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1 Abstract

This text concerns the problem of finding the argument maximum of a sum of two random walks
with fixed endpoints at 0, by choosing an appropriate subset of indices based on realizations of
one of these walks. A measure of the effectiveness of a strategy for choosing such a set of indices
has been proposed and a numerical study has been made. Furthermore, a subset asymptotically
containing 1/4 of the indices which contains the argument maximum with probability 1 has been
identified.

Denna text behandlar problemet att hitta index av maxpunkter for en summa av tva slumpvandringar
med fixa andpunkter med vardet 0 genom att vilja en delmédngd av index baserat pa ett utfall av
en av slumpvandringarna. Ett matt pa effektiviteten av en sadan strategi har foreslagits och en
numerisk studie har utfoérts. Vidare har en delmingd identifierats, med asymptotisk storlek 1/4 av

antalet index och som med sannolikhet 1 innehaller atminstone ett index f6r en maxpunkt.
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3 Introduction

3.1 Background

The background necessary for this text mostly corresponds to a that of a typical undergraduate.
Firstly, the reader ought to be comfortable with the concept of random variables and more generally
the set theoretic foundation for probability as defined by Kolmogorov’s axioms. A review of the
subject may be found in for example [2].

Secondly, the reader should feel comfortable with elementary discrete mathematics such as the
multiplicative principle, binomial coefficients and the comparison of sizes of sets by bijection. An
overview may be found in [1].

Thirdly, the reader should be familiar with basic aspects of analysis, such as the definition of limits,
the values of standard limits and so-called big-O notation. These ought to be treated in any analysis
textbook for a first course in univariate analysis.

Finally, there are also references in the text to some definitions and results which are not necessarily
familiar to students of an undergraduate level. One is the countable subadditivity of measures. An
explanation may be found in [4]. In addition, a proof in the text rests on the Borel-Cantelli lemma
which is outlined in [2].

Though this text concerns random walks, it doesn’t use any results specifically relating to the theory
of them. A further outlook into the topic, and into the relation between random walks and Brownian
motion may be found in [3]. The book also contains exercises concerning Brownian bridges which
are related to the concept of random walk bridges dealt with in this text.

3.2 Problem Outline

This text is essentially concerned with a single problem concerning discrete so-called random walk
bridges. Let {Y,xo"n}2k - and {yunknown12k he two discrete random walks of length 2k with fixed
endpoints at O, that is,

known unknown known unknown
Yo =Y =0 Y57 =Yy =0

In the jargon, we say that {Yxnown}2k - and {yunknown12k “are uniformly sampled among all random
walk paths that start and end at zero. For a rigorous definition, see section[3.3
Suppose now that are shown an outcome of the first walk {YX"Wn12k ' Our task is now to systemat-

ically construct a set M of indices of the walk which with a certain probability, say 1/2, contains

the argument maximum of the sum
2k . known unknown 2k
{Si}iZo =A{Y; +Y, tizo

Specifically, we wish to find a strategy that results in choices of M which have a minimal ex-

pected/asymptotic cardinality.

3.3 Definitions

In the following, products of sets are formed using the Cartesian product. Define the set of outcomes

of series of increments of walks of length 2k

Qp = {(wl,xg, .. .,xzk) S {—1, 1}%

2k
Z T; = O} (3.1)
1=0



In other words, €2 is the set of sequences consisting of series of length 2k consisting of k£ copies of

—1 and k copies of 1. For each sequence {xf“"“’“}?ﬁo in Q, we define the outcome {yf“"wn ?io of
the walk {V;known12k by taking the cumulative sum of the increments,
i
gt =0, g =Y "z (i=1,2,...,2k) (3.2)
j=1

We define the outcomes of the walks {Y;*"known}2k ‘in the corresponding way. We now let the
probability of each outcome of a walk of a given length k be equal, by sampling the sequences of
increments by a uniform distribution on the set 2. For each k, the known and unknown walks
are sampled independently. In the terminology of random walks, this means that {V;x"""}2k "and

{yknown12k “are simple and symmetric.

4 The Number of Peaks of a Random Walk with Fixed Endpoints

In the following section we shall find the distribution, expected value and asymptotic distribution

of the size of the random set

Mk:{ie{1,2,.‘.,2]{:—1}IY%:Y'Z',l—l-l,Y;'Jrl:Y;',l} (4.1)

We shall denote the size of this set by Ni. In this way, Ny may be regarded as the number of “peaks
of a random walk. To begin with, we shall prove a useful result.

Theorem 1. For each positive integer k, the probability function of Ny, is given by

()

P(N, =j) = (4.2)
2k
k
Proof. The proof rests on finding the sizes of the sets
My j = {s € Q : N = j} (4.3)
We shall show that for each pair of subsets of {1, 2, ..., k}, each with cardinality j, there is one and

only one sequence s € € that satisfies Ny = j.
Let s = (x1,x2...x9;) be a sequence of increments for which the corresponding walk satisfies
Ny = j. Let my denote the corresponding realization of My, and let zp = 0. Foreachi = 1,2, ..., 2k,
define

nt (i) ={m <ile; =1}, 0 (i) = {m <ily; = ~1}] (4.4)

where | - | denotes cardinality. Next, define the following sets:

AT ={ne{0,1,2,...,2k}3i € mg : nt (i) =n}, A" ={ne{0,1,2,...,2k}|Fie my :n" (i +1) =n}
4.5)
We will endeavor to show that these form a pair of subsets of {1,...,k} containing j distinct

elements each. To this end, let i; < iy < ...i; be an enumeration of my,. Define

A =nT () — nt(i-1) (4.6)
A7 =07 (i) —n (i-1) 4.7)



It may now be realized that A;" are positive for all 2 < [ < j, because of the fact that z;, = 1 for
all 1 <1 < j, so that n™(4;) is strictly greater than n*(4;_1) for all 2 < [ < j. Furthermore, A;
is strictly positive for all such [ because z; 11 = —1forall1 <1 < j, so that n™(4;) is strictly
greater than n™(4;_1). Thus all j elements in AT and A~ are distinct. The fact that z;, = 1 and
xiy+1 = —1 together with the definition further imply that all elements of A" and A~ are
greater than or equal to 1. Furthermore, all elements are less than or equal to & since there are
exactly k increments equal to 1, and exactly k increments equal to —1. Thus, (AT, A™) form a pair
of subsets of {1,2, ..., k} with precisely j distinct elements each.

We have thus found a map, defined by , from M, ; to pairs of subsets of {1,2,...,k} containing
j elements each. We shall now show that this map is injective. To see this, we note that since all

increments x; for 1 < i < 2k belong to {1, —1}, we have the following:

{m <i|z,, =1} U{m <i|x,, = -1} = {m < i|z,, € {1,-1}} (4.8)
={1,2,...,i} 4.9)

Since the sets in the above union are disjoint and by the definition (4.4), we thus obtain

nt (@) +n (i) =i (4.10)

In particular,
iemy <= nt(i)Fn (G +1)=i+1 (4.11)
We now note that a sequence of increments (1, ..., x9) is uniquely determined by the indices my

known known

of peaks together with the height differences y; — y;"0"" between peaks, where we let ig = 0.

Now, suppose that we have two non-identical sequences of increments (1, . .., zo;) and (21, . . ., 2%,
and denote the corresponding walks by {yknown12k gy /knowmi2k ' respectively. Denote the corre-
sponding pairs of sets formed by by (AT, A7) and (A", A’7). Now, since the sequences of
increments are non-identical, either the sets my, m) of indices of peaks are different, or the height
differences y%‘l“"wn — y%‘lf‘iwn and y’flnown — y’iriolwn differ for some ! = 0,1,...7. In the former case,
equation and the definition imply that (A", A7) and (A", A’~) must differ. In the latter
case, the pairs of sets (A", A7) and (A’", A’~) must again differ because at least for some peak with

index 4;, one of n*(4;), n~ (i;) must be different between the two walks.

2
k
Since the number of pairs of subsets of {1,2, ..., k} with precisely j distinct elements each is ( >
J

by the definition of binomial coefficients and the multiplicative principle, this means that

2
| My, ;] < (f) (4.12)



n*plus=15

yknown

1+ n"minus=14

k=15
j=3
AAminus =[10, 11, 14]
A”plus=[2, 9, 15]
1 + n*minus=10

0 5 10 15 20 25 30

1 + n"minus=11

Figure 1: An illustration of the relationship between k, j, the pair of sets (A", A7) and the values

of n™ and n™ at the points at which the walk changes direction. The walk was generated from a

choice of (A", A™) using the rules and (4.14).

We shall now prove the equality of the two quantities by finding an injective map from pairs of
subsets of the set {1,2,...,k} with j elements each, to M, ;. To this end, let AT and A~ be two
subsets of the set {1,2,...,k} with j elements each. Form the sequence (x1,x2,...,x9) in the

following way: Choose the first element according to the rule

1 1€A™
1= _ (4.13)
—1 otherwise

and the remaining elements according to the rule

-1 mz;=1landn'(i)e AT
Tiy1 = 1 x;=—-landn (i)+1€ A~ U{k} (1=1,2,...,2k—1) (4.14)
z; otherwise
In this way, the pair (A", A~) determines the height differences between peaks, leading to a unique

set my, of indices of peaks, and thus the map defined by is injective. For a visual example of
how the sets (AT, A~) generate a unique walk with j maxima, see figure {1). We find that

2
M| > <k> (415)
J
k- 2
| My, ;| = (]) (4.16)

Together with (4.12), we thus have



In addition, the total size of the set ) is given byﬂ

2%k
Q| = ( k) (4.17)

Using the classical definition of probability, equations and now yield

M .
P(Ny, =j) = M| (4.18)
2]
2
<k>
J
— P(Np=j) = (4.19)
2k
and the result is established.
O

Since the distribution of Ny is symmetric about k/2, its expected value is k/2. As a curiosity, this

e\ k(2
- _Fr (4.20)
i(5) -5 (3)

This result is also attainable through an algebraic argument, which is given below for the interested

implies that

reader.

Lemma 1. For each positive integer k, the following identity holds:

N k(2
;"@ :2<k) 2

Proof. The argument is inspired by a derivation of a similar identity in [1]. We consider the identity

%(1 o) =201 —i—x)k% ((1 +x)k) (4.22)

By the binomial theorem, the left hand side of becomes

a, Qk_%
%( + ) —Z

i=1

2k
v

) izt (4.23)

Similarly, the right hand side of (4.22) is given by
d g "k
k k) _ j -1
2(1+x) T ((1 + ) ) =2 JEZI <j> x ]Ezl (]) jx (4.24)

Now, two polynomials are equal if and only if their coefficients are equal. In particular, by {4.22), the
coefficients before 2%~ 1 in equations , must be equal. Thus, by an elementary computation,

k (%f) - 2;;.7' (?) (k fj) (4.25)

"To see this, notice the fact that the indices of the k copies of 1 in a given element of 2, forms a subset of {1, ...,2k}

of size k



. k k .
Using the property | | = |, we obtain
J k=3
k 2
Kk k (2K
E I =3 (4.26)
=1 \/ K

as desired. O

We shall use the expression for the distribution of N}, established by theorem|]to find its expected
value and asymptotic distribution, but firstly we shall need the following result, taken from the field

of information theory:

Lemma 2. Let H(p) denote the binary entropy function,

H(p) :== —plogyp — (1 —p)logy(1 —p), 0<p<1 (4.27)

Then for all n > 2 and for all 1 < m < n, the following holds
n m
log, (m) =nH (g) + O(logy ) (4.28)
Proof. We shall make use of Stirling’s approximation in the form

logy(n!) = nlogyn — nlogy e + O(logy n) (4.29)

Which holds for positive integers n. The proof is now a simple matter of gathering terms and using
elementary properties of logarithms. Let n be a positive integer and m be some integer between
0 and n. Define a = m/n. By and the definition of binomial coefficients as well as by the
properties of the O-symbol, we have

log, (n) = nlogyn — nlogy e + O(logy n)
m

— nalogy(an) + nalogy e + O(logy n)
—n(l —a)logy (1 —a)n) +n(l — «a)logye) + O(logy n) (4.30)

<~ log, <ZL> =n (logyn — alogy(an) — (1 — a)log, ((1 — a)n))
+ (a+ (1 —a) — 1)nlogy e + O(logy 1) (4.31)
<= log, (:;) =n (logyn — alogy(an) — (1 — a)logy ((1 — a)n)) + O(logy n) (4.32)

Rearranging the terms and using the property log a — logb = log(a/b), we may rewrite the above

equation in the following way:

4.31) <= log, (;) =n(—(alogy(an) — alogyn) — ((1 — a)log, ((1 — a)n) — (1 — a)logyn)) + O(logy n)

4.33)
=n(—alogy(a) — (1 — a)logy(1 — a)) + O(logy n) (4.34)

Recalling the definition of the binary entropy function and that « := m/n, we obtain the result

4.34) < log, (n) =nH <@> + O(logyn) (4.35)
m mn

Q.E.D O



We may now prove the following:

Theorem 2.
Ni: o
k

a.s.
where =% denotes convergence almost surely.

as k — oo (4.36)

| =

Proof. We shall begin by proving that the series

> 1
>r(=r(3-9)) 437

converges to a finite number for each ¢ > 0, from which the theorem will naturally follow by
the Borel-Cantelli lemmal2], as well as the symmetry of the probability function of N about g (see
theorem [i). In the case when € > 1/2, the convergence is obvious as the terms are all 0. With this in

mind, let & be a number strictly between 0 and 1/2. Let k be any positive integer. By theorem[i]

P (Nk <k (; — g>> = <21k> k%_f) <I;>2 (4.38)

§=0
k

By the properties of binomial coefficients, the largest term in the above sum is for j = |k (5 —¢)].

Since there are |k (3 — £)] + 1 terms in the sum, we thus obtain the following upper bound:

P(Nkék(;—€)> <U€(%<2]:3J+1<Ug(;€”>2 (4.39)

k

We now take the logarithm of both sides and obtain the asymptotic expression

log, P <N;C <k <; - e>> <logy(|k <; — 5)] + 1)+ 2log <Uf (%k_ 5)j> — log, (2:> (4.40)

Using lemma 2} equation now yields the following inequality:

log, P (Nk <k (; - s>> < logy(Lk (; - 5>J+1)+log2(2k+l)—2k <H <;> _H (W))

We now define .
g =2 (1 - H <2 — s)) (4.42)

Now, since H(1/2) = 1, H is strictly increasing on the interval (0,1/2) and |z] < z for all positive

real numbers z, we find that

0<a. <2 (H <;> - H (W)) (4.43)

Thus, equation implies that

P (Nk <k (; - 5)) < (k: (; - 5> 4 1) (2k + 1) . 270ck (4.44)

where we have taken the (strictly increasing) exponential on both sides of the inequality and used
the previously mentioned fact that |k (3 —¢)| < k(3 —¢).



By a standard result, this establishes that there exist positive real numbers C. and f, and a positive

integer n such that for all £ > n,
1
P <Nk <k (2 - E)) < C.-e Pk (4.45)

Thus, the sum .
>p <Nk <k (; — €>> (4.46)
k=1
converges to a real number. Therefore, by the Borel-Cantelli lemma, the probability that the events
(N), < k (3 — €)) occur for an infinite number of k is 0. Now, since by theorem the probability func-
tion of N}, is symmetric about k/2, we may similarly argue that the probability of (N}, > k (1 +¢))

occurring for an infinite number of k is also 0. Thus, if we define Ay (c) as the event

Ag(e) = {]\;k <; — ¢, é + z—:> } (4.47)

it must be the case that for each 0 < e < 1/2,
P{Ak(e) i0.} =0 (4.48)

where i.0. denotes that the events occurs for an infinite number of indices k£ > 1. This is obviously
also true when e > 1/2. In particular, it is true for all positive rational . By the countable subadditive

property of the probability measure, we thus have

0<P| (J {4we) io} ]| < > P{A(e) io}=0 (4.49)
e€Q,e>0 e€Q,e>0
so that
Pl UJ {4k(e io}] =0 (4.50)
e€Q,e>0

Furthermore, suppose ¢ > 0 and let » > ¢. Then if the outcomes Ny /k fall outside of the interval
(1/2 —n,1/2+ n) for an infinite number of indices &, then they must also fall outside of the interval
(1/2 —¢,1/2 + ¢) for an infinite number of indices k. Thus it is the case that

{Ak(n) io0.} C{Ag(e) io.} (4.51)
We may therefore write
{Ar(e) io}=J{4A(n) io} (4.52)
n=e
This in turn implies that
U {4 ioy= |J Ut io} (4.53)
e€Q,e>0 e€Q,e>0n>e
= J {4k(e) i} (4.54)
e>0

We may thus now “fill in” the irrational numbers in equation (4.50), to obtain

P (U {Aw(e) i.o.}> =0 (4.55)

e>0



In order to further relate the above statement to the definition of a limit, we use the fact that by our
definition (4.47),

. Ny, 1 1 . 1 N, 1
Q\{A 0.1 =0Q\¢— ——g, = O p=9In>1:Vk>n:-— — < =
\{4x(e) 1i.0.} \{ p (2 6,2+8> 10} { n>1:Yk>n 5 €<% <2+5}

(4.56)
This is the case because if there is a finite number of & such that Ny /k does not fall within a given
interval, there must be a largest such k. Thus, for all larger k, Ny /k must fall within the interval.
Now, by set arithmetic, Kolmogorov’s axioms for probability and equation {4.55), we find that

P (Q\ U {4x(e) i.o.}> =1 (4.57)

e>0
— P (ﬂ Q\ {A4x(e) i.o.}> =1 (4.58)
e>0
1 N, 1
>1: >n:— — — < = = .
@P(ﬂ{ﬂn_l Vk>n: g s<k<2+5}) 1 (4.59)
e>0
The above statement is equivalent to
1 N, 1
P{Vs>0:3n21:Vk2n:2—a<k’“<2+5}:1 (4.60)
Thus, by the definition of a limit, we have established the result
N, 1
P{k—> as k:—>oo}:1 (4.61)
k 2
and thus, by definition,
N ag 1 ks (4.62)
. 5 as 00 4.
Q.E.D. O

5 Maxima of a Sum of Random Walks

We shall now turn to the problem of finding the maximum of the sum of two random walks. In the

following section, we shall be concerned with the sum
{51} = {ykmomm 4 yprknowny2k, 54
of the random walks {Yknown}2k, and {yunknown12k satisfying
yknown _ yunknown _ o yrknown _ yunknown _ ()
In particular, we wish to find a subset I, of indices of {Yk"*"n}2k 'such that I; contains the argument

maximum of the sum {S;}?£, with a given probability. The set of indices of “peaks” M, described
in the previous section provides a good starting point, as illustrated by the following theorem:

Theorem 3. If we view the index of the walk as being modulo 2k, that is, that we view the indices 0 and 2k
as identical, we have the following: The union of set of indices

My = {z €{1,2,...,2k— 1} Yo = yfmoen gy = YZ-’T{’W”} (5.2)

7

and the set {2k} contains the argument maximum of the sum {S;}*, with probability 1.



Proof. Suppose {yk"°""12k 'is a realization of the walk {Y;x"o"n}, o {x;12F  be its sequence of
increments, and my, be the corresponding realization of Mj. Suppose further that ¢; and ¢, are
two consecutive elements of my, in the sense that t; < to, and that there is no t € my such that

t1 < t < to. Then there is no occurrence of the pattern
Tt14+i = 1axt1+i+1 =-1
fori=1,2...ty — t1, for if that were the case, then there would exist ¢ € my, such that t; <t < to.

Therefore, there exists a positive integer j such that

-1 0<i¢<y
Tt14i = (5.3)
1 j<i§t2—t1

Therefore it is also the case that

k . . .
ynown _ J Y iz (5.4)
1+t . . :

ygﬂown—((tg—tl)—’t) 1<1<ty—1

An illustration of the structure of the known walk between the indices ¢; and ¢ is found in ﬁgure

known

A yt

t1 +J

~
=

Figure 2: The structure of the known walk between the indices ¢; and t5.

Now, we shall consider the possible values of the second walk {Yurknown12k
We shall start with the case i = 1,2, ..., j where j is as in (5.4). Since each increment of the second

walk either takes the value —1 or 1, the following inequality holds:

Y;;I_]}_]znown < Yunknown iy (55)

Using (5.4), we have in the case 0 < i < j:

yll;lnﬁzfvn Ytlfikznown < i(lnﬁzvn _}_}/tunknown +i (56)
(y};nown - Z) + }/tllmknown 4 (5.7)

_ yll;lnown + thlimknown 0<i< ] (58)



Inthecasei=j+1,j+2,...,ta —t; — 1, we can instead use the inequality
Y;llnjrl;nown < Y;L;nknown + ((tz _ tl) _ Z) (5.9)

Again, this holds because the value of each increment is either 1 or —1. Using (5.4), the inequality

can be rewritten in the following way for the casei = j + 1,7+ 2,...,t3 — t1:
y;n_’c_);vn + }/tlllll;nown < ygn_’c_);\m + Y;;mknown + ((tQ _ tl) _ Z) (5.10)
= (g™ — ((t2 = t1) = ) + Y™ - (8 — 1) — ) (5.11)
— y}énown + }/tgnknown j<i<ty—t (5.12)

Now, we may combine the inequalities and to obtain:
y};nown + Y;unknown < maX{yllflnown + Y;leknown, yll;nown + }/t;mknown} th<t<ty (5.13)

It is also of interest to find a corresponding inequality for the values of the random walk about 0. To

do this, let tjn and tmax be the smallest and largest elements of my. Firstly, consider the case where

I = 1,y = 1 (514
In this case, if we view the walk as being modular, identifying 0 with 2k, we may construct additional
inequalities as follows: We note that we have the same situation between tmax and 2k, and between

0 and ¢, that we had between two consecutive elements of my. We may thus form the inequalities

ypnown  yunknown < pax [ygnown y yunknown g1y <t < 2k (5.15)
and
yllsmown + Y;unknown < max{O, yllt(niﬁwn + Y%lrlnrilr}(nown} 0<t<tmin (5.16)

In the case when does not hold, we instead have the same situation between tmax and ¢, as

between two consecutive elements of my, leading to the inequality

yfnown_’_nunknown < max{yfnr:::{wn_i_nl;z}:nown’ yknown_i_Y;lrJn?nknown} te {0’ 1’ o 7tmin}U{tmaX7 tmax+17 o

tmin
(5.17)
Now, we may finish the proof. Let t,, be a point at which the sum {5;}2?¥ attains its maximum. Now,
if my, contains t,,, or t,, = 2k, we are done. If that is not the case, then there are two possibilities:
Either ¢, falls between two consecutive elements ¢1 and ¢y of my, or t,, falls between t,x and tmi
In the former case, by the inequality , the sum {S;}2¢, must also attain its maximum value at
either ¢1 or ¢9.
In the latter case, either both inequalities and hold, in which the sum of the walks attains
its maximum at 2k, ¢y, OF tmax, OF inequality holds in which case the sum of the walks attains
its maximum at ¢y, OF tmax. In any case, there is some element of my U {2k} at which the sum of
the walks attains its maximum.
Since this holds for each realization my, of My, the random set M, U {2k} must contain the argument
maximum of {S;}2*, with probability 1, Q.E.D.
O]

“ between” in the“modular arithmetical” sense that ., is larger than tmax or smaller than ¢min

, 2k}



6 Measures of the Effectiveness of a Strategy

As previously stated, the goal of our analysis is to find a strategy which, based on {Y;krown}2k,
produces a “small” subset of indices containing the argument maximum of the sum {S;}?, with a
fixed probability, say 1/2.

Now, if a given probability of success is desired one has to generate a subset of ones set of potential
argument maxima, the size of which corresponds to the desired probability of success. If we assume
that the elements of this subset are chosen at random, we can find a connection between the subset
size corresponding to a given probability of success and the number of argument maxima in the
set of potential peaks. Say the set of potential argument maxima is M, and that we know that the
number of argument maxima in M is nmay. If we choose n elements at random from M, the number
of argument maxima in a randomly sampled subset of M follows a hypergeometric distribution,
Hypergeometric(|M |, nmax, 7). In particular, the probability that a randomly sampled subset of M

with n elements contains at least one argument maximum, given nmayx, is

< ’ max>
e — (6.1)
(")

Since this is a probability conditioned on the number n,x of argument maxima in M, calculating

pnzl_

the probability of success for a given subset size n requires information about the distribution of
Nmax- This problem shall not be further explored in the text. However, the formula provides a
relatively numerically efficient way to estimate the probability of success from a sample of simulated
walks, for each value of n.

6.1 Numerical Analysis of the Effectiveness of a Strategy

With section[6]in mind, one can now easily numerically evaluate a strategy. Firstly, one may easily
simulate samples of the random walks {V;x"oWn}2k - and {yunknown12k "by repeatedly shuffling a list
containing k copies of 1 and k copies of —1. One may then for a given strategy of selecting a subset
estimate the probability of containing the argument maximum of the sum, for a given number of

elements chosen from the subset, by using formula[6.1] That is, one estimates the expected value of

Pn-
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Figure 3: The number of elements of a subset needed to attain a given probability of success. Each

estimate is generated from a sample of 2000 random walks.
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Figure 4: The probability of finding the argument maximum when picking elements from M, or
from the total set of indices in the case &k = 800. A sample of 100 random walks was used to generate

the estimates of success probabilities.

7 Discussion

The theoretical achievements of this paper lie in providing an explicit probability function for the
size of the subset of indices of peaks as well as showing the (almost surely) limit of this size. It has
also been shown by a simple argument that the set of indices of peaks of the known walk together
with the endpoints {0, 2k} contains the argument maximum of the sum of the known and unknown



walks surely and almost surely. Furthermore, a measure of the effectiveness of a strategy in terms
of how the subsets scale in k has been discussed and a numerical method devised to empirically
estimate this measure.

For a given strategy, there must, for each success probability, say 1/2, be some law giving the size n
of an appropriate subset for that success probability. There is a question of what form this law might
take. Figure (3) indicates that for the strategies of picking random subsets of size n from either the
set of peaks or the total set of indices, the value n corresponding to each success probability scales
linearly in k. Furthermore, an analytical argument shows that for a success probability of 1/2, for
an optimal strategy, n can not scale slower than v/2k. A reasonable guess, therefore, is that a large
class of strategies for picking a subset of size n;/, corresponding to a success probability of 1/2,

exhibit relationships of the following form:

nl/g =ap - k4 (71)

where ag and a; are some constants. As per the above discussion, a value of a; close to 1 would
characterize an inefficient strategy and a value close to 1/2 would signify a near maximally efficient
strategy. Determining the optimal value of a; is an open problem.

A possible extension of the strategy of choosing indices of peaks would be to consider a larger
neighborhood around a given index, and see for example if the increments of the walk are consistently
equal to 1 for smaller indices and —1 for larger indices in the neighborhood. This may either result

in a smaller subset also scaling linearly in k or potentially a more powerful strategy.

8 Appendix

8.1 Code

Python code for generating a random walk bridge with a specified length and number of peaks,

from a random choice of AT and A~

def generate_rw_from_set_pair(k, j):

"""Generates a random walk bridge of length 2k with a specified number j of peaks.

Params:
k: ant

Half of the length of the walk
7: int

The desired number of peaks
Returns:
(np.array(size=j5), np.array(size=j), np.array(size=2k)):

4 tuple constisting of (4+, A-, walk)"""

# Random choice of (A+, A-)
A_plus = np.random.choice(np.array(list(range(1l, k + 1))), size=j, replace=False)

A_minus = np.random.choice(np.array(list(range(l, k + 1))), size=j, replace=False)



n_plus = np.zeros(2 * k, int)
n_minus = np.zeros(2 * k, int)
x = np.zeros(2 * k, int)
inverse_peak_indices = []

peak_indices = []

# Starting rule
if 1 in A_minus:
x[0] =1

n_plus[0] = 1
else:
x[0] = -1

n_minus[0] = 1

# Iteration rule
for i in range(l, 2 * k):
if x[i - 1] == 1 and n_plus[i - 1] in A_plus:
x[i] = -1
n_minus[i] = n_minus[i - 1] + 1
n_plus[i] = n_plus[i - 1]
peak_indices.append (i)
elif x[i - 1] == -1 and (n_minus[i - 1] + 1 in A_minus or n_minus[i - 1] == k):
x[i] = 1
n_plus[i] = n_plus[i - 1] + 1
n_minus[i] = n_minus[i - 1]

inverse_peak_indices.append (i)

else:
if x[i - 1] == -1:
x[i] = -1
n_minus[i] = n_minus[i - 1] + 1
n_plus[i] = n_plus[i - 1]
else:

x[i] = 1
n_plus[i] = n_plus[i - 1] + 1

n_minus[i] = n_minus[i - 1]

walk = np.zeros(2 * k + 1, int)
# The walk is the cumulative sum of increments
for i in range(2 * k):

walk[i + 1] = walk[i] + x[il

return A_plus, A_minus, walk
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