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Abstract

The Phragmén-Lindeldf principle shows how holomorphic functions in un-
bounded regions can be bounded by their boundary values, under suitable growth
conditions. In this paper we prove the maximum modulus theorem and extend it
to unbounded regions using the Phragmen-Lindeldf method, to be applied in right
half plane, sectors and general unbounded regions. We also include a proof of the
three-lines theorem.

We then consider entire functions of exponential type. Through the indicator
function, we show key properties and growth estimates. Finally we prove Carl-
son’s theorem, showing that under suitable growth conditions, an entire function is
uniquely determined by its values at the integers.

Sammanfattning

Phragmén-Lindelofs princip visar hur holomorfa funktioner i obegrénsade om-
raden kan vara begrinsade av dess virden langst randen, om det foreligger lampliga
tillvaxtvillkor. I denna uppsats bevisar vi satsen om maximal modul och visar en
utvidgning till obegrinsade omraden med hjilp av Phragmén-Lindel6fs metod. Vi
visar tilldimpningar av detta i det 5ppna hogra halvplanet, obegrinsade sektorer samt
for generella obegrinsade omraden. Vi inkluderar ocksa ett bevis for satsen om tre
linjer.

I senare del betraktar vi hela funktioner av exponentiell typ. Genom att anvén-
da indikatorfunktionen visar vi viktiga egenskaper hos hela funktioner och hur vi
kan uppskatta deras tillvidxt. Slutligen ger vi ett bevis for Carlsons sats, som visar
under ldmpliga tillvéxtvillkor att en hel funktion kan bestdémmas entydigt genom
att betrakta dess virden vid alla heltal.



1 Introduction

1.1 The Phragmén-Lindelof Method

This paper is aimed at readers with a background in complex analysis at the undergrad-
uate level. We assume familiarity with holomorphic functions, power series and the
Cauchy formula.

The maximum modulus theorem shows that the constants are the only holomorphic
functions that attain local maxima. Assume that f is holomorphic in a bounded region
Q and continuous on 0. If

lfl <A (z€0Q)

for some A < o0, then
lf(z) <A (z € Q).

If | f(z)| = A in Q, the theorem says that f is constant.
For an unbounded region Q, if M < oo and

If( <M (z € o1D),

then we cannot prove that |f(z)| < M for all z € II using the maximum modulus
theorem directly, as IT is unbounded.

With the Phragmén-Lindelof principle we can extend the maximum modulus the-
orem, to show that |f| < M even if II is unbounded, but only if f is under certain
growth conditions. This will be shown through several examples in sections 2 and 3 of
the paper.

1.2 Applications

In the last section we will consider entire functions such that
|f(2)] < Ae”,

with A, 7 < 0. We call this entire functions of exponential type.

We will also define 0

lo !
h¢(0) = lim sup M.
F—>0o0

This is called the indicator function of an entire function f(z) of exponential type. It
describes the growth of the function f(z) along aray {z : argz = 0}.

In unbounded sectors, we can use the Phragmén-Lindelof principle to help us show
many interesting consequences. For an entire function f of exponential type, we will
show the following.

1. If hf(t‘)) < 01in an interval [a, §] of length > =z, then f = 0.
2. If hf(t‘)) = —oo for some 6, then f = 0.
3. Unless f =0, hf(G) is continuous.

4. Unless f =0, h(0+x/2)+ h (0 —x/2) >0 forall 6.



These consequences will be stated as propositions in section 4, which will later be
used to prove a version of Carlson’s theorem. This theorem is the main result of the
paper. It shows that if an entire function f(n) = O at all the integers », and satisfies a
certain growth condition, then f is identically zero. In particular, if two entire functions
f and g satisfy the same growth condition and are equal at the integers, then Carlson’s
theorem implies that

f@=g(z2) (z€O).
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2 The Maximum Modulus Principle

We begin by denoting the open disk of radius of r centered at a with the notation D(a; r).
If £ is holomorphic in D = D(a; R), then by Taylor expansion

o0

f@=Dcz—a"  (Iz—al <R).

n=0

For 0 < r < R, we write z = re'?, which yields

(o)
fla+re) = Z c,r"em? (r<R).
n=0

By the formula, often referred to as Parseval’s formula, we have the following conse-
quence.

Theorem 1. If

0]

f@=Y¢z—a"  (z—al <R),

n=0
then, for 0 < r < R, we have

o0 1 T
D le P = —f |f(a + re®)|?de.
=0 27 T

A proof will not be written here, but can be found in [4], chapter 10, sec. 10.22.
Suppose that f is holomorphic in a bounded region Q and continuous on its closure,
and D C Q. By Theorem 1, we obtain

(1) if |f(a+re)?do=> le,*™  (r<R.
27 - n=0

Since Q is compact, a global maximum of | f| is attained at some point a. Assume
that a is an interior point of Q; then a is a local maximum and | f(a + re'?)| < |f(a)|
for all 8 and r < R. Hence

%J |fa+re®)?do < |f(@]*>  (r<R),

and by (1), we have

(s
Z le, 122" < eo? (r < R).
n=0

Since all terms in the sum are nonnegative, |c,|>r?" = 0 for n # 0. Hence, f(z) = f(a)
for all z € D. Define

A={zeQ: f(2)# f(a)}, B={zeQ: f(2) = f(a)}

The set B is nonempty since it contains D. For z, € B, f remains constant in a
neighbourhood of z,, by repeating the above procedure, so z, is always an interior point.
Hence B is open. The set A is open since f is continuous, and by definition, the region



Q cannot be written as a disjoint union of two nonempty open sets. Therefore A must
be empty. This proves that z € Q if and only if z € B, so f is constant in all of Q.
Now assume that the point a is any point on €, and let

M = max | f(z2)].
ma |/ (2)]
Since | f(a)] is a global maximum

| f(2)] < 1f(a)l (z € Q).
If a is on 0Q, then .
/@I <|f@ <M (z € Q).

If a is an interior point then by previous argument f is constant. Since f is continuous
on Q, it follows that f is constant with the same value on d€2, so

lf@=1f@l <M (z € Q).

Hence we have that | f(z)] < M for all z € Q.
The above proves the theorem often referred to as the maximum modulus theorem.

Theorem 2. Suppose that Q is a bounded region and that f is holomorphic in Q and
continuous on its closure.

If
lf(a) <M (z € 0Q),

then | f| < M in all of Q. Equality occurs at some point Q if and only if f is constant.

Consider the unbounded region of the right half-plane, with its boundary given by
Rez = 0. The function f(z) = e* is holomorphic in the right half plane. Along
Re z = 0, the function |e?| < 1, but for Re z > 0, e is unbounded.

This shows that Theorem 2 does not extend directly to unbounded regions. How-
ever, in [3] Phragmén and Lindelof shows that under additional growth restrictions a
holomorphic function in an unbounded region which is continuous on its closure can
still be bounded by its boundary values. Before we show an example, we require the
following lemma.

Lemma 1. Let Q = C\(—00,0]. As Q is a simply connected domain, there exists a
unique holomorphic function g in Q, such that

d@=1 =0,
For p € R, define
2) f(z)= P8
Forr>0and —7 < 0 < &, we have
f(re?y = rPelf?,

and f is holomorphic in Q.



Proof. Since

it follows that e8(®) /z = C. Since

we have

3) 8@ =z,

For z = re'?, with r > 0 and —7 < 0 < x, by (3) we have
8re”) = poif

Since

4) g(reig) =u+iv,

with u, v € R, it follows that

eg(re ) — etell = retﬁ.

Therefore
e =r, eV =l
Hence we have
®)) u=1logr (r>0),
and
6) v==0+2rxk ke, —n<0<n).

Since g is continuous, k must be constant by (4) and (6). From assumption, we have
g(1) = 0, thus v(1) = 0. So for re’® = 1, § = 0, and by (6), we have

0=2xk.
Therefore k = 0 and § = v. Using (4), it follows by (5) and (6) that
g(reig) =logr +i6.
Therefore, by (2), we have
f(re'?y = ePlogreib0 — P oih0 r>0,-—n<0<n).

Thus, we can define
2? 1= f(z) = P8 (z € Q).

Since g is holomorphic in €, it follows that f(z) = e%(*) is holomorphic in Q. O



Here follows the example.
Let IT be the open right half-plane. Let f be holomorphic on IT and continuous on
the closure, and suppose there exist constants A < oo and @ < 1, such that

If(2)] < A" (ze.

Assume that | f(iy)| < 1, along the y-axis. We claim that | f(z)| < 1 in all of IT.
Let f,e > 0, so that @ < f < 1, and define

he(z) = e~

where z” is defined using Lemma 1. Since IT ¢ C\(—o0, 0], z? is holomorphic on II.
Hence A, is holomorphic on I1. For z = re', with —z < @ < x, we have

2P = rPeP? = P (cos(BO) + i sin(p0)).

In the right half plane, |0| < 7 /2, so
1po| < ﬂ% <z

2
It follows that
Re(z) = Re(r#e'??) = 1P cos(B0) > 0 (z € ID).
Hence
lhe(2)] = = @D <1 (z €T
Define
g.(z) = f(2)h (2).

Since both f(z) and h.(z) are holomorphic in II, g, is holomorphic on II. By the
hypothesis and (2), we have

7 |g.(2)] < Aexp(r® —erf cos(fz/2))  (z €TD).
Since f > a, it follows that

lim r* — erf cos(fr/2)) = —.

r—0o0

There exists an R > 0, so that if R < r, |g.(z)| < 1. If we let D;, be a half-disk, such
that
D, =1In D(0; R),

then |g.| < 1 along dD;,. By Theorem 2, |g.(z)|] < 1 in D,,. Since |g.| < 1 for all e.
Let ¢ — 0, so that |g.(z)| tends to | f(z)|. This shows that |f| < 1in D,. By (7) it
follows that | f| < 1 for all z € TI.

3 Examples of Phragmén-Lindel6f arguments

In this section, we show further examples of the Phragmen-Lindelof method. The first
two theorems are found as exercises 9 and 12 in Rudin [4], chapter 12.

Previously, we chose § < 1, so that Re z” is nonnegative in all of I1. Since |0| < 27
for re'? e 11, this is equivalent to

7
p< 200"

This inequality is used in the following theorem that applies the method to any sector
with an opening angle less than 7.



Theorem 3. Suppose we have the sector Q = {reie 1101 <6y < 7r}. Let f(z) be
a holomorphic function in Q which is continuous on its closure. Suppose there exist
constants A < co and a < %, so that

0

If(2)] < 4" (ze Q).
If | f(2)| < 1 on the boundary rays, then | f(z)| < 1 for all of z € Q.

Proof. Let f,e >0sothata < f < % and define
0

h(z) = e,

where z” is defined using Lemma 1. Since || < 0y < m, we have —7 < 6 < x, so
Q C C\(~o0,0]. It follows that z# is holomorphic in Q and thus A_(z) is holomorphic
in Q.

Since |f0] < p0, < 7 /2, we have

Re z# = 1P cos(B0) > 0.

Hence ,
|h(2)| = |[e™ D) <1 (ze Q).

We define the product g, = fh,. The product function g, is holomorphic in € because
the factors f and A, are holomorphic in €2, and the remainder of the proof is analogous
to that of the example above. O

This theorem will prove useful when we later consider entire functions f bounded
by | f(z)| < Ce™?l, with C, 7 < co. We can divide the entire plane into several sectors
and apply Theorem 3 to any entire function f if the conditions of the hypothesis is
satisfied.

We can also show the Phragmén-Lindelof principle in a general region. In com-
parison to Theorem 3, the next theorem can be applied to any unbounded region, but it
requires a much stronger assumption.

Theorem 4. Let Q # C be an unbounded region and let f be holomorphic in Q and
continuous on its closure.
Assume that

lf(2) <M (z € 0Q), |f(z2)l < B (z € Q),
for some constants M, B. Then
| f(2) <M (z € Q).

Proof. Let zy € Q and choose a € 9Q. Since f is continuous on Q and |f(a)| < M,
for € > 0O there exists > 0 such that

|f(2)] <M +e¢ (z € Qn D(a;r)).

Choose r small enough so that z, & D(a;r).
LetQ, = Q\ D(a; r). Forlarge R > 0, let V' be the connected component containing
zg of
Q. N D(a; R).



This is a bounded region.
Now define

z—a
Since a & Q, g, is holomorphic in € and hence in V.
The boundary of V' consists of three parts.
On the portion of dV lying on 02, we have | f(z)] < M and |z — a| > r, so

n

M
lg,(2)| < Pt

On the portion lying on d D(a; r), we have | f(z)] < M + e and |z —a| =r, 50

lg,(2) < M E

On the portion lying on 0 D(a; R), | f(z)| < Band |z —a| = R, so

n

B
lgn(2)] < R
By the maximum modulus principle,

F"(zp) M" (M +¢e)" B"
— | <max| — ———, — | .
zZp—a r r R

Since M + ¢ > M and B"/R — 0 as R — oo, we can conclude that

S(zp)

Zg—a

< (M+€)"'

r

It follows that | |
1f"(z0)] < (M + ) 22—

Taking the n-th root, we obtain

|zo—a| 1/n
If(zo)IS(M+€)< . > .

As n — oo, it follows that

[f(z)l <M +e.

Since this holds for all € > 0, letting ¢ — 0 we obtain

[f(zp)l < M.

As z € Qs arbitrary we can conclude that
lf@l<M  (zeQ). O

If f is holomorphic in an unbounded sector such that we can apply Theorem 3. We
can consider to apply Theorem 3 to f /g, where g is some suitable function that modify
the behaviour of f, which can yield much stronger results. The following theorem,
often referred to as the three-lines theorem, is a good example. We will prove this
using Theorem 4. A proof not using Theorem 4 is given in Rudin [4], chapter 12, sec.
12.8.

10



Theorem 5. Suppose Q = {x+iy : a < x < b} and let f be holomorphic in Q and
continuous on € . Assume for some B < oo that | f(z)| < Bforall z € Q. If

(8) M(x) = sup{|f(x +iy)|] : —o0 < y < o0} (a<x<bh),
then
9) M(x)"% < M(a)> ™M (b)*¢ (a < x<b).

Proof. For e > 0, define the function

f(z)

(10) g.(2) = 2 -
(M(a) + €)b=a (M (b) + €) b=

We can write the denominator as

(M(a) + €)r=s (M(b) + €)s

b— -
= exp (b = Z log(M (a) + e)) exp (z = Z log(M (b) + €)> .
Since
M(a)+ e > 0, M(b)+e >0,

We know that log(M (a) + €) and log(M (b) + €) are well defined. Each factor is an
exponential function dependent on z, and since exponential functions are entire, the
product is entire. We also have that exponential functions are never zero, therefore
the expression in the denominator is never zero. Since f is holomorphic in Q and
(M(a) + e)sz(M (b) + e)fz)—_g is entire, we have that g is holomorphic in Q. Along
Re z = a, we have that,

fa+inl __M@
M(a)+e — M(a)+e —

lge(a+iy)| =

>

and along Re z = b, we have,

fb+ipl __M®)
Mb)+e — Mb)+e ~

lge(b+iy)| =

The modulus of the denominator is

b—z z—a b—x x—a
(11 (M(a) + €)b-a(M(b) + €)t-a| = (M(a) + €)b-a (M (b) + €)b-a.
Note that b
0< —x7 OSx—a7 b—x+x—a=1
b—a b—a b—a b-a

for x € [a, b]. Since M (a) + ¢ > ¢ and M (b) + € > €, we have

xX—a

(12) (M(a) + €)5a(M(b) + €)bs > ebacha = e

By assumption | f(z)| < B for z € Q. Hence by (11) and (12) the modulus of g 1s

(z € Q).

lg.(2)| = <

f(z) B
(M(@) + ) s (M(b) + e)re | €

11



The function g, is holomorphic in Q and continuous on its closure. Since |g.| < 1
along the boundary of Q, and |g.(z)| < B/e for z € Q, by Theorem 4, it follows that
|g.(2)] £ 1 forall z € Q. Hence we have that
b—x x—a
|f(x+iy)| < (M(a) + €)b-a(M(b) + €)b=a (z € Q).
Since the right side of the inequality does not depend on y, we can take the supremum

of | f(x + iy)| to obtain

M(x) < (M(a) + €)is (M(b) + €)% (a < x < b).

Leting € — 0, we obtain

M(x) < M(a)s M(b)s  (a<x <b).

Raising both sides to the power (b — a) gives the desired conclusion. O

4 The indicator function

This section aims to apply the Phragmén-Lindelof principle to show deeper results. In
particular, we present a proof of Carlson’s theorem. Our treatment follows closely that
of Erik Avelin [1], but is considerably more detailed.

The goal of Carlson’s theorem is to show that an entire function can identically be
zero. To prove this, many of the following propositions below show conditions under
which an entire function must vanish. A strategy is to first show conditions under which
an entire function must be constant. In Rudin [4], chapter 10, sec.10.23, Liouville’s
theorem is presented, it shows the following consequence for bounded entire functions.

Theorem 6. Every bounded entire function is constant.
Proof. Let f beentire and | f| < M. Since f is entire, f(z) = Y, . c,z" forall z € C.

n=0
By using Parseval’s formula we obtain

Z |cn|2r2" < M? (r>0).

n=0
Hence, for n > 1 we have
) _ M?
< —
le, | < o (r>0).
Let r — oo and we obtain ¢, = 0 for all n > 1, thus f is constant. O

In the following results of this section, we will only consider functions of expo-
nential type. Some parts, like the indicator function, can be defined for functions of
finite order as in Levin [2], sec 8.1. Moreover, the definition in [2] concerns functions
holomorphic in a sector, while we consider entire functions.

Definition 1. For an entire function f, if there exist constants A, T < oo such that
(13) 1/ (2)] < Ae,

then we say that the function f is of exponential type.

12



Taking logarithms on (13), yields
log | f(2)| < 7|z| + log A.

This shows the growth of log | f(z)| is bounded by a linear function. Dividing by |z|,
we obtain

log | f(2)] <T+10gA
lz|]  ~ |z]|

14

This shows how the growth rate of | f(z)| is bounded.

Definition 2. Let f be of exponential type. The directional growth of f is defined by
h(0) = h(6) = lim sup

log | f(re'")|
r—oco r '
We say that h(0) is the indicator function of f.
Where lim sup is defined by

Definition 3. Let D C R be such that for every R € R, there exists x € D with x > R,
and let f : D — R. The limit superior, as x — o0, is defined by

limsup f(x) = sup f(x).

lim
X—00 R—0o x> R

The limit superior as x — oo always exists, since sup,., g f(x) is decreasing in R.
By the definition of the indicator function, the product of two functions have the
following inequality,

log | f(re'®)g(re’)]

hfg(H) = lim sup

- r
(15) r—oo , |
I i0 1 i0
< lim sup M + lim sup M
r—oo r F—>00 r

This will be useful in Theorem 7. We continue with an example of an indicator function.
Let A, B € R, and define g(z) = eA~'B)2_ Since
(A-iB)z| < oV A+Bz|

le
g is of exponential type. By Definition 2, it has the indicator function

) log |e(A—iB)rei9|
hg(6) =limsup

r—00 r
= lim sup Re(A — i B)e’?
r—o0o

= Acos @ + Bsiné.
By (14), the growth rate of an entire function of exponential type is bounded. The

following theorem shows how the indicator function can be bounded in an interval of
length less than .

13



Theorem 7. Let f be a function of exponential type and assume that
O<p—-a<m.

If
hf(a)sAcosa+Bsina, hf(/i)sAcosﬂ+Bsin/3,

Then,
hf(9)§A00s9+Bsin9 (@0 P).

Proof. We begin by proving the theorem under the stronger assumption
(16) hs(a) < Acosa + Bsina, hs(p) < Acos B + Bsin f,

then we follow up with the general case.
Let S = {reie r>0,a<0< ﬁ}, and define the function

an F(z) = f(2)e” 472,
Since f is entire, it follows that F is entire. Using the definition 2 and (15), we have

1 F(re'?
hF(e) = lim sup M
r

r—o0

< h;(0)—(Acos + Bsing) (0 =a,p).

Under the assumption of (16), it follows that
hg(0) <0 @ =a,p).
Choose 6 > 0, such that
hg(0) < =26 @ =a,p.
For some large R, if r > R, we have
|F(re'®)| <e™®  (r>R), |F(re?)| <e™®  (r>R).

Since F is continuous on the closed intervals [0, Re’®] and [0, Re'?], we can choose
C < oo so that F is bounded on these intervals. Hence, we have

max (| F(re'®)], |F(reiﬁ)|) <C.
reR

Since the sector .S has an opening angle f — @ < 7 and |F(z)| < C on 0.S. We apply
Theorem 3, to show that
|F(o)|<C  (z€9).

By definition 2, we see that

0  (@<0<p).

hg(6) = limsup

r—oo0

Therefore by (15), it follows that

log | F(re'® log C
og | F(re')| < fim 08C _
r

r—oco r

h;(0) — (Acos@ + Bsin) < hp(6) <0 (a<0LP).

This only holds true if
hs(0) < (Acosf + Bsin0),

14



which proves the conclusion for a strict inequality.
For the general case, let € > 0, and define

¢.(0) = AcosO + Bsin 6 + e[sin(f — a) + sin(f — 0)].
In the endpoint a, we have
¢(a) = Acosa + Bsina + esin(f — a).
In the endpoint f, we have
¢.(p) = Acos f+ Bsinf + esin(f — a).
Since 0 < f — @ < x, the function sin(f — a) > 0, so it follows that
Acosa+ Bsina < ¢ (a), Acosf+ Bsinf < ¢.(f).

Hence, by the hypothesis, we have

hp@ < d@  hp(B) < be(B).

With the strict case already proven, it follows that

hp0) < ¢.(0)  (a <O <Pp).

This holds for all e > 0. Lete — 0, so ¢.(0) tends to Acos@ + Bsin6, and the
conclusion follows. O

In the beginning of the proof we define F(z) in (17). This strategy is analogous to
how we define g,.(z) in (10) in Theorem 5.

Defining a function A cos 6 + B sin 6 to help us satisfy the hypothesis of Theorem 7
can be done using the following definition.

Definition 4. Let 0 < f — « < 7, and let the constants a, b be real. We define

HO) = asin(f —Sizzﬁ-i-_bzi)n(e —a) @<6<p).

The function H () satisfies
H(a) = a, H(p)=1b,
It follows that H(0) is of the form
H(0) = Acosf + Bsin6.

In the case that A(a), h(f) > —oo, we can define

Ha,ﬁ(9) _ h(a) sin(p — O)h(p)sin(f — a) (@<0<p.
sin(f — a)

The following propositions (with the exception of Proposition 3) show that if a func-
tion of exponential type is small (in some certain sense), it must vanish identically. They
are defined to help us prove Carlson’s theorem, which also assumes that f is small, in
the sense that f(n) = O at all the integers.

15



Proposition 1. Let f be of exponential type. If h(0) < 0 in an interval [a, p], with
p—a>mx, then f =0.

Proof. Lety = (a+ f)/2, so that y € [a, f]. It follows that
y—a<um, p—y<m, a+2r—f <.
By the assumption, we have
h() <0, @=a,7,p)

Since h(0) is periodic it follows that h(a) = h(a + 27).
As in Theorem 7, we can show that

(18) lfre) <e™ (@ =a,7,p),

For some ¢ > 0. Hence, we choose C < o0, so that
max (| f(re')|, | f(re")]. | f(re'P)]) < C.
reR

Define the sectors
S ={z=re’9 : rZO,aSHSy},

S2={z=re[0:r20,y§¢9§ﬂ},
Sy={z=ré :r>0,p<6<a+2x}.

Each sector has an opening angle < z. The function f is entire, thus f is holomorphic
and continuous on the closure of each sector, and

|f(2) <C (z €08,,05,,0S55).
By Theorem 3, it follows that
lf(2)| <C (z € 81,5,,53).

The union of the sectors is
Sl U SZ U S3 = C,

so |f(z)] £ C for all z € C. Since f is bounded in the complex plane, it must be
constant by Theorem 6. Therefore, for some ¢, f(z) = c.
By (18), we have
le] <e™¢" (r> R).

As r — o0, |e”¢"| tends to zero. so |¢| = 0. Therefore, we have
f=0. O

By Theorem 3, if M (a) = 0 then by (9), we have M (x) = 0. In (8), the supremum
of | f(x + iy)| is equal to zero for |y| < oo and x in the closed interval [a, b]. As
f is continuous, f must vanish identically in the strip. The proof of the following
proposition is analogous to the argument above.

Proposition 2. Let f be of exponential type. If h(0) = —oo for some 0, then f = 0.
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Proof. Assume h(a) = —oo for some a. Choose f such that

% <f-a<mrm
Fix 6 in (a, f). Let H be as in Definition 4, with a > h(a), b > h(f).
Since 7 /2 < f — a < &, we have
sin(f — ) > 0, sin(6 — a) > 0, sin(f —a) > 0.
By Theorem 7, it follows that
h(0) < H(9).
Let a - —oo0, so that the term a sin(f — 0) forces H(§) - —oo. This yields

@) =—-0  (a<6<Pp).

Choose f; so that

a+ % < ﬁ] < ﬁ,
and choose y, such that

/s

2
Since h(f;) = —oo, we can repeat the argument above in the interval (f;, y), to show
that

<y—-p <.

h(@) = —c B <0<y).
We have (a, f) U (f;,7) = (a, 7). Since
h(@)=—-00<0 (@< 0<y),
and y — a > , it follows that f = 0 by Proposition 1. O

Before we can prove of Proposition 4, we need to show that 4(6) is continuous,
hence the following proposition.

Proposition 3. Let f be of exponential type. Unless f = 0, h is continuous.

Proof. Leta < 0 < ¢ < fand f — a < x. In case h(f) = —oo for some O, then
/= 0 by Proposition 2. Hence for f # 0, h(6) > —co. Define H, ,(0), Hy 3(¢) as in
definition 4. By Theorem 7, we have

h(O) < Ho (),  h(e) < Hyy().

From the definition of H it follows that the first inequality is equivalent to

H, 4(p) < h(@).

Therefore we have

(19) H, 4(¢) < h(e) < Hy 4(0).

If we let ¢ — 07, we have
(pli_{%+ H, o(®) = h(0), ¢1EI(}+ Hy 5(¢) = h(0).

Thus (19) proves that
lim A(p) = h(0).
@ —0*

Hence A is continuous from the right. The left-continuity is proven similarly. O
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The hypothesis of Carlson’s theorem assumes that
(20) h(—z/2) + h(z/2) < 2x.

In the next proposition, we use the continuity of 4 to obtain an inequality tailored to the
assumption of (20).

Proposition 4. Let f be of exponential type. Unless f =0, h(0+x/2)+h(0—x/2) >0
forall 6.

Proof. For € > 0 choose
a=0+¢c¢—n/2, p=0+rx/2,

sothat f—a =7 —€e¢ < wand 0 € (a,f). Assume that f # 0. By Proposition 2, it
follows that h() # —oo. Define H, 4(¢) as in definition 4. We apply Theorem 7, to
show that

h@) < Hop(@) (@< <P

In particular, since 8 € (a, f), we have
2D h(0) < H, 4(0).
As we compute H, 4(6) we have
sin(f—6) =1, sin(f — @) = cose, sin(ff — a) = sine.

Hence, the inequality (21) can be written as

h(0 + € — 1/2) + h(0 + /2) cos(e)

h(0) <
O =< sin(e)
Multiply both sides by sin € to obtain
(22) h(@)sine < h(0 + € — /2) + h(f + n/2) cos(e).

Since f # 0 by assumption, & is continuous by Proposition 3. Therefore we can let
e = 0%, so that

h(@+e—x/2) > h(0 —x/2), cose — 1, sine = 0.
Therefore by (22), we have h(0) sine — 0, showing that
0<h@®—-7x/2)+hO+x/2).
Since 6 is arbitrary, the conclusion follows. O

In the Phragmén-Lindel6f method, we commonly use an auxiliary function 4,. In
Carlson’s theorem we assume that f(n) = O at all the integers. The auxiliary function

for Carlson’s theorem is |

sin(rz)’

where sin(zn) = 0 at all the integers.

18



Lemma 2. If f is entire and f(n) = 0 for all integers n, then

f(2)

sin(zz)’

is entire.

Proof. The function f(z)/ sin(xz) is holomorphic on C\Z, since sin (zz) # 0 on C\Z.
Hence the conclusion follows if we show that, for each n € Z, f(z)/ sin(xz) is holo-
morphic at z = n.

The power series expansion of sin shows that sin(zz)/z is entire and does not vanish
at 0. We can choose r > 0, so that

sin(zz)/z # 0 (|z] < r).
Therefore the function

z 1
sin(rz)  sin(rz)/z’

is holomorphic for |z| < r. For n € Z, write z = w + n. It follows that

zZ—n _ w
sin(zz)  sin(z(w + n))’

Since
sin(z(w + n)) = (—1)" sin(wrn),
we have
Z—n W
sin(rz) sin(zw)’

The function w/ sin(zw) is holomorphic for |z| < r, so it follows that (z — n)/ sin(z z)
is holomorphic in a neighbourhood of n.
Since f is entire, around n, we have the Taylor expansion

f@ =) a(z=nt.

k=0

Since f(n) = 0, we have that a; = 0. Therefore, the sum can start at k = 1. We factor
out (z — n), to obtain

f@=@z=-n, az-n*"
k=1

Define the function
(s}

0(2) = Y ap(z—n)".

k=1

This function is holomorphic in a neighbourhood of n. Thus, we have

f(2) = (z—ne(2).

Since
f(z _(z-n)

sin(rz)  sin(zz)

@(2),

and (z — n)/ sin(xz) and ¢(z) is holomorphic in a neighbourhood of n, the conclusion
follows. O
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Theorem 8. Let f be an entire function of exponential type. Suppose
h(—z/2) + h(x/2) < 2=,

and that
f(n)=0 (n € 2).
Then f(z) = 0 for all z.
Proof. Begin by defining the function
f(2)

sin(zz)’

g(z) =

By Lemma 2, it follows that g is entire. Consider first the function 1/ sin(zz). By the
definition of sin, we have

irz —inz
—e

2i

. e
sin(rz) =

Write z = x + iy, to obtain
TOHY) — pinx =y, o—im(HIY) _ =iz ,my
By the triangle inequality, we have
|ei7rxe—7ry _ e—izrxenyl > |e™ — ™| = eﬂ|Y| _ e—ﬂ|Y|.
The right side of the equality is equal to
(23) eIl — =27y,
We can clearly see that
1 —e 27> — 727 (ly| > D).
Therefore, there exists a constant C, such that
| sin(rz)| > Ce™M (ly| > D).
Hence, we have

1 1
| sin(zz)] = Cerlyl

Iyl > 1.

Thus, we conclude that 1/| sin(xz)| is bounded for |y| > 1.
Let 0 < 6 < 1/2, and consider for fixed n € Z the compact set

D,={z=x+iy:|y|<L,n-1/2<x<n+1/2,|z—n| >46}.

In Dy, sin(xz) is non-zero, therefore sin(xz) is continuous on Dy, thus |sin(zz)| is
continuous on D,. Since D, is compact, |sin(xz)| attains a minimum on D,. This
minimum is strictly positive since | sin(zz)| is non-zero on D,. Hence there exists a
constant ¢, such that
| sin(zz)| > ¢ (z € Dy).
It follows that
1 < 1

iG] S S
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Since | sin(xzz)| is periodic with period 1, the same bound holds for all D,,. Therefore,
we conclude that 1/| sin(xz)| is bounded for |y| < 1 outside the disks |z — n| < § for
alln € Z.

Since 1/|sin(xz)| also is bounded by 1/C for |y| > 1, there exists a constant B,

such that
B = max <l l) .
C CO

Therefore, we have
1

— < —n| > 96).
[sin(zz)] — (Iz=nl229)
For fixed N € Z, consider circles
. 1
CN={z : |z|=N+—}.
2
On these circles, we have
|z —n| > ||z| = |n|| (z € Cy).
As |z| = N + 1/2, we obtain
1
IZ—WIZIN+§—InII (z € Cy).

Since |n| and N are both integers, it follows that

1

IN+5=lnll>528  (z€Cy).

N =

Hence, we have that |z —n| > 6 forall z € Cy,.
As f is of exponential type, there exist constants A and 7z such that

If(2)] < Ae”l.
It follows for | f(z)|, that
I/ ()] < ANz e Oy,

For 1/| sin(xz)|, we have

1
—— —<8B eCy).
| sin(zz)| — (z )

Therefore for |g(z)|, we have
|g(2)] < ABe" NI/,
By the maximum modulus theorem, it follows that
g(2)] < ABeNH/D (1z] < N +1/2).
Let z € C and choose N such that |z] < N +1/2 < |z| + 1. It follows that

lg(2)] < ABeTN+1/2) < gBet(zI4D),
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Hence, let C' = ABe7, so that
lg(z)] < el (z € Q).

It follows that g(z) is of exponential type.
To compute the indicator function in the directions 6 = +x /2, recall from (23), that

| sin(izy)| = %e”m(l — 27l
Fory > 0, |y| = y, so
| sin(izy)| = %e”y(l ey (3> 0).
Take logarithms and divide by y, to obtain

- 1
log |5 e™(1 e 2”y)| .\ log (z) | logd — )
=7 .

y y y

Take the limit as y — oo, so that

log(1/2
1im7r+—og( /2
y

y—o0

+log(l1 — e 2y = 1.

By the definition of the indicator function, we have that

og 180N _ 1111 cup <log|f iyl IOglsin(m'y)I>
y y—>o0 y y

hg(x/2) = limsup

y—00

By (15), it follows that
he(x/2) < hy(x/2) — .

By symmetry, we have | sin(—ziy)| = | sin(xiy)|. Hence
he(=7/2) < hp(—n/2) — =.
By the hypothesis, we have
he(w/2) + hy(=7/2) < hp(n/2) + hp(—7/2) — 27 < 0.
By Proposition 4, it follows that g = 0, so

NAC) (z ¢ 2).

B sin(7z)

Thus f(z) = 0 for all z ¢ Z, and since we already know f is zero at the integers, we
conclude that
f=0 (ze ). O
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