We define a presheaf on X = Spa(A, AT) in the following way: If U C X is a
rational subset, then Ox (U) is an in theorem 1.42. For a general open W C X, we define

OX(W) = 1'glUcl/V,rational OX(U)

which we equip with the inverse limit topology. This is a presheaf of complete topological rings, for
obvious reasons. In the same way we define a presheaf (9}.

Note. For an open subset U of X, one can prove that O%(U) = {f € Ox(U) : |f(z)| < 1 for all
x € U}. This follows almost directly from the adic nullstellensatz in case U is a rational subset and
then follows the general case. In particular, if Ox is a sheaf, then so is O}.

Note. Ox is not always a sheaf as the following example shows. We consider A = Z[ X1, X2, X3]x, x,
and let B be the subring of A generated by Xo, X1 X5, Xleg, XTX;" X3, X{ "X, " X3 for all n € N.
We endow A with a topology such that { X2 B},cn is a fundamental system of neighborhoods of 0.
Let AT be any ring of integral elements of A. We claim that Ospa(a,a+) 1s not a sheaf. We consider
the sets U = {z € Spa(A,A") : (X;) < 1} and V = {z € Spa(A, A") : x(X;) > 1}. Let X be
the element of Ogye(a,4+)(Spa(A, A1)) given by X3. One can see that X |y = X[y = 0 while X # 0.
This was the first example of such a Huber pair in the literature. In [Mih16] and [BV15] further such
examples are given, notably, in the case of Tate Huber pairs.

Definition 1.46. A Huber pair (A, AT) is called sheafy if Ospa(a,a+) is a sheaf. A Huber ring A is
called sheafy if for every ring of integral elements A' of g, Ospa(X A) s a sheaf.

Definition 1.47. For x € X we define the ring Ox , which we call the stalk of X at the point x to
be hﬂzeU,open OX(U)

Note. In the above definition, we can replace the open subsets with rational subsets since they form
a basis for the topology on X. Therefore we have Ox , = hﬂxev,m tional Ox(V)

For a rational subset U of X and a valuation x : A — I'; U {0} we can uniquely extend z to a
continuous valuation |- |y : Ox(U) — ', U{0} (this follows from proposition 1.44). Therefore we can
define, in the only natural way, a valuation |- |, : Ox o — I'; U {0}.

Proposition 1.48. For every x € X the stalk is a local ring with mazximal ideal the support of the
valuation | - |,.

Proof. Let U C Spa(A, A") be open with x € U and consider any s € Ox(U) with |s|, # 0. For a
rational subset W C U of Spa(A, AT), the valuation | - |, can be restricted to a valuation on W that
we denote |- |w. As |s|, # 0, it follows that |s|, # 0 and thus there is a finite subset 7" of Ox (W)
such that 7' - Ox (W) is open and |t|yy < |s|w for all ¢ € T. Hence we have a rational subset Y ()
of Y = Spa(Ox(U), 0% (U)) that corresponds to some rational subset S of Spa(A4, A™) contained in
W. Since |- |w € V(L) and s € Oy (Y (£))*, it follows that s is a unit in Ox(S) and so it is a unit

in Ox ;. The result follows. O

1.4 Definition of adic spaces

Definition 1.49. We define a category (V') with objects (X, Ox, (vz)zex) where X is a topological
space, Ox is a sheaf of topological rings and v is a class of continuous valuations on Ox , for every
element x of X. Moreover we define a morphism (X, Ox, (vz)zex) = (Y, Oy, (vy)yey) between two
objects of (V') to be a morphism of the underlying topologically ringed spaces such that for every x € X
the following diagram commutes up to equivalence for all x € X
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OX,f(:E) —— OX,:):

Ly U{0} —— T, U{0}

Definition 1.50. An adic space is an object (X,Ox, (vy)zex) in the category (V) that admits a
covering by topological spaces U; such that for all i the object (U;, Ox\u,, (Va)zev;) s isomorphic to
Spa(A;, Af) for some sheafy Huber pair (A1, A;).

Note. Let us explain why adic spaces are defined in the category (V). First of all, it is clear that an adic
space should be a locally topologically ringed space, so this note is made to justify the importance of
the data of valuations on stalks. Note that we can not just work in the category of locally topologically
ringed spaces. That is because given a locally topologically ringed space X that is locally isomorphic
to adic spectra, there is no way to recover (’)} from X and Ox. But how can we do that in (V)? Let
(X, Ox, (vz)zex) be an adic space. Define O by

OF(U)={f €.0x(U) :v,(f) < lforallz € U}

This agrees with the definition of (’)} when X is affinoid, by the adic Nullstellensatz. That said, an
adic space is roughly a locally topologically ringed space but with two sheaves that is locally isomorphic
to adic spectra. This can actually be made formal and we can define adic spaces in this way. This
was clear to the author who later realised that this idea is described in [Stul7]. So let us explain this
by using the notation in [Stul7]. Define a category (V') with objects triples (X, Ox,O%) where X
is a topological space and (X, Ox), (X, O}) are locally topologically ringed spaces and (’)} C Ox.
Morphisms in (V') are defined in the obvious way. Then an adic space is an object in (V) that is
locally isomorphic to adic spectra.

Note. Adic spaces glue. Namely, given adic spaces X;, open subspaces X;; C X; and isomorphisms
Xij LZN X i with the usual properties (as in [Stal8] 26.14), then we can glue them to get an adic space
X with morphisms X; Yiy X that are isomorphisms onto open subspaces of X and X = |Jv;(X;)
(and other usual properties). This is done exactly as with schemes, with the only difference being that
for every x € X we have an equivalence class of valuations on Ox ;. This is inherited locally from the
adic spaces X; in the obvious way.

Theorem 1.51. Let ¢ : (A, AT) — (B.B%") be a morphism of Huber pairs. The induced morphism
Spa(p) : Spa(B, BT) — Spa(A, AT) of topological spaces is a morphism of adic spaces. Moreover if
(B, B") is complete, then

HO??l((A, A+)7 (B7 B+)) - Hom(Spa(B, B+)7 Spa(A, A+))
1s bijective.

Proof. Write X and Y for Spa(A, A™) and Spa(B, B™) respectively. Let U be a rational subset of Y
and V a rational subset of X such that Spa(¢)(U) C V. From the universal property of the Huber
pairs (Ox(V),0%(V)), (Oy (U), 07 (U)) it follows that ¢ gives rise to a commutative diagram

(A, A1) » (B,B™)

(0x(V),0%(V)) ———— (0y(U), 0y.(U))

18



and the morphisms (Ox (V), 0% (V)) = (Oy (U), 0y (U)) induce morphisms of sheaves of topological
rings Ox — Spa(¢).Oy and the induced morphism of rings Ox,spa(¢)(z) — Oy,z is compatible with
the valuations on the stalks. From now on we write Spa(¢) to denote the induced morphism of adic
spaces and not simply topological rings.

Assume now that (B, B") is complete. Let ¢1,¢2 : (A, AT) — (B, B™) be morphisms of Huber rings
with Spa(¢1) = Spa(pz). We get commutative diagrams

A d)l B A ¢2

B
| | |
Ox(X) — Oy(Y) Ox(X) —— Oy(Y)

and since B is complete, B — Oy (Y) is an isomorphism which implies that ¢; = ¢o. Therefore
Hom((A, A%),(B,B")) = Hom(Spa(B, BT), Spa(A, AT)) is injective.

Let now r : Y — X be a morphism of adic spaces. We will show that there exists a morphsim ¢ :
(A, A*) — (B, BY) of Huber pairs such that 7 = Spa(¢). We consider the induced morphism of Huber
pairs (Ox(X),0%(X)) — (Oy(Y),05(Y)). Since (B,BT) = (Oy(Y),07(Y)) is an isomorphism,
there exists a morphism of Huber pairs f : (A, AT) — (B.B") such that the following diagram
comimutes

(A, A1) » (B, BT)

(Ox(X), 0% (X)) ————— (Oy(Y),07(Y))

For every y € Y the induced ring homomorphism Oy ;) — Oy, is compatible with the valuations
on the stalks and thus from the commutativity of the above diagram it follows that r(y) = Spa(f)(y)
for every y € Y. Let U = U(“=:2) be a rational subset of X. Then V = r~1(U) = Spa(f)~1(U) is a
rational subset of Y. Consider the canonical ring homomorphisms A - Ox(U) and B — Oy (V) and
let a: Ox(U) = Oy(V)and b: Ox(U) — Oy (V) be the morphisms of topological rings induced by
r and Spa(f) respectively. The following diagrams commute

A—L B A—1

B
| L] |
Ox(U) —%= Oy (V) Ox(U) —2— Oy (V)

Since s is invertible in Ox(U) and A[3] is dense in Ox(U), it follows that a = b. Therefore r =
Spa(f). Hence Hom((A, AT), (B, B")) — Hom(Spa(B, B1), Spa(A, A")) is surjective and the result
follows. O

Corollary 1.52. Let X be an adic space and Spa(A, AT) an affonoid adic space. There is a natural

bijection between the morphisms of adic spaces X — Spa(A, A1) and the morphisms of Huber pairs
(4, A7) = (Ox(X), Ox (X))

Note. The morphism Spa(i) : Spa(A, AT) — Spa(A, A*) induced by i : (A4, A*) — (A, AT) is an
isomorphism in (V)
We give a few basic examples.
Example 1.53. (The Final object)
We consider Spa(Z,7) where 7 is discrete. This is the final object in the category of adic spaces as

(Z,7) with Z discrete is the initial object in the category of Huber pairs. This is because, given a
Huber pair (A, A"), consider the ring homomorphism ¢ : Z — A and since AY is a subring of A, it

19



follows that ¢(Z) C AT. Moreover as 7 is discrete, ¢ is continuous and thus there is a (necessarily
unique) morphism of Huber pairs (Z,7Z) — (A, AT).

Example 1.54. (The Adic closed unit disk over Z)

We consider Spa(Z[T], Z|T]) where Z[T] is discrete. A morphism X — Spa(Z[T],Z[T)) of adic spaces
is induced by a morphism (Z[T),Z[T]) — (Ox(X), 0% (X)) and thus by a morphism Z[T] — O%(X),
which is completely determined by the image of T (and vice versa). Therefore

Hom(X, Spa(Z[T), Z[T)) = 0% (X)

which motivates why we think of it as the closed unit disk over Z.

Example 1.55. (The Adic affine line over Z) We consider Spa(Z[T),Z) where Z[T] is discrete. A
morphism X — Spa(Z[T),Z) is induced by a morphism (Ox(X), 0% (X)) — (Z[T),Z) and every such
morphism is completely determined by the image of T in Ox(X) (and vice versa). Therefore

Hom(X, Spa(Z[T),Z) = Ox(X)

which motivates why we think of it as the affine line over Z

Example 1.56. (The Adic point) Let K be a non-archimedean field. We consider X = Spa(K, K°)
that is the adic point and its underlying set is the valuation on K.

Definition 1.57. Let K be a non-archimedean field. An adic space over K is an adic space X for
which there is a morphism X — Spa(K, K°).

Example 1.58. (Adic closed unit disk over K) Let K be a non-archimedean field. We consider
the adic space X = Spa(K(T), K°(T)). This deserves to be called the closed unit disk over K as
Hom(X, Spa(K(T), K°(T))) = O%(X)

Example 1.59. (Perfectoid Spaces) A perfectoid ring is a Huber ring that is Tate, uniform (meaning
that A° is bounded) and contains a topologically nilpotent unit @ such that @|p in A° and such that
the p-th power map A°/w — A°/wP is an isomorphism. A perfectoid space is an adic space that is
covered by affinoids Spa(Ai,AZT") where A; is perfectoid for all i.

We say that a Huber Tate ring A is strongly Noetherian Tate if
AXq,...,. X)) ={>, e X" € A[[X]] : a, = 0 as |v| = oo}

is Noetherian for all n. For example every non-archimedean field is strongly Noetherian. Moreover, we
say that a Tate Huber pair (A, A1) is stably uniform if for every rational subset U of X = Spa (A4, A™),
Ox (U) is uniform. We have the following main theorem.

Theorem 1.60. A Huber pair (A, AT) is sheafy in the following cases
i) A is discrete

it) A is strongly Noetherian Tater ring

i11) A has a Noetherian ring of definition

iv) A is perfectoid

v) (A, AT) is stably uniform.

Proof. We only prove i) and ii), as those are the cases of interest in this thesis. For iii) see [Hub94],
for iv) see [Sch1l] and for v) see [BV15]. One can also use v) to prove iv).

i) As Spa(A, AT) is isomorphic to Spa(zzl\,//l\+ ), we may assume that A is discrete. We consider

the map v : SpecA — Spa(A, AT) given by p — (A — A/p — {0,1}), where A/p — {0,1} is the
trivial valuation (i.e nonzero elements map to 1 and 0 maps to 0). Note that for a rational subset
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U(tetn) of Spa(A, A*) we have

LU (Rt2)) = {p € SpecA : s ¢ p} = D(s)
Hence it follows that Ogpea,4+) = ¥xOsgpec(a) and thus Ogpy 4, 4+) is a sheaf.

ii) For this proof we follow [Wed19]. We proceed in several steps. Write X for Spa(4, A™).

1. Let (V})jes be a covering of Spa(A, AT) by open subsets. There exists a refinement of (V;) e
of the form (X (%))teT for some finite subset 7" of A such the ideal generated by the elements of
T is A.

proof: Let z € Spa(A, AT) and consider the characteristic group cI'; of x. Moreover, con-
sider the valuation y on A given by y(a) = z(a) if x(a) € cI'y; and y(a) = 0 otherwise. Then
I'y = cI'y. Let y belong in some V;. There exists s € A and a finite subset T of A with 1 € T
such that y € X(£) C V;. We may do that for all = € Spa(A, A*) and conclude (using the
fact that Spa(A, AT) is quasi-compact) that there exist s1,...,s, € A and T1,...,T;, C A finite
subsets of A with 1 € T; such that (X(%£))i<;<, is a refinement of (V;)jc;. We may assume
that s; € T; and consider T' = {t1 -t : %Z €Ti}and S ={t1---t, : t; € T1 and t; = s; for at
least one ¢}. Then for every (t1,...,t,) € T1 X ---T,, we have

X5 =nx(L)

where t = t1 - - - t,,. Moreover for every 1 < ¢ < n we have

t

Spa(A, AT) = Uer, X (%)
and so
Spa(A, A7) = U,es X(£)

Hence from the above it follows that X (L) = X (£) for every s € S and X (%) is contained in
some X(%) for every s € S. Therefore for every s € S, X(%) is contained in some V;. We
are left to show that (X(2)),es is a covering of Spa(A, A1). We first note that the condition

that T generates A is equsivalent to saying that for every x € Spa(A, AT) there is t € T with
|t(z)| # 0. Indeed if the ideal generated by T' is contained in some maximal ideal, then there
exists € Spa(A, A1) with [t(z)] = 0 for all ¢ € T. Conversely, if T generates A, then there
exist ay,...,a, € A such that > a;t; = 1 and so if x € Spa(A, A1) is such that |t;(z)| = 0 for all
i, it will follow that 1 < maz(|t;||a;|) = 0. Therefore ,back in our case, given z € Spa(A, AT),
consider s, € S such that |s,(z)| = maz{|s(x)|,x € X}. Then x € X(%)

We note at this point, that from 1 and the results in the appendix on Cech cohomology, it is
enough to show that covers of Spa(A, A*) of the form (X (%))er (where T is finite and generates A)
are Ox-acyclic.

2. Let A be a complete Noetherian Tate ring and M a finitely generated A-module. There exists
a unique topology on M that makes it a Hausdorff complete topological A-module having a
countable fundamental system of neighborhoods of 0. Moreover, if f : M — N is an A-linear
map where M, N are finitely generated modules endowed with the latter topology, then f is
continuous and open onto its image. A proof of this is very similar to the case of Banach spaces.
See [Henl14].
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From now on A denotes a strongly Noetherian Tate ring. Moreover every finitely generated A-
module M is endowed with the topology as in 2, which we call the natural topology on M. Let M
a finitely generated A-module endowed with its natural topology. We denote by M(X) the A(X)-
submodule of M[[X]] of elements f =) -,m, X" such that for every neighborhood U of 0 in M we
have m, € U for almost all v. -

3. For every finitely generated A-module M with its natural topology, the morphism
M ®4 A(X) - M(X)

given by m ® a — ma is an isomorphism of A(X)-modules.

4. For every f € A, A(X)/(f — X) and A(X)/(1 — fX) are flat over A.

proof: First we note that A(X) is flat over A. This is because for any injective homomorphism
i: M — N of finitely generated A-modules, the induced homomorphism

i®idgxy: M @4 A(X) = N ®a A(X)

is injective (from 3). Let g € A(X) be such that for every finitely generated A-module M, the
multiplication by ¢ morphism M (X) — M (X) is injective. We will show that A(X)/(g) is flat
over A. Consider the sequence

0— A(X) 25 AX) B A(X)/(g) = 0

where uy is the multiplication by g morphism. This is exact. Write B for A(X)/(g). To
show that this is flat over A, it is enough to show that Tor{!(M, B) = 0 for every finitely gener-
ated A-module M. The above exact sequence gives rise to a long exact sequence

- Tord (M, A(X)) — Tor{ (M, A(X)) — Tory' (M, B)

Tor{(M,A(X)) —— Tord(M, A(X)) — Tori{(M, B)

AXY oA M — 5 AX)@aM ———— AQa M ——— 0

where w, = idy ®4 ug. As Tor{!(M, A(X)) = 0, it is enough to show that w, is injective. But
by using what we proved for M (X), we see that wg is the homomorphism M (X) — M (X) given
by multiplication by g, which proves our claim. Now for g = f — X or g =1 — fX, it is easy to
see the multiplication by g morphism M (X) — M(X) is injective and so the result follows.

5. Let U CV C X be two rational subsets. Then Ox (V) — Ox(U) is flat.

proof: From the construction of the presheaf Ox it can be seen that Ox (V) is a strongly
Noetherian Tate ring. Therefore we may assume that X = V and that A is complete. We may
also assume that U is of the form {z € X : [f(z)| <1} or {x € X : |f(z)| > 1}. To prove the
latter claim, let U = X(%) for some fi,..., fn,g9 € A. Since |g(z)| # 0 for all z € U, there
exists an open neighborhood U’ of 0 in A such that for all ' € U, |v/(x)| < |g(z)|]. As A is
assumed to be Tate, we may find a unit u € U’. Consider the set

Xo = {x € Spa(A, A7) : |4(2)| > 1}
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and define inductively
Xi={z e Xi:|L@) <1}

and obtain a sequence of rational subsets Spa(A,AT) D> XD --- 2 X, =U.
7f

Therefore as we may assume U to be either equal to X(l1 ) or X(%), it is enough to show

that (’)X(X(¥)) and OX(X(%)) are flat over Ox(X) = A. A simple computation using the
definition shows that the latter are equal to A(X)/(1 — fX) and A(X)/(f — X), so by 4 the
result follows.

6. Let fe Aandlet Uy = {z € X : |f(x)] <1} and Uy = {z € X : |f(x)] > 1}. Moreover let
Y :Ox(X) — Ox(Uy) and ¢ : Ox(X) — Ox(Usz) be the restriction morphisms. Then

0= Ox(X) 22% O (U) @ Ox(Us) L5 Ox (U1 N Us) — 0
is exact.

proof: For simplicity we write € for ¢ @®¢ and ¢ for p—¢. Asin 5, we have Ox (Uy) = A(()/(f—(),
Ox(Uy) = A(n)/(1—fn), Ox (U1 NU2) = A{¢, (1) /(f —¢). Consider the following commutative

diagram
0 0

(f = QAQ) & (1= f)Aln) —>— (f = QALY ———0

0 A z . A() é“A<n> ) > A<C,V2‘1> ———0

0 A c y Ox(Uy) e;@X(Ug) 0 > (’)X(Ull; U)) ——— 0
0 0

where 7 is the natural morphism, X is given by (g(¢), h(¢)) = g(¢) —h(¢™1) and ) is induced by
A. The columns are exact. Moreover, € is faithfully flat and so is injective. By diagram chasing,
if the first two rows are exact then so is the third. We have that

) =A{Q) + CTTACTY)
(f = QA + (1 = fFCHAKCT)

—_

A<C7 C_
(f = QA ¢

which imply that A and X are surjective. Moreover

> k0 @RS = D im0 Ok = A im0 arCF Yo pso brn™) = 0

if and only if ag, b = 0 for all £ # 0 and ag = by. This happens exactly when

(X k>0 arcF, > k>0 bn®) € impu

and so kerA = impu and the result follows.

We are finally ready to prove the last step. So far, we have managed to prove that the covering

of X by X (1’1f ), X (%) is Ox-acyclic. Moreover, as we noted early in the proof, it is enough to prove

that every covering of the form (X (%))teT where T' C A is finite that generates A is Ox-acyclic. The
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idea is to prove the latter, by reducing it to the case of X ( 1,1f ), X (%) Once one knows the properties

of Cech cohomology that we discuss in the appendix, this becomes simple. We prove it below

7. Let U be a cover of X consisting of rational subsets of the form X (%) where T is a finite subset
of A that generates A and t € T. Then U is Ox-acyclic.

proof: Let us write Uy for the covering of X by X (lif ) and X (%) Moreover, let us call a

cover of the form (X (%))teT a rational cover generated by 7. With induction, it follows that
covers of the form V = Uy, x- - -xUy, are Ox-acyclic. Such a cover is called a Laurent cover gener-
ated by fi,..., fn. Note that it is also a rational cover generated by {[[;c; fj,/ C {1,...,n}}.
tUv =X (%) is a rational subset of X, then V|y is a Laurent cover of X generated by the
Jyus -+, fau where f;y is the image of f; under the homomorphism A — A(%) Let now U
be a rational cover generated by T' = {fi,..., fn}. Then for all x € X there is f; such that
|fi(z)| # 0 and so there is a unit s € S* such that z(s) < z(f;) for all . Consider the Laurent
cover generated by s~ fi,...,s 1 f,. The latter has the property that it is a Laurent cover
(Vj)jes of X such that Uy, is a rational cover generated by the units of Ox(V;) for all j € J.
Now every rational cover U of X which is generated by units fi,..., f, has a refinement by a
Laurent cover, as we may simply consider the Laurent cover generated by f; fj_l. Moreover by
the above, it follows that restrictions of rational covers generated by units to rational subsets
are Ox-acyclic. By combining the above, the result follows.

O

Remark. For every adic space X as in the above theorem, we have H'(X,Ox) = 0 for all i > 1. In the
case of strongly Noetherian Tate rings, this is easy to see by the results in Cech cohomology discussed
in the appendix and the above proof. In [KL15] it is proved that if (A4, A™) is a complete analytic
(meaning that Spa(A, A1) is analytic) sheafy Huber pair, then H'(Spa(A, A"), Ogpa(a,a+)) = 0 for
all 2 > 1.

Note. The case ii) of theorem 1.60 is essentially Tate’s acyclicity theorem. This will become more
apparent in section 2.2.

1.5 Morphisms of finite type and Fiber Products

Definition 1.61. Let A be a Huber ring and let My, ..., M, be finite subsets of A such that M; - A is
open for all i. We define

AX)m = A(X1, - Xy, =

>, a X" e A[[X1,...,Xn)] : for every neighborhood U of 0 in A,
ay ¢ M{*--- MY -U for only finitely many v}

We equip A(X)nr with a topology such that for the neighborhoods U of 0 in g, the sets Uixy =

D, a X e AX)may, € M --- M} -U for every v} form a fundamental system of neighborhoods
of 0 in A(X ). This gives a topological ring which is complete.

Proposition 1.62. A(X)s is a Huber ring with ring of definition
{5, aX” € AX)p:ay € M --- MY - Ag for every v}
and ideal of definition

{3, aX? € A X))y ay € M- MY - I for every v}
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and the natural ring homomorphism h : A — A(X)nr is continuous. Moreover, h(m)X; is power-
bounded for all m € M; and all i and every morphism of topological rings A — B where B is a
complete non-archimedean topological ring such that f(m)b; is power bounded for all m € M; and all
i for some elements by,...,b, € B, factors in the following way

A f

A(X1, - X)),y
for some morphism of topological rings g : A(X)yr — B with g(X;) = b; for all i.

Definition 1.63. A morphism f : A — B between Huber rings where B is complete is called topo-
logically of finite type if there exist finite subsets My, ..., M, of A where M; - A is open for all i such
that there exists a surjective and open morphism of topological rings g : A(X )y — B with f = go h.
In case My, ..., M, = {1}, we say that ¢ is strictly topologically of finite type.

Let now (A4, A*) be a Huber pair and Mj, ..., M, be finite subsets of A such that M; - A is open
for all 7. Consider

B={) a,X"cAX)py:a, € MV - A* for every v}

This is a subring of A(X)js and its integral closure in A(X)s ,that we denote by C, is a ring of
integral elements of A(X);. We denote the Huber pair (A(X)ys, C) by (A, AT)(X) . Tt satisfies the
following universal property

Proposition 1.64. Let h: (A, AT) — (A, AT)(X) s be the natural morphism of Huber pairs. Then
h(m)X; € C for every m € M; and every i. Moreover if f : (A, AT) — (B, B™) is a morphism of
Huber pairs where B is complete, such that f(m)b; € BT for every m € M; and every i, for some
bi,...,by € B, then f factors in the following way

(A, AT) ! s (B, BY)

x} /

(A, AT Xy, Xy,

for some morphism of Huber pairs g : (A, AT (X)) — (B, BT) with g(X1) = b;.

We may replace A be any non-archimedean topological ring and define A(X),s in the same way.
This will have the exact same properties as in the above propositions. Also, given a non-archimedean
ring A and finite subsets My, ..., M,, as above, we can consider E[Xl, ..., X,] with a topology such
that for the neighborhoods U of 0 in fT, the sets

Ux) = {5, aX? € A[X1,..., Xp] cay € MY - M- U}

form a fundamental system of neighborhoods of 0 in A\[X |. This gives a topological ring which we
denote by A[X]y. In the same way, one can define (A, AT)[X]y;. Moreover, if A is a Huber ring,
then A[X])ys is a Huber ring with ring of definition

{3, e X" € AlX|piay, € MY - Ag}
and ideal of definition

{3, a X" e AlX]y:a, € MV - T}
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where (A, I) is a pair of definition of A. To prove propositions 1.62 and 1.64 one can proceed in the
following way: First prove the exact analogous statements for A[X]y and (A4, A")[X]ys, without the
completeness assumptions in the universal property. Then, prove that A(X)jys is the completion of
A[X]pr. By using the universal property of completions, everything will follow.

Definition 1.65. A morphism ¢ : (B, B") — (C,C™) of Huber pairs is called a quotient mapping if
¢ : B — C is surjective, open and CT is the integral closure of $(BT) in C.

Definition 1.66. A morphism ¢ : (A, AT) — (B, B") of Huber pairs where (B, B") is complete
1s called topologically of finite type if there exist finite subsets My, ..., M, of A such that M; - A is
open for all i and a quotient mapping g : (A, AT)(X)ar — (B, BT) such that the following diagram
commutes

(4, A1) —2 4 (B, BY)

gl /

(A, AT){
If My, ..., M, = {1}, we say that ¢ is strictly topologically of finite type.

We shall first present the following propositions. For a proof of 1.67, see [Lud20] 2.2. The hard
part is to show that ¢i) implies i7i) which uses proposition 1.21. The proof of 1.68 is similar.

Proposition 1.67. Let A be a Huber ring, B a complete Huber ring and ¢ : A — B a morphism of
Huber rings. The following are equivalent

i) ¢ is topologically of finite type.

i1) The exist rings of definition Ag C A and By C B such that By is an Ag-algebra strictly topologically
of finite type and B is finitely generated over A - By.

i11) Given an open subring Ay C A, there exists an open subring By C B with ¢(Ag) C By such that
By is an Ag-algebra strictly topologically of finite type and B is finitely generated over A - By.

Proposition 1.68. Let A be a Huber ring, B a complete Huber ring and ¢ : A — B a morphism of
Huber rings. The following are equivalent

i) ¢ 1is strictly topologically of finite type

it) There exist ring of definitions Ay C A and By C B with ¢(Ag) C By such that By is an Ag-algebra
strictly topologically of finite type and B = A - By

iii) For every open subring Ag C A there is an open subring By C B such that ¢(Ap) C By, By is an
Ag-algebra strictly topologically of finite type and B = A - By

Proposition 1.69. Let A be a Tate ring and B a complete Huber ring. Then ¢ : A — B is topologically
of finite type if and only if it is strongly topologically of finite type.

Proof. We first prove the following

1. Let A be a Tate ring and Ay a ring of definition. We claim that there is a topologically nilpotent
unit in Ag. Moreover, we claim that for such an element w € Ay, A = Apz and WA is an ideal
of definition of A. Indeed, let @ be a topologically nilpotent element of A. For n large enough,
w" € Ag. Moreover for every a € A, there is n such that aw™ € Ag. Therefore A = Apg. As
multiplication by @” gives an isomorphism A — A, @™ Ay is open.

2. Let ¢ : A — B be a morphism of Huber rings. Assume that A is Tate. Then B is Tate, ¢ is adic
and for every ring of definition By of B we have ¢(A) - By = B Indeed, let @ be a topologically
nilpontent unit in A. Then ¢(@) is a topologically nilpotent element of B and so B is Tate.
By 1, there is a ring of definition By of B such that f(w) - By is an ideal of definition of B.
Hence ¢ is adic. Let By be a ring of definition of B. We may assume that @ € By (as oth-
erwise, we may replace @ be some power of it). Then A = Aoz and B = Byg(g) so ¢(A)- By = B.

By combining 2 with propositions 1.67 and 1.68 the result follows.
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Proposition 1.70. The composition of morphisms of Huber rings (resp. of Huber pairs) that are
topologically of finite type is topologically of finite type.

Proof. Note that given morphisms of Huber pairs ¢ : (4, A") — (B, B*) and ¢ : (B, BT) — (C,C™)
such that BT is the integral closure of ¢(A™) and C* is the integral closure of 1(B™), then C™" is the
integral closure of 1)(¢(A™1)). Thus it is enough to prove the proposition only for Huber rings, which
follows directly from proposition 1.67iii). O

Definition 1.71. A morphism f : X — Y of adic space is called adic if for every open affinoid
subspaces U and 'V of X and Y respectively with f(U) C V, the induced morphism Oy (V) — Ox (U)
1s adic.

Definition 1.72. A morphism f : X — Y of adic spaces is called

i) locally of weakly finite type if for every x € X there are open affinoid subsaces U,V of X and
Y respectively with x € U and f(U) C V such that the induced morphism Oy (V) — Ox(U) is
topologically of finite type.

it) locally of finite type if for every x € X there are open affonoid subspaces U,V of X andY respectively
with x € U and f(U) C V such that the induced morphism Oy (V),07.(V)) — (Ox(U),0%(U)) is
topologically of finite type.

i11) locally of finite presentation if for every x € X there are open affinoid subspaces U,V of X
and Y respectively with v € U and f(U) C V such that the induced morphism (Oy(V), 0% (V)) —
(Ox(U),0%(U)) is topologically of finite type and in case Oy (V') is discrete, Oy (V) — Ox(U) is of
finite presentation.

Note. {morphisms locally of finite presentation} C {morphisms locally of finite type} C { morphisms
of weakly finite type} C {adic morphisms}. The first two inclusions follow from the definitions while
the last follows from 1.67.

From proposition 1.70 and the definitions, we have the following

Proposition 1.73. Let f : X — Y and g: Y — Z be morphisms of adic spaces that are weakly of
finite type (resp. locally of finite type, resp. locally of finite presentation). Then g o f is weakly of
finite type (resp. locally of finite type, resp. locally of finite presentation).

Definition 1.74. A Huber ring A is called stably sheafy if every /T—algebm topologically of finite type
1s sheafy.

Proposition 1.75. A is stably sheafy in the following cases:
i) A is discrete

i1) A is a strongly Noetherian Tate ring

iii) A has a Noetherian ring of definition

Proof. 1) follows from the definitions.

ii) We first note that A(Xy,...,X,) is Noetherian if and only if every Tate ring topologically of finite
type over A is Noetherian. Indeed this follows directly from the fact that given a Tate ring A, a
morphism ¢ : A — B is topologically of finite type if and only if ¢ is strictly topologically of finite
type. Therefore given a strongly Noetherian Tate ring A and a morphism ¢ : A — B topologically of
finite type, consider the natural morphism B — B(Xjy,..., X)) which is topologically of finite type
and the composition A — B(Xj, ..., X,) which is topologically of finite type. Then B(Xj,...,X,) is
Noetherian.

iii) We may find a Noetherian ring of definition of A[X]yy, since if Ag is a Noetherian ring of definition
of A, then Ay is a Noetherian ring of definition of A (as it is adic) and so {), a, X" € A[X]|p :ay €
MY - ;15} is Noetherian, as it is finitely generated. So by completing such a ring of definition of A[X],
(and since it is adic), we get a Noetherian ring of definition of A(X) ;. O
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We can now prove the existence of fiber products of adic spaces in some special (but very general!)
cases. Before we do that, let us note the following

Note. Fiber products of adic spaces do not exist in general. For example, in [SW20] it is explained
that given any non-archimidean field K and Z, Z[X;, X2, ...] with the discrete topology, then the
fiber product

Spa(Z[X1, X2, ... ][, Z) X spa(z,z) SPA(K, K°)
does not exist in the category of adic spaces.

Definition 1.76. An adic space X is called stable if it admits an open covering by affinoid subspaces
Spa(A;, Af) where A; are stably sheafy for every i.

Proposition 1.77. Assume that f : X — Z and g : Y — Z are morphisms of adic spaces with Y
stable. The fiber product X xzY exists (in the category of adic spaces) in the following cases

i) f is locally of finite type.
it) f is locally of weakly finite type and g is adic.

Proof. With standard arguments, the existence of the fiber product of f and g follows if we can find
open covers by affinoid subspaces Z = |JZ;, f~1(Z;) = UX;; and ¢71(Z;) = |JYix such that all
products X;; X z, Y, exist. Therefore we may assume that X, Y, Z are affinoid. Since Y is assumed to
be stable, we may assume that Y = Spa(B, B*) where B is stably sheafy.

i) We write (4, AT) = (0z(Z), 04 (2)),(B,B") = (Oy(Y),05(Y)) and (C,CT) = (Ox(X), 0% (X)).
Let ¢ : (A,AT) — (B,B") and ¢ : (A,AT) — (C,C™) be the morphisms of Huber pairs induced
by g and f respectively. By assumption we may take v to be topologically of finite type. There-
fore we can write (C,C") = (A, AT)(X1,..., Xn) My, /] for some finite subsets My, ..., M, of B
such that M; - B is open in B and for some ideal I of A(X)y. Let L C B be finite such that
(¢p(M;) UL™)-Bisopenin B for all i € {1,...,n} and all m € N. Such a subset exists. For example
we may take L to be a finite set of generators of an ideal of definition of B. We consider the Huber pair

(B, BY)(X)garyurm = (B, BT) (X1, ..., Xn)g(a)urm,....o(Mn)oLm

and the natural morphisms ¢ : (4, A*) — (A, A")(X)r and 4y, : (B, B") = (B, BT )(X)samyurm-
For every m € M; and every i, the element v/ (¢(m))X; belongs in the rings of integral elements of
the Huber pair (B, B*)(X)4urm and so there exists a morphism of Huber pairs ¢, : A(X)y —
(B, BY)(X)g(aurm such that the following diagram commutes

D
(B, BY)(X) g(mryurm ———— A(X)um
Y ¢’

(B, B) 1 ¢ (A, A™)

Now for mq, mg € N with mq > meo, there exists a unique morphism of Huber pairs

Ny s - (B, BYX) ganyurm — (B, BY)(X) ganyurme
such that A, . (X;) = X; and oy, = A, ., © ¥y, - It also follows that ¢, = AL, .., © &y,
We consider the closure of the ideal of B(X)4yurm generated by ¢, (I) and denote it by J,,,. Now

P . . X . k .
m> Ums Amy m, induce morphisms of Huber pairs as in the commutative diagram below
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bm
(B, BY)(X) garyurm2 [ Im,

2 A(X

Ymy (B, B ) X) garyurm / Jm, v
Ymq

)M

(B,B%) « (A, AT)

For every m € N consider the adic space Wy, = Spa((B, BT)(X)gyurm/Jm). The latter diagram
gives rise to a commutative diagram of adic spaces

Wing gma X
Pml ;1Mo
\ /m
Fmo Win, f
fmq
Y s Z

g

It is easy to check that pp, m, is an isomorphism onto {z € Wp,, : (IT;) < 1 for all i € {1,...,n}
and | € L™2} which is a rational subset of W,,,, and so py,, m, is an open embedding. Therefore we
may consider the limit W of the system of the adic spaces W,,, m € N with the morphisms pp,, m, for
all m1 > mgy. The morphisms f,, and g¢,, induce morphisms f': W — Y and ¢’ : W — X respectively
such that the following diagram commutes

X

Jf

w
‘/f/

Y ———— 7

/

v
g

All is left to do, is prove that the latter is cartesian in the category of adic spaces. Let Spa(D, DT) be
an adic space with morphisms p : Spa(D, D") — X and ¢ : Spa(D, D") — Y such that fop=gogq.
Moreover let o : (C,C*) — (D,D%) and 7 : (B,B") — (D, D%) be the morphisms of Huber pairs

that correspond to p and q. Then o o) = 7 o ¢. For every i let X; be the image of X in A(X)/I.
For a € M; we have

7(¢(a)) - 0(Xi) = 0(¢(a)) - 0(X;) = 0((a)) X;) € DF

Moreover since L is a finite subset of B for m large enough and every [ € L™ we have 7(I) - 0(X;) €
DT. Therefore there exists a unique morphism ¢ : (B, BT)(X)ynanurm — (D,D%) such that
7 = ¢ o), and €(X;) = o(X;) and so we also have € o ¢/, = o o § where § is the natural mor-
phism (A, AT)(X)a — (A, AT)(X)p/I. Therefore € (J,,) = 0 and so € factors through a morphism
of Huber pairs € : (B, BY)(X)4urm/Jm — (D,DF). Hence there is m such that the following

diagram commutes

Spa(D, D) P

57

q

—,

Y >




where e is the morphism of adic spaces induced by e. This completes the proof.

i) We write (4, A%) = (04(2), 05(2)), (B, B*) = (Oy (Y),0f (¥)) and (C, CF) = (Ox(X), 0% (X)).
Let ¢ : (A,AT) — (B,B") and ¢ : (A, AT) — (C,C™) be the morphisms of Huber pairs that corre-
spond to g and f respectively. By assumption ¢ is adic and 1 is topologically of weakly finite type.
Let Ao, By, Cy be rings of definition of A, B, C respectively such that ¢(Ay) C By and ¥(Ap) C Cp.
Moreover let I be an ideal of definition of Ag. We consider D = C ® 4 B and let Dy be the image of
Co ®4, Bo in D. Moreover let D be the integral closure of CT ® 4+ BT in D. We topologize D such
that {I™- Dy : n € N} forms a fundamental system of neighborhoods of 0 in D. The following diagram

(D,D*T) +— (C,CT)
P

(B, B+) «———— (A, A%)

is cocartesian in the category of Huber pairs: for a Huber pair (D', D'") such that the following
diagram commutes

(D', D't) +— (C,CT)

Y
(B, B+) ¢———— (4,4%)
we get a morphism of rings f : D — D’. by the construction of the topology on D one can see that
this is continuous and f(D%1) C D'*. Therefore X xz Y = Spa(D, D). O

Remark. The fiber product of affinoid adic spaces might not be affinoid, as seen in case i) of the latter
proposition.

Example 1.78. Fiber products exists in the category of perfectoid spaces: Given perfectoid spaces
X = Spa(A,A"),Y = Spa(B,B") and Z = Spa(C,C*) and morphisms X — Z and Y — Z,
then those morphisms are adic (this is the case in general for Tate rings) and so the fiber product
X xzY = Spa(D, D%) exists in the category of adic spaces. In [Sch11] it is proved that D is perfectoid
and so X Xz Y 1is a perfectoid space.

w X

J‘f, hf

g

Y ——— 7

Corollary 1.79. Let

g/
—_—

be a cartesian digram in the category of adic spaces. Then

i) If f is locally of finite presentation (resp. locally of finite type), then so is f’

it) If f is locally of weakly finite type and g is adic then

a) f' is locally of weakly finite type and ¢’ is adic

b) If f (resp. g) is quasi-compact (resp. quasi-separated) then so is ' (resp. ¢')

c) for every x € X and y € Y with f(x) = g(y) there is w € W with y = f'(w) and z = ¢'(w)

Proof. Everything follows from the proof of 1.25 except for ii)c), for which we refer the reader to
[Hub94]3.9i. O
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1.6 Quasi-finite Morphisms

In this section we introduce quasi-finite and locally quasi-finite morphisms. A detailed analysis of
such morphisms would require many results about proper and finite morphisms which would distract
our attention away from the purpose of this thesis. So we give the definitions and prove a basic
characterization, but we cite results when needed.

Definition 1.80. Let X be an adic space and consider a point x of X. We define k(x) to be the
residue class of Ox , and k(z)™ to be the valiation subring of k(z) that corresponds to the valuation
on Oxy (i.e if | - | is the valuation on the stalk, then k(z)T is the set of elements f of k(x) with
|f| < 1). We topologize k(x) in the following way: if x is analytic, then we endow k(x) with the
topology induced by k(x)™. Otherwise, we endow k(x) with the discrete topology.

Definition 1.81. A morphism ¢ : (A, AT) — (B, BY) of complete Huber pairs is called finite if it is
topologically of finite type and the ring homomorphisms A — B and AT — B are integral.

Definition 1.82. A morphism f: X — Y of adic spaces is called finite if for everyy € Y there exists
an open affinoid neighborhood V' of Y that contains y such that f~*(V) is affinoid and the induced
morphism of Huber pairs (Oy (V), 0% (V)) = (Ox(U),0%(U)) is finite.

Definition 1.83. Let f : X — Y be a morphism of adic spaces.
i) f is called locally quasi-finite if f is locally of weakly finite type and for ally € Y, f~(y) is discrete.
it) f is called quasi-finite if it is quasi-compact and locally quasi-finite.

Let us recall at this point that given a topological space X and points z,y € X, x is called a
generalization of y if x is contained in every neighborhood of y. In this case, we write x > y and call
x maximal if it is maximal with respect to >. For an analytic adic space X and points z,y of X with
x > ¥y, the ring homomorphism Ox, — Ox, is flat. That follows directly from the fact that given
rational subsets U,V with U C V, Ox (V) — Ox(U) is flat. Moreover, for a morphism f: X — Y of
analytic adic spaces and a maximal point z € X, f(z) is a maximal point of Y. This is because we
can characterize the maximal points of X as the points whose valuation on the stalk has rank 1. We
will usually refer to the following as the ”basic characterization” of quasi-finite morphisms.

Proposition 1.84. Let f: X — Y be a morphism of analytic adic spaces that is weakly of finite type.
The following are equivalent

i) [ is quasi-finite

ii) For everyy € Y, f~1(y) is finite

iii) For every y € Y mazimal, f~'(y) is finite

iv) For every x € X, l@ is finite over k‘(/fm)

v) For every mazximal x € X, k@ is finite over k‘(/f(?))

vi) For every mazximal point y € Y, the morphism X xy Spa(k(y), k(y)°) — Spa(k(y), k(y)°) is finite

Proof. We may assume that X = Spa(4,A") and Y = Spa(K, KT) for some complete Huber pairs
(A, A") and (K, K*) where K is a field and A is of topologically of finite type over K. Indeed, choose
a point y € Y and consider the natural morphism Spa(K (y), K(y)°) — Y which is adic and so we can
consider the fiber product X xy Spa(K(y), K(y)°). From the following diagram and what we saw in
last section about fiber products

X

lf

Y

X xy Spa(K(y), K(y)°) ———

Spa(K(y),K(y)°) ———
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to prove the above for f, it is enough to prove it for the laft vertical morphism of the above dia-
gram. If we recall the proof of the existence of fiber products in the above case, we see that indeed
X xy Spa(K(y), K(y)°) is affinoid.

Now from Tate algerbas we know that there exists d € N and an injective finite K-algebra homo-
morphsim

K(X1,...,Xs) = A
Moreover A° is integral over Ty(K)°. Therefore the induced morphism of adic spaces h : Spa(A, A°) —
Spa(Ty(K),T4(K)°) is finite and surjective. Consider the following commutative diagram

Spa(Ty(K), Ty(K)°) +———— Spa(4, A°) ———— Spa(A, A™)

Spa(K, K°) ——— Spa(K,K™)

The conditions i), iii),iv) and v) are easily seen to be equivalent to the condition d = 0. Moreover 1)
and ii) are equivalent and #i7) and vi) are equivalent. O

2 A relation of adic spaces with schemes and rigid analytic varieties

2.1 Adic Analytification

Fix a non-archimedean field K. We want to describe a functor from the category of schemes locally
of finite type over K to the category of adic spaces over K. We use [Hub94]. A logical choice for a
functor from schemes to adic spaces would be Spec(R) — Spa(R, R) where on the right hand side R
is discrete. This indeed glues to give a functor but it is not what we want. That is because given a
scheme Spec(R) locally of finite type over K, then we do not expect Spa(R, R) to be over K as this
would require a morphism of Huber pairs (K, K°) — (R, R) and as R is discrete, it is unlikely that
we can have that in most cases. Let us first make clear what properties we wish our functor to have.
This is done in the next proposition, in a much more general setting, but we will focus on our case
right after.

Proposition 2.1. Let X,Y be schemes, S a stable adic space, f : X — Y a morphism of schemes
locally of finite type and g : S — Y a morphism of locally ringed spaces. There exists an adic space
that we denote X Xy S together with a morphism of adic spaces p : X Xy S — S and a morphism
of locally ringed spaces q : X Xy S — X such that the following diagram commutes (where every
morphism is viewed as a morphism of locally ringed spaces)

XxyS§ —2 X

[N, e
and such that for every adic space U together with a morphism of locally ringed spaces ¢' : U — X
and a morphism of adic spaces p' : U — S such that the following diagram commutes (where every

morphism is viewed as a morphism of locally ringed spaces)

v—" . x

s —24 vy
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there exists a unique morphism of adic spaces U — X Xy S such that the following diagram commutes
(where every morphism is viewed as a morphism of locally ringed spaces)

U

S ——Y

In the special case when S = Spa(K, K°) and Y = SpecK, we get an adic space over K associated
to the scheme X which we call the adic analytification of X and denote it by X%. We only prove
proposition 2.1 in this very special case, by suggesting a proof that follows closely the analogous proof
of rigid analytification. We first need the following

Proposition 2.2. Let Spa(A, A™) be an affonoid adic space where A is Tate. There exists a natural
morphism 7 : Spa(A, AT) — SpecA of locally ringed spaces such that any morphism Spa(A, AT) —
SpecR of locally ringed spaces factors as a composition Spa(A, AT) I SpecA — SpecR for some
morphism SpecA — SpecR. In particular we have

Homprs(Spa(A, AT), Spec(R)) = Hom(R, A)

Proof. We define 7 : Spa(A, A™) — SpecA given by |- | — supp(]-|) = {f € A :|f| = 0}. We verify
that it has the properties of morphisms of locally ringed spaces. Consider an element w of A that is
topologically nilpotent. Write X for Spa(A, A™).

i) 7 is continuous: Let f € A. Then 7~ 1(Dy) = {x € Spa(A, AT) : z(f) # 0} = UnzoX(%) since if
x € Spa(A, AT) is such that z(f) # 0, then there is n such that z(@") < z(f) and thus z € X(%)
and vice versa. The sets X (%) are open and so the claim follows.

ii) 7 induces a morphism Ogpeca — TOx: From i), it follows that Ox (7~1(Dy)) = @A(%), since
(”)X(X(%)) = A(§> Therefore there is a morphism of rings Ogpeca(Df) — Ox(n~1(Dy)) since
there are morphisms of rings Ay — A(%) Moreover, those morphisms are easily seen to commute
with restrictions.

iii) The homomorphism Ogpeca r(z) — Ox .o is local: this follows from the way we defined valuations
on stalks of Spa(A, A™T). O

Moreover, in the case of affine schemes, we have the following

Lemma 2.3. Let X = Spec(K[X, ..., X,]/I) and r be an element of K with 0 < |r| < 1. Then
Uiso Spa(K (riXy,...,r'X,)/(I), (K(r'Xy,...,m°X,)/(I))°) is the adic analytification of X.

Proof. We follow closely the proof of the analogous statement in the case of rigid analytic varieties
(see appendix). First of all we note that there is a sequence of morphisms of rings

KXy, ..., Xp)]/T— = K@Xy,...,r' X)) /(I) = - — K(X1,..., X,)/(])
and thus from the latter proposition we get a morphism of locally ringed spaces
Uiso Spa(K (r' Xy, ..., 7" Xp) /(1) (K (r' X1, ..., r" X,,) /(1))°) = X

Let Y be an adic space over K such that the following diagram commutes
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Spa(K, K°) ——— SpecK

We may assume that Y = Spa(B, B) is affinoid. By proposition 2.2, the morphism ¥ — X is induced
by a morphism of rings K[Xj,...,X,]|/I — B which is in fact a morphism of K-algebras, since the
above diagram is commutative. Therefore from the proof of rigid analytification, we can find i large
enough so that the following diagram commutes

K[X1,..., Xn)/I

| \, /

K@iXq,...,r X)) /(1) ———— K({'Xq,...,r'X,)

for all j > i. In addition to that, for i large enough, K (r' Xy, ... ,ran>/(I) — Bmaps (K{riXy,...,r"X,)/(I))°
to a subset of BT, as K(r'Xy,...,7'X,)/(I) — B emerges from extending K — B, which in this case

maps K° to a subset of BT. Therefore there is i large enough so that there is a morphism of Huber

pairs

KXy, ..., riX) (D), (KX, ..., rX,)/(1)° = (B, BY)

which induces a morphism of adic spaces Y — ;5 Spa(K{(riXy,...,r'X,)/(I),(K({r'Xy,..., 7 X,)/(I))°)
with the desired properties. O

Proof. (of the special case of proposition 2.1) Let X be a scheme locally of finite type over K. As-
sume that X is covered by affine open subschemes X;. As we showed in lemma 2.3, X; admit adic
analytifications f; : de — X;. From the universal property it follows that for all 7,7, f;(X; N Xj;) is
the adic analytification of X; N X; and therefore we can glue Xiad and f; to an adic space X with a
morphism f : X% — X which is the adic analytification of X. O

Remark. Let f : X — Y be a morphism of schemes locally of finite type over K. Moreover, let X% be
the adic analytification of X and i : X% — X the corresponding morphism of locally ringed spaces.
Then f o4 as a morphism of locally ringed spaces X% — Y that makes the diagram of proposition
2.1 commute. Therefore by the universal property, there exists a morphism of adic spaces X% — Y%¢
that we denote by f*. By using the universal property one can easily prove that for morphisms
f:X =Y and g:Y — Z of schemes locally of finite type over K, (gf)* = g fod.

Corollary 2.4. From Theorem 2.1. and the latter remark, we conclude that mapping a scheme X to
its adic analytification X% and a morphism of schemes f to f* gives a functor from the category of
schemes that are locally of finite type over K to the category of adic spaces over K.

Example 2.5. The adic analytification of Spec(K) is Spa(K, K°)

Example 2.6. The adic analytification of Spec(K[T) is U;>q Spa(K(r'T), K°(r'T)).

2.2 Rigid Analytic Varieties as Adic Spaces

Fix a non-archimedean field K. We want to describe a functor from the category of rigid analytic
varieties over K to the category of adic spaces over K. For that, we use [Hub93b] and [Stal5]. We
write R for the category of rigid analytic varieties over K and Ay for the category of adic spaces
over K. Recall that given an affinoid algebra A over K and x € Maxz(A), then A/x if finite over K
and so we can extend the valuation on K to get a valuation |- |, of A/x. As x is closed in A, this
easily shows that | - |, is continuous. Moreover |- |, € Spa(A, A°). This gives an injective mapping
SpaA — Spa(A, A°) given by = — |- |,. From now on, we treat SpA as a subset of Spa(A, A°) under
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the above injection. One of the key propositions in understanding the relation between rigid analytic
varieties and adic spaces is the following.

Proposition 2.7. Let A be an affonoid K-algebra and consider X = Spa(A, A°) and Xo = Sp(A).
There is a bijection between the constructible subsets of X and the constructible subsets of Xg given
by C— C'NXp.

Proof. We shall first show that if C' is non-empty, then C'N Xg is non-empty. Let C' be a constructible
subset of X. Then C = (J;_; U; N (X —V;) for some quasi-compact open U;, V; C X. In order to show
that C'N X is non-empty, we may assume that C' is of the form U (X — V) for some quasi-compact
open U,V C X. As U,V are finite unions of rational domains, we may also assume that U is rational
and write V' = |J;_; Vi. Therefore we may assume that U = X, since otherwise we simply consider
V; to be rational in U. Therefore we are left to show that (X —J_; Vi) N Sp(A) is non-empty. Note
that the latter is empty if and only if Sp(A) = (JV; and in this case, we will show that |J;_, Vi = X.
So assume that indeed V; cover Sp(A). Then V; N Sp(A) cover Sp(A) and thus we can refine V; so
that V; N Sp(A) becomes a rational covering. Hence we may write V; = X (flfif”) for some f; that
generate the unit ideal. Now every x € X is easily seen to belong in some V;. We proved so far that
if C' is non-empty then C' N Sp(A) is non-empty. Let C; and C be constructible subsets of X with
C1NSp(A) = Con Sp(A). Then C" = (Cy — C2) U(Co — C1) is constructible with C"' N Sp(A) = () and
so it must be C7 = Cs. O

Now we present the main result:
Proposition 2.8. There exists a fully faithful functor ri : Rg — Ak

Proof. The idea is that SpaA — Spa(A, A°) can be extended to give such a functor. Once one knows
the Gerritzen-Grauert theorem and proposition 2.7, this becomes easy. We follow the presentation
found in [Stal5]. We present the main ideas.

1. We claim that if X is affinoid, then given open immersions U — X and V' — X where U,V are
affinoid, the morphisms r(U) — r(X) and (V) — r(X) are open immersions and »(U N V) =
r(U) Nr(V). Indeed, by the Gerritzen-Grauert theorem, U is covered by finitely many rational
domains U; C X with U; N U; rational domains of X (thus also of U; and Uj;). Therefore
r(U) = Jr(U;) and by proposition 2.7, the rational subsets of r(U), »(U; NU;) and r(U;) Nr(U;)
coincide. But r(U;) are rational subsets of 7(X) and so r(U; N U;) = r(U;) Nr(U;) in r(X). We
do the same for V' and if, say, V is covered by finitely many rational domains {Vj}, then we have

r(U)Nr(V)=UrU)nr(Vy) =Ur(U;N Vi) =r(UNV)
which proves 1.

2. Gluing in the separated case: Let X be a separated rigid analytic variety. Given affinoid open
subspaces U,V C X, UNV is affinoid open as X is separated. Thus r(U NV) — r(U) and
r(UNV) — r(V) are open immersions by step 1. Moreover, given W C X an open subspace,
we have r(UNW)Nr(VNW) =r(UNV NW), by applying step 1 to W. Therefore, we
may consider all the affinoid open subspaces U C X and define r(X) to be the gluing of all
r(U). Given admissible open subspaces U,V C X and open immersions U — X and V — X,
then there are unique maps 7(U) — r(X) and (V) — r(X) which are open immersions and
r(UnNV)=rU)NrV).

3. Let X be a separated rigid analytic variety over K. A collection {U;} of admissible open
subspaces of X is an admissible covering if and only if 7(X) = r(U;).

4. Gluing for general rigid analytic varieties: Let X be a rigid analytic variety over K. We define
r(X) as we did in step 2, by replacing affinoid open subspaces by separated open subspaces and
everything works as in step 2. Moreover, the proposition of step 3 still works. This proves the
existence of the functor.
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5. rx is fully faithful. This is reduced to the affinoid case where we have that a morphism of affinoid
K-algebras B — A induces a morphism of Huber pairs (B, B°) — (A, A°) and any morphism of
Huber pairs (B, B°) — (A, A°) by definition corresponds to a morphism of affinoid K-algebras
B — A.

O
From the above, the following is easily deduced

Proposition 2.9. i) r induces an equivalence between the category of quasi-separated rigid analytic
varieties over X, where X is a rigid analytic variety, to the category of adic spaces over r(X) with
quasi-separated and locally of finite type morphisms.

i1) v commutes with fiber products.

iii) r(X) is affinoid if and only if X is affinoid.

Remark. Let X be a scheme locally of finite type over K. Let X" be the rigid analytification of
X and X the adic analytification of X. Then X% = r(X"). This leads to the diagram that we
presented in the introduction.

We also note the following

Note. From proposition 2.8 it follows that one can do rigid geometry without the need of Grothendieck
topologies.

We conclude this section with the following proposition, which will later be used to understand
the relation between etale morphisms of rigid analytic varieties and etale morphisms of adic spaces.

Proposition 2.10. Let f : X — Y be a morphism of rigid analytic varieties and r(f) : 7(X) — r(Y)
the associated morphism of adic spces. Then f is locally quasi-finite (meaning that dimf~'(y) <0 for
ally € Y) if and only if r(f) is locally quasi-finite.

Proof. We may assume that X,Y are affinoid. Let y be a maximal point of r(Y') such that r(f)~!(y) #
(. By [Hub96] 1.5.8, there is a locally closed affinoid rigid analytic subvariety Y’ of Y and an integer
n > 0 such that y € r(Y’) C r(Y) and such that the morphism f": X xy Y’ — Y’ factors as

XXYY,
\

f SpOy (Y)W X1, . .., Xp)

YI /

where h is the natural morphism and g is finite surjective. Moreover, the following general result
holds, which can be proved by using the basic characterization of quasi-finite morphisms (see cor. 1.53
[Hub96]): Consider the following commutative diagram

/

XxgV —%2 v
f f
X—9 49
where f is locally quasi-finite and locally of finite type. Then f’ is locally quasi-finite. Moreover, for

every x € X and y € Y with f(y) = g(x) thereis a € X xgY with = f/(a) and a = ¢’(a). Summing
up the above, we get a commutative diagram
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X +— X xy Y/
\

f f’ SpOy/(Y/)<X1,...,Xn>

Y%Yq/

which gives a commutative diagram

r(X) ¢———— 1(X) X1 r(Y’)

\@

r(f) r(f') r(SpOy(Y') (X1, ..., Xn))

r(h)

r(Y) r(Y’)

By combining the above with the basic characterization of quasi-finite morphisms, the result follows.
O

Note. What we need this for, basically, is because we will have to prove that an etale morphism
f: X =Y of rigid analytic varieties gives an etale morphism of adic spaces r(f) : r(X) — r(Y) and
this is done by noticing in particular that f is locally quasi-finite and so is r(f). Then for a locally
quasi-finite morphism of adic spaces we will have good criteria to determine when it is etale.
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Part III
Etale Cohomology

3 Etale morphisms, Etale site and Etale cohomology

In order to define the etale site of an adic space, we only consider stable adic spaces. Let us explain
why. Say we want to study the etale cohomology of some class of adic spaces and let X belong in
this class. Then the adic spaces that are etale (which is still to be defined, but it is in particular
topologically of finite type) over X have to belong in this class. By considering stable adic spaces, we
definitely achieve that. Also stable adic spaces contain all the adic spaces that are of interest (so far),
so this condition does not seem to restrict us much.

Note. In [Hub96], a smaller class of adic spaces is considered. Namely, all the adic spaces that are
considered are locally adic spectra Spa(A, AT) where A has one of the following properties:
i) A has a Noetherian ring of definition over which Ais finitely generated
ii) A is strongly Noetherian Tate
iii) A is discrete
Related to the above, see this answer [hs]| to a question of the author.
Beyond this slight generalization, in general, we follow [Hub96]. In particular, in 3.2 and 3.3 we
follow the exposition of [Hub96] to a great extent.

3.1 The etale site

Definition 3.1. A morphism [ : X — Y of adic spaces is called etale (resp. smooth, resp. unramified)
if it is locally of finite presentation (resp. locally of finite presentation, resp. locally of finite type)
and for any Huber pair (A, A"), any ideal I of A with I? = {0} and any morphism Spa(A, AT) =Y,
the induced map Homy (Spa(A, AT), X) — Homy (Spa((A, AT)/I),X) is bijective (resp. surjective,
resp. injective)

Using this definition, we can define etaleness at a point in the following way. A morphism f :
X — Y is etale at a point x € X if there is an open neighborhood U of X with € U and such that
f(U) C V for some open subspace V C Y and f : U — V is etale. In the same way one can define
what it means for f to be smooth or unramified at x. Moreover, just like with schemes, it can be
proved that f is etale (resp. smooth, resp. unramified) if and only if it is etale (resp. smooth, resp.
unramified) at every point x € X. The following elementary propositions follow from the definitions,
but let us spell out the arguments.

Proposition 3.2. The composition of etale morphisms of adic spaces is etale.

Proof. Let f: X - Y and g: Y — Z be etale morphisms of adic spaces. Of course g o f is locally of
finite presentation, so we need to show that Homy(Spa((A, A1)/I),X) — Homz(Spa(A, A1), X) is
bijective. Let s be an element of Homyz(Spa((A, A™)/I), X) and consider fos. Since g is etale, there
is s’ : Spa(A, AT) = Y with f os = s"oh. Therefore, since f is etale, there is s” : Spa(4,A") — X
with s = s” o h which proves that Homz(Spa((A, AT)/I), X) — Homz(Spa(A, A"), X) is surjective.
Now let t1,t2 be elements of Homz(Spa(A, AT), X) with tj oh =ty0h. Then, fotjoh = fotyoh
and so since g is etale there is t : Spa(A, AT) — Y with fot;oh = fotyoh=toh. Therefore since
f is etale, it follows that t; = to. The result follows. O

Proposition 3.3. Let f : X — Y be an etale morphism of adic spaces and g : Y' — 'Y any morphism
of adic spaces. Then X xy Y' — Y’ is etale.

Proof. We know that X xy Y’ — Y” is locally of finite presentation. Therefore, we need to show that
for any Huber pair (A, A"), any ideal I of A with I? = {0} and any morphism Spa(A4, AT) — Y’,
the induced mapping Homy(Spa(A, A7), X xyY') — Homy(Spa((A, AT)/I), X xy Y’) is bijective.
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We first show that it is surjective. Write ¢’ for the morphism X xy Y’ — X and f’ for the morphism
X xy Y =Y’ Let t: Spa((A, A*)/I) — A xy Y’ be a morphism of adic spaces and consider ¢’ o t.
Since f is etale, there is exactly one morphism ' : Spa(A, A*) — X such that ¢’ ot = t' o h where h
is the natural morphism Spa((A, A*)/I) — Spa(A, AT). By the universal property of fiber products,
there is a morphism s : Spa(A4,A"T) — X xy Y/ with / = ¢’ os. We have ¢’ ot = ¢’ 0 s 0 h and
f'ot = f'osoh and this is enough to conclude that t = s o h. Therefore Homy(Spa(A4, A"), X xy
Y’) — Homy(Spa((A,AT)/I), X xy Y’) is surjective. Let now si,s2 : Spa(4,A") — X xy Y’
be two morphisms of adic spaces and assume that s; o h = s9 o h where h is the natural morphism
Spa((A, AT)/I) — Spa(A, AT). Tt follows that ¢’ 0 s1 0 h = ¢’ 0 s5 0 h. But since f is etale, there
exists exactly one morphism s : Spa(A, AT) — X with soh =g 0s;0h =g’ osy0h. It follows that
s =g o0s1 =g osy and we also have f’ os; = f’ oy and this is enough to conclude that s; = so. [

Remark. Similarly to the above we have that the composition of smooth morphisms are smooth and
the composition of unramified morphisms is unramified.

Definition 3.4. Let X be an adic space. We consider the category Et/X of adic spaces that are etale

over X. We consider a Grothendieck topology on Et/X such that (U; ER U) is a covering if and only
if U =U fi(Us).

Perhaps the only part that is not obvious about the above being a site, is stability under base
change which follows from corollary 1.79ii)c.

Note. Since perfectoid spaces are undoubtedly an important class of adic spaces and since we defined
them in example 1.56, we should make this important remark: in [Sch11], etale morphisms of perfectoid
spaces are not defined in the same way as in definition 2.1. In the next few lines we will explain why
is that and why this is not a problem for our theory. Let R be a perfectoid ring. Then we can define
addition on the multiplicative monoid
Rb - @x»—mﬁ

so that R” becomes a perfectoid ring of charateristic p. This extends to give a functor X — X’ from
perfectoid spaces to perfectoid spaces ”of characteristic p”. In [Schll], etale morphisms of perfectoid
spaces are defined so that f : X — Y is etale if and only if f” : X* — Y? is etale. This ultimately
leads to an equivalence between X¢; and X gt (where the etale site is defined by considering surjective
families of etale morphisms in the category of perfectoid spaces over X). Although this is a different
definition (and it is actually different in many cases), it agrees with the definition of etale morphisms
between analytic adic spaces. In particular this definition agrees with the definition of etale morphisms
between adic spaces coming from rigid analytic varieties. In any case, an adic space over a perfectoid
space is analytic. This justifies at least that our definition works. The latter will of course be visible
later.

Now given a stable adic space X and an abelian sheaf F on X, the etale cohomology groups of
X with respect to F are just the sheaf cohomology groups of X.; with respect to F (just like with
schemes). This is explained in the following definition.

Definition 3.5. Let X be a stable adic space and consider the category Ab(Xct) of abelian sheaves on
Xet. Then Ab(X.t) has enough injectives and so given F € Ab(Xet), we can consider the right derived
functors of F. Consider the global sections functor I'(X, —) : Ab(Xe) — Ab and define the n-th etale
cohomology group of X with respect to F by

H" (X, F)=R'T(X,F).

We note that we give this definition just for the sake of it and we cannot really prove much without
more machinery from category theory and homological algebra (for example Leray spectral sequences)
that we don’t cover in this thesis. That said, although we will present two corollaries of the comparison
theorems about etale cohomology groups, we will not do anything more in this direction.
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3.2

Differentials

Here we define universal derivations in our context. This is very similar to the case of schemes with
the only difference being that we should endow {24 with a suitable ("natural”) topology.

Definition 3.6. Let A, B be complete Huber rings and A — B a morphism of Huber rings topologically
of finite type. A universal A-derivation of B is a continuous A-derivation dgj4 : B — S|4 where
Qp|a is a complete topological B-module such that for any continuous A-derivation d : A — M where
B is a complete topological B-module, there exists a unique continuous B-linear map f : Qpqx — M
such that the following diagram commutes

dp|a
B—m—— QB|A

d

M

Let A, B, C be complete Huber rings and A — B and B — C' be morphisms that are topologically
of finite type. We have the following properties:

1)

2)

3)

1)

5)

6)

By assumption, there are finite subsets M, ..., M, of A with M; - A open for all ¢ and an ideal
I of C:= A(X1,...,Xn)w,,... M, such that B = C/I. Let Q be the free C-module of rank n
generated by dXi,...,dX, and let d : C' — ) be given by

d(s) = 21y 5% dX;

Moreover, let 2|4 be the quotient of €2 by the C-submodule generated by P-QU{d(p) : p € P}.
There exists a mapping dp|4 : B — {1p|4 such that the following diagram commutes

and (Qp4,dp|a) is a universal A-derivation of B.

Let I be the kernel of the ring homomorphism B&4B — B given by b&b — bb. Then the
universal A-derivation of B is Qg4 = I/1? with dpja : B — Qpa the mapping induced by
b 1&b — bR1.

If B is finite over A, then dp 4 : B — {p|4 is a universal A-derivation of the ring B.

There is an exact seuquence of finitely generated C-modules
Qpa®@sC — Qcia = Qop = 0

If B — (' is surjective and open with kernel I, then there exists an exact sequence of finitely
generated C-modules

I/T? = Qpa ®p C = Qg — 0

Let A’ be a complete Huber ring and A — A’ an adic morphism. Consider B’ := C®4A’. Then
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Qpa = Qpa@p B’

Definition 3.7. Let f : X — Y be a morphism of adic spaces weakly of finite type. Consider the
diagonal morphism A : X — X Xy X and let T be ker(Oxx,x — Ax«Ox). We define the Ox-module

QX‘Y = I®OX><yX OX
and call it the sheaf of differentials of X over Y.

Note. §2x|y should be thought as a "global” construction of €4 p and we can deduce results about it
by working locally (and by using the properties above). This is justified by the following: If U and
V' are open affinoid subspaces of X and Y respectively with f(U) C V and Ox(U) is topologically of
finite type over Oy (V'), then Qxy |y is the Ox|y-module associated with the finite Ox (U)-module
Qo )oyv)-

By using the definitions of unramified and smooth morphisms, the properties of universal deriva-
tions and the above note on the ”global” character of {x|y one can prove the following propositions

Proposition 3.8. Let f : X — Y be a morphism of adic spaces that is locally of finite type. The
following are equivalent

i) f is unramified

i11) the diagonal morphism X — X xy X is an open embedding

iv) The restriction of f to any open affinoid subspace U of X such that f(U) is contained in an open
affinoid subspace of Y factors as

UL x 2ty
where Z is an affinoid adic space, g is a closed embedding and h is etale.

Proposition 3.9. Let f : X = Y be a smooth morphism of adic spaces. Then

i) Qx|y is a locally free Ox-module

it) If Z is an adic space locally of finite type over' Y and f: X — Z is a Y -morphism, then f is etale
at ¥ € X if and only if d : (Qz)y ®o, Ox)s — (Qx|y )z s bijective.

3.3 Properties of etale morphisms

In this section we study properties of etale morphisms. We start with the following fundamental
characterization.

Proposition 3.10. Let g: X — Y = Spa(A, AT) be a morphism of affinoid adic spaces. The follow-
g are equivalent

i) g is etale

ii) There exist finite subsets My, ..., My of A with M;-A open for alli and fi,..., fn € A(X1, ..., Xn)My,... M,
such that if we put (B,BY) = (A, A")(X1,...,Mp)nm,,. v, and if I is the ideal of B generated by
fis-+., fn, then the image of det(%)tFL“n € B in B/I is a unit of B/I and X is Y -isomorphic to
Spa(B,B*)/I.

iii) There exist finite subsets My, ..., My, of A with M;-A open for alli and f1,..., fn € A[X1,...,X3]
such that if we put (B,BT) = (A, AT")(X1,...,Xn)M ..M, and if I is the ideal of B generated by
i, fn, then the image of det(%)i,jzl,m,n € AlX1,...,Xy) in B/I is a unit of B/I and X s
Y -isomorphic to Spa(B, BT)/I. In case A is Tate, we can choose My, ..., M, = {1}.

Proof. A proof of this fact is long and technical (thus omitted). See [Hub96] proposition 1.7.1 and
corollary 1.7.2. OJ
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Corollary 3.11. Let (A, A") be a Huber pair, D a commutative ring and ¢ : D — A a ring homo-
morphism. Then ¢ induces a morphism of locally ringed spaces Spa(A, AT) — Spec(D) given by the
composition

Spa(A, AT) — Spec(A) — Spec(D)

where Spa(A, A") maps x to supp(xz) and Spec(A) — Spec(D) is the usual morphism of schemes
induced by ¢. If X is locally of finite type over Spec(D), them we may consider X X gpec(p)Spa(A4, AT).
We have that if X — Spec(D) is etale, then X X gpec(py Spa(A, A*) — Spa(A, AT) is etale.

Proof. i) We may assume that X is affine. Since X — SpecD is etale, there exist fi,...,f, €
Al[X1,...,X,] such that X is Spec(A)-isomorphic to Spec(A[X1,...,Xn]/(f1,-.., fn)) and the image
of det(g—)lz)i,jzl,m,n in A[Xq,...,X,]/(f1,-.., fn) is a unit. Let = be a point of X X gpecp Spa(A, AT).
By the construction of X X specp Spa(A, A1), there is an open neighborhood U of  and finite subsets
My, ..., M, of A with M;- A open for all i such that U is Spa(A, A™)-isomorphic to Spa(B, B™)/I
where (B,B") = (A, A")(Xy,...,X,,) and [ is the ideal of B generated by fi,..., fn,. It follows
directly from proposition 3.10 that X X gpecp Spa(A, AT) — Spa(A, AT) is etale at x. O

Before we prove more corollaries, let us give a definition that we will use in what follows.

Definition 3.12. We say that a morphism f : A — B of Huber rings is of algebraically finite type if
it is adic and there are rings of definition Ay and By of A and B respectively such that A — B and
Ay — Bg are of finite type.

Definition 3.13. We say that a morphism f : (A, A*Y) — (B, B%) of Huber pairs is of algebraically
finite type if A — B is of algebraically finite type and there exists an open subring D of B such that
BT s the integral closure of D in B and AT — D is of algebraically finite type.

Corollary 3.14. Let f : Y — Spa(A, AT) be an etale morphism of affinoid adic spaces. There is a
Huber pair (B, B"), a morphism (A, A™) — (B, B") of algebraically finite type such that A — B is
etale and Y is Spa(A, A*)-isomorphic to Spa(B, BT).

Proof. See [Hub96] 1.7.3iii). O
Corollary 3.15. Unramified morphisms of adic spaces are locally quasi-finite.

Proof. We may work locally and prove this for affinoid adic spaces. Let f : Spa(A, AT) — Spa(B, BT)
be an unramified morphism of adic spaces. Then by combining proposition 3.8 and corollary 3.14 we
get the following commutative diagram

Spa(A, AT) Spa(D,D™)

\ /

f Z = Spa(C,CT)

—

Spa(B,B™)
where h is a closed embedding, g is etale, Spa(A, A*) — Spa(D,D%) is an isomorphism, (D, D™)
is of algebraically finite type over (C,C") and D is etale over C. Then Spa(A, AT) — Spa(D, D7),
Spa(D, DT) — Spa(C,CT) and h are locally quasi-finite and so is f. O

Corollary 3.16. Let f : X — Y be an etale morphism of affinoid adic spaces with Oy (Y') being a
strongly Noetherian Tate ring. Then the induced morphism Oy (Y) — Ox(X) is flat.
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Proof. Write (A, A™) for (Oy(Y), 0:(Y)). Then by proposition 3.10, there is a natural number n and
fi,..., fn € A[X1,..., X,] such that if we put B = A(X1,...,X,) and I be the ideal of B generated
by fi,..., fn, then the image of A = det(%)i,j:l,...,n in B/I is a unit of B/I and Ox(X) = B/I. If
we show that A(X7,...,X,,) is flat over A[X1,..., X,], then the result will follow. Indeed, in this case,
B/I is flat over C = A[X1,..., X,]/(f1,..., fn). If we write Ca for the localization of C' by A, then
C — B/I factors through Ca — B/I (since the image of A in B/I is a unit) which is flat. Moreover
Ch is flat over A and so B/I is flat over A. Therefore let us show that A(X;,...,X,,) is flat over
A[X1,...,X,]. We may assume that n = 1. As in the proof of sheafyness of strongly Noetherian Tate
rings, A(X) is flat over A and since A[X] is flat over A, it is enough to show that for every residue
field K of A, A[X]®4 K — A(X) ®4 K is flat (see [DG67] III 10.2.5). Let p be a prime ideal of A.
Then the ideal p - A(X) of A(X) is closed and so it is equal to {>" a; X" € A(X) : a; € p for all i}, so
it is a prime ideal of A(X). Then A(X)/p- A(X) is a torsion free A[X]/p- A[X]-module. Write M for
A(X)/p- A(X), C for A[X]/p- A[X] and S for A—p. Then Mg is a torsion free Cs-module and since
(s is a Dedekind domain, Mg is flat over Clg. O

Note. The latter holds true in the cases considered in [Hub96] but it is probably not true for all stable
adic spaces (see [hs]).

Let us for simplicity call ”strongly Noetherian Tate” the adic spaces that are glued by adic spectra
of strongly Noetherian Tate Huber pairs. We have the following characterization of etale morphisms
of such spaces.

Proposition 3.17. Let f : X — Y be a morphism of strongly Noetherian Tate adic spaces that is
locally of finite type. The following are equivalent.

i) f is etale

it) f is flat and unramified

i41) For every mazimal point x € X, Ox ; is flat over Oy 5(y) and Ox /M )Ox » is a finite seperable
extension of k(f(x)).

Note. This is still true for analytic adic spaces considered in [Hub96] but for us this does not make
any difference.

We first prove the following

Lemma 3.18. Let f : X — Y be a morphism between strongly Noetherian Tate adic spaces that is
locally quasi-finite. Then

i) For every mazimal point x € X, Ox ;. is finite over Oy, s,y and the Oy y(,-derivation d : Ox ; —
(Qx|y )z induced by dx|y : Ox — Qx |y is a universal Oy, f(y)-derivation of Ox ..

ii) If f is flat, then for every morphism of strongly Noetherian Tate adic spaces Y' — Y, the projection
fle X xy Y =Y is flat.

Proof. i) The second claim follows from the first and from property 3 of universal derivations. We
may assume that X and Y are affinoid. The idea for the first claim is the following (this is just
a sketch, for a complete proof see [Hub96] 1.5.4): Write (A, AT) and (B, BT) for (Oy(Y), 07 (Y))
and (Ox(X),0% (X)) respectively. Let x be a maximal point of X and write y for f(z) which is
a maximal point of Y. If (B, BT) is topologically of finite type over (A, AT), then we can find an
affinoid neighborhood V' of y such that f~!(V) — V is finite. Let f~'(y) = {zo,...,2n}. Then

Oyvy ®oy vy Ox(f7H(V)) =lim__ . Ox(f~1(W)) =[] Ox.a,

so Ox ; is finite over Oy t(;). In general we only have that B is topologically of finite type over A
but it can be reduced to the above case in the following way. Let C be a ring of integral elements
of B such that (B, () is topologically of finite type over (A, A*). Moreover define Z = Spa(B, B°),
X' = Spa(B,C) and let i : Z — X and j : Z — X be the natural morphisms. Then Z is quasi-finite
over Y as j is a topological embedding. Moreover by the fundamental characterization of quasi-finite
morphisms, X’ is quasi-finite over Y. If z is a maximal point of X, then let z be a maximal point of
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Z with x = i(z). Moreover, let 2’ =i(z). Then O, is finite over Oy, by the case we treat above.
Moreover, we have isomorphisms Ox ;v — Oz, and Ox ; — Oz . so it follows that O , is finite over
Oyy.

ii) Write X’ for X xy Y’ and let 2’ be a maximal point of X’. Moreover, let ¢y € Y,z € X andy € Y
be the images of z under the morphisms X’ — Y/, X’ — X and X’ — Y. By the argument in i), we
have that Ox- , is a direct factor of Ox z ®o,., Oy y so Ox , is flat over Oy . it follows that 1!
is flat (this is the same argument as in the subsequent proof). O

Proof. (of proposition 3.17)
i) = 1ii) Every etale morphism is by definition unramified. By the latter lemma f is also flat.
i1) = i) Consider the following commutative diagram

XxyZ —2 7

g

X%Y

where Z is an affinoid adic space, g is a closed embedding and h is etale (see proposition 3.8). To show
that f is etale, it is enough to show that ¢ is etale, for which it is enough to show that g is an open
embedding. This is because open embeddings are easily seen to be etale. But g is a closed embedding
and so it is enough to show that it is flat. But to show that g is flat, it is enough to show that s and
p are flat. The fact that p is flat follows from the latter lemma (as f is locally quasi-finite, since it is
unramified). The fact that s is flat follows from the fact that it is an open embedding as it is it is the
pullback of A : Z — Z xy Z by g xid : X xy Z — Z Xy Z and A is an open embedding (as f is
unramified, by 3.8).

i11) = 1) Let € X and let 2’ € X be maximal with 2’ > 2. We have a commutative diagram

Ov,fx) — Oxu

OYJ(:{:/) _—> OX@/

from which it follows that Oy, s,y — Ox . is flat (as everything else is flat). Therefore f is flat. From
the basic characterization of locally quasi-finite morphisms, it follows that f is locally quasi-finite, by
the assumption. By the latter lemma it follows that (x|y ). = 0 for every maximal point x and so
(x1y)z = 0 for every z € X. Tt follows that Qxy = 0, so f is unramified by proposition 3.8.
i) == iii) Since f is unramified, it is locally quasi-finite. Write A for Ox /M ¢(;)Ox . By the latter
lemma we have that A is finite over k(f(z)) and since Qxy = 0 (as f is unramified) we can deduce
that Qx(f(z)) = 0. From property 3 of universal derivations, 2 4x(f(z)) is the universal derivation in
the sense of rings. Therefore A is a finite separable extension of k(f(z)).

O

Proposition 3.19. Etale morphisms are open.
Proof. In fact we prove that smooth morphisms are open. We proceed in several steps.

1 A morphism f: X — Spa(A, AT) of adic spaces is smooth if and only if for every x € X there is
an open neighborhood U of z in X, finite subsets M, ..., M, C A with M;- A open for all ¢ and
an etale morphism g : U — Spa((A, AT)(X1,...,Xn)n, .. m,) such that the following diagram
commutes
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flu

U2 Spa((A, AN)(X1, ..., X)) ———— Spa(A, AT)

where h is the natural morphism. Indeed, h is smooth, so if g is etale, then ho g is smooth, so f
is smooth at z and so f is smooth. Assume now that f is smooth and write Y for Spa(A, A™).
Then, Qx|y is a locally free Ox-module, i.e there is an open affinoid neighborhood U of z and
51,5, € Ox(U) such that Qxy|v is a free Ox|y-module with basis dx|y (s1), ..., dx|y(sn) €
Qxy (U). Consider finite subsets Mj, ..., M, of A with M;-A open for all i and M;-s; € O}(U).
Moreover consider the following commutative diagram

(0x(U), 0% (U))

\

(A, AT (X1, Xn) My, M,

/

where (A, AT)(X1,..., Xo)an,..m, — (Ox(U),0%(U)) maps X; to s;. This give rise to the

following commutative diagram

(4,47)

U
f\U Spa((A,A*)(Xl,...,Xn>M17_”7Mn)

Spa(A, A*)

and all we are left to do, is show that g is etale. Write Z for Spa((A4, AT)(X1,..., Xn) My, M,
Then g is etale at a point € U if and only if the Ox ,-linear mapping

(Qz)y ®0, Ov)e — (xylv)e
is bijective, which follows from the above and property 1 of universal derivations.

2 By combining step 1 with corollary 3.15 we get the following: Let Y — Spa(A, AT) be a smooth
morphism of adic spaces. Then for every y € Y there is an open affinoid neighborhood of y, a
Huber pair (B, BT) and a morphism of Huber pairs (4, A*) — (B, BT) that is of algebraically
finite type such that U is Spa(A, A™)-isomorphic to Spa(B, BT) and SpecB — SpecA is smooth.

3 Let f: (A, A") — (B, B") be an adic morphism of Huber pairs with f : A — B flat and finitely
presented. Moreover, let L be a finite subset of Bt such that B¥ is the integral closure of A*[L]
in B. Then Spa(f) : Spa(B, B") — Spa(A, A") is open. To show this, it is enough to show that
the image of Spa(B, BT) is open is Spa(A, AT) as it is enough to show that for every rational
subset U of Spa(B, BY), Spa(f)(U) is open, but we may replace B by Ogpqp,p+)(U). Consider

X4 ={x € SpvA:z(a) <1 for every a € AT and z(a) < 1 for every a € A%}

and
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Xp = {x € SpvB : z(b) <1 for every b € BT and z(b) < 1 for every b € B}

f gives rise to a morphism Spv(f) : SpvB — SpvA which restricts to ¢ : Xp — X4. We
have retractions r4 : SpvA — Spv(A, A% - A) and rp : SpvB — Spv(B, B - B) that restrict
to retractions s4 : X4 — Spa(A4,A") and sp : Xp — Spa(B, B"). We have the following
commutative diagram

idSpa(B,B+)
Spa(B,Bt) Xp °5 Spa(B, B*)
lSpa(f) Jw L‘?pa(f)
Spa(A, At) « X4 °A Spa(A, AT)
idgpaca,aty

Here comes the crucial part. In [KH94] it is proved that if f : A — B is flat and finitely
presented, then Spv(f) is open. Therefore, since Xp is open in Spv(f)~1(Xp), it follows that
im(%) is open in X 4. Now im(Spa(f)) = im(x)) N Spa(A, AT) and so the result follows.

To show that a smooth morphism f: X — Y of adic spaces is open, we may assume that X and

Y are affinoid and by factoring f as in 2, we are left to show that a morphism ¢ : Spa(B, B*) —

Spa(A, AT) of adic spaces that is induced by a morphism of Huber pairs (4, AT) — (B, B") that is

of algebraically finite type such that Spec(B) — Spec(A) is smooth is open. But in such a case one
can apply 3 (see [Hub96] remark 1.26).

O

4 Comparison theorems

Huber initially wanted to develop a theory in which etale cohomology of rigid analytic varieties is
accessible. The subsection 4.1 is concerned with that. Moreover, in 4.2 we present a comparison
theorem in etale cohomology for schemes and adic spaces. This presentation is largely based on the
exposition of [Hub96].

4.1 A comparison theorem for rigid analytic varieties and adic spaces

Let X be a rigid analytic variety over K and r(X) its associated adic space. We will prove that the
etale topoi associated to X and r(X) are equivalent.

Proposition 4.1. Let f : X — Y be a morphism of rigid analytic varieties. Then f is etale if and
only if r(f) is etale.

Proof. We think of X and Y as subsets of 7(X) and 7(Y") respectively. Assume first that r(f) is etale.
Then, as (X) and r(Y') are analytic, it follows that for every maximal point = of 7(X), O,(x) , is flat
over Or(v)r(f)(z) ad Op(x).0/ M () (@) Or(x),2 18 flat over k(r(f)(z)). Now since the points of r(X)
coming from X are maximal (as by definition those are valuations of rank 1), it follows that f : X — Y
is flat and unramified, i.e etale. Assume now that f is etale. Let U and V be admissible open subsets
of X and Y respectively with f(U) C V. Then, Ox(U) is flat over Oy (V). Therefore, for every
z € 7(X), we have that O,(x), is flat over O,(y),(f)(2)- As [ is locally quasi-finite, it follows that
r(f) is locally quasi-finite. So, by lemma 3.18 it follows that (£2,(x),v))e = 0 for every z € X.Now
every maximal point of r(X) comes from a point in X and so Q,(x)|.y) = 0 so r(f) is unramified.
The result follows. O
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Proposition 4.2. Let f : X — Y be an etale morphism of rigid analytic varieties. Then f is strongly
surjective if and only if r(f) is surjective.

Proof. We think of X and Y as subsets of 7(X) and r(Y) respectively. Let us assume first that
f: X — Y is strongly surjective. Then it is enough to show that »(V) C im(r(f)) for every
quasi-compact quasi-separated admissible open subset of Y (as we can cover Y by such subsets).
Since f is strongly surjective, there exist quasi-compact admissible open subsets Uy, ..., U, of X with
V =U~, f(U;). So we have U; C f~1(V) and so r(U;) C r(f~4(V)) = r(f)~1(r(V)). Therefore the
morphism r(f) : 7(X) — r(Y) restricts to a mapping f; : 7(U;) — (V). Note that f; is spectral
and r(U;) is quasi-compact, which implies that im(f;) is a pro-constructible subset of 7(V'). Therefore
Ui~ 9m(fi) is a pro-constructible subset of (V) which contains V. Recall that every constructible
subset of r(V') is uniquely determined by its intersection with V' and so (J;_, im(f;) = r(V'). Assume
now that r(f) is surjective and let V' be a quasi-compact admissible open subset of Y. Then (V) is
a quasi-compact open subset of 7(Y'). Since f is etale, it follows that r(f) is etale and so it is open.
Therefore, there exists a quasi-compact open subset W of r(X) with V' = r(f)(W). Since the sets of
the form r(U) where U is any quasi-compact admissible open subset of X form a basis of Y, it follows
that there are Uy, ..., U, quasi-compact admissible open subsets of X such that W = |J;_, 7(U;).
We will show that V' = (Ji; f(U;). First of all, we note from the above that f(U;) C V. So, the
morphism f : X — Y restricts to a mapping f : U; — V. Given v € V and since (V) = r(f)(W)
and W = |J;_, 7(U;), there is j with v € r(f;)(r(U;)) = r(f;)(r(U;)). Its follows that fj_l(v) #0asr
commutes with fiber products and therefore v € |J;_, f(U;).

O

Definition 4.3. Let u: B — C be a functor of categories where C' is a site. The topology induced on
B is the finest one such that u is continuous.

The following proposition is known, in topos theory, as the comparison lemma.

Proposition 4.4. Let B be a small category, C' a site and u : B — C a fully faithful functor. Consider
B as a site with the topology induced by w. If every object x € C has a covering (u(x,) — x) by objects
Zq of b, then u induces an equivalence B~ — C™.

Proof. See [Awo05] C2.2. O

We now prove the main theorem of this section.

Theorem 4.5. Let X be a rigid analytic variety over a non-archimedean field K and let r(X) be the
adic space associated to X. Then the etale topos X[, is equivalent to the etale topos r(X)z;.

Proof. Recall that for a rigid analytic variety X, the etale site X, is the category Et/X equipped with

a Grothendieck topology such that (U; EiNYGS ) is a covering if and only if | | f; : | JU; — U is strongly

surjective. Moreover, for a morphism f : X — Y of rigid analytic varieties, we get a morphism of
sites f : Xet — Yer induced by the functor Et/Y — Et/X given by U — U xy X. Moreover for an
adic space X, the etale site X,; is the category FEt/X equipped with a Grothendieck topology such

that (U; EIN U) is a covering if and only if U = | fi(U;). Moreover for a morphism f: X — Y of adic
spaces, we get a morphism of sites f : X¢ — Yot (exactly as in the case of rigid analytic varieties).
Let now X be a rigid analytic variety. We get a functor

px : Et/X — Et/r(X)

given by U ~— r(U). Since p)_(1 commutes with fiber products and sends coverings to coverings,
we get a morphism of sites

px (X))t = Xet

Let f: X — Y be a morphism of rigid analytic varieties. We get a commutative diagram
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T’(Y)et — Yot

Moreover recall that the functor r induces an equivalence between the category of rigid analytic va-
rieties over X with quasi-separated structure morphisms and the category of adic spaces over r(X)
with quasi-separated structured morphisms.

We write Et/X’ for the category of rigid analytic varieties that are etale and quasi-separated over X.
Moreover we write Et/r(X)" for the category of adic spaces that are etale and quasi-separated over
r(X). Finally, we write X/, and r(X)., for the sites with underlying categories Ft/X’ and Et/r(X)’
and with topologies induced by the topologies on X¢; and r(X )¢ respectively. By the above, px
induces an equivalence

Py i r(X)e — Xo

Consider the natural morphisms a : X — X/, and b : 7(X)er — r(X).L,. Since we can cover ev-
ery object of Et/X be objects of Et/X’, by the comparison lemma, a™ is an equivalence. In the same
way b~ is an equivalence. We have a commutative diagram

T(X)et P_X) Xet

Since a™, b, p'y are equivalences, so is p%.

One can prove the following

Corollary 4.6. Let X be a rigid analytic variety over K and let r(X) be its associated adic space.
Moreover let F be a sheaf of abelian groups on X.t. Then for every q > 0, there is an isomorpism

Hq(Xet,./_") — Hq(T(X)et,f)

4.2 A comparison theorem for schemes and adic spaces

In this section we present a comparison theorem between the etale cohomology of adic spaces and
the etale cohomology of schemes. This is motivated by the usual comparison theorem for schemes
locally of finite type over C (see [Mil80]). Recall that for a scheme X, a sheaf of abelian groups on
Xt is called constructible if for every affine open U C X there exists a finite decomposition of U into
constructible locally closed subschemes U; such that F|y, is finite locally constant for all 1.

Fix an algebraically closed non-archimedean field K. Let f : X — Y be a morphism in the cat-
egory of schemes that are locally of finite type over K. Consider the natural morphisms of sites
bx ¢ (X — X and ¢y : (Y4); — Yoy which give a commutative diagram

(Xad)et L) Xet

fod f
¢

(Yad)et — Yer
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We have the following theorem

Theorem 4.7. Consider the above situation and let n be a natural number that is prime to the
char(K) (in case that is positive). Then for every constructible Z/nZ-module F on X and every
positive integer q, the base change morphism

Oy RIFF = RI(f).0% F
1s bijective.
A proof of this theorem is far beyond the scope of this thesis. We can only remark what is mentioned
in [Hub96]: that the proof in the case of 0 characteristic is the same as in the usual comparison theorem

in [AGVT1], while in positive characteristic, the proof is the same as in the comparison theorem in
[Ber93]. One can prove the following

Corollary 4.8. Let X be a scheme locally of finite type over K and let F be a constructible Z/nZ-
module on X¢t where n is prime to char(K). Then there is an isomorphism

HY( X, F) — HY((Xe), F)

Note. Without the assumption that n is prime to char(K), this fails in general. For example, in
[JdJ95], it is proved that for an algebraically closed field K of characteristic p and Al the affine line
over K, the map

HY (AL, Z/pZ) — HY (AL, Z/pZ)

is injective but not surjective.
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Part IV
Appendix

A Topological groups and rings

In this section we present some basic results on topological groups and rings. Most of the results
can be found in [Bou98|, but there are many other great texts that one can learn this material from,
available online, for example [Mur06] and [Mur05].

Definition A.1. A topological group A is a group with a topology such that A x A — A, (a,b) — ab
and A — A, a — a~ ' are continuous.

Note. Translations A — A, a — ab and a — ba are homeomorphisms.

Proposition A.2. Let A be a topological group. The set N of open neighborhoods of 0 in A satisfies:
i) For every U € N and c € U there exists V € N such that c+V C U

it) For every U € N there is V € N such that V +V CU

iii) For every U € N, —=U € N.

Moreover if G is an abelian group that in addition to i),ii),iii) satisfies (a) every element of N
contains 0 and (b) for every U,V € N there is W € N such that W C U NV, then there is a unique
topology on G making it a topological group with N a fundamental system of neighborhoods of 0.

Definition A.3. A topological ring A is a ring with a topology such that (A, +) is a topological group
and A x A — R, (a,b) — ab is continuous.

Proposition A.4. The set N of open neighborhoods of 0 in a topological ring A satisfies properties
i),11),411) of proposition A.1 and

iv) For every ¢ € A and every U € N there is V € N such that ¢V C U and Ve C U

v) For every U € N there is V € N such that V-V C U

Moreover if N is a set of subsets of a ring A that in addition to i),ii),iii),iv),v) satisfies (a) every
elements of N contains 0 and (b) for every U,V € N there is W € N such that W C UNYV, then
there is a unique topology on A making it a topological ring with fundamental system of neighborhoods
of 0 the set N.

Note. The topology of a topological group (or a topological ring) is completely determined by a
fundamental system of neighborhoods of 0.

Definition A.5. Let A be an abelian topological group. We say that a filter F' on A is Cauchy if for
every neighborhood U of 0 there exists an element E of the filter such that x —y € U for all x,y € E.

Definition A.6. An abelian topological group A is complete if it is Hausdorff and every Cauchy filter
on A has a limit. A topological ring is complete if its underlying topological group is complete.

Note. This is the same as saying that every Cauchy sequence on A converges.

Theorem A.7. Let A be an abelian topological group (resp. topological ring). Then there exists
a complete abelian topological group (resp. topological ring) A\, called the completion of A, together
with a morphism of topological groups (resp. topological rings) i : A — A that is universal for such
topological groups (resp. topological Tings).

Proposition A.8. Let A be an abelian topological group and i : A — A its completion. The set of
open subgroups of A corresponds bijectively to the set of open subgroups of A under the map that sends
an open subgroup H of A toi(H) = H.

Proposition A.9. Let A be an abelian topological group with a sequence of subgroups Ay D A1 D
As D -+ forming a fundamental system of neighborhoods of 0. Then A = @A/An.

Definition A.10. A topoogical ring is called adic if there exists an ideal I of A such that {I"},en
forms a fundamental system of neighborhoods of 0 in A. We call I an ideal of definition of A.
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B Spectral spaces

In this section we define spectral spaces and present basic results, which are used in section 1 in order
to prove the spectrality results on the valuation and adic spectra. Those are results of [Hoc69] and
[Hoc67]. The reader can have a look at the ”Spectral Spaces” chapter of [Wed19], but basically all we
need is remark 2.1 of [Hub93b], which is presented below.

Definition B.1. A topological space T is called spectral if one of the following equivalent holds:

i) T = SpecR for some commutative ring R.

i) T = @TZ for some inverse system {T;} of some finite Ty spaces.

iii) T is quasi-compact, there exists a basis of quasi-compact open subsets of T' that is stable under
finite intersections (i.e T is quasi-separated) and T is Sober (meaning that every irreducible closed
subset has a unique generic point).

A topological space is called locally spectral if it admits a covering by spectral spaces.

Definition B.2. A continuous map of locally spectral spaces f : X — 'Y is called spectral if for every
open spectral subspace V of Y and every open spectral subspace U of f~1(U), the induced map U — V
18 quasi-compact.

Definition B.3. Let X be a quasi-compact and quasi-separated topological space and Y C X a subset
of X.

i) Y is called constructible if it is a finite union of subsets of the form U N (X — V) where U,V are
quasi-compact open subsets of X

i1) Y is called pro-constructible if it is the intersection of constructible subsets of X.

For a spectral space X we denote X.o,s the set X together with the topology generated by the
constructible open subsets of the topological space X. Alternatively, a map f : X — Y is spectral if
and only if X — Y and Xcons — Yeons are continuous. The following is part of remark 2.1 in [Hub93b].

Proposition B.4. Let X be a spectral space and T a pro-constructible subset of X. Then

i) T is quasi-compact in X and in Xeons.

i1) T is constructible if and only if X \ T is pro-constructible.

iii) T 1is spectral (with the subspace topology) and a subset U of T is (pro-)constructible if and only if
U=V NT for some (pro-)constructible subset V of X.

iv) Let Z be a set and T a quasi-compact topology on Z. Moreover, let Z be the set of open and closed
subsets of (Z,T) and let T' be the topology on Z generated by a subset of Z. Then (Z,T') is spectral
and Z is the set of constructible subsets of (Z,T").

C Rigid Analytic varieties

In this section we treat the basic theory of rigid analytic varieties. This is far from being a detailed
or complete introduction to the theory, for which the reader should consult [Bosl4]. We also refer
the reader to [Con08] for a short but very motivated introduction to the topic and [Fre04] for an
introduction to etale cohomology of rigid analytic varieties.

C.1 Algebraic Preliminaries

Definition C.1. A non-archimedean field K is a field together with a valuation |-|: K — R>q such
that K is complete with respect to the topology induced by | - |

Throughout this section, K denotes a non-archimedean field.

Proposition C.2. The valuation on K admits a unique extension to K and each finite subextension
of K/K is complete with respect to the topology induced by the extension of | - |.
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Consider the closed unit disk in K
B"(K) = {(z1,...,25) € K" : ;] <1}

Definition C.3. We define the n-th Tate algebra T,,(K) = K(X1,...,X,) that consists of the formal

power series of K[[X1,...,X,]] that converge on B™(K), i.e
To(K)={>,aX" e K[[X1,...,Xp]] : a, = 0 as [v| = oo}
We define the so-called Gauss norm on T,,(K) given by
122, e XY || = mazy|a, |
which has the following property

Proposition C.4. T,,(K) endowed with the Gauss norm is a Banach K-algebra, i.e a K-algebra that
is complete.

Proposition C.5. (Mazimum Modulus Principle) For every f € T, (K) we have

11l = maz, g o | £ ()
Proposition C.6. Let m be a mazimal ideal of T,,(K). Then T,,(K)/m is a finite extension of K.

Remark. The latter is really important: We will be able to extend the valuation on K to a valuation
on T,,(K)/m!

Corollary C.7. There is a bijection between the mazimal ideals of T,,(K) and the orbits of B"(K)
under the action of Gal(K/K).

Proof. As a full proof of this fact is usually omitted in literature, we proceed to prove it. Consider a
map

B"(K) — MaxT,(K)

given by z — my, = {f € T,(K) : f(z) = 0}. We will show that this is surjective. First of all
we see that this is well defined, as m, is the kernel of the evaluation morphism 7, (K) — K(x)
given by f — f(x) which is surjective. Let now m be a maximal ideal of T, (K) and consider the
embedding T;,(K)/m — K. Consider the induced morphism ¢ : T,,(K) — K with kernel m and
let z = (¢(X1),...,¢(Xy)). Then ¢ coincides with the evaluation map we defined above and so
m = m,. We will now show that m;, = m, if and only if 2 and y belong in the same conjugacy
class under the action of Gal(K /K) on B"(K), which will complete the proof. Given z = (x1,...,z,)
and y = (y1,...,9n) in B"(K), we have that m, = m, if and only if there is a K-isomorphism
K(z) — K(y) that sends z; to 3. But such an isomorphism extends to an automorphism of K, so
there is v € Gal(K /K) such that v(z) = . O

Using the above, we are able to describe the underlying set of a rigid analytic variety. Note that
if K is algebraically closed, then there is a bijection between MaxT, (K) and B"(K). A few more
properties of T,,(K) are the following

Proposition C.8. T,,(K) is Noetherian, Jacobson and its Krull dimension is n.
Proposition C.9. Every ideal of T, (K) is closed.

Definition C.10. An affinoid algebra A is a K-algebra isomorphic to T,,(K)/a for some ideal a of
T.(K).

As with Tate algebras, we have the following

Proposition C.11. Let A be an affinoid K-algebra. Then A is Noetherian and Jacobson.
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Consider a K-algebra A =T, (K)/a. For f € A, we define

|f’sup = max:ceMazA‘f(x)‘

where f(x) denotes the residue class of f in A/z. This is called the supremum norm on A. Again, we
have a maximum modulus principle

Theorem C.12. (Mazimum Modulus Principle) Let A be an affinoid algebra. For every f € A we
have

|f|sup = ma’xIGMa$(A)|f(x)|

For an affinoid K-algebra A, the elements of A can be thought as functions of MaxzA in the way
we have described. From now on, we will write SpA to denote MaxA together with its K-algebra of
functions on A and call it the affinoid K-space associated to A.

A morphism o : A — B of affinoid K-algebras induces a map
o:SpA — SpB

given by m + o7 !(m). Indeed o~ !(m) is a maximal ideal of B as we have injections K —
B/o~t(m) — A/m and A/m is finite over K. In general, a morphism of affinoid K-spaces SpA — SpB
is a morphism induced by a morphism of affinoid K-algebras B — A in the way we described. That
said, the category of affinoid K-spaces can be thought as the opposite of the category of affinoid
K-algebras.

Definition C.13. Consider an affinoid K-space X = SpA. The topology on X generated by the sets
of the form

X(fie) ={r e X :[f(z)| <}
with f € A and € € Ry is called the canonical topology on X.

Definition C.14. Let X = SpA be an affinoid K-space and let f1,..., fn,g € A generate A. Then
the set

X(fesd) = {z € X 1 |fi(@)| < lg(@)]}

18 called a rational domain of X.

Definition C.15. Let X = SpA be an affinoid K-space. A subset U of X is called affinoid subdomain
of X if there exists a morphism of affinoid K-spaces i : X' — X such that i(X') C U and for every
morphism of affinoid K -spaces ¢ : Y — X with ¢(Y') C U, there exists a unique morphism ¢' :' Y — X'
such that the following diagram commutes

Xt X
(z)/
Y

The following theorem is fundamental in rigid geometry

Theorem C.16. (Gerritzen-Grauert) Let X be an affinoid K -space and U C X an affinoid subdomain.
Then U is a finite union of rational subdomains of X.

Let X be an affinoid K-space. For an affinoid subdomain U of X we define Ox(U) to be the
K-algebra of ”functions” corresponding to U. This is a presheaf of K-algerbas on the category of
affinoid subdomains of X. For z € X we define
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OX,x = hger OX(U)
where U runs in the set of affinoid subdomains that contain x.
Proposition C.17. Ox; is a local ring with maximal ideal m,Ox ;.

Theorem C.18. (Tate’s Acyclicity) Let X be an affinoid K-space. The presheaf Ox is U-acyclic for
all finite coverings U = (U;) of X by affinoid subdomains.

C.2 Rigid Analytic Varieties

In order to define rigid analytic varieties, we restrict our attention to a special kind of Grothendieck
topologies. in particular, given a set X, we consider a Grothendieck topology on a category of subsets
of X (with inclusions) and with coverings (U; — U);cs being set-theoretic coverings, i.e U = |JU;.
We call X with the latter Grothendieck topology a G-topological space.

Definition C.19. Let X be an affinoid K-space. Consider the category of affinoid subdomains of
X with inclusions and endow it with a Grothendieck topology such that (U; — U);er is a covering
whenever I is finite and U = | J;c; U;. This is called the weak topology on X.

Definition C.20. Let X be an affinoid K -space.

i) A subset U C X s called admissible open if there exists a covering U = |J,c; Ui by affinoid
subdomains U; such that for every morphism of affinoid K-spaces ¢ : Z — X satisfying ¢(Z) C U,
the cover (p~1(U;)) of Z admits a finite refinement by affinoid subdomains.

it) A covering V. = UjeJ Vi of an admissible open subset V. C X by admissible open subsets V; C X
is called admissible if for every morphism ¢ : Z — X of affinoid K-spaces satisfying ¢(Z) C V', the
cover (¢~Y(V}))jes of Z admits a finite refinement by affinoid subdomains.

The Grothendieck topology on X with admissible open subsets and admissible coverings is called the
strong topology on X.

Proposition C.21. The strong Grothendieck topology on an affinoid K-space X has the following
properties

Go) 0 and X are admissible open

G1) If (Uj)ier is an admissible cover of an admissible open subset U of X and V is a subset of U such
that U; NV is admissible open for all i, then V is admissible open.

Ga) If (Uj)ier is a cover of an admissible open subset U by admissible open subsets U; C X such that
it admits an admissible cover of U as refinement ,then (U;)ier is itself admissible.

Proposition C.22. Every morphism ¢ : X — Y of affinoid K-spaces is continuous with respect to
the strong Grothendieck topologies on X and Y .

Proposition C.23. Let X be an affinoid K -space and F a sheaf with respect to the weak Grothendieck
topology on X. Then F admits a unique extension with repsect to the strong topology on X. In
particular, by Tate’s acyclicity theorem we may extend the structure sheaf Ox to get a sheaf with
respect to the strong Grothendieck topology on X.

Definition C.24. A G-ringed K-space is a pair (X,Ox) where X is a G-topological space and Ox
is a sheaf of algebras on it. If in addition to the above, the stalks Ox . are local rings for all v € X,
then (X, Ox) is called a locally G-ringed K -space.

Definition C.25. A morphism of G-ringed K-spaces (X,0x) — (Y,0Oy) is a pair (¢, ¢*) where
¢ : X =Y is a morphism of G-topological spaces and ¢* is a system of K-homomorphisms ¢7, :
Oy (V) = Ox(¢~Y(V)) ,for every admissible open subset V', that are compatible with restrictions, i.e
the following diagram is commutative
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Oy (V') —— Ox (¢~ (V"))

Furthermore if (X, Ox) and (Y, Oy) are locally G-ringes K -spaces, then (¢, ¢*) is a morphism between
them if in addition to the above, the ring homomorphisms

?y : Oy gz) = Oxa
are local for all x € X.

Now every affinoid K-space can be viewed naturally as a locally G-ringed space (X, Ox), where
X is endowed with the strong Grothendieck topology and Ox is its structure sheaf. Moreover, if
¢ : X — Y is a morphism of affinoid K-spaces, then it induces a morphism of locally G-ringed
K-spaces. In fact we have the following

Proposition C.26. Let X,Y be affinoid K-spaces. The map which sends a morphism X — Y of
affinoid K-spaces to the induced morphism of locally G-ringed K-spaces (X,0x) — (Y,0y) is a
bijection.

Definition C.27. A rigid analytic variety over K is a locally G-ringed K-space (X,Ox) such that
i) X satisfies conditions Go, G1, G2 and
i) X admits an admissible covering (X;)ie; where (X;, Ox|x,) is an affinoid K-space for alli € I.

A morphism of rigid analytic varieties over K is a morphism in the sense of locally G-ringed K-
spaces. For an admissible open subset U C X, we call (U, Ox|yy) an open subspace of (X,0x). We
can glue rigid analytic varieties in the following way

Proposition C.28. Consider the following data

i) rigid analytic varieties X;, i € I

ii) open subspaces X;; C X; and isomoprhisms ¢ : Xij — Xj; for alli,j eI

such that

(1) ¢ij o gbij =1d, Xj = X; and ¢y = id for alli,j €1

b) ¢ij induces isomorphisms Gijk + XijN Xy — XjiN Xy, that satisfy ¢ijx = rjioirj for alli, j, k € 1.
Then there exists a unique (up to isomorphism) rigid analytic variety X over K with an admissible
covering (Xj)ier and isomorphisms ; : X; — X| that restrict to isomorphisms ¢ij : Xij — X; N X
such that the following diagram commutes

Xij L BN X/ N X

?ij id

Xy — s XA X!

We can also glue morphisms of rigid analytic varieties in the following way

Proposition C.29. Let X, Y be rigid analytic varieties over K and (X;)ier an admissible cover of
X. Let ¢; : X; — X be morphisms of rigid analytic varieties such that ¢;|x,nx; = ¢jlx,nx, for all
i,j € I. There is a unique morphism of rigid analytic varieties ¢ : X — 'Y such that ¢|x, = ¢;.

Note. This is of course exactly the same as gluing locally ringed spaces (say schemes), except that
now we have to deal with Grothendieck topologies, which doesn’t make it much different.
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Proposition C.30. Let X be a rigid analytic variety over K and Y an affonoid K-space. Then
Hom(X,Y) = Hom(Oy(Y),Ox (X)) given by ¢ — ¢35 is bijective.

Let us now give a few examples.
Example C.31. In rigid geometry the "affine” line is realized as
hﬂng SpK (w"X)
where W € K is such that [w| < 1. The underlying set is
K =U,>1 D(0, [w]™")

where D(0,r) = {x € K : x| <r}. In fact (as we will see) this is the rigid analytification of SpecK[X]
(the affine line over K ).

Example C.32. Let w € K be such that |w| < 1. We considee the rigid analytic variety

7n+1
UnGZ SpK( ’ D)£l>

which has underlying set
Uneziz € K+ @™ < o < [@]"} = Upoi o € K1 (@] < [a| < @] 7"} = K~
This is the rigid analytification of G,

Example C.33. Write GTmi?K ‘for the rigid analytic variety of the last example.For q EAK with |q| < 1,
the Tate curve is given by G”gK/qZ Let us describe what this means. Note that G, % remains the
same regardless of the choice of W. This we may choose @ such that [@|* = |q| for some k > 2. We

may cover G”g by An, n € Z where A, = SpK(“~ i ) = ) Note that multiplication by q induces an
isomorphism fmm Ay to Apyy and so the Tate curve can be realized as the union of k copies of rigid
varieties of the form A, glued along their boundary in the way multiplication by q forces them to.

Definition C.34. Let X and Y be rigid analytic varieties over K.

i) X is called quasi-compact if it admits a finite admissible affinoid cover. A morphism f: X —Y is
called quasi-compact if for every quasi-compact open subspace Y' CY, f~H(Y') is quasi-compact.

it) A morphism f : X — Y is called separated (resp. quasi-separated) if the diagonal morphism
A: X = X xy X is a closed immersion (resp. quasi-compact).

i11) X is called separated (resp. quasi-separated) if the structural morphism X — SpK is separated
(resp. quasi-separated).

C.3 Fiber Products of Rigid Analytic Varieties

Definition C.35. Let A be a Banach K-algebra and E, F two Banach A-modules. Consider the ten-
sor product E®4 F. For x € E®4 F we define

|z]] = infoes ;o mazeil] - || fill

where the sum runs over all such representations of x. The latter is easily seen to be a seminorm. We
define EQAF to be the completion of E @4 F, which is an A-module and call it and completed tensor
product of E and F. We have natural maps e : E — E@AF and f : F — EQaF. The completed
tensor product with the above maps is universal in the sense that for any Banach A-module M and
any continuous A-linear maps ¢ : B — M and v : F — M there exists a unique continuous A-linear
map ¢ : EQAF — M such that (gb@w) oe= ¢ and (¢®¢) o f =1. By the universal property of
tensor products we see that there is a map ¢ @ : E @4 F — M and by the universal property of
completions we then get ¢pR1).
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Proposition C.36. Let Sp(B) — Sp(A) and Sp(C) — Sp(A) be morphisms of affinoid spaces. Then
B ®4 C is an affinoid algebra and Sp(B@AQAC') is the fiber product of the morphisms above.

Proof. First of all the morphisms Sp(B) — Sp(A) and Sp(C) — Sp(A) are induced by morphisms of

K-algebras A — B and A — C. Hence we write A(X1, ..., Xn)/(f1,-.., fr) and A(X1, ..., Xm)/(91,---

for B and C respectively, for some f1,..., fx,91,--., 9. It follows that A®4 C =
AX,®1,..., X, 0L,1®0X,...,10X,)/(ivwl,1®g;,l <i<k1<j<lI)

and since A is an affinoid K- algebra, so is the latter. It follows directly from the universal property
of completed tensor product that Sp(B®4C) is the fuber product. O

Proposition C.37. Fiber products exist in the category of rigid analytic varieties over K

Proof. Assume that Y — X and Z — X are morphisms of rigid analytic varieties over K. If X, Y, Z are
affinoid, then Sp(Oy (Y)®0, (x)0z(Z)) is their fiber product. The general case follows by gluing. [

C.4 Rigid Analytification

Fix a non-archimedean field K. We will construct a functor from the category of schemes locally
of finite type over K to the category of rigid analytic varieties over K. In particular we prove the
following

Theorem C.38. Let X be a scheme locally of finite type over K. There exists a rigid analytic variety
X" over K with a morphism of locally G-ringed spaces i : X9 — X such that for any rigid analytic
variety Y over K, any morphism of locally G-ringed spaces Y — X factors uniquely through X9 — X
for some morphism of rigid analytic varieties Y — X™9. We call X9 the rigid analytification of X .

We need the following

Lemma C.39. Let X be an affine scheme over K and Y a rigid analytic vatiery over K. The
set of morphisms of locally G-ringed spaces Y — X corresponds bijectively to the set of K-algebra
homomorphisms Ox(X) — Oy (Y).

Proposition C.40. Let X = Spec(K[X1,...,X,]/I) and r be an element of K with 0 < |r| < 1.
Then X9 = Ui>o Sp(K(riXy,...,r'X,)/(I)) is the rigid analytification of X.

Proof. We consider the sequence of natural morphisms of K-algebras
KX, ., Xp)/T = = KXy, ..., r' Xp) /() = -+ = K(X1,..., Xn)/(I)
that gives rise to inclusions
SpK (X1, ..., Xp)/(I) = -+ = SpK{riXy,...,r'X,)/(I) = ...

which explains why we can glue them to make |J;~o Sp(K(r'Xi,...,r'X,)/(I)). There are mor-
phisms of locally G-ringed spaces SpK (r‘Xy,...,7'X,)/(I) — X. The latter morphisms are eas-
ily seen to agree on intersections and so there exists a morphism of locally G-ringed spaces i :
Usso Sp(K(r'Xy,...,r"X,)/(I)) — X. We now verify the universal property. Let Y be a rigid
analytic variety over K with a morphism of locally G-ringed spaces f : ¥ — X. Without loss of
generality we may assume that Y = SpB for some Tate algebra B. The morphism Y — X is induced
by a K—algebra homomorphism K|[X1,...,X,]/I — B. It is enough to show that there exists i such
that the latter fctors as

K[X1,...,X)/I = K{@riXy,...,r'X,)/(I) = B

o7
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for some morphism of topological rings K (r'X1,...,7°X,)/(I) — B. We consider the composition
K[Xi1,...,Xu]/I = K[X1,...,X,)/] — B

and let y; be the image in B of X; under the above morphism. From the maximum modulus principle
there exists an i such that ||yk||sup < ||~ for all k. Therefore we can extend the composition morphism
to a morphism K(r'Xy,...,7"X,) — B which factors through a morphism K (r‘Xy,...,7X,)/(I) —
B which is the desired one. O

Proof. (of theorem C.38.) Let X be covered by affine open subschemes X;. Those admit analytifica-
tions f; : X;'Y — X;. Moreover, from the universal property it follows that for all 4,j, f; ' (X; N X;)
is the analytification of X; N X;. Therefore gluing, we can construct a rigid analytic variety X 9 over
K with a morphism of locally G-ringed spaces X" — X which is the rigid analytification of X. [

Remark. Let f : X — Y be a morphism of affine schemes that are locally of finite type over K.
Consider the analytifications X" and Y% of X and Y respectively. There is a morphism of locally
G-ringed spaces iy : X" — X and thus if we compose the latter with f (viewed as a morphism of the
underlying locally ringed spaces of X and Y'), we get a morphism of locally G-ringed spaces X" — Y.
Therefore from the universal property of analytifications, there should be a morphism X" — Y% of
rigid analytic varieties over K. We denote the latter morphism by f"9. It is easy to see that for two
morphisms f: X — Y and g : Y — Z of schemes locally of finite type over K, (gf)"9 = g™ fri

Corollary C.41. We conclude that mapping a scheme X to its analytification X" and a morphism
f of schemes to 9 gives a functor from the category of schemes that are locally of finite type over
K to the category of rigid analytic varieties over K.

Example C.42. The rigid analytification of X = SpecK is the rigid variety X™9 = SpK.

Example C.43. The rigid analytification of X = SpecK|[T| is the rigid variety X9 = U;>oSpK (r'T).
Note that since K is algebraically closed, SpK (r'T) can be thought as the closed disk of radius r—* and
so the analytification of the affine line is a union of closed disks of infinitely increasing radius, which
geometrically makes sense.

C.5 The etale site of a rigid analytic variety

Definition C.44. A morphism f : X — Y of rigid analytic varieties over K is called etale if for
every v € X the induced morphism Oy, ;) — Ox 2 1s flat and unramified.

Definition C.45. An etale morphism f : X —'Y of rigid analytic varieties is called strognly surjective
if for every quasi-compact admissible open subset V' of Y there exist finitely many quasi-compact
admissible open subsets U; of X such that V = f(U;).

Definition C.46. The etale site X¢; if a rigid analytic variety is the category Et/X of the rigid
analytic varieties that are etale over X equipped with a Grothendieck topology such that (U; il—> U) is

a covering if and only if | | fi : | Ui — U is strongly surjective.
D Cech Cohomology

In this section we introduce Cech cohomology, by following closely the exposition of [Wed19]. We need
propositions D.5 and D.6 to prove Tate’s acyclicity theorem. Fix a topological space X. Moreover,
let U = (U;)ier and V = (V})jes be open covers of X. for (ig,...,i,) € IP™! we define

Uig..i, = Uiy N---NU;,
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Moreover for a subspace Y of X we define
Uly = (UiNY )ier
and
UV = (U NVj)erjes
and we set CP(U, F) = [Lo,...i)err+1 F(Uig...i,,) and define d : c™U, F) — C"TY(U, F) given by

+1
d( 0.dpr1 Zp ( z()...’L/;;...Zerl

It is easy to see that d®> = 0 and so we obtain a complex C'® (U, F) called the Cech complex associated
to F and the covering U.

Definition D.1. The cohomology groups H*(C*(U,F)) are called the Cech cohomology groups asso-
ctated to F and the covering U and are denoted by Hi(lxl,]:).

Definition D.2. We say that V is a refinement of U if for every j € J there exists i; € I such that
V, C Uij, i.e there is a map 7 : J — I such that V; C UT(]-).

Let V be a refinement of &/ and choose a map 7 : J — I as in the above definition. Then 7 induces
homomorphisms of complexes 7° : C*(U, F) — C*(V, F) and the induced homomorphism

Hi(r®) : H(U,F) — H'V, F)
is independent of the choice of 7. This gives the following definition.
Definition D.3. We define the Cech cohomology on X with values in F given by
HY(X,F) =lim, H'U,F)
where U run over the set of open covers of X preordered by refinement.

Definition D.4. U is called F-acyclic if the homomorphism ¢ : F(X) — C*(U,F) induces an iso-
morphism F(X) — HO(U,F) and H U, F) =0 for all i > 1.

We have the following two propositions

Proposition D.5. Let F be a presheaf of abelian groups and let U = (Us)icr and V = (Vj)jes be
coverings of X such that V|UZ0 ., 18 F-acyclic for all (ig, ... ,i,) € It and all n > 0. Then we have
i) IfUy,, ,, is F-acyclic for all (ig,...,in) € I" and alln > 0, then U is F-acyclic if V is F-acyclic.
it) If V is a refinement of U, then U is F-acyclic if and only if V is F-acyclic.

i11) U x V is F-acyclic if and only if V is F-acyclic.

Proposition D.6. Let B be a basis of the topological space X that is stable under finite intersections.
Let F' be a presheaf of abelian groups on B and F a presheaf of abelian groups on X given by

F(V)= F(U)

Wy e

Assume that for every U € B and every open cover U of U, the presheaf F is U-acyclic. Then F is
a sheaf and for every open subset U of X and every i > 1, the groups H' (U, F) and H' (U, F) are
isomorphic.
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