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Abstract

In this thesis we present theory regarding dynamical systems; by which
we refer to the process of iterating a function. In particular, the focus is on
the real-valued affine family of functions and the real-valued quadratic family
of functions. We present concepts such as orbits and fixed points, as well as
methods to graphically examine these for given functions. Further, we examine
how the character of a fixed point affects the behavior of neighbouring points.
Lastly, the Period-3 Theorem is presented and used as a stepping stone into
the theory of chaos, which we conclude with a brief overview using symbolic

dynamics.

Sammanfattning

I denna uppsats presenterar vi teori for dynamiska system; med vilket vi
menar processen av att iterera en funktion. I synnerhet kommer fokus vara
pa den reellvirda affina familjen av funktioner och den reellvirda kvadratiska
familjen av funktioner. Vi presenterar koncept sasom banor och fixpunkter,
samt metoder for att grafiskt analysera dessa for givna funktioner. Vidare
undersoker vi hur en fixpunkts karaktar paverkar beteendet hos néarliggande
punkter. Avslutningsvis presenterar vi Period-3 Satsen och anvinder denna
som startpunkt for kaosteori, vilket vi ger en kort Gverblick av med hjalp av

symbolisk dynamik.
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1 Introduction

Dynamical systems concern processes in motion. Our mathematical approach to
dynamical systems will be through iteration of functions. The process of iteration
involves evaluating a function over and over, using the output of the prior application
as input in the next; in other words, composing a function with itself repeatedly.
In particular, we are interested in the long-term behavior of a point under a given
function. More specifically, we wish to predict if a point tends to a particular point,
jumps between multiple points, or tends to infinity.

Intuitively, dynamical systems in the form of iteration of functions is about
predicting “the next step” given current knowledge. Iteration can, for instance,
be used to understand how the size of a population changes over time. Let us
denote the population size at generation n by P,. How does P, relate to P,?
Suppose (in a rather naive manner) this relation is proportional by a factor r, i.e.,
that P,,1 = rP,. Then for a given initial population of size ;) we could determine
the population size of all succeeding generations. In particular, we have P, = r"F.
If » > 1 the population size would tend to infinity, while the population would go
extinct if » < 1, and remain the same if r = 1.

This thesis to large extent follows the exposition in the book A First course in
Chaotic Dynamical Systems - Theory and Ezperiment by Robert L. Devaney [2].
However, a selection of the content has been made and the topics have been chosen
to be presented in a different order. Apart from what is presented in Devaney
additional examples and details have been added. For instance, an entire section
has been included to thoroughly examine the affine family of functions. Additionally,
every image is generated by the author: For python code for graphical analysis and

orbit diagrams see Appendix B and C respectively.

Notation and assumptions

Unless otherwise stated we will let f denote a real-valued continuously differentiable
function and x a real variable. For a function f we will write the n:th iterate of f

applied to z,
f o DY O f(x))

—_—
n times

as f™(x). This is the n-fold composition of f with itself.



2 Orbits and Fixed Points

To examine the iteration of a function for particular points we begin with the fol-

lowing definition:

Definition 2.1. We define the orbit of a point xg under a function f as the sequence
of points {x, }nen, where z; = f7(xq). The initial point xq is called the seed of the
orbit.

Definition 2.2. The most elementary type of orbit is the fized point, where the

seed x satisfies

f(zo) = xo. (1)

Considering the condition (1) as a first iteration, we may perform the second
iteration as follows: f2(x¢) = f(f(zo)) = f(zo) = zo. Continuing this reasoning
we obtain f™(xg) = zo for all n € N, such that the constant sequence {zy} satisfies
Definition 2.1.

Ezxample 2.3. The real-valued identity function Id(z) = z fixes all points, while
—1d(z) = —z only fixes 0.

Definition 2.4. A more general type of orbit is the periodic orbit or cycle. Here
the seed x( satisfies f™(zg) = xo for some m > 0, where the least such m is called

the prime period of the orbit.

So for a periodic orbit the seed does not need to “return” after one iteration.
However, if the prime period is m = 1 then it is a fixed point. Fixing the prime

period m we have

{xn}neN - {xo,f(l'(]),fQ(ZE()), . '7fm_1<x0)7fm(xO)vfm+1(x0)7 - }
= {z0, f(x0), [*(20), ..., [ (w0), @0, f(20), ... }-

from which we note that if the seed has period m then the orbit consists of exactly
m elements, all with the common period of m.

If the seed x itself is not fixed, but a point on its orbit is fixed (periodic) then
we say that xg is eventually fized (eventually periodic).

Prior to examining different kinds of fixed points we present the following theorem

about existence from Devaney [2, p. 45]:



Theorem 2.5. [Fized Point Theorem] Suppose f : |, 8] — |a, 5] is continuous.
Then there is a fized point for f in |«, B].

Proof. Let h(z) = f(z) — . Then h is a continuous function which satisfies
0,
0,

since f maps the interval [« 8] onto itself. Hence, by the Intermediate Value The-
orem, there is a v in [«, ] such that h(y) = 0. By our definition of h we have that
f(7) = v so that v is a fixed point of f. O

Note that the theorem asserts existence of at least one fixed point on the interval,
but that there may be more.

% on the interval [—1,1],

Ezample 2.6. Consider the real-valued function f(z) = x
then f:[—1,1] — [—1,1]. The equation f(z) = x has three solutions on the interval
[—1, 1], namely —1, 0, and 1. Thus, by Definition 2.2, f has three fixed points in

the given interval.

Now, having convinced ourselves that there exist fixed points, apart from the

ones found in example 2.3, we categorize fixed points as follows:

Definition 2.7. Suppose z; is a fixed point for f € C'. Then x is said to be an
attracting fized point if | f'(x¢)| < 1. The point zy is said to be a repelling fized point
if | f'(xo)| > 1. Finally, if | f'(zo)| = 1, the fixed point is called neutral or indifferent.

FExample 2.8. For all real x, i.e. all fixed points, of the identity function we have
Id’'(z) = 1, meaning they are all neutral. Also, | —1Id'(z)| = 1 for its only fixed point
xr = 0. However, we may note that all other points are periodic with prime period

2. In particular for every xy # 0 under — Id(z) we have the orbit

{(_1)nx0}n€N = {xO; —X0, Xy, —TQ, - - - }

The above definition of attracting/repelling fixed points tells us something about
neighbouring points, which Devaney [2, p.51-53] presents in the following two theo-

rems:



Theorem 2.9 (Attracting Fixed Point Theorem). Suppose xq is an attracting fized
point of f € Ct. Then there is an open interval I that contains xq in its interior and
in which the following condition is satisfied: if x € I, then f"(x) € I for all n and,

moreover, f"(x) — xo as n — oo.

Proof. Since |f'(x¢)| < 1, there is number A > 0 such that |f'(zo)] < A < 1. By
continuity, we may therefore choose a number 6 > 0 so that |f'(z)| < A provided
x belongs to the interval I = (zg — d,x29 + §). Thus by letting p be an arbitrary

point in I, and x a point between xo and p (in particular in I), by the Mean Value

() = S| _
lp — o

Theorem

|f'(z)] =

so that
|f(p) = fzo)| < Alp — mo].

Since x is a fixed point, this is equivalent to

|f(p) — ol < Alp — @ol.

Given that 0 < A < 1, the above inequality means that the distance between f(p)
and xg is strictly smaller than the distance between p and zy. In particular, f(p)
also lies in the interval I, making it possible to apply the same argument to f(p)

and f(xg), yielding

’fQ(p) — x| = ’fQ(P) - f2(330)‘
< Alf(p) = f(zo)]

< /\2|p — g

Again, using the properties of A, we have that A?> < \, so that the points f?(p) and
xo are even closer together. Continuing this argument we find that, for any n > 0
and any p in [,

|f"(p) — mo| < A"|p — 2o

Noting that A — 0 as n — oo, we deduce that f"(p) — xgasn — 0o, as desired. [

The second theorem contains a corresponding result for repelling fixed points,

and can be proven analogously, but here we omit the proof:



Theorem 2.10 (Repelling Fixed Point Theorem). Suppose xo is a repelling fized
point for f € C. Then there is an open interval I that contains xo in its interior
and in which the following condition is satisfied: if x € I and x # xq, then there is
an integer n > 0 such that f™(x) ¢ I.

3 Graphical Analysis

To obtain intuition about the behavior of points under iteration we introduce the
procedure of graphical analysis: We again follow Devaney [2, Sec. 4]. Let f be a
given function and zy a point we want to examine under f. To begin, we impose
the line y = x, and position ourselves at the point (xg, o) on it; that is, directly
above the seed on the x-axis. Next, we draw a vertical line to the graph of f
reaching the point (xg, f(zo)); followed by a horizontal line back to the diagonal,
reaching the point (f(xg), f(zo)). This point is the next on the orbit of zg, with
its z-coordinate being f(zo). The procedure is then continued in the same manner,
alternating between vertical lines from the diagonal to the graph of f, and horizontal
lines from the graph back to the diagonal. See Figure 1 for an example illustrating
this method. Python code for the graphical analysis performed for the remainder of

this thesis can be found in Appendix B.
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3

Figure 1: Graphical analysis step by step for f(z) = 2° — = and seed xy = —g



4 The Affine Family of Functions

To illustrate the concepts above we will begin by focusing on the most elementary

type of polynomials; the affine family of functions.

Definition 4.1. We define the affine family of functions as h(x) = ax + b, where a

and b are real constants and x a real variable.

The general orbit for a point zyp € R under h is, as stated in Definition 2.1,
{h™(z0) }nen. Here

h2(x0) = o

h'(x) = axg + b

h*(x0) = a*wo +ab+ b

h*(x0) = @z + a*b +ab+ b
j—1

W (19) = a’mg+b>_ a* (2)
k=0

Does this orbit constitute a fixed point for some z( for every pair a,b? To answer

this, we take a step back and consider, with use of (1):

h(z) ==z
(a—1)xz+b=0. (3)

If @ = 1 then b must be equal to 0 for a fixed point to exist. In fact, if @ = 1 and
b = 0, then h = Id which fixes every point zy € R, as we noted in Example 2.8.
If a =1 and b # 0 then there is no fixed point under h, and every orbit tends to
negative or positive infinity. In particular, the orbit of a point zy under A in this
case is {xg + bn},en, as can be seen from (2). Moving on, if a # 1 we may rewrite
(2) as

hj(xo):ajxo—irba_l (4)

and (3) as




The latter we will denote by p from now on. The character of this fixed point
depends on a, since h'(z) = a for all . According to Definition 2.7, p is attracting
when |a| < 1, neutral when |a| = 1, and repelling when |a| > 1. To gain further
understanding we begin by fixing b = 0, so that the orbit of zq under h is {a™zo }nen,

which we once again can see from (2). Then the neutral case not yet considered is

when a = —1 such that h = —Id, which was seen in Example 2.8 as well. We
2 2
1 1
0 0
/
oy o
-2 "
P 1 0 1 2 ) 0 o T }
(a) Coefficient a = % (b) Coefficient a = —i
2 2
1 1
0 0
5 o
-2 2
Y 1 0 1 2 Y -1 0 1 2
(c) Coefficient a = % (d) Coefficient a = _%

Figure 2: Orbits of zg = p — 2 under h(z) = ax

illustrate the remaining cases when b = 0, by fixing one value of a in each of the
intervals (0,1), (—1,0), (1,00), and (—o0, —1), in Figure 2. Letting b be nonzero,
we see in Figure 3 that the orbits behave (at least) locally equivalently to the case
when b = 0, but with the fixed point shifted.



-2 -2
-2 -1 0 1 2I -2 -1 0 1 2
. _1 . _ 1
(a) Coeflicient a = ; (b) Coefficient a = —3
2 2
1 1
0 0
-1 -1
-2 -2
-2 -1 0 1 2 —I2 -1 0 1 2
: _5 : __5
(c) Coeflicient a = § (d) Coefficient a = —3

Figure 3: Orbits of zg = p — 2 under h(z) = ax — ;

We may prove that this observation is in fact true (globally) by examining a

point ¢ shifted by the fixed point p, using (4):

. ) J_1
b (zo + p) = o’ <x0+ b >~|—ba

1—a a—1
) a’ al — 1
=alxg—b b
@*o a—1+ a—1
=drg+ ——
0T 4
:ajx0+p.



So, if hy(z) := ax and hg(x) := ax 4+ b we have that

b b
{hg(l'o) + } = {th (.730 + )} .
l—a neN l—a neN

Now, we understand the affine family of functions for all real constants a and b.
Moreover, the orbit of a point zq under the function h,(x) = az (where a # 1) is
equivalent to that of zo + p under hy(x) = ax + b, where p is the fixed point of hy.
Recall that 0 is the fixed point of h,, while p = fba is the fixed point of hy,. For
instance, if g tends to the fixed point 0 under h,, then xq+ p will tend to the fixed

point p under h,,. The converse is also true.

10



5 The Quadratic Family of Functions (Part 1)

We leave the rather simple case of the affine family of functions to see what happens
as we increase the degree of the polynomial by just one, so we have a quadratic
polynomial. As we will see, understanding points under iteration becomes a lot
more complicated already increasing the degree by just one, and we will focus on

the quadratic family for the remainder of this thesis.

Definition 5.1. We define the quadratic family of functions as g.(x) = x* + ¢, with
x real. Here the real constant c is called a parameter; each ¢ gives rise to a different

dynamical system.

We can motivate our use of g.(z) = x? + ¢, instead of the more general form of
a second degree polynomial f(z) = ax? + Sz + v (where a # 0) by conjugation. In

particular, we wish to find a conjugacy function ¢, such that

pofopl=g. (5)

As we will see, there is a function p(z) of the form ax + b (with a # 0) satisfying

(5). To determine a and b consider

a

((x—b>2 <x—b) )
=p|a + +
a a
2 _ 2 _
:a<ax 2bx + b +Bxab+7>+b

sOOfosO‘l(x)ZwOf<x_b>

a2
:O‘x2+<5_2a6>q;+aﬁz—ﬁb+a7+b. (6)
a a a

Combining (5) and (6) we obtain the following system of equations:

1=2
0=p— 28

a

c:aTy—Bb%—av%—b.

11



Thus we have

so that p(z) = az + g is a conjugacy function between f(r) = ax?® + fx + v and
ge = 12 + ¢, where

= i(% — (% +da).
So we have found a one-to-one correspondence between any quadratic function of the
general form of f(x) = ax®+ Bz+ and functions of the same form as g.(z) = 2> +c.
These conjugate functions are equivalent in terms of their dynamics.! For instance,
suppose z is a fixed point for f, i.e. that f(xy) = xy, then ¢(zy) is a fixed point

for g.. To see this, first note that (6) can be rewritten as

pof=gcop. (7)

Inserting z; in (7) gives
po f(xr) = geop(xf)
p(zr) = geleplzy)).
So, by Definition 2.2, ¢(zy) is indeed a fixed point for g.. Similar arguments show

the correspondence between periodic points of period n between f and g..

Now, we find the fixed points of g. by solving the equation

gC(I> =

2 —zx+c=0

11
=_+4-—c
Xz 5 1 C

1
pe =51+ VI—10),

1

P = 5(1 — V1 —4c).

We denote the roots by

Tn fact ¢ is a homeomorphism called a topological conjugacy between f : R — R and g :
R — R. For exact definition and further reading we refer to, for instance, Devaney [1, p. 47] and
Robinson [5, p. 38-41].

12



1
4
no fixed points on the real line whenever ¢ > i. Moreover, the graph of g. does not

Now, noticing that p, and p_ are real if and only if ¢ < 7, it follows that g. has
meet the diagonal line, so graphical analysis shows that all orbits tend to infinity,
see Figure 4 for instance. In particular, for whichever seed we choose the vertical
steps will always be upward and the horizontal to the right, and since the graph of

g. never meets the diagonal this process will continue without restraint ad infinitum.

10

Figure 4: Orbit of 2o = —1 under g.(z) = 2% + 1

Next, consider ¢ = i Then p, =p_ = %, so that g. has exactly one fixed point.
Since ¢.(x) = 2z we have ¢/, (%) = 1, meaning this single fixed point, p* :=p, =p_,
is neutral. Thus we cannot immediately say anything about the behavior of nearby
points. However, through graphical analysis we may examine a selection of the orbits
of nearby points, and as we will see by a clever choice of seeds (by partitioning about

py and —p, ), we will be able to understand the orbit for any real seed x.

13
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(a) Seed zo = p* + 15 (b) Seed zg = —p*

10 0.6

0.4 4

0.2

0.0
—-0.2 A

\ 0.4 1
0

T T T T -0.6 T T T T
0 2 4 6 8 10 -0.6 -0.4 -0.2 0.0 0.2 0.4 0.6

¢) Seed zg = —p* — = d) Seed z¢ = &
10 10

Figure 5: Orbits of o under g.(z) = z* + 1

First, as seen in Figure 5(a), when xy > p* its orbit tends to infinity just as when

c> %. Secondly, —p* is an eventually fixed point, since

(»)=(-3) +3=7
ge\—D ) = 5 4—p~

In particular, —p* reach the fixed point p* after only one iteration, as illustrated in
Figure 5(b). Moving below this eventually fixed point, i.e., letting xy < —p*, the

orbit will once again tend to infinity. This can be seen by performing one iteration

14



on the seed zy = —p* — &, where £ > 0;

A~ =

gc(xl)) = (_p* - 5)2
= (p*+£)7+

= g.(p" +§),

=~ = +

meaning x, shares orbit with —z¢ = p* + &, apart from the first element (see Figure

5(c) compared to Figure 5(a)). This observation may be stated more generally:

1
47
the fixed points p_ and py where p_— < py. Then, if x < —ps or x > py, the orbit

Proposition 5.2. Let g.(x) = 2? + ¢ be a real quadratic function with ¢ < %, and

of x under g. tends to infinity.

Lastly, we may convince ourselves, based on the orbit in Figure 5(d), that the
orbits of xg, when —p* < zy < p*, tend to the fixed point p*. (We will go further
into why this is the only attracting fixed point in Section 8.)

Leaving this single fixed point to consider g. when ¢ < i we begin by noticing
that p, and p_ now each constitute their own distinct real fixed point. This split

into two fixed points is called a bifurcation. Recalling that ¢.(z) = 2z, we find

ge(p+) =1+ V1 —4c
) =1- VI~ T

Thus, when ¢ < i the fixed point p, is repelling, since /1 —4c > 0. For p_, on the

other hand, to see where |g.(p_)| < 1, we compute

—1<1l1—+v1—-4ec<1

0<1—4dc<4
3_, 1
1 -y

Hence p_ is an attracting fixed point when —% <c< i When ¢ = we have

g.(p—) = —1 so that p_ is neutral, and when ¢ < —%,

that p_ is repelling. We show examples of each of these cases in Figures 6, 7 and 8

3
—3
we have ¢.(p-) < —1 so

respectively.

15



1.5 1.5 1.5

1.0 1.0 1.0

0.51 0.54 0.54

0.0 j/ 0.0 0.0 1 7]/

—0.5 —0.51 —0.51
-1.04 -1.01 -1.01
-1.51 -1.51 -1.51
—i.S —i.O —6.5 0.0 015 110 1j5 —i.S —le.O —6.5 0.0 015 110 1j5 —le.S —le.O —(:LS 0.0 015 1j0 ljS
_ 1 _ 1 _ 1
(a) Seed wg = py — 45 (b) Seed zg =p_ — ; (c) Seed wg = —py +
Figure 6: Orbits of zo under g.(z) = z* — }
1.5 1.54 1.54
1.0 1.0 1.0
0.54 0.54 0.54
0.0 e 0.0 0.0
A
—0.5 1 —0.51 E —0.51
~1.04 -1.01 -1.01
-1.54 -1.54 -1.51
7i.5 72‘1.0 7(‘).5 0.0 015 110 1j5 7i.5 72‘[.0 7(‘).5 0.0 015 110 1j5 72‘[.5 72‘[.0 7(‘15 0.0 015 le 1j5
_ 1 _ 1 _ 1
(a) Seed zo = py — 35 (b) Seed xg =p_ — (c) Seed g = —py +
Figure 7: Orbits of zy under g.(z) = z* — 3
1.5 1.54 1.54
1.04 1.04 1.01 _
0.5 0.5 0.51
Y
0.0 0.0 0.0
-« S—— A
-0.5 " -0.5 1 W -0.5 1 \
-1.01 -1.01 -1.01
-1.54 -1.54 -1.54
—i.S —:Il.O —6.5 0.0 015 110 1j5 —i.S —le.O —6.5 0.0 015 110 1j5 —le.5 —le.O —6.5 0.0 015 le 1j5
_ 1 _ 1 _ 1
(a) Seed zo = py — 35 (b) Seed xg =p_ — (c) Seed g = —py +
Figure 8: Orbits of xy under g.(x) = z* — 1
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As in Devaney [2, p. 63] we summarize these observations in a proposition:
Proposition 5.3 (The First Bifurcation). For the family g.(z) = 2 + c:

1. All orbits tend to infinity if ¢ > i.
2. When ¢ = i, ge has a single fized point at p, =p_ = % that is neutral.
3. Forc < i, ge has two fixed points, one at p. and one at p_. The fixed point
P+ is always repelling.
3 1 . .
a. If =1 < c < g, p— 1is attracting.
__3 :
b. If c = —1, p_ is neutral.
3 . .
c. If c < —%, p_ is repelling.

In Figure 8 it looks like the orbits of each seed tends to a 2-cycle. To verify

whether this is true we need to solve the equation g2(z) = z, where ¢ < —3, i.e.
vt + 2 —x+ A +c=0. (8)

Note that the fixed points p, and p_ are both roots of this fourth-degree polynomial,
meaning (x —py)(z —p_) is a factor. Since p; and p_ are roots of g.(z) —x =0 as

2

well, we have that (x — p;)(x — p_) = 2° — & + ¢. Thus we may reduce (8) by this

second-degree polynomial:

42—+ +c

> =2’ +r+c+1l.
Tt —x+cC

Now the fixed points of g2 are the solutions of 22 + x + ¢+ 1 = 0, which we find to
be

q+::;(_1+m),

o= 5 (-1 - VA 3).

Note that ¢, and ¢_ are real and distinct if and only if ¢ < —%, meaning no 2-cycle

of g. exists for ¢ > —%. However, there is indeed a cycle of period 2 for g. when
c < —%. This split when the neutral fixed point p_ = —% becomes repelling, as

¢ decreases below —%, and simultaneously gives rise to 2-cycle is called a period-
doubling bifurcation.
As with fixed points we examine the character of the cycle through the derivative,

this time of g2. Since ¢, and ¢_ together constitute the cycle, their derivatives under
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g2 will coincide. Generally, by the Chain Rule we have, given a differentiable function

f

(f?) (o) = f'(f(x0)) - [ (x0)
= f'(z1) - f'(20)

and

(f*) (o) = f'(f*(20)) - (f?) (20)
= ['(x2) - ['(z1) - [ (20).

Continuing in this manner we find:

Proposition 5.4 (Chain Rule Along a Cycle). Suppose xg,x1,...,T,—1 lie on a
cycle of period n for a function f € C* with x; = f7(xq). Then

(fn)/(xo) = f/(xn—ﬂ T f/(xl) ) f/(xo)~

Furthermore, since it is arbitrary where we start in the cycle we also have:

Corollary 5.5. Suppose xg, x1,...,2,-1 lie on a cycle of period n for a function

f € Ct with x; = fi(xo). Then

(f") (o) = (f")' (1) = -+ = (f") (&n1)

Returning to ¢, and ¢_ under g2, we get

(92(q4+)) = (92(q-)) = 4c + 4,

and
(92(q2))'1 =1
de+4=-1
c = ?
-7

(Recall, for the second step, that we consider ¢ < —% so that we cannot have
4¢ +4 = 1.) So the 2-cycle of g. is attracting when —% <c< —%, neutral when
c= —%, and repelling when ¢ < —%

18



Once again we summarize our observations as in Devaney [2, p.65]:
Proposition 5.6 (The Second Bifurcation). For the family g.(z) = 2*> + ¢ :

1. For —% <c< %, ge has an attracting fived point at p_ and no 2-cycles.

2. Forc= —%, ge has a neutral fized point at p_ = q. = q_ and no 2-cycles.

3. For —2 <c< —%, ge has repelling fized points at py and p_ and an attracting
2-cycle at qy and q_.

6 Orbit Diagrams

So far we have examined g, for fixed values of ¢ and the orbits of all possible points
x € R. We have seen g. go from no fixed point to one fixed point; through a
bifurcation to two fixed points of different character; one of these fixed points then
giving rise to a 2-cycle through another bifurcation. Do cycles of higher order keep
appearing as ¢ decreases further? To answer this question we will shift our approach
examining ¢. under iteration and let ¢ vary while fixing a seed. In particular we
will use orbit diagrams, which is another illustrative method used to examine the
behavior of g.. Here, the parameter ¢ is plotted on the horizontal axis while the
asymptotic orbit of a chosen seed is plotted on the vertical axis. By asymptotic
orbit we mean the orbit after a few iterations so it reaches its eventual behavior.

See Figure 9 for an example: Here we use the quadratic function g.(x), with seed

41
T304
last examined value of ¢; when ¢ = —%. Python code for the orbit diagrams given

0, on the interval ¢ € { ], i.e., from the single fixed point p* = % just below our

for the remainder of this thesis can be found in Appendix C.

2.0

15+

104

Figure 9: Orbit diagram for g.(z) = 2 with seed o = 0
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7 Critical Point

In this section we will go into critical points and explore their significance with the
use of the Schwarzian derivative. This will permit us to choose a single point to
examine under g. using orbit diagrams, but still understand a substantial part of its

dynamics. We begin with two definitions:

Definition 7.1. Suppose f : R — R and f € C'. A point x is a critical point of f
lf f’(ﬂfo) =0.

Definition 7.2. The Schwarzian derivative of a function f € C3 is

-F-36)

- file) 2
Connected to the Schwarzian derivative is the pre-Schwarzian derivative P f of

Sf(x)

f. In particular, Pf is the logarithmic derivative of f’, i.e., Pf = J}—l,/ Moreover, we
have Sf = (Pf) — 3(Pf)? Both the Schwarzian- and the pre-Schwarzian derivative
are important tools in the study of geometric properties for complex-valued func-
tions. For further insight we refer, for instance, to the article Pre-Schwarzian and
Schwarzian Derivatives of Harmonic Mappings by R. Hernandez and M.J. Martin
[3].

As we will see, we are not interested in the particular value for the Schwarzian
derivative of a function at a given point, but rather its sign for all points in a given
domain: namely when the Schwarzian derivative of a function is negative. If for a
function f, Sf(z) < 0 for all = we write Sf < 0. This property, regarding the sign
of the Schwarzian derivative, is in fact preserved by composition of functions, and

thus by iteration. In particular:

Proposition 7.3 (Chain Rule for Schwarzian Derivatives). Suppose fi and fo are
real-valued functions and that fi, fo € C3. Then

S(fro f2)(@) = Shi(fa(x) - (f3(2))* + Sfa(z).
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Proof. We differentiate the three times using the Chain Rule for ordinary derivatives:

(fro fo)(w) = filfa(w)) - fo(2)
(frof2)(z) = fi(fol@) - (fo(2))* + fi(fal@)) - f3 (@)

(fiof2)"(x) = f"(fol2)) - (£3(x))° + 3£ (fa(2)) - £3(x) - fo(@) + fi(fal@)) - f3" ().

Inserting this into the Schwarzian derivative and performing some tedious calcula-

tions (see Appendix A) gives the desired formula. O]

This has the immediate consequence:

Corollary 7.4. Suppose Sf; < 0 and Sfa < 0. Then S(f10 f2) < 0. In particular
if Sf <0, then Sf" < 0.

For a function which has negative Schwarzian derivative we also have the follow-

ing property for its derivative:

Theorem 7.5 (Schwarzian Min-Max Principle). [2, p. 161-162] For a function
f € C3, suppose Sf < 0. Then f' cannot have a positive local minimum or a

negative local mazximum.

Proof. Suppose xy is a critical point of f’, so that f”(xg) = 0. Suppose also that
f'(xo) # 0 (which is done without loss of generalisation since we will consider points

where f’ is positive or negative, respectively). Then we have

Sf(l'o) <0
f///(xo)
f'(zo)

Now, to examine the local minimum and maximum of f” (not f itself) we examine

= < 0.

the second derivative.
If f” has a positive local minimum at xg, then f’(x¢) > 0 and its second derivative

f” must be non-negative, i.e., f”(x¢) > 0. Thus we have

f///(a;,o)
f'(xo)

This contradicts Sf < 0. Similarly, if f has a negative local maximum at xy, then

> 0.

f'(xg) < 0and f"(xg) < 0. Once again yielding a contradiction. O
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To further understand the significance of critical points we introduce yet another

definition.

Definition 7.6. Suppose x( is an attracting fixed point for the function f. The
basin of attraction of x is the set of all points whose orbits under f tend to zy. The
immediate basin of attraction of xq is the largest interval containing z, that belongs

to the basin of attraction.

Similarly, basins of attraction for attracting cycles of period n are defined using
f" instead of f. Note that the Attracting Fixed Point Theorem 2.9 guarantees the
existence of immediate basins of attraction for attracting fixed points and cycles.

Now we can formulate the connection between attracting periodic points, fixed

points and the Schwarzian derivative:

Theorem 7.7. For a function f € C3, suppose Sf < 0. If xg is an attracting
periodic point for the function f, then either the immediate basin of attraction of x
extends to 400 or —oo, or else, there is a critical point of f whose orbit is attracted
to the orbit of xy.

Proof. We will prove the theorem for the case of a periodic point having period 1,
i.e., being a fixed point. So for an attracting fixed point p we will show that its
immediate basin either contains a critical point or extends to infinity.

First, we observe that the immediate basin of attraction of p must be an open
interval. Otherwise, if the interval were closed, then by the continuity of f, the basin
could be extended beyond its endpoints. Hence, let us denote the immediate basin
of p by (a, B). If either « or ( are infinite we are done, so suppose not, i.e., suppose
that both o and  are finite.

Since f maps the interval («, 3) to itself, it must preserve at least one of its
endpoints®. That is, f(«) and f(3) need both be either a or 8 (not necessarily the
same). This yields the four possibilities:

Case 1: f(a) =a, f(B) =0,
Case 2: f(a) =03, f(B) = a,
Case 3: f(a) =q, f(B) = «q,
Case 4: f(a) =0, f(B) =0,

2If f(a) C (a, B) then a would be attracted to p, and thus in («, ) which is a contradiction.
On the other hand, a must be mapped to [«, 5] by continuity of f. The same arguments holds for
B.
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which are illustrated in Figure 10.

(a) Case 1: f(a) = a, (b) Case 2: f(a) =8,
fB)=p f(B)=a

(c) Case 3: f(a) = «, (d) Case 4: f(a) =8,
f(B) =« fB)=p

Figure 10: The four possible cases for the immediate basin of attraction

In Case 3 and 4, f must have a maximum or minimum in (c«, 3). This point, z,
satisfies f'(zp) = 0 and thus constitute the sought critical point which is attracted
to p.

Moving on, we will now consider Case 1. We claim that f(z) > x in («, p), which
can be motivated as follows: First, we cannot have f(x) = x in (a,p) since that
would mean we have a second fixed point in the immediate basin of attraction of
p, which is impossible. Further, if f(z) < x for all x in («,p), then p would not
constitute an attracting fixed point, which can be shown through graphical analysis
(see Figure 11). Thus we must have f(x) > z for all 2 in (o, p). Arguing similarly,
we have that f(z) < x for all z in (p, 5). We have thereby verified that p is indeed

attracting.
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(a) f(z) <z in (a,p) (b) f(x) >z in (a,p)

Figure 11: Case 1: graphical analysis for the character of p

Now, by the Mean Value Theorem we have that there is a point 7 in (o, p) such

that
f/('Y): f(a)_f(p) _ Oé_p:l‘

a—p a—p

Since p is an attracting fixed point we also have f’(p) < 1, by Definition 2.7, so
v # p. Once again, arguing similarly, we have the existence of a point ¢ in (p, )
such that f'(v) = 1.

So in the interval [y, 9] (where p is an interior point) we have f'(v) = f'(J) =1
and f'(p) < 1. Moreover, by the Schwarzian Min-Max Principle 7.5, f’ cannot have a
positive local minimum. Hence, f’ must become negative in [y, 4]. So, by continuity
of f’, there exists a point 7 in (y,9) such that f'(7) = 0. We have thus found a
critical point in the immediate basin of attraction of p.

To address Case 2, we will consider f(z) := f2(z) instead of f(x). The fixed
point p remains attracting for f , and the immediate basin of attraction of p remains
to be («, ). By the Chain Rule for Schwarzian Derivatives 7.3 we also have that
Sf < 0. Under f we have f(a) = « and f(ﬁ) = . Therefore, we have the same
setting as in Case 1, so the arguments above show that f has a critical point Z in
(a, B). Since 0 = (f)(2) = f'(f(2)) - f'(&), either & or f(Z) is a critical point of f
in (a, 5). O
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8 The Quadratic Family of Functions (Part 2)

So, what seed should we fix for g. to examine the behavior under iteration using

orbit diagrams? With respect to Section 7 we begin by computing:

go(z) =0
20 = 0.

Thus z( := 0 is the only critical point of g.. Furthermore, we compute the Schwarzian

derivative (see Definition 7.2) of g, as follows:

So Sg. < 0, and we may apply Theorem 7.7. Since, by Proposition 5.2, we have
that if |x| is sufficiently large the orbit of x under g. tends to infinity, no basin of
attraction extends to 400 or —oo. Hence, since 0 is the only critical point, its orbit
must “find” the orbit of every existing attracting cycle. Moreover, this means g, has
at most one attracting cycle.

With the choice of zyp = 0 we will, consequently, be able to see the attracting
cycles of g. as we vary ¢ using orbit diagrams. To begin we consider ¢ in the interval
-2,1],
into something we have yet to understand. The full orbit diagram for this case is

so that g. makes a transition from a type of behavior we already inspected,

shown in Figure 12.

25



—2.0

. T T T T T T T T
—-2.00 -1.75 -1.50 -1.25 -1.00 -0.75 —-0.50 -0.25 0.00 0.25

C

Figure 12: The orbit diagram for g.(z) = 2% + ¢ with seed zy = 0

First, notice that there is exactly one point over ¢ in the interval [—32,1]. This

47 4

single point is exactly the attracting fixed point the orbit of 0 is attracted to. Anal-

ogously the two points over —2 <c< —% corresponds to the attracting 2-cycle
born from the bifurcation at ¢ = —%. All these observations corresponds exactly as

expected to what we know from Proposition 5.6.

T T T T T
-15 -1.4 -1.3 -1.2 -1.1
C

(a) First magnification

~1.34 7p

-1.35
-1.36 {4
-1.37

x-1.38
-1.39
-1.40
-1.41

-1.42

T T T T T T T T
-142 -141 -140 -1.39 -1.38 -1.37 -136 -135 -1.34
c

(b) Second magnification

Figure 13: Magnifications of the orbit diagram for g.(z) = 2% + ¢ with seed 2y = 0

If we zoom in on the marked square in Figure 12 we arrive at the image in Figure

13(a), and if we in turn zoom in on the square in this image we get Figure 13(b).
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These consecutive magnifications suggest that period doubling bifurcations keep
occurring as ¢ decreases further, i.e., that periodic points of order 2,22, 23 24 ...
appear. On the contrary, slightly below ¢ = —1.75 in Figure 12 there is a white
area with three crossing blacks regions. Because of its appearance this is called a

period-3 window.

f T T T T T
—1.80 -1.79 -1.78 -1.77 -1.76 —=1.75
C

Figure 14: Orbit diagram for g.(z) = x? + ¢ with seed ry = 0; magnified around
period-3 window

Under magnification (see Figure 14) it looks like these three regions in fact begins

as an attracting 3-cycle, which then undergo a series of period doubling bifurcations.

Zooming in on the three points constituting this cycle we indeed see a series of
period doubling bifurcations. In particular we note that the magnified images of
the 3-cycle in Figure 15 resemble the original orbit diagram in Figure 12. However,

since each bifurcation here follows a 3-cycle we now get cycles of order 3-2,3-2% 3-
23,3-24, ...

27



0.20

0.15
0.10
0.05
0.00
~0.05
—0.10 1

-0.15

128 . . . . -0.20 . . . :
~1.785 ~1.780 ~1.775 -1.770 ~1.765 ~1.785 ~1.780 ~1.775 -1.770 ~1.765
C C

(a) Magnification around upper periodic point (b) Magnification around middle periodic point

—1.745

~1.750
—1.755 4
~1.760
~1.765
X

-1.770 §
~1.775
~1.780

-1.785

-1.790

T T T T
—1.785 -1.780 -1.775 -1.770 -1.765
C

(c¢) Magnification around lower periodic point

Figure 15: Orbit diagram for g.(z) = x? + ¢ with seed ry = 0; magnified around
period-3 points
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9 The Period-3 Theorem

This leads to yet another question: Do periodic points of every order exist for the
quadratic family of functions? The answer is yes, given that we have found a cycle of
period 3. This follows from Sharkovsky’s Theorem, which uses the following peculiar

ordering of the natural numbers:

3,5,7,9,...
2.3,2-52-7,2-9,...
22.3,2%.5,2%.7,22.9, ...
23.3,23.5,2%.7,25.9, ...

S, 2n 28,22 2.

This is called the Sharkovsky ordering.

Theorem 9.1. [Sharkovsky’s Theorem] Suppose a function f : R — R is continuous.
Suppose that f has a periodic point of prime period n and that n precedes k in the

Sharkovsky ordering. Then f also has a periodic point of prime period k.

As Devaney [2, p. 144] we note that the numbers of the form 2" form the tail
of the Sharkovsky ordering, meaning if a function f only has finitely many periodic
point, then they all have periods of a power of 2.

We will not prove the general version of Sharkovsky’s Theorem. However, we
will prove the following Corollary, which addresses the case when a cycle of period

3 has been found, as we have for g..

Corollary 9.2. [The Period-3 Theorem] ® Suppose f : R — R is continuous. Sup-
pose also that f has a periodic point of prime period 3. Then f also has periodic

points of all other prime periods.

To prove this Corollary we first make two observations.

Observation 1. Suppose I = [a, §] and J = [y, 9] are closed intervals and that I C J.
If f is a continuous and f(I) D J, then f has a fixed point in /. (This follows from

Theorem 2.5.)

3This theorem appeared in the article “Period Three Implies Chaos” by Li and Yorke published
1975 [4], and caused global recognition of Sharkovsky’s Theorem, which had been published more
than ten years earlier by A.N. Sharkovsky [6]. Both articles can be found online (Sharkovsky’s in
an English translation [7]) but once again, we choose to follow the exposition given in Devaney [2].
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Observation 2. Suppose I and J are two closed intervals and f(I) D J. Then there
is a closed subinterval I’ C I such that f(I’) = J.

Proof of corollary. Suppose f has a 3-cycle given by
a =y a.

Assuming « is the leftmost point on the orbit, we have two possibilities; either
a< f<vyora<y< . Weassume the former; the latter case may be dealt with
similarly.

Let Iy = [a, B] and I; = [B,7]. First, notice that f(8) = v and f(y) = a. This
together with the order of the points; o < < ~, and the continuity of f gives
f(I;) D I;. By Observation 1, f has a fixed point in I; so we have found a cycle of
period 1. Similarly, f(Iy) D I; and f(I1) D Iy, so there is a 2-cycle with one point

in each interval.

Figure 16: Construction of the subintervals Aq, ..., A,

Next, we will produce a cycle of period n > 3. To start, we choose the closed
subinterval A; C I, satisfying f(A;) = I;. Such a subinterval exists, by Observation
2, since f(I;) D I;. Analogously, since A; C I; and f(A;) = I, so that f(A4;) D
A;, we find a closed subinterval A, C A; satisfying f(Ay) = A;. Through this
construction we have that Ay C A; C I and f?(A;) = I;. Continuing in this

fashion, for a total of n — 2 steps, we arrive at a collection of closed subintervals
An_g CAn_gc CAQCAl C[l,

such that f(A;) = A,y for ¢ = 2,...,n — 2 and f(A;) = I;. In particular,
f"%(A,_2) = I, and A,,_» C I,. Pairing the latter observation with the fact that
I, C f(ly), we now find that there is a closed subinterval A, 1 C Iy such that
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f(A,—1) = A,_o. Conversely, since f(I;) D Iy O A,_1, we obtain our last closed
subinterval A,, C Iy, which satisfies f(A,) = A,—1. Meaning

AngAn_lﬁ"'%Algll

so that f"(A,) = I; (see Figure 16). Since A, C I, this means there is a point
xg € A,, which is fixed under f™, by Observation 1. Hence xy has period n. To
verify that it has prime period n, we note that f(zq) C Iy, but fi(xy) € I; for

t =2,...n. Thus zy has period > n, i.e., prime period n. O]
So, under the surface of the period-3 window (see Figure 14) we have that there
exist cycles of every order. To, gain a bit of insight into the behavior of the periodic

points constituting these cycles we will fix a c-value in the interval for the attracting

3-cycle and examine which points are attracted to this cycle - and which are not.

10 The Quadratic Family of Functions (Part 3)

We choose to fix the parameter ¢ such that ¢ is nonzero and satisfies

We denote this ¢ by c..*

Figure 17: Attracting 3-cycle of g, Figure 18: Graph of g3

4The exact form of c. is a complicated expression which we here omit. Approximately we have
ca = —1.7548776662 . ..
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The condition (9) means that 0 lies on the attracting 3-cycle
0 ot 4co= 0 (10)

(see Figure 17). Considering the graph of g2 in Figure 18, although difficult to see
with the naked eye, it can be noted that g2 has eight fixed points. Apart from the
two fixed points of g., (p+ and p_ from Section 5) and the attracting 3-cycle (10),
there is a repelling 3-cycle. We denote this cycle by

a— By a,

where v < 6 < a.

a
a
(a) Orbit of seed xg = & (b) Orbit of seed zg = & — ¢
under g3 under g2 (where € > 0)

Figure 19: Magnification of g2 around o and &

Zooming in to a neighbourhood of the point « (see Figure 19(a)) we note a point
& satisfying g2 (&) = a. Furthermore, through graphical analysis (see Figure 19(b)?)
it can be seen that any point in the interval (o, &) has an orbit that under g., tends
to the attracting fixed point of g2, i.e. to the attracting 3-cycle. Similarly, there
are points /3 and 4 such that gS(B) = B and g2 () = v, respectively. Moreover, the
orbit of any point in (S, B) or (4,7) tends to the attracting 3-cycle®. In particular,
there are no cycles contained in any of the intervals (v, &), (3, 3) or (5,7).

Since we want to extend our understanding of cycles beyond period 3 we are

®Note that € also need to be small enough so the seed zg = & — ¢ remains in the interval (o, &).

6The reversed order of the interval (4,7) is caused by ~ lying to the right of the neighbouring
periodic point, as opposed to o and S lying to the left of their respective neighbouring periodic
points.
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therefore interested in what happens outside these intervals. However, before we
continue, we examine the images of these intervals under g., to understand of how

these intervals are mapped each iteration.

Figure 20: Graph of g., and g2

Superimposing the graphs of g., and g2 (see Figure 20) we may make the fol-

lowing observations:

9e. (@) = 5
9e.(7) = &
9e.(B) =
and furthermore: .
ge. (lov, &]) = [, 5]
ge.([%:7]) = la, @] (11)
9e.([8, 8)) < 13,7]

where the inclusion follows from the equalities ge. (3) = ge.(8) = 7.
Moving on, let Iy = [y, 3] and I; = [B, a]. From Figure 20 and the observations
in (11), we note on one hand that g., maps I; in one-to-one fashion onto Iy. On the

other hand, g., takes [y into Iy U (3, ﬁA) U I;. We illustrate this in Figure 21.
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P, y B P,
-~ 9e(l;) !
9es(f)  Ged® ge.P.)
. g(:A(l ()) N ]
g (::( IB) g C'A(y) '

Figure 21: Image of [—p,,p.| under g,

In other words,
Ge. ([1) D IO

ge, (10) D LhyU L4

analogously to the setting in the proof of Corollary 9.2. Thus, we have periodic
points of all periods in Iy U I;. Note that the only other possible position for cycles
to exist is the intervals (—p,,4) and (&, p;.). However, graphical analysis (see Figure
22) shows that the orbits of any point in either of the intervals (—p,,%) or (&, py)
eventually enters [§, &]. Hence, all cycles lie in Iy U I;. If an orbit ever leaves Iy U I3
then it must enter the interval (5’, B) (see Figure 21) and thereby be attracted to

the attracting 3-cycle.

Figure 22: First steps of orbit of seed zg in (—p,,%) under g,
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11 Symbolic Dynamics

It remains to understand the set
A={zxelhul,|g!(x)e€ U, ¥n e N}.

To do this we will use the concept of symbolic dynamics. To begin, we make the

following definition:

Definition 11.1. Suppose Jy, J; € R are closed intervals, and that €2 is another
closed interval such that 2 C Jy U J;. Suppose also that f is a continuous function
and let = be a point in ). We define the itinerary of x as the infinite sequence of
0’s and 1’s given by

S(x) = (sos182...)

where s; = 0 if f7(z) € Jy and s; = 1 if f/(z) € J;.

In our case (with I as Ji, A as 2, and g., as f) we notice that not all sequences of
0’s and 1’s are possible itineraries: Suppose x € A has itinerary (sps1ss . ..) and that
¢ (x) € I for some j, so that s; = 1. Since g., (I;) = Iy, we have that ¢ (z) € I,
and in particular that s;;; = 0. So the itineraries for g., in A cannot contain two
consecutive 1’s. For instance, this means that there is no fixed point in I; since
(111...) is not an allowable itinerary. However, there is a fixed point in I, (namely
p—) so (000...) is an allowable itinerary. We denote the set of possible itineraries

for g.. in A as follows
¥ = {(s0s152...) | s; € {0,1}, if s; = 1 then s;1; = 0},
which is a subset of all possible sequences of 0’s and 1’s:

Definition 11.2. We define the sequence space on the two symbols 0 and 1 as

Y= {(S(]SlSQ .. ) | Sj c {0, 1}}
Upon this set ¥ we define the following function:

Definition 11.3. The shift map o : ¥ — X is defined by

(808182 ...) = (515283 ...).
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The shift map drops the first entry from a sequence and shifts the remaining
entries one position to the left. We may consider the dynamics of the shift map o.
Here, periodic points correspond to repeating sequences. A sequence with period n

under o is a sequence of the form s = (s¢s1...8,-15051 - .- Sp_15051 - - - ), since

o(s) = (s182...8,-1505152 - - . )

0'2(S> = (8283 ... 8,—-150S51852 .. )

O'nil(S) = (Sn,180 ...S8p—-150S51S52 - .. )

0" (s) = (8081 - - Sn_1505152 - - - ).

For instance, the only fixed points for o is (000...) and (111...), while the points
of period 2 are (010101...) and (101010...). Eventually periodic points are defined
similarly.

The shift map o may also be defined on Y'. If s is a sequence without consecutive
1’s, then so is o(s), and all other iterations of o applied to s. Something even more
striking is that we can use the dynamics of the shift map to describe the dynamics

of g.., we have:

Theorem 11.4. [2, p. 153] The itinerary function S : A — ¥/ is a conjugacy
between ge, : A — A and o : X' — X7

For further reading about the conjugacy constituted by S we refer to Devaney
[2, p. 113-117, 151-153] and [1, p. 44-47]. Here we will focus on the fact that this
relation means that g,, and o are equivalent in terms of their dynamics®, so that we
may use the shift map o to further understand g.,. In particular, we can prove the

following theorem:
Theorem 11.5. The quadratic map g., is chaotic on A.

There are many possible definition of chaos, but we will use the following:

"In fact, S is a conjugacy between g. and o for other values of ¢ as well (see Devaney [2, p.
115])

8Tn Section 5 we showcased how a conjugacy relates fixed points between quadratic polynomials
of different form.
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Definition 11.6. [1, p. 50] Let © be a metric space with an infinite number of

elements. Then a continuous function f : Q — € is said to be chaotic on € if:

1. f has sensitive dependence on initial conditions.
2. f has dense orbits.

3. periodic points are dense in ).

In Devaney [1] topological transitivity is used as the second condition for chaos,
but as noted in [1, p. 49] these properties are equivalent for compact subsets of R.
In particular, the equivalence holds in our case.”

We will go through each of the conditions for chaos one at a time, and prove that
g., satisfies each one on A. First, we define sensitive dependence on initial conditions

as follows:

Definition 11.7. Let 2 be a set. A continuous function f : {2 — § is said to have
sensitive dependence on initial conditions if there exists 0 > 0 such that, for any

z € Q and any € > 0, there exists a y, different from = with |z —y| < e, and n > 0
such that |f™(z) — f™(y)| > 0.

To see that g., indeed has sensitive dependence on initial conditions on A we
choose 0 < |B—B|, i.e., 0 strictly less than the distance between Iy and I,. If z,y € A
are distinct points they must have distinct itineraries, meaning S(z) # S(y). Say
that S(z) and S(y) differ at the n:th spot, then ¢! (z) and ¢ (y) must lie in different
intervals; one in I, and the other in I, i.e., on different sides of (6,3) Thus we
have found a ¢ such that

g0 () — gi (y)| > 9.

To prove the two density properties we must first define a metric on >':

Definition 11.8. ' Let s = (s95152...) and t = (fotit2...) be two sequences in
Y. We define the distance between them by

[e.e]

dls, t] =>_ M

%
=0 2

9Despite the similarities between [1] and [2], both by Devaney, we leave the latter for the moment
in favor of the former, since the [1] provide a more “rigours overview” of chaos with intuition better
suited for our purpose.

10To see that d indeed is a metric see [1, p. 40]
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Notice, since |s; — t;| is either 0 or 1, this series is bounded by the geometric

series
1o
par i
and thereby converges.

Moreover, this distance function d implies that two points in X/ are “close to-

gether” if their first few entries agree. More precisely:

Theorem 11.9 (The Proximity Theorem). Let s = (s¢s182...) and t = (totits...)
be two sequences in Y. Suppose s; = t; fori = 0,1,...n. Then d[s,t] < %

on -
Conversely, if d[s, t] < Qn , then s; = t; fori <n.
Proof. 1f s; = t; for i < n, then
‘Sz — 54 |s; — t]
dfs, t] = Z Z T
1=n+1
_ i \Sz‘ — i
1=n+1 21
> 1
< 5
i=n+1 2
1
= o
Contrarily, if s; # t; for some j < n, then
1 1
dls,t] > — > —.
s.tl2 o520
So, if d[s, t] < 5=, then s; = ¢t; for i < n. O

Next, we define density:

Definition 11.10. Let X be a metric space with the metric dx. A subset S C X
is said to be dense in X if, for any € > 0 and x € X, there is some s € S such that
dx(z,s) <e.

Or equivalently:
Definition 11.11. Let X be a metric space. A subset S C X is dense in X if, for

any x € X, there is a sequence {s, }nen C S such that

lim s, = z.
n—oo
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Now, we prove that g., has dense orbits using 0. We show that there exists a
point in ¥’ whose orbit under o comes arbitrarily close to any given sequence in X'.
This orbit cannot be periodic, since it has to come arbitrarily close to different types
of periodic orbits as well as non-periodic orbits. Thus we construct the following
sequence:

§=(01 001001 000001010 100101 ... )
~ ~~—
1 blocks 2 blocks 3 blocks 4 blocks

where we list all blocks of ¥ of length 1,2,3,.... Let ¢ > 0 be given and let s € ¥/ be

an arbitrary sequence whose n first entries are s, ..., s,_1, where we choose n such

that 2% < €. By construction the n-block constituted by sg,...,s,_1 is contained
in 8. In particular, 0™ (8) = (sg...Sp—1...) for some m > 0, so, by the Proximity
1

Theorem 11.9, d[s, 0™ (8)] < 5. Since 5; < £, we have found an point s € %’ whose

orbit is dense in ', with respect to Definition 11.10.

Next, to prove that the periodic points of ¥’ under o are dense we use Definition
11.11. So, we wish to find a sequence of periodic points {7, },en such that
A, T = 8
for an arbitrary point s = (sgs189...) € X', If we choose 7, = (S ... $pS0 - - SnSo - - )

so that 7,, agrees with s up to the n:th entry, then by the Proximity Theorem 11.9,

d[7n,s] < 55 so that 7, — s as n — oo.

Furthermore, we may even find a recursive formula for the number of periodic
point of each order. To begin, let P, denote the set of sequences in ' fixed by
o™, and let #P, denote the cardinality of P,. The type of sequences in P, can be

partitioned as follows:

{Bo"5n1) €Pn| s0=0,5,-1 =1}
(SO - .Snfl) € Pn ‘ So = 1,8n,1 = O}
{(80 .. .Snfl) € Pn | So = Sp—1 = O}

I
—

Ay
By,
Ch

Recall that adjacent 1’s not are allowed in X' so that we cannot have sqg = s,,_; = 1.

Since A,,, B,, and C,, are mutually exclusive we have

Now, we may prove the following:
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Theorem 11.12. [2, p. 1553-154] Let P, be the set of sequences in X' fized by
the n:th iterate of the shift map, o™. Then the following recursive formula for the
cardinality of P, holds:

#PTH»Q = #PnJrl + #Pn

forn > 0.

Proof. Let s = (5551 -Snt1) € Pnio. We will associate a unique sequence in either
P,i1 or P, to s. First, suppose sg = s,11, then both these entries have to be 0. In
particular s,,1 = 0, allowing s,, to be either 0 or 1. Thus, a repeating sequence of
length n+ 1 can be determined by s if sg = s,11 = 0; namely, (0s; ...s,) which lies
in A, if s, =1, and C,, 4y if s, = 0.

Next, if sg # s,41, we have two cases. On the one hand, if so =0 and s,,1 =1,
then s, = 0. Moving further, s,_; may be either 0 or 1. Similarly to above, s
determines a repeating sequence, now of length n; (0s;...s,_1), which lies in A, if
Sn—1 = 1, and C,, if s,,_1 = 0. On the other hand, if so = 1 and s,,.1 = 0, then s,
may be either 0 or 1. If s, = 0 then s determines the sequence (Is;...s,_10) in
Bpny1. If s, = 1 then s,_1 = 0 so s instead determines the sequence (1s; ... s, 20)
in B,

Recalling that P,, = A, U B, U (C,,, we may associate a unique sequence in either
P, or P11 to any given sequence in P, 1o. The converse may be proven by reversing

the above process. O

To be able to use this recursive formula we need two base-cases. There is only one
sequence in Y which is fixed by o, namely (000). So #P; = 1. Next, P, contains
(0101), (1010), and (000), so #P, = 3. Using the recursive relation in Theorem
11.12 yields:

Py = 4
Pi=T
Ps =11
Pe =18
Pr =29
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We have now proved that g., is chaotic on A. What do the three properties in
Definition 11.6 mean intuitively? First, if a function possesses sensitive dependence
on initial conditions it is unpredictable. We can no longer use graphical analysis
to examine the orbits of a given point, since the error caused by round-off grows
upon iteration. So the illustrated/computed orbit may be far from the actual orbit.
Secondly, if a function has dense orbits then its domain cannot be decomposed into
disjoint open sets which are invariant under iteration of the function. Lastly, amidst
the unpredictability we have periodic points of every order, and even more they are

dense in the domain of the function.
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Appendix

A Calculations for Chain Rule for Schwarzian Deriva-

tives
Recall that we want to prove the equality:
S(fro fo)(x) = Sh(fe(2) - (f3(2))* + Sfo (12)

for fi, fo € C3, where the Schwarzian derivative Sf is given

) 3 (@)
st =7y 5 (5 ) )

The Chain Rule for ordinary derivatives gave us

(fro fo)'(z) = fi(fa(@)) - fo(x)
(fio f2)'(x) = fi(fa(@)) - (f2(2))* + fi(Fa(@)) - f5 (@) (14)
(fio f2)"(x) = f"(fo(2)) - (f3(2))° + 3£ (fa(2)) - £3(x) - (@) + fi(fa(@)) - f3" ().

First, we expand the right-hand side of (12) using (13) as follows:

rhs. = Sfi(ae) - (f3(@) + St
V(f(x) 3 (L)Y e S 3 (@)
(fl(f @) 2<f{(fz(r))>) e+ 5 -3 ()

For the left-hand side of (12) we begin by simplifying one term of (13) at a time,

with the use of (14). The first term becomes:

(o £)"(@) _ B (B | HAE)- B fie) | ) 6@
(rofal(e) — Filha@) - fo) AR - B @) S
) - (B ) f) @)
T TGe) Y G hw (15)



and the second becomes:

_3Cﬁoﬁw@»2:_3<ﬁuxx><awv+¢«ﬁ@» ;@§2
2\ (fio fo)(@) 2\ filh@)- fale) " fi(h() - faa)
3 (f(h@) - fAiz) | f@))
B 2( Fi(F(@) ‘*ﬁ@ﬂ

1(fa(z)) 2

-%@)?4guﬁm».ﬁ@> 3(@@»2
i)
(16)

The middle terms of (15) and (16), respectively, cancel each other out, so the left-
hand side of (12):

L @) (B@)? | f() 3(&&@»-xmf 3(5@»2
hs. = ; 3

AR Ao 2\ ARG VAT

which is the right-hand side rearranged and we are done.
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B Code for Graphical Analysis

import matplotlib.pyplot as plt

import numpy as np

import decimal as dec

def f cubic(x,a, ):
try:
return dec.Decimal (x**3+a*x)
except TypeError:

return x**3+ax*xx

def h ab(x,a=0,b=0):
try:
return dec.Decimal (a)*dec.Decimal (x)+dec.Decimal (b)
except TypeError:

return axx+b

def g c(x,c, ):
try:
return dec.Decimal (x**2)+dec.Decimal (c)
except TypeError:

return x**2+c

def point generator(func,seed,n_iter,paraml=0,param2=0):

x_val seed

seed

y_val

x_points = [x_vall

y_points = [y_vall

for i in range(n_iter):

try:
if i%2 == 0:
y_val = func(y_val,paraml,param?2)
else:
x_val = y_val
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X_points.append(x_val)
y_points.append(y_val)

except dec.DecimalException:
break

return x_points, y_points

def graphical analysis(name,func,seed,n_iter,s,paraml=0,param2=0):
x_list, y_list = point_generator(func,seed,n_iter,paraml,param2)
plt.figure(figsize=(5.0,5.0))

float (min(x_list))

float(max(x_list))

func_x_min

func_x_max

for i in range(len(x_list)-2):
plt.plot(x_list[i:i+2],y_list[i:i+2],color="royalblue",linewidth=0.7)
if i <= 1000:
dx = dec.Decimal(x_list[i+1])-dec.Decimal(x_list[i])
dy = dec.Decimal(y_list[i+1])-dec.Decimal(y_list[i])
if not (dx.is_zero() and dy.is_zero()):
if dx.is_zero() and np.abs(float(dy)) > .025:
x_cor = float(x_list[i])
y_cor = float(dec.Decimal(y_list[i])+dy/dec.Decimal(2))
arr_length = float(dy*dec.Decimal(.025))
arr_width = float(min(0.07,dec.Decimal(.05)*np.abs(dy)))
if x_cor < 10 and y_cor < 10:
plt.arrow(x_cor,y_cor,0,arr_length,color="royalblue",
length_includes_head=True,head _width=arr_width)
elif dy.is_zero() and np.abs(float(dx)) > .025:
x_cor = float(dec.Decimal(x list[i])+dx/dec.Decimal(2))
y_cor = float(y_list[i])
arr_length = float(dx*dec.Decimal(.025))
arr_width = float(min(0.07,dec.Decimal(.05)*np.abs(dx)))
if x_cor < 10 and y_cor < 10:
plt.arrow(x_cor,y_cor,arr_length,0,color="royalblue",

length_includes_head=True,head_width=arr_width)
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if func_x _max > 10 and func_x_min < -10:
id_x = np.linspace(-10,10,10000)
plt.x1im(-10,10)
plt.ylim(-10,10)

elif func_x_max > 10:

id_x = np.linspace(-1,10,10000)
plt.x1lim(-1,10)
plt.ylim(-1,10)

elif func_x min < -10:

id_x = np.linspace(-10,1,10000)
plt.x1im(-10,1)
plt.ylim(-10,1)

else:

id_x = np.linspace(-s,s,10000)
plt.xlim(-s,s)
plt.ylim(-s,s)

plt.plot(id_x,id_x,color="black",linewidth=0.7)
plt.plot(id_x, [0]*len(id_x),"black",linewidth=0.7)
plt.plot ([0]*len(id_x),id_x,"black",linewidth=0.7)
f_y = func(id_x,paraml,param?2)

plt.plot(id_x, f_y, color="black",linewidth=0.7)
plt.savefig(name+" .pdf")

plt.close()

plt.clf()

def plot_step by _step():
n_steps = [1,2,3,4,5,6,50,100,5000]
for n_step in n_steps:
graphical_analysis("GAnalysis"+str(n_step),f_cubic,-5/4,n_step,1.75,-1)

def plot_affine family(Q):

a_list = [1/4,-1/4,5/4,-5/4]
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def

b_list = [0,-1/4]
n=20
for b in b_list:
for a in a_list:
n+=1
p = b/(1-a)
graphical_analysis("AffineFamily"+str(n),h_ab,p-5/4,5000,2.5,a,b)

plot_quadratic_family():

graphical analysis("gcNoFixed",g c,-1/2,7500,5,1)

p_star = 1/2

x0_list = [p_star+1/40,-p_star,-(p_star+1/40),1/40]
c=1/4

n=20

for x0 in x0_list:
n+=1

graphical_analysis("gcOneFixed"+str(n),g_c,x0,7500,0.6,c)

c list = [-1/4,-3/4,-1]
n=20
n_iter = 10000

for ¢ in c_list:
p_plus = (l+np.sqrt(i-4x*c))/2
p_minus = (l-np.sqrt(l-4xc))/2
graphical analysis("gcTwoFixedl"+str(n),g_c,p_plus-1/40,n_iter,1.6,c)
graphical analysis("gcTwoFixed2"+str(n),g_c,p_minus-1/4,n_iter,1.6,c)
graphical analysis("gcTwoFixed3"+str(n),g_c,-p_plus+i/4,n_iter,1.6,c)

n+=1
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def main():
plot_step_by_step()
plot_affine family()

plot_quadratic_family()

main()
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C Code for Orbit Diagrams

import matplotlib.pyplot as plt

import numpy as np

import decimal as dec
from sympy.solvers import solve

from sympy import Symbol

c_var = Symbol('c var')
c_values = solve((c_var**2+c_var)**2+c_var, c_var)

c = c_values[-1]

def g c(x,c):
try:
y = dec.Decimal (x**2)+dec.Decimal (c)
return y
except TypeError:

return x**2+c

def orbit_diagram(name,func,seed,n_iter,min_c,max_c,min_x,max_x,sl=None,s2=None) :
c list = []
x_list = []

c_range = np.linspace(min_c,max_c,n_iter)

for ¢ in c_range:
X = seed
for i in range(1001):
x = func(x,c)
if 1 > 250:
c_list.append(c)
x_list.append(x)
plt.plot(c_list,x list,ls='',marker='.' ,markersize=0.005,color="'black"')
plt.plot([sl,s2,s2,s1,s1],
[s1,s1,s82,s2,s1],color="'royalblue')

plt.xlim(min_c,max_c)
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plt.ylim(min_x,max_x)
plt.xlabel('c")
plt.ylabel('x',rotation=0)
plt.savefig(name+' .png')
plt.close()

plt.clf()

def main():
x0=20
n = 10000

orbit_diagram('ODEx',g_c,x_O,n,-4/3,1/4,-2,2)

orbit_diagram('0DOriginal',g c¢,x_O,n,-2,1/4,-2,2,-1.525,-1.05)
orbit_diagram('0ODMagnl',g c,x_0,3*%n,-1.525,-1.05,-1.525,-1.05,-1.425,-1.34)
orbit_diagram('0DMagn2',g c,x_0,4%n,-1.425,-1.34,-1.425,-1.34)
orbit_diagram('0DPeriod3',g c,x_0,2%n,-1.8,-1.745,-1.85,1.5)
orbit_diagram('0DPer3Magnl',g c,x_0,6%n,-1.788,-1.765,1.28,1.41)
orbit_diagram('0DPer3Magn2',g c,x_0,6%n,-1.788,-1.765,-0.2,0.2)

orbit_diagram('0DPer3Magn3',g c,x_0,6%n,-1.788,-1.765,-1.79,-1.745)

main()
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