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1. INTRODUCTION

The purpose of this thesis is not only to explore the construction of the p—adic
numbers and to give a basic understanding of what these numbers are, but also
to explain the Hasse-Minkowski theorem. Due to this, even though we will
give a full construction of the p—adic numbers, the main goal is to state, prove
and understand the so-called ”local to global principle”, which is also known as
the Hasse-Minkowski theorem, which basically says that for certain equations
(quadratic forms) to have rational solutions, it is necessary and sufficient that
the equations have solutions in the completions of the rational numbers (id est
in the reals and the p—adic numbers).

To be able to understand the proof of the Hasse-Minkowski theorem, we will
not only need the understanding of the p—adic numbers but also understand
exactly what these ”certain equations” are to know when the theorem is appli-
cable. To this end, we will also go through the basic definitions and theorems
regarding these equations; quadratic forms.

The p—adic numbers were first introduced by a German mathematician
named Kurt Hensel, who tried to bring concepts from mathematic series into
number theory. Number theory is an ancient part of mathematics focused on
numbers, and in particular integers, and the relations and properties between
them. This in itself can be interesting enough; however, we can also view num-
bers as solutions to equations, and in this sense we can say that number theory
aims to solve equations. This can be done in many different ways, one such way
is studying the equation arithmetically modular some prime, but a more sophis-
ticated way can be to search for solutions using the p—adic numbers. Indeed,
as we mentioned earlier the Hasse-Minkowski theorem revolves around this. It
is clear that if there is a rational solution to a certain equation it will yield so-
lutions in the reals and the p—adic numbers (since the rational numbers embed
into both the reals and the p—adic numbers). The Hasse-Minkowski theorem
handles the converse; when is it possible for an equation with coefficients in the
reals and the p—adic numbers to have a rational solution?

This way, you can use techniques that require complete fields (as both the
reals and the p—adic numbers are complete fields) to search for a solution, for
example Newton’s method or Hensel’s lemma (which is basically the p—adic
analogue to Newton’s method and can be applied to find roots of polynomials).

So, this might give you a clue to why the p—adic numbers are interesting, but
the next natural question then is; what are they? This question will hopefully
be answered in depth in the first part of this paper when we introduce the p-adic
numbers and describe a construction of them. For now you will have to settle
for this short informal explanation.
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The p—adic numbers are the result of defining a different metric (id est a
different distance function) on the rational numbers, in the same (or at least
similar) way as the "normal” metric, the Euclidean absolute value, can be used
to define the real numbers. Although the real numbers may at first seem more
intuitive, and indeed they are, since we are taught these at an early age, the
p—adic numbers are a great addition to a mathematicians toolbox. Further,
even if they at first were introduced for a number theoretical purpose they also
have applications in analysis, algebra and more (though this is nothing that will
be discussed here in any more detail).

The major part of reference material consists of A Course in Arithmetic
by Serre [Ser73] and p—adic numbers, p—adic analysis and Zeta-functions by
Koblitz [Kob77].

2. THE P-ADIC NUMBERS

2.1. Prerequisites. Here we will go through some prerequisites needed for the
construction of the p—adic numbers.

Definition 2.1.1. Let X be a (non-empty) set, a function d from X to Rxq is
called a distance (or a metric), if the following criteria is met:

(1) d(x,y) = 0 if and only if x =y,
(i) d(,y) =dy,z)  forallz,y € X,
(731) d(x,y) < d(z,z) + d(z,y) forall x,y,z € X.

Moreover, we call the pair (X,d), the set together with the metric, a metric
space.

Definition 2.1.2. Let (X, d) be a metric space. We say that a sequence {x1, xa, ...
with x; € X for alli, is a Cauchy sequence (alternatively "sequence is Cauchy”)
if there exist, for each given ¢ > 0, a N € Zsq such that d(xmy,x,) < € for all
m,n > N.

With this definition in mind we have this following definition regarding equiv-
alence of two metrics.

Definition 2.1.3. Two metrics d and d’ are called equivalent if a sequence
is Cauchy with regards to d then it is Cauchy with regards to d' and vice versa.

In this paper we will mostly have X equal to Q, the rational numbers, or
Qp, the p-adic numbers (we will shortly define exactly what these are). Both
of these are examples of fields, id est a set F' together with two operations,
call them addition and multiplication, such that F' (respectively F — {0}) is a
commutative group under addition (respectively multiplication) and the law of
distributivity holds.
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Definition 2.1.4. Metrics d that come from the norm of a field F' are maps,
denoted as || ||, from F to R>q such that the following criteria hold:

(@) ||z]|= 0 if and only if x =0,

(@) [l -yl = [l=[]-llyll,
(#2) ||z + gl < [l][+[yll

Note that when we say that a metric d comes from, alternatively induced by,
a norm || || we simply mean that the metric is defined as d(z,y) = ||z — y||.
If two norms induce equivalent metrics we say that the norms are equivalent.
One example of an induced metric is the metric d(x,y) = |z — y|, where | | is
the standard absolute value norm in Q. The metric d(z,y) is then the "usual”
distance between two numbers.

Definition 2.1.5. Let p be a prime number and let ord, a be the greatest k
such that a = 0 (mod p*), a € Z — {0}. (Recall that a = b (mod p) means that
p|(a — b)), i.e. k is the highest power for p such that p* divides a. Note that
ord, (a1 - az) =ord, aj +ord, as.

For a = 0 we defined ord, a = oo, we also define for v € Q (that is x = §)
ord, = ord, a —ord, b. It is worth noting here that this definition does
not depend on a or b, but only x, we could multiply a and b by some number c
(so x = ) and still have ord, = = ord, ac —ord, bc = ord, a+ord, c—
(ord, b+ ord, ¢) =ord, a—ord, b.

For example;

ord; 98 = ord;(49 -2) = ord;(7*-2) =2 ord; 99 = 0.

Definition 2.1.6. We define the map | |, from Q to R>q as:

2] 0, if v =0;
x|,= .
p ﬁ, 'Lf x ?é O
Proposition 2.1.7. The map | |, defined in Deﬁnition is a norm on Q.

Proof. We need to show that the criteria (¢) — (i4¢) for norms (Definition [2.1.4)
hold for | |,.

For (i) : if z = 0 we have, per definition, that |z|,= 0. On the other hand, if
|z|,= 0 we have, since porﬁ £ 0, that = 0.

For (i) : assume z,y # 0 (since if = 0 or y = 0 the criterion clearly holds)
then
1 1 1 1
|ZU ’ y‘p: pordp Ty = pordp z+ord, y = pordpz ’ pordpy = |x|p‘y|p
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For (ii7) : again assume that x,y and = + y are all non-zero (if they are, (4i7)
holds trivially) and write = ¢ and y = § in their lowest terms. Then we have
x4y = 2L and ord, (z +y) = ord, (ad + cb) — ord, bd.

Furthermore, we have ord, (xr +y) > min{ord, ad,ord, cb} — ord, bd,
since the greatest power of p that divides a sum of two numbers will be no
less than the minimum of the greatest power of p dividing each of the numbers
respectively. Now we can rewrite the right hand side of this, using properties

from Definition 2.1.5 and of min{a, b} to get:
min{ord, ad,ord, cb} —ord, bd =
min{ord, a +ord, d,ord, ¢+ ord, b} —ord, b—ord, d=
min{ord, a —ord, b,ord, ¢—ord, d} = min{ord, %,ordp 2} =
min{ord, z,ord, y}.

From this we can conclude that the third criterion holds because this shows
that:

B 1 _ 1 I
|$ + ylp_ W = max{pordp (z)° pordp (y)} - max{|m|p, |ylp}7

which clearly is < |z|,+|y|, and we are done. O

One thing that is worth noting is that in this proof we actually proved a
stronger inequality than what is needed for the map in Definition [2.1.6] to be
called a norm (|z + y|,< max{|z|,,|y|,} instead of the "normal” ||z + y||<
[lz|]+/ly]]). This leads us to an important distinction when it comes to norms,
which in turn leads to the next definition.

Definition 2.1.8. We say that a norm, respectively a metric, is non-Archimedean
if the stronger inequality always holds, id est ||z + y||< max{||x||, ||y||}, respec-
tively d(x,y) < max{d(z, z),d(z,y)}. Furthermore, we call norms (or metrics)
that are not non-Archimedean simply Archimedean.

We can see that if a metric is induced by a non-Archimedean norm the metric
will also be non-Archimedean, since if this is the case we have d(z, y) = ||z—y|| =
Iz = 2) + (z = y)|| < max{[|(z = 2)||, [|(z = y)II} = max{d(z,2),d(z,y)}.

The difference between a non-Archimedean and an Archimedean norm (or
at least a big difference), id est property (i) of Definition leads to
the conclusion that non-Archimedean norms have a somewhat weird property.
For an Archimedean norm property (éi¢) is the "normal” triangle-inequality,
which means that, in let say R? with the standard Euclidean metric d(z,y) =
V(21 —y1)2 + (22 — y2)2, the sum of two sides of a triangle is greater than the
third.

While if we do this in a non-Archimedean norm on some field F. Suppose, for
simplicity “s sake, z = 0, then the triangle-inequality (property (i) of Definition
for non-Archimedean norms state: ||z — y|| < max{||z||, ||y||}. Now, let
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us assume that the sides x and y in this ”triangle” have non-identical ”length”,
id est suppose ||z|| # ||y|| and lets suppose ||z|| < ||y||. Then we have

llz = yll < [lyl]-

However, ||y||= ||z — (x — y)|| and so

lyll=llz = (z = )|l <max{[[z]], ]z —yl[} = |l= - yl],

where the last equality holds since ||y|| £ ||=|].

Then we have ||z —y|| < [[y[| < [|lz —yl| so |ly]| = ||z — yl|, but this means
that if the two ”sides” x and y are not of the same length then the bigger of
the two will be equal to the third side. In other words, in a non-Archimedean
norm, every triangle is isosceles. We will therefore call the triangle-inequality
for non-Archimedean norms the ”isosceles triangle-inequality”.

As we saw in the proof of the proposition above, we have that | |, is a
non-Archimedean norm on Q.

Theorem 2.1.9. (Ostrowski’s theorem) Every non-trivial norm || || on Q
is either equivalent to | |, for some prime p or to | |-

Before we prove this, we make some notational observations; when we talk
about the trivial norm, we mean the norm such that [|0]] = 0 and ||z|| = 1
for all x # 0, and by the notation | |, we simply mean the normal absolute
value norm. Note that this is strictly a notation and you should not infer any
connection between | | and | |,.

Now we move on to the proof of the theorem.

Proof. We separate the proof into two cases.

Case (1); Assume there exists some n € Ny such that ||n|| > 1, and let ng
denote the smallest such n. Then ||ng|| = n§ for some o € R (since ||ng]| > 1
we can find such an «). Then we can write any n € Nyg to the base ng, that
is, we can write

n=agp+ aing + agng +...+ akng with 0 < a; < ng and a # 0.
Now, by property (iii) of Definition we have that
17| < flaol[+/arnol|+lazng||+... + [larng]]
= |laoll+aslng + [laz|[ng™ + ... + [lax|Ing™.

We can, since all a; < ng and the way we picked ng makes it so ||a;|| < 1,
rewrite this further as:

[[n]] <1+ng+nd® + ... +nke

— nga(ngko‘ + na(k_l)a +..+ny+1)
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and since nlg < n we have that

—(r=l)a —a « = 1 %
nke (nke 4 ng (k=D 4 ng®+1)<n (Z(nf}) ) .
=0

We can easily see, by for example the root test, that the sum in the parenthesis
converges, since ng = ||ng|| > 1 = 1/nJ < 1. So we can view this sum as
some finite constant, that we call C|, then we have

[In]] < Cn® Vn € Nsg.

Now if we fix an n and take some (large) m and replace n with n™ and take
the m*-root we get ||n|| < ¥/Cn®, then, if we let m — oo, we get (for fixed n)
Inl] < ne-

To get the inequality the other direction, id est ||n|| > n®, we first write
n to the base ng again and note that nf™ > n > nk. Now write |[ni™!|| as
|[nE* +-n—n|| which, by property (iii) of Deﬁnition is < ||n||+||nETt —n||
and so, since |[n**1|| = ||n||**! by property (ii) (of the same definition) and
[|n]] < n* by above, we have

k k
lInl] = [Ing**||=[Ing** — n|
> gt — (nf =),
Further, since n > nk, we can write this as

0T — (nft = nf)”

1
— p{he (1 —(1- )a>

no

[Inl| = =

Again, we can view the parenthesis as a constant, call it C’, that depends on
no and a (but importantly not on n). Also recall that nf ™' > n, so what we

have is
[In]| = C'n®
and now we can do as before, replacing n with n™ where m is large and n is
fixed and take the m!*-root. Then similarly to before, letting m — oo, we get
[|n|] > n® and we can conclude that ||n|| = n®.
Now, by property (ii) of Definition we have that ||z|| = |2|® for all
x € Q, since

Inll _ n®

n «
||{17|| - HmH - HmH - me - |£L" N
We can see that this norm is equivalent to the (standard) absolute value norm
| |oo- This is because, if the sequence x; is Cauchy with respect to | |o then for
any given € > 0 we can find N € N such that |z, — 2,,|*< € for all n,m > N,
indeed, just choose N large enough so that |, — @ |e< €7 (which we know is
possible since the sequence is Cauchy with respect to this norm). Hence | |* is
equivalent to | | in this case.
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Case (2): Now, instead, assume that ||n|| < 1 for all n € N5(. Since we
assume || || to be non-trivial we know there exists some n such that ||n|| < 1,
let ng denote the smallest such n. Then ng must be a prime, otherwise we
would have ng = ni - ny with ny,ns < ng but by our choice of ng we must have
[|ni]] = [Inz2]| =1 and so ||ng|| = ||ninz|| = 1 contradicting ||ng|| < 1. Now if ¢
is another prime (id est ¢ # ng), we claim that ||g|| = 1. To prove this claim,
assume to the contrary that ||g||< 1, then there exists some (possible very large)
N such that ||¢"]| = ||¢g|[V< 4. Similarly, since |[ng|| < 1, we can find some
large N’ such that HnéVlH < % Now, since ¢V and névl are relatively prime, we
can find a,b € Ny such that ag’V + bn(])\[/ = 1. We then have, by property (i)
and (iii) of Definition 2.1.4]

11| = llag™ + bng" || < [lag™[[+[bng” || = llalllg" ||+-][b]]-]n5" |-
However, we have ||a|| <1 and |[b|| < 1, which gives us
/ i’ 1 1
1< Ylall-lg™ [+l I75" ] < lla™ [I+Ing" || < st5=1

which is a contradiction, whence we conclude that ||q|| = 1.
Since this is true for any ¢ # ng and since any positive integer n can be
factorized into primes as n = p{*p5? - - - pi* we have that the only ||p;|| that is

not equal to 1 in [[n|| = ||p1[|**||p2]|*- - -|[px||** will be p; = ng (if such a p,
exists, otherwise we simply have ||n|| = 1). Further, the a; corresponding to
this p; will be equal ord, n. Hence, we have, if we denote p = ||ng|| <1

lnll = oo,

and similarly as in Case (1) we can see, by property (ii) of Definition that
this holds for all rational z # 0 (not only for n). Also similarly as before, we
can see that this kind of norm is equivalent to | |,, which finishes the proof. O

2.2. Construction. From here to the end of this section, we will take p to be
a prime not equal to co.

We seek to describe the formal construction of the p-adic numbers, denoted
as Qp, as equivalence classes of Cauchy sequences. However, after the proof
of Theorem [2.:233] it is advisable to forgo this convoluted way of thinking and
instead think about these numbers more concretely (and we will discuss how to
do this later in this section) as infinite sums.

Let S be the set of Cauchy sequences {z;} of rational numbers. These se-
quences have the property (since they are Cauchy) that for any € > 0 there
exists a (strictly) positive integer N such that |x; — xy|,< € for any i,7" > N.
Furthermore, we say that two of these (Cauchy) sequences, {z;} and {y;}, are
equivalent if |z; — y;|p,— 0 as ¢ — oo. If {z;} and {y;} are equivalent we denote
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this as {z;} ~ {y;}. We then define the p-adic numbers, denoted as Q,, as the
set of equivalence classes on S.

We denote, for x € Q, the ”constant” Cauchy sequence, id est the sequence
{z;} = {x,z,z,z,...}, simply as {x}. Note that {z} ~ {2’} & x = 2/. Further,
we denote the zero sequence {0,0,0,...} = {0} as 0.

We define the norm of an equivalence class, |z|,, as lim;_, o |z;|,, where {z;}
is a representative of the equivalence class . We know that this limit will exist
because if = 0 then, per definition, |z|,= 0 and so lim;_,|z;|,= 0. On the
other hand, if x # 0 then we can find an € such that for all N there exists an
ixy > N such that |z;,|,> €.

If we then take N sufficiently large such that |z; — 2}|,< € whenever i,7’ > N
we get that

|z; — ziy|p<e Vi>N.
Now, by the isosceles triangle-inequality and since |z;,|,> €, we have that
|zi|p=|ziy|p which implies that, for all ¢ > N, |z;|, is constant and equal to
|Ziy |p- Moreover, this will be the value for lim;_, .| ;]p-

Definition 2.2.1. The multiplication of two equivalence classes (of Cauchy
sequences) x and y, written as x -y, we define by taking two representatives
{z:} € x and {y;} € y and let the sequence {z;y;} represent the equivalence
class x - y.

Note that this definition of multiplication is independent of which representa-
tives of x and y we choose. To see this, consider another representative {x}} € x
and {y.} € y then we would have

|2y; — wiyilp= |25 (Y — vi) + yi@i — i)y
< max{|2(y; — yi)lp, [yi(zi — 27)|p}-
Now let i — oo, then the first argument in the max function will be equal
to |z}l lim|y; — y;|p= 0 since {y;} ~ {y}}, similarly for the second argument
in the max function we got |y;|,- lim|z] — z;|,= 0 since {x;} ~ {z}}. Hence
|}yl — x;y:]p= 0 as ¢ — oo and so, per definition, {z}y}} ~ {z;y;}.

Definition 2.2.2. The sum of two equivalence classes of Cauchy sequences x
and y we define in a similar manner, by taking a representative of each class
{z;} € x and {y;} € y and define x +y as term-wise addition, id est {z; + y; }.

It can be shown, again similarly to above, that the choice of representative
does not matter.

We also define the additive inverse —z of = in the obvious way. Meaning, take
a representative {z;} € x and define —z to be the equivalence class represented
by {—1-x;} where —1 is the constant sequence {—1,—1,—1,...}.

However, for multiplicative inverses we can not take the ”obvious” sequence
{mi}, since there is a possibility that some terms in the Cauchy sequence {z;}
are equal to zero. So we have to be a bit careful here, but we can see that
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a zero term in a Cauchy sequence can be replaced with a non-zero term (say
x; = 0, then replace this term with z = p?). Then, as long as {x;} % 0 (id est
|zi|,7 0 as i — 00), the sequence {%} will be Cauchy and this sequence will
be the multiplicative inverse of {x;}.

We can now show that the set of equivalence classes of Cauchy sequences,
Qyp, together with the operations addition and multiplication as defined above,
is a field. Example gratia; distributivity is easily shown as: take representatives
{z:}, {vy:} and {z;} of the elements z,y,z € Q, (id est representatives of the
equivalence classes of Cauchy sequences). Then the equivalence class z(y + z)
can be represented by the sequence {z;(y; + 2;)} = {x;y; + x;2;}, which also
represents the equivalence class xy + yz (so these equivalence classes of Cauchy
sequences are the same) and so distributivity holds.

Theorem 2.2.3. Let x € Q, be an equivalence class of Cauchy sequences such
that |z|,< 1. Then x has precisely one representative Cauchy sequence {x;} that
satisfies the following:
(i) 0<w;<p'  VieNs,
(’LZ) T = XTig1 (I’IlOd pl) Vi € Nsg.

Before we go into the proof of this theorem we state a lemma, which will
prove helpful in the proof of the theorem.

Lemma 2.2.4. Suppose x € Q with |x|,< 1 then we can find an integer o € Z
such that |a — x|, < p~* holds for any i.
Furthermore, this a can be picked from the set {0,1,2,..,p" — 1}.

Proof. Since x € Q we can write x = 7, let this be its simplest form, and
since |z|,< 1 we know, by definition, that p does not divide b. Thus p’ and
b are relatively prime, which means that we can find integers n,m such that
np' +mb = 1. Now let o« = am then

a

a
la =z, = lam — g|p = |g|p|mb— 1p

and now, since ||, = |z|,< 1 and mb — 1 = np’, we have

|n‘p

7 )

a .
|g|p|mb_ 1|p < ‘nlﬂp =

which is < p? since [n|, <1 for all integers.
Lastly, note that we can (if needed) add any multiple of p’ to a to make
a €{0,1,2,..,p'—1} hold, and this will not change the fact that |a—z[,< p’. O

Now to the proof of Theorem [2.2.3}

Proof. We will first show the uniqueness (that there is precisely one representa-
tive and no more). Let 2} be another sequence that fulfills both criteria (i) and
(ii). Then, if z;, # ;, we have that x;, # x;, (mod pp), since by (i) we have
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0<z, < pg and 0 < ac;[) < pé. However, this means that for all ¢ > ig, that

x; # 2} (mod pj) since x; = x4, # }, = 2} (mod pf). Which in turn means
lz; — 2}, >p~" Vi>ig

and so {z;} ¢ {z}} (which is what we wanted to show).

Now we show the existence. Suppose {y;} is a Cauchy sequence; then what
we want to do is to find a sequence {z;}, for which (i) and (i) hold, which is
equivalent to {y;}.

Let, for k € N5, nx be a natural number such that |y; — yi|p < p~* for all
1,1 > mny. We can, without loss of generality, assume that the n’s are increasing
(strictly) with k& and, in particular, that n, > k. This means that |y;|,< 1 for
1 > ny since

lyilp= |yi — yir +virlp < max{|yirlp, |yi — virlp} < max{|yi|p, p~*}

for all " > ny and |y |— |z|,< 1 as 7’ tends to infinity. Then, by Lemma
we can find a sequence of integers ay such that

|ak - ynk|17 < p_k

and also, by the lemma, this sequence of integers will satisfy (¢) in the theorem.
We claim that {a4} is the sequence we are looking for, to prove this we have
left to show that az,; = ap (mod p*) and that {az} ~ {y;}.
We have (using the old trick that y,, ., — Yn,., =0)
|ak+1 - ak|p = |ak+1 ~ Ynpiq + Ynpyr = Yny — (ak + ynk)|p

< maX{|ak+1 ~ Ynpgr |p7 |y7lk-+1 — Yny |p’ |ak + Yny, ‘P}

< 1 1 1
_maX{W,F,F}
1

pr’

whence we can conclude that the first of the two assertions we wanted to prove
is correct. For the second one, {ax} ~ {y;}, we use the exact same technique
to see that, given any k, for i > nj we have

1
|04i - yi\pf 1'?

Thus we have |a; — y;|— 0 as i — oo and we are done.
O

Now, with this theorem under our belts, we can ”forget” that p-adic numbers
are equivalence classes of Cauchy sequences and instead think of them as sums
that stretch infinitely to the right.

However, before we explain this in more detail we have to ask; what about a
p-adic number z for which |x[,< 1 does not hold? In this case, we can multiply
x with a power of p, say p”, where this power equals |z|,. Then we can find
a p-adic number 2’ = xp™ for which |2'|,< 1 does hold, thus, by the Theorem
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x’ is represented by a sequence {x}} (with properties as in the theorem)
and x = 2'p~™ is represented by {z;} (where z; = zp~™). It is then practical

to view the z/’s to the base p, that is as
T} =ag + aip + asp® + ... + a;_1p'?

where a; are integers in {1,2,..,p — 1} for j € {0,1,..,7 — 1}. Note that the
second condition in Theorem [2.2.9] means that

Ti=ao+ap+ap’ + ...+ ai1p’ !+ aip,

where a; for j € {0,1,..,i—1} are the same as in the expansion of . So we can,
intuitively, think of z’ as a number, written in base p, that stretches infinitely
to the right, where we add a new digit whenever we go from z; to z;1.

We can now view our original x as the decimal number, written to the base
p, where the decimals (id est the digits to the right of the decimal sign) are
finite and are represented by the negative powers of p (id est written to the left
in the sum), but still has infinitely many digits for positive powers. That is,
can be written as:

_ap a1 Qp—1 2
T = I?—Fp”—l + ...+ » + ap + AQpy1p + Apgop” + ...,

we call this the ”p-adic expansion” of .

Worth to note here, is that the uniqueness of the sequence in the theorem
only applies because | |, is non-Archimedean, since in the Archimedean case
we can represent terminating decimals with repeating 9’s, id est 1 = 0,9999...,
while if two p-adic expansions converge to the same number x € Q, they are
the same. That is, all the digits a; are the same.

3. HENSEL’'S LEMMA AND CHEVALLEY- WARNING THEOREM

Theorem 3.1. (Hensel’s Lemma)

Let f € Zy[x] be a polynomial of degree n with p—adic integer coefficients (id
est f(z) = ap+ a1 + .... + apz™) and let [’ be its derivative. Furthermore, let
b € Z, be a p—adic integer such that f(b) =0 (mod p) and f'(b) 0 (mod p).

Then there exists a unique ' € Z,, such that

f)=0 and b =b (mod p)

Proof. We claim that it is possible to find a sequence of integers b1, ba, b3... € Z
for which the following is true for all n > 1 :
(i) f(bn) =0 (mod p"*1)
(i) by =by—1 (mod p")
(iii) 0 < b, < p"*l.
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Hensel’s lemma follows immediately from this claim (as we will see when we
have proven the claim), so let us prove this claim.

We do this using induction on n: if n = 1 let by € {0,1,2,...,p — 1} be the
unique integer such that by = b (mod p) then by = by + a1p, for some integer
0<a; <p-—1(els (¢7) and (¢i¢) would not hold). Thus,

f(b1) = f(bo + a1p) = ag + a1 (bg + a1p) + ... + an(by + a1p)™

= Z a;(bo + cap)’
i=0

n
= Z a0y +ia b taap 4 ...
i=0
Note that we may ignore all terms that contain powers of p greater than or
equal to 2, since we are looking at f modulo p®. Now, this last sum we can
separate as

Z a1 by + Z a1 by tarp  (mod p?)
=0 =0

and this is equal to f(bg) + f’(bo)a1p.

By assumption (in the theorem itself) we have that f(b) = 0 (mod p) and so
f(bo) = Bp (mod p?) for some integer 0 < 3 < p— 1 which means that, for f(a;)
to be congruent to 0 modulo p?, we must have 8p + f’(bg)a;p be congruent to
0 modulo p?, which is the same as saying 8 + f/(bo)a; = 0 (mod p). However,
since, by the second assumption of the theorem, f’(b) £ 0 (mod p), we can
solve this for the unknown a; (since this means we can divide by f/(b)) and
by using Lemma we can pick oy € {0,1,..,p — 1} so that oy = f%
(mod p). Note that this also means that «; is uniquely determined.

Now we continue with the induction step, so assume that by, bo,...,b,_1 is
”found” and that we want to find b,. As in the case for n = 1 we have, by (i7)
and (#4i), that b, = b,_1 + a,p™ for an integer 0 < a,, < p — 1. Also similarly
to before, we look at the expansion of f(b,—1 + a,p™) (ignoring terms divisible
by p"*1), then we have

f(bn) = f(bn—l + anpn) = f(bn—l) + f/(bb—l)anpn (mOd pn+1)'

Again we work as we did in the base case and rewrite the equality we want to
prove, f(b,) =0 (mod p"*1), as

B+ (buet)anp™ =0 (mod p™*) <= B’ + f'(by_1)an =0 (mod p).
Note that we can do this, since by the induction hypothesis f(b,—1) = 0

(mod p"), which means that f(b,_1) = 8’p" (mod p"*1) for some 3’ € {0,1,2, ...

1}.

Now we again use the assumption that f/(b) Z 0 (mod p) together with the
fact that b,—1 = b (mod p) to see that f'(b,—1) = f'(b) Z 0 (mod p) and
thus we can find «,, in the same way as we did in the base case (by solving
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B+ f'(bn-1)an =0 (mod p) for «,). This concludes the induction step and so
also the proof of the claim.

Now, as we alluded to before, we easily prove the theorem (by using the
claim). Simply let b’ = by + b1p + bap? + ... then the p—adic number f(b') must
equal 0 since f(b') = f(b,) =0 (mod p™*!) for all n. On the other hand, if we
have a b’ of this form, then we have a sequence of b,, that fulfills the criteria in
the claim and since this sequence is unique it follows that b is unique.

This concludes the proof of Hensel’s lemma.

O

In the following theorem and lemma, let p be a prime number and ¢ be a
power of p. Also, let F' be a field with ¢ elements.

Theorem 3.2. (Chevalleys-Warning) Let {f;}¥_, C Flxy,...x,,] be polyno-
mials such that ), deg f; < n (in other words, the total degree of all f;’s should
be less than n).

Then, the number of common solutions (a1, ...,a,) € F™ is congruent to 0

modulo p (id est the number of common solutions are divisible by the charac-
teristic of the field F).

Note that the conclusion of the theorem could also be stated as ”the cardi-
nality of the vanishing set for the polynomials {f;}¥_, is congruent to 0 modulo
p'77

Lemma 3.3. Letl be an non-negative integer.

Then, the sum

Z o { -1 if 1> 1' and divisible by q—1,
0 otherwise.

zEF
Proof. First note that we use the convention that 00 = 1, so 2! =1 if [ = 0.

Now, if [ = 0, we have that all terms in the sum is equal to 1. Thus,
Y al =¢q-1=0since F is of characteristic p.

Secondly, if I > 1 and divisible by ¢ — 1. We have, by Fermat, 2! = 1 for z # 0
(and 0' = 0). So, in this case, we have that Y 2! = (¢—1)-1=¢-1—-1=—1.

Lastly, in the case where [ > 1 is not divisible by ¢ — 1. We have, by basic
group theory, that F™* is cyclic of order g—1 and by this we know that there exists
some y € F* for which y' # 1 and that > 2! = Y yla! <= (1 -y") Y 2! = 0.
This implies that the sum must equal 0.

This finishes the proof of the lemma. O

Proof. (Of Theorem [3.2)).

Let € F™ and define the product P = Hle(l — fiq*l(x)). Furthermore, let
U C F™ denote the set of common zeros of the f;’s.

Then we have, if € U, that P = 1 since, in this case, f;(z) = 0 for all
i. On the other hand, if x ¢ U, at least one f;(z) # 0 and so, since F is of
characteristic p, f;(z)?~! =1 thus P = 0 in this case.
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Note that this makes P a so-called characteristic function of U (since P:
F"—{0,1}).

Now, define S(g) = >, p~ g(x), this means that S(P) will equal the number
of x € F* such that f;(x) = 0 for all 4, or in other words:

Card(U) = S(P) (mod p).

If we can now show that S(P) = 0 we are done (since, as we note below the
statement of the theorem, this is equivalent to the conclusion of the theorem).
The assumption that Zle deg f; < m implies that the degree of P is less
than n(g — 1). This in turn means that P is a linear combination of monomials
2 =zt -zl with combined degree less than n(q — 1), id est Z;;l l; <
n(q — 1). However, by Lemma since at least one of the [; is < ¢ — 1 (since
23;1 l; < n(g—1)) we then know that S(P) = S(z') = 0 (since in this case we

have a [ > 1 not divisible by ¢ — 1) and we are done.
|

4. QUADRATIC FORMS

In this section, we will discuss quadratic forms. We will begin by stating
multiple definitions, and then we will state some theorems which we will use
later in the paper (in the proof of the Hasse-Minkowski Theorem).

Definition 4.1. Let V' be a module over a commutative ring R. We say that
Q@ :V — R is a quadratic form on V if the following criteria hold:

(1) Q(rz) =r?Q forallr € R andx €V
(2) The function (z,y) — Q(z +y) — (Q(z) + Q(y)) is a bilinear form (id
est a function that is linear in each argument separately).

Further, we call the pair (V,Q) a quadratic module.

Note that in this paper we only consider the case where the ring A is a field
(namely @ or @p, which we will denote as k) of characteristic other than 2.
This makes it so that we can define the scalar product associated with @ as the
symmetric bilinear form:

1
() s 2= (e 1) - @)+ Q) ).
It is worthy to note that z.x = Q(x) which determines a bijection between
quadratic forms and symmetric bilinear forms (this is only the case since we are
not considering characteristic 2).
We will later in this section show that each quadratic form @ is equivalent

to a quadratic form looking like a1 2% + a2z + ... + a, 2.
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For now, consider a basis {ei,..,e,,} for V and the matrix A = (a, ;) with
(a; ;) = e;.e; (this will be a symmetric), which is the matrix for @ with respect
to this basis. Then for an element x € V', we can write x = Z?:l T;e;, we have

Q@) =Y aijmix;,
i

which shows that @ is, in the variables x4, ..., z,, a "standard” quadratic form.

Definition 4.2. Two quadratic forms Q and Q' are called equivalent if their
modules (V, Q) respectively (V',Q’) are isomorphic.
We denote two equivalent forms as Q ~ Q’.

If Q and @’ are two equivalent quadratic forms then their corresponding
matrices A and A’ is related as Y.A.Y! = A’ for some invertible matrix Y.

Definition 4.3. Let (V, Q) be a quadratic module and x,y € V be two elements
from V. We say that x and y are orthogonal if z.y =0

Further, we say that two vector subspaces Vi, Vy C V' is orthogonal if for any
z e V) and y € Vo we have that x.y = 0.

Definition 4.4. Let (V,Q) be a quadratic module of rank n. Then we denote
by d(Q) the discriminant of the quadratic form Q. If we have an orthogonal
basis e = {e1, ea,...e;m t for V and we put a; = e; - ¢; then

dQ)=a1---an.
Furthermore, we define €(Q) = [[;-;(a;,a;), where (ai,a;) is the Hilbert

symbol (which, in particular, means that, if a;,a; € k*, then (a;,a;) = £1).
We have that €(Q) = 1.

Definition 4.5. Let (V,Q) be a quadratic module and d be the discriminant of
the quadratic form Q. We say that Q) is non-degenerate if d # 0.

Definition 4.6. Let (V,Q) be a quadratic module and x € (V, Q) be an element
of this module. We say that x is isotropic if Q(x) = 0.

Furthermore, if U C'V is such that, for all x € U, Q(z) = 0 we say that U
is 1sotropic.

Theorem 4.7. For each quadratic module (V,Q) there exists an orthogonal
basis, id est if {e1,...,em} is a basis for (V,Q) the basis elements are pairwise
orthogonal.

Before we start with the proof of this theorem, it is worth noting that saying
that the basis elements are pairwise orthogonal is the same as the matrix A of
() with respect to this basis being a diagonal matrix.

Proof. To prove this theorem, we will use induction on the number of basis
elements (id est the dimension of V). For the base case, m = 0, it is trivially
true. Now, if m > 0 pick an element e; € V such that e;.e; # 0, if such an
element exists (if it does not exist, we are already done since if e.e = 0 for
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all elements e € V' then all elements are isotropic and all bases of V' would be
orthogonal). Then, let H be the orthogonal complement of e; (clearly we then
have e; ¢ H) and we have V = ke; @ H, where k is whatever field V is a
module over. However, this means that, since the dimension of H is less than
m for which we can conclude, by induction, that H must have an orthogonal
basis {ea, ..., e, } and so {ej,es, ..., €, } will be a orthogonal basis of V' and we
are done. O

Note that this theorem can be interpreted as: ”any quadratic form is equiv-
alent to a sum of squares”. More concisely, if @) is a quadratic form then
Q ~ f = a1235 + azx3 + ... + ap, @2, with ay, ..., a;, € k (from here on out, when
we write f is a quadratic form, we mean a ”standard” quadratic form, id est a
sum of squares).

Definition 4.8. Let f be a quadratic form (then, by Theorem f~axd+
as®3 + ...+ amz? ). If the number of aj # 0 equals i we say that f is of rank i.

Now that we know that any quadratic form @ is equivalent to a quadratic
form f we have some important and useful theorems to go through and consider.

Definition 4.9. Let f be a quadratic form of n variables. We say that f
represent an element a € k if there exists an x = (x1,...,x,) € k™, not equal
to 0, such that f(z) = a.

Note that for a quadratic form f to represent 0, in light of this definition,
this means that there must exist an isotropic element, different from 0, in the
quadratic module.

Theorem 4.10. Let f be a non-degenerate quadratic form such that f represent
0. Then f represent every element of k.

A full proof for this can be found in exampli gratia [Ser73] on page 32, we
however are more interested in the corollary.

Corollary 4.11. Let f be a non-degenerate quadratic form of n — 1 variables
and let a € k*. Then, these statements are equivalent:

(i) f represent a
(ii) f is equivalent to f'+ay?®, where f' is a quadratic form of n— 2 variables.
(iii) Let f"" = f — az?, then f" represent 0.

Proof. The implication (ii) == (i) is obvious, since, if f ~ f' + ay? we
can simply take the element (xy,..z,_2,y) = (0,...,0,1) € k"~ to make f
represent a. On the other hand, if f represent a, we have f(z) = z.2z = a
for some element x # 0 in the corresponding quadratic module V. Now, let
H denote the orthogonal complement of x then, with the same argument as
in Theorem above, we have V. = kx @ H. Further, if we let f’ denote
the quadratic form corresponding to a basis of H then we have, as desired,
f~ f +ay? (and f’is a quadratic form of n — 2 variables).
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Now the implication (ii) == (i) is given, since f ~ f’ + ay? represent
a, " = f—az®> ~ f' + ay® — az?® will represent 0 (just take the element
(0,..,0,1,1) € k™).
Lastly, we show the implication (iii) = (i), assume f” = f —az? represent
0, id est there exists a non-trivial element (x1,...,2,-1,2) € k™. Then either
z = 0 whence we conclude that f represent 0 and so, by Theorem f
represent all elements of k, and in particular f represent a. In the other case,
when z # 0, we have an element x = (Z-,..., #2=1) € k"~ ! such that f(z) = a
(id est f represent a). Either-way this show the desired implication and the
proof is done.
|

Corollary 4.12. Let f1 and fa be two mon-degenerate quadratic form of any
rank greater than zero, and let f = f1 — fa. The following are equivalent:
(i) f represent 0.
(i) There exists some element a € k* such that both fi and fo represent a.
(iii) There exists some element a € k* such that both f1 — ay?® and fo — ay?
represent 0.

Proof. From Corollary [I.11]it follows that (ii) <= (iii). Furthermore, (ii) =
(i) is immediate (since if f; and f5 represent a we clearly have that f = f1 — fo
represent 0). For the implication (i) = (4éi): if f represent O then, per
definition, there exists a non-trivial z such that f(z) = 0, write this z on form
(z',2") where fi(z') = fa(x). Now, either the element a = fi(z') = fao(x')
does not equal 0 and we see that (i¢) holds or a = 0 and in this case at least one
of the forms, say f1, represent 0. This means, by Theorem [£.10] fi represent
all elements of k and, especially, all non-zero values that fs takes, so (i) holds
in this case as well. This ends the proof. O

Theorem 4.13. Let f be a quadratic form of rank n. Then f represent 0 if
and only if the following hold:
(i) n=2 and d(f) = —1 (as an element of k* /k*?).
(ii) n =3 and e(f) = (=1, —=d(f)).
(iii) n =4 and one of: d(f) # 1 ord(f) =1 and e(f) = (—1,-1).
(iv) n>5.

Note that when we say ”d(f) = —1 as an element of k*/k**” we mean that
d(f) equals the product of —1 by a square. The same also applies for d(f) in
the other cases of the theorem, and also in the upcoming corollary (which we
will state before going into the proof of this theorem).

Corollary 4.14. Let f be a quadratic form of rank n and let a € k*/k*2. Then
f represent a if and only if the following hold:
(i) n =1 and a = d(f) (as elements of k*/k*?, id est a equals a product of
d(f) by a square).
(ii) n =2 and e(f) = (a, —d(f)).
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(iti) n =3 and one of: a # —d(f) or a = —d(f) and e(f) = (-1, —=d(f)).
(iv) n > 4.

We will only present the proof of case n = 2, since this is the only part used
in this paper. However, the case n = 3 is quite easily proven using only the
definition of Hilbert symbols (Definition and some of its properties, while
the last two cases require a bit more work. For a fully written proof we refer
you to, for example, [Ser73] pages 37-38.

Proof. (Of Theorem in the case n = 2). In this case, we have a quadratic
form f ~ aj2? + axz3 and we can see that it is, for f to represent 0, necessary
and sufficient that —Z—i is a square. Because, assume f represent 0 then

=2 7
5]

2
a1 o Ty aq
—x]
a2

a17% + agal = 0 <= a1} = —a127 <= 23 = -
2
which implies that —Z—; is a square.

Note that the last equality is legal, since per definition of represent (Definition
we know that there exists a non-trivial z € k? such that f(z) = 0 and if
x1 = 0 then f(z1,22) = azx2 = 0 which can only be true if 22 = 0 (since by
Definition az # 0).

Conversely, assume —Z—; is a square (and that f represent some element b)

then
b al
123 4 apxd = b= 12 = — — —a3.
az Qa2

Then we see that taking = = (1,,/—5%) gives us that f represent 0, as desired.

However, —%1 = —aja; = —d(f) in k*/k** which means that —d(f) is a
square, which in turn means d(f) = —1 (in k*/k*?).
This ends the proof for the case when f is of rank 2. ]

5. LEGENDRE SYMBOL

In this section we are going to touch on the Legendre symbol and some of
its basic properties. Recall that we say that a is a quadratic residue modulo p
if there exists some integer x such that

r*=a (mod p).

Definition 5.1. Let p # 2 be a prime number and x an integer. We define the

Legendre symbol of x, denoted by (%), as
. 1 if aZ0 (mod p) and a is a quadratic residue modulo p,
() = —1 if a is not a quadratic residue modulo p,
p 0 ifa=0 (mod p).
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Alternatively, we could define the Legendre symbol of x, via an explicit for-
mula, as the integer 2t (mod p) = £1.
Furthermore, if ' € F, is the image of x € Z in the finite field F),, we simply

write (%) = (%)

First thing that is worthy to notice is that

(i) <i) = T’pz;ly%_l (mod p) = xypT_l (mod p) = (C;y)

In other words, it is multiplicative in the top argument, the Legendre symbol
is in fact a character (however this is not something we will dive deeper into in
this paper).

Now for some computations of the Legendre symbol, the following theorem
will deal with the case when z equals 1, —1 or 2. Before that though we want to
define two functions that will clear up the notations in the following paragraphs
a bit.

Definition 5.2. Let a be an odd integer. We define the functions

_a-1 [ 1 a=-1 (mod4)
ela) = 2 (m0d2)—{0 a=1 (mod 4)

and )
a®—1 [ 1 a=45 (mod38)
2 (mod 2) = { 0 a==+1 (mod 8).

Theorem 5.3. Let p be a prime number, and q a power of p.

We have that if p = 2 then every element of Fy is a square.

If p # 2 then the elements of ¥ that are squares forms a subgroup H such
that |Fy, - H|= 2, id est H has index 2.

w(a) =

Proof. For the first point consider the function f : F; — Fy such that f(a) = a?,
recall that here we have ¢ as a power of p = 2 meaning that I, is of characteristic
2 and so, in this field, we have that (a — b)? = a? — b?. Thus,

fla)=fb) = a* =t <= a> - =0 (a—b)>=0<=a—b=0.

Hence, f is injective and so (since Fy is a finite field) f is also surjective, id est
f is an automorphism, and we conclude that in this case all elements of [, are
indeed squares.

For the second point, let y € F, (id est let y be an element in the algebraic
closure of F,) such that y* = 2 where x € F;.

Since x € F; we know that 29 ' =1andso yi ! = 5 = +1. Thus, x is a
square in Fy if and only if 49! =1 (id est y € F).

Moreover, this also means that the kernel of the function z — 27 s pre-
cisely equal to H = F;z and, since Fy is cyclic of order ¢ — 1, we have that IFZQ
has index 2 as stated. This completes the proof.

|
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Theorem 5.4. We have that for the Legendre symbol that the following is true:

(i)

(ii)

()=
0)-ror

Proof. Since 1 is always a quadratic residue modulo p the (i) is clear. For

(i), if we use the alternative definition stated in definition[5.1] it is straightfor-
k

(iii)

ward to see that (’71) = (fl)pz;l, but this is precisely as desired since (—1)
—1

only depends on whether k is even or odd (id est we can view (—1)"z as
(_1)% (mod 2) _ (_l)s(p)).

For (iii) there is a bit more work needed. Let ¢ denote the primitive 8"
root of unity in an algebraic closure F,, of the finite field F,,. Then we have that

4 = —1 which implies that (24 (=2 = 0, and so, for an element y = ¢ +¢ ™! we

have 42 = (2 + (72 4+ 2-(¢¢71) = 2 (id est y is the square root of the element
2 in F,). Which, by argument seen in the proof of Theorem means that
(5) =y

Now, since we are working modulo p, we have

=
and so, if p = £+1 (mod 8), we get y? = (P + (7P = y and

Q)-r
p

On the other hand, if p = £5 (mod 8), we get (since (* = —1) y? = P+ (7P =
CH¢ P =+ ¢ = (¢t +¢ 1) = —y. Which implies, in the case where
p =45 (mod 8), that y?~! = —1.

We can thusly conclude that (éi7) holds (since this was how we defined the
function w(a)). This finishes the proof of the theorem. O

Lastly, we have the quadratic reciprocity law that state, if p and ¢ are dis-
tinct odd primes, that (£)(1) = (—1)*z “=". This can, alternatively, be written
(using the (n) from Definition[5.2]and the fact that the Legendre symbol is mul-
tiplicative in the top argument, since p and ¢ are distinct we have (%) =1 we

can move one Legendre symbol to the right-hand side) as (£) = (%)(—1)%1%1

and this is how Gauss stated the quadratic reciprocity law.
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Theorem 5.5. (Gauss) Let p and q be two distinct odd primes then

(0)- Qe

To prove this theorem we will make use of two lemmas that we will state and
prove shortly. First we make a note that we can use the Gauss sum

S0
z€lF,

We are able to do this, and it will be well-defined, since if we let x € [F; and
w € F,, such that w is an ¢*" root of unity (this means that w® is well-defined
since w? = 1) the sum will indeed be well-defined.

Note that we will abuse the notation a bit and let ¢ also denote the image of
g in [Fp.

Lemma 5.6. 3> = (—1)(@q

Proof. We prove this by manipulating the Gauss sum stated above. Recall that
the Legendre symbol is multiplicative in the top argument we have:

i X (D) ¥ (2)eme (B )unen
z1€F, q z2€F, q x1,22€R, q
This can, with a simple variable change, be rewritten as
> (BR)er o 3| ¥ (2B
— |w .= w —_—= .
z1,22€F,; ( 4 z1€F, 22€F, q

Then, if z5 # 0, we have (by the multiplicative nature of the Legendre symbol
and the fact that 20(2; — 22) = —1(1 — 212, )23) that

(272) (25524) - () (322 ),

This can be simplified; from Theorem we have (_71) = (=1)*@ and
from the definition we can see that (%) = 1 and so (%)(m)(%) =
(1—z125 1)
(_1)5@)(%).
Now, if we denote
0. - ¥ (4=2=)
zze]Fj; q

we have

y? = (fl)g(q) Z C,,w*.

z1 GFq
If 27 =0 then Cy = >, cp. (%) = ¢ — 1 where the last equality comes from
: * 1\
that there are ¢ — 1 elements in F}; and, by Theorem (;)=1
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On the other hand, if z; # 0 we have that 2/ = 1 — 2,2, ' runs over F, — {1}
and so
! 1 1
Co= D <Z> - () - —(> -
2er, N4 1 q
Where the second to last equality comes from that we know, by Theorem

that the squares in F; form a subgroup of index 2, id est the number of squares
in F equal the number of non-squares and the last equality is, again, Theorem

Putting all this together, we have that

a(q)? Zowm_q_l_zrw =

z1€F, z1€F;

and we are done. O
-1 __ B
Lemma 5.7. y*~" = (£)

Proof. The proof of this lemma is quite straightforward; we again make use of
the Gauss sum but also the fact that I, is of characteristic p.
We have that

-5 (-5 ()= (D)5 0 - ()

z€F, z€F, z€F,

Now, let b be the multiplicative inverse of a then 1 = ab (mod p) and so
a = a%b (mod p) which means that

“B)-G)0-6)-6)
(5 r-(0)

and we can, dividing both side with y, see that

This means that

as we wanted to prove. O

The proof of Theorem [5.5]is now instantaneous by the above lemmas and by
Theorem [5.41

Proof. (of Theorem [5.5)
By Lemma [5.6] and [.7] we have:

(=5 -r-()
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<(_1)€@> = (=1)s@=p)

p
(since if £(¢) = 0 then (—1)5(@=(P) = 1 no matter what (p) is, as it should be.
On the other hand, if £(q) = 1 the above-mentioned theorem gives the formula).
Then, since the Legendre symbol is multiplicative in the top argument and
by Definition [5.2] we get the reciprocity law as stated:

(0)-cr()

and by Theorem

6. HILBERT SYMBOL

Throughout this section we will let k& denote either R or Q,, (id est either the
field of real numbers or the field of p—adic numbers for some p prime).

Definition 6.1. Let a,b € k*. We call the number (a,b) = +£1 the Hilbert
symbol of a and b and define it as
o (a,b) =1if 22 —ay®> —bx?> =0 has a solution other than (0,0,0) € k3
e (a,b) = —1 if such a solution does not exist.

Note that we can multiply a and b with squares without changing the value
of the Hilbert symbol (a,b). Hence, (a,b) is a map from k*/k*? x k*/k*? to
{1,-1}.

We will denote, if clarification is needed, the Hilbert symbol as (a,b),, re-
spectively (a,b)oo, with a,b € Q,, respectively a,b € R (id est if the form
2% — ay® — bx? represent 0 or not, in Q,, respectively R).

Proposition 6.2. Let a,b,c,d € k* and assume a # 1 in the Hilbert symbols
containing 1 — a. The following are properties of the Hilbert symbol:

(i) (a,b) = (b,a) and (a,c®) =1

(i) (a,—a) =1 and (a,1 —a) =1
(iii) (a,b) =1 = (ad,b) = (d,b)
(iv) (a,b) = (a,—ab) = (a, (1 — a)b)

Proof. For (i) :if (2',y', 2') € k? is a solution to quadratic form 22 —ay?—bx? = 0
then (y,2',2') is gonna be a solution to z? — by? — ax? = 0, thus (a,b) = (b, a).
Further, if b equals a square ¢? then clearly 22 —ay? —bz? = 2% —ay? —c?22 =0
has a solution in k3, hence (a,c?) = 1.

For (i) : if b = —a then the quadratic form 2% —ay? —baz? = 2% —ay®+az? will
have a zero at (0,1,1) (id est (a, —a) = 1), and if b = 1 —a then 22 —ay? —bx? =
22 —ay? — (1 — a)2® = 22 — ay? — 22 + ax? will have a zero at (1,1,1), (which
implies that (a,1 —a) =1).
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For (i) : if (a,b) = 1 then the quadratic form 2% — ay? — bz? = 0 has a
solution (not equal to (0,0,0)). Now, either b is a square of some element b’
whence we can see that the form has a zero at (1,0,¥') and k(v/b) = k and
the norm elements of k:(\/g)* equals k*, or b is not a square whence we know
that the solution (z/,y’,2") # (0,0,0) must be such that y' # 0 (else b would
be a square). This means that a is the norm of 5 + 5%, where [ denotes a
square root of b. In either case we have that a belongs to the group of norms of
k(v/b)* (denoted Nk(v/b)*) and we have that d € Nk(vVb)* < ad € Nk(V/b)*,
this proves ().

For (iv) : this follows from (i) — (#4i).

O

It is worth to note that (iéi), in the proposition above, is a special case of
(ad,b) = (a,b)(d,b),

which demonstrates the bilinearity of the Hilbert symbol. The actual proof
that the Hilbert symbol is bilinear we get from the following theorem, since the
formulae for the Hilbert symbols given in the theorem are bilinear.

Theorem 6.3. For k=R, ifa >0 orb > 0 we have that (a,b) =1 and if both
a,b < 0 we have (a,b) = —1.

For k = Qp, let a,b be written in the form p*u respectively pPu, with u,v
p—adic units, then we have

B «@
u v
@)= (2) (2] e
(CL, b) _ (_l)s(u)s(v)Jraw(v)JrBw(u)7 p=2.

Theorem 6.4. (Hilbert) Let a,b € Q,. Then (a,b), =1 for allv € V (possibly
excluding some finite amount of elements) and

H (a,b), = 1.
veV
Proof. First note that by the observation above, that the Hilbert symbol is
bilinear, it is enough to prove the theorem in the cases where a,b equals —1
or some prime gq. We make use of Theorem in all of the following cases to
calculate the Hilbert symbol.
Case a = —1, b = —1: we have (a,b)», = (a,b)2 = —1 and (a,b), =1 for
all v € V — {2, 00}, thus the product equals 1 as desired.
Case a = —1, b = ¢ : here we have two sub-cases (¢ = 2 and g # 2). If
g = 2 we have (a,b), = (-1,2), =1 for all v € V. If ¢ # 2, we have (a,b), =1
for all v € V — {2, ¢} and (a,b)2 = (a,b), = (—1)¥@. Thus, in both cases, the
product equals 1.
Case a = ¢, b = ¢ : where ¢ is another prime (possibly distinct from gq).
If ¢ = ¢’ we have for all v € V, by Proposition case (iv) together with (i),
that (a,b), = (¢,9)» = (—1, ), and we can refer back to the previous case.
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If ¢ # ¢’ and ¢ = 2 we have (a,b) = (¢,2) = 1 for all v € V — {2,¢}, for
v = 2,q we have (¢,2)2 = (—1)*(@ and

0o (2)

where this last equality comes from Theorem
If ¢ # ¢’ and q, ¢ # 2, we have (a,b), = (¢,¢")y =1 forallv € V—{2,q,¢'},
for v =2,q, ¢ we have (a,b)s = (¢,q")2 = (fl)g(q)g(ql) and

!

(a,b)g = (4,4')q = (‘;) (a,b)g = (0,¢)g = (q>

q/
However, by Theorem (quadratic reciprocity), we have

()(E) -

from which we can conclude that the product must be equal to 1, which finishes
the proof.
|

This next theorem proves the existence of rational numbers given a Hilbert
symbol, id est given elements a; € Q* and a collection (e;)ier,vev (where I
is a set of indices) of numbers +1 there exists a x € Q such that (a;,z), =
e Viel,veV.

Before we actually state and prove the theorem, we will first present some
lemmas that will be needed for the proof. The first two of these lemmas will
be stated without proof (proofs for these can be found exempli gratia in [Ser73]
page 24 and 74-75 respectively).

Lemma 6.5. (Chinese remainder theorem) Let aq,..,ay, and I, ...l be in-
tegers such that ged(l;,1;) =1 for all i # j, id est all the l; are relatively prime,
and 0 < a; < l; for alli. Then there exists an integer a such that

a=a; (modl;) foralli.

Lemma 6.6. (Dirichlet theorem) Let a,n € Z>1 be relatively prime integers.
Then there exists infinitely many primes p for which p = a (mod n).

Lemma 6.7. (Approzimation lemma) Let S be a finite subset of V and let
[I.cs Qu be equipped with the standard product topology. Then the image of Q

is dense in [],cq Q.

Proof. Suppose S = {c0,p1,...,pn}, with p;’s being distinct primes, we then
want to show that Q is dense in R x Qp, x ... x Qp,. We do this by showing
that any point, (s, Z1,Z2, ..., Tn), in this product is a closure point of Q (id
est every open neighbourhood of this point contains at least one point of Q).
So, let (oo, 1, T2 .., Tn) € R X Qp, X ... X Qp, be a point of the product.
We can assume x; € Z,, for 1 < i < n, if not we may simply multiply with
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some integer to make it so. Then, given any € > 0 and any integer N > 0, we
want to prove that there exists an x € Q such that

|t —zx|<e and ordy,(z—z;) >N forallie{l,..,n}

By the Chinese remainder theorem (applied to I; = p¥) there exists some
y € Z such that ordy, (y — z;) > N for all 4.

Now, pick some prime number ¢ > 2 (actually any number that is relatively
prime with all p;’s would work). Then, since ¢"™ — oo as m — oo, we have that
the rational numbers of the form q‘,,l,” with @ € Z and m > 0, are dense in R.

Now, pick a number b on the form above (id est b = _&7) such that

ly — Too + bpY - PN [< e

Then z = y+bpY - - - p&¥ (which will be a rational number) will be as desired
and we are done. O

Now to the theorem I alluded to above which will make use of Dirichlet’s
theorem (Lemma and the approximation lemma (Lemma.

Theorem 6.8. Let (a;)icr and (€;4)icrvev be collections of numbers from Q*
respective numbers equal to {£1} (here I is a finite index set). We have that
there exists an x € Q" such that (a;, )y = €, for alli € I and for allv € V if
and only if the following conditions hold:

(i) All, but a finite amount, €;, equals 1.

(ii) [l,ey €iw =1 forallie I.
(iti) There ezists, for allv € V, x, € Q5 such that, for alli € I, (a;,Ty)y = € 0.

Proof. The ”if” part of (i) and (i) follows from Theorem [6.4] Furthermore, for
(#i1) we can simply take z, = x.

The other direction is more work; let (€; )iervev be a collection of numbers
equal to 1 that satisfies the three conditions (i), (¢¢) and (¢i%) in the theorem.
We may also, since we are free to multiply a; by the square of some integer,
assume that the a;’s are integers. Now, let S,T" C V be two subsets of V' where
v € Sif v=o00,2oris a prime factor of any a; and v € T if there exists i € I
such that €; , = —1. We can first note that these sets will be finite (since the
collections (a;) and (¢; ) are finite) and we may also note that we can, and will
indeed, separate the proof into two cases: if S NT = () or if the intersection is
not empty (which we will call the general case).

Case SNT =0 : Put

t= H [ and s=8- H l.

leT—{o0} leS—{2,00}

We have, since S NT = (), that these two integers, s and ¢, are relatively
prime and both are > 1 whence, by Lemma [6.6] we can find a prime number p
such that p =t (mod s) and p ¢ SUT. We then want to show that x = tp will
be as desired (id est, for all i € I and v € V, (a;,x), = €;4)-
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If v € S then, again since SNT = 0, we have ¢; , = 1 and we are left to check
if (a;,x) = 1. We can first note that if v = oo then, since both ¢ > 0 and p > 0
we have x > 0, and so (a;,%)s = 1 by Theorem On the other hand, if
v # 00, we have that v is a prime number [ and (since x and ¢ are [—adic units,
because [ # p by our choice of p) x = tp = t? (mod s) thus z = t? (mod 8) if
I =2and x = t* (mod [) if | # 2, either way x is a square in Q} and we can
conclude that (a;, ), = 1. Since, if we consider the equation 22 — cy? —bx? = 0,
and if b is square of some element &’ then the equation will have a solution at
(1,0,0") and so (¢,b) = 1.

If v € S, then v is a prime number ! # 2 (since 2 is in S) and we also know
that [ is not a prime factor of a; (since all of these are also in S), this means
that a; is a [—adic unit. Then by Theorem we have that, for all b € QF,

) ord; b
wo=(5)

If I ¢ TU{p} then = = tp is a [—adic unit, which means that ord; z = 0,
which in turn means that the formula above shows that (a;,x); = 1. However,
this is exactly what we want because, since [ ¢ T, we have, by construction,
that €l = 1.

If I € T (note that this means that [ # p by our choice of p) then, since z = tp
and t is the product of the elements of T, we have ord; z = 1. Furthermore, by
condition (¢47) there exists some x; € Q) such that (a;,x;); = ¢;; for all i € T
and we know, since [ € T', that at least one of these have ¢;; = —1. This means
that ord; z; = 1 (mod 2) hence we have, for all ¢ € I,

a;

(aj, ) = (l> = (ai, m1)1 = €y

as desired.
Only thing left is if [ = p, this we can infer from the previous cases together
with the product formula (Theorem [6.4)) and conclude that

(a'iax)p = H(aiax)v = H €iv==¢Eip

v#D v#p

and we are done.

Left to prove is the so called " general case” where SNT # . Since the squares
of Q7 forms an open set we have, by Lemma that there exists a ' € Q* for
which % is a square in Q} for all v € S. This means, specifically, that for all
v € S we have (a;,z")y = (i, %y)y = €. Now, if we define €;, = €, - (a4, 2 )y,
then first note that if v € S we have ¢;,, = 1. Furthermore, the collection
(€i,0)iervey satisfies the conditions (¢), (i7) and (¢47), this means that we can
use the previous case (where S and T are disjoint). So, by Case SNT = 0,
there exists a y € Q* such that (a;,y), = €;, for all ¢ € I and for all v € V.
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Now we can find an x with the desired properties, namely let z = yz’ and we
are done.

O

7. HASSE-MINKOWSKI THEOREM

Theorem 7.1. (Hasse-Minkowski theorem) Let f be a quadratic form,
written as

f=a12% + axx3 + ... + a2, a; € Q.
Then for f to represent 0 it is necessary and sufficient, that f, represent 0, for
all v e V. Where V is equal to the set of all primes union infinity.

This is also, sometimes, called the local to global principle, because in other
words this means that for f to have a ”global” zero it must have "local” zeroes
everywhere, and vice versa. Writing it like this the necessary part is clear, since
if f ”misses” a local zero then it cannot have a global zero, thus we only need
to show the sufficiency.

Proof. First note that we can, by exchanging f by a; f, assume that a; = 1.
We will consider different cases of n and prove the theorem separately for
n=2,3,4and n > 5.

1) Case n = 2: Here we have f = 22 — apx3, since f, represent 0, for all
v € V, we have, in particular, that f,, represent 0 which means that as > 0.
Further, consider the prime decomposition of as

ord, a
as = H ay p a2
P

then, since f, represent 0 and so as is a square in Q,, (because f, = 23 —ag23 =

2
0 = ay= i—% = (%)2), we have that ord, as is even. This means that a, is a

square in Q and f represent 0.

2) Case n = 3: Here we have f = 23 — agz3 — azz3 (for easier notation lets
write as = a and az = b). We can assume, since we are free to multiply a and
b with any square, that a,b are square free integers (id est ord,a and ord, b
equals 0 or 1 for all p primes). We may also, without loss of generality, assume
that |a|< |b]. We now prove that f represent 0 if f, represent 0, for all v € V|
by the use of induction on the integer k = |a|+|b|.

If k = 2; in this case we have f = 27 4 23 + 23, we can eliminate the case
where f = x1 4+ @9 + x3 since f, represent 0 (which is impossible in this case),
in the other cases f represent 0. For example, if f = 2% + 23 — 2% we can find
rational numbers z1,z2 and x3 such that f = 0.
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So lets assume k > 3 (in other words, since a and b are integers, |b|> 2) and
write b as a decomposition into, since b square free, distinct primes

b= =£pip2- - pi-
Further, assume that one of the primes in this decomposition equals p, then we
want to show that a is a square modulo p.

First note that this is clear if @ = 0 (mod p). On the other hand, if a Z 0
(mod p), a is a p—adic unit; by assumption (that f, represent 0), there exists
x = (21, 22,73) € (Qp)3 such that 2 —az3 —bx% = 0. Moreover, we can suppose
that x is primitive, since if not we can simply divide 22 — ax3 — bx3 = 0 by p as
many times as needed for one of z1, x5 or z3 to not be divisible by p anymore
(note that this does not change a or b in any way). Now, since b = 0 (mod p),

we have 2 — ax3 = 0 (mod p) and it follows that, if 2o = 0 (mod p) then

21 =0 (mod p) and p? | ba? (since bxr3 = 23 — ax3), which means that 23 =0
(mod p) (since ord,(b) = 1), contradicting the assumption that x is primitive.
Hence xz2 # 0 (mod p), and thus a is a square modulo p and so it is a square
modulo b, since, because b = £pips - - - p;, we have that Z/bZ = [],_, Z/p/Z.
We can therefore find integers m, b’ such that m? = a + bb/, where |m|< %.
Moreover, we can, by rewriting this equation as b’ = m? — a, see that bV’ is a
norm of the field extension k(y/a) over k where k = Q or k = Q,. Which means

that f represent 0 if and only if f’ represent 0, where
f=a? —azx? bl

This is the case since f = 2% — ax3 — bx3 represent 0 if and only if (a,b) = 1
(which is the case if b is a norm of k(y/a)/k). So, since b’ is a norm of k(y/a)/k,
we have (a,bb’) = (a,b)(a,b’) = 1, id est f represent 0 if and only if f’ represent
0.

Now write ' = b""u where b, u € Z and b” square free, then |b”| < b since
we have, because |b] > 2 and |a| < |b],

mea

b/
Whence we can conclude that the induction hypothesis applies to the qua-
dratic form

ld
< —+1 bl.
_4+ < |b]

b =

£ = o = g — 123
which is equivalent to f’, and so it will represent 0 in @Q, which means (by
previous remark) that f will represent 0 in Q and we are done with this case.

3) Case n = 4:

In this case we write f = az? + bx3 — (cx3 + dx?). For v € V we have by
Corollary .12 that, since f, represent 0, there exists a y, € Q} such that both
az? + br3 and cx? + dz? represent y, and by Corollary (note that this also
applies to Qo = R) this is the same as the following equations being satisfied

(Yo, —ab), = (a,b), and (y,, —cd), = (¢,d), Vv eEV.
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After applying Theorem (which we can apply since [, ¢y (a,b)y = [],cy (¢, d)y

1), we can procure a y € Q* such that
(yv _ab)v = (avb)v and (y7 _Cd)v = (Cv d)v VoveV.

This means that the form az? + bxd — y2? represent 0 in Q, for all v € V.
and so will (by case 2) above) represent 0 in Q. Thus ax? + bz3 represent y in
Q, similarly, with the same argument, we have that cz% + dz? represent y in Q
and with this we can conclude that f represent 0.

4) Case n > 5:

In this case we write f on the form f = h — g where h = a;2? + as23 and
g= a3x§ + a4mi + ...+ anxfl.

Let S C V be the subset of V' such that 2, co and all p such that ord,(a;) # 0
for, at least, one ¢ > 3 (id est for one of the coefficients of g) is in S. For v € S
we have that, since f, represent 0 by assumption, there exists a,, € Q, such that
both h and g represent a, in Q,. This in turn means that there exist z} € Q,
such that

h(xlljvmg) =0y = g(xé’,xl 7x:}7,)

Now, by the so called approximation theorem (Theorem , there exists
x1,x9 € Q for which, if h(z1,22) = a, we have that o € Q:2, Vv e S Now if
we consider the quadratic form

h= az’ — g

then, if z = 1, we have az® = a - 1 = a which means that i € Q2. Moreover,
this also means that, if v € S, g will represent both a, and a in Q, and so f;
will represent 0 in Q,. On the other hand, if v € S; as a direct consequence
of Theorem [3.2] we have that polynomials without constant terms (like the
polynomials we have here) have a non-trivial solution and by Hensel’s lemma
(Theorem this solution can be lifted to a true solution.

We see, in any case, that f; represent 0 in Q,, and by the induction hypothesis,
since fi is of rank n — 1, f; will represent 0 in QQ, which means that g represent

a in QQ and so, since h represent a, f will represent 0 in Q and we are done.
a

2
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