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Abstract

From numerical results it is observed that a Bang-Bang controller has com-
petitive performance against a continuous controller on different tasks in Re-
inforcement learning problems. The performance of a Bang-Bang controller in
Reinforcement learning problems is yet not fully understood yet, and is thus and
open research question. In this paper we explore this open question and provide
an partial explanation with mathematical proof why this phenomena exist. We
start by understanding the foundations of control theory and the Bang-bang
controller. With an existing mathematical foundation of System Identification
we derive errors for approximating dynamical systems. Using the error terms,
we prove that the Bang-Bang controller yields a better approximation then a
continuous controller in Reinforcement learning problems.
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1 Introduction

In the paper [6] the researchers provide numerical results in Reinforcement learn-
ing problems that when restricting agents to only extreme controls yields com-
petitive performance compared to continuous controllers. More specifically, they
only consider the maximum and minimum of an given controller compared to
an controller where all the available controllers are considered. In complex con-
trol problems where the controls are of high dimensions it seems unlikely that
the optimal controller would only be strictly Bang-Bang controller, which is
pointed out by the researchers. But the competitive observed results with the
Bang-Bang controller does raise a question why it is observed. The researchers
from [6] does give several a hypothesis why this phenomena occurs but without
mathematical proof. One of them being that when the dynamical system is un-
known the Bang-Bang controller enables better exploration. Therefore a better
approximation of the given dynamical system.

The goal of this paper is to prove that under reasonable assumptions the
Bang-Bang controller yields a better approximation of an unknown dynamical
system. We will extend the ideas from the paper [2] which provide a good math-
ematical foundation for identifying discrete dynamical systems. With the exten-
sion of those ideas we will prove that the Bang-Bang controller approximate any
discrete dynamical system better then a Gaussian continuous controller under
an learning process.

This paper begins with preliminaries in Linear Algebra. Both control theory
and Reinforcement learning heavily rely on this subject. Understanding it, will
be a crucial part of our examination of control theory, Reinforcement learning
and our analysis of the Bang-Bang controller in System Identification.

In section 3 we examine control theory, specifically about Reachability and
Optimal control. Here we will closely study different approaches of finding an
optimal controller. In section 4 we examine the basics of Reinforcement Learning
and draw a distinction between control theory and Reinforcement Learning.
In section 5, we will show how to apply Reinforcement Learning; we derive a
method for learning a model from data. Then in 5.2, we show how a Bang-Bang
controller improve the error of the approximated model.

1.1 Insights from numerical results

In the Figure 1 we can see the results of using both the Bang-Bang and Gaussian
controller the researchers from [6] observed. We can observe that the result
with different algorithms and controllers varies between tasks. So it is not
clear that any of the two controllers are better then the other. But since these
two controllers are quite different from one another, it raises the question of
why the controllers have similar performance. The researches provide different
hypothesis of this question. Although they do give many ideas, but they are
not mathematically proved.
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Figure 1: The rows the different algorithms that are being used for the different
tasks and the Columns are the different tasks the algorithms are being trained
on. Figure taken from [6].
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Figure 2: The distributions of magnitude of the controllers for the trajectories
of the MPO algorithm in Figure 1. Figure taken from [6].
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Figure 3: The explored environment by using different kinds of controllers during
two tasks. The rows shows the goal of the task and the columns are the different
kind of controllers. Figure taken from [6].

In Figure 2 we can see that even though all the controllers (in an interval)
are available to the Gaussian controller, it tend to choose the controllers at the
extremes. So, this algorithm (MPO short for Maxmimum A Posteriori Policy
Optimization) being used in the RL problems tend converge to an approximate
Bang-bang controller.

The goal of this paper is to provide a good mathematical foundation to
try to explain these result. We will investigate the theoretical framework of
mathematical optimal control. Which deals with deriving an controller given
some dynamical system and performance index, rather then learning it from
data which is usually done in Reinforcement learning.

Since control theory and Reinforcement learning (RL) both heavily rely on
the framework of linear algebra, we will have to build a strong understanding
of Linear algebra firstly before we go onto control theory and RL.

1.2 Hypothesis of performance for the Bang-Bang con-
troller

If the environment of an agent is unknown, the agent has to learn its envi-
ronment. The researchers from [6] give an idea that the using the Bang-Bang
controller will result in the agent exploring a larger part of its environment,
which is observed in their numerical experiments in Figure 3. So when an agent
explores a larger area, it will yield better results. The researchers argue that
costs of controllers can hinder the Gaussian controller from exploring and finding
the optimal controller. While costs of the Bang-bang controller can also hinder
the agent from achieving maximum performance due too only choosing maxi-
mum action. It is later argued that an optimal design should be a combination
of a Bang-Bang controller and Gaussian controller.

But this idea is not proved in that paper. In the Figure 3 they do show that
agents with an Bang-bang controller explores a larger area of its environment.



As said, it is not mathematically shown how a larger area explored will cause a
better performance. But it is an idea that we will prove later in this paper.

2 Linear Algebra Preliminaries

Linear algebra plays a pivotal role in the field of control theory, serving as a
fundamental mathematical framework for the analysis and design of control
systems. By employing mathematical models to represent these systems, we
can leverage linear algebra techniques to gain insights into their dynamics and
manipulate their responses. The application of linear algebra enables the ex-
amination of input-output relationships, investigation of system stability and
controllability, design of optimal control strategies.

In this section we will develop propositions, definitions and theorems in
linear algebra that will be necessary (directly or indirectly) for our analysis in
this paper. Some of the proofs is based on lecture notes and material from [8].

2.1 Definite Matrices

Definite matrices hold a significant importance in control theory. These matrices
are square matrices that possess distinct eigenvalue properties, providing crucial
insights into system dynamics. Positive definite matrices, in particular, play a
central role. Such matrices are associated with stable and well-behaved systems.

Definition 2.1. A symmetric matrix A € R"*"™ is called a positive definite
matrix if for all nonzero vectors x € R”

z Az > 0.

Proposition 2.1. A positive definite matrix A € R™*"™ has only positive eigen-
values.

Proof. If a matrix is positive definite then 2" Az > 0 for all nonzero vectors.
Now take any x eigenvector and corresponding eigenvalue A of A

e Az =2 e = Xz "z = \||z|]3.

Since the euclidean norm ||z||3 > 0 for all nonzero vectors, the eigenvalue A
must the positive since 0 < T Azx = \||z||2. O

Proposition 2.2. If P € R™*"™ is a positive definite matriz then it is invertible.

Proof. If Px = 0 = 0 -« for some nonzero x € R™ then 0 is a eigenvalue of P,
which contradicts that P only has only positive eigenvalues. Therefore P must
be invertible. O



Proposition 2.3. Any A € R™ "™ matriz that only has positive eigenvalue is a
positive definite matriz.

Proof. Now, from the Spectral theorem, an invertible symmetric matrix can be

decomposed into
A=vVDVT

where V' € R™*™ is an orthonormal matrix where columns are eigenvectors of
A and D € R™" is a diagonal matrix, where the diagonal elements are the
eigenvalues of A.

Now take any vector z € R™ and some vector y € R™ where y; € R are the
elements of y

2 VDV e =y "Dy = Z i -y2 > 0.
i=1

Definition 2.2. A symmetric matrix A € R"*™ is called a positive semi-definite
matrix if for all nonzero vectors x € R"

! Az > 0.

Proposition 2.4. If P € R™ "™ is a positive definite matriz and @ € R™*" is
a semi-definite matriz then P + Q is positive definite matriz.

Proof. Since for every nonzero x € R™ we have that 2" Pz > 0 and ' Qz > 0

' (P+Q)z=za"Pr+az' Qx>0.

Proposition 2.5. If P € R™*" is a positive definite matriz then its inverse
P! s also positive definite.

Proof. For any nonzero y € R™ and define x = Py € R™. Since P in an invertible
matrix the range of Py is R™. So, we have that

' P lz=y " PTP'Py=y"Py>0.



Proposition 2.6. If P € R"*" is a positive definite matriz and A € R™*",
Then ATPA is a positive semi-definite matriz. If A is invertible, then AT PA
18 a positive definite matrix

Proof. For any nonzero x € R™ and some y € R"
z ATPAz =y Py.

Since A is not necessarily and invertible matrix, then there exist an x such
that Az = 0 = y. Therefore there exist some vector = such that ' AT PAz =
y' Py =0.

Now if A is invertible, there does not exist a vector x such that Az = 0,
therefore for some nonzero z € R™ Ax = z and

2 ATPAx = 2T Pz > 0.
O

Proposition 2.7. If A € R™*™ with dimension 0 < k < n and singular values
0<o1<...<0. Then

N
Z AZ(AT)Z
i=1

is positive semi-definite if k < n and if k = n then it is positive definite, for any
N.

Proof. Decompose AAT into its Singular Value decomposition, recall that U, V €
R™ "™ are orthonormal matrices, meaning that UUT = UTU =1,

AAT =(wsvhHwev )T =vusv'vsuT =Uus?U’.

Now, since X. is a diagonal matrix with the singular values of A along its diag-
onal in a descending order, and the number of singular values depends on the
dimension of A.
If ¥ < n then A has k singular values. So, there exists some y € R™ such
that
U2U Ny =0

since ¥ has a dimension of k. We also see that if UX2U’x # 0 then

k
T USU Tz =y %%y = Z(Uk—i+1)2 y? >0,
im1

so it must be positive semi-definite.



Now if & = n then there does not exist € R™ such that UX?U'z # 0

meaning that
k

2TUSU 2 = (oh-i11)* 47 >0
i=1
for all x and some y. So it must be positive definite.
For the second part of the proof, if P;, P, € R"*"™ are positive definite then
P, + P is also positive definite, because

(ET(Pl + PQ)IL' = I'Tpll' +.’£TP2.’£ > 0.

Therefore if A is invertible then

N

ZAi(AT)i

i=1

is positive definite.
If Q € R**™ is positive semi-definite then QP + Q™ is also positive semi-
definite for any p, m € R, because if Qz = 0 then

2T (QP+ QM =2 QPN (Qr) + 2" Q" (Qx) =0,
Now, if Qz # 0
2 (QP+ QM =z QPr+2"QMx > 0.

Therefore if A is not invertible then
N . .
ZAZ(AT)Z
i=1

is positive semi-definite.

2.2 Rayleigh quotient

The Rayleigh quotient is a fundamental concept in linear algebra, providing a
means to characterize and analyze the properties of a matrix or a linear oper-
ator. It serves as a powerful tool for studying eigenvalues and eigenvectors of
a matrix or operator, allowing for the assessment of positive definiteness, and
other characteristics. In Control theory, understanding the properties of eigen-
values and eigenvectors is often required to understand certain system dynamics.
Therefore knowledge about Rayleigh quotients can be essential for solving con-
trol problems. Later in this paper, it will serve as one of our most valuable tools
for proving our key results.



Definition 2.3. Given a symmetric matrix A € R"*" and a nonzero vector
x € R™ we define the Rayleigh quotient as

x| Ax

R(A, z) g

The following theorem establishes key properties of the Rayleigh quotient,
specifically about its maximum and minimum value and its connection to the
eigenvectors and eigenvalues of the matrix A. It will be an important tool for
later on in the paper.

Theorem 2.1 (Min-max theorem, or Courant—Fischer—-Weyl min-max princi-
ple). Let A € R™ "™ be an symmetric matriz with eigenvalues A1 < ... < A\ <
... < A,. Then

Ak = m[}n{mmax{R(A,x) cx e U,x#0}: dim(U) = k}.

In particular
A < R(A,z) < A,

meaning that
max R(A,z) = \,, minR(A, x)= A;.

Proof. Since A is symmetric matrix, the Spectral theorem says that the matrix
A is diagonalizable and has an orthonormal basis of eigenvectors {uq, ..., u,}
where u; is an eigenvector.

Now, if U is a subspace of dimension k, then its intersection with the sub-
space span({ug,...,u,}) is not zero. If it were zero then the span of the two
subspaces would be k +n — k + 1 which is impossible. Therefore there exists a
non-zero vector v in this intersection which we can write as

n
v = Zaiui, a; € R,
i=k
and whose Rayleigh quotient is
R(A,v) = izt aiui) "A(Y I, aivs)
’ iz aiud) Ty agwi)
i=k i=k
We have that Aa;u; = \;a;u;, so
R(A.v) = (g aiwi) T (37, Niaius)
7 (i asud) T (30 aiui)
since the vector u;, u; are orthonormal vectors u; u; = 0 and u; u; = 1
D ik O3
E?:k‘ a”L2

R(A,v) =



Now since A\ < ... < A\ < ... < A\,
a2\
R(A,v) = 22400 5
Doiek O
and therefore
max{R(A,z):xz € U} > A.

Since this is true for all subspaces U, we have that
mUin{max{R(Aw) cx e U,x#0}:dim(U) =k} > M.

This is one inequality, we now find the other one. We now choose the k-
dimensional space V' = {uq, ..., ux } where u; is an orthonormal eigenvector of A
where u; corresponds to the \; eigenvalue of A. We use the the same arguments
as in the previous equality. Take any vector v € V that intersects with U which
is a subspace of dimension k, it must be a linear combination of basis

k
V= Zaiui, a; € R.
i=1
We have that

k T k ko o
R(A,v) = (Zz;lazuz) = (Zkzzlazuz) _ ZT a2 j
(Zi:1 a;ui) (3 ie1 aiu;) S :i:l a2

< Aka

S0
max{R(A,v) :v €V} < )\

since A\ is the largest eigenvalue in V. Therefore also,
mUin{m;LX{R(AJ) cx e U,z #0}:dim(U) =k} < Ag.
Taking these two inequalities we get that
mUin{mgx{R(Ax) cx €U,z #0}:dim(U) =k} = \g.
To prove the last statements
max R(A,x) = A\p, mlin R(A,x) = ;.

Take U with dimension one, the smallest value of the Rayleigh quotient will be
equal to the smallest eigenvalue of A. Now also, take U with dimension n, the
greatest value of the Rayleigh quotient will be equal to the greatest eigenvalue
of A. O



2.3 Cayley-Hamilton Theorem

In this section we will establish the Cayley-Hamilton Theorem. But we need
some other preliminaries first.

Definition 2.4. Let A € R"*™. The cofactor matrix C (or Minor) of A is a
matrix where each entry C;; of the cofactor matrix is a determinant of submatrix
of A. This submatrix of A is formed by deleting the i-th row and the j-th column
from A, and it is also multiplied by (—1)+7.

The transpose of the cofactor matrix is also known as the adjugate (or clas-
sical adjoint ) of A, denoted adj(A).

From Cramer’s Rule we have that
A adj(A) = adj(A) A =det(A)I.

Theorem 2.2 (Cayley-Hamilton Theorem). Let A € R™*™ and p(s) = det(A—
sI) =ap+ars+ -+ An_15""1 4+ a,s" be the characteristic polynomial of A.
Then the matriz A satisfies its own characteristic polynomial, meaning that

p(A) =aol + a1 A+ +ap 1 A" +a, A" = 0.
The following proof is based on material from [9].

Proof. Let C(s) be the adjoint of (A — sI). Since the entries of C' are cofactors
of (A — sI) they are polynomials of at most degree n — 1. Thus Cj;(s) =
co+cis+...+c,_ 15" Let C(s) = Bg+Bis+...+ B, _15""! where B; € R"*"
are constant matrices.

From Cramer’s rule we have that

(A—sI) adj(A—sI)=det(A)] &
< (A—sI)(Byp+ Bis+ ...+ Bn_lsnfl) =(ag+ais+--- +ap_15"! +aps™)I.
We expand the left hand side and get
ABo+ ABys+ ...+ AB,_1s""' — Bys — B1s> — ... — B,_15" =
=(ag+a1s+ -+ a,_15""" +aps")I.

Now, we get n + 1 equations

—Bn1 =aul,
AB, 1 —Bp_ 2= an—11,
ABn72 - B, 3= an72I»

ey

ABl — BO = Clll7

10



ABO = a()I.

Now if we multiply the first equation by A™ and the second by A”~!, and we
continue this for the rest of the equations. We get

—A"B,_1 =a,A",
Aan,1 — Anian,Q = an,lA"d 4 —anA” — Anian,Q = an,lAnfl,

A”_an,Q _ An_QBn,?, — an72An—2 PN

& —a, A" — an—lAn71 - An72Bn—3 = a7L—2An72 <~

& —ap A" —a, 1AM —a, A" = A"T2B, 3 &
= —( Z aiAi) = An_anfg,

i=n—2
.

A231 — ABO = alA 4 7(2 aiAi) — alA = AB(),

=2
ABO = a()I = 7(2 azAl) = (l().[ 0= aoI —+ alA —+ G,QAQ + ...+ anA”.
=1

So, the last equation shows the equality we wanted to derive. O

2.4 Matrix calculus

Matrix calculus is a specialized branch of calculus that deals with derivatives and
integrals involving matrices and vectors. It extends the principles of traditional
calculus to handle multidimensional objects. In control theory, matrix calculus is
essential because it allows for differentiation and integration functions involving
matrices of matrices and vectors that represent the dynamic behavior of systems.

2.4.1 Scalar-by-matrix derivation

Definition 2.5. If f is any scalar function and X is an m X n variable matrix,
we define function-by-matrix derivative as

8f/éa?m1 af/éxmn

Definition 2.6. The trace of a matrix A € R®*" is defined as

i=1

11



We develop some notation for referencing the elements in matrices. For the
ik-th element in the matrix [AB] will be the i-th row of A € R™*™ multiplied
by the k-th column of B € R™*P. So

m

[ABlix = Y _ AijBjp.
j=1

We can even extend this to 3 matrices, where A € R"*™ B € R™*P (' ¢ RP*"
that are multiplied with each other

m m p m. p
[ABC]ll = ZA” [BCL[ = ZA” ZBjkal = Z ZAiijkal
j=1 j=1 k=1 j=1k=1

where C' € RP*

The two following proposition is based upon notes from [1].

Proposition 2.8. Assume X is an m X p variable matriz and A € R"*™ B €
RP*™ . Then

otr(AXB) T
———~=A'B
0X ’
and if X is an m X p variable matriz and A € R"*P B € R™*"
otr(AX " B)
———~ = BA.
0X
Proof. For the first statement we have that
n n m n m P
i=1 i=1 j=1 i=1 j=1 k=1
n m p
= Z Z Z Az XjkBkz

Now if we take the derivative with respect to X, all the terms without X
will disappear, so we get that

otr(AXB) &
ToX, ZA”B’” = [BAlk-

So, the jk-th element in the in derivative matrix would be kj-th element of [BA],
which is equivalent of the jk-th element of its transpose

[BA]" =ATBT.

12



Therefore
otr(AX B)

0X

Now similarly for the second formula, and to remind A € R"*P B € R"™*"

= A" BT.

m

tr(AX"B) = i: AX "Bl Z ZAU (X'B Z ZAU ZX]T,CB;W =
=1

=1 j=1 =1 j=1

n

m
=> 3> AijXi; B

1=1 j=1 k=1

We take the derivative with respect to Xy;

otr(AX " B) °
oy = A= (Bl

So the kj-th element of the derivative matrix is the kj-th element of [BA].

Therefore
otr(AX T B)

X = BA.

Proposition 2.9. Let A € R"*™ and X be an m x n variable matriz. Then

otr(AXT)

ox A

Proof. We have that
AXT) = 3N T =3T3 A =30 ALK,
i=1 i=1 j=1 i=1 j=1
Now if we derivate the function by X;;

Ay X)) 9(A; X))
Xy, 00Xy

= A”

Proposition 2.10. Let A € R™*" and X be an m X n variable matriz. Then

otr(ATX)
ox

13



Proof. We do a similar proof as the previous proposition

n n

tr(ATX) = Z[ATX}M = ZiAiTiji = iiAjini'

i=1 i=1 j=1 i=1 j=1
Now if we derivate the function by X;

= A.
ani
O
Proposition 2.11. Let and X be an n X n variable matriz. Then
otr(X) 7
ox
Proof. We have
n
t?“(X) = ZX“
i=1
So when
o>, Xii) (i Xii)
j=i X , and i # e 0
therefore
otr(X) 7
ox
O

Proposition 2.12. Let A € R"*™ and X be an n x m variable matriz. Then
otr(AXTXAT)

0X
Proof. According to [1] in (18) if we have multiple occurrences of X in the trace
function, we can simply evaluate each appearance of X assuming that everything

else is constant (including other appearances of X) and then summing those
evaluations. We have that

=2XATA.

otr(AXTXAT)  0tr(AX'D) N otr(EXAT)
0X B 0X 0X
where D = XAT and E = XA". Now, by proposition (2.8) we have that

otr(AX T D) n otr(AXTE)
0X 0X

=DA+ETA=(XAT)A+ (XAT)A=2XATA.
O

14



2.4.2 Scalar-by-vector derivation

Definition 2.7. If y is a real variable (that might depend on several variables)
and x is a variable vector with n components, we define scalar-by-vector deriva-
tives as

% _

p (0y/0xz1 ... Oy/Ozy).

Proposition 2.13. Let A € R™™"™ and x be an n wvariable vector. Then the
derivative of the quadratic form
x| Az
18
Oz Ax
ox

=z (A+AT).

Proof. By definition
n n
2 Az = Z Z Qi TiT5.
i=1 j=1
Now, if we derivate with respect to the & — th element of x we have that

n n

Ox ' Az
oz = E ag;T; + E kT
k j=1 i=1

for all kK =0,1,...,n. We denote Ay as the k-th column in A. In the first term
E;-lzl arjr; this would be equivalent of xT Ay = E;Zl ap;x;. For the second
term Z?:1 AinT; = xTAZ.

So,
rT Az O, D aijaizy) . S
dry oy =D kT ) aini =
j=1 =1
=z A +z (AN =2 (A + (AT)).
therefore 92T A
o T T
= A+ A"
5 z (A+A)

15



Proposition 2.14. Let A € R™*"™ be a symmetric matriz and x be an n variable
vector. Then the derivative of the quadratic form

x' Az
s
Ox T Az
ox

Proof. his is simply an application of the previous proposition. We know that
for any matrix A

=2z A.

.
A
am@x - = zT(A+AT).

Now since A = AT and A+ AT = 24, we have that
e (A4+AT)=22T A

Proposition 2.15. Let A € R"*",  y € R™ and x be a n variable vector. Then
Oy Ax

ox
Proof. Let v' =y" A and denote the the i-th element of v as

n
V; = E yinj~
Jj=1

=yl A.

We have that

Oviz; 3ZJ 1%wa1 -
br = =2 vy

Proposition 2.16. Let A € R"*",  y € R™ and z be an variable vector. Then
ox T Ay

Ox
Proof. Let v = Ay and denote the the i-th element of v as

n
v; = Z Ajiyj~
j=1

=yTAT.

We have that

amiv_@Z 1551 7iYj i
81‘,‘ a =

16



2.5 Vector- and Matrix Norms

Norms enable us to define distances between vectors or matrices. By calculating
the norm of the difference between two vectors or matrices, we obtain a distance
metric that quantifies how ”far apart” they are. This enabled us to compare
vectors or matrices for analyzing their behaviors and properties under different
circumstances.

Definition 2.8. Let z € R™ and M € R"*", the Euclidean vector norm and
the Frobenius matrix norm is respectively defined as

IM||p =

|z[l2 =

Proposition 2.17. Let M € R"*". Then

>S5S = i (uar)

i=1 j=1

|M]|r =

Proof. First we have that the entries of MM is
(MM i =3 MM =" M;; My;.
j=1 j=1

The trace of MM T is

tr((MMT]) = Z[MMT = Z ZMijMJZ = zn: Xn: M;;M;; = zn: zn: M?

i=1 =1 j=1 i=1 j=1

Now of we simply take the root of tr([M M "]) we have the result. O

Another important matrix norm is the spectral norm. Which is an induced
norm from the Euclidean vector norm. We first show that the Euclidean vector
norm preserves distance. Then we show how the Spectral norm is induced from
the Euclidean vector norm.

Proposition 2.18. Let M € R"*"™ be an orthonormal matriz. Then
M z||z = ||]]2,

in other words the Fuclidean vector norm is distance preserving.
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Proof. Since M is an orthonormal matrix MM = MM T = I, we have that

|Mx||y = \/(Mz)T Mz = VaeTMT Mz = VaTz = ||z
O

Now we show how to induce the Spectral norm. Let A € R™*", recall the
Singular Value Decomposition (SVD) of A4, i.e. A =UXV " where U,V € R"*"
are orthonormal matrices and ¥ € R™*" is a diagonal matrix with the singular
values of A along its diagonal in decreasing order starting from the first element.

Proposition 2.19. Let M € R™*"™ and the singular values of M be o1 < ... <
o where k is the dimension of M. Then

Mx
[[Mzfl _ x ||Mzl|y = op.
e ||z||2 [Jz]]2=1

Proof. We have that

max ||Mz|]y = max [|[USV 2|2 =

X X max 12V T 2|2
[lz]|[2=1 [lz|[2=1 z||2=1

\
Now since ||V Tz||2 = ||z||2 = 1 and the expression XV Tz = Xy is maximized
when ¥ is maximized. This happens when the first element of y is equal to one
and the other elements is equal to zero in other words y = (1 0 ... 0)T. This
because ||V Tz||; = 1. We rewrite

max ||EVTxH2 = max ||Xyl|ls = ok.
[lz]]2=1 [ly|l2=1

The vector x that maximize

max ||XV x|
[lzll2=1

is the first row of V' T. Denote v; as the i-th row of V' T. Now if # = v, then

vi-x =0 for all i # 1 and vy v;r = 1 because the rows and columns of V' are

orthonormal. So the vector z = v] maximize the the original expression

max ||Mz||s.
[lz]|2=1

O

Definition 2.9. Let M € R™*" and the singular values of M is o1 < ... < oy,
where k is the dimension of M. The Spectral norm of M is defined as

M
[ M]]2 := max” 2|J2 = 0.
= |zl

18



Proposition 2.20. Let M € R™ ™ be an invertible matriz and the singular
values of M is o1 < ... < o,. Then

_ 1
IM~ e = —.
01

Proof. We use a similar argument done in the previous proposition. We have
that
M t=wzvhHl=veUuT.

Now we have that

max |[VET'U z|[; = max [|Z71U 2.
[lz[l2=1 [lz]l2=1
Now since ||UTz||2 = ||z]|2 = 1 and the expression S71U T2z = £~y is maxi-
mized when ¥~! is maximized. This happens when the last element of ¥ is equal
to one and the other elements is equal to zero in other words y = (00 ... 1) .
This because ||U T z||z = 1.
We rewrite

1
max ||[S7U T z|]; = max ||[Z7lyll = —.
llzll2=1 llyll=1 o1

The vector x that maximize

max [|X271U " xz||o
llzll2=1

is the first row of U T. Denote u; as the i-th row of UT. Now if 2 = u,] , then
v; -x =0 for all i # 1 and u, u,| = 1 because the rows and columns of U are

n
orthonormal. So the vector # = u,) maximize the the original expression

max ||M " z||.
[lz]|2=1
Proposition 2.21. Let A, B € R"*™. Then
|AB|[2 < [|All2]|Bl]2-

Proof. From the definition of the Spectral norm we have that

so it must be that
|[Az][2
||

1A]2 > < [|Allollz]l2 = [[Az|]2-
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We have that
[[ABz||2 < [[All2|| Bzl < [|All2]|Bl|2||z]l2-

Now if we set the condition ||z||2 = 1 and

max [[ABzlls < ||All[[Bll2||z]l2 < [|ABll2 < [|All2[|Bll2-

[|lz|]2=1

3 Control Theory and Dynamical systems

The desire to comprehend and control the behavior of complex systems drives
the study of control theory. Control theory is fundamental to contemporary
engineering and technology, including applications in aircraft, robotics, manu-
facturing, and energy systems, by giving a systematic framework for creating,
evaluating, and putting into practice control systems. Using control theory, re-
searchers can describe and comprehend the behavior of complicated systems,
forecast how they will react to various inputs, and create controllers that will
provide the desired results.

Control theory is a broad and varied topic of study that has numerous
chances for research and invention. In conclusion, learning about control theory
may provide one a thorough grasp of the ideas that guide current technology
and open doors for creativity and research in a variety of sectors.

Dynamical systems are systems that evolve over time according to certain
mathematical models or equations. A common description of a dynamical sys-
tem is that we have some differential equation

#(t) = A(t)z(t) + B(t)u(?)

where A; € R™*"™, z € R"™, B; € R"*™ and with some control input u; € R™.
This is usually known as a continuous-time.
Similarly, we can also define a discrete-time dynamical system

xz(k+1) = A(k)x(k) + B(k)u(k).

Since many problems in this paper are discrete, linear and time-invariant
this, we will mostly be studying Linear time-invariant (LTT) discrete dynamical
systems, meaning that the matrices A, B are constant. So this formulation
x(k+ 1) = Az(k) + Bu(k) will be the most common one we will study.

The following material in this section is heavily based upon several sources,
communication and explanations with supervisor [5], Mathematical Control
Theory by Eduardo D Sontag [7], lecture notes and other material from the
course [9].
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3.1 Reachability (Discrete time)

Let put the abstract notion of reachability in the the discrete-time linear system
z(k+1) = A(k)x(k) + B(k)u(k), k > ko

where A(k) € R™*", B(k) € R™™, z(k) € R" and z(k) € R", and k, ko are
integers. Clearly

k—1
(k) = ®(k, ko)z(ko) + Y ®(k,i+ 1)B(i)u(i)

i=ko

where the state transition matrix ®(k, ko) = A(k — 1)A(k — 2) - A(ko), for
k > ko and ®(ko, ko) = I. Let now the initial state at time ko be xg = x (ko).
For the state at some time k; > ko to assume the value z1, an input «(-) must
exist such that

ki—1
2y = O(ky, ko)zo + Y (ki + 1)B(i)u(i).

i=ko

For the purpose of this text and the sake of notational simplicity, we restrict
ourselves to the time-invariant linear system, that is, A(k), B(k) are constant
matrices for all & > kg. The derivation is similar for the time varying system.
Then ®(ky, ko) = A¥~%0 depends on k — ko and we can simply take ko = 0, and

k1 = K. Thus
K-1

zy = ARzo+ Y AKTEIBu(i), K >0
=0

which is
u
x1=AXzo+ (B AB --- AK-1B) _ = A%z + Rk (A, B)Uk

where A € R"*" B € R"™ and Rk(A,B) = (B AB .- flK*lB)7 and
Uk = (WK -1)T w(EK-2)T.- u(O)T)T. In the sequel we will use R(4, B)
if K =n.

The question of the reachability is: Given xg at k=0 and z; at k=K >0
is there a input sequence u(---) (in other words the vector Ux such that z; =
AXzo+ R(A, B)Uk? The answer is that such Ux exists if z; — A¥xg is in the
range of R(A, B). So we proved the following theorem.

Theorem 3.1. There exists input u(k) that transfers the state of the x(k+1) =
Az (k) + Bu(k) from xqg to x1 in some finite time if and only if

xr1 — AKxo S RK(A,B),
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i.e. w1 lies in the range of Rx (A, B). Such input u(k), k = 0,1,...., K — 1 is
determined by solving the equation

RK(A, B)UK =1 — AKiro.

Now we rephrase the notion of reachability for the time-invariant discrete-
time linear system. A state xzy is reachable if there exists a u(k), 0 < k < K
that drives the state x(k) from xo at k = 0 to x; in some finite time K. Denote
R, the set of all reachable states of the system z(k + 1) = Axz(k) + Bu(k),
which is a vector space so we call R, the reachable subspace of the system
z(k + 1) = Az(k) + Bu(k), We say z(k + 1) = Az(k) + Bu(k), is completely
reachable if every state is reachable, i.e. R, = R™. Since this only depends on
the pair (A, B) we simply say that A, B is reachable. Now we are in position to
prove the following theorem.

Next we show that the transfer take at most n steps, the dimension of the
system.

Theorem 3.2. There exists input u(k) that transfers the state of the x(k+1) =
Az (k) + Bu(k) from z¢ = 0 to z; in finite time if and only if

T € RK(A,B),

i.e. xp lies in the range of Rx (A, B). Moreover an appropriate input u(k),
k=0,1,...,n — 1 that accomplishes this transfer in n steps is determined by

Up=(un—-1)" un-2)"-- wu0)")
which is a solution to the equation
R(A,B)U,, = ;.
In this case, x1 is reachable and R, = R(A, B).

Proof. Since we have already proved that such a transfer exists if and only if
vy — ARzy = 21 € Ri(A,B), or 11 = Rg(A, B)Uk has a solution Uy, it
remains to show that it takes n steps to accomplish this transfer.

For z; to be reachable we must have 1 € Rk (A, B) for some finite K.
Note that the range Rk (A, B) cannot increase beyond the range of R,,(4, B) =
R(A, B), that is, Rk (A, B) = R(A, B) for K > n. This is a consequence of the
Cayley-Hamilton Theorem (Theorem 2.2), because any vector z in R (A, B)
K > n, can be expressed as a linear combination of B, AB, ..., A" ! B. There-
fore, x € R(A,B). It is possible to have 21 € Rk (A4, B) with K < n for a
particular ;. However, in this case 1 € R(A, B) since R (A, B) is a sub-
set of R(A, B). Hence, x; is reachable if and only if it is in the range of
R(A, B). Clearly any U, that accomplishes this transfer satisfies the equation
R(A, B)Un =T. ]
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Corollary: The system x(k + 1) = Ax(k) + Bu(k) is completely reachable (or
the pair (A, B) is reachable) if and only is

rankR(A, B) = n.

Proof. It is an immediate consequence of the preceding theorem by noting
that R(A, B) = R, = R" if and only if the rank of R(A,b) is equal to n. O

Remark. This holds for is any initial state xy. The proof is similar.
The following notion will be used later.

Definition 3.1. The reachability gramian of the system z(k + 1) = Az(k) +
Bu(k) is defined by

K-1
WT(O,K) _ Z AKf(i+1)BBT(AT)K7(i+1).
=0
Note that
K-1

K-1
Z AK—(i+1)BBT(AT)K—(i+1) — Z AzBBT(AT)z — RK(A,B)RK(A,B)T
=0 1=0

we have

Proposition 3.1. The following holds for the reachability gramian satisfies
W,(O, K) = RK(Aa B)RK(Aa B)T
Proposition 3.2. R(A, B) = R(W,(0, K)) for all K > 0.

Proof. Take z1 € R(W,.(0, K)). Then there is an r; € R™ such that W,.(0, K)n; =
z1. But 2 = Y1 P AK=(+1) By(4). Choose

0 )
u(i) = BT (AT)K=0+Dy; we have

K-1
21 = W (0, K)m = (Z AK—“*”BBT(AT)K‘“*”) m
=0

which means 1 € Ri (4, B), proving R(W,.(0,K)) C R(A4, B).

On the other hand, if 1 € Rk (A, B), i.e., there exists n € R"™*" guch
that Rx (A, B)n = x1. Assuming z7 ¢ R(W,(0,K)) for some K > 0. Then
N(W,.(0,K)) is nontrivial. So there is 3 # 0 such that zj x1 # 0, that is x;
and x2 are not orthogonal. To see this note first that W,.(0, K) is symmetric
which leads to R(W,.(0, K)) = (N (W,.(0, K))*. Since W,.(0, K)xy = 0 we have
x1 such that z4 x; = 0 would be in the range of W,.(0, K), which is not true,
and so x4 z1 # 0.
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Next consider

K—-1 K—-1
2T W (0, K ) — 0 = Z (x;I'AK*(iH)B) (BT(AT)Kf(z#l)) — Z =] AK-G+D g2
1=0 =0

implying x;—AK_(H'l)B =0forall0<i:< K.
This in turn shows that

zy A'B=0,i>0

Therefore ] 21 = 29 Rk (A, B)n = 0 which is a contradiction since x4 1 # 0.
Therefore x; lies in the range of W,.(0, K), completing the proof. O

3.2 Optimal control

When applying some control it is reasonable to assume that it is not ”free”
to use it. It has some ”cost” of using the control, whether it is fuel in some
motor, financial or political cost of applying some economical policy. Finding the
control inputs that produce the desired results while reducing some measure of
cost or maximizing some measure of performance is the aim of Optimal control.

3.2.1 Performance indices

Depending on our goals or objectives how we measure performance might dif-
fer. Performance indices quantify how good our control function performs. We
present some common performance indices.

Assume our dynamical system is subject to some to some initial condition

LL‘(to) = Xp.

In many problems we want to know how good our system is performing
according so measurement. A performance indexr J is scalar valued function
which provides a measurement of performance on our system.

In Minimum time problems we want to transfer from our initial state
x(to) to x(t1) = ¢, where x, is our final state which is specified, in an minimum
time. A suitable performance index for this problem would be

ty
J:/ dt:tlfto,
to

t1
J:Z:l:tl—to.

i=tg

a discrete version would be

In Minimum effort problems our final state is specified and we want to
reach this state with as little control as possible. Here, a suitable performance
index could either be a linear performance index
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ty m

J = Z,Bﬂu]“dt,

to j=1

or quadratic performance index

t1
J:/ u' Rudt

to

where is R is real positive definite matrix and r;;, 8; are weighting factors.
The discrete version would simply be

t1 m
J = Zzﬂjhﬁlv

i=tg j=1

and the quadratic performance index

t
J = zl: u' Ru.

i=tg

3.3 Dynamic programming (DP)

The optimality principle stated by Bellman is as follows:

An optimal policy has the property that whatever the initial state and initial

decision are, the remaining decisions must constitute an optimal policy with re-
gard to the state resulting from the first decision.
Briefly we can state the Bellman’s principle of optimality as follows. From any
point on an optimal trajectory, the remaining trajectory is optimal for the cor-
responding problem initiated at that point. We illustrate this principle by an
example.

The shortest path problem: Consider the “stagecoach problem” (drawn
in a directed graph, see Figure 4) in which a traveler wishes to minimize the
cost of a journey from an initial town (node) to a terminal town (node) through
several possible paths. To each path is associated a cost shown on each arc in
the path. An example is the uppermost path 0 —+1 — 1 — 1 — 1 — 0 has the
cost 1 +5+4+1+2=13. The problem is to find the path with minimal cost.
A naive (but natural) way to solve this problem is to compute the cost of each
path and then compare them. If N is the number of stages (here N = 5 then
we can show that there are O((1++/2)") paths. Since we need to add numbers
to compute the cost of a single path, we need O((1+4+/2)V N) additions in total
and then compare O((1 + v/2)") numbers in order to find the shortest path.
This is a very large number when N is large. Dynamic programming provides a
systematic and less expansive way to solve this problem. Let k € {0,1,2,3,4,5}
denote the stage and for each stage the state z) = x(k) € {1,0,—1} tells us
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node node
2 3
D, =0

Stage 0 Stage 1 Stage 2 Stage 3 Stage 4 Stage 5

Figure 4: Road system for stagecoach problem

whether we are in the upper, middle or lower node respectively. In this way
we can represent the nodes of the graph with their ”coordinates” (k,xy). Let
the shortest path (minimum cost path) from node (k,z) to the terminal node
be J(k,z). Then J(0,0) is the shortest path from stage 0 satisfying (obviously)
the following relation

J(0,0) = min (1 + J(1,1),2+ J(1,0),3 + J(1,-1)).
Continue in the same manner, for example
J(1,1) =min (5 + J(2,1),3 + J(2,0)).

The basic principle behind these formulas is the Bellman optimality principle:
The shortest path has the property that for any initial part of the path from the
ingtial node to some node (k,x) € {1,...,5} x{1,0, =1} the remaining path must
be the shortest from the node (k,x) to the terminal.

Notice that the cost in the terminal of the shortest path is known in advance.
In our example J(5,0) = 0. This means we can optimize backwards from stage
5 to stage 0 and in this recursive way we can compute the shortest path-to-go
function J(k, x). Since there is only one way of going from the nodes are stage
4 to the terminal node we get

J(4,1) =2, J(2,0) =3, J(4,—1) = 4.
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In the nest step we obtain
J(3,1) =min (1 + J(4,1),2+ J(4,0)) = min(3,5) = 3
J(3,0) =min (3+ J(4,1),4+ J(4,0),2+ J(4,—1)) = min(5,7,6) =5
J(3,—1) =min (14 J(4,0),5+ J(4,—1)) = min(4,9) = 4.

Continue this way we can find the minimum cost J(0,0) = 8. The path is shown
in Figure 5 with the thicker arrows.

Stage 0 Stage 1 Stage 2 Stage 3 Stage 4 Stage 5

Figure 5: Optimal solution of stagecoach problem

We comment on the complexity of the dynamic programming approach now.
No addition and comparison are needed while computing J(5,x) and J(4, z). To
compute J(3,z) for z = 1,0, —1 we need 7 additions and 4 comparisons. Thus
for arbitrary number of stages N we need 3+7(N-2) additions and 2+4(N-2)
comparisons. For large NV this is much less expansive than computing the cost
of all possible paths and then comparing them although it is on the same order
of complexity.

3.3.1 DP in discrete time

To avoid complication of technicality and get good intuition we first derive the
optimality equation for discrete-time problem. The above shortest path problem
is a special case of multistage decision problem. The general form is an optimal
control problem:

N-1

(P2) minimize ¢(zy) + ;} Jo(k, zr, ug)

subject to  xp11 = f(k, K, ug), xo is given ,xx € Xy, ux € U(k, ),

27



where k € {0,1,..., N} (we call it discrete-time set), X} is the state space, a
discrete set in the shortest path example but it is very often X, = R™ for
all k =0,1...,N, and U(k,xy) is the constraint set in R™. Note that the cost
function is additive and has one term corresponding to each stage. The terminal
cost ¢(zy) penalizes deviation from a desired terminal state and the running
cost adds a term fy(k,xk, ux) to the total cost at each stage.

The preceding optimization problem can be generalized to zg € Sy and
ry € Sy where Sy C Xg and Sy C Xy are the subsets of the state space. We
can also let N be free (that is a variable).

Now we cast the shortest path example in this formulation.

e 20=0, X, ={1,0,-1}at k=1,..,N —1 and Xy = {0}.

e The control variable takes three values (in most cases) 1,0, —1 where uj =
1 means going up, ux = 0 going forward and uj = —1 going down. The
control constraint set is

{0,.1}, z=1
Uk,z) = { {1,0,-1}, 2=0 k=0,1,..,N -2
{1,0}, z=—1
U(N —1,1) = {-1},U(N = 1,0) = {0}, U(N —1,-1) = {1}.

e the state dynamics is given by xgy1 = g + ug, i.e. f(k,z,u) =z + u.

e the terminal cost ¢(x) = 0 and the stage-wise additive costs fo(k, z,u) =

cﬁj, where ci-fj is the cost on the arrow from node (k, ) at stage k to node

(k+1,7) at stage k + 1. For example, 08’1 =1, c}ﬁl =5, c%’o = 3, etc..

3.3.2 The dynamic programming equation

Define the optimal cost-to-go function as

N-1
J*(n,x) = min {¢(xN) + Z fo(k, zr,u) :

k=n

Tpy1 = f(k, T, up), xn =z, 2 € Xi,up € U(k7xk)}

forn=0,...,N —1and J*(N,z) = ¢(x). In particular, the optimal solution of
(Pa) is J*(0,z0).
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Theorem 3.3 (The principle of optimality). Suppose there is a finite solution
to the backwards dynamic programming recursion

J(N,z) = {igm)’ . Z;Z

J(n,z) =min{fo(n,z,u) + J(n+ 1, f(n,z,u))}, n=N-1,...,0

where the optimization over U(n,x) is restricted to those control variables for
which f(n,z,u) € X, 11. Then, there exists an optimal solution to (Py) and

e J*(n,x) =J(n,z) foralln=0,..,.N, z € X,, and

e the optimal feedback control in each stage is

uj = ) =g min {fo(n 2, )00 (n+ 1, f(n, )}

Proof. In fact, it is an immediate consequence of the principle of optimality. But
we give a proof based on induction. First, we have J*(N,z) = J(N,x) = ¢(x).
Assume now that for some n € {1,..., N —1} we have J*(n+1,2) = J(n+1,2)
for all x € X,,41. Then

ur €U (k,zy),k=n,....N—1

N—-1
J*(n,xn) = min {gb(:vN) + Z fo(k:,xk,uk)} (by definition)

k=n

= min {fo(n,xn,un) +

min
un €U (n,xy) up €U (k,z),k=n+1,...,.N—1

k=n+1
(by the additivity of the cost function)

= min {fO(n7xnaun)+J*(n+1vf(n7xn,un))} (anrl :f(nvxnaun))

un €U (n,zn)

Now by the induction assumption we obtain

J*(n,x,) = . 61[51(12100 ){fo(n,xn,un) +Jn+1, f(n,xn,un))}-

completing the proof. O

The optimal cost-to-go function, J*(n, ) is commonly called the value func-
tion. Sometimes we use the notation V(n,z). In this notation the dynamic
programming equation is

V(N,z) = {ix) i Zig
V(n,z) =min{fo(n,z,u) + V(n+1, f(n,z,u))}, n=N-1,...,0.

(DP)

Keep the following in mind.
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(i) The optimal uy is a function of z;, and k, i.e., up = p(k, zy)

(ii) The (DP) equation yields the optimal control uy in closed loop form. It
is optimal whatever the past control policy may have been.

(iii) The (DP) equation is a backward recursion in time (from which we get
the optimum at N — 1, then N — 2 and so on.) The later policy is decided
first.

It could also be instructive to remember the citation from Kierkegaard “Life
must be lived forward and understood backwards’.

3.4 Pontryagins Minimum Principle (PMP)

Another approach to finding an optimal controller that minimize an objective
function is Pontryagins Minimum (or Maximum) Principle. It provides neces-
sary conditions on the controller.

3.4.1 Discrete time

Consider the following discrete-time optimal control problem

. = . x(k + 1) = f(k‘,.l?(k‘), u(k)
min ¢(zy) + ,;) folk,z(k),u(k)) subject toxo is given, G(z(N)) = 0

where G(z) = (g1(2),...,gp(z)) " fulfils the usual regularity assumption, for
example, the gradients {Vgy(x)} are linearly independent, and we take R™ and
R™ as state space and control space, respectively.

The dynamic programming approach to solve such a control problem has
the following properties.

e It produces feedback solutions, that is, we know the optimal control value
for every position of the state vector x. This provides robustness to the
closed loop system in the sense that ff the solution is perturbed by a
disturbance then the controller still knows the optimal action.

e The solution is obtained by backwards iteration. It can be computationally
demanding. One way to understand this is that we compute the optimal
control value for every possible system state. What we win in robustness
we loose in computational complexity.

e It is a sufficient condition.

Next we derive the Pontryagin’s minimum principle to solve this problem.
This can be done by standard optimization theory using Lagrange relaxation.
In fact the PMP conditions are the first order necessary conditions, the so-called
KKT conditions. To this end we recall the KKT conditions following Bazaraa
et-al ”Nonlinear programming”: Suppose that z* is a (local) optimum of

min F(x) subject to h(z) =0
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where F : R® — R and h : R™ — RP are continuously differentiable and the
constraint set is regular, i.e., the gradients {Vhy(z)} are linearly independent
(one of the constraints qualification condition). Then there is a vector A € RP
such that

1. h(z*) =0

2. V.L(z*,\) = 0 where L(x*,\) = F(x) + AT h(z) is the Lagrangian, and
the vector A is the vector of Lagrange multipliers.

Theorem 3.4 (Pontryagins Minimum Principle (Discrete time)). Let {u* (k) kN:jl

be an optimal control for above problem and let {«* (k) fcvzo be the correspond-

ing trajectory. Then there exists an adjoint variable (Lagrange multiplier)
{A(k)}N_, such that

1. adjoint equation:

Ak) = %—Z(k,x*(k),u*(k), Ak+1), k=1,..N—1

2. ”pointwise optimization”

H
%—u(l{,z*(k),u*(k), Mek+1)=0, k=0,1,...N—1
3. boundary condition
OH
AMN) = 5@ (N)) + ha(z*(N)) Tw
for some v € RP.
where the Hamiltonian is
H(k,x,u,\) = folk,z,u) + X f(k,z,u)

Proof. Let z" = (z(1)T -+ «(N)" w(0)" - w(N-1)T),

N—-1

F(2) = dlan) + Y folk,z(k), u(k))
k=0

f(O,x(O), U(O) - 1'(1)
h(z) = :
f(Nf lvx(Ni 1)7U(N - 1) 7I(N)
G(z(N))
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The KKT conditions (a necessary condition) for optimality of the problem
min F(z) subject to h(z) =0

are that there is a A = (AT v7)7T such that

oL, . <.
where £(z, ) = F(z) + ATh(z). More precisely
oL .. 0fy,, . of o . . _
2(k) (z") = %(k,x (k),u"(k)) + Ak + 1)T%(k,x (k),u*(k)) = Ak), k=1,..,N -1
oL .. 0o, , x
ot () = Gl (V) = AN) + Gila” ()T
%(z*) = %(k,x*(k},u*(k)) + Ak + 1)T%(k,x*(k),u*(k)), k=1,..,N—1.

Thus, the condition g—g(z*, A) = 0 together with the definition of the Hamilto-
nian H proves the theorem. U

This theorem is often used in the following way.
1. Define the Hamiltonian: H(k,z,u, ) = fo(k,z,u) + Xopf(k,z,u).

2. Perform pointwise optmization, that is, find a function p(k, z, A) such that
%—Z(k,x,u,)\) = 0. Therefore the candidate optimal control is u*(k) =
ke, z* (k), A(k)).

3. Solve the two boundary value problem

z(k+1)= %if (k,z(k), p(k, z(k),\(k+ 1), A\(k + 1)) = f(k, z(k), u(k, z(k), \(k + 1))),
M) = 2Lk ), ), Ak 1), M+ 1), N = 22 () + GV T

with the boundary conditions G(x(N)) = 0 and A(N) = %(x(N)) +

Gola(N)Tw

We call this a two point boundary value problem because the only un-
known to determine are A\(0) and xz(N). Once they are known all other
state and adjoint variables can be computed from the recursive equations.
It is interesting to note that the nonlinear program has a lot of structure
that can be exploited.

The PMP approach is characterized by the following properties.

e [t results in an open loop control problem, that is, the optimal so-
lution is only known for a particular initial condition x(0). If the
solution is perturbed from the optimal by a disturbance then the
optimal control may no longer be effective. The resulting system is
therefore more sensitive to disturbances.
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e [t is generally easier to compute.

e It gives only a necessary condition for optimality.

There are few remarks in order. First this is an unconstrained optimal
control problem. So it is easy to use the Lagrangian technique because we
have equality constraints only, thus only two equations needed to solve in the
KKT conditions. Let us consider the control space as a cube: |u(i)] < 1,
1 =20,...,N — 1. Notice that these are functional inequality constraints. Then
the KKT necessary condition are more involved. Instead we can move the
constraints to the step where we pointwise optimize the Hamiltonian. In this
particular example we can solve %—f(/ﬂ, x,u, A) = 0 together with the conditions
|u(?)] <1,4i=0,..., N —1, or we use the KKT conditions to find the candidates
of the optimization problem min{H (k,z,u,\) : Ju(i)| < 1,4 = 0,...., N — 1}.
This is easier because we only have inequality constraints and the admissible
set for u is convex and compact.

Next we know that the partial derivative with respect to u does not give
us any thing if the Hamiltonian is linear in u. It is here the bang-bang control
come into the picture. In the discrete setting it becomes a linear programming
problem in this example, and we know that the optimal solution is the corner
of the cube. So we choose either u(i) =1 or u(i) = —1. It depends on the sign
of the coefficient in case we only have one control variable.

3.4.2 Continuous time

Given an dynamical system
jj = f(x’ u? t)7
an objective function
ty
T=q)+ [ g
to
where the first term is the terminal cost, the second term is the trajectory
cost, tg <t < t; where t; is a free variable , x(t1) is specified and u is uncon-
strained. We define the Hamiltonian

H = q(z,u,t) + pf(z,u,t)

where p = [p1, ..., pn] is an Lagrange multiplier (or costate variable). Now the
necessary conditions for an controller to be optimal is that
0H
8ui -

0,

ot

t=t1
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*

u=u
(H) =0 fOI‘togtStl,

forl1 <i<n.

These conditions are necessary conditions when x(ty) is specified, t; is a free
variable and u is unconstrained. When the control problem differ from these
constraint we will need other conditions.

We will now look at the case when u is constrained.

Theorem 3.5 (Pontryagins Minimum Principle (Continuous time)). Given an
objective function J and a dynamical system & = f(z,u,t) where to <t < t;
and t1 s a free variable , x(t1) is specified and u is constrained. The necessary
conditions on u* to minimize J are

H(z,u,p,t) > H(z",u*,p",t).

. OH
b= =G
(1500 =

(H) - =0 fortog<t<t,

for1 <i<n.
where H is the Hamiltonian, and it is assumed that x(t1) is specfied and t
is free.

The proof is beyond the scope of this paper and thus omitted.

3.4.3 Example: Bang-Bang control

A landing vehicle separates from a spacecraft at time ¢ = 0 at an altitude h from
the surface of a planet, with initial downward velocity v. For simplicity assume
that gravitational forces can be neglected and that the mass of the vehicle is
constant. Consider vertical motion only, with upwards regarded as the positive
direction. Let x; denote the altitude, xo velocity and w(t) the thrust exerted by
the rocket motor, subject to |u(t)| < 1 with suitable scaling. The equations of
motion are
i‘l = T2, i‘g =Uu

with the initial conditions

z(0) =h, x2(0) =wv.

In order to have a ”soft landing” at some time ¢ we require that

zl(tf):(), l‘g(ff):().
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A suitable performance metric would be

ty
/ (Jul + k)dt,
0

it represents a sum of total fuel consumption and time to landing, k& being a
factor which weights the relative importance of these two quantities.
To solve this problem we define the Hamiltonian

H = \u| + k + prxo + pou.

From PMP, the optimal controller must be of the following form

1 it pi(t) > 1
u*(t)z{ 0 if 1>pi(t)>—-1
—1 if pi(t) < —1

Such a control is referred to in the literature by the graphic term bang-zero-
bang, since only maximum thrust is applied in a forward or reverse direction; no
intermediate nonzero values are used. If there is no period in which u* is zero
the control is called bang-bang. For example, a racing-car driver approximates
to bang-bang operation, since he tends to use either full throttle or maximum
braking when attempting to circuit a track as quickly as possible.

So the controller switches according to the value of p3(t), which is therefore
termed (in this example) the switching function. One of the conditions were

that
oOH

axi ’

pi =
so we get that
pi(t) =0, p3(t) =—pi
and integrate
pT(t) = C1, p;(t) = CltCQa

where c1, co are constant. Since pj is linear in ¢, it follows that it can take each
of the values +1 and —1 at most once in0 < ¢ < tf , so u*(t) can switch at most
twice. We must however use physical considerations to determine an actual
optimal control. Since the landing vehicle begins with a downwards velocity at
an altitude h, logical sequences of control would seem to either

u* =0 followed by " =41
(upwards is regarded as positive), or
w*=-1, then u*=0, then u"=+1.

Consider the first possibility and suppose that u* switches from zero to one
at time ¢;. By virtue of of the controller this sequence of control is possible if p3
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decreases with time. It is easy to verify that the solution of &1 = x2, @2 =1u
subject to the initial conditions z(0) = h, z2(0) = v is

i =h—put, x3=-v, 0<t<t
1
x’;:h—vt+§(t—t1)2, rh=—v+ (t—t1), t <t<ty.

Substituting the soft landing requirements z1(tf) = 0,22(tf) = 0 into the
above gives

¢ h+1 ; h 1
=—4+ vt =— — —0.
F=y T Ty T2

Because the final time is not specified and because of the form of the Hamil-
tonian H the equation (H),—,» = 0,to < ¢ < ¢;. holds, so in particular (H),—,=
att =0, ie witht=0in H,

k= p1(0)z3(0) =0
or p;(0) = k/v. Hence from pi(t) = c1, p3(t) = citea we have that

pi(t) =k/v,t >0

and

ps(t) = —kt/v — 1+ kt1/v
using the assumption that p3(¢1) = —1. Thus the assumed optimal control will
be valid if ¢; > 0 and p3(0) < 1 (the latter conditions being necessary since
u*(0) = 0 ), and using ty = 2 — Lo and pj(t) = —kt/v — 1 + kt;/v these

conditions imply
h > %1)2, k< 20%/(h —1/20?).
If these inequalities do not hold then some different control strategy, such as
u*=—1, then u* =0, then u*=+1,
becomes optimal. For example, if k is increased so that the inequality
k< 20?/(h —1/20%)

is violated then this means that more emphasis is placed on the time to landing
in the performance index. It is therefore reasonable to expect this time would
be reduced by first accelerating downwards with u* = —1 before coasting with
u* =0, as in

u*=—1, then u*=0, then u*=+1.

It is interesting to note that provided

1
h > §v2, k< 20?/(h —1/20%)
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holds then the total time ¢; to landing in

h 1 h 1
tf:;+§v,t1:;7§’l]

is independent of k.

4 Reinforcement learning (RL)

Reinforcement learning (RL) is a branch of machine learning that involves learn-
ing a controller by sampling data from some environment. The goal of RL is
learn optimal a controller by exploring the environment and adapting the con-
troller based on the feedback it receives.

We follow the definition of RL and its problem formulations done in [3].

RL is most common defined through an Markov decision process (MDP),
which is a discrete-time stochastic control process. The common notation for
an MDP is that we have

A set of states X = {x1,x2, ..., z,} that can be sampled from an environ-
ment, it is often called the state space.

An set of controls (also called actions) U = {uy,ug, ..., un } that represent
all the inputs that are available each state. Depending on use-case, the
controls can take different forms. But it is common that the controls have
an magnitude and they are either single- or multidimensional.

A transition function @411 = fi(2s, us, wy) that maps probability of tran-
sitioning to a certain state given some control and current state since the
the transition function is stochastic. Note that w; is the state transition
randomness.

A cost function c¢(zy, us), which maps a state-controls pair to a scalar cost.

A discount factor vy € [0, 1], which is often used to penalize cycles of states.

Over the course of T sampling steps, we will have generated a pairs of values
(uo, o, 1), .-, (ur—1,27_1,27) and associated costs cg, ..., cy. The goal of RL
is to minimize the cumulative cost

T

Vi=F ZWtC(UtawumtJrl) + cr(ar)
t=0

given a control policy

m = {mo, 1,y o0y TT—1}

where u; = m(up—1,x¢).
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To minimize V' we need to find an control policy that chooses controls u;
that minimize V. For a given state z; the policy 7 maps a probability that the
control u; will minimize V.

The value function V() is defined as the expected cumulative reward that
can be obtained by following the control policy 7 from a given state xg. The
function is used to evaluate different policies.

The problem of RL is that the optimal policy function that minimizes (or
maximizes) the value function is often not known to us, therefore the problem
is to find such policy.

Remark: Some definitions of RL have instead the objective of maximizing
the value function. In this case you often speak of rewards instead of costs.

How the optimal policy is found, depends on different factors. Such as
whether the dynamical system have known or unknown dynamics and cost, the
computational resources that are available and dimensionality and cardinality
of the system, the number of boundary condition or initial states. This leads us
to different kinds of problems.

If either the dynamics or cost are unknown we will have to learn it in
some way, this leads us to two approaches. The first one is multi(or episodic)-
trajectory, meaning that after 7" number of steps in the trajectory we stop and
reset, then start from another (or same) initial state. After some number of tra-
jectories have been sampled, we approximate the dynamics from the gathered
data. In contrast a single-trajectory setting we only consider one trajectory and
the dynamics will have to be approximated only through this trajectory. So
in a singe-trajectory there is only one initial state, while in a multi-trajectory
settings there are multiple initial states that are used. A more classic name
for single- and multi-trajectory settings is respectively adaptive learning control
and iterative learning control.

Even when the dynamics and cost is known our computational resources
may not be enough to compute an exact solution due to high dimensionality
and cardinality of the problem. In this case, approximation methods can be
used instead, but the solution might not be exact.

As we might have seen RL and Control Theory share the common goal of
optimizing system behavior to achieve desired objectives. The main distinction
between RL and optimal control theory is that RL mostly deals with finding
a control policy by learning from data, while control theory most often deals
with deriving an optimal control policy from a known mathematical model of a
system.

In RL, there is a distinction between model-free and model-based approaches.
Model-free RL methods learn from experience without explicitly modeling the
environment, relying on data to approximate the system dynamics and costs.
Model-based RL methods, on the other hand, create explicit models of the sys-
tem and use them for finding an optimal policy.

Control Theory mainly relies on explicitly known mathematical models of
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the dynamical system. The control design is based on these known models, and
mathematical tools like differential- or difference equations.

4.1 Known Dynamics and cost: Dynamic programming

When the dynamics are stochastic, a model of the system will be

z(t + 1) = Az(t) + Bu(t) + w(t)

where w(t) % N(0, 02 1).

In this case, it is still possible to derive a solution given that we have been
given or defined a cost function. Using dynamic programming is one approach
to finding the optimal controller. We will closely study the LQR problem which
is a classical instantiation of the MDP, with the help of Dynamic programming.

Example: Stochastic Linear Quadratic Regulator (SLQR)

The LQR problem is often studied when the objective is to keep the system
close to the origin. The goal is to minimize the following cost function

T—

J=E| Z(Q%TQJ% +u; Ru;) + 21 Qar),
i=0

Ju

with respect to the controls uqg, ..., uy_1 and where R is positive definite matrix
and @ is a positive semi-definite matrix. The solution is based up lecture notes
from [4].

We will solve this problem via Dynamic programming. So, we will solve this
inductively backwards starting form the final state z.

We define the value function as

T—1
V(t,zy) := min Z E[z] Qz; + u; Ru;| + 27Qxr
1=t

Ut Ut 415 UT —1 <

The cost at x7 is V(T, 27) = 27.Qxr. Now we solve for V (¢, z;) in terms of the
next step V(¢ + 1, z441). We have that

T-1
Vt,xy) = min Z E[x;erl + u] Ru; + x—'T—QxT]
Ut s Ut 415+ UT —1 i—t

we pull the first step out of the sum

T—1
min :z:tTQxf + utTRut + ( min z E[xZTQ:r, + uZTRu7 + I’;QIT]) &
Ut
i=t+1

< V(t,z) = minm;—th + u;rRut + E[V(t + 1,$t+1)] o
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& V(t,z;) = minz, Qu; +u/ Ruy + B[V (t + 1, Az(t) + Bu(t) + w(t))].

We make an ansatz V (¢, z;) = a:tTPta:t—i—rt where P € R"*" is a semi-definite
matrix, r; is a constant and r7 = 0. It is true for T since V (T, 27) = 24 Qx7 +0
and @ is a semi-definite matrix. Now assume it is true for k£ + 1 for

V(t,x;) = minz; Qz, + u, Ru; + E[V(t+1, Az(t) + Bu(t) + w(t))].
We expand the third term

E[V(t+1,Az(t) + Bu(t) + w(t))] =
= B[(Az(t) + Bu(t) + w(t)) " Pes1(Az(t) + Bu(t) + w(t)) + repq] =
= E[(Az(t) + Bu(t) + w(t)) " (Py1Az(t) + Prp1 Bu(t) + Prpiw(t)) +reg1] =

[33 t)TAT(Pt+1AQL‘(t) + Pt+1BU(t) + Pt+1w(t))—|—

)
(

= FE|x(
+u(t)TBT(Pt+1AJT(t) + Pt+1BU(t) —+ Pt+1W(t))+
+w(t)T(Pt+1Ax(t) + Pt+1Bu(t) + Pt+1w(t)) + ’/‘H_l} .

Now since E[w(t)] = 0 and Flow(t)] = aFw(t)] for some constant o € R we
have that

x; Qry +uf Ruy +x(t) T AT Py Ax(t) + 2(t) " AT Py Bu(t)+
+U(t)TBTPt+1AI(t) + U(t)TBTPt+1BU(t) + E[w(t)TPt_Hw(t)] + Tt+1 =
= (E;r(ATPt+1AZE(t) + Q)xt + U:(BTPt+1BU(t) + R)Ut+
+.’E(t)TATPt+1B’LL(t) + U(t)TBTPt+1A£C(t) + E[w(t)TPle(t)] + Ti41-

Since w(t) iy N(0,02 1), the covariance between the components of w(t) is
equal to zero, we have that

Elw(t)" Pyqw(t)] = E[Z Zwipijwj} = Z ZE[wiwﬂPu =

= i zn:agflijpij = Tr(0p Pis1).
v g

Now we want to find the optimal controller

argmin  x; Qr; +u) Ru; + x(t) AT Py Ax(t) + x(t) T AT Py Bu(t)+

u

+U(t)TBTPt+1AJJ(t) + u(t)TBTPtHBu(t) + T’I"(O'?uPt_A,_l) + Tt41-
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According to the matrix calculus from our Linear Algebra preliminaries

O(z T Ax)
Ox

for A € R"*™ and =,y € R™ .
Derivate the expression with respect to u to find where the gradient is equal
to zero, so the optimal controller can be found

T
_ xT(A+AT)7 a<y6 A.’IJ) _ yTA,
X

o(x T Ay)

_ TAT
or 4

x(t)T AP, 1B+ 2(t) AP, B+ 2u(t) 'BP,1B +2u(t) ' R=0<
e 20(t)" AP B+ 2u(t)' BT Py B2u(t) 'R =0
sut)"'B"PyB+ult)"R=—x(t)"AT P, B
& (BT"Py1B+ R)u(t) = =BT Py Az(t) &
S u*(t)= —(B"P,y 1B+ R) !B P Ax(t).
Now if the optimal controller u* is applied to
x (ATPipi A+ Q)zy + uf (BT Pyt B+ R)us+
+$(t)TATPt+1BU(t> + U(t)TBTPt+1AIE(t) + T?"(O'?U.Pt+1) + Tt4+1
the second term and fourth term will cancel out each other and we are left with
o) (AT Py A+ Q)ay + Tr(og Pry1)—
7I(t)TATPt+1B(BTPt+1B + R)ilBTPt_i_lAI(t) + Tt41 =
=2 [ATP A+ Q- ATPB(BTP B+ R)*lBTPtHA} oot
+T7 (05 Prs) + et
Now, from our Linear algebra Preliminaries

1. The inverse of a positive definite matrix P € R™ ™ is also a positive
definite matrix

2. If P € R™ ™ is a positive definite matrix then it is invertible.

3. If P € R"*" is a positive definite matrix and Q € R™*" is a semi-definite
matrix then P 4 @ is positive definite matrix.

4. If P € R™*" is a positive definite matrix and A € R®*". Then AT PAis a
positive semi-definite matrix. If A is invertible, then AT PA is a positive
definite matrix.
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Our induction hypothesis was that V (t,z) = 2] P;x; +r;. Now applying the
rules above, the terms A" P, 1A+ Q and AP, 1B(B"P,,1.B+R)™'BTP, 1 A
are clearly positive semi-definite matrices. Therefore our induction hypothesis
holds. In the process we also found the optimal controller.

To summarize we have proved that V(¢,z;) = " P,z + r; where P is semi-
definite matrix and r; is constant, and

Pr=Q, rr=0
Po=A"P 1 A+Q—-A"P, B(B"P,,,B+R)"'B"P, A
Ty = TT(U?UPt-i-l) + Tt+1
uf = —(B"Py 1B+ R)'BT Py Ax(t).
Given any initial state xg and some final time 7" the cost of the LQR will be

T
V(0,20) = x5 Poo + 10 = 25 Powg + Z Tr(Po?),
t=0
and again the matrix Py is calculated recursively backwards in time starting
from the final time. For an example if we want to compute Pr_;, we know that
Pr = Q. We simply use the formula above for P;, and we get

Pr1=A"TQA+Q—-ATQB(B'QB+ R)"'BTQA.
After this Pr_s can be obtained through Pr_; and so on.

4.2 Unknown Dynamics: Model-free vs Model-Based
methods

In the Stochastic Linear Quadratic Regulator problem we could derive an opti-
mal controller since the dynamics were known. But finding the optimal policy
becomes particularly challenging when the underlying dynamics of the system
are unknown. In such cases, two fundamental approaches emerge: model-based
and model-free methods. Model-based methods strive to construct an explicit
model of the system’s dynamics. In other words, we try to approximate the
matrices A and B in a dynamical system. Then using the model to determine
the optimal policy. On the other hand, model-free methods forgo the explicit
modeling of the dynamics, instead focusing on learning a policy directly from
the interactions with the environment. Both approaches offer distinct advan-
tages and trade-offs. Forward we will choose the control theoretic approach
which is the model-based method. This will lead us to the subject of System
identification.
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5 System Identification

In this section we will show how to construct a model of an unknown discrete
dynamical system with multiple-trajectories. But we will disregard the whether
the cost function is known or unknown in this section. Then we will analyze
how a Bang-Bang controller will affect the error of the approximation of the sys-
tem. We will under reasonable assumptions show that the Bang-Bang controller
provides a better approximation of a discrete dynamical system.

The following derivation of the error terms is based from [2].

5.1 Upper bound and errors

In the case when the system is unknown and we chose a model-based approach
to find an optimal controller, we will estimate A and B. We will assume that
the system is controllable this implies that that the Controllability Gramian

T
Ac(A,B,T) =) A'BBT(A)T

=0

is positive definite matrix for some T'.

5.1.1 Derive an error term

Consider the stochastic discrete dynamical system

z(t+1) = Az(t) + bu(t) + w(t),

ii.d . .
where x;,w; € R* u € R™ where w; ‘~° N(0,021). We also inject noise

through u RS (0,021). To simplify the analysis, we will use only use the
last two samples at T+ 1,T to analyze the error estimates. We sample N
trajectories with 7'+ 1 time—steps from the dynamical system. The goal is to
find an estimation of A, B such that

Z a0y, — Azl — Bul|[3.

is minimized.
To find the optimal estimates of A, B we derivate the expression to search
where the derivate is equal to zero. We have that

N
Vs Yz, — A2 — Bul |2 = 0.

i=1
We notice that for some 7 that

n

. . . . . 2
o4, — A = BuP3 = 3 |@f e — (A0 — (Buf e
k=1
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If we let

1 1 1 1

@7 @7 @)T (w7
XN = ,ZN = ,WN = :
N N N N

@7 @T, (Wi)T (w7

then the expression can we rewritten as

N
Vias O e, — Axl) — Bu|3 =
=1

= V|| Xy — Zn[A B]T|% =
= Vstr[(Xy — Zn[A B]")(Xy — Zx[A B]")'] =
— Viaptr[XnXy—Xn[A B]ZY - Zn[A B]' XL +2Zy[A B]'[A B]ZY)].

Now we derivate the expression with respect to the concatenated matrix
(A, B). We use the propositions (2.8) and (2.12) about derivatives of Trace
from our Linear Algebra preliminaries and we get that

—2X\Zn +2[A B]ZyZn =0.
We apply the pseudo-inverse of Zy and Z]T[,
~Xy+[A BlZy=0¢

& Zy[A Bl =Xy &

o [A B =(Z42Z8) " Zh XN &
&[4 BT 1"

= (ZNZN)'ZN(ZN[A B] +Wy) &

& [A Bl =[A B]' +(Z5Zn) " Z5Wy.
We have now derived an error term for the estimate

S T T _
[A Bl =[A B] +(ZyZn)""ZyWy.
In the derivation we also found a formula for computing the estimates A, B,
namely
A o T _
[A B] =(ZN2ZN8) " ZNXN.
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5.1.2 Derive the Covariance matrix

What is the formula for state at z(k 4+ 1)? Assume we start at 0, i.e. x(0) =0,
then we have that
z(1) = Bu(0) + w(0)

z(2) = A(Bu(0) + w(0)) + Bu(1l) + w(1) = ABu(0) + Aw(0) + Bu(1) + w(1)
z(3) = A(ABu(0) + Aw(0) + Bu(1) + w(1)) + Bu(2) + w(2) =
= A2Bu(0) + A%w(0) + ABu(1) + Aw(1) + Bu(2) + w(2)

~—

+
+

~—

We guess that the formula for z(k 4 1) is

k
2(k+1)=>_ A'Bu(k — i)+ Alw(k — ).
=0

The formula is true for z(1),2(2). We assume it is true for k + 2,

k
A A'Bulk =) + Aw(k — )] + Bu(k + 1) + w(k + 1) =
1=0

k
_ [Z A Bu(k — i) + Atk — i)} + Bu(k+1) +w(k +1) =
i=0
k+1 ) .
=Y A'Bu(k+1—i)+ Awk+1—i) = z(k +2).

=0

The formula holds.
Since z(k + 1) is a random vector, we want to understands its variance. We

compute its variance

Var(z(k+1)) = Cov(z(k+ 1), z(k+1)7) =

k k
E[[ZAiBu(k — i)+ Alw(k — i) — 0][ Y A'Bu(k — i) + Aw(k — i) - o]T] _
i=0 =0

k
E[Z At Bu(k — i)u(k — )BT (AN + Alw(k — idyw(k — i) T (AHT + }
i=0
We recall that the F[aX] = aF[X] and if two random variables are in-
dependent then E[XY] = E[X]E[Y]. Since u(0),...,u(k), w(0),...,w(k — i) are

independent variables, the remaining mixed terms of Var(x(k+1)) will be equal
to zero because the expected value of u(0), ..., u(k), w(0), ..., w(k — ) is zero. So,
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k
E[Z A'Bu(k — i)u(k — )T BT (A)T + Alw(k — i)w(k — z‘)T(A")T} =
1=0

= E[i A'Bu(k — i)u(k — z‘)TBT(AZ')T} +E {Aiw(k — Dw(k — i)T(Ai)T} —

k k
=0, z:AiBB_r(x‘V’)—r + 02 ZAi(Ai)T = Var(z(k +1)).
i=0 i=0

Now it is easy verifiable that

o[ asiain o )

i 2
; 0 oiln,

where n,, is the dimension of u. We define 3, as the first block of the above
covariance matrix

k k
Se =02 A'BBT(ANT +07, ) A'(A)T,
i=0 i=0
and X, as the second block
Yu=021,..

The first block of covariance matrix for the Gaussian and Bang-bang controller
will be denoted X, and respectively X, .

5.1.3 Derive upper bound on error term A

We will now derive a probability bounds with the spectral norm of the error
terms. To remind, if A € R™"*"™ and singular values of A is o1 < ... < 0y, the
spectral norm is defined as

All; = max_||Azllz = o
[|z|l2=1
in other words it is the maximum singular value of the matrix A, this was shown
in our Linear Algebra preliminaries.
From the derived error terms from earlier
s AT T _
[A B] =[A B] +(ZnZY) " ZyWn,

we can easily verify that the error terms for A and B is

A T _
[A - A] = [Inm Onzxxu](ZJ—\FIZN) 1Z1—\FIWNv
~ T _
[B - B} = [Onuxxmjnu](Z;fZN) 1Z]—\;WN5
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where n;, n, is the dimension of x and respectively wu.
Define Q4 = [I, On,xa,], the the spectral norm of the error term is

1A — Al = IQa(Z} Zn) "' Zy Wi l2.

For the matrix Zy the expected distance is the square root of the covariance
matrix and the spectral norm is a distance preserving. Therefore, Zn can rewrite

to Zy = Yn 212 where
T
Y1
YN =
yn

with y; "’ N'(0, I, n, ). We have that

1QA(ZNZN) T Zi W |2 = [|Qa((YNEY) TYNEY2) T (YW SY2) TWy |2 =

= [|Qa (XYY YN S 2) T2y g W] =
= [|QAZ T2 (Yy Yi) T YN Wa|lo.

Assuming the singular values of M is 01 < ... < 0y, the spectral norm for

the inverted matrix M is 1
1M~y = —
01

which was proved in our Linear algebra preliminaries.

Since the we assumed that the dynamical system were controllable, ¥, will
be an positive definite matrix because. Therefore its eigenvalues are equal to
its singular values. From our Linear Algebra preliminaries, we proved that the
Spectral norm is submultiplicative. Now we have that

= [|QAZ T2 (YN Yiv) 'Yy W|l2 <

YW, YN W,
§||E;1/2||2H NT NH2 :)\min(zgl/Q) || N _|]_V||2 )
HYNYNH2 )‘min(YNYN)
To conclude,
. VAl
1A = Ally < Apin(55/2) LN Wl

and, in the paper [2] the researchers prove that given some parameters, the
term

Yy W[z
has an upper bound. The proof is outside the scope of this paper thus omitted.
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5.1.4 Derive upper bound on error term B

To derive an upper bound for the the error term for B we will use the same
arguments that were done in derivation for the error term for A.

We have that
1B = Bll2 =|Qp(ZZn) "' ZEWhl|2 =
= |QeE 2 (YN Yn) 1Yy Wyll2 <

- Yy Will2
<|loln) Pl s =
)\mln(YNYN)
1 VI Wl

B Oy >\min (Y]:/FYN) .

5.2 Error Bounds for Bang-Bang- VS Gaussian controller

We have concluded that the error bounds for A respectively B is

N YW
||A - AH2 < )‘min(zglm)”]\ii‘fym
1 ||[Yy Wil

We now want to understand how using a Bang-bang controller compared to
a Gaussian controller affects the error terms. In many control problems, our
controller u is often limited by some magnitude ||u|| < U, where U is some
scalar. In the case where u € R™ is a vector, each component of the controller
u will have the following form

U Pr(X=U)=05
ui = {
! -U :Pr(X=-U)=05

for1 <i<m.

5.2.1 Standard deviation for the controllers

The components of the Gaussian controller will approximately be A(0,0.5%)
multiplied by the maximum magnitude U of the controller.
For the variance for each of the Bang-Bang controller will be

so the the standard deviation for the Bang-Bang controller will be U. While the
standard deviation for the Gaussian controller will be 0.5 - U.

A direct observation for this is that when using the Bang-bang controller,
the error bound for B which is

1Yy Wall

will be halved compared to using an Gaussian controller.
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5.2.2 Smallest eigenvalues of ¥, with different controllers

For the error bound of A we will analyze the term Ay, (22) to show that when
using Bang-bang controller, this error bound also get reduced compared to using
a Gaussian controller. To prove this we will use the Rayleigh quotient.

Firstly, by proposition (2.7) the matrix Ac(A,I,T) is semi-definite matrix
if A is not invertible and if A is invertible it is positive definite.

Since we assumed that the system is controllable, 02Ac (A, B, T) is a positive
definite matrix. Therefore by proposition (2.4) the matrix o02Ac(A, B,T) +
02 Ac(A,1,T) is a positive definite matrix.

This implies that all the eigenvalues of ¥, is positive and bigger then zero.
Assume we have have (invertible) symmetric matrix M € R™*". To remind the
Rayleigh quotient of a symmetric matrix is defined as

r*Mx
xtr
Assume that the eigenvalues of M € R™ " is 0 < A\; < ... < \,. From
the Courant—Fischer—Weyl min-max principle (Theorem 2.1) we have that the
eigenvalues of M is

R(M,z) =

because
min R(M,z) = M (M), maxR(M,z) = \,(M).

We denote My = 02Ac(A, B,T) and My = 02 Ac(A,I,T). Now consider

A1 (MQ) < R(M%x) < /\n(M2)a

if we now add
)\1(M1) = mlnR(Ml,x)

to the equation we get that

)\1(M2) + Al(Ml) é R(MQ,.’E) + )\1(M1)
Now A\ (Ms) + A\ (M7) < R(M; + M, z) must be true since

. ot My . wbMoxy  xt(My + My)x  aMix  atMow
min ———— + min —— < i I t
@ xlm z2  xbhxo zlx xta zle

for any x € R, therefore

A (My) + A (Ma) < A (M + Ms).

Now if we instead have a positive scalar a € R in front of M7, how will this
affect the minimum value of aM; + M;? We examine the difference between
R(aMy+ My, z) and R(M;+ Mz, x). Assume R(aMy+ Ms,x) > R(M;+ Ms, x),

now
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R(aM1 -+ MQ,SC) > R(M1 + MQ,SC) = R(aM1 + Mg,x) — R(Ml +M2,1') >0<

o zt(aMy + Mg; My + M)z _ (a — 1)t$tM1x ~o
xlz xlz

Now if ¢ > 2 then

(a — 1)xt Mz
B 0

holds.
So the smallest difference between R(M; + Ma, ) and R(aMy + Ma,x) is
(a — 1)1 (M) since

min R((a — 1)My,z) = (a — 1) 1 (My).
In our case with the Gaussian controller

Yoo = 02Ac(A, B, T) + 02 Ac (A, I,T)

TG

with the Bang-Bang controller
Sap = (2:04)*Ac(A, B, T)+02Ac(A, I,T) = 4-02Ac(A, B, T)+os,Ac(A, 1, T).

So, using the formula above % > 0, in our case a = 4, so the
minimum eigenvalue of ¥, , will at least differ by 3\ (Ac(A, B,T)) then the
minimum eigenvalue of ¥,,,.

Therefore
1 1 1
2, < 1/2 < 1/2
M) M(Zag) +3M(Ac(A, B, T))  Mi(Xas)

so the error
Yy Wall2

will be less when using the Bang-Bang controller compared to the Gaussian
controller.

1A = All2 < Anin(551/2)

T

6 Conclusions

In RL problems where model-based methods are being used, we have now
showed that the approximation of the environment will be better when using
Bang-bang controllers instead of a Gaussian controller.

We have not discussed the drawbacks of using the Bang-Bang controller. It
was discussed earlier that using controllers are not usually ”free”, there is some
cost of using them. If only the maximum magnitude of the controllers are used
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then this might be expensive to use, especially if the cost is quadratic. It will
be up to the practitioner to decide whether the improved error is worth it.

Even though the Bang-Bang controller yields a better approximation of the
dynamical systems, it might not be optimal when the agent then have to choose
action in the environment. From Figure 2 we can see that even though the
agents choose action at the extremes, they are not strictly at the two extremes.
So if we assume that that these algorithms are close to the optimal controller,
it will not be a strictly Bang-bang controller. But still, using the Bang-bang
controller during a the process of learning the dynamical system will yield a
better approximation if we disregard the cost of using the Bang-Bang controller
during the learning process.
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Thesis Misprints Corrections and Additional
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Chapter 2 Proof of Proposition 2.3
The summation in
' VDV e =y "Dy = Z Aj - y? > 0.

i=1
should be corrected to

n
=1

since the eigenvalues are ordered in descending order starting from the top in
D.

Chapter 2 Proof of Proposition 2.3

If a matrix has strictly positive eigenvalues, it is invertible. Assume there exists
a vector such that Ax = 0 = 0-z, meaning that A is not invertible and zero would
be an eigenvalue. Since A only has strictly positive eigenvalues, Ax =0=0-x
is a a contradiction, since 0 is not positive.

Chapter 2 Proof of Proposition 2.7

When ”Dimension” is mentioned during this proposition, it refers to the dimen-

sion of the columnspace of A, or simply Rank of A.

Chapter 2 Proof of Proposition 2.7

If A is invertible then A?(AT)? is a positive definite matrix for any i > 0. Since
' ANAT) iz = (A'2) T (A7) 'z = ||(AT) 2|3 > 0.

If A is not invertible then there exist some x such that (AT)'z = (A7)~} (AT )z =
0 which means that _ _ _
g ANAT) 'z = ||(AT) ][5 > 0,



meaning that A*(AT)? is a semi positive definite.

Chapter 4 page 37

The function c¢(ug, x4, x411) in

Vi=FE

T
Z’th(utv Ty, Teyr) + CT(fT)]
t=0

should corrected to c(ug, x4).

Chapter 4 page 37

The summation

Vi=FE

T
Z ’YtC(Um T, Teq1) + CT@T)]

t=0

from 0 to T should be corrected to 0 to T' — 1.

Chapter 5.2.2 page 50
The inequality

11/2 < 1/2 . < 11/2
M(Ed ) M(Bde) +3M(Ac(A4,B,T))  M(Xa)

is not correct.
What we want to show is that

M(EH?) < M (ER),

where ¥ x, and Xx, is respectively the covariance matrix for the Bang-Bang
controller and the Gaussian controller.

First we need to find the formula for ||M~1/2||, where M is positive definite
matrix.

Since || - ||2 is sub-multiplicative we have that

1M 72|y = ||M 7MY g < ([MY || M2 .
Now from the Linear Algebra preliminaries, we have that

_ 1
1M |z = —
01

where 0 < 01 < ... < 0, is the singular values of M.

So it remains to find ||M1/2||,.
With the spectral theorem we have that M = VDV T where where V € R**™ is
an orthonormal matrix where columns are eigenvectors of A and D € R"*" is



a diagonal matrix, where the diagonal elements are the eigenvalues of A. Now
MO5 =V DY VT since

(VDY VY VD*SVT)=VDV'.
So, it must be that

HMO.5H2 = VOn-

To conclude,

Vn
1M1z < {[M Y[l [ M)z = p—

Under this subsection (5.2.2) we proved that the difference between R(aM; +
My, z) and R(M; + Ms, x) is at minimum

R((a—1)My,z),
and also that

AL(My) + M (Mz) < R(My + Ma, x) < Ap(M1) + An(M2).

where R(-, ) is the Rayleigh quotient.

We denote My, = 02Ac(A,B,T) and My = 02Ac(A,1,T). If we set the
Gaussian controller to

Yoo = 02Ac(A, B, T) + 02 Ac(A, I, T)

then the Bang-Bang controller will be
Yop = (2:0,)?Ac(A, B, T)+02Ac(A,I,T) = 4-02Ac(A, B, T)+02 Ac (A, I, T).

Now we have that that the minimum difference between

M(ER?) and M (E5Y?)

must be

V(@ — DA (M) + A (My + M) An (M + M)
(CL— 1))\1(M1)—|—>\1(M1—|—M2) )\1(M1 +M2)

we input a = 4 and get

VM) T A (My 1 Mz)  /An(M; + M)
31 (My) + A1 (M + Mo) M (M + M)

Therefore the approximation error for the matrix A when using the Bang-
Bang controller will be smaller compared to the Gaussian controller.




