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Abstract

In this thesis, I define, for each positive integer d, an operad in the category of schemes over some base field
k, whose objects are the moduli spaces of stable n-pointed rooted trees of d-dimensional projective spaces,
Tan. I then define log structures on these spaces and extend the morphisms of this operad to define an op-
erad of log schemes without unit. Finally, I show that the Kato-Nakayama analytification of this non-unital
operad is isomorphic to the operadic semidirect product KCaoq x S* of the Kontsevich operad (without unit)

in dimension 2d and the S' topological group.

I detta examensarbete definierar jag, for varje positivt heltal d, en operad i kategorin av scheman &ver en
kropp k vars objekt 4&r moduli rummen for stabila trdd av d-dimensionella projektiva rum med rot med n
markerade punkter, Ty ,,. Sedan definierar jag log strukturer pa dessa rum och férldnger morfierna i operaden
till morfier av log-scheman for att definiera en operad av log-scheman utan enhet. Slutligen visar jag att
Kato-Nakayama analytifieringen av denna operad utan enhet av log-scheman &r isomorf med den operadiska
semidirekta produkten Kaq x S* av den topologiska Kontsevich operaden i dimension 2d (utan enhet) och

den topologiska gruppen S*.
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1 Introduction

One of the many reasons to study algebraic geometry is its utility in examining the properties of complex
analytic spaces. A significant and well-known example is the close relationship between various cohomology
theories on a smooth scheme X over C and corresponding cohomology theories on the analytification of X.
Due to these relationships, it is often of great interest to determine whether a topological space, or a map of
topological spaces, is, up to isomorphism, the analytification of a variety or a morphism of varieties over C.
In 1999, Kato and Nakayama published the article "Log betti cohomology, log étale cohomology, and log de
rham cohomology of log schemes over C" [KN99]. In this article they define an analytification of a so called
"log scheme" over C and relate various cohomology theories for log schemes to cohomology theories on their
analytifications. I will define what a log scheme is in this thesis, but for now it is sufficient to just think of it
as a scheme with some extra structure. Because of the results by Kato and Nakayama, it is also interesting
to know if a topological space or a map of topological spaces is, up to isomorphism, the analytification of log

scheme or a morphism of schemes over C.

In 2021, Dmitry Vaintrob published the article "Formality of little disks and algebraic geometry" [Vai2l], in
which he proves that the (non-unital) framed little 2 dimensional disks operad is weakly equivalent to the
analytification of an operad of log-schemes and uses this result to prove some properties of the framed little
disks operad. The underlying schemes in this operad are Mg 41, the moduli spaces of stable (n + 1)-pointed
rational curves of genus 0, which were introduced in 1983 by Knudsen [Knu83]. The goal of this thesis is to
generalize this result to any even dimension 2d. Specifically I will, for each positive integer d, define a non-unital
operad of log schemes whose analytification is isomorphic to the operadic semidirect product Kagq x S' of the
Kontsevich operad Koq and the S' group. It is well known that the Kontsevich operad is weakly equivalent to
the little disks operad, and in dimension 2 this semidirect product is weakly equivalent to the operad of framed
little disks. The underlying schemes of this operad will be T} ,, the moduli spaces of stable n pointed rooted
trees of d-dimensional projective spaces, introduced by Chen, Gibney, and Krashen in their article "Pointed
trees of projective spaces" in 2006. These spaces are a natural generalization of the moduli spaces of stable

pointed curves of genus 0 and Chen, Gibney, and Krashen show that 77 ,, = m07n+1.

1.1 Notation

This section contains a list of some notation appearing in this thesis. All this notation is introduced at some point
in the thesis but you can see this section for a quick remainder. Here n is a positive integer and m = (my, ..., my,)

is a list of positive integers.
e [n]:={1,2,...,n}
. P(n) = {8 5 C [n],]$] > 2}
e B, is (some fixed) sequence containing all elements of P(n) exactly once
o X|[n] is the Fulton-MacPherson configuration space
o Ty, is the moduli space of stable n-pointed rooted trees of d-dimensional projective spaces
o FM,, (M) is the topological Fulton-MacPherson configuration space for a smooth manifold M

e Kq,n is the d,n Kontsevich space



e 4 is the Kontsevich operad in dimension d

1 0<a<<m

2 mp<a<mm
o pP™Mia—

Ny ien M <a§2i§nmi

n,m . .
* 4 .GHG_Z,L-<Tm1,

1.2 Summary of Results
In this section I list the most notable results of the thesis.

Kato-Nakayama Analytifications

The main theorem of the thesis is:

Theorem 7.35. The analytification of the log-geometric Kontsevich operad without unit, Tq, is isomorphic to

the S'-framed Kontsevich Operad in dimension 2d, Kog x S*, without unit.

In addition to this there are some other noteworthy results relating to the Kato-Nakayama analytification

functor. Specifically I show the following:

Proposition 7.15. There is an isomorphism of manifolds with corners over (X2™)"

(X[n])E¥N = FM,, (X0).

Proposition 7.32. Let X = (P71, (0: O — £1,0: O — L3) where L1 = Opn—1 and Lo = Opn-1(—1), and let
Y = (P 1 (0: O — M) where M = Opn-1(—1). Finally, let f: X — Y be the map given by the identity on
underlying schemes and M = L1 ® Lo. The analytification of f, f<N: S! x §20=1 — §2n=1 s the St action
on S?"~t induced by the diagonal inclusion SO(2) — SO(2n).

Blow-Ups
I also prove some results relating to real oriented blow ups of smooth manifolds in sections of line bundles. It
should be noted that some, if not all, of these results are likely not new but I do not know any reference for

them.

Theorem 3.16. Let Y be a smooth complete intersection in an analytic complex variety X. Let Y be the

exceptional divisor of Y in the complex blow-up Blg X. There is a canonical isomorphism of blow-ups
BIY BIf X — BI} X.
Furthermore, for a complex analytic subvariety Z C X this diffeomorphism maps the (real) total transform of

the (complex) dominant transform of Z in BIJE, Bl‘% X to the dominant transform of Z in Blné X.

Corollary 3.15. Let X be a complex analytic space and let Z be a closed complexr analytic subspace. Let
Y1,...,Y, be smooth divisors of X cut out by sections s,,: X — L,, of a complex line bundles on X. Additionally,
assume that Z has the property that the intersection of Z and any intersection of Y1,...,Y;_1 is either empty
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or not contained in Y; for each i. Then the strict and total transform of Z in
R R R
Bly Bly ...Blyg X
are equal where Y; is the total transform of Y; under the previous blow ups.

Proposition 3.24. Let Ly, Lo, ..., L, be complex line bundles on a space X and let L = ®?:1 L?e" where ¢e;
are integers and ® is the complex tensor product. Let o1,...,0, be sections o;: X — L;. Then, there is an
isomorphism

BIE, BIE ...BIE, X = (B ...BI, X) xs'

where &; denotes the pullback of o; through all previous morphisms and og: X — L is the 0 section.

Properties of Ty,
Finally, I also show that the T} ,, spaces defined by Chen, Gibney, Krashen in [CGKO06] satisfy some interesting
properties which may have applications unrelated to the operad constructed in this thesis. Specifically I prove

a more general version of theorem 3.3.1 in [CGKO06]

Proposition 6.21. For any collection of positive integers n,my, ..., m, there is an isomorphism
Tan X Tamy, X xTqm, = Td’m(M{, ey M,’L)

where m =Y m, and

M :{1+Zmi,...,mr+2mi}.

i<r i <r

Corollary 6.22. For any S C [n], |S| > 2, the isomorphism of the proposition restricts to an isomorphism of

closed subschemes
Td,n(s) X Td,m17 X+ X Td,mn = Td,m(M{, ey M:“ Sl),

where S" = (p™)~1(S) Similarly, for any S, C [m.,], |S.| > 2, the isomorphism of the proposition restricts to

an isomorphism of closed subschemes
!/ !/ U
Td,n X Td,m17 X+ X Td,mT (S) X e X Td,mn = Td,m(Mlv e 7Mn7 Sr)’

where S!. = (¢»™)~1(S,).

2 Operads

In this chapter I will give a brief introduction to operads and some related constructions. The purpose of this
chapter is not to explain what an operad is to a reader encountering them for the first time, but rather to
serve as a remainder about the precise statements of the operad axioms as well as introduce notation used in
the thesis. Therefore, I will not provide any context regarding what this definition comes from or why we are
interested in operads, nor will I give any examples of operads. Any readers who have not encountered operads
before are thus strongly encouraged to look up some motivating examples in any standard textbook on the

subject such as "Operads in algebra, topology and physics" by Markl, Shnider, and Stasheff [MSS02].

11



2.1 Definition

In this section I will define an operad in a symmetric monoidal category. Although some notation and some
formulations deviate slightly this section is essentially a shortened version of section 1.2 in chapter 2 of [MSS02].

Note that what I refer to as an "operad" in this thesis sometimes called a "symmetric operad".

In what follows let (C,®) be a symmetric monoidal category. An operad A in C is a sequence of objects in C,
{A(n)}nen together with the following data:

e A morphism
n: 1 — A(1).
o For each positive integer n € N, a group action of the symmetric group of n elements on A(n), i.e. a

functor from the group category %, to C sending the only object to A(n).

o For each set of positive integers n and m = (myq, ..., m,) a morphism
AT A(n) @ A(my) @ - - ® A(my,) — A(m)

where m =), m;.

such that the following three axioms are satisfied. In what follows, let
Alv] = A(v) @ -+ - @ A(vg),

for a vector of integers v = (v1,...,vk).

1. Associativity. Let n, (mq,...,my), m =Y .m;, and (I1,...,Ly) be positive integers. Define [ =", Iy,
m = (ml,...,mn), 1= (ll,...,lm), l@j = lj+2k<,;mi’ lz = (li,ly---7li,m7¢)7 l; = Zlﬁjgmi li,j» and I/ =
(11,...,11). Then the following diagram commutes

A(n) ® Alm] © All] —"—— A(n) ® (A, @ AL]) ® - @ (A(my) © A[L,))

J{id@’yml RSt ®"'®'Ym"’1"

- A(n) ® Al
A(m) @ A[l el AQ)

where p denotes the corresponding product permutation morphism in the symmetric category.

2. Equivariance. Let n, m = (my,...,my), m = Y _.m,; be positive integers. Given o € X,, let
om = (mg—l(l), ce 7TTLU—l(n))

and define the block permutation oy, € 3, as the permutation which sends

j+zmtl—>j+ Z M (1)

t<i t<o—1(i)

forany 1 <¢<nand 1< j <m;. Then the following diagram commutes

12



o®id A(m)
A(n) ® Ajm] —2"— A(m)

where 7 is the corresponding permutation morphism in the monoidal category.

3. Unit. For any positive integer n the following diagrams commute where the lower arrows are the corre-

sponding unit object isomosphisms in the category

A(n) ® A(1)®" A(l) @ A(n)

id XV \l’r """ D UV \L(n)

A(n) ® 19" A(n) 1® A(n) A(n)

An operad without unit is an operad without the morphism 7: 1 — A(1) which consequently does not satisfy

the unit axiom.

The collection of operads in a monoidal category (C,®) is itself a category where a morphism between two
operads A — B is a collection of morphisms A(n) — B(n) which commute with the unit, symmetry, and
composition maps of the operads. It is easy to see that if a morphism of operads A — B consists of isomorphism
A(n) — B(n) for each n € N then it is an isomorphism. A morphism of operads without unit is defined in a

similar way.

Sometimes it is also (mostly for convenience of notation) useful to introduce the "one object composition mor-

phisms". In an operad A we define the map
o™ A(n) ® A(m) — A(n+m —1)

or just o; when n, m are clear from context, as the composition
A(n) ® A(m)
An) @ 1971 @ A(m) @ 187~
J{id®n®ifl®id®n®n4
A(n) ® A()® 1 @ A(m) @ A(1)®"1
K

An+m—1)

2.2 Operadic Semidirect Product

In this section I will define the "operadic semidirect product". To do this we need to introduce an extra criteria
and require that the symmetric monoidal category (C,®) in which we define our operad is a category with finite
products, i.e. C has a terminal object 1 and any two objects have a cartesian product, and that ® is the cartesian
product in the category. For example C = Top, the category of topological spaces, is the case relevant for this

thesis. In this case Salvatore and Wahl give a more in depth explanation of the operadic semidirect product in
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"Framed discs operads and the equivariant recognition principle" [SWO01] in which they also exemplify why this

type of construction is interesting.

Definition 2.1. A group object G € C acts on an operad A if G there is an action a,: G x A(n) — A(n) for
every object in the operad such that the G and 3,, actions commute for each n and such that the following

diagram commutes.

G x A(n) x Afm| Axidxid

idx~™m™m J/pnxp?nl XX Pmay,
X

G x A(m) P A(m)

Here A: G — G™t! denotes the diagonal inclusion.

The goal of this section is to, given an operad A and a group object G which acts on A, define a new operad
whose objects are B(n) := G™ x A(n).

The symmetry action on B(n) is defined as follows. For a permutation o € 3, the corresponding isomorphism
G" x A(n) — G" x A(n) is defined as oG X 0 4(,) Where o is the permutation of factors G" — G" corresponding

to o and o 4(y,) is the isomorphism A(n) — A(n) corresponding to o.

Defining the composition morphisms is a bit trickier. Recall that the goal is to define morphisms
Yo G A(n) x (G x A(ma)) X - x (G x A(my,)) = G™ x A(m)

where m = > m,. such that the operad axioms are satisfied. To make it easier to see "which G is which" in the
following computations I will write G x A(n) = G x---x GY x A(n) and G™ x A(m,) = G x---x G}, x A(m,),
i.e. G7 denotes the i:th G component of G™ x A(m,). In what follows A;: G — G! denotes the diagonal
inclusion. First, let g;: G x G' — G' denote the group action given by the composition

Gx G x GAY Gl X x G S (G X Gh) x - % (G x G) 25 ¢

where g: G x G — G is the group object multiplication morphism. The definition of v~™ is now the following

composition of morphisms

14



Gy x - x G x A(n) x (GT" x -+ X Gt x A(my)) x -+ x (GT'™ x --- x G x A(my,))
lAgxm
(G9)2 % - x (GO)? x A(n) x (G % - x G x A(ma)) % -+ x (G % - x Gn % A(my))
lrearrange
(GY x G x -+ X G) X - X (G2 x G x -+ x G ) x A(n) x (GY x A(mq)) x --+ x (G2 x A(my,))
J{gmlxmxgmnxid
Gx - xGxAn) x (GY x A(mq)) x -+ x (G2 x A(my,))
lidxaml XX
G™ x A(n) x A(mq) x -+ x A(my,)

J{idx'y”‘m

G™ x A(m).

Lastly, let e: 1 — G be the identity element for the group object. Then the unit map 1 — G*! x A(1) is defined

as e X 1) where 7 is the unit map for the A operad.

Definition 2.2. Let A be an operad acted on by some group object G. The semidirect product of A and G,
denoted A x G is defined as the operad with objects G™ x A(n) and with the unit, symmetry, and composition

maps described above.

Remark. For this definition to make sense we must of course prove that the operad axioms are satisfied for these

maps. This is true but I leave the proof as an exercise.

Ezample 2.3. SO(d) acts on the operad of n little d-dimensional disks, Dy by rotation of the positions of the
disks. The semidirect product Dy x SO(d) is the operad of framed little disks. See Salvatore and Wahl [SW01]

for more details.

2.3 Reduced Operad

I will introduce one additional concept relating to operads, the reduced operad. Given an operad A we define

its reduced operad, denoted A™9, as the operad with objects

1 n=1

Ared (n) —
A(n) else

The unit map in this operad is the identity 1 — A™9(1) and the symmetry maps are the identity for Ad(1)
and the same as for A(n) for all other n. To define the composition maps first let a,,: A™%(n) — A(n) be
given by a; = n the unit map for A and a,, = id for n > 2. Then we define the composition maps in A4,
Ared(n) @ A*d[m] — A*d(m) as the identity isomorphism

1® A(m) — A(m)
in the case n = 1 and the composition

d®am, ® - Qam,,
%

A(n) @ A (my) @ --- @ A™Y(m,) An) @ A(my) @ - ® A(my,) - A(m).

15



It is easy to verify that these maps satisfy the operad axioms.

3 Blow-Ups

In this chapter I will define the blow up of a topological space in the section of a vector bundle. In section
3.1 I will give some definitions and then section 3.2 will be dedicated to stating and proving a bunch of results
about blow ups and sequences of blow ups which will be important in this thesis. I will assume here that the
reader is already familiar with the scheme theoretic blow up. If you are not then this chapter might provide
enough intuitive understanding for the applications relevant in this thesis but for a more thorough review see

some standard textbook on algebraic geometry such as [Harl3] or [Vak].

3.1 Motivation and Definition

In this section the definition of the blow-up of a topological space in a section of a vector bundle is given. The
notion of a real oriented blow up is standard but notation and precise definitions, especially in "ill behaved"

cases, may vary. The notation and definitions used here are taken directly from [BDPW23].

First, recall that the blow-up of a smooth variety X in a smooth complete intersection Y can be explicitly

computed as follows.

Proposition 3.1. Let X be a smooth variety and let Y be a smooth complete intersection of codimension k,
cut out by equations f = (f1,..., fn). Then the blow-up Bly X is the closed subscheme of X x P! defined by
equations w; f;(x) = w; f;(x), where w; is the j:th projective coordinate function. The blow-up morphism is the

restriction of the projection X x P*~1 — X to this subscheme.

Proof. This is a standard result. See any standard textbook on algebraic geometry, such as [Vak], for a proof

(or in this case an exercise which shows you how to prove it yourself). O

Inspired by this we can define the real oriented blow-up for smooth manifolds in smooth submanifolds. In order
to make the way these two concepts are related to each other clearer I will first give the following definitions.
Definition 3.2. Let X be a topological space and let f = (f1, fa, ..., fx) be a continuous function f: X — C*.
Then the complex blow up of X in f, denoted Blﬂﬁ X, is defined as the space

Bl(}: X = {(z,[wy : - wg]) € X x CP*7Y fi(x)w; = fi(x)w; Vi, 5}

together with the surjective function p: Bl(; X — X given by the restriction of the projection X x S¥=1 — X

Notice that the condition f;(x)w; = fj(x)w; Vi,j is equivalent to there existing an a € C such that f;j(z) =

aw; Yi. With this equivalent condition in mind we can define the real oriented blow up as follows.

Definition 3.3. Let X be a topological space and let f = (fi,..., fx) be a continuous function f: X — R*.
Then the real oriented blow up of X in f, denoted BIH; X, is defined as the space

BIH;X:{(z,wl,...,wk) EX xS Fa>0st. fi(r)=aw; V1<i<k}

together with the blow-up map p: Bl]§ X — X given by the restriction of the projection X x S¥~1 — X.

16



Remark. Keep in mind that the blow-up map p: BID} X — X is part of the definition of the real oriented blow up

in the same way that the blow-up map is part of the definition of the blow-up of a scheme in a closed subscheme.

You can loosely think of this as "replacing" all points in the zero locus of f with & — 1 spheres. The topology
of this new space is defined in a way such that if f(z) =0 and {z;}?_, is a sequence in X with f(z;) # 0 such

that lim;_, . z; = x then, in BID} X the limit lim;_, . x; is the point

lim ( Ji(;) fr(i)

i—00 \f(xz)\ Y |f(wz)‘)

on the k — 1-sphere we have replaced = with, provided of course that this limit exists.
Ezample 3.4. Let X be a topological space and let f: X — R* be the 0 map, = + 0. Then Blﬂﬁ X >~ X x §k-1,

Ezample 3.5. If f: X — R* does not send any point in X to the origin then the morphism Bl%f X — X isan

isomorphism.

We can extend the definition of real oriented blow-ups from maps X — R to sections of arbitrary vector
bundles of X.

Definition 3.6. Let E — X be a k dimensional real vector bundle on X with a section 0: X — E. Then
the real oriented blow-up of X in o, denoted BI* X and the morphism BI* X — S are defined as follows. Let
Uiier be an open cover of X of trivializing neighbourhoods for E. On each U;, o restricts to give a continuous
function o;: U; — R* which has a real oriented blow-up Bl{li U; and morphism Bl]i U; — U;. The real oriented
blow-up BII§ X is now defined as the space we get by gluing together Bﬂfi U; using the gluing maps induced by
the gluing maps for the open cover {o~1(U;)}ier of E. The morphism Blﬂf X — X is similarly defined as the

morphism which restricts to Bl]i U; — U, on each component of the open cover.

Remark. Notice that this construction gives a canonical embedding of the real oriented blow-up into the unit
bundle of E.

There are some natural examples of this.

Ezample 3.7 (Unit tangent bundle). Let X be a smooth manifold, let T — X be the tangent bundle for X, and
let 0: X — T be the 0 section. Then BI]E X — X is just the tangent unit circle bundle for X with its projection
to X.

Ezample 3.8 (Divisors on complex varieties). Let X be an analytic complex variety and let D C X be a
smooth normal crossings divisor. Let sp: Ox — O(D) be the associated (complex) line bundle with section.
Then BI]ED X is homeomorphic to the complement of a (sufficiently small) tubular neighbourhood of D in X.
Furthermore, the function

fiBE X =X

restricts to an isomorphism
FTUX\ D)5 X\ D.
Remark. In this example I have abused notation by not distinguishing between the vector bundle sheaf with
section and the associated vector bundle space with section. This will happen again.
A closely related concept is the blow-up of a smooth manifold in a closed submanifold. This can be defined in

more general situations but I will stick with this somewhat simpler and sufficient definition for this thesis.
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Definition 3.9. Let X be a smooth manifold and let ¥ < X be a closed submanifold such that Y has
codimension k and is cut out by some smooth section ¢ of a k-dimensional vector bundle £ — X, i.e. Y is the
fiber of o of the O-section of F. Then we define Bl]?i X = BIIE X with the corresponding blow-up morphism
p: By X — X. Furthermore, we define the "exceptional divisor" of the blow-up as Ey = p~}(Y).

Remark. For this to make sense one must of course show that Bl@ X is, up to isomorphism, independent of
the choice of vector bundle E with section. One way to prove this is to show that the blow-up of X in Y is
diffeomorphic to a sufficiently small tubular neighbourhood of Y. Any interested readers are encouraged to try

to prove this.

Ezample 3.10 (Blowing up the origin). Let X = R? and Y = {0}, the origin. Then Bl X = X \ B(1), X with
the (open) unit ball removed. Furthermore, Fy = S9!, The easiest way to show this is by noting that Y is
cut out by the section z + (x, ) in the trivial bundle R? x R¢ and applying the above definition.

Finally, let us define the total, strict, and dominant transforms of a blow-up.

Definition 3.11. Let X be a smooth manifold with a subspace Z < X. Then, for a closed submanifold Y
with blow-up p: Bly X — X we define

o the total transform of Z as p=1(2).
o the strict/proper transform of Z as the closure of p=1(Z\ Y)
e the dominant transform of Z as the total transform of Z if Z C X and the strict transform of Z otherwise.

For the blow-up in some section ¢ in a vector bundle of X we define each of the above transforms in the same

way but with Y replaced with the inverse image of the 0-section, Y = o~1(0).

The methods used to extended the real oriented blow up for a map f: X — RF, first to a the real oriented
blow up of any section o of a real vector bundle and then to the blow up of a manifold in a smooth complete
intersection can be applied in the exact same way to define the complex blow up in the section of a complex
vector bundle and the blow up of a complex analytic space in a complex analytic subspace that is given by a
complete intersection. Furthermore, notice that by definition, if X is a smooth complex variety and ¥ — X is
a smooth complete intersection, then we have Bl}.. X*" 2 (Bly X)*", i.e. "analytifications and complex blow

ups commute".

3.2 Important Results

In this thesis many situations will arise where we want to identify two blow ups, or two sequences of blow ups,
with each other. Therefore, the remainder of this section will be dedicated to stating and proving some results
of this nature. In each of the following statements where I claim that there is an isomorphism of two sequences
of blow ups A — B of some manifold X what I mean is that there is a diffeomorphism of spaces A — B such
that the diagram

A—— B

NS

X

commutes where the downward arrows are the corresponding blow up maps. In other words this is a diffeomor-

phism of manifolds over X.
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Lemma 3.12. Let Y, Z be smooth locally complete intersections in some smooth manifold X. Let Y denote the
total transform of Y in Blﬂé X and Z denote the total transform of Z in Bl% X. Then there is an isomorphism
of blow ups and BI BI} X — BIY BI} X.

Furthermore, this isomorphism maps the strict transform of the strict transform of any set W C X in Blﬂé Bl?ﬂ X

to the strict transform of the strict transform of W in Blﬂé Blﬂé X.

Proof. 1 will prove this in the case where Y,Z are both cut out by equations f = (f1,...,fx): X — RF
and g = (g1,...,9-): X — R" respectively. The general case follows from gluing these isomorphisms along a
trivializing open cover for the line bundles with sections cutting out Y and Z. By definition Bl X = {(z,s) €
X x S¥=1)|f(x) = as, @ > 0}. Furthermore, the total transform of Z in Bl X is cut out by

§: BE X 5 R", (2,5) = g(x).

Therefore
BIY Bly X = {(z,5,t) € X x S* x S"|f(x) = as,g(x) = Bt, a, > 0}.

Similarly we find that
BIE B} X = {(z,t,5) € X x S" x S*|f(z) = as,g(zx) = Bt, a, > 0}.

Clearly these two spaces are isomorphic with isomorphism ¢: (x, s, t) — (z,t, s).

For the second part of the statement note that this statement is local so we may assume that Y, Z are cut out
by equations f: X — R¥ and g: X — R". Let Wy denote the strict transform of W in Bl]?i X. Then the strict

transform of Wy in Blﬂg Blﬂé X is the set of all points (z,s,t) € Blﬂé Bl]?i X such that there exists a sequence

(T, 5n) € Wy \ Y such that limz, = z, lims, = s, and lim égi";l = t. Since Z is closed each point (z,,s,)
has a neighbourhood that does not intersect Z. Since Wy \ Y is dense in Wy, and thus in particular on U and

g is continuous we may choose this sequence such that z,, ¢ Y. In this case we must have s, = I;Ez"gl Hence,

(z,s,1) lies in the strict transform of the strict transform of W in Blné Bl%{i X if and only if there is a sequence

zn, € W\ (Y U Z) such that limx,, = x, lim ééi:;‘ = s, and lim égzg‘ = t. By symmetry the same conditions
determine the points in the strict transform of the strict transform of W in Bl]% Bl X. This completes the

proof.

O

Remark. It may (and often does) happen that Y or Z is not a complete intersection of codimension k/r and
thus, to be precise, we are not in general blowing up Y or Z here but rather we are taking the blow up of the
pullback of the vector bundle with section cutting out Y to Blﬂé X and vice versa. This perspective also extends

the result of the lemma to blow ups in arbitrary line bundles with sections.

Lemma 3.13. Let X be a smooth manifold, let {o;: X — E;}1<i<n, be a set of smooth sections of vector
bundles of X, and let Y; C X be the space cut out by oy, i.e. zero locus of o;. If Z C X is a closed subspace
such that for each blow up p;: Blli X the strict and total transform are equal for Z and for any combination
of intersections between Z and the subspaces Y1,...,Y;_1 then the strict and total transforms of Z are equal in
the sequence of blow ups

Bl; Bl

On

Bl X

1
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where &; is the pullback, i.e. total transform, of the section o; via all previous blow ups.

Proof. Since the result can be checked locally we can assume that the line bundles E; are trivial and thus
replace o; with functions f;: X — R, In this case we can use induction. In what follows let Zl,f’], denote
the total transforms of Z and Yj in the blow up Bﬂi Bl]iif1 ...B1]§1 X, and let p; denote the blow up map
BIf B  ...BLf X - Bl  ..BLE X.

The base case n = 1 is clear by hypothesis.

For the induction step suppose the strict and total transform of Z are the same in Bﬂi,l ...BII§1 X. By

definition,
Bly Bl | ...BLI X ={(z,51,....,8) € X xS x .. x SFTY fi(@) = |f(x)]s; V1 < <},

and the total transform of Z is

Z; = {(x,sl,...,si) € Z x Sklil X e X Ski71| f](iﬂ) = |fJ(£L')|SJ V1 S] < Z}

Since the total and proper transforms of Z are equal in Blg .. Bl]§1 X the strict transform of Z in Bl?ii1 o Bll§1 X

is the closure of the inverse image ﬁ;l(Z-_l \ﬁ,i_l) by lemma 3.12.

Clearly, Z; \}7“ = ﬁ;l(Z‘,l \}71‘,1‘71) so what we must show is that every point (x, s1,...,5;) € Zi N 57” is the
limit of a sequence of points (z",s7,...,s! 4, %) € p; M(Zi1 \ Yii1). To find such a sequence let T be the
set of indexes I = {j| z € Y; and 1 < j < i}. Since the total and proper transform of Z N ﬂjeI Y; are equal in
Bﬂi X there is a sequence z, € Z N ﬂjel

Y; \ 'Y; such that limz,, = = and lim Lilzn) Since each Y}, is
closed and z ¢ Y}, whenever k ¢ I we may without loss of generality assume z,, ¢ Y}, for every k ¢ I. Now, for

[Fi(za)] = Si-

; : : fi(zn) _ ; _ fr(@n) 1
eac}j %y, in this sequence the point (z,,s?,..., sl q, |fi(mn)|) where s = s; for every j € I and s}, = IfZ(rn)l lies
in Z;_1 by definition. Clearly,

lim(x,,s?,...,s¢ 1, =—) = (,81,...,8;
( ny 21 ) 1—1,|fi(mn)‘) ( s o1 ) 1)
and thus we are done. O

Proposition 3.14. Let X be a complex analytic space and let Z be a closed complex analytic subspace. Let'Y
be a smooth divisor of X cut out by some section s: X — L of a complex line bundle on X. Then the total and

dominant transforms of Z under for the blow up p: Bl]?i X — X are equal.

Proof. In the case Z CY or ZNY = this is clear so we assume ZNY # and Z Z Y. Furthermore, the result
can be proven locally so we may assume that L is trivial, i.e. Y is cut out by a single holomorphic function
f: X — C. Now, let Z denote the dominant transform of Z and let Y denote the exceptional divisor. It is clear
by definition that Z\Y = p~'(Z)\ Y so we must only show that ZNY = p~1(ZNY). In this case note that,
f is holomorphic on Z and, since Z Y, ZNY = there are points on Z that are mapped to 0 by f and points
that are not mapped to 0 by f, i.e. f is not constant. Since f is holomorphic but not constant it is an open
map. Now, let x € ZNY, ie. f(x) =0. Since f is open, every open neighbourhood U C Z of x is mapped
to an open neighbourhood of the origin in C. In particular, every open neighbourhood of = contains a point
o' with f(z')/|f(2")| = €% for every 0 < 6 < 27r. Thus we can find a sequence in Z \ Y, such that limz, = z
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and f(zn)/|f(zn)| = €. Hence, for every 6 the point (z,0) € Bl X is in the closure of p~*(Z \ Y). Thus
ZNnYy = p~H(ZNY) and the proof is complete. O

Corollary 3.15. Let X be a complex analytic space and let Z be a closed complexr analytic subspace. Let
Y1,...,Y, be smooth divisors of X cut out by sections s,,: X — L,, of a complex line bundles on X . Additionally,
assume that Z has the property that the intersection of Z and any intersection of Y1,...,Y;_1 is either empty

or not contained in'Y; for each i. Then the strict and total transform of Z in
R R R
Bly Bly | ...Bly X
are equal where Y; is the total transform of Y; under the previous blow ups.
Proof. By the proposition the dominant transform of Z intersected with any combination of the Y; divisors
for 1 < j < i will have equal dominant and total transforms for the blow up Bl]%_ X — X (this is trivially
true in the case when the intersections are empty). Since the intersections are either empty or contained in Y;

the dominant transform is the strict transform for these subspaces and thus the corollary follows from lemma
3.13. -

Theorem 3.16. Let Y be a smooth complete intersection in an analytic complex variety X. Let Y be the

exceptional divisor of Y in the complex blow-up Blgc, X. There is a canonical isomorphism of blow-ups
B} BIf X — BI} X.

Furthermore, for a complex analytic subvariety Z C X this diffeomorphism maps the (real) total transform of
the (complex) dominant transform of Z in Bl]ig, Blg X to the dominant transform of Z in Bl%% X.

Proof. First, let us prove this in the special case where Y is a complete intersection of holomorphic functions
fi: X - C=R? for 1 <j <k. Define uj,v; to be the real and imaginary components of f; (i.e. f;j(z) =
uj(z) +iv;(z)). Then Bl X is the space

{(z, (s1,t1, 80, t0,..., 58, t%)) € X x S**7H T a>0st uj(z) = as;,vj(x) = at; Vj}
and BIS X is the space
{(@,[wy: ... wg]) € X x CP*Y fi(x)w; = fi(x)w; V5,1}.

Now, let U; C Bl;cf X be the subspace defined by w; # 0. On this subspace the exceptional divisor Y of the
complex blow-up is given by the single complex equation f;(z) = 0, or equivalently by the two real equations

uj(z) =0 and v;(z) = 0. Thus, we have

Bl%mU_,- Uj ={(z,[wi: ... wi],(pj,q;)) € X CPF1 x Sl|

fi(x)w; = fi(x)w, Vj,1 and 3o > 0: u;(x) = apj,vi(z) = ag;}.
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you, U, — BIY X by sending (z, [wy: ... : wg], (P q;)) = (z,(s1,t1, 82, t2, ..., Sk, tk))

Now we can define the function ¢; : Bl
where

) w )
s+t = A*I(Pj +1iq;),
wy

and A > 0 is some normalization constant. It is clear that this is a diffeomorphism onto its image. Furthermore,
it is also easy to see that each point in BP{R;' X lies in the image of ¢; for some j. Thus, all that remains to show

is that these maps ¢; glue together to a map ¢: Bl]ig, Blgcz X — Blﬂé X. To see this, note that on the intersection

U;NU,; we have that g;(x) = %gj (x). Thus, the gluing map g : Bl%{i;nt U; ﬂBl%mUl U — Bl]?;mUl UlﬂBl]?f,mUj U;
sends (z, [w1: ... wgl, (pj,¢;)) — (z, [wi: ... wgl], (pi,q)) where
ptig = I (pj +iq;)-
jwi /wy[
Thus, ¢i(gji(@, [wi: ... wel, (pj; 4;))) = (@, (51,11, 82,82, .., sk, tx)) where

, Wip ) Wy, Wi /W, ) A wy .
S+ it = A—20;i(p; +1iq;) = \—= pi+iq)) = ————"(p; +iq;).
m m w; i3 (s i) wy \wl/wj\( J i) |wi/w;| w; (s 5)

Thus ¢; © g;1 = ¢; and therefore the maps glue to an isomorphism Blﬂé Blg X — Blﬂé X. Commutativity of

the diagram

C
BIf BIf X ————— B} X
\X

also follows from construction. For the general case note that we can cover X in analytic subspaces U; such
that Y is locally cut out by functions f;: X — C = R? on each subspace U;. To complete the proof we can
glue the corresponding isomorphisms for each component U; together. It is easy to verify that these maps "glue

well" so I omit the details.

Finally, let Z C X be an analytic subvariety. Clearly ¢ maps the (real) dominant transform of the (complex)
dominant transform of any Z to to the dominant transform of Z. By lemma 3.14 the dominant and real
transform of a complex subvariety are the same for the blow-up Blﬂé Bl‘% X — BI;C/ X. From this the result
follows. O

Remark. Note that we know from Algebraic Geometry that the exceptional divisor (by definition of the blow
up) is a codimension one effective Cartier divisor and thus a complete intersection. Thus talking about the blow

up in the exceptional divisor makes sense.

This result has many interesting applications. One immediate application is that this gives a simple proof for

the following result.

Corollary 3.17. Let E — CP"~! be the O(—1) complex line bundle and let so: CP" — E be the 0 section.
There is a diffeomorphism
BIE CP" = §2L

Proof. Let p € A% be the origin (or any point in AZ) which is clearly a codimension n, smooth complete

intersection. It a standard result that the exceptional divisor p € Blg A7 is diffeomorphic to CP"~! and that p
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is cut out by a section of a line bundle s: Blg A — E such that the restriction of E to p is the O(—1) complex
line bundle. Now, by the theorem
R C an ~ R am
Bl; Bl, A¢ = Bl Ag.

Restricting this diffeomorphic to the real oriented blow up of the exceptional divisor p we find that B1]§€O(_1) Cpr—!

is diffeomorphic to the exceptional divisor in Bljﬂf A7 = Bl§ R2™ which is of course S?"~1. O

Definition 3.18. A k-dimensional vector bundle £ — X is glued by positive scalar multiplication if there is
some trivializing open cover {U;};cr of X such that for each i, j € I the gluing map of E, ¢;;: (U;NU;) x RF —
(U; NU;) x R¥ is given by (z,v) = (2, \ij(z)v where \;;(z) is a positive, real, scalar.

Lemma 3.19. Let g: E — X be a k-dimensional vector bundle on X, glued by positive scalar multiplication.

Then, there is an isomorphism BI]EO X S X x Sk=1 where oy: X — E denotes the 0-section.

Proof. Let {U;}icr be some trivializing open cover of X such that the gluing morphisms ¢;;: (U; NU;) x RF —
(U; NU;) x R¥ are all given by multiplication by a positive scalar function of , i.e. (x,v) — (z, \;;(z)v) where
Aij(x) > 0. Let p: BI]E‘0 X — X denote the blow up map and let V; = p~'(U;) We have U; x S¥~! = V; by
definition of the real oriented blow up. The gluing morphism g;;: V; N V; — V; NV is given by g;;(x,s) —
(z, 2 (2,5) ). Since ¢;;(z,s) = Ajj(x) - s where A\;;(z) > 0 we have 1(2:5) ¢ and therefore gij is the identity

T2 iy (@,5)] [615(2,5)]
function. Hence, the local isomorphisms U; x S¥~1 = V; glue to give an isomorphism X x SF=1 = Blﬂf0 X.

O

Lemma 3.20. If E — X is a real or complex bundle glued by positive scalar multiplication then so is the dual
bundle EV.

Proof. T will prove this in the real case. The complex is analogous. Let {U; };c; be some trivializing open cover
of X such that the gluing morphisms of E, ¢;;: (U; NU;) x RF — (U; NU;) x RF are all given by multiplication
by a positive scalar function of z, i.e. (x,v) — (z, A;;(x)v) where A;;(z) > 0. By construction the gluing maps
of the dual bundle send

5 (UinU;j) x homR¥, R — (U; NU;) x homR*, R, (x, f) ~ (2, f o qﬁi_jl(m, =))-
Since f o qﬁ;jl (x,—) = ﬁ f, EV is also glued by positive scalar multiplication. O

Lemma 3.21. Let gp: B — X, 1 < k < n be a collection of complex line bundles all of which are glued by
positive scalar multiplication and let eq, ..., e, be integers. Then the complex tensor product ®E§e’° also has
the property that the gluing morphisms are all given by multiplication by a real, positive, scalar function of x,
ie. (z,2) = (z, A};(x)2) where Af;(x) € Rso.

Proof. First note that by lemma 3.20 we may without loss of generality assume that e; > 0. If this is true for
n =2, e; = ex = 1, then the general case follows by induction. For this case let Fy, Fs be complex line bundles
glued by positive scalar multiplication. Let {U;};c; be an open cover of X trivializing both bundles such that
the gluing morphisms for each Fj, fj: (U;nU;) x C— (U; NU;) x C are both given by multiplication by a

real, positive, scalar function of z.
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Then, £y ® E5 will, by definition, also be trivial on U; and the gluing maps will, again by definition of the tensor

product, be given by (z, 2) = (x, \};(x)A};(x)2). Clearly \j;()A};(z) € R and thus we are done. O

Remark. Here E®(—™) is taken to mean (EY)®™.

Lemma 3.22. Let w: E — X be a vector bundle glued by positive scalar multiplication and let f: Y — X be

any continuous function. Then the pullback bundle f*m: f*E — Y is also glued by positive scalar multiplication.

Proof. Let {U;};cr be an open cover of X such that for each 4,5 € I the gluing map of E, ¢;;: (U;NU;) x RF —
(U; NU;) x R¥ is given by (z,v) = (z, \;;(z)v where \;j(z) is a positive, real, scalar. Let V; = f~1(U;). By
definition of the pullback, (f*m)~!(V;) = V; x R¥ and the gluing maps are given by

[ i (y,v) = (Y, 04 (F(9), v) = (1, Ai; (f (9))v).
Since A\i;(f(y)) > 0 we are done. O

Lemma 3.23. Let 0: X — E be a section of a complez line bundle on a space X. Then the pullback bundle of
E on the blow-up p: BI]E X = X, p*E, is (isomorphic to a bundle) glued by positive scalar multiplication.

Proof. Let {U;}ier be a trivializing open cover of E with gluing morphisms ¢;;: (U;NU;) x C — (U;NU;) x C
and let 0;: U; — C be the restriction of o to U; (composed with the projection to C). Notice that since E is a
complex line bundle ¢;; must send (z,z) — X;;(z)z where \;;(x) € C*. Then, if we let V; = p~1(U;), there are
isomorphisms

fi: Vi = {(z,€?) € X x St|oy(x) = |oy(2)]e”}

and the gluing morphisms g;; = f; o f; ! are given by (z,e?) — (x, %ew). By definition of the pullback

bundle, p*F is trivial on V; and the gluing morphisms of p*E are given by

by definition of the pullback bundle. Now, we can define new trivializing homeomorphisms of p* E by composing
the ones we have with
hi: Vi x C = V; x C,(p,2) — (p,ze" ")

where 0 is defined by fi(p) = (p(p),e?). With these trivializing homeomorphisms the gluing maps become

hio ¢y ohi . Since giy = fi 0 71+ (w, ) o (2, B e?) we have

hjo @i oh ' (p,2) = (p, Mij(p(p))2'e” - ) = (p, Mg (p(p))|2).

Since |Ai;(p(p))| € Rso we are done. O

Proposition 3.24. Let Ly, Lo, ..., L, be complex line bundles on a space X and let L = @, L?ei where e;
are integers and ® is the complex tensor product. Let o1,...,0, be sections o;: X — L;. Then, there is an
isomorphism

BI, BIE, ...BI, X = (BI ...BI, X) x§!

where &; denotes the pullback of o; through all previous morphisms and og: X — L is the 0 section.
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Proof. By lemma 3.23 and lemma 3.22 the pullbacks of the bundles L; to Bl?l e Bl]§1 are glued by positive
scalar multiplication. Since L is a tensor product of these bundles the pullback of L is also glued by positive

scalar multiplication by lemma 3.21. Now the proposition immediately follows from lemma 3.19. O

4 Fulton-MacPherson and Kontsevich Spaces

In this chapter I will introduce the topological Fulton-MacPherson spaces, FM,,(R?), and the closely related
Kontsevich spaces, Kg4,. The Fulton-MacPherson spaces are compactifications of the configuration spaces
Conf,, (R?) or more accurately they are spaces with a dense open embedding from Conf,, (R?) such that the closure
of any bounded set in Conf,(R?) is compact. The Kontsevich spaces compactify the quotients Conf, (R%)/Hy
where Hy is the group of homotheties and translations in R¢. Although this chapter treats the manifold theoretic
version of the Fulton-MacPherson spaces it is worth mentioning that this type of construction first appeared in
an algebro-geometric context in the now famous article "A compactification of configuration spaces" by Fulton
and MacPherson [FM94]. After defining these spaces I will define an operad with objects {Ky., }nen, for every
d. Finally, I will define a group action by the SO(d) group on this operad and, when d is even, also an action
by the S' group. The main goal of this thesis is to show that, in even dimensions, the semidirect product of
this operad with the S topological group isomorphic to the Kato-Nakayama analytification of an operad of log

schemes.

4.1 The Fulton-MacPherson Compactification

In this section I will construct the Fulton-MacPherson configuration spaces. The Kontsevich spaces will then
be constructed as subspaces of these. These constructions are well known and appear in several different
contexts. Much of the theory regarding these spaces was developed by Sinha in the article "Manifold-theoretic
compactifications of configuration spaces" [Sin04] who in particular introduced type the pictorial notation seen
in this section. In what follows I will assume d, n to be fixed positive integers so that I may omit them from the

notation when convenient.

The first part of the construction is to define maps ag: Conf,, (R?) — SUSI=Dd=1 for every S C [n] with |S| > 2.
To do this, first let ~ be the equivalence relation on (R4)™ \ A,, given by z ~ y if there is a A > 0 such that
T — Ay € A,,. Here A,, denotes the small diagonal in (R?)™ i.e. the set of points (zy,...,%,,) such that
Ty =Ty = -+ = T,,. From the definition of the N-sphere it is easy to see that the quotient ((R%)™\ A,,)/ ~ is

homeomorphic to S(™~14=1 This gives a continuous function a,y, : Confm(Rd) — S(m=1Dd=1 by composing
Confyn(R?) = (RY)™ \ Ay — (R)™\ Apy)/ ~=r SO0

Next, for a subset S C [n] let pg: X" — X 15| denote the projection map onto the coordinates indexed by S,
ie. if S = {iy,ia,...,0m} where iy < is < -+ < iy, then pg(x1,za,...,2,) = (4, Tip, ..., 24, ). Restricting
to Conf,(R?) C (R?)" this gives a function pg: Conf, (R?) — Conf|s (R?). We define ag as the composition
as = ajg) o ps. A subtle but important thing to note here is that while S is just a set, ps actually depends on
the order of S since we are projecting to X5l and not Sym) s/ X. As indicated above pg is the projection given

by the set S with elements appearing in increasing order.

Let P(n), or just P when n is clear from context, denote the set of subsets of [n] with at lest 2 elements, e.g.
P(3) = {{1,2},{1,3},{2,3},{1,2,3}} and let i: Conf,(R%) — (R?)" denote the canonical inclusion.
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Figure 1: Configuration corresponding to a point in FMg(R%)

Definition 4.1. The Fulton-MacPherson configuration space, FM,,(R?) is the closure of the image of the map

ix [] as: Conf,(R?) — (RY)™ x ] sUI=14,
sSep SepP

Let p: FM,(R?) — (R%)" denote the restriction of the projection map (R)"™ x [Jg.p SUSI=D4=1 — (R?)™ and
similarly let mg: FM, (R%) — SUSI=Dd=1 denote the restriction of the projection to the SUSI=14=1_component
corresponding to the set S € P. Finally, let j: Conf,(R?) < FM, (R%) denote the dense embedding of
Conf, (R).

Remark. For an arbitrary manifold with an embedding M < R? one can define FM,,(M) as the closure of
the image of Conf,(M) C Conf,(R%). If M is compact this image will also be compact which is why this

construction is often called the Fulton-MacPherson compactification. See Sinha [Sin04] for more details.

There is an oftentimes useful, intuitive, way to think of the points in this space. The picture you should have
in mind is that a point in FM,, (R%) is a configuration of n (labeled) points in R? such that two or more points

1

are allowed to be equal but if a collection of k points "meet" then we must also give k points in R%, up to
scaling and translation, specifying the positions of these k-points "relative to each other" such that not all of
them are equal. If the relative positions of some of the k-points are also equal then we must furthermore specify
their relative position up to translation and positive scaling and so on. Picture 1 illustrates an example of this
picture of a point in FMg(R9). In the point illustrated to this picture the points indexed by 1,3,4,5 meet in
the "bottom layer" and so do the points indexed by 6,7,9. Therefore, the relative positions of these groups of
points are specified in a second layer of the figure. Furthermore, in the space of relative positions of the points
indexed by 1,3,4,5 the points indexed by 3,4,5 meet so we add an additional "layer" specifying their relative

positions.

Definition 4.2. The Kontsevich space of n points in d dimensions, K4 ,,, is defined as the fiber p=1((0,0,...,0)) C
FM,, (R%).

Remark. 1 choose the origin here for convenience but the fiber over any point on the small diagonal in (R%)"
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yields the same space.

Intuitively one should think of a point in Ky, the same way we think of points in FM,,(R?) but this time the

positions of the n points in the "bottom layer" are also only specified up to positive scaling and translation.

Even though the restriction of p to Ky, is not particularly interesting the restrictions of the maps mg are still

non-trivial. I will use g to denote these restrictions too by abuse of notation.

The Fulton-MacPherson configuration spaces can also be expressed as a sequence of real oriented blow-ups of
(R4)™. Furthermore, although the order of the blow ups cannot be performed arbitrarily, there are several
different orders in which the blow-ups can be performed. More details on which orders are allowed and why can

be found in the 2003 article "Models for real subspace arrangements and stratified manifolds" by Gaiffi [Gai03].

Let B,, be a sequence whose elements are the subsets of [n] of size > 2, such that | B, (i)| > |B,(j)| whenever
i < j. That is B, is any sequence which starts with [n] and then the next elements in the sequence are the

subsets of [n] of size n — 1, and so on, then we have.
Proposition 4.3. There is an isomorphism between FM,(R?) and the space

R R R d\n
BlaB, @2n—m+1) - Blag, @) Blag,q) RY)

where, in each blow-up A(B,(i)) denotes the strict transform of the diagonal A(B(3)) under all previous blow-
ups. Furthermore, under this isomorphism the map p: FM,(R%) — (R)™ is identified with the composition of
all blow-up morphisms and furthermore the closed subspace FM,, (R?)(S) is identified with the space we get by
taking the dominant transform of the A(S) diagonal in each blow-up.

Proof. See [Gai03]. O

Before I end this section I will state and prove one last result. This will not seem particularly interesting at the
moment but it will be very important in the last parts of the thesis. First, note that the blow up of (R%)™ in
the small diagonal A,, is a closed subset Blﬂgm (RY)™ C (RH)™ x S(m=1d=1_ This is clear from definition of the

real oriented Blow-Up in a complete intersection. Next, note that the image of the function
fs = (ps o p) x g FM,(R?) — (RIS 5 sllSI=1d=1

is contained in Blﬂﬁm (R4)™. This is clear since this is obviously true for fsoj and the image of j: Conf, (RY) —
FM,,(R?) is dense.

Lemma 4.4. The following diagram commutes if and only if f§ = fs and 7y = 7g.
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fs s
ps Blﬂim (Rd)\S\ 9 s(sl-1)d-1
Pis| 0
(RS

Here g is the inclusion of the fiber over the origin of the blow up ps: Bl]im RIS — (RIS,

Proof. Tt is clear by definitions that the diagram commutes for f; = fg and 7y = mg. Furthermore, since
Kan — FM,,(R?) and g: SUSI=Dd=1 Blﬂi‘s| (RIS are embeddings it is also clear that f5 uniquely determines
7. Finally, pjs| is a homeomorphism when restricted to the inverse image of (R%)ISI\ Ag/. Since the image of
ps is contained in (R%)!S| \ A|g| this means that fg o j is uniquely determined, i.e. fgoj = fsoj. Since the
image of j is dense in FM,,(R?) it follows that fg = f§. O

4.2 The Kontsevich Operad
For a fixed dimension d the collection {Kg4,}nen can be given the structure of a topological operad as follows.

First, let

({(us)serm) € T] (RDZ\Ag)/ ~

SeP(n)

denote a point in Kq, C HSep(n)((Rd)S \ Ag)/ ~, where, for each S = {i1,...,i|g/} ordered such that
iy < --- <ijg|, we write

us = (u ,u . uf ) € (RYI\ Ag)/ ~ .

119 Pig 9 1;‘5|
A permutation ¢ € X, acts on FM,,(R?) by sending ({(us)}sepm)) — ({(vs)}sepn)) where

_ o NS) oM o H(S)
vs = (U1 (i) g1 (i) -2 Y15, )-

Note that this is not the same as vs = v,-1(g) since the coordinates appear in a different order if o1 does
not preserve the order of S. An important remark here is that this is actually the restriction of an action on
FM,, (R9). Specifically, this is the restriction of the action where o € 3, acts on FM,,(R%) by sending the point

(21,22, 20, ({(us)}sepem)) € ®RY™ x [T (RHF\ Ag)/ ~

SeP(n)

to

(To-1(1), To-1(2), - > To-1(n), { () sepm)) € RD)™ x [ (RHT\ Ag)/ ~.
SeP(n)

Furthermore, we have that the following holds.
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Lemma 4.5. For any o € %, the following diagram commutes if and only if f,g are the permutation maps

described above when the leftmost arrow is the permutation of coordinates on Conf,(R?) corresponding to o.

Conf, (RY) —— FM,(RY) «—— K4,

1 ! |

Conf, (R?) ————— FM,(RY) +———— K4,

Proof. The proof is analogous to the proof of lemma 4.4. O

Next, to define the composition maps we first define, for a positive integer n and a collection of n positive

integers m = (my,...,m,), the two functions of integers

1 0<a<<m

2 mp<a<me

noY e, mi<a< Zignmi
and, for 1 <r <n
g™ a— a—Zmi.
<r
When n,m are clear from context I just use p, ¢ to denote these. The composition maps
’yn’m: ’Cd,n X K:d,ml X - X Kd,m” — ch,m

are defined by sending

({(u§)}sepm): {(ws)sepmn); - - -» {(Us)}sepima)) = {(vs)}sepim)

where, if S = {i1,ia,...,9|5} C [m], we set
v U;‘(S) p(S) = {T}
5= .
p(S) .p(S) p(S)
(mp(il), Tpiin)r - ,xp(im)) else
Here xf %) are the coordinates of ug( 5" It is easy to verify that this map is well defined, i.e. maps equivalence

classes to each other and has image contained in K4 ,,. We will later need one more lemma here in the style of
4.5 and lemma 4.4.

Lemma 4.6. Let S = (s1,52,...,5%) C [m] be such that R = p™™(S) = (r1,72,...,71) has two or more ele-

|S|—1)d—1

ments., then there is exactly one function gg: SUFI=Dd=1 _ §( making the following diagram commute.
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SURI-Dd—1 ____ 95 g(S|-1)d-1

Ji i

BIR , (R)F ———— BI}, (RY)F

Jes ips

(Rd) R ds (Rd)s

Where ir,is are inclusions over the origin and dg is the map given by
(:ETU - ,:Crl) — (.Tpn,m(sl), Tpnm(gy)y - - - ,xpn,m(sk)).
Furthermore, if Ag: Kan X Kam, X -+ X Kam, — SURI=Dd=1 ;¢ tpe function composition of the projection

Kan X Kam, X -+ X Kgm,, = Kan with mr then the above function gs (and only this function) makes the

following diagram commute.

’Cd,n X Kd,ml X - X K:d,mn L ’Cd,m
Js |-
SUR[-1)d-1 9s ssl-1)d-1

Proof. By the same argument as in the proof of lemma 4.4 there is only one gg making the first diagram commute.

It is easy to see that this also makes the second diagram commute through explicit computations. O

Finally, note that 41 by construction is just the one point space so there is only one possible choice for the

identity map, n: * — K41, namely the identity function.

Proposition/Definition 4.7. {I;,} with the above composition, symmetry, and identity maps is an operad.

I will refer to this as the Kontsevich operad, or the topological Kontsevich operad, of dimension d, denoted KCq.

Proof. This follows from tedious direct computations. I will leave the details as an exercise. O

There is of course also an intuitive way to think of this operad. The symmetry action maps a configuration of
labeled points to the same configuration of points but with their labels permuted. Figure 2 illustrates the way a
point in Ky is mapped by the 3-cycle (123) € £g. The composition maps Kg.pn X Kagm, X -+ X Kam, = Kam
"attach" the collections of points in Ky, to the point indexed by r in a collection of points in Kg4,,,. Figure 3
illustrates an example of how three "collections of points" are mapped by the composition map Kg2 % Kg3 X

,Cd74 — ,Cd77.
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(a) Point in Kq,9 (b) Point in Kq,9 permuted by (123)

Figure 2: Example of the symmetry action

<)@
e

Figure 3: Example of the composition map

For some context regarding why this is an interesting operad it is well known that the Kontsevich operad is
weakly equivalent to the operad of little d dimensional disks. See for example [Sal99, proposition 3.9], for a

proof.

Now, let a,,: SO(d) x (RH)™\ A,,)/ ~— ((RY)™\ A,,)/ ~ be the action of SO(d) sending
(R, (z1,22,...,2m)) — (R(z1),..., R(xm)).
These actions induce an action on []g.p SU¥I=D4=1 by taking the following composition
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SO(d) x [[gep SUSI-Da-1
lA\p\Xid
(SO(d))/P! x [[gep SUSI-Da-1
[Toep(SO(d) x SUSI=Dd-1)
J,HSEPO"S\
[Tgep SUSI-Dd-1
where Ap: SO(d) — SO(d)"! is the diagonal inclusion.

Proposition 4.8. The above action restricts to an action on Kq, C HSep SUSI=Dd=1 4nd furthermore this

gives an SO(d) action on the Kontsevich operad.
Proof. This also follows from tedious direct computations. O

While the semidirect product of the Kontsevich operad K4 with SO(d) is arguably more interesting this is not
the operad studied in this thesis. Instead we are interested in the following construction. When d is an even

number d = 2m there is a canonical embedding of topological groups S' & SO(2) < SO(d) which sends

R—RORD---DR.
—_———

m times
This induces an action of SO(2) on the Ka,, operad and thus we can form the semidirect product g x S*.
Definition 4.9. The S'-framed Kontsevich Operad in dimension 2m is the semidirect product ks, x St.

The main goal of this thesis is to construct a non-unital operad of log schemes whose Kato-Nakayama analyti-

fication is Kz, x St for each positive integer m.

It is worth noting here that the weak equivalence between the Kontsevich operad, Kz and the framed little disks
operad D, constructed in [Sal99] "commutes" with the group action by SO(d) on the respective operads. This
implies that Ko, x S! is weakly equivalent to Ds,, x S' which means that the isomorphism in theorem 7.35
also implies that the semidirect product Dy x S' (without unit) is weakly equivalent to the Kato-Nakayama
analytification of the operad without unit of log schemes defined in this thesis. While commutativity with the
SO(d) action is straight forward to verify directly from Salvatores proof of the weak equivalence I do not know
of any references for this. As such, I have decided not to include this result as a theorem in the thesis but it is

still worth mentioning.

5 Logarithmic Algebraic Geometry

In this chapter I will give an introduction to logarithmic algebraic geometry and to the Kato-Nakayama ana-
lytification functor which was introduced by Kato and Nakayama in their article "Log Betti cohomology, log
étale cohomology, and log de Rham cohomology of log schemes over C'[KN99]. Those already familiar with
logarithmic algebraic geometry might find this introduction unsatisfactory as I will give a simplified definition

of a log-scheme is. In actuality I will be defining a so called Deligne-Faltings log scheme or a DF log scheme.
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Furthermore, the definition of a DF log scheme I give here might look different from, but hopefully be equiv-
alent to, definitions of a DF log scheme found in other sources. Large parts of this chapter are more or less
a reformulation of sections 8.2 — 8.4 in the article "Hyperelliptic Curves, the Scanning Map, and Moments of

Families of Quadratic L-Functions" by Bergstrom, Diaconu, Petersen, Westerland [BDPW23].

5.1 The Category of Log-Schemes

We begin by defining the category of log structures on a scheme X and then move on to defining the category

of log-schemes.

Definition 5.1. A log-structure on a scheme X is a finite tuple £ = (s;: Ox — L£;)1<i<n of invertible sheaves

with sections. A morphism of log-structures on X,
(si: Ox — Ei)lgign — (tj: Ox — Mj)lgjgm

is a collection of n isomorphisms of sheaves

1w

L; M

1<j<m

t®eij

which also identify the sections s; to the corresponding sections @, <<, t; 7 and where {e};; is some collection

of non-negative integers.

Remark. In this definition we are using the convention that for any invertible sheaf with section s: Ox — L we
have that £2° is the structure sheaf Oy and the corresponding section s®°: Ox — Ox is the identity section.
Although this may seem a bit strange it is natural since the structure sheaf with the identity section is the

identity object in the monoidal category of sheaves of modules with sections on X.

For those who prefer a categorical language there is also a different, equivalent, definition of a log-structure.

Namely that a log structure is a functor between monoidal categories
N* = C

where C' is the monoidal category of invertible sheaves with sections where the product of two objects is their
tensor product and where the identity is the structure sheaf with the identity section. A morphism between the
log structures N — C' and N™ — (' is then a functor N — N such that the following diagram commutes up

to a defined isomorphism
Nn Nm
C
Although this is arguably a better definition I will stick to the language of the first definition.

Definition 5.2. An inclusion of log structures on X is a morphism of log-structures on X, (s;: Ox —

Li)i<i<n — (tj: Ox — Mj)i1<j<m defined by sending £; = My where f: [n] — [m] is an injective function.

Definition 5.3. The direct sum of two log structures £ = (s;: Ox — L;)1<i<np and M = (¢;: Ox — M) 1<j<m
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on X, denoted £ @ M, is the log structure

((812 OX —>£1),...,(sn: OX —)ﬁn),(hi OX —>M1),...,(tml OX —>Mm))

Before we go on to define what a morphism of log-schemes is let us first give some simple examples and properties

of log structures on schemes.

Ezample 5.4 (Log structures on fields). Let X = Spec k where k is any field. There is only one invertible sheaf
on X, namely its structure sheaf Ox = k. Furthermore, up to isomorphism, there are only two possible sections

of this sheaf, the 0 section and the identity section. Thus any log structure on X is of the form

(Ox % 0x,...,0x 5 0y, 04 L 0x,...,0x L 0y),

n times m times

for some non negative integers n, m which uniquely determine the log structure. Notice that rearranging the
sheaves with sections gives a canonically isomorphic log structure on X so these really are all possible log
structures on X. I have one final remark to make regarding this example which the uninterested reader may
safely skip. This remark is that we could have made the classification result above neater by altering the
definition of what a log structure is a little bit. Specifically, the result would be a lot nicer if we could identify
two log structures which are isomorphic except for the fact that one of them has a bunch of extra Ox “ 0 X
elements included. This can be achieved in many ways. Out of those I could come up with within the very
limited amount of time I have spent thinking about this the easiest is probably to simply redefine a log structure
as an infinite tuple (s;: Ox — L;);cz where all but finitely many of the invertible sheaves with sections are the
structure sheaf with the identity section. This would make the category of log structures on the spectrum of a
field equivalent to the category Ny and it would also make the classification of log structures on other schemes
a little bit nicer. Alternatively we could simply not allow sections that are non vanishing in the definition of a
log structure. However, these definition are, to my knowledge, not standard and since redefining concepts that
are over 40 years old in a master’s thesis would probably have a negative impact on readability we are stuck

with this slightly uglier looking classification result.

Ezample 5.5 (Effective Cartier Divisors). Let X be an arbitrary scheme, let {D;}1<;<, be a set of effective
Cartier divisors on X and let D = U?’:l D;. Then there is a canonical morphism of log-structures

(SDI Ox — Ox(D)) — (SDiZ OI — OX(Di))lgign

given by the canonical isomorphism

Ox (D) = X Ox (D).

The "idea" behind this example also provides some insight into morphisms of log schemes in general. For

example, there can be no morphisms of log structures
(si: Ox = Li)1<i<n = (tj: Ox = Mj)i<j<m

if the (scheme theoretic) union of closed subschemes cut out by the sections (s;)_; is not a closed subscheme of

the (scheme theoretic) union of the closed subschemes cut out by the sections (s;)7_;. Similarly, there can also
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not be any such morphisms if there is an s; such that the subscheme cut out by s; is not the scheme theoretic

union of subschemes cut out by powers of some of the sections t;.

Ezample 5.6 (Pullback of log structures). Let f: X — Y be a morphism of schemes. Then a section of an

invertible sheaf on Y, s: Oy — L pulls back to a section of an invertible sheaf on X,
ffs: Ox — f*L.

This means that a log structure £ on Y pulls back to a log structure f*£ on X. Similarly a morphism of
log structures on Y also pulls back to a morphism of log structures on X since pullback commutes with tensor
product. Therefore f induces a functor from the category of log structures on Y to the category of log structures
on X.

Motivated by example 5.4 we can introduce the following notion of equivalence of log structures.

Definition 5.7. Let £ = (s;: Ox — £;)1<i<n be alog structure on X. A map ¢: £ — £is said to be essentially
the identity, denoted ¢ ~ 1, if ¢ sends each L£; with section either to itself via the identity map id: £; — L; or
to the "empty tensor product" £; = @, <<, LEY = Ox (where s; +— 1).

Remark. Note that the latter case is only possible if £; is isomorphic to the trivial sheaf with the trivial section.

Definition 5.8. Two maps of log structures f, f': £ — 91 are said to be essentially equivalent, denoted f ~ f/,
if there are maps g: £ — £ and h: 9t — 9, both of which are essentially the identity such that ho f'og = ho fog.
A map of log structures f: £ — 9 is said to be an essential isomorphism if there is a map g: £ — 9 such that
go f and f o g are essentially the identity.

With this last example we are now ready to define a log scheme and a morphism of log schemes

Definition 5.9. A log scheme X is a scheme X together with a log structure £ on X. A morphism of log
schemes X = (X, £) — Y = (Y,9M) is a morphism of schemes f: X — Y and a morphism of log structures on
X "9 — £. A morphism of log-schemes is said to be strict if f*91 — £ is an isomorphism of log structures

and it is said to be essentially strict if f*9t — £ is an essential isomorphism.
Remark. We can of course also define the category of log S-schemes where the underlying schemes are S-schemes.

Definition 5.10. A morphism of log schemes, X — Y, is an essential isomorphism or essentially the identity if
the underlying map of schemes, is an isomorphism or the identity respectively and the morphism of log structures
is essentially an isomorphism or essentially the identity respectively. A morphism of log schemes is essentially
strict if the induced map of log structures is an essential isomorphism. Finally, two maps f, f': X — Y, are
essentially equivalent, denoted f ~ f’, if their underlying maps of schemes are equal and their maps of log

structures are essentially equivalent.

Ezxample 5.11. If f: X — Y is a function of schemes, X is any log scheme with underlying scheme X and Y is
the log scheme with underlying scheme Y and no line bundles then f uniquely induces a map of log schemes
f: X — Y since there are no isomorphisms of line bundles to define in this case. Note that it is not true in
general that a morphism of underlying schemes always induces a morphism of log schemes and if there is a

morphism of log schemes induced by a map of underlying schemes this morphism is in general not unique.

Definition 5.12. Let S be a scheme and, by abuse of notation, also a log scheme with no line bundles and
let X = (X, £) and Y = (Y, 9) be log schemes with morphisms X — S and Y — S. Then the fibered product,
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denoted X x gV, is the log scheme with underlying scheme X x ¢Y and with line bundles with sections 7] L@ 73

where 71, 9 are the projections from X XgY to X and Y respectively.

It is easy to verify that this indeed satisfies the universal property of the fibered product. Understanding the

fibered product in the category of log schemes in general is trickier but luckily we will not need this.

5.2 Kato-Nakayama Analytification

In this section I will define the so called Kato-Nakyama analytification functor from the category of DF log

varieties over C to the category of topological spaces.

Definition 5.13. Let X = (X, (s;: Ox — £;)1<i<n) be alog variety over C. Then we define the Kato-Nakayama

XKN

analytification of X, denoted , as the space

BIf BIf  ...BIf Xx®

1
where X2 is the analytification of X and s; is the section s; of the vector bundle £; pulled back via all previous

blow-ups. We let px: XKN — X" denote the corresponding blow up map.

Remark. It is very important to note that since £; is a one dimensional complex vector bundle it is a two

dimensional real vector bundle.

Ezample 5.14 (Trivial Sections). The Kato-Nakayama analytification of X = (X, (0: Ox — £)) is the unit circle
bundle of (the analytification of) £. In particular, if £ is the trivial line bundle this space is just X2 x St.

Ezample 5.15 (Non-Vanishing Sections). Let s: Ox — L is such that the closed subscheme cut out by s, {x €
X| s(z) = 0}, is empty. Then the Kato-Nakayama analytification of X = (X, (s: Ox — £)) is homeomorphic
to X?", i.e. the blow-up "does nothing".

Ezample 5.16 (Kato-Nakayama Analytification of a Blow Up). If X is a smooth variety and Y < X is a smooth
locally complete intersection, then, by theorem 3.16 the Kato-Nakayama analytification of the log scheme given
by blow up of X in Y with the associated line bundle, (Bly X, (sy: @ — O(Y))), is just the real oriented
blow-up Blja. X2

I will not explicitly provide a definition of what the Kato-Nakayama analytification of a morphism is. This is
not too difficult to do but I will not use the explicit definition of the analytification of a morphism of log schemes

anywhere in this thesis and so I omit it. I will however need some important special cases. Specifically,

o Let X be a complex variety, let £ = (s;: Ox — L;)1<i<n, let £ = (s;: Ox = L;)1<i<n where n < N and
let i: £ < £ be the corresponding inclusion of log structures. Then, the Kato-Nakayama analytification
of the map (X, £) — (X, £') given by the identity id: X — X and the inclusion i: id*£ = £’ is the blow

up map

p: (X, eHEN = BI® BI¥ SJBIE B BIR x5 BIF L BIR xan = (X, 8RN,
SN Sn S1 Sn S1

SN—-1 ° Sn41

e For a strict morphism X — Y the following is a Cartesian diagram
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XKN YKN
lﬂx J/PY
Xan ) Yan

where the top arrow is the analytification of the morphism and the bottom is the analytification of the

morphism of underlying schemes.

For a precise definition of these morphisms for general log-schemes see [KN99]. See [BDPW23, 8.4.3] for an
argument regarding why the construction of the Kato-Nakayama analytification of a general log scheme is

equivalent to the construction by blow-ups given here.

Lemma 5.17. The analytification of an essential identity is the identity.

Proof. Let £ = (s;: Ox — L;)1<i<n and let f: (X, £) — (X, £) be an essential identity such that, without loss
of generality, i gives isomorphisms
~ | L 1<i<k
Ci — )
kE<i<n
for some integer 1 < k < n. Let £ = (s;: Ox — L;)1<i<n, let X' = (X, £') and let p: X — X’ be the map
given by the identity X — X and the inclusion £ — £. From definitions it is clear that the following diagram

comimutes.

Thus, it is enough to show that pXN is an isomorphism. By definition p®N is the blow-up map

p: BIf, BI, | ...BI{  BI ...BI X*"—BI ...BI X"
However, each of the line bundles with sections s;: Ox — L; are isomorphic to the trivial line bundle with the
identity section. Thus the blow up maps in each of these line bundles are all isomorphisms and hence their

composition p = p¥N is an isomoprhism. This completes the proof. O

Proposition 5.18. The analytification of two essentially equivalent morphisms are equal and in particular the
analytification of an essential isomorphism is an isomorphism. Furthermore, if F': X = Y with underlying map
of schemes f: X — Y is essentially strict then the following diagram is Cartesian.

KN FEN VKN

o~ &

Xal’l fan Yan

Proof. If f, f': X = Y are essentially equivalent then, by definition, there are essential identities g, h such that
go foh = go f'oh. The analytifications of g and h are the identity by lemma 5.17 and thus the analytifications
of go fohand go f' oh are just f, f’ respectively. From this the result follows.
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For the second part, let X = (X, £), Y = (V,9M) and X' = (X, f*M). Since X — Y is essentially strict this
morphism factors as X — X’ — Y where X’ — Y is strict and X — X’ is an essential isomorphism. Hence the

left and right squares in the following diagram are Cartesian.

XKN = X/KN YKN

| | |

Xan o x Y

Since both squares are Cartesian the outer square is also Cartesian. This completes the proof. O

6 Moduli Spaces of Stable n-Pointed Rooted Trees of d-Dimensional

Projective Spaces

In this part of the thesis I will introduce the moduli spaces of stable n-pointed rooted trees of d-dimensional
projective spaces, which we denote Ty ,,. These spaces were introduced by Chen, Gibney, and Krashen in their
article "Pointed Trees of Projective Spaces' [CGKO06] in which they also describe many of their properties. The
construction of these spaces is closely related to the Fulton-MacPherson compactification of a d-dimensional
smooth variety which was introduced by Fulton and MacPherson in their now famous article "A Compactification
of Configuration Spaces" [FM94]. After defining the spaces Ty, I will describe an operad in which they are the
objects. This operad is essentially an algebro-geometric version of the Kontsevich operad introduced in section
4. In what follows all constructions are over some fixed base field k and "scheme", and "variety" will be taken
to mean k-scheme and k-variety respectively. Many of the subsequent constructions are well defined over other
base schemes as well but I will restrict my work here to only considering base fields to avoid having to specify

restrictions on the base schemes when such restrictions exist.

6.1 Rooted Trees of d-Dimensional Projective Spaces

Understanding the next couple of sections is going to be very difficult without the proper intuition. Therefore I
will begin this chapter by describing a way to think of the closed points in the spaces we are about to encounter.

We begin with a few definitions.

Definition 6.1. A rooted tree (T,r) is an acyclic, connected, graph T together with a distinguished node, r € T,
called the root. A rooted tree has a canonical partial ordering defined by u < v if the unique path from r to v
passes through w. If u and v are neighbours and u < v we say that u is a parent of v and v is a child of u. The

set of all children of w is denoted C(u). Finally, if u has no children we say that v is a leaf.

We will now use a tree along with some data associated with each edge and vertex to define a "tree of d-
dimensional projective spaces’. We proceed as follows. First, let (T, ) be a rooted tree and associate to it the

following data:

o To each vertex u € T (including the root) we associate a hyperplane in d-dimensional projective space
K(v) C P?.

o To each child v € C(u) of a node u we associate a point in projective space that does not lie in K (u),

p(v) € P\ K(u) such that no two children of u are associated to the same point.
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We will also need one more set of data but before I can describe this we will need to do some work. For every
u € T, we define the scheme X (u) by a sequence of blow ups of P? in each of the points associated to the
children of u separately. Notice that this is a well defined notion since the points are all disjoint so the order
in which we blow up in does not matter. For each v € C(u), let E(v) denote the exceptional divisor of p(v) in
X (u) and let H(u) denote the pullback of the hyperplane K (u) in X (u). Notice that clearly H(u) = P4~! since
none of the points p(v) lie in K (u). With this we are ready to describe all the data associated to a rooted tree

(T, r) needed to define a d-dimensional rooted tree of projective spaces.

e To each vertex u € T (including the root) we associate a hyperplane in d-dimensional projective space
K(v) C P4

o To each child v € C(u) of a node u we associate a point in projective space that does not lie in K (u),

p(v) € P\ K (u) such that no two children of u are associated to the same point.

o To each child v € C(u) of a node u an isomorphism f(v): E(v) — H(v) from the exceptional divisor of
p(v), E(v) € X (u) to the hyperplane associated to v H(v) C X (v).

With this data we can form a scheme X (T,r, H,p, f) by gluing together the schemes {X (u)},er along closed
subschemes as follows. For every parent/child pair u, v glue together the schemes X (u) and X (v) along E(v) C
X (u) and H(u) C X (v) via the isomorphism f(v). Notice that this process is well defined without having to

check any cocycle conditions since none of the closed subschemes we glue together overlap.

Remark. Even though we have not formulated it this way it is somewhat more accurate to think of p and f as
functions from the set of edges in T to the respective data. That is, it would be better to write p(uv) and f(uv)

for the point and function corresponding to the child v of u. I will ignore this.

Definition 6.2. A rooted tree of d-dimensional projective spaces, or d-RTPS for short, (X, Hyp), is a scheme X
and a closed subscheme P?~! < X, which can be generated by a rooted (T,r) along with the data (H,p, f)
according to the process described above such that P4~! < X identifies P4~! with the root hyperplane H(r)
described above. We call (T, r) the structure tree of X and we call Hy the root hyperplane. We let X,, denote
the image of X (v) in X and we call this the branch of X associated to v. We let H, denote the image of
H(v) C X(v) in X and we call this the hyperplane associated to v. If v is a child of u we will say that X, is a
child branch of X,,.

Remark. Note that the singular locus of a d-RTPS is precisely the union of the (disjoint) associated hyperplanes

for all non-root nodes in the structure tree. This is obvious from construction.

The spaces we will define in the next section do not parameterize rooted trees of d-dimensional projective spaces,
but rather collections of n disjoint points on rooted tree of d-dimensional projective spaces for some n > 1. This

motivates the following definition.

Definition 6.3. An n-pointed rooted tree of d-dimensional projective spaces, (P41 < X, p1,...,pn), is a d-
RTPS, P¢~! — X, with n disjoint marked closed points, (p1,...,pn), all of which lie outside the any of the
associated hyperplanes of X (including the root hyperplane). An n-pointed d-RTPS is said to be stable there

are at least two child branches or marked points on each branch.

Remark. To clarify, an n-pointed d-RTPS is stable if the set of all child branches and marked points in a given
branch contains at least two elements. In other words if a branch has one child branch and one marked point

it is stable.
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An n-pointed d-RTPS, (P4~ < X,p1,...,pn), also has an associated rooted tree structure defined as follows.
First let (7, 7) be the rooted tree associated to P4~! < X. Then, for each point p; add a vertex i to 7" and add
the edge wi if p; is in the associated branch X,,.

Definition 6.4. The tree associated to an n-pointed d-RTPS is the tree defined according to the process

described above.

It is easy, and important, to see that an n-pointed d-RTPS is stable if and only if the only leaves of this tree
are the vertices added for the points pi,...,p, and each non-leaf vertex, including the root, has at least two

daughters.

Definition 6.5. A morphism between n-pointed d-RTPSs
(Pd_l — X7p17 e apn) — (Pd_l — KQIa e aqn)

is a morphism f: X — Y such that f(p;) = ¢; and such that the following diagram commutes.

Pi-t — 5 X
b
Y

Such a morphism is an isomorphism if f is an isomorphism.

It is easy to check that an m-pointed d-RTPS is stable if and only if its only automorphism is the identity

automorphism.

6.2 Definition of 7};,, and its Functor of Points

In this section I will introduce the moduli spaces of stable n-pointed rooted trees of d-dimensional projective
spaces, Ty . 1 will not cover the precise meaning of Ty ,, being a moduli space but for intuitions sake the space
T\ n, should be thought of as "parameterizing" the stable n-pointed d-RTPSs up to isomorphism such that each
k-valued point in T}, corresponds to a unique isomorphism class of stable n-pointed d-RTPSs. The moduli
space properties of Tj;,, will not be relevant for this article but the interested reader can see Chen, Gibney,
and Krashen [CGKO06] for more details on this. An easier intuitive picture to keep in mind is to think of the
points in these spaces in the exact same way as we think of the points in the Kontsevich spaces in section 4
but replacing R with C and instead of identifying configurations that are identified by translation and positive
scaling we identify configurations that are identified by translation and C*-scaling. This picture of course only
works when k = C and is not rigorous in any way but it is still the picture I often have in mind when trying to

visualize these spaces.

An important first step in the construction of T};,, is to define and describe the algebraic Fulton-MacPherson
compactifications of a separated scheme X which was introduced by Fulton and MacPherson in "A compact-
ification of configuration spaces" [FM94]. I will only give a brief description of the construction and refer to
other texts for proofs of important results. In order to better understand what is to come, I think it is help-
ful to first describe what the "goal" of defining Fulton-MacPherson compactifications is and how one should

intuitively think of these spaces. This is unsurprisingly very similar to the intuition behind the topological
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Fulton-MacPherson compactification. Suppose X is a separated scheme. Then we have that

Conf, (X) :== X"\ U Aij

1<i<j<n

is an open subscheme of X™ where A;; denotes the 4, j-diagonal in X™. The Fulton-MacPherson compactifica-
tion is a scheme X[n] with an open embedding Conf,,(X) < X[n] and a surjective morphism m,: X[n] - X"

such that the following diagram commutes.

Conf,(X) —— X|[n]

Intuitively one can, for k = C, think of the (reduced) closed subscheme X|[n|\ Conf, (X), which I will refer to
as the "boundary" of X|[n], as parameterizing the ways or "directions" in which points in Conf, (X), i.e. sets
of n disjoint points in X™, can "approach" each other such that at least two of these points meet. This should
remind you of the topological Fulton-MacPherson compactification. When constructing X [n], one also defines a
set of effective Cartier divisors, one for each subset S C {1,2,...,n} with at least two elements. We will denote
these divisors by X[n](S). These will all lie in the boundary of X [n] and their union is the entire boundary of
X[n]. Intuitively, you should think of X [n](S) as parameterizing the ways in which n disjoint points, p1, ..., pn,
in X can approach each other such that all points corresponding to the indexes in S "meet", i.e. approach the
same point in X and furthermore if any other point p; with ¢ ¢ S also approaches the same point in X then

the points corresponding to indexes in S approach each other "faster' than they approach p;.

One way to construct the Fulton-MacPherson configuration spaces of a separated scheme X is as follows.
For every subset S C [n] define the S-diagonal in X™ as the closed subscheme given by the relations Ag =
{(z1,...,2p) € X" z; =x; Vi,j € S}. Let

B,={1,...,n}{1,....,.n—=1},..., {n,n =3} {n,n—2},{n,n—1}

be the sequence described in section 4.

Definition 6.6. The Fulton-MacPherson configuration spaces for a separated scheme X, denoted X|n], are
defined as the iterated blow-ups

Blis, @ 1) - Blam, @) Blas,q) X"

where, A(S) denotes the dominant transform of the diagonal A(S) in all previous blow-ups. The map m,: X[n] —
X™ is the composition of all blow-up maps. The divisor X[n](S) € X[n] mentioned above is the diagonal A(S)
in X{[n].

Also define the scheme X|[n, 4] for 0 <i < 2" — (n + 1) as the iterated blow up
Bla(s.ay -+ Blam.2) Blam.a)y X"

and the map m, ;: X[n,i] — X™ as the composition of blow-up morphisms.

Remark. This is not the same sequence of blow-ups as the one which appeared in Fulton and MacPhersons
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original article [FM94]. However, for their sequence lemma 6.11 does not hold. See [Li09] for a proof of

equivalence between the two sequences of blow-ups.

Note that each of the blow-up maps, by definition, is an isomorphism when restricted to Conf, (X) C X™. This

gives an embedding Conf,, (X) < X|[n] such that the following diagram commutes.

\ lm

To simplify notation I will let X[n](Si,...,S,) denote the intersection ();_, X[n](S;). The following is a

summary of results by Fulton and MacPherson regarding important properties of X|[n].

Contf,, (

Proposition 6.7. The Fulton-MacPherson varieties have the following properties
e X/n] is smooth
o Any set of the divisors X [n](S) meet transversally (if they meet).

e The closed subscheme X[n](S1,...,Sy) is empty if and only if any two of the sets S;, S; have the property
Si ﬂS]‘ 7& and Si SZ Sj and Sj Z Sl

Proof. See [FM94]. O

I will take these properties to be "obvious" for the remainder of the thesis and therefore not reference this

proposition in proofs where it is important that X[n] and its divisors are "nice" in the ways listed above.

Fulton and MacPherson also describe a functor of points for X[n] which will prove to be of great use for us. To
describe this we need a few definitions. Later in the thesis I will almost exclusively use the common notation
[n] ={1,2,...,n}. However, in this part I will let N = {1,...,n} to avoid confusion with X[n]. For any subset
S C N let

Py XNy xSl

denote the projection morphism onto components with corresponding indexes in S. If S; C Sy C N let
PS,,81 ¢ XlsQl — )(‘S1|

denote the projection morphism onto components corresponding to indexes in S, i.e. the morphism which

makes the following diagram commute.

XINI P22, 1S

\ [peasn

X |S2]

Next, let Zg denote the closed ideal sheaf for the small diagonal in X!5!. For S; C Ss, ps,,s, induces a closed

embedding of the corresponding small diagonals and thus induces a morphism of pullback sheaves
15, Ls, = s, Ls,-
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Notice that if X = A? = Spec k[z1,...,2q4], and consequently X™ = k[{z¥};cn 1<k <a], then p:Zg is the ideal
generated by all elements of the form tfj = xf — xf where 1 < k < d and i,j € S and for S; C S5 the morphism
ps,Zs, — ps,ZLs, is the inclusion of ideals given by mapping tfj — tfj.

Lastly, for a map h: H — X" let hg = pg o h and for S; C S note that the morphism pg Zs, — ps,Zs, pulls
back to a morphism
hglzsl — h§2152~

Definition 6.8. Given a morphism h: H — X" a screen for h and S C N is a quotient map hgZs — £ where
L is some invertible sheaf. A R-collection of compatible screens for h is a screen ¢g: htZg — Lg for some
collection of sets R such that every S € P satisfies S C N, |S| > 2 and for every S; C Sy in the collection a

morphism Lg, — Lg, making the following diagram commute.

hgl Isl e £51

| |

hs,Zs, — Ls,
Such a collection of screens is called complete if it contains a screen for each S C N of size > 2.

In what follows we let P(n), or just P when n is clear from context, be the set of sets S such that S C N,
|S| > 2. Additionally, let P, C P be the subset with the additional condition that each S € P; appears before

or at position 4 in the sequence B,,.

Definition 6.9. For a scheme X, the contravariant functor x* [n, ], or just x[n,i] when X is clear from context,

from the category of schemes to the category of sets is defined as the functor sending H to the set of pairs
((h: H — X"), {(ﬁs: thS — ﬁS}SePi)

of morphisms (h: H — X™) and P;-collections of compatible screens {¢s: h§Zs — Lg}secp, up to isomorphism
of the screen data. The subfunctor x*X[n,i](S1,...,S,) sends H to the pairs of morphisms and compatible

screens

((h: H — Xn), {¢s: hEIS — CS}SePi)
such that the following holds

o for any S; € {S1,...,5,} and any j,k € S; we have pr; o h = prj, o h where pr,,: X" — X denotes the

mth projection morphism.

o forany S; € {S1,...,S,} and any T € P; where '  S; and |T'N S;| € P; the morphism Lrng;, — Lr is

trivial.
Furthermore, define xX[n] :== x*[n, |B,|] and x*X[n](S1,...,S,) = x~[n, |Ba|](S1,-..,S)

Remark. Note that for the definition of X[n] we can also just replace "P;-collection" with "complete collection'
in the definition of X|n, i].

One key result of Fulton and MacPherson [FM94] is that these functors are representable and their representa-

tions are the Fulton-MacPherson spaces.

Theorem 6.10. The functor x[n] is represented by the scheme X[n] and the subfunctors x[n](S1,...,Sy) are
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represented by the closed subschemes X[n](Si,...,S.). Similarly, x[n,i] is represented by the scheme X[n,i]
and the subfunctors x[n,i|(S1,...,S;) are represented by the closed subschemes
A(S)) N ---NA(S,) € X[n,i]. Furthermore, the blow up map X[n,i + 1] — X[n,i] induces the natural

transformation of functors which sends
((h: H— X"),{¢s: hsZs — Ls}sep,,,) € x| X,i+1](H)

to
((h: H — X”),{(/)S: hsZs — ACS}SEPI') € X[X,Z](H)

where {¢s: h5Zs — Ls}sep, is the restriction of the collection of compatible P;11-screens to only those screens

corresponding to sets in P;.
Proof. See [FM94]. O

Remark. Fulton and MacPherson do not prove this statement exactly since they use a different order of blow-ups
than I use in this thesis. However, the same arguments as they use can be applied to this order of blowing up

too. For a more general discussion on why these two orders of blowing up are equivalent see [Li09].

Finally, we will need one more result regarding the construction of X|[n]. This result will not be used until

section 7.2.

Lemma 6.11. For every T € P;, the dominant, strict, and total transforms of A(T) are equal for the blow-up
map X[n,i+ 1] = Blap@+1)) X[n, i — X[n,i].

Proof. To avoid confusion I will let A(S) denote the (dominant transforms of) the diagonals in X[n,4] and
A’(S) to denote the proper transform of this, i.e. the corresponding diagonal in X[n,i 4 1]. The dominant
transform is always contained in the total transform. Thus all we need to prove is that A/(T) contains the
inverse image of A(T) Equivalently we can show that the natural transformation of functors in theorem 6.10
only sends elements in the image of the subfunctor x[n,i + 1](T) to elements in the image of x[n,:](T"). Let
((h: H— X™),{¢s: hsIs — Ls}sep,.,) € x[n,i+1](H) and suppose the natural transformation x[n,i+1] —
x[n, i] sends this element to an element in x[n,i](T). Then, for every j,k € T' we have pr; o h = prj, o h and for
any S € P; where S € T and [SNT| € P; the morphism Lrngs, — Lr is trivial. Finally, since the size of the
sets in B,, appear in decreasing order there are no sets T' € P; with |[TN B, (i+1)| € Piy1, Bo(i+1) € T and so
these are the only conditions which need to be satisfied to show that ((h H— X),{¢s: h(Ts — ES}SePiH) €
x[X,i+ 1)(T)(H). O

With this result we have everything we need regarding the Fulton MacPherson compactification and we are thus
ready to define the T}, varieties.
Definition 6.12. Let X be a variety and let 7,, denote the composition morphism

pr;

X[n)(N) — X[n] = X™ —5 X.

Where pr; is one of the projection morphisms. Then T;,( 7 is defined as the fiber 7,;'(z) C X[n](N) where z

is some k-valued point in X. For a collection of sets S; C N, 1 < ¢ < r, we also define the closed subschemes
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T (Sh,- ., 8p) = T;,F to be the fiber of # for the morphism

X[n)(N, S1,...,8,) < X[n](N) = [ra] X.

Equivalently 7,7 (S1,...,S,) < T;." is the pullback of X[n](N,Si,...,S,) < X[n](N). For both these
functors the functor applied to morphisms is defined in the obvious way by composing with h and taking the

pullback of the screens.

Remark. This definition is independent of which projection pr; we choose to define 7,,. See [CGKO06] for further
details.

Notice that proposition 6.7 implies that the closed subscheme T;( 20(S1, ..., Sr) is empty if any two of the sets
S;, S; have the property S; NS; # and S; € S; and S; € S;. This construction is essentially only interesting

when X is a smooth variety of dimension d. In this case we have the following proposition.

Proposition 6.13. For any smooth d-dimensional variety X and any point x € X there is an isomorphism
d d
T;;’Lm = Tc‘ﬁn’o and furthermore there are isomorphisms Tc‘lﬁm(Sl, cey S = Tﬁn’O(Sl, ..., S;) making the follow-

ing diagram commute.

T (Sh, .., 8p) —— T°
TAd,O A0
dn (Sl,...,ST) —_— Td,n
Proof. See Chen, Gibney, Krashen [CGKO6]. O

Because of this we can simply let Ty, denote the variety TdX 2% for any smooth, d-dimensional, variety X and

similarly Ty ,,(S1,-..,Sy) denotes the corresponding closed subschemes.

Definition 6.14. The moduli space for stable n pointed rooted trees of d-dimensional projective spaces, denoted
Td,n, is the variety described above and the closed subschemes T ,,(S1,...,Sr) =(); Ta,n(S;) are also as above
for S; C N, |S| > 2. Additionally, let Ty, ({{}) = Tyn(N) = Ty, for every l € N.

Remark. The notation Ty, ({l}) = Tqn(N) = Ty, is introduced to make the notation cleaner for some results

in later sections.

Chen, Gibney, and Krashen show that the spaces Ty ,, satisfy some important properties analogous to those of

X|[n] listed in proposition 6.7.

Proposition 6.15. The moduli spaces of stable n pointed trees of d-dimensional projective spaces have the

following properties
e Tqn is smooth
o Any set of the divisors Ty, (S) meet transversally (if they meet).

e The closed subscheme Tg,(S1,...,Sy) is empty if and only if any two of the sets S;, S; have the property
S; ﬂSj # and S; £ Sj and Sj ZS;.

o Tyo =P for every d and the restriction of the line bundle Ox2)(X[2]({1,2})) to Tyz is Opa-1(—1).

o Ti = Mo i1, the moduli space of stable n + 1 pointed rational curves of genus 0.
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Proof. See [CGKOG]. O

Just like the properties of X[n] in proposition 6.7 I will take these properties to be "obvious" for the remainder
of the thesis and therefore I will usually not reference this proposition in proofs where it is important that T, ,

and its divisors Ty, (S) are "nice" in the ways listed above.

Now we are ready to describe a functor of points for 7} ,. This functor is similar to the functor of points of

X|n] but it is in fact much simpler.

Definition 6.16. For a scheme X, a positive integer d and a set of positive integers S, the difference sheaf
f?’d is the free, rank (|S| — 1)d sheaf of modules,

Fol= @ @Oxtfj /gs,

1<k<di,jeS

where Gg is the submodule of generated by all elements of the form tfl — tfj — t;‘?l . If X and/or d are clear from

context we omit these from the notation. For any S; C S5 the canonical injective morphism
. . k k
ZSISZ . .FSI — fS27tlj —> tl]

is called the difference sheaf inclusion map corresponding to S; C Ss.
Remark. Notice that all elements of the form ¢§; and ¢§; 4 t¥; lie in Gg.

For a morphism X — Y the difference sheaves }";/’d pull back to .Fg(’d and the difference sheaf inclusions
Fot — Fo pull back to FE4 — FL°

Definition 6.17. A simple d-screen for a set S on a variety H is a quotient map of sheaves Fg —» L where s
is some positive integer and £ is an invertible sheaf. A collection of compatible simple d-screens is a collection
of simple screens

bs: FE— Lg,

for some collection of sets .S and, for every inclusion of sets S; C S5 a morphism of invertible sheaves L5, — Lg,

such that the following diagram commutes.

d N
]:Sl L"Sl

L

d N
]:52 [.:5’2

A collection of simple d-screens is said to be complete if the collection contains a screen for every S C N with
|S| > 2, i.e. for every S € P.

To simplify the notation, a "collection of simple screens" will always be assumed to refer to a complete collection

of simple screens unless I specify otherwise.

Definition 6.18. The contravariant functor 74, from the category of schemes to the category of sets is defined

as the functor sending H to the set

{ps: F&* = Ls}sep
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of complete collections of simple compatible d-screens up to isomorphism of the screen data. The subfunctor

Tan(S1,...,Sy) sends H to the set of complete collections of simple compatible d-screens,

{¢s: ]:é{’d — Ls}sep,

such that for any S; € {S1,...,S,} and any T € S; with |T' N S;| > 2 the morphism Lpng, — L is trivial.
These functors send a morphisms f to the map sending a complete collection of simple d-screens to its pullback

via f.

Proposition 6.19. The functor 14, is represented by Ty, and similarly the subfunctor 74,(51,...,5) s

represented by Tq n(S1,...,5r).

Proof. By proposition 6.13, Ty, is the fiber A4[n](N) x 44 0 where O denotes the origin point in (A%)". Fur-
thermore, A?[n](IN) represents the functor A [n](N). Therefore, the fiber product A%[n](N) x4 O represents
the functor

X[)(N) Xnom(.,aay hom(:, Spec k).

By the definition of x[n](IV) this functor sends a scheme H to the set of pairs
((h: H = (AD)"™), {¢s: h5Ts — Ls}ser)

of morphisms (h: H — X) and collections of compatible screens {¢s: h5Zs — Lg}sep such that hopr; = hopr;
for all indexes 7, j and such that h o pr; factors via the origin in A?. This is equivalent to saying that h factors

via the origin in (A%)", i.e. there is a map h: H — Spec k making the following diagram commute.

H I Spec k

N
(ayr

Since Spec k is the base scheme in the category there is only one such morphism & of k-schemes. Therefore

this functor sends H to the set of collections of compatible screens {¢s: g5Zs — Ls}sep where gg denotes the
k

composition ps 0 O o h. Now, the sheaf psLs is the ideal sheaf generated by all elements of the form x7 — xf for

i,7 € S and 1 < k < n where we have used the notation
(Ad)n = Spec Ik[x?]ieN,lgkgd-

It is easy to see that the pullback of this ideal to Spec k via the origin morphism is isomorphic to the sheaf
fSpec k,d k
s

on Spec k via an isomorphism which sends the pullback of the section x; — xf to tfj. Furthermore, for
Sy C S, the pullback the map pf Zs, — pis,Zs, is the map Fs, — Fs,. Now, the sheaves Fg** ¢ pull back to
the sheaves .Fé{’d and similarly the compatibility morphisms pull back as well. Therefore the set of collections of
compatible screens {¢g: hZs — Lg}sep is just the set of complete collections of compatible simple d-screens
over H. Furthermore, it is clear that this functor applied to a morphism of schemes f sends each complete

collection of compatible simple d-screens to its pullback via f since the functor y»" [n](N) sends a map and a
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collection of compatible screens to their pullback via f. Thus Ty, represents 74,. Since
Tun(St,-..,S) = A%n](N,Sy,...,S.) xpa O,

by proposition 6.13 this scheme represents the subfunctor of 74, which sends H to the set of collections of
compatible screens {¢s: g5Zs — Ls}sep with the property that, for any S; and any 7' C N with T Z S;
and |T'NS;| > 2 we have that Lg, — Lg, is the zero morphism. Since we have already seen that the set of
compatible screens {¢g: g5Zs — Lg}rcn is just the set of collections of compatible simple d-screens on H this
is precisely the definition of the functor 74,,(S1,...,S,). This completes the proof. O

This functor of points for of T, will prove to be extremely useful in proving a lot of the important results

throughout the remainder of the thesis.

6.3 The Geometric Kontsevich Operad

In this section I define an operad with objects Ty , for n € N and fixed dimension d. In dimension d =1 Chen,
Gibney, and Krashen show that there are isomorphisms Ty, = Ho,nﬂ [CGKO6]. In this case the operad T am
about to describe is canonically isomorphic to to the "Deligne-Mumford"-operad on the moduli spaces of stable
n + 1-pointed curves of genus 0, My ,,+1 which was defined by Ginzburg and Kapranov in section 1.4 of their
article "Kozul duality for operads' [GK94]. In this section, and throughout the remainder of the thesis, I use
the notation

[n] ={1,2,...,n}

for every positive integer n.

In the cartesian monoidal category of k-schemes the unit object is Spec k. Furthermore, it is clear, both from

the explicit construction and the functor of points, that T;; ; = Spec k. Hence, the unit morphism of the operad
n: 1 — Ty,

is just the identity morphism Spec k — Spec k. To define the composition morphisms we will need to state and
prove proposition 6.21 which is a slight generalization of Theorem 3.3.1 (4) in [CGKO06]. In the proof of this
proposition as well as several other results later the notation is greatly simplified by introducing the following
functions. For a positive integer n and a collection of n positive integers m = (my, ..., m,) define the functions
of integers

1 O0<a<<m

2 mp<a<mm
Pt a
N e M <a§2i§nmi
and, for 1 <r <n

@™ a—a— E m;.
i<r

These same functions also appeared in section 4.
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In addition to this, we also need a set of functions of difference sheaves for some scheme X,
n,m . d d k k
Qy/ ]:V — ]:pn,m(v), tij — tpn,m(i)pn,m(j)

and, for 1 <r <n

n,m d d k k
Vie + Fv = Fynom ), b5 0 Egnom gy gnom .

I will usually omit the index V here to simplify the notation since it is almost always clear from context except
for in the discussion below. These functions are of course not well defined for every set V so the next step is
to specify for which sets V' they are well defined, or perhaps more accurately when they are well defined and

interesting. In what follows we let
M ={1+Y mj.2+> my...omi+ Y my} = (g"™) 7 ([mi).
j<i J<i j<i

n,m

Notice that p™™ is a surjective function [m] — [n] and that ¢;"™ is bijective M} — [m;]. Now, ay?™ is defined

for V-C [m] and V' ¢ M for any r € [m] and Sy is defined for V C M/, [V| > 2.

Lemma 6.20. On the domains specified above, the maps a™™ and ™™ commute with the difference sheaf
inclusion maps. That is, if V1 C Vo C M then

. nm _ _nm _ .
Lpn.m(Vy)pnom(Vy) © Oévl = an SRAVARYA

and

7. n,m n,m Oﬂn’m—ﬂn’moi
4 (V1)g ™ (V) Vi,r — Pva,r ©tVaVe

provided that o™™ or 8™ are well defined for both Vi and Vs.

Proof. Using direct computation it is trivial to verify that both of these maps send tfj — t’;,hm(i)p,,hm(j) or

t’;n,m (g™ () respectively. Thus both equalities of maps hold. O

Proposition 6.21. For any collection of positive integers n,mq, ..., m, there is an isomorphism
Td,n X Td,ml, X e X Td,m,,, = Td7m(M{, ceey MT/L)
where m =Y m, and
M. ={1 —I—Zmi,...,mT —i—Zmi}.

i<r i<r

Proof. We will prove that the functors represented by the left hand side and the right hand side are naturally
isomorphic. We proceed as follows. Let

CSS = {dr}repm) X {51 }siepmy) X -+ X {En}s,ePmn) € (Tan X Tam, X -+ X Tam,) (H)

for some scheme H. We denote the image of ¢r by £% and the image of Vg by L5 . We define a natural
transformation

i Tan X Tamy X oo X Tam, — Tdm (M, ..., M})
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by sending CSS to the m-collection of simple d-screens {py : Fit = Ly }yep(m) defined by

pv = Ygnmyy © BV S M some r
VvV — .
Gprm(yy 0 a™™  else

Note that implicit in this is that we have defined the line bundles Ly as

T !
Ly — Eq?,m(v) V C M, some r .
Egn,m(v) else

Here we define the maps Ly, — Ly,, for Vi C V3, in the simple screen structure as the maps

EZ;L,m(VI) — E;?,m(vﬂ Vo C M/ some r
Egn,m(vl) — Egn,m(%) Vi € M| any r

0 else

By lemma 6.20 it is clear that {py} with the maps Ly, — Ly, is a compatible complete collection simple
d-screen. Furthermore, we have defined Ly, — Ly, to be the zero morphism if V3 C M/ and Vo € M/. This
implies that {pv }vcm] € Tam(Mi, ..., M;)(H). This map

[ Tan X Tamy X X Tam, — Tdm(Mi,..., M)
is clearly natural and so we have defined a natural transformation.
The next step is find an inverse g of f. Let

{pv: F = Ly Yvepm) € Tam(M{, ..., M) (H).

Then we define

9{pvivermm) = {or}repm) X {Va tsiepmi) X - X {0 }s, ep(mn) € (Tamn X Tamy X =+ X Tam,) (H)

in the following way. In what follows we again denote the image of ¢ by L9 and the image of g by Ly .
First define

(bgT = P(gr™)-1(8,) © (ﬂ?’m)71: Fs, — Egr

where L% =L,
Sr P ™) =1(sy)

Lﬁzq:l,m)_l(sm) — ﬁ?q?'m)—l(s,,,z)' This is clearly well defined and compatible since ¢;»™ is bijective and g™ is

and where the maps Ly = — Ly  are just the maps

an isomorphism. Defining ¢r is somewhat trickier. Let £ = L pn.my-1(7) and let the morphisms L% — E(%z

be the HlOI'phiSmS L(pn,m)fl(Tl) — E(pn,m)fl(’l‘b). The map

a™™m: Fy — .Fpn,m(v)

k
ij
{pvivep@m) € Tam(Mj, ..., M])(H) we have that for any 7' C [n], the morphism p(,n.m)-1(1) sends any element

of the form tfj,

is a quotient map with kernel generated by all elements of the form t7., ¢,7 € M/, some r. Furthermore, since

i,7 € M/ to 0. By the universal property of the quotient there is a unique morphism, which we
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define ¢r to be, making the following diagram commute.

n,

f(pn,m) T) — > fT

\’;) 1(Tl

— [.: pm m) I(T)

Using lemma 6.20 again it is clear that the maps we have defined here are again compatible. Verifying that g
is the inverse of f is a simple bookkeeping exercise which is left as an exercise to the reader. Since g = f~! it

is natural and so we have found natural isomorphisms between the functors. O

Remark. Since we defined Ty ,,({i}) = Tyn([n]) = T, this statement is true even in the case n =1 or m, = 1.

There is a natural generalization of this statement which will be important in the next section. I will not state
this in its full generality because the amount of indexes required to keep track of this is simply not worth the
effort.

Corollary 6.22. For any S C [n], |S| > 2, the isomorphism of the proposition restricts to an isomorphism of
closed subschemes
Td,n(s) X Td,mu KXo X Td,mn = Td,m(M{a ey M':u S/),

where S" = (p™)~1(S) Similarly, for any S, C [m.], |S.| > 2, the isomorphism of the proposition restricts to

an isomorphism of closed subschemes
Td,n X Td,m17 X X Td,mr (S) X e X Td,mn = Td’m(M{, ey Mrln S;),

where S!. = (¢»™)~1(S,).

Proof. Let

[ Tan X Tamy X -+ X Tgm, — Tam(Mi,..., M})

be as in the proof of proposition 6.21 and let

{¢T}T€P(n) X {¢}51}5’1€P(m1) X X {¢§n}snep(m") € (Td,n X Tdymy X =0+ X Td,nLn,) (H)
and
{1} repm) X {¥§ Y siepm) X -+ X {0 }s,epm,)) = {pvIverm)-

Also, let the invertible sheaves Ly, LY., Ly be as in the proof of 6.21.
For the first part we want to show that {¢7}repn) € Tan(S) if and only if {py }vepim) € Tam((P™™)71(S)).
First suppose {¢71}repmn € Tan(S) and let V' C [m], such that V' € S" and [V N S’| > 2. Note that this implies

that V- & M/ for any r. If VNS’ C M/ then Lyng — Ly is the 0 morphism by definition of these maps. If
this is not the case then the morphism Ly g — Ly is just the map ngm(v)ms — Egn’m(v)'

Since S’ is the inverse image of S and V is not a subset of S’ we have that p™™(V) € S. Thus ﬁgnvm(\/)ms —
Lyn.m(yy is the 0 map and therefore {pv }vcim) € Tam(S").
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For the converse assume that {py }ycim) € Tam (P™™) 1 (S)). Then let T C [n], such that T ¢ S and [TNS| > 2.
Then the map £2 — LY is the map

£S/m(pn,m)—1(T) — E(pn,m)—l(T)

which is the 0 morphism since {pv }vep(m) € Tam(S’). This implies that {¢1}rcpmn) € Ta.n(S) and so the

proof of the first statement is done. The proof of the second part is analogous. O

Proposition 6.21 allows us to define the operad composition maps
,yn,m: Td;n X Td,m17 X X Td,m" — Td,m

by composing the isomporphism Ty, X Tym,, X+ X Tym, = Tam(M{,..., M} ) with the inclusion map

Tdym(M{, ey MT/L) — Td,m'

Finally, we need to define a group action by X, on Ty ,. To do this we first define permutation maps of simple

screens. For each set S € P(n) a permutation o € X,, induces a map
X.d, £X,d X,d
og" i Fgh — .7:0(5),

or just og when X, d are clear from context, by sending tfj — t[’j(i) These maps clearly commute with the

a(j)”
inclusions of difference sheaves, i.e.
i5(81),0(S2) © 081 = 08, © 15,5,

It is also clear that for any morphism f: X — Y the pullback of o is just o . Lastly, it is clear from the

definition that for any p,o € 3,

Ho(s)©0s = (po)s-

For o € ¥, the isomorphism o: Ty, — Ty, is now defined as the morphism induced by the natural transfor-

mation of functors o: 74, — 74, which sends
{¢s: Fs > Ls}scpn) € Tan(H) = {¢s: Fs > Ls}scpn) € Tan(H),

where Ly = Eg—l(s), g = (250—1(5) o 0'51, and Eigl — Efgz) is the map L:o-—l(sl) — [,071(52).

Since the inclusions of difference sheaves commute with Ugl it is clear that {1)s}sep(n) is a complete collection
of simple screens and since the permutation maps ag pull back to the maps ag( for any map X — Y the map

0: Tdm — Tqn is natural. Finally, the relationship

0 s o ks = (uo)s

implies that

HOOT: Tqp = Tdn = U0 : Tdm — Tdn-
Thus this defines an action by isomorphisms. The following property will be important in the next section.

Proposition 6.23. For every o € £,, and every S C [n], |S| > 2, the isomorphism o: Ty, — Tq,, restricts to
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an isomorphism of closed subschemes
on: Tan(S) = Tan(o(S)).

Proof. We have that o maps {¢s: Fs = Ls}tsepmn) € Tan(H) = {¥s: Fs = Ls}sepm) € Tan(H) where
ﬁfg = Eg—l(s), 1/)5 = d)g—l(s) 0051, and Etgl — [:/52 is the map £J*1(Sl) — £071(52). If {¢SI Fg —» L‘,S}Sep(n) S
Tan(S)(H) then for every T C [n] T'Z S, |T' N S| > 2 we have that Lrng — L. This implies that whenever
T Cn], T" € o(S), [T No(S)| > 2 the morphism

‘Co—*l(T’)ﬁS = ‘C/T’ﬁo(S) — ElT/ = Eo-—l(Tl)

is trivial which implies that
{s: Fs = Ls}tsepn) € Tan(0(9))(H).

The converse is similar. O

Proposition/Definition 6.24. The schemes Ty, with n € N form an operad, which I call the "dimension d

n,m

geometric Kontsevich operad’, with unit morphism n: Spec k — T4 1, composition maps ™™, and action by

Y. as described above.

Proof. Using the natural transformations of functors of points defining these maps verifying the operad axioms
is a very tedious but straight forward bookkeeping exercise. I will omit the details to avoid spending several

pages doing trivial calculations. O

7 Log Structures on 7},

In this chapter I will define the log schemes T,, whose underlying schemes are T,,. After defining these
log varieties the composition and symmetry morphisms of the geometric Kontsevich operad from the previous
section will be extended to morphisms of log varieties which still satisfy the associativity and equivariance
operad axioms. Unfortunately, the unit morphism will not extend to a map of log schemes meaning that the
structure I define is in fact an operad without unit. Although this operad without unit will be well defined
over any base field k the main motivation behind the construction is that the S'-framed Kontsevich Operad in
dimension 2d, KCoq x S!, without unit, which was described in section 4, is isomorphic to the Kato-Nakayama

analytification of this operad without unit over C.

7.1 The Log Geometric Kontsevich Operad

In this section I will extend the operad structure of the previous section to an operad of log-schemes. These
operads of log schemes are the main structures of interest of this paper. This section will feature many expressions
with a large number of indexes in various different ways. To simplify the notation somewhat I will, in this section
specifically, let d be some fixed positive integer and therefore omit this from the notation when I can, writing
T, for Ty, for example. While using a slightly different notation for one section only may be a bit confusing I
hope that this still positively affects the readability. In what follows we will make frequent use of the following
result. This result is almost definitively standard and I would have preferred to reference some textbook for the
proof but I could not find it in either of my two favourite books on Algebraic Geometry and therefore I have

included a proof in the appendix.
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Proposition 7.1. Let D < Y be an effective Cartier divisor and let s: Oy — Oy (D) be the corresponding line
bundle with section. Furthermore, let X be an irreducible scheme and let f: X — Y be a morphism of schemes

such that there is an isomorphism of X -schemes
Dxy X=DjU---UD),

where D} are all (disjoint) effective Cartier divisors with corresponding sections s,: Ox — Ox(D}). Then there

s a unique isomorphism of Ox-modules,
¢: f*Oy (D) — éox(Dé)
i=1
such that ¢(f*s) = ), s;.
Proof. See appendix A. O

Using this we will define a DF log structure on the schemes T}, and extend the operad morphisms to morphisms
of log-schemes. Recall that this just means we want to define a bunch of invertible sheaves with sections on
each T,,. For every n we will add one line bundle with section for every non empty subset S C [n] which will be
denoted s%: Ory — O, (S) or just ss: O — O(S) when n is clear from context. Most of these line bundles we

have essentially already encountered since for |S| > 2 and S # [n] we define

Or,(85) = Or, (Tn(5))

n

with the canonical sections s% (or just sg) which cut out the effective Cartier divisors T}, (S).

The remaining line bundles are trickier to define since they do not correspond to any divisors of Ty ,,. However,
before we get there I think it is natural to first discuss some properties of the line bundles we have already
defined. In doing this we will see that with these line bundles alone we cannot extend the operad structure of
the previous section to an operad of log schemes. This then motivates why we would want to to introduce some

extra line bundles with sections that do not correspond to any divisors of T,.

Lemma 7.2. Let n and m = (my, ma, ..., my) be positive integers and let
mo: T X Ty X oo X Ty = T,

and

Tpt Ty X Ty X oo X Ty — T,

denote the corresponding projection maps. Let M = {> . m;+1,>,  m;+2,...,5> . m;} and let S C [m]

where m =Y 1 m;.

o If S C M/ for some r then there is a unique isomorphism
V01, (8) = 101, ((g7™)71(5))
which sends (7™"™)*sg > TS (grmy-1(g)-
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o If S =U,;c; M), for some set I C [n] of at least two elements then there is a unique isomorphism
(Y"™)*Or,,(8) = m50r, (1) = w5 Or, (p™™) 7 (5))
which sends (y™™)*sg — w}sy.
e If SEZ M, for any r and S is not of the form S = J,c; M., then there is a unique isomorphism
(v"™)* O, (5) = O,

where O is the structure sheaf of Ty, X Tpn, X -+ X Ty, which sends (4™ )*sg +— 1.

Proof. The last case, S € M, for any r and S is not of the form S = (J;.; M/, is obvious since the image of "™
is T, (M{, ..., M]) which is disjoint from the closed subscheme T,,,(S) which is cut out by sg: Or,, — Or, (95).
On the complement of T,,(S) Or,, (9) is trivial and the section is a unit and thus the same result for the pullback

follows.

For S C M/ note that corollary 6.22 implies that the subscheme cut out by =’ S(qr™y-1(s) is the pullback of

T,.(S5), the subscheme cut out by sg and thus, by proposition 7.1 there is a unique isomorphism
TmOT, (8) Z 77 0r, ((g7™)7H(S))

which sends (Y"™)*sg = Ti5(grm)-1(g)-

Similarly, if S' = (J,;

again imply there is a unique isomorphism

M. for some set I C [n] of at least two elements then corollary 6.22 and proposition 7.1

(™) Or,,

(8) = w501, (1) = 750z, ((0™™)71(S))

which sends (v™™)*sg — m§sy by the exact same argument. O

This result is not sufficient to define a morphism of log schemes since we are yet to describe the pullbacks of the
line bundles Or, (M) with sections. In fact, with the data we have so far it is impossible to find an expression
for these pullbacks with sections terms of tensor products of the line bundles we have defined so far. This is

why we need to introduce more line bundles to make this operad structure well defined.

To define the last line bundles with sections in our log structure we first need to introduce a few morphisms of
varieties. We first define the "add one" morphisms a;': T;, = T}, for each 1 <1 < n+ 1. It is easier to define
aj from its induced natural transformation of functors 7,, = 7,41. These functors send complete collections of
simple screens

Tn(H) 2 {¢s: Fs = Lstsepm) = (Y1 Fr = Lr}repmnit) € Tat1(H).

When 1 <1 < n we define

, Oy ifTZ{l,TL—I—l}
Ll =
Lyr) else
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where we define
r xF#EFn+1
si(z) = .
Il z=n+1
The quotients 17 are defined by
Ylinr1}: g > 1
and for T # {l,n + 1} we define
fro: Fr — Foy, t?j = t];(i)s(j)

and

b = ¢g() © fr1-

When | = n + 1 we instead define
Oy ifn+1leT

E,/T =
Lt else
The quotients 7 are defined by
Yr = ér
ifn+1¢7T and for n+1¢€T we define
1 i#n+1l,j=n+1
¢T5 tfj — 7& J

0 i#£n+lj#n+l

Definition 7.3. For each i € S, the morphism aj' described above is called the l:th add one morphism aj': T, —

Tt

For 1 <[ < n the add one morphisms should be intuitively thought of as sending each n-pointed d-RTPS to
itself but with the 7:th point replaced by a specific new branch with the i:th and the n + 1:th point on it. For
I =n+1 the add one morphism should be thought of as attaching the entire tree to a specific new base branch

with only one other marked point on it.

There is another way to describe a;' which, especially for d = 1, helps to provide some insight in why these
morphisms are useful for us to define. First let Spec k — T5 = P9~1 be the point with homogeneous coordinates

[1:1:---:1]. Then, for 1 <1 <mn, a} is just the composition
T, = T, x Spec k — Ty x Ty =5 T 2 Tuys
where o € ¥,,11 is the cycle 0 = (n+1,n,...,1+ 2,1+ 1). Similarly, a},, is the composition
T, =5 Spec k x Ty, — Ty x Ty 255 Ty 1.

These definitions are a bit unsatisfactory since they are not canonical in the sense that we made a choice of
point Spec k — T5. For dimension d = 1 things are a lot nicer since 77 » = Spec k which means that there was
only one possible choice of such a point and thus the add one morphisms are canonical in this case. For n = 2

these sheaves can be computed explicitly. We have
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Lemma 7.4. There are isomorphisms of sheaves
OTZ({l}) = OTZ({Q}) = Opd—l(l)

and

O1,({1,2}) = Opa-1 (=1).

Proof. This proof relies heavily on explicit computations. I will omit the actual calculations from the text
here and just state the results. We have that T3 = Blz, Blz, Blz, P?¥~1 where, if we write P24-! =
Proj k[s1,...,84,t1,...,tq), the ideal sheaves are projectivisations of the ideals Iy = (s1,...,84), I = (t1,...,t4),
and I3 = (s1 —t1,...,84—tq). The closed subschemes Y7, Ys, Y3 corresponding to the ideals Iy, I5, I3 are disjoint
and thus the order of the blow ups do not matter and the exceptional divisor for each of the blow ups are
unaffected by the other two blow ups. Each of the closed subschemes Y7, Y5, Y3 is isomorphic to P4~! and the
corresponding exceptional divisors Y7, Ys, Vs are all isomorphic to P4~1 x P4=! where the projective morphism
Y; — Y; is given by projection onto the first component P4=1 x P4~ — P4=1  The normal bundle for Y; is
the Opa—1ypa—1(1,—1) bundle. The permutation (3,2) sends Y, — Y3 and the restriction of the permutation
morphism to Y5 is given by the identity P4—1 x Pd—1 — pd—1 x pd-1,

The isomorphism
Pl x Pl =Ty o Ty 25 Ty({1,2)) 2 P4t x Pt

is also just the identity map on P?~1 x P4~!. Thus,

0101,({1,2}) = 0501,({2,3}) = 01(2,3)" O, ({1,3}) = Opa-i1 pa-1 (1, =1).

By definition of the add one morphisms this means that, Or, ({1}) = a{Or, ({1, 3}) is the pullback of
Opa-1ypa-1(1,—1) via the closed embedding i: P! < P4=1 x P4=1 given by

Pi-1 =~ pd=1 « Spec k «— P41 x P,

Clearly this is i*Opa-1ypa-1(1,—1) = Opa-1(1). By symmetry the same is true for Or,({2}).

Finally, again by definition of the add one morphisms this means that afOr, ({1,2}) is the pullback of
Opa—1ypa—1(1,—1) via the closed embedding j: P4~1 < P41 x P4~1 given by

P41 = Spec k x P41 e A1 P

Clearly this is j*Opa-1ypa-1(1,—1) = Opa—1(—1). O

Remark. In the d = 1 case one can show that Or, , ({i}) = Or, ,([n]). Without going into too much detail
this is because T} , = MO,HH which is acted on by X,+; and using these permutations we can show that such
isomorphisms must exist. With this in mind it might seem as if a mistake has been made here since O(—1)
and O(1) are seemingly not the same line bundle. However, no mistake has been made since for d =1 we have

T1,2 = Spec k and thus all line bundles on T} 5 are isomorphic.

There are also "remove one" morphisms r*: T, — T,—1. These are defined by the functions corresponding to
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natural transformations

Tn(H) = {qﬁs: Fs — [’S}SEP(n) — {1/)TZ Fr — [:ép}Tep(n,l) S Tn_l(ff)7

where L7, = Lg, () and ¥r: tfj = Ga, (1) (tgl(i)dl(j)), where

T x <l
di: x> .
z+1 x>1

Notice that by this definition we have r' = 7]} o 0 where ¢ is the morphism corresponding to the permutation
(nyn—1,...,i+1,4).

Definition 7.5. The morphism r}* described above is called the I:th remove one morphism r}*: T, = T5,—1.
Remark. Notice that unlike the add one morphisms the remove one morphisms are canonical for every dimension.

The remove one morphisms also has an intuitive interpretations. For 1 < [ < n the remove one morphisms
should be intuitively thought of as sending each n-pointed d-RTPS to itself but with the [:th point removed if
the resulting tree is still stable. If the resulting tree is not stable there are two cases to consider. If the tree
has one other marked point on the branch of the {:th point then remove this branch and add the other point
to the intersection point of the removed branch and the parent branch. If the branch of the [:th point has a
daughter branch then the branch of the [:th point is removed and the associated hyperplane of daughter branch
is "attached" to the exceptional divisor which previously attached the now removed branch. Both of these cases

can be thought of as "collapsing" the branch of the l:th point, especially in the d = 1 case.
The "add one" and "remove one" morphisms are related to each other in the obvious way

Lemma 7.6. The composition

n+1

rpiioal: Ty — T,

is the identity isomorphism.

Proof. This follows immediately from the definition of the natural transformations of functors since d,41(x) =
ai(x) = x for every x € [n]. O

With this we are ready to define the remaining line bundles £g. For n > 1 we define

Or, ({1}) = (a{")" Oz, (Tna ({l n + 1}))

and
Or, ([n]) = (a5 11)"Or,1, (Tht1([n])).

The sections sy and s, are the pullbacks of the corresponding canonical sections via the morphisms above.

It is easy to see that these pullbacks must be identically 0 so sy = 0 and sp,) = 0. For n =1 we define

OT1 ({1}) = OTI

with section sg1y = 0.
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There is also one non-canonical choice we will eventually have to make in the construction of the operad of log

schemes. I include it here to get it over with. For the remainder of this thesis we choose two isomorphisms

e1: (a1)"Or, ({1,2}) = Or, ({1}),

and
ea: (a3)*Or, ({1,2}) = Or, ({1}).

Such isomorphisms exist since all line bundles are trivial on T7 = Spec k.
Now that all of the relevant line bundles with sections are defined we can give the following definition.

Definition 7.7. T, denotes the log scheme

T, = (Tn,{ssz Or, — OTH(S)}SQ["]) :

Because it is easier, and also needed in some of the proofs to come, I will describe the symmetry group action

on these log schemes before I finish defining the log scheme composition morphisms.

Proposition 7.8. For every S C [n] and every o € ¥,, there is a canonical morphism
0" 0r,(8) = Or, (074(5))

which sends 0*ssmapstos,-1(s)-

Proof. In the case n = 1 the action by X; is trivial. Thus there is nothing to prove in this case and we may

assume n > 2. For S C [n] with |S| > 2 this follows immediately from proposition 6.23 and proposition 7.1.

Next, it is easy to verify that the following diagram commutes for every i € [n].

Tn L) Tn

J/a‘o'_l(i) J/ai

o+
Tn+1 — Tn+1

where o4 € 3,41 is the permutation of n + 1 elements which fixes n + 1 and sends all other j € [n+ 1] to o(j).
Thus,
o Or,({1}) = 07a; Oz, ,({i;n +1}) = ag1(03. Oz, ({0 +13).

Since n 4+ 1 > 3 the first part of the proof shows us that there is a unique isomorphism of sheaves with sections
OTn+1 ({0'_1(7;)7 n+ 1}) — JiOTnJA ({Z, n+ 1})
This isomorphism pulls back to a canonical morphism of sheaves

O, (671(0)) = -1y O, ({071 (1), n + 1}) = a3-1()0 O,y (i n + 1}) = 0% O, ({i}).
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This proposition implies that the symmetry action of 3,, on T;, extends to a symmetry action on the log-scheme
T,.

Next, we need a few more results until we are ready to go on defining the composition maps for the log schemes
T,.

Lemma 7.9. For every S C [n+ 1] and |S| > 2 there is a canonical isomorphism of sheaves

OTn n+1lelS
Or,., (S\{n+1}) else

7

1

(an+1)*OTn+1 (S)

which sends

. 1 n+leSand S#[n+1]
an,15g  — :
5% else

Stmilarly, for 1 #n+ 1, there is a canonical isomorphism of sheaves

. Or, {i,n+1}Z S, and {i,n+1} NS # 0,
(@) Or, ,, ($) = "
Or,,.,(S\{n+1}) else
which sends
. nil 1 {i,n+1}¢Z S, and {i,n+1}NS#D
an 155 — )

5% else

Proof. 1 will do the proof for a,+1. The proof in the other case is analogous. First note that the image of a, 11
is contained in T, 41([n]). By proposition 6.15 this means that im (a,41) N Tpe1(S) = 0 for every S C [n + 1]
with n +1 € S. Therefore, a,4+1 factors via an open set on which Or, (S) is trivial with the identity section.

* n

Thus, there is an isomorphism (a,4+1)*Or, ., (S) — Or,, sending a},,,s%"" — 1 in this case.

n41
Next, by definition of a,41 it is easy to verify that the scheme theoretic inverse image of T;,11(S) is Ty, (.9) for

every S C [n] and so the result follows from proposition 7.1.

Finally, if S = [n] this result is the definition of O, ([n]). O

Lemma 7.10. For every n and S C [n] there is a canonical isomorphism of sheaves
(rn+1)"Or, (S) = OTn+1 (S)® OTn+1 (Su{n+1})

which sends

* n n+1 n+1
Thi1Sg > Sg' & 53U {n+1}

Proof. We will need to divide this into two cases, n = 1 and n > 1. First assume n = 1. In this case r5Op, ({1})
is clearly the trivial sheaf and since lemma 7.4 implies that Or, ({1}) ® Orp,({1,2}) is trivial too we are done.
Strictly speaking we do need to make a choice of morphism here so this is not really canonical but as long as
we make one choice for any isomorphism of this form and use that every time in the thesis an isomorphism of

this form comes up in the thesis we have nothing to worry about.
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For n > 2 we begin with the case S # [n] and |S| > 2. First I claim that the scheme theoretic pullback,
i1 (Ta(S)) = T,,(S) X1, Tht1, is the scheme theoretic union of closed subschemes T},11(S) UT 41 (SU{n+1}).

To show this we use the functors of points. Let

{¢s: Fs — Ls}sepn+1) € Tn(H)

and

Tny1: {0s: Fs = Lstsepnt1) = {01 Fr — Lrlrepm) € Tn(H).

We want to show that
i1 (T (S)(H)) = g1 (S)(H) U Ty (S U {n + 1})(H).

Suppose
{#s: Fs = Ls}sepn+1) € Tnt1(S)(H)

and let T C [n] such that [TNS| > 2, T € S. Then, for every i,j € T NS we have
vr(ti;) = or(ti,) =0
since [TN S| > 2and T'Z S implies ¢p(tF ;) = 0. Hence, {¢p: Fr — L} rcpn) € 7 (S)(H). Similarly, suppose
{#s: Fs = Ls}sepmnr1) € Tnt1(SU{n +1})(H)
and let T C [n] such that [TN S| > 2, T € S. Then, for every i,j € T NS we have
Yr(th;) = ¢r(ti;) =0

since T C [n], T € S implies that T Z S U {n + 1} and thus, ¢T(t;€,j) = 0. Again this means that {¢7: Fr —
LrYrepm) € Ta(S)(H). Thus

Tr1 (Tn(S)(H)) € T2 (S)(H) U T 1 (S U {n + 1})(H).

For the other inclusion suppose {¢r: Fr — L7} rcpn) € Ta(S)(H). Then, for any T C [n] with [T'N S| > 2 and
T ¢ S we have

7/1T(tli€,j) = wT(tﬁj) =0
for every 4,7 € SNT. Now, suppose there is some T C [n], T € S, with |SNT| > 2 and some i € SNT such

that ¢TU{n+1}(tﬁn+1) # 0. This means that the morphism

Lras)ufnt+1} = LTU{nt1}

is non-trivial, since the kernel of a non-trivial morphism of line bundles is trivial (for irreducible schemes), we

must have that
¢Vu{n+1}(tf’,j) =0

for any V.C SNT and any 4,5 € V. Next, notice that for any V' C S we have that ¢Tuv(tﬁj) = 0 for every
1,7 € (TUV)NS. Therefore, ¢TUVU{n+1}(trIZj) =0foralli,j € (TUV)NS. Since, druyugns1y is surjective
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there must be some I,m € T'U{n + 1} such that ¢TUVU{n+1}(tﬁm) # 0 and thus Lpyrng1y — Lruvuinsry has
trivial kernel and in particular ¢TUVU{n+1}(tﬁn +1) # 0. Repeating the argument from before we find that for

any V C S and any ,j € V we have that

¢Vu{n+1}(t§,j) =0.

From this it then follows that for any 7" C [n+1] with 7" € S and any 4, j € T'N.S we have ¢ (tfj) = 0. Thus

{#s: Fs = Ls}sepn+1) € Tnr1(S)(H).

Now, suppose no T' C [n], T Z S, with [SNT| > 2 and i € SN T such that ¢Tu{n+1}(tf,n+1) # 0 exist. Then, I
claim that
{d)s: Fs — ﬁS}SgP(n-i-l) S Tn+1(S U {TL + 1})(H)

By assumption the only thing we must verify is that if TN (S U {n + 1}) = {i,n + 1} for some ¢ € S then
¢1(t§ 1) = 0. To do this notice that, for any j € S\ {i} we have that ¢ry;;(tF, ) = 0 by assumption. By
the same argument as before the morphism L7 — L7y} has trivial kernel and thus or(th in 4+1) = 0. Thus

Trt1 (Tn(S) (H)) = 701 (S)(H) U T 1 (S U {n + 1})(H).

With this the result follows from proposition 7.1.
Next, for the case S = [n] I claim that the following diagram commutes.

n41
Apt2
Tn+1 — Tn+2

nt1 n42
J{rn+1 J{Tn+1
an
n+1
T, — Ty

This is easy to verify using the definitions. Since Or, ([n]) :== (a,,)*Or,

.41 ([n]) there are canonical isomorphisms

() O, ([n]) = (i) (al ) O, (In]) = (@) (1 3) O, ([n)).

Recall that rZif = rﬁig o ¢ where o is the morphism induced by the permutation (n + 1,n + 2). Thus,

o

by the first part of the lemma, and proposition 7.8, there is a canonical isomorphism (7 ZE) Or,,.([n]) —
Or,..([n]) ® Or, ., ([n + 1]). Lastly, by lemma 7.9, there is a canonical isomorphism

( Zi%) (OTn+2([ D ® OTn+2([n + ID) i Or, Tni1 ([n]) Y OTn,+1([n + 1])

This completes the proof in this case.

Finally, the case S = {l} follows by the same argument as in the S = [n] case but with a; instead of ap41. O
With this out of the way we can move on to finally prove the last results needed to define the composition maps
for the log schemes T,,.

In the next couple of proofs there will on several occasions be a lot of indexes to keep track of. To make things

a little bit more compact, and hopefully a bit clearer, I will use the following notation. Let n be a positive
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integer, m = (my,...,my) be a list of positive integers, and m =}, m;. Define
o ml =Y. m; for every r € [n].

o M :={ml +1,ml+2,...,m. +m,} for every r € [n].

e myy = (Mmy,...,Mp_1, My + 1L, myq1,...,my) for every r € [n].
e Imy = (m17"'7m7’—15m7‘7mr+1a"'7mn71)-
o T|v]:=T,, X - xT,, for every list of integers v = (vq,...,vx)

o A7 :=id xid"' x @' x id""": T,, x T[m] = T,, x T'[m,] for every r € [n] and i € [m,].

o AV: T, x Tlm] — T, 11 x T[m,] as the composition of the morphism a? x id": T}, x T[m] — Ty,4+1 X T[m]
and the isomorphism T,41 X T[m] = T,,11 x T[m] x Spec k for each i € [n]. Note that by definition
Tm,] = T[m] x Ty and T} = Spec k.

o "™ T, x Tlm] — T,, as the projection onto the first component.
o ™ T, X T[m] — T,,, as the projection onto the (r + 1)th component.
o gy =(i,i+1,...,m+1) € X4, for every i € [m + 1].

Lemma 7.11. There is a canonical isomorphism of line bundles
(y"™)*Or,, (M;) = 7507, ({r}) @ 77O, (Imy])
which sends (Y"™) s = T35} @ Tp * S[m, |-

Proof. First note that given the first part of the statement the mapping of sections is clear since (7™™)*sp,

ToS¢ry, and 7. x ), ) are all the zero sections of the respective sheaves.

Next, e will need to divide this into 3 cases. For n = r = 1 we have m, = m; = m and
AT X Ty — Ty
is just the projection morphism '™ = ;. Thus it is clear that there is a canonical isomorphism.
(v"™) * O, ([m]) = 71 Or,,, ([m]) = 71 Ox,,, (Im]) ® 70O, ({13).

The last isomorphism here is the canonical isomorphism between a sheaf and its tensor product with the structure
sheaf.

Next, let n > 1 and m,. > 1. I claim that the following is a commutative diagram.

,Yn+l,m*
Tn+1 X T[m*] Tm+1
AO
TT T7n+1
’y"vm m+1
T, x Tlm] ——— T, A
A,
l v +1 Tlm+1
Tn X T[m7"+] AT Tm-’rl



This follows from tedious computations using the definitions of the respective maps. Proving this rigorously is
a boring and not very rewarding exercise but you should be able to intuitively see why this is the case using the

intuition behind each of these maps. From this diagram we conclude that there is a canonical isomorphism
(A" (™) (i) O, (M) = (77™)* O, (M),
By lemma 7.10 there is a canonical isomorphism

Or,

m+1

(M) ® O, (MU {m+1}) = (r17)"Or,, (M)).
Now, by lemma 7.2 there is a unique isomorphism of sheaves with sections

(7T61+17m*)*OT7L+1 (7", n + 1) i) (’7n+17m*)*OTT MT, U {m + 1})

n+1<

Since

n+1,m., 0_ n n,m
el oA, =ay om,

this morphism pulls back to give a canonical isomorphism
(m6 ) (@) Or,y, (rn+ 1) = (mG V) O, (1) = (AD)* ("1™ O, (MU {m + 1),

Similarly, lemma 7.2, together with proposition 7.8 applied to the lower part of the diagram gives a canonical

isomorphism

(x™)" O, () = (A7, )" (7 ™) (00 1) O, (M),

By commutativity of the diagram

n+1,m., 0o_ -1 n,m r
v 0 Ay = Tt 4,41 °7 0O A1

and thus this isomorphism canonically induces an isomorphism

(™) O, (Ima]) = (A)* (" FH™) Or,,,,, (M),

m41
This gives a canonical isomorphism

(mg ™) O, (1) @ (17)* O, ([me]) = (AD) (7 T2™)* (O, 4 (M) © O, (MU {m +13))

n

Composed, with the isomorphism
0,4, (M]) ® Or,,,, (M U {m +1}) = (ri 1) Or,, (M)
this gives an isomorphism

(mg ™) O, (1) ® (17™)* O, ([me]) = (AD)T (7" T)* (r ) O, (M),

"oy T

Finally, since

nm __  m+1 n+1,m, 0
gl =Tm41°7 o A,
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this canonically induces an isomorphism

(x5 ™) O, (r) @ (™) O, ([my]) = (™) O, (M7).

Finally, let n > 1, m, = 1. For this case we will use the fact that the following diagram commutes.

A7 Tm+1

(o)
l WL1,+1

T, x T[m,] W Tt

Using the definition of the add one morphisms this follows directly from the fact that the composition morphisms

satisfy the compatibility axioms for an operad. By definition
Or,, (M) = O, ({m}) = (ay,)" O, ., ({my, m + 1}).
By proposition 7.8 there is a canonical isomorphism
O 4107, 41 (Ml m) +1) = Or,,. ., ({m),m+1}),

which pulls back to an isomorphism

(V") (am, ) O 4101, 41 ({mg my + 11 — (V™) (ag, )" O,y ({my, m +13).
Since there are canonical isomorphisms
(AD)" ("™ ) O, 41 ({mg my + 11) = (V™) (ag, ) 07 41 O 1 ({07, m 4+ 13)

and
(™) (am, ) O, ., ({my, m +1}) = (y*™)*Or,, ({m;.})

this induces a canonical isomorphism

(AD)* (™) O, 41 ({ml, ml + 1) =5 (™) O, ({ml}).

By the previous part there is a unique isomorphism of sheaves with sections
(Y ) O, (i, m+13) = (mg™ )" O, ({r}) ® (m™4)" O, ({1, 2}).
By taking the pullback of this and composing with the above we get a canonical isomorphism
(AD" ((mg ™) O, ({r}) @ (7™ )7 O, ({1,2})) = (™) O, ({m}.}),
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which of course induces an isomorphism
(AL (m5 ™) O, ({r}) ® (A} (™) Or, ({1,2}) = (v"™)*Or,,, ({m}.})
Finally, it is easy to see from definitions that
w0 Al = mp

and that

a0 AL = qy o 7™,
Thus, there is a canonically induced isomorphism
(m0™) Or, ({r}) = (A)" (m™ )" Or, ({r}).
Furthermore, e;: (al)*Or,({1,2}) — O, ({1}) pulls back to a canonical isomorphism
(m™)* Oy ({1}) = (A7) (m™ )" Or, ({1, 2}).
Composed with the above this finally gives us a canonical isomorphism

(m6™) O, ({r}) @ (™) Or, ({1) = (7"™)"Or, ({m}}).
This completes the proof. O

Now, let us also show that show that the introduction of these sheaves with sections does not cause any new

problems in defining our desired morphisms of log schemes.

Lemma 7.12. For eachl € M/ there is a canonical isomorphism

(y*™) Or, ({1}) = 7 Or,,,, ({g;"™(D})

if m, > 1 and a canonical isomorphism
(y"™)"Or,, ({1}) = 7, Or, ({r}) @ .01, ({1})
ifm, =1.

Proof. We split this into two cases. First consider m, > 1. I claim that the following diagram commutes

n,m

Ty xTlm] —X—— T,

-
J/al

r
Agrm Tt
J/Um;'+m'7‘+1
,Yn,er
T x T[m, ] ———— Ty

Through tedious computation this follows directly from the definitions of the morphisms.
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From the definition of O, ({I}) it follows that there is a canonical isomorphisms
(Y O, (1)) 2 (™) (@) T2 Oy (et 1y 1) 2 (Am))* (7™ O, (Lt 0, +13)
Lemma 7.2 implies that there is a unique isomorphism of sheaves with sections

(™) Oy (G 0),my + 1) = (07) O, (L] 1y + 1),

As in the proof of the previous lemma, taking the pullback of this isomorphism via A,n.m ;y induces a canonical

isomorphism of sheaves

(m™) O, ({g™(D}) = (™) Or,, ({1})-
The m, = 1 case is just lemma 7.11 in the special case m, = 1. O
Lemma 7.13. There is a canonical isomorphism
(y""™)*Or,,(Im]) = 7O, ([n])
if n > 1 and a canonical isomorphism
(") O, ([m]) = 76 O0r, ({1}) ® 7O, ([ma])
ifn=1.
Proof. The proof is analogous to the proof of lemma 7.12. O

The isomorphisms of line bundles with sections from lemmas 7.2, 7.11, 7.12, and 7.13 define extensions of the

composition maps y™™ of the geometric Kontsevich operad to maps of log schemes

AT T X Ty X oo X Ty — T

Proposition/Definition 7.14. The log schemes T,, with n € N form an operad without unit with composition
maps Y™, and action by X, as described above. I call this the "log-geometric Kontsevich operad without unit’,
denoted Ty.

Proof. We already know that the underlying maps of schemes satisfy the operad axioms so we must only verify
that the isomorphisms of line bundles with sections satisfy the various commutativity relations. This follows
from the fact that we have made canonical choices for these isomorphisms. I will prove this in one set of cases
and leave the rest as a (very) tedious exercise. Let n, m = (mq,...,my), (I1,...,0) be positive integers where
m =), m;. Define

o =3l
o I1=(l,...,lLn).

lij = lj+z k<im;*

o lz = (li71, ey l%mz)
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° l; = Z1§jgmi lij
o V=(l4,...,1).
o Tlv]:=Ty, x---xT,, for every list of integers v = (vy,...,vx).

Then, for the associativity axiom we want to verify that

T x Tlm] x T[] —2—— T, X (Ty, X T[L]) X -+ X (Tpn, x T[L])

lidX'y""l’ll X oo xyMnoln

A i T, x T[]
lvny
m,1
T X T[] T,

where p is the corresponding permutation of factors in the product. Let S C [I] be such that

SCLL={1+> by b+ > I}

k<r k<r

and |S| > 2 for some 1 < r < m. By definition 4™! gives the unique isomorphism of sheaves
(Y™ 07, (8) = 7* O, (¢™(S))

which sends

(Y"N*sg T Sgm1(s)

where 7 is the projection map
T X T[] = Ty,

Thus, v™! o (7™ x id) gives the isomorphism of sheaves
(™o ("™ x id))" O (8) = 7O (¢™1(9))
which sends
(fym’l o (™™ x id))* S5 F T 8gm1(s)

where 7 is now the projection map
T, x T[m] x T[l] = T;,.

By similar computations

,Y’n,ll ° (id X ,_le,ll X oo X ,.Ym’n,yl’n,) op

also gives the isomorphism of sheaves which sends
(v"’ll o (id x 4™l x - syl o p) Or,(S) = (v™' o ("™ x id))” Or,(8) = 7*Ox; (¢"™(S))

which sends

('ym’l o (y™™ x id))* 55 F> T Sgma(s)-
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Since the section m*sgm1(g) is non-trivial these must be the same morphism.

For the remaining S C [I] the proofs are similar. In every case we end up with two isomorphisms that are equal
either because they send a nontrivial section to the same nontrivial section or because they are the pullbacks
(via some add one morphism) of two morphisms of sheaves of sections both of which send the same nontrivial
section to the same nontrivial section. The same proof strategy can be used to verify that the equivariance

axiom holds. O

Remark. A comment regarding why we need to make this an operad without unit is in order. For every d we
have T; = (Spec k,0: O — O) while the unit object in the category of log schemes is Spec k with no line
bundles. Since there is no automorphism of O which identifies the 0 section with the unit section this means

that we cannot define any morphism Spec k — T and so it is simply not possible to define a unit morphism.

7.2 Kato-Nakayama Analytifications

In this section I will show that the Kato-Nakayama analytification of the smooth log varieties T4, with base
field C is diffeomorphic to (S')" x Kad,n. To do this I will first compute the Kato-Nakayama analytifiction of
the smooth log varieties

X[n] = (X[n], (ss: Ox[n] = Ox[n)(5))sep(n))

for any smooth complex variety X, where sg: Oxp,) — Ox|n(S) is the line bundle with section corresponding
to the effective Cartier divisor X[n](S).

Proposition 7.15. There is an isomorphism of manifolds with corners over (X2™)"
(X[n))*N — FM,, (X°).
Proof. 1 will use induction to show that

X[n]*N = BI% CBIRg) BlR ) Blagy - Blxg, (X"

A2r—=(n+1) - (1) TTA@G) -1) 1) (

for each 2" — (n+1) > i > 1. Where we in each intermediate blow up we define A(S) as the dominant transform
of A(S) from the previous step and A(j) .= A(B,(j)), where in (X*")" we let A(S) = A(S), the S-diagonal.
For the induction base note that this is almost clear by definition since, by definition
KN an R R C C an\n
(X[?’l]) —)FMn(X ) :BIA(Q"—(YL+1) BIA(I) BlA(Z"—(n—i—l) BlA(l) (X ) s
but where we define A(S) as the total and not dominant transform of A(S) from the previous blow up in each
of the real oriented blow ups. However, since it is easy to verify that the conditions of corollary 3.15 are satisfied
for each X[n](S) = A(S) so the total and dominant transforms are the same and thus the base case follows.
For the induction step first note that in X[n,i*" = Blg(i) Blg(i_l) . Bl%(l) (Xa)™ the s%bvarieties A(j) are
effective Cartier divisors for each 1 < j < 4. Using the functor of points for each diagonal A(S) in this variety
(see theorem 6.10) it is easy to verify that these divisors, in any order, still satisfy the conditions in corollary
3.15 for Z = A(j), 1 < j <. Hence, the strict and total transform of A(j) in BIA (1)) Blﬂi(kz)...Bli(m X[n,i]*"

are the same for any distinct j, k1, ..., k. < 4. Thus, by lemma 3.12 there is an isomorphism from
R R C C C an\n
B15(2n_(n+1) "'BIA(l) BlA(i) BlA(i—l) "'BIA(l) (xX*)
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to the reordering of blow ups

BI} ...BI%,,.,, BlX

R R C C C an\n
A(2n—(n+1) A(i+1) (i—1) BIA(1) BlA(i) BlA(i) BlA(i—U "'BIA(U (X

where A(S ) are still defined as strict transforms in each blow up. By theorem 3.16 this is isomorphic to

...BI%

R
... B} S

R R R R C n\n
B]‘A(2”7(n+1) "'BIA(iJrl) BlA(iq) A(1) BlA(i) BlA(iq) (X

Finally, by lemma 6.11 strict, dominant, and total transforms of the diagonals A(l) e A(z —1) are equal for the
blow up map X|[n,i] — X|[n,i—1] and thus the same is true for the blow up Blﬂi(i) X[n,i] = X|[n,i]. Furthermore,
R .

Ay X [n,i—
12" — X[n,i—1]*" for any 1 < k < i—1. Thus, by applying lemma 3.12 one more time there is an isomorphism

using lemma 3.15 again the strict and total transforms of A(z) are equal for the blow up Blﬂi( k) ---Bl

from
R R R R R C C an\n
BIS sy Bl Blay - Bli B, BiS .y, - BlS (X™)
to
R R R R R C C an\n
Blz o (ns1) - - Blagsn Blag Blag1y ---Blag) Blag_1) - Blag) (xamn.
By induction this means that X[n]¥N is isomorphic to
R R an\n
BIS (o)) - Bl (X"
By proposition 4.3 this is FM,,(X?") and thus we are done. O

Remark. In the interest of accuracy, I should mention that proposition 4.3 only shows that the Fulton-MacPherson
configuration space FM,, (M) is a sequence of blow ups in this way in the specific case M = R%. As mentioned
previously, Li shows this in much more general situations in the algebraic case in [Li09] but even though this
seems to be well known among experts I am unaware of any articles which show that the Fulton-MacPherson
configuration spaces can be written as a sequence of blow ups in this way for an arbitrary smooth manifold M.
Considering my lack of references for this statement it is of course understandable if you do not consider this
proof to be adequate. If so note that the only cases which are actually of importance for the main results of

this thesis are when we have X = A<,

Before we can apply this result to find the Kato-Nakayama analytifications of the log schemes Ty ,, we will first

need to do some work.

Definition 7.16. Let the "remove one" morphism R, y1: X[n + 1] — X[n] be defined as the map induced by

the natural transformation of functors which sends
((h3 H — X"t {¢g: hsIs — £S}S€P(n+1)) € x[n+1](H)

to
((hpn: H = X™), {bs: hsZs = Ls}sepm)) € x[n](H).

Lemma 7.17. There is a unique isomorphism of line bundles
Ry 10x1n)(S) = Ox(n41)(S) @ Oxpny)(SU{n+1})
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sending R}, 55 = 85 ® Ssuint1} where ss: Oxpn — Ox)(S) is the sheaf with section corresponding to the
divisor X[n](S).

Proof. The results follows from the exact same arguments as used in the proof of lemma 7.10. O

Lemma 7.18. Let i denote the embedding i: Ty,, — A%n]. For every n > 2 there is a canonical isomorphism
i*Opapy (An))(S)) = O, (S) for every S C [n], |S| > 2, sending sections i,ss — sg.

Proof. This is clear using proposition 7.1 whenever S # [n]. For S = [n] we will use induction on n. For n = 2
such an isomorphism exists since proposition 6.15 and lemma 7.4 identify both of these line bundles as the
Opa-1(—1) line bundle. Of course there is a choice of isomorphism to be made here which cannot really be said

to be canonical. However, with this choice made the rest of the isomorphisms will have canonical choices.

For the induction case we use that the following diagram commutes.

X[n+1] 22 X[n)

[ |

Thus, there is a canonical isomorphism

T:L+1i;kLOAd [n] ([n]) = Z.Z-s-l RZ-H Opa [n] ([n])

By induction there is an isomorphism iy, Ogap,([n]) = Or, , ([n]) so by lemma 7.10 the left hand side is canoni-
cally isomorphic to Or, ., ([n])®Or, .., ([n+1]). Furthermore, by lemma 7.17 the right hand side is canonically
isomorphic to iy (Opapyi17([n 4 1]) ® Opapyy1)([n])) which is isomorphic to i, 1 Opapi) ([n+1]) @O, ., ([n])
by this lemma applied to [n] C [n + 1]. Hence, the isomorphism iy, Oygap, ([2]) = Or, , ([n]) induces an isomor-

phism
01,1 (0 +1]) ® Or, 1 ([0]) = 5,41 Onapy ([0 + 1)) © Oy 4, (1))

By tensoring both sides with the dual of Or, ., ([n]) we get our desired isomorphism. O

By this lemma the closed embedding ¢, : Tg,., — Al [n] induces a strict morphism of log schemes i,,: Vg4, —
Ad[n] where A[n] is the log scheme (A%n], (ss: Opapy — O(D(5)))sep(n)) and Vg is the log scheme
(Td,m (SS: OTd,n — OTd,n (S))SEP(n))'

Proposition 7.19. There is a diffeomorphism, Vgg — Kaa,n such that the following diagram commutes

VN —— AT

| |

Kogn — FM, (X?")

Proof. Since the closed embedding Ty, = A?[n] induces a strict morphism of log varieties Vg, — A%[n] the

following must be a cartesian diagram
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VEN — Ad RN

| l

Ti —— X[

Since T37, = X[n]*" identifies Ty, with the fiber over the origin of the map X[n] — X™ and since the diagram

o

A[n] n(X7)

KN FM
\( | /

Xan n

commutes this implies that VEN — A9[n]*N = FM,(A¢) identifies VKN with the fiber over the origin for

~

the map FM,(A%) — (AZ)". Since Ac = R? this is isomorphic to the fiber over the origin for the map
FM,,(R??) — (R24)™. This is Kaq, by definition. Commutativity of the diagram follows from construction. [

With this result we are almost ready to find the analytification of T4, but we need one more lemma first.

Lemma 7.20. For every 1 < i < n there is a canonical isomorphism of line bundles

Or,.({iH = &  0r. ()"

SeP(n),ieS

Proof. We prove this by induction. In the case n = 1 this is obvious but this case will not work as a base for
the induction. For n = 2 such isomorphisms clearly exist by lemma 7.4. As mentioned several times earlier we

have made a choice that is not really canonical for an isomorphism
OTd,2 <{1}) ® OTd,2 ({17 2}) — OTd,2'

However, since there are canonical isomorphisms (1,2)*Or,,({1}) = Or,,({2}) and (1,2)*Or,,({1,2}) =
Or,,({1,2}) the pullback of this morphism of line bundles via the (1,2) permutation gives a morphism

Or,,({2}) ® Or,,({1,2}) = Or,,

so at least there is only one choice to be made here.

Suppose now that there is an isomorphism

Or.{iH= Q& 05,9

SCln],i€S,|5|>2
By lemma 7.10 the pullback of this isomorphism via the remove one morphism ry,41: Ty nt1 — T4, gives an
isomorphism

Oy (N @Oy, ({lin+1) = Q) 01y (8)Y ®Ory, 1 (SU{n +1})Y.
SeP(n),leS
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Taking the tensor product of both sides with Oz, ., ({i,n +1})" gives an isomorphism

OTd,7L+1({l}) i OTd,n+1 ({l7 n+ 1}) ® ® OTd,n+1 (S)v ® OTd,7L+1 (S U {TL + 1})\/'
SeP(n),leS

The right hand side here is isomorphic to &) g P(nt1),1€8 Or,.,.(S)Y via permutations of the terms. Finally,
taking the pullback of this isomorphism via the permutation (I,n 4 1) gives the desired isomorphism in the case
i=n+1 O

Theorem 7.21. The Kato-Nakayama analytification of Ty, is diffeomorphic to Kagn X (ST)™.

Proof. By definition

Tin =BL,, B, -.-BL T
where the blow-ups are (in any order) taken over all sections of line bundles ss: Or,, — Or,, (S). Since the
blowing up can be done in any order (by lemma 3.12) we can blow up in the line bundles corresponding to sets
of one element, {I}, last. By lemma 7.20 O, ({I}) is a tensor product of the duals of the other line bundles.
Hence, by proposition 3.24 blowing up in the zero section of each of the bundles Or,  ({l}) is equivalent to

taking the product with S' (with blow up map equal to the projection). Thus

R R R KN ~ R R
Bl Bl .-.Bl Ti, =(SY)"xBL, ., ...Bl T,
By proposition 7.19 Bl]}f{n)n_l} e Bllf[n] 137, = Kaan and thus

Tan = (89" x Kaan.

7.3 Equivalence with Koy x S!

In this section I will show that the analytification of the T4 operad without unit over C is isomorphic to the
S!-framed Kontsevich Operad in dimension 2d, S* x Ko4, without unit. However, this isomorphism is not given
by the diffeomorphisms Tff}\i = (S1)™ x K24, seen in the previous section. Thus, the first step will be to describe

the correct diffeomorphisms.

Definition 7.22. Let K, denote the log scheme with base scheme 7} ,, and sheaves with sections
(0: O, ,, = Li)icn) ® (851 Ot = Ory,,(S)) 56 P ()5

where £; := Or, ..

Remark. The reason I call these line bundles £; even though they are all trivial is to be able to differentiate

them when defining morphisms to Kg .

A more intuitive way to see this is that Kg 5, is T4, but with each of the sheaves O({l}) replaced by the trivial
line bundle with the 0 section. Note that by the same argument as in theorem 7.21 the analytification of Ky,

is also canonically isomorphic to (S')" x Kag .
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Lemma 7.23. Let ky,: Tq,, — Kg . be the map of log schemes given by the identity on the underlying map of
schemes and the isomorphisms

Or,..(8) % Or, . (S)

and

Li = QR 0r, . (S).

i€S

The Kato-Nakayama analytification of ky, is a homeomorphism.

Proof. First note that the line bundle &),.q Or, ,(S) is canonically isomorphic to the trivial line bundle by
lemma 7.20 and so k,, is a well defined morphism of log schemes. It is easy to check that the analytification is
a bijection so I skip the details. Since, Tfﬁf = Kfﬁ\f >~ (SY)™ x Kaa,, is compact this means that the function is

a homoemorphism and so we are done. O

Remark. This function is in fact a diffeomorphism too. One way to prove this is to guess what the analytification
of this map is, prove that the guess is correct using the methods found in the proofs of this section, and finally
explicitly define a map of topological spaces that is an inverse to this map. This proof would however be

significantly longer and therefore I will leave it out.

The rest of this section will be dedicated to proving that the analytification of the maps k, (composed with
the isomorphism Kfj}?\{ — (SY)™ x Ka4.n) induces an isomorphism of topological operads without unit. In what
follows I will abuse notation somewhat by identifying the analytifications of the log varieties with the spaces
I have proven them to be homeomorphic with. For example I will say that the analytification of the diagram
Tan Fony Ka.n is the diagram (S')" x Kag.n, ﬁ) (SY)™ x Ka4,n- This is of course not strictly speaking true since

in actuality the arrow in this diagram is the composition

o

~ kKN
(SN X Kagn — Timn —— Kiin — (S")" x Kaan
but I will ignore this. The following lemma is the foundation for all remaining proofs.

Lemma 7.24. There is an essentially strict map of log schemes i: Conf, (X) — X[n], where Conf, (X) is the
log scheme with underlying scheme Conf, (X) and no line bundles with sections. The analytification of this map
is the dense inclusion Conf, (X?") < FM,, (X?").

Proof. The image of the inclusion ¢: Conf, (X) < X|[n] does not intersect any of the divisors X[n](S) and so
there are isomorphisms of line bundles i*Ox|y =N Ocont, (x) Which sends i*sg — 1. This isomorphisms give
the desired map i: Conf,, (X) — X[n]. From definition it is clear that the following diagram commutes

Conf, (X) —— X[n]

\ |

Xm.

Where X™ is the scheme X" with no line bundles and Conf,(X) — X™ is the canonical inclusion. The

analytification of this diagram is
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KN
Conf,, (X21) <y FM,,(X*")

~ L

(Xan)n'

Where Conf, (X?") < (X?*)™ is the canonical inclusion. Since p restricts to a diffeomorphism on Conf,, (X?") C
(X2 %N must be the inclusion Conf, (X?1) < FM,, (X2). O
Now we are ready to start proving that the maps kXN give an isomorphism of operads without unit. We begin
with showing commutativity of the symmetry maps. First note that similar to how we defined the symmetry
action on T}, using its functor of points and then extended it to a symmetry action on T4, we can define a
symmetry action on X|[n| for any smooth variety X and then extend it to X[n]. Since we have seen this type
of construction many times in this thesis already I omit the details. Similarly we can also define an action on

Kgn in the same way.
Proposition 7.25. Let 0 € ¥,,. The analytifications of the corresponding symmetry maps ox: X[n] — X[n]

and ov: Van — Van are the corresponding symmetry maps FM,, (X?") — FM,,(X?") and Kagn — Kadn-

Proof. Let o¢: Conf,(X) — Conf,(X) be the permutation of components X™ — X" corresponding to &

restricted to Conf,(X). It is easy to verify directly from definitions that the following diagrams commutes.

Conf, (X) X([n] Vin
J{O.C J/UX lav
Conf, (X) X([n] Van

It is clear that the analytification of o¢ is the corresponding permutation of components c&N: Conf,, (X?) —

Conf, (X?"). Thus the Kato-Nakayama analytification of this diagram is

Conf, (X?") ——— FM,(X?") «+—— Kaan

an KN KN
J{Uc J{Ux Lf"v

Conf, (X?") ———— FM,(X?") «+—— Kaan
By lemma 4.5 this diagram can only commute if c§~ and oE¥N are the corresponding permutation maps. O
Remark. Strictly speaking lemma 4.5 only treats the case X = A?. The case of a general smooth variety X is

a simple generalization of this but since X = A? is the only case we need I will not elaborate.

Corollary 7.26. For every o € %, the following diagram commutes

TKN o TKN
d,n d,n

i i

(SHY™ x Kagn —22= (SH)™ x Kaan

where or is the symmetry action on Tq, and oo is the symmetry action of the Kq x S' operad.
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Proof. First I claim that oo is the analytification of ok, the symmetry morphism Ky, — Kg . To see this let
P, be the log scheme with underlying space Spec C and with line bundles (0: Ogpec ¢ — ./\/li)ie[n] where, by
necessity, each M; is trivial. Let op be the morphism P — P defined by M; = M-1(;). Then, the following

is a commutative diagram of log schemes.

P Kan Vin
Jap l”’“ J{Uv
P Kan Vin

It is easy to see that the analytification of op is the permutation of factors oz: (S!')" — (S')" and hence the

analytification of this diagram is

(SH" «—— (SH" X Kogp ———— Koan

KN KN
J,UF J{ak J/O'V

(Sl>n < (Sl)n X ’ngm _— ICQd’n

By the corollary U§N is the permutation homeomorphism on Ksgg4 , and therefore this diagram also commutes

if we replace the middle homeomorphism with 0. By the universal property of the product this means that

oB¥N = 5. Thus the desired commutative square is the analytification of the (clearly commutative) square
Td,n L Td,n
b
Kd,n L) Kd,n
This completes the proof. O

Remark. By the exact same argument the analytification of o is also oo which is interesting but not the result

we needed.

With this corollary we have shown that the homeomorphisms kXN commute with the symmetry action. Now
all that remains to show is that the maps kXN also commute with the composition maps. This will be a bit
trickier but not too difficult. As usual we first need to define some new maps. In what follows recall that, if A,,
denotes the small diagonal in X" and Z,, denotes its ideal sheaf, for some smooth variety X, then Bla,,6 X™

represents the functor
Fo.: H—{(f: H—> X" q: "L, —» L}

where £ is a line bundle on H, up to isomorphism of the quotient q: f*Z,, — L. Also recall that P! represents

the functor
Pn: H = {q: O9™ — L},

where L is a line bundle, up to isomorphism of the invertible quotient.

Definition 7.27. Let Ils: X[n] — Bla, X" be the map defined by the natural transformation of functors
x[n] = F|s| which maps

((h: H— X"),{¢s: hsZs — Ls}sep) € x[X,i+ 1](H)
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to
(hs: H — X|S|,¢SI thS — ﬁs)

(15]-1)d—

Furthermore, define ng: Ty, — P I as the map induced by the natural transformation of functors

Td,n — Pn

|S|-1)d

Tan(H) 3 {bs: F&* = Lsscinjsiz2 = (65 OF =~ Fih 5 Lg).

Lemma 7.28. There are unique isomorphisms of sheaves

~ o

HTSOBIAW xis1(A) = &) Oxp (),
sCs/

sending sz ®SQS/ sg/, where A is the exceptional divisor in Blag XIS Similarly, there are canonical
isomorphisms

75Opasi-na-1(—1) = ® OTdyn(Sl).
SCs

Proof. The first part follows from proposition 7.1 using the same argument we have seen many times in this
thesis. For the second part note that if j: P(SI=Dd=1 Bla g X151 is the inclusion of the fiber over the origin
for the blow up map Bla g X151 then j*OBlA\s| (A) is isomorphic to Op(si—1a-1(—1). Now, it is easy to see
that the following diagram commutes

Tyn ——— X|[n]

|s |ms

pdsl-d-1 I, Bla,,, X!

Thus, we have canonical isomorphisms

WEOP(|S\—1)d—1(_1) ~ ﬂ-;j*OBlAm X8| (A) ~ i*H*OBlAm X|S\(A) >~ g ® OX[n](S’)
SCS

by lemma 7.18 this is isomorphic to @gc-g O, (5). O
Remark. If you do not know why i*(’)BlA‘s‘ (A) = Opgsi-1a-1(—1) and are unwilling to take my word for it
then note that it is not important that the resulting line bundle here is specifically O(—1).

By this lemma the morphisms IIg and 7g induce maps of log schemes
Is: X[n] — (Bla,,, X1, 0(A))

and
To: Van — (PUSI-DI=1 0 1))

via the isomorphisms of sheaves from the lemma. For the next lemma, recall that by theorem 3.16 the Kato-
Nakayama analytification of (Bla XI5, 0(A)) is Blﬂim (X218 and the analytification of (PUSI=14=1 O(—1))
i SIS1-1)2d—1_
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Lemma 7.29. The Kato-Nakayama analytification of mg: Vg, — (PUSIZDI=1 O(-1)) is the projection map
s Kogn — s(sI1-1)2d-1 defined in section 4.

Proof. First note that it is easy to verify that the following diagram commutes

Conf, (X) X[n] Vin
IIs s

C Blagg (N)FLO(A)) ¢ (PUSI7DI1,0(-1))

x|SI

where pg is the inclusion Conf,(X) — X composed with the projection onto coordinates corresponding to

elements in S X" — XI5, For X = Afé, the analytification of this diagram is

Conf, (R%) ——— FM,(R%) ¢————— Kan
g~ N

ps Bl]i‘s‘ (Rd)|5| S(|S|71)d71

P|s| 0

GO

By lemma 4.4 the commutativity of this diagram implies that 7TI5<N is mg from section 4 (and furthermore that
IEN = fo). O

With this we are ready to prove that the maps

kXN commute with the composition maps. To avoid making the

proof too long I have divided it into 3 lemmas. Before stating them I will introduce some notation. In what

follows let n be a positive integer, m = (mq,...,m,) be a list of positive integers, and m = ). m;. Define

A(n) = (Sl)n X ICQd,n
Alm] = A(mq) x A(mg) X -+ x A(my,)

§mm: A(n) x Alm] — A(m) to be the composition map in the K24 x S! operad
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o V(n):=Vqyn,

o Vim] = V(my) x - x V(m,)

o P, = (P41 (0: O = O(-1)))

e C:=(Spec C,(0: O — 0))

o hg: K(n) = Pg| to be the composition K(n) = V(n) == P|g| for S C [n], |S| > 2

o h;: K(n) = C to be the map given by (the only possible) f: Ty, — Spec C and f*O =z,
e Hg: K(n) x Klm] = Pjnm(g) for S C [m], [p™™(S)| > 2 as the composition

(Lpn,m(s)

K(n) x K[m] = K(n) Plprm(s)|-
o Hg: K(n) x Klm] — Pgnm gy x Cfor S C [m], p"™(S) = {r}, [S| > 2 as the composition
K(n) x Km] = K(n) x K (m,) ——=—"5 Cx Ppynm(g))-
o H;: K(n) x Kim] — C x C for i € [m], p™™(i) = r, as the composition
Ay XA ™ (i)

K(n) x Klm] — K(n) x K (m,) ——"Oh ¢ C.

Lemma 7.30. For every i € [m] here is a morphism g: C x C — C such that the following diagram commutes

T(n) x Tm] —— T(m)
lkn X K J/k)m
K(n) x K[m] K(m)
yi lm
CxC g C

Furthermore, the analytification of the bottom half of this diagram commutes with d™™, i.e. the following
diagram commutes

n,m

A(n) x Alm] ——— A(m)

| In

Stxgl 9" g

Proof. First note that C x C & (Spec C,(0: O — £1,0: O — L3)). By applying lemma 7.20 is easy to verify

that the diagram commutes when g is the identity on the underlying map of schemes and the isomorphism of
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line bundles is O = L1 ® Lo. From the definition of the analytification of a map of log schemes the induced
map g¥N: S x S' — S! is the product morphism for the topological group S'. The analytification of A; is the
product of the projection from A(n) x A[m] to the rth S' component of A(n) and the ¢™™(i)th S' component
of A(m,) and the analytification of a; is the projection to the ith S* component of A(m). By definition or the
composition maps 6™™ the diagram

§nom

A(n) x Alm] —— A(m)

I b

1 1 g N 1
S'xS§t ——— S

commutes if (and only if) g®N is the multiplication map which, as stated previously, it is. O

Lemma 7.31. For every S C [m] with p™™(S) > 2 there is a morphism bs: Pyn.msy — Plg| such that the

following diagram commutes

[ Jis

b
Ppnm(s)] ————— Pig|

Furthermore, the analytification of the bottom half of this diagram commutes with §™™, i.e. the following

diagram commutes

§nom

Aln) x Ajm] — """ A(m)
le lhg
SUp™™(S)|-1d-1 US| «(s|-1)d-1

Proof. To make the notation a little bit simpler let R = p™™(S). We start by defining the map bg for the

[S|—1)d

underlying schemes PUEI=Dd=1 _ p(ISI=1)d=1 " Gince ]—';I’d is naturally isomorphic to (9;3( for any scheme

H, we have that PURI=D4=1 pepresents the functor
H — {¢: ]:g’d — L}

and PUSI=D4-1 represents the functor
H— {®: FI' - ).

The desired morphism of schemes is the one induced by the natural transformation
(¢: Fg’d — L)+ (poa™™: ]:g’d — L)

where o™ is as in section 6.3. This is the restriction to fibers over the origin of a map Bg: Bla ARl -
Bla g, AlBl which is defined in the obvious way. Since this type of construction has appeared many times
I will now omit the details. The inverse image of the exceptional divisor in Bla g, Alfl via this map is the

exceptional divisor in Bla AlEl so by applying proposition 7.1 and restricting to PUSI=D4=1 we find that

80



~

there is a canonical isomorphism b5O(—1) = O(—1). This gives a morphism of log schemes bs: Pz — Pg. It
is a trivial exercise to verify that the resulting diagram of morphisms of log schemes commutes. Finally, it is

also easy to use this construction to make a commutative diagram

bs

PR Pis

[ [+

(Bla,, (ADE (51 0 = O(Ajg)) ——— (Blay, (ADIS (s: 0 = O(Ag)))

Je Jes

(A% = (a%)!s!

where the analytification of dg is the map dg in lemma4.6. Thus, by lemma 4.6 the diagram

§nom

A(n) x Alm] ——"" 5 A(m)
le lhs
SUp™™(S)|~Dd-1 ___b5" | g(IS|-1)d-1
commutes. 0

The last result we need follows from a result that is interesting on its own. Therefore I will state it as a

proposition.

Proposition 7.32. Let X = (P"~1,(0: O — £1,0: O — L5) where L1 = Opn—1 and Lo = Opn-1(—1), and let
Y =P 1 (0: O — M) where M = Opn-1(—1). Finally, let f: X — Y be the map given by the identity on
underlying schemes and M = L1®Ly. The analytification of f, f¥N: St x §2»~1 — §27~1 s the S! action
on S~ induced by the diagonal inclusion SO(2) — SO(2n).

Proof. First, let g: A' x A" — A" be the map (z, (z1,...,7,)) — (221,...,22,). By the universal property of
the blow up this induces a map §: A' x Bl, A™ — Bl, A", where p denotes the origin in A”. Now, let p be
the exceptional divisor in Bl, A", let s: Opj, an — M be the corresponding line bundle with section and let
t: Op1 — L be the line bundle with section corresponding to the origin in A'. By abuse of notation denote the
pullbacks of these two sheaves with sections to the product Al x Bl, A™ in the same way. It is clear that g~ (p)
is the scheme theoretic union A' x pU o x Bl, A", where o denotes the origin in A'. Hence by proposition 7.1

there is a unique isomorphism of line bundles
M= LoM
sending §*s — s ® t. This extends g to a morphism of log schemes
(A* x Bl, A", (s: O — L,t: O — M)) — (Bl, A", t: O — M).
It is easy to verify that the following diagram of log schemes commutes.
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X / Y
| | ,

(A' x Bl, A" (s: O = L,t: O = M)) —2—— (B, A", t: O = M)

lidxp P

Al x AP g A"

[

Where ¢, j are the strict morphisms induced by the inclusions of fibers over the origin for the underlying schemes,
and A' x A™ and A" are the corresponding schemes with no line bundles. The analytification of this diagram

is the following,

Sl §2n—1 f §2n—1

J/iKN leN

BI® R? x BIF 2 — &, BIF R2n
J{iprKN J{pKN
R2 x R2n 9" R2n

where § = XN and f’ = fEN. Since (a + bi)(c + di) = (ac — bd) + (ad + bc) the analytification g2 is given by

((Cl, b)a (331, Yiy--+5Tn, Z/n)) = (Ra,b(x1’y1)7 s ,R(Lb(l'n,yn))

where R, p: R? — R2 is the linear transformation

a —b
Ry = [ ] |

b a
Now, it is easy to construct a function §’ such that the diagram commutes with f’ equal to the group action
morphism. Since p is a homeomorphism on a dense subset there is only one §’ that can make the diagram
commute and since i¥N, j¥N the function f’ is uniquely determined by §’. Hence the group action function is
fKN

the only possible function which can make the diagram commute and so must be this function. O

Lemma 7.33. For every S C [m] with p™™(S) = {r} and |S| > 2 there is a morphism bs: Cx P nm g — Pg|

such that the following diagram commutes

T(n) x Tlm] —X— T(m)

lkn X km J/km

K(n) x K[m] K(m)

| Jn

b
C X Pigpm(gy ———— Py

Furthermore, the analytification of the bottom half of this diagram commutes with §™™, i.e. the following

diagram commutes
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A(n) x Alm] o A(m)

|ns

St x SUar™(S)-Dd-1 __ U8 g(IS|-1)d—1

Proof. Cx P nm gy is isomorphic to the log scheme (P(SI=D4=1 (0: O — £1,0: O — L3)) where £1 = O and
Ly = O(—1), and Pg) is the log variety (PUSI=Dd=1(0: O — M)) where M = O(—1). Now, it is easy to verify
that the first diagram is commutative when bg is the map of log schemes given by the identity on the underlying
schemes and the isomorphism of line bundles M = £; ® Lo. By propositon 7.32 the analytification of this map
IS—1))2d—1 _, g(IS—1[)2d—1_

is the group action function S' x S( By definition of the composition functions §™™

it is clear that the second diagram commutes for this map. O

Lemma 7.34. The following diagram commutes for every n, m.

n,m\KN
TRYEN x T(ma KN x v Ty JKY 00 (KN

KN KN KN KN
J/kn Xk"‘l X"'anln J/km

A(n) x A(my) x -+ x A(my,) i A(m)

Proof. From lemmas 7.30, 7.31, and 7.33 it is evident that
ag o k,IfLN o (fy"’m)KN =agod™™o kffN X krIle
for every S C [m]. Since the maps ag are the inclusion
A(m) = (SH™ x [ stI=v+t
SeP(m)
composed with the projection maps to each of the components the result immediately follows from the universal

property of the product. O

Theorem 7.35. The analytification of the log-geometric Kontsevich operad without unit, Ty, is isomorphic to
the S'-framed Kontsevich Operad in dimension 2d, Koq X S*, without unit.

Proof. Since the maps kXN are homeomorphisms by lemma 7.23 they give the desired isomorphism of operads

without unit by corollary 7.26 and lemma 7.34. O

Remark. While we cannot extend this to an isomorphism of operads with units there is a somewhat stronger
version of this result. Namely, even though there is no unit in our operad of log schemes the "one object compo-
sition morphisms" o;: Tg X Tgm — Tgntm—1 can still be defined in the obvious way and their analytifications

are identified with the "one object composition morphisms" of g x S! by the isomorphisms k,,.

As a final remark to end this thesis I will suggest two solutions to the problem of defining a unit morphism for
this operad. These "solutions" should be seen as suggestions for further research rather than theories I have

actually fully developed.

1. The perhaps most obvious way to get around this problem is by redefining T4, as Spec k without any

line bundles. We can still isomorphisms of line bundles in the same way as we did in section 7.1 by just
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removing ®Or, ({1}) from any of the tensor products in which this appears. This operad of log schemes
has a unit and the analytification of this operad is the reduced S'-framed Kontsevich Operad in dimension
2d.

. Another thing we could do is to change categories to the category of log schemes over (Spec k,0: O — O).
In this category Tg4,; is the unit object so the unit morphism would certainly be well defined. For this
to work we would have to define morphisms T4, — (Spec k,0: O — O) making T4, log schemes over
(Spec k,0: O — O). There is only one candidate for the map of underlying schemes so this is equivalent

to expressing Or, , as a tensor product of the other sheaves with sections. The most natural candidate

0x ® of
SC[n]

for this is

There are some details to work out here since the Cartesian product in this category is not the same as
that in the category of log schemes over Spec k. However, I think (with emphasis on think) that one will

still be able to define the composition maps in this category.
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A Pullbacks of Effective Cartier Divisors

This appendix is dedicated to giving a proof of proposition 7.1.

Lemma A.1. Let s: Oy — L be a section of a line bundle on a scheme Y and let f: X =Y be a morphism
of schemes. Furthermore, let S — Y denote the closed subscheme cut out by s and let S* — X denote the

subscheme cut out by the pullback of s, f*s. Then there is an isomorphism of X -schemes,
S Xy X = 5%,

Proof. First notice that if we can find an open cover of | J; U; = X such that for each U; there is an isomorphism of
U;-schemes g;: S xy X NU; — S*NU; then these maps glue to an isomorphism of X-schemes, g: S xy X — 5*.
This follows from the fact that since g;,g; are X-morphisms the outer cycle of the following diagram must
commute. Since S* N U;; —+ X is a monomorphism this implies that the inner cycle is commutative too, i.e.

i, g; satisfy the cocycle condition.

s .

S xy XNUy; id id X

This statement reduces the proof to the case where X,Y are affine and L is the trivial line bundle since we
can choose an affine open cover of Y which trivializes £, |J; V; = Y, and an affine open cover of X, U” Uij,
Ui; = Spec B;; such that U;; C 7Y (vy).

In the case X = Spec B, Y = Spec A and s € I'(Y,Oy) = A we have that S = Spec A/(s) < Spec A =Y.
Furthermore, if f: X — Y is induced by ¢: A — B we have that f*s € I'(X, Ox) = B is the section, ¢(s) and
thus S* = Spec B/(¢(s)) < Spec B = X. Hence, the desired result is, in the affine, trivial £, case, equivalent
to claiming that there is a B-algebra isomorphism o: A/(s) ®4 B — B/(¢(s)). This is a standard result from

commutative algebra and thus we are done. O

Lemma A.2. Let s: Ox — L andt: Ox — M be non zero sections of line bundles on an irreducible scheme X

such that s,t both cut out the same closed subscheme of X. Then there is a unique isomorphism of Ox-modules
o: LM

sending s +— t.

Proof. Let | J, U; be a cover of trivializing open affines, U; = Spec A;, for both £ and M and let p;: Oy, — L|v,
and o;: Oy, — M|y, be the corresponding trivializing isomorphisms. Furthermore, define a;,b; € A; to be
the elements such that p;(a;) = s|y, and o;(b;) = t|y,. Finally, let [; ; and m; ; denote the U; N U; connecting
homomorphisms for £ and M respectively. Now, since a;, b; are non-zero divisors which cut out isomorphic

closed subschemes of Spec A; there is a unique automorphism, p;: A — A (seen as an A-module) sending a; +— b;
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given by a — r;a. This implies that there is a unique isomorphism ¢;: L]y, — M|y, of Opy,-modules sending
slu, = tlu,; namely,

¢i = iopiopu; .

Lastly notice that
¢jolij(si) = dj(sj) =t; =miy;(t:) = m;(gi(si)).

Since a; is not a zero divisor and p;(a;) = s; this implies that ¢; o l; ; = m; ; o ¢;. Since the isomorphisms
¢; commute with the structure morphisms for the respective line bundles they glue to give an isomorphism
of sheaves ¢: L — M sending s — t. This isomorphism is unique since the restriction of ¢ to each U; was

unique. O

Remark. We could have allowed X to be reducible and instead required that s, do not restrict to 0 on any
irreducible component of X but this would have made the proof slightly more tedious so I decided against

including this.
Finally, we are now ready for the proof of proposition 7.1. I will restate it for clarity.

Proposition. Let D — Y be an effective Cartier divisor and let s: Oy — Oy (D) be the corresponding line
bundle with section. Furthermore, let X be an irreducible scheme and let f: X =Y be a morphism of schemes

such that there is an isomorphism of X-schemes
Dxy X=DjU---UD),

where D} are all (distinct) effective Cartier divisors with corresponding sections s,: Ox — Ox(D}). Then there

s a unique isomorphism of Ox-modules,
n
¢: f*Oy(D) + Q) Ox (D)
i=1
such that ¢(s*) = Q), si-

Proof. By lemmas A.1 and A.2 we must only check that the zero locus of ), s/ is the scheme theoretic union
Dy U---U D). Using a gluing argument similar to that in the proof of lemma A.1 we can reduce to the case
when X is affine, X = Spec A, and the sheaves Ox (D)) are trivial with sections s, € A respectively. Here we
abuse notation somewhat by considering s’ to be elements of A rather than global sections of a quasi coherent
sheaf. In this case the ideal for the closed subscheme corresponding to the scheme theoretic union of closed

subschemes | J, Spec A/(s]) is the intersection of ideals (), (s;). Furthermore, the section

19 @8, eA®--- A=A

/

is just the element syss...s, and therefore The closed subscheme cut out by ®Z s; corresponds to the ideal

%) are disjoint prime ideals which implies

(s182...8y). Finally, since D} is irreducible for every i the ideals (s}

that
() = ([T 50)-

i %

Thus, the two closed subschemes we have defined are the same and the proof is complete. O
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Remark. Notice that we could have made this statement more general by only requiring D to be cut out by a
single equation in some line bundle £ and similarly only requiring each D to be cut out by a single equation
in £ such that none of them share any irreducible components. However, since we do not need this in full

generality I decided to only include this weaker result.
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