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Abstract

The ELSV formula, introduced by Ekedahl, Lando, Shapiro, and Vainshtein in 2001, is a
foundational result in the study of moduli spaces of curves and Gromov–Witten theory, providing a
deep and unexpected connection between combinatorics, algebraic geometry, and theoretical physics.
In this thesis, by utilizing the moduli space of relative maps constructed by Jun Li (2001, 2002)
alongside virtual localization techniques, a simpler proof of the ELSV formula is obtained. To
achieve this, we first develop the necessary mathematical machinery, including the theory of algebraic
stacks, equivariant cohomology, and virtual localization. By synthesizing these foundational tools,
the thesis provides a rigorous and self-contained exposition of the proof.

Sammanfattning

ELSV-formeln, som introducerades av Ekedahl, Lando, Shapiro och Vainshtein år 2001, är
ett grundläggande resultat inom studiet av modulirum för kurvor och Gromov–Witten-teori. Den
erbjuder en djup och oväntad koppling mellan kombinatorik, algebraisk geometri och teoretisk fysik.
I denna avhandling erhålls ett enklare bevis av ELSV-formeln genom att använda det modulirum
för relativa avbildningar som konstruerades av Jun Li (2001, 2002) tillsammans med virtuella
lokaliseringstekniker. För att uppnå detta utvecklar vi först den nödvändiga matematiska apparaten,
inklusive teorin för algebraiska stackar, ekvivariant kohomologi och virtuell lokalisering. Genom att
syntetisera dessa grundläggande verktyg ger avhandlingen en rigorös och självbärande framställning
av beviset.
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Introduction

Initiated by Gromov’s introduction of pseudoholomorphic curves in symplectic geometry, Gromov–
Witten theory has experienced a period of explosive growth, establishing profound connections
between symplectic geometry, algebraic geometry, and theoretical physics. In the algebraic setting,
let ℳ𝑔,𝑛(𝑋,𝛽) denote the moduli stack of stable maps, where 𝑋 is a smooth projective variety
over C and 𝛽 ∈ CH1(𝑋) is a curve class. Given cohomology classes 𝛾1, . . . , 𝛾𝑛 ∈ CH*(𝑋), the
corresponding Gromov–Witten invariant is defined by the intersection number

⟨𝛾1, . . . , 𝛾𝑛⟩𝑋𝑔,𝛽 :=
∫︁

[ℳ𝑔,𝑛(𝑋,𝛽)]vir
ev*

1 𝛾1 ∪ · · · ∪ ev*
𝑛 𝛾𝑛,

where ev𝑖 : ℳ𝑔,𝑛(𝑋,𝛽)→ 𝑋 are the canonical evaluation maps, and [ℳ𝑔,𝑛(𝑋,𝛽)]vir is the virtual
fundamental class induced by the canonical perfect obstruction theory on the moduli stack.

In general, computing the complete Gromov–Witten theory for an arbitrary space 𝑋 is an
exceptionally difficult problem. Even when 𝑋 is assumed to be an algebraic curve, the calculations
are highly non-trivial, as demonstrated by the foundational trilogy of papers by Okounkov and
Pandharipande [OP06b, OP06a, OP06c].

However, by applying the powerful machinery of virtual localization, Graber and Pandharipande
proved in [GP99, Corollary 1] that the full system of Gromov–Witten classes of P𝑟 lies in the
tautological ring of the Deligne–Mumford compactification ℳ𝑔,𝑛. This remarkable result implies
that one can reduce the Gromov–Witten theory of P𝑟 to the problem of understanding the full
structure of the tautological ring R*(ℳ𝑔,𝑛).

Regarding the structure of the tautological ring, Faber’s conjecture proposed that the tautological
ring R*(ℳ𝑔,𝑛) is Gorenstein. Although this conjecture has since been proven false in general (notably
by the counterexamples of Petersen and Tommasi [PT14]), it catalyzed a wave of profound research
into the intersection theory of ℳ𝑔,𝑛. Within this program, top intersection numbers have drawn a
great deal of attention. This is because, under the assumption of a perfect pairing, understanding
all top intersection numbers would allow one to recover the full structure of the tautological ring.
As a corollary, the Gromov–Witten theory of P𝑟 would be fully understood.

More precisely, one considers the Hodge integrals

⟨𝜏𝑎1 . . . 𝜏𝑎𝑛𝜆𝑏1 . . . 𝜆𝑏𝑔⟩𝑔 :=
∫︁

[ℳ𝑔,𝑛]
𝜓𝑎1

1 · · ·𝜓
𝑎𝑛
𝑛 · 𝜆

𝑏1
1 · · ·𝜆

𝑏𝑔
𝑔 ∈ Q,

where
∑︀𝑛

𝑖=1 𝑎𝑖 +
∑︀𝑔

𝑘=1 𝑘 · 𝑏𝑘 = 3𝑔 − 3 + 𝑛. A major goal in the field is to systematically evaluate
these top intersection numbers.

The following theorem, known as the ELSV formula, provides a complete solution to this
problem.
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Theorem 0.0.1 (Ekedahl–Lando–Shapiro–Vainshtein, 2001). Suppose that 2𝑔 − 2 + 𝑛 > 0 and
𝑑 ∈ Z≥1. Let 𝜇 be a partition of 𝑑 of length 𝑛. Then for any integer 𝑔 ≥ 0,

𝐻𝑔,𝜇 = (2𝑔 − 2 + 𝑛+ 𝑑)!
|Aut(𝜇)|

𝑛∏︁
𝑖=1

𝜇𝜇𝑖
𝑖

𝜇𝑖!

∫︁
[ℳ𝑔,𝑛]

Λ∨
𝑔 (1)∏︀𝑛

𝑗=1(1− 𝜇𝑗𝜓𝑗) .

Here, 𝐻𝑔,𝜇 is the Hurwitz number counting the isomorphism classes of branched coverings 𝑓 : 𝐶 → P1

from a connected curve 𝐶 of genus 𝑔, with prescribed ramification profile 𝜇 over ∞ (and simple
branching elsewhere), weighted by |Aut(𝑓)|−1. Furthermore, Λ∨

𝑔 (1) =
∑︀𝑔

𝑖=0(−1)𝑖𝜆𝑖 is the alternating
sum of the 𝜆-classes.

This theorem is extraordinarily powerful because it employs the Hurwitz number, a purely
combinatorial invariant, to fully determine top intersection numbers on ℳ𝑔,𝑛, which otherwise
presents a highly abstract geometric problem. Even more surprisingly, Okounkov and Pandharipande
[OP09] demonstrated that the ELSV formula can be used to give a new proof of Witten’s conjecture
(Theorem 4.0.3). Originating in topological string theory, Witten’s conjecture (first proven by
Kontsevich) provided the first systematic method for evaluating intersection numbers of 𝜓-classes in
history. This remarkable proof reveals that the ELSV formula establishes a profound bridge between
physics, combinatorics, and algebraic geometry. Furthermore, the natural and deep connection
between Hodge integrals and Gromov–Witten theory has been systematically explored by Faber
and Pandharipande in their seminal paper [FP00].

Following the original announcement of the ELSV formula [ELSV01], Graber and Vakil provided
an alternative proof utilizing virtual localization on the moduli stack of stable maps, ℳ𝑔(P1, 𝑑).
This moduli stack naturally parametrizes all branched coverings 𝐶 → P1 of degree 𝑑. Adapting the
treatment of the Lyashko–Looijenga map from the original ELSV proof, they considered the branch
morphism br: ℳ𝑔(P1, 𝑑)→ Sym𝑏 P1 [FP02], where the total branching number 𝑏 = 2𝑔 − 2 + 2𝑑 is
determined by the Riemann–Hurwitz formula.

However, a significant technical difficulty in this approach is that the chosen absolute moduli
stack is excessively large and insensitive to specific ramification profiles. Also, since the target space
is rigidly fixed as P1, limits of stable maps can cause domain components to degenerate in ways
that destroy the prescribed ramification over ∞. Consequently, the closure of the locus of maps
with the desired ramification profile is ill-behaved within this absolute ambient space.

To circumvent this, Graber and Vakil constructed a closed substack 𝑀 ⊂ℳ𝑔(P1, 𝑑) by pulling
back a specific linear system from Sym𝑏 P1 via the branch morphism, expressing the Hurwitz number
as the integral

𝐻𝑔,𝜇 =
∫︁

[𝑀 ]
br*[𝑝].

For a detailed explanation of these notations, we refer to (4.1.4).
Evaluating this right-hand side via virtual localization was a difficult task due to the poorly

understood geometry and ill-behaved boundary of 𝑀 . Acknowledging these difficulties at the
end of their paper [GV03, Section 5], Graber and Vakil proposed that a simpler proof could be
achieved using the theory of relative stable maps. By allowing the target space to degenerate into a
chain of rational curves, relative stable maps naturally resolve these boundary issues and preserve
the ramification profile at the limits. This approach would set the stage to adapt Graber and
Pandharipande’s localization calculations from [GP99, Section 4].

At the time of Graber and Vakil’s writing, the moduli space of relative stable maps had been
constructed in the symplectic category [LR01], but the foundational algebraic construction was
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only finalized shortly after by J. Li [Li01, Li02]. Armed with Li’s algebraic framework, we can now
fully realize Graber and Vakil’s suggestion. The objective of this thesis is to execute this streamlined
proof, bypassing the technical boundary difficulties encountered in the absolute setting.

We also remark that since a virtual localization formula in the symplectic category was subse-
quently established by Chen and Li in 2006 [CL06], it is reasonable that the parallel statement and
proof could now be formulated purely within symplectic geometry.

We close the introduction with a brief discussion of the general structure of the thesis.
The first chapter provides an introduction to Hurwitz theory. Our primary objective is to

introduce the Hurwitz number 𝐻𝑔,𝑑(𝜆1, . . . , 𝜆𝑛) and establish its finiteness, showing that it depends
exclusively on the topology of the target Riemann surface 𝑌 . This topological dependence relies on
Riemann’s existence theorem, which asserts that any finite unbranched topological covering of a
punctured Riemann surface uniquely extends to a holomorphic map between compact Riemann
surfaces.

To prove finiteness, the key idea involves translating the geometric problem of counting holomor-
phic maps into the algebraic problem of counting monodromy representations. This translation is a
milestone in Hurwitz theory. It reduces a geometric problem of counting holomorphic maps into a
manageable combinatorial problem, which is then further reframed using the powerful machinery of
representation theory. The chapter concludes with a discussion of Burnside’s character formula,
representing the culmination of the classical theory of Hurwitz numbers.

The primary goal of the second chapter is to provide a comprehensive introduction to moduli
theory. We begin with the notion of moduli functors, which historically motivated the development
of stack theory, as the existence of non-trivial automorphisms obstructs these functors from being
representable. Our discussion will adopt both global and local perspectives to illuminate the essential
role that automorphisms play in moduli problems. This motivates the enlargement of the category
of schemes, leading naturally to the study of pseudo-functors and categories fibered in groupoids,
which are bridged by the Grothendieck construction. Utilizing descent theory, we define sheaves
and stacks on a site and present several fundamental examples, including quotient stacks, stacks of
quasi-coherent sheaves, and the moduli stack of curves of genus 𝑔.

To import the geometric tools from classical algebraic geometry, we subsequently define algebraic
spaces, Deligne–Mumford stacks, and algebraic stacks—the fundamental geometric spaces of modern
moduli theory. We systematically study the geometry of these spaces, aiming toward the proof of
the following foundational theorem: for 𝑔 ≥ 2, the moduli stack ℳ𝑔 is a smooth Deligne–Mumford
stack of finite type over SpecZ of relative dimension 3𝑔 − 3.

Along the way, we establish numerous important consequences in stack theory, such as char-
acterizing Deligne–Mumford stacks and algebraic spaces via their diagonals and stabilizer groups.
Following this, we introduce the Deligne–Mumford compactification, establishing that ℳ𝑔 is a
smooth, proper, and irreducible Deligne–Mumford stack of dimension 3𝑔 − 3.

In Chapter three, we review equivariant cohomology and classical localization techniques in
algebraic geometry, drawing upon [AF24] and [EG98a, EG98b]. This includes Totaro’s celebrated
idea of “finite-dimensional approximation,” which elegantly sidesteps the issue that topological
classifying spaces are typically infinite-dimensional.

We then survey the critical technical machinery of this thesis: virtual fundamental classes and
virtual localization. To perform intersection theory in highly degenerate settings, we rely on the
virtual fundamental class [𝑋]vir [BF97]. This class is constructed via a perfect obstruction theory
𝐸∙

𝑋 , which is governed by a morphism to the cotangent complex L𝑋 . We conclude by detailing the
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generalization of classical Atiyah–Bott localization formula to the virtual setting [GP99]. This
asserts that for an algebraic scheme 𝑋 with a torus action and a C*-equivariant perfect obstruction
theory, the calculation of equivariant integrals can be reduced to the fixed loci of the group action.
More precisely,

[𝑋]vir = 𝜄*
∑︁ [𝑋𝑖]vir

𝑒(𝑁vir
𝑖 )
∈ CHC*

* (𝑋)⊗Q
[︂
𝑡,

1
𝑡

]︂
.

This localization formula remains one of our most powerful computational tools. Historically,
extending this formula to Deligne–Mumford stacks required the technical assumption that 𝑋 admits
a global embedding into a smooth Deligne–Mumford stack. Since the moduli space of relative stable
maps is a Deligne–Mumford stack, this consideration is highly relevant to our subsequent arguments.
Fortunately, this restrictive embedding condition was proven to be redundant in [CKL17], nearly
two decades after Graber and Pandharipande’s original work. It is also worthwhile to note that
the virtual localization formula has since been generalized even further into the setting of derived
algebraic geometry [AKL+25].

The final chapter synthesizes the machinery developed in the preceding chapters. We will expand
upon the modern tools introduced earlier to execute the proof of the ELSV formula via virtual
localization on the moduli space of relative stable maps.

We begin by analyzing the technical difficulties inherent in proving the ELSV formula via
virtual localization on the classical moduli space of stable maps ℳ𝑔(P1, 𝑑) in details. Following
this, we introduce the moduli space of relative stable maps, before proceeding to the explicit virtual
localization computations. Although the global embedding condition for virtual localization is now
known to be redundant, it is worth noting that Graber and Vakil [GV05] explicitly constructed a
global embedding of this relative moduli space into a smooth Deligne–Mumford stack. Therefore,
one can apply the classical virtual localization formula to this space without needing to rely on later
theoretical generalizations.
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CHAPTER 1

Hurwitz Theory

Hurwitz numbers were introduced by Adolf Hurwitz in the late nineteenth century. In his
celebrated paper [Hur01], Hurwitz posed the following problem: given the Riemann sphere P1 and
𝑏 distinct points on P1, determine the number of equivalence classes of degree 𝑑 branched coverings
of P1 with simple branching over these 𝑏 points. This problem admits the following generalization:

Question 1.0.1. Let 𝑌 be a compact Riemann surface and let 𝐵 = {𝑏1, . . . , 𝑏𝑛} ⊂ 𝑌 be a set of
distinct points. How many holomorphic maps between compact Riemann surfaces 𝑋 → 𝑌 of degree
𝑑 exist such that they have specified ramification profiles over the points in 𝐵 and are unramified
elsewhere?

More precisely, we address the following issues:

(1) Is the number of such maps (up to isomorphism) finite?
(2) Does this number depend on the complex and topological structure of the target Riemann

surface 𝑌 ?
(3) Does this number depend on the specific configuration of the branch points 𝑏𝑖?

This question originated from Riemann’s study of multi-valued complex analytic functions,
which led to the initial development of Riemann surfaces. Hurwitz transformed this enumerative
geometric problem into a combinatorial one involving group homomorphisms, specifically monodromy
representations. The key insight is that the ramification profile at the preimages of a certain branch
point 𝑝 corresponds to the cycle type of the permutation associated with a small loop winding
around 𝑝. Via the representation theory of the symmetric group 𝑆𝑑, this counting problem reduces
to an algebraic computation, culminating in Burnside’s formula.

In this chapter, we employ the Riemann Existence Theorem to resolve the dependencies discussed
above. Specifically, we demonstrate that the count of coverings is determined only by the topological
genus of the target surface 𝑌 , remaining invariant under deformations of the complex structure of
𝑌 or changes in the configuration of the branch points 𝑏𝑖. Following this foundational result, we
formally define the Hurwitz number and compute standard examples directly from the definition. We
then establish the correspondence between isomorphism classes of Hurwitz coverings and monodromy
representations, which provides an affirmative answer to the question regarding the finiteness of
these numbers. Finally, we briefly survey how Hurwitz connected this enumerative problem to the
representation theory of the symmetric group, culminating in the classical Burnside formula.

We adopt the following conventions throughout this chapter:

∙ Unless explicitly stated otherwise, all Riemann surfaces are assumed to be connected.
∙ The global degree of a holomorphic map 𝑓 : 𝑋 → 𝑌 is defined if and only if the map is

proper. We will implicitly assume this condition whenever discussing the degree. Note that
any non-constant holomorphic map between compact Riemann surfaces is automatically
proper.

1



∙ In this chapter, the term covering map refers to a branched covering map. Specifically,
a map 𝑓 : 𝑋 → 𝑌 is called a covering if there exists a finite set 𝐵 ⊂ 𝑌 such that the
restriction 𝑓 |𝑋∖𝑓−1(𝐵) is an honest covering map in the standard topological sense. When
we wish to refer to a covering with an empty branch locus, we will explicitly use the term
unbranched covering.

1.1. Riemann’s Existence Theorem and Hurwitz Numbers

To address the questions (2) and (3) above, we rely on the Riemann’s Existence Theorem, which
shows that any unbranched topological covering of a punctured Riemann surface determines a
unique holomorphic map of compact Riemann surfaces.

Before proving the main theorem, we introduce a fundamental lemma that serves as a guiding
principle in the study of branched coverings. This result establishes a rigorous correspondence
between the topological, analytic, and algebraic structures.

Lemma 1.1.1. Let 𝑌 be a compact Riemann surface. There are natural bijections between the
following sets:{︃

Non-constant algebraic morphisms 𝑋 → 𝑌

of smooth projective curves over C

}︃
←→

{︃
Non-constant holomorphic maps 𝑋 → 𝑌

of compact Riemann surfaces

}︃

←→
{︃

Topological coverings 𝑋 → 𝑌

of compact topological surfaces

}︃
.

Proof. This result generalizes [Alp26, Proposition 6.7.9], which treats the specific case 𝑌 = P1.
It is immediate that every algebraic morphism between smooth complex projective curves is

holomorphic. Moreover, every non-constant holomorphic map between compact Riemann surfaces
exhibits the local behavior 𝑧 ↦→ 𝑧𝑘, which identifies it as a topological covering.

Conversely, let 𝑓 : 𝑋top → 𝑌 be a topological covering, where 𝑌 is a fixed compact Riemann
surface. We endow 𝑋top with a unique complex structure that renders 𝑓 holomorphic. On the
unramified locus, the complex charts of 𝑌 are pulled back via the local inverses of 𝑓 . In the
neighborhood of a ramification point 𝑝 ∈ 𝑋top with local degree 𝑘, we define a coordinate 𝑧 such
that 𝑓 takes the form 𝑧 ↦→ 𝑧𝑘 relative to a centered local coordinate on 𝑌 . This construction defines
a compact Riemann surface 𝑋 such that the map 𝑓 : 𝑋 → 𝑌 is holomorphic.

Finally, to establish that a holomorphic map 𝑓 : 𝑋 → 𝑌 between compact Riemann surfaces is
algebraic, we recall that every compact Riemann surface admits an embedding into some projective
space P𝑁 by Riemann–Roch and therefore is an algebraic projective variety by Chow’s theorem.
By Chow’s Theorem again, any global holomorphic map between projective algebraic varieties is
necessarily algebraic.

Note that this argument relies on the equivalence between the category of compact Riemann
surfaces and that of smooth projective algebraic curves. For details, see [Har77, Appendix B,
Theorem 3.1] and [GR84, Theorem 9.5.1]. □

Theorem 1.1.2 (Riemann’s Existence Theorem). Let 𝑓∘ : 𝑋∘ → 𝑌 ∖ {𝑏1, . . . , 𝑏𝑛} be an unbranched
topological covering of finite degree with 𝑋∘ being a connected topological surface and 𝑌 being a
compact Riemann surface. Then there exists a unique (up to isomorphism) compact Riemann surface
𝑋, such that 𝑋∘ is a dense open subset of 𝑋, such that 𝑓∘ extends to 𝑓 : 𝑋 → 𝑌 , a holomorphic
map between 𝑋 and 𝑌 .
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Proof. By the bijection established in Lemma 1.1.1, it suffices to complete 𝑋∘ into a compact
topological surface and extend 𝑓∘ to a continuous map 𝑓 : 𝑋 → 𝑌 .

Denote 𝐵 := {𝑏1, . . . , 𝑏𝑛} and fix 𝑏 ∈ 𝐵. Consider a coordinate chart 𝜙 centered around 𝑏

and let Δ := 𝜙−1{|𝑤| < 1}, the preimage of the unit disk under the coordinate function 𝜙, so
Δ is homeomorphic to an open disk. From the definition of topological covering maps, the map
𝑓∘ : (𝑓∘)−1(Δ ∖ 𝑏) → Δ ∖ 𝑏 is an unbranched covering map of degree 𝑑. Let 𝑈∘

1 , . . . , 𝑈
∘
𝑚 be the

connected components of the preimage (𝑓∘)−1(Δ ∖ 𝑏). Since Δ ∖ 𝑏 is homotopically equivalent to the
circle 𝑆1, its fundamental group is Z, so each 𝑈∘

𝑖 , 𝑖 = 1, . . . ,𝑚 is homeomorphic to a punctured disk.
Moreover, there exist positive integers 𝑘1, . . . , 𝑘𝑚 and homeomorphism 𝜓∘

𝑖 : 𝑈∘
𝑖 → {0 < |𝑧| < 1} such

that 𝜙 ∘ 𝑓∘ ∘ (𝜓∘
𝑖 )−1 is described by 𝑧 ↦→ 𝑧𝑘𝑖 for each 𝑖 = 1, . . . ,𝑚. Now for each 𝑖 = 1, . . . ,𝑚 we

add a point 𝑝𝑖 to 𝑋∘ in such a way that 𝜓∘
𝑖 extends to a homeomorphism 𝜓𝑖 : 𝑈∘

𝑖 ∪ 𝑝𝑖 → {|𝑧| < 1}
such that 𝜓𝑖(𝑝𝑖) = 0 and 𝜓𝑖|𝑈∘

𝑖
= 𝜓∘

𝑖 .
Repeating this process for all points in 𝐵, we obtain a new topological space 𝑋 by adjoining

finitely many points to 𝑋∘. By construction, 𝑋 is a topological surface, 𝑋∘ is dense in 𝑋, and 𝑓∘

extends to a continuous map 𝑓 : 𝑋 → 𝑌 . Moreover, the constructed surface 𝑋 is compact. This
follows from the fact that 𝑌 is compact and 𝑓 is a finite-degree covering, so 𝑓 is proper and 𝑋 is
compact. □

Remark 1.1.3. The terminology “Riemann’s Existence Theorem” is ambiguous, referring to distinct
results depending on the context. Classically, it denotes the existence of meromorphic functions on
a fixed compact Riemann surface with prescribed singularities. This foundational result, originating
in Riemann’s seminal papers [Rie13, Rie57], is today typically established as a consequence of the
Riemann–Roch theorem, see [Har77, IV. Ex. 1.1–1.2].

In the context of this chapter (Theorem 1.1.2), the term refers to the converse problem:
constructing a complex structure on a topological surface given the data of a branched covering.

Finally, in modern algebraic geometry, the theorem was vastly generalized by Grothendieck to
establish an equivalence between the category of finite topological coverings of a complex algebraic
variety and the category of finite étale coverings [SGA03, Exposé XII, Theorem 5.1].

Theorem 1.1.2 allows us to see that the number of the maps in Question 1.0.1 is independent of
the complex structure of 𝑌 or of the configuration of the branch points. This leads us to the following
definition of Hurwitz numbers. Recall that two holomorphic maps 𝑓 : 𝑋1 → 𝑌 and 𝑔 : 𝑋2 → 𝑌 of
Riemann surfaces are isomorphic if there is an isomorphism 𝜑 : 𝑋1 → 𝑋2 such that 𝑓 = 𝑔 ∘ 𝜑.

Definition 1.1.4 (Hurwitz Numbers). Let 𝑌 be a compact Riemann surface of genus 𝑔, with
fixed marked points 𝑏1, . . . , 𝑏𝑛 ∈ 𝑌 . Let 𝜆1, . . . , 𝜆𝑛 be partitions of 𝑑. Define the Hurwitz number
𝐻𝑔,𝑑(𝜆1, . . . , 𝜆𝑛) as the weighted count of covers:

𝐻𝑔,𝑑(𝜆1, . . . , 𝜆𝑛) :=
∑︁
[𝑓 ]

1
|Aut(𝑓)| ,

where the sum runs over each isomorphism class of 𝑓 : 𝑋 → 𝑌 where
∙ 𝑓 is a holomorphic map of Riemann surfaces;
∙ 𝑋 is a compact Riemann surface;
∙ the branch locus of 𝑓 is {𝑏1, . . . , 𝑏𝑛};
∙ the ramification profile of 𝑓 at each 𝑏𝑖 is 𝜆𝑖.

We call a map 𝑓 satisfying the above four conditions a Hurwitz cover for the discrete data
𝑔, 𝑑, 𝜆1, . . . , 𝜆𝑛.
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Essentially, the Hurwitz number 𝐻𝑔,𝑑(𝜆1, . . . , 𝜆𝑛) counts the distinct branched coverings matching
the given topological data, weighted by the inverse size of their automorphism groups. From Theorem
1.1.2 we see that the Hurwitz number is uniquely determined once the discrete data 𝑔, 𝑑, 𝜆𝑖 are
given. An application of Riemann–Hurwitz theorem ([Har77, IV. Corollary 2.4]) also determines
the genus of 𝑋, which satisfies 2𝑔𝑋 − 2 = 𝑑(2𝑔 − 2) +

(︀
𝑛𝑑−

∑︀𝑛
𝑖=1 𝑙(𝜆𝑖)

)︀
, where 𝑙(𝜆𝑖) denotes the

length of the partition 𝜆𝑖.

Example 1.1.5 (Hyperelliptic coverings). Recall that a compact Riemann surface 𝑋 is called
hyperelliptic if it admits a holomorphic map 𝑓 : 𝑋 → P1 such that deg 𝑓 = 2. We also refer to
the map 𝑓 as a hyperelliptic covering. Since deg 𝑓 = 2, every ramification point in 𝑋 must have
ramification index 2. Consequently, by the Riemann–Hurwitz formula, the genus of 𝑋 is completely
determined by the number of branch points, and conversely.

We first claim that for each 𝑔 ∈ N≥2, there exists a hyperelliptic curve of genus 𝑔. We reduce
the problem to the algebraic category via Lemma 1.1.1. Consider a curve 𝑋 of type (𝑔+ 1, 2) on the
quadric surface P1×P1. By the adjunction formula, the genus of 𝑋 is (𝑔+ 1) · 2− (𝑔+ 1)− 2 + 1 = 𝑔,
see [Har77, V. Proposition 1.5 & Example 1.5.2]. Let 𝜋1 : P1 × P1 → P1 be the projection onto the
first factor, and define 𝑓 := 𝜋1|𝑋 . Since the curve is of type (𝑔 + 1, 2), its intersection number with
the general fiber of 𝜋1 is 2, see [Har77, V. Example 1.4.3]. Thus, 𝑓 is a finite morphism of degree 2
between algebraic curves.

Furthermore, every hyperelliptic curve of genus 𝑔 admits a canonical algebraic description. The
following calculation expands upon [Har77, V. Exc 3.5]. Let 𝑎1, . . . , 𝑎𝑟 be distinct complex numbers
with 𝑟 ≥ 5, and define a plane curve 𝐶 ⊂ P2 (in an affine chart) by the equation 𝑦2 =

∏︀𝑟
𝑖=1(𝑥− 𝑎𝑖).

Let ̃︀𝐶 be the normalization of 𝐶 and consider the morphism 𝑓 : ̃︀𝐶 → P1 given by the composition of
the normalization map and the projection [𝑥 : 𝑦 : 𝑧] ↦→ [𝑥 : 𝑧]. This morphism is well-defined since
[0 : 1 : 0] is a singular point of 𝐶, and 𝑓 is a finite morphism of degree 2.

To calculate the genus, we apply the Riemann–Hurwitz formula to see that 2𝑔( ̃︀𝐶) − 2 =
deg(𝑓) · (2𝑔(P1) − 2) + 𝐵 = −4 + 𝐵, where 𝐵 is the total branching index. The affine points
𝑎1, . . . , 𝑎𝑟 are clearly simple branch points. We must also check the behavior at infinity. Substituting
𝑥 = 1/𝑡, the equation becomes 𝑦2 = 𝑡−𝑟 ∏︀𝑟

𝑖=1(1− 𝑎𝑖𝑡).

∙ If 𝑟 is even, the function 𝑦 has a pole of order 𝑟/2 at 𝑡 = 0. The map has two distinct poles
at infinity, so it is unramified there. Therefore, 𝐵 = 𝑟.
∙ If 𝑟 is odd, the map has a single branch point at infinity with ramification index 2. Therefore,
𝐵 = 𝑟 + 1.

Solving for the genus, we obtain:

𝑔( ̃︀𝐶) =

⎧⎨⎩(𝑟 − 1)/2 if 𝑟 is odd;
(𝑟/2)− 1 if 𝑟 is even.

Finally we calculate the automorphism group Aut(𝑓) of the algebraic morphism 𝑓 : 𝑋 → P1

with deg 𝑓 = 2. From the canonical algebraic description above it is clear that the only possible
non-trivial automorphism is the map (𝑥, 𝑦) ↦→ (𝑥,−𝑦), so Aut(𝑓) ∼= Z/2Z and |Aut(𝑓)| = 2. To
conclude, we obtain that for any 𝑔 ≥ 2,

𝐻0,2
(︀
(2)2𝑔+2)︀ = 1

2 .
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1.2. The Monodromy Correspondence

So far, we have not established whether the Hurwitz numbers defined above are finite. In
this subsection, we provide an affirmative answer to question (1) by constructing a natural bi-
jection between the isomorphism classes of Hurwitz coverings and a specific class of monodromy
representations.

Let 𝑓 : 𝑋 → 𝑌 be a holomorphic map of degree 𝑑 between two Riemann surfaces, with branch
locus 𝐵 = {𝑏1, . . . , 𝑏𝑛} ⊂ 𝑌 . Fix a base point 𝑦0 ∈ 𝑌 ∖𝐵. By the path lifting and homotopy lifting
properties of covering spaces (cf. [For81, Chapter 1, Theorems 4.10, 4.14]), there exists a natural
group action

𝜎 : 𝜋1(𝑌 ∖𝐵, 𝑦0)× 𝑓−1(𝑦0) −→ 𝑓−1(𝑦0)
([𝛾], 𝑥) ↦−→ ̃︀𝛾𝑥(1),

where ̃︀𝛾𝑥 denotes the unique path in 𝑋 obtained by lifting the loop 𝛾 via 𝑓 with initial point
𝑥 ∈ 𝑓−1(𝑦0). We refer to this as the monodromy action of 𝜋1(𝑌 ∖ 𝐵, 𝑦0) on the fiber 𝑓−1(𝑦0).
Since 𝑋 is assumed to be connected, this action is transitive.

Base P1

𝑦0

𝛾

𝑓

𝑥

𝛾𝑥(1)

𝛾

Figure 1. A monodromy action

From the transitivity of this group action, we see that the map 𝜎𝛾 : 𝑓−1(𝑦0)→ 𝑓−1(𝑦0) induced
by a loop 𝛾 is a bijection. Therefore, if we identify the fiber 𝑓−1(𝑦0) with the set [𝑑] := {1, . . . , 𝑑},
then 𝜎𝛾 corresponds to a permutation in the symmetric group 𝑆𝑑. This motivates the following
definition.

Definition 1.2.1 (𝑦0-labeled maps). A 𝑦0-labeled map is a pair (𝑓, 𝐿), where 𝑓 : 𝑋 → 𝑌 is a
holomorphic map of degree 𝑑 between two Riemann surfaces, and 𝐿 : 𝑓−1(𝑦0) ∼−→ [𝑑] is a bijection,
called a labeling of the fiber over 𝑦0. An isomorphism of 𝑦0-labeled maps (𝑓, 𝐿) and (𝑔, 𝐿′) is a
biholomorphism 𝜙 between the domains such that 𝑔 ∘ 𝜙 = 𝑓 and 𝐿 = 𝐿′ ∘ 𝜙 on the fiber over 𝑦0.
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A 𝑦0-labeled map (𝑓, 𝐿) determines a group homomorphism Φ: 𝜋1(𝑌 ∖𝐵, 𝑦0)→ 𝑆𝑑, defined by
Φ([𝛾]) = 𝐿 ∘ 𝜎𝛾 ∘ 𝐿−1. We call this homomorphism the monodromy representation associated
with the 𝑦0-labeled covering.

Crucially, this monodromy representation in fact encodes the data of the ramification profiles.
We now illustrate precisely how the local behavior of 𝑓 near a branch point determines the cycle
structure of the monodromy.

Suppose that 𝑓 : 𝑋 → 𝑌 has ramification profile 𝜆 = {𝑘1, . . . , 𝑘𝑚} at a branch point 𝑏 ∈ 𝐵.
Let 𝑥1, . . . , 𝑥𝑚 be the points in the fiber 𝑓−1(𝑏) with corresponding ramification indices 𝑘𝑗 . To
analyze the monodromy, we choose a loop 𝛾 in 𝑌 ∖𝐵 based at 𝑦0 that “encircles 𝑏”. Specifically, let
𝛾 = 𝛼 · 𝛽 · 𝛼−1, where 𝛼 is a path connecting 𝑦0 to a point 𝑦 near 𝑏, and 𝛽 is a simple loop winding
once counterclockwise around 𝑏 inside a small disk 𝐷𝑏.

Inside 𝐷𝑏, the preimage 𝑓−1(𝐷𝑏) consists of a disjoint union of neighborhoods 𝑈1, . . . , 𝑈𝑚, where
𝑈𝑗 contains 𝑥𝑗 . By the definition of ramification, we can choose local coordinates 𝑧 on 𝑈𝑗 and 𝑤 on
𝐷𝑏, centered at 𝑥𝑗 and 𝑏 respectively, such that the map is given locally by 𝑤 = 𝑧𝑘𝑗 .

Consider the lifting of the loop 𝛽 parameterized as 𝑤(𝑡) = 𝜀𝑒2𝜋𝑖𝑡 for 𝑡 ∈ [0, 1] into the neighbor-
hood 𝑈𝑗 . The equation 𝑧𝑘𝑗 = 𝜀𝑒2𝜋𝑖𝑡 yields 𝑘𝑗 number of distinct solution branches:

𝑧𝜈(𝑡) = 𝜀1/𝑘𝑗 exp
(︃

2𝜋𝑖(𝑡+ 𝜈)
𝑘𝑗

)︃
, 𝜈 = 0, . . . , 𝑘𝑗 − 1.

As 𝑡 goes from 0 to 1, the argument increases by 2𝜋/𝑘𝑗 , mapping the sheet 𝜈 to 𝜈 + 1 (modulo
𝑘𝑗). Consequently, the monodromy permutation 𝜎𝛾 acts on the 𝑘𝑗 points in 𝑈𝑗 ∩ 𝑓−1(𝑦) as a cyclic
permutation of length 𝑘𝑗 , which is (1→ 2→ · · · → 𝑘𝑗 → 1).

Since this phenomenon occurs simultaneously and independently in the disjoint neighborhoods
𝑈1, . . . , 𝑈𝑚, the total monodromy permutation 𝜎𝛾 is the product of 𝑚 disjoint cycles of lengths
𝑘1, . . . , 𝑘𝑚. Therefore, the cycle type of Φ([𝛾]) corresponds exactly to the partition defined by the
ramification profile at 𝑏.

In summary, we have established the following result characterizing the algebraic data of Hurwitz
coverings.

Proposition 1.2.2. Let 𝑌 be a Riemann surface of genus 𝑔 with base point 𝑦0 and branch locus
𝐵 = {𝑏1, . . . , 𝑏𝑛} ⊂ 𝑌 . Let 𝜆1, . . . , 𝜆𝑛 be partitions of a positive integer 𝑑.

If (𝑓 : 𝑋 → 𝑌, 𝐿) is a 𝑦0-labeled map of degree 𝑑 with branch locus 𝐵 and ramification profile
𝜆𝑘 at each 𝑏𝑘, then it induces a monodromy representation Φ: 𝜋1(𝑌 ∖ 𝐵, 𝑦0) → 𝑆𝑑 satisfying the
following conditions:

(1) Transitivity: The image Im Φ acts transitively on the fiber [𝑑];
(2) Local Monodromy: For each 𝑘 ∈ {1, . . . , 𝑛}, if 𝛾𝑘 denotes the homotopy class of a simple

positively oriented loop around 𝑏𝑘, the permutation Φ(𝛾𝑘) has cycle type 𝜆𝑘.
We call the monodromy representation satisfying the above two conditions the monodromy

representation of type (𝑔, 𝑑, 𝜆1, . . . , 𝜆𝑛).

Next, we address the converse problem: given a monodromy representation of type (𝑔, 𝑑, 𝜆1, . . . , 𝜆𝑛),
does it uniquely determine a Hurwitz covering 𝑓 : 𝑋 → 𝑌 ? The answer is affirmative.

The strategy for the construction is rooted in the “gluing” of local sheets. Let 𝑈 := 𝑌 ∖𝐵 be
the dense open subset representing the unramified locus. Over this region, any degree 𝑑 covering
locally resembles 𝑑 disjoint copies of 𝑈 . The monodromy representation provides the precise
“gluing instructions”: it records how these 𝑑 copies are permuted as one traverses loops in 𝑈 .
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This construction yields an unbranched topological covering 𝑝 : 𝑋∘ → 𝑈 . By Riemann’s Existence
Theorem 1.1.2, this covering extends uniquely to a holomorphic map 𝑓 : 𝑋 → 𝑌 between compact
Riemann surfaces.

This motivates the use of the Galois correspondence for covering spaces to give a formal proof.
While the geometric intuition of gluing sheets is vivid, the rigorous machinery of the fundamental
group allows for a cleaner argument. Recall that for a connected manifold 𝑀 , there is a bijection
between the connected covering spaces of 𝑀 and the subgroups of 𝜋1(𝑀,𝑦0). Specifically, a subgroup
𝐻 ⊆ 𝜋1(𝑀,𝑦0) corresponds to the covering space ̃︁𝑀/𝐻, where ̃︁𝑀 is the universal covering. For
details see [For81, Chapter 1.5]. In our context, the monodromy representation determines a specific
subgroup (stabilizer), which in turn determines the covering space 𝑋∘ as a quotient of the universal
cover of 𝑌 ∖𝐵.

Proposition 1.2.3. Let 𝑌 be a compact Riemann surface, 𝐵 ⊂ 𝑌 a finite set, and 𝑦0 ∈ 𝑈 := 𝑌 ∖𝐵.
Let Φ: 𝜋1(𝑈, 𝑦0)→ 𝑆𝑑 be a monodromy representation of type (𝑔, 𝑑, 𝜆1, . . . , 𝜆𝑛). Then there exists a
unique 𝑦0-labeled map (𝑓 : 𝑋 → 𝑌,𝐿) of degree 𝑑 (up to labeled isomorphism) such that its associated
monodromy representation is exactly Φ.

Proof. The proof expands upon the ideas in [Mir95, pp. 88–89]. For a geometry-oriented
proof using a gluing construction we refer to [CM16, Theorem 7.2.2].

Let 𝐻 ⊂ 𝜋1(𝑈, 𝑦0) be the stabilizer of the index 1 ∈ [𝑑] under the action defined by Φ:

𝐻 := {[𝛾] ∈ 𝜋1(𝑈, 𝑦0) | Φ([𝛾])(1) = 1}.

Since Φ is of type (𝑔, 𝑑, 𝜆1, . . . , 𝜆𝑛), its image is a transitive subgroup of 𝑆𝑑, so the index of 𝐻 in
𝜋1(𝑈, 𝑦0) is equal to the size of the orbit of 1, which is 𝑑.

By the Galois correspondence for covering spaces, there exists a unique unbranched covering
map 𝑝∘ : 𝑋∘ → 𝑈 with a base point 𝑥0 ∈ (𝑝∘)−1(𝑦0) such that the induced homomorphism (𝑝∘)*
maps 𝜋1(𝑋∘, 𝑥0) isomorphically onto 𝐻. Since [𝜋1(𝑈, 𝑦0) : 𝐻] = 𝑑, this covering has degree 𝑑.

We define the labeling 𝐿 : (𝑝∘)−1(𝑦0) → [𝑑] as follows. For any point 𝑥 in the fiber over 𝑦0,
choose a path 𝛾 in 𝑋∘ from 𝑥0 to 𝑥. Let 𝛾 := 𝑝∘ ∘ 𝛾 be the projection of this path to 𝑈 . Define

𝐿(𝑥) := Φ([𝛾])(1).

To see that 𝐿 is well-defined, suppose 𝜂 is another path from 𝑥0 to 𝑥. Then 𝛾 · 𝜂−1 is a loop in 𝑋∘

based at 𝑥0, so its projection 𝛾 · 𝜂−1 lies in the subgroup (𝑝∘)*(𝜋1(𝑋∘, 𝑥0)) = 𝐻. By the definition
of 𝐻, Φ([𝛾 · 𝜂−1])(1) = 1, which implies Φ([𝛾])(1) = Φ([𝜂])(1). Thus 𝐿(𝑥) is independent of the
choice of path.

Moreover, since the action of Φ is transitive, for any 𝑘 ∈ [𝑑], there exists 𝛾 such that Φ([𝛾])(1) = 𝑘.
Lifting this 𝛾 to the path starting at 𝑥0 yields a point 𝑥 with 𝐿(𝑥) = 𝑘. Thus 𝐿 is surjective and,
since the sets are finite of size 𝑑, a bijection.

By Riemann’s Existence Theorem 1.1.2, the unbranched covering 𝑝∘ extends uniquely to a
holomorphic map 𝑓 : 𝑋 → 𝑌 between compact Riemann surfaces, where 𝑋 contains 𝑋∘ as a dense
open subset. We now verify that the monodromy representation Ψ of the constructed labeled map
(𝑓, 𝐿) is exactly Φ. Let 𝜌 ∈ 𝜋1(𝑈, 𝑦0). Under the monodromy action, 𝜌 lifts to a path 𝜌 starting at
𝑥 ∈ 𝑓−1(𝑦0) and ending at a point 𝑥′. If 𝑥 is defined by a path 𝛾 starting at 𝑥0, i.e., 𝐿(𝑥) = Φ([𝛾])(1),
then 𝑥′ is reached by the path 𝛾 · 𝜌. Therefore

Ψ(𝜌)(𝐿(𝑥)) = 𝐿(𝑥′) = Φ([𝛾 · 𝜌])(1) = Φ([𝜌])(Φ([𝛾])(1)) = Φ([𝜌])(𝐿(𝑥)).
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Since this holds for all 𝑥, Ψ = Φ. Finally, since the monodromy matches Φ, and Φ is of type
(𝑔, 𝑑, 𝜆1, . . . , 𝜆𝑛), the local monodromy around each branch point 𝑏𝑘 has cycle type 𝜆𝑘. As established
previously, the cycle type of the local monodromy corresponds exactly to the ramification profile.
Thus, 𝑓 is a Hurwitz covering of the required type. □

Combining Proposition 1.2.2 with Proposition 1.2.3 yields the bijection between isomorphism
classes of 𝑦0-labeled maps 𝑋 → 𝑌 of type (𝑔, 𝑑, 𝜆1, . . . , 𝜆𝑛) and monodromy representations 𝜋1(𝑌 ∖
𝐵, 𝑦0)→ 𝑆𝑑 of type (𝑔, 𝑑, 𝜆1, . . . , 𝜆𝑛).

Theorem 1.2.4. There is a bijection between the following two sets:⎧⎪⎪⎪⎨⎪⎪⎪⎩
Isomorphism classes of (𝑓 : 𝑋 → 𝑌, 𝐿)
𝑦0-labeled maps of compact Riemann surfaces,
𝑓 branches over 𝐵 = {𝑏1, . . . , 𝑏𝑛}
with ramification profile 𝜆𝑖 over 𝑏𝑖.

⎫⎪⎪⎪⎬⎪⎪⎪⎭ ←→

⎧⎪⎨⎪⎩
Monodromy representations
𝜌 : 𝜋1(𝑌 ∖𝐵, 𝑦0)→ 𝑆𝑑

of type (𝑔, 𝑑, 𝜆1, . . . , 𝜆𝑛).

⎫⎪⎬⎪⎭
As a corollary, for any given 𝑔, 𝑑 and partitions 𝜆1, . . . , 𝜆𝑛, the Hurwitz numbers 𝐻𝑔,𝑑(𝜆1, . . . , 𝜆𝑛)

are always finite, since the fundamental group 𝜋1(𝑌 ∖𝐵, 𝑦0) is finitely generated when 𝐵 is a finite
set. This answers question (1). More precisely:

Corollary 1.2.5. Let 𝑌 be a compact Riemann surface and let 𝐵 = {𝑏1, . . . , 𝑏𝑛} ⊂ 𝑌 , and 𝑀 be
the set of monodromy representations 𝜋1(𝑌 ∖𝐵, 𝑦0)→ 𝑆𝑑 of type (𝑔, 𝑑, 𝜆1, . . . , 𝜆𝑛). Then

𝐻𝑔,𝑑(𝜆1, . . . , 𝜆𝑛) = |𝑀 |
𝑑! .

Proof. Given a Hurwitz covering 𝑓 : 𝑋 → 𝑌 of type (𝑔, 𝑑, 𝜆1, . . . , 𝜆𝑛), there are 𝑑! ways to
label the fiber 𝑓−1(𝑦0). On the other hand, an automorphism 𝜙 ∈ Aut(𝑓) induces an isomorphism
of 𝑦0-labeled maps (𝑓, 𝐿) ∼= (𝑓, 𝐿 ∘𝜙−1). Since 𝐿 ∘𝜙−1 = 𝐿 if and only if 𝜙 is trivial, these two facts
imply that the number of isomorphism classes of 𝑦0-labeled maps 𝑓 is 𝑑!/|Aut(𝑓)|. Therefore,

𝐻𝑔,𝑑(𝜆1, . . . , 𝜆𝑛) =
∑︁
[𝑓 ]

1
|Aut(𝑓)| = 1

𝑑!
∑︁
[𝑓 ]

𝑑!
|Aut(𝑓)| = |𝑀 |

𝑑! ,

where the final equality comes from Theorem 1.2.4. □

Example 1.2.6 (Hyperelliptic Covering Revisit). We recalculate the Hurwitz number 𝐻0,2
(︀
(2)2𝑔+2)︀

utilizing the correspondence established in Theorem 1.2.4. It suffices to enumerate the monodromy
representations Φ: 𝜋1(P1 ∖𝐵, 𝑦0)→ 𝑆2 of type (0, 2, (2)2𝑔+2).

The fundamental group 𝜋1(P1 ∖𝐵, 𝑦0) is generated by loops 𝛾1, . . . , 𝛾2𝑔+2 winding around the
branched points, subject to the single relation

∏︀2𝑔+2
𝑖=1 𝛾𝑖 = 𝑒. A representation of the specified type

requires the image of each generator Φ(𝛾𝑖) to be a transposition. In the symmetric group 𝑆2, the
unique transposition is 𝜏 = (12). Therefore, we are forced to let Φ(𝛾𝑖) = 𝜏 for each 𝑖 = 1, . . . , 2𝑔+ 2,
and

∏︀2𝑔+2
𝑖=1 Φ(𝛾𝑖) = 𝑒 since 2𝑔 + 2 is even. Consequently, there is exactly one valid monodromy

representation, so |𝑀 | = 1. This yields

𝐻0,2
(︀
(2)2𝑔+2)︀ = 1

2 .

Compared with the geometric calculation in Example 1.1.5, this combinatorial calculation is
significantly simpler.
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Example 1.2.7. In this example, we calculate the Hurwitz number 𝐻0,4
(︀
(3, 1), (2, 2)2)︀. First,

we verify the genus using the Riemann–Hurwitz formula. The total branching index is 𝐵 =
(3− 1) + 2 · (2− 1 + 2− 1) = 2 + 4 = 6. Therefore, the genus of the source curve 𝑋 satisfies:

2𝑔𝑋 − 2 = 4(2 · 0− 2) + 6 = −8 + 6 = −2 =⇒ 𝑔𝑋 = 0.

We now enumerate the monodromy representations of type (0, 4, (3, 1), (2, 2)2). Let 𝛾1, 𝛾2, 𝛾3 be
the generating loops winding around the three branch points, subject to the single relation 𝛾1𝛾2𝛾3 = 𝑒.
A representation of the specified type requires that Φ(𝛾1) is a 3-cycle and that Φ(𝛾2),Φ(𝛾3) are
products of two disjoint transpositions.

Let 𝐾4 = {𝑒, (12)(34), (13)(24), (14)(23)} be the Klein group. Recall that 𝐾4 consists exactly
of the identity and the conjugacy class of type (2, 2), and that 𝐾4 is a normal subgroup of 𝑆4.
Consider the canonical quotient homomorphism 𝜋 : 𝑆4 → 𝑆4/𝐾4 ∼= 𝑆3. We immediately obtain a
contradiction that

𝑒𝑆3 = 𝜋(Φ(𝛾1𝛾2𝛾3)) = 𝜋(Φ(𝛾1)) ̸= 𝑒𝑆3 .

Consequently, no such monodromy representation exists. We conclude that

𝐻0,4
(︀
(3, 1), (2, 2)2)︀ = 0.

Example 1.2.7 demonstrates that the Riemann–Hurwitz formula, while necessary, is not sufficient
for the existence of a Hurwitz covering. This observation motivates the Hurwitz existence problem:
the quest to determine necessary and sufficient conditions for a Hurwitz number to be non-zero.
Despite extensive study, this problem remains open. The case where the target curve has genus
𝑔 > 0 was fully resolved by Edmonds, Kulkarni, and Stong in [EKS84]. However, for the case
of P1, a complete solution is still missing, although numerous partial results exist. In the same
work [EKS84], it is conjectured that for prime degrees 𝑑, the Riemann–Hurwitz condition is indeed
necessary and sufficient. Recent computational advances [WLZ+25] have verified this conjecture
for all degrees 𝑑 ≤ 31.

1.3. The Burnside Character Formula

For the sake of completeness, we conclude this chapter with a brief survey of how Hurwitz further
reformulated the enumeration of covering maps using the representation theory of the symmetric
group 𝑆𝑑. As these results are not required for subsequent chapters, we omit detailed proofs and
refer the interested reader to [CM16, Chapter 9].

Let C[𝑆𝑑] denote the group algebra of the symmetric group 𝑆𝑑, and let 𝒵C[𝑆𝑑] denote its center.
Recall that the conjugacy class sums form a natural basis for the center. Specifically, for any
partition 𝜆 ⊢ 𝑑, let 𝐶𝜆 ∈ C[𝑆𝑑] be the sum of all permutations with cycle type 𝜆. As a vector space,
the center admits the decomposition

𝒵C[𝑆𝑑] =
⨁︁
𝜆⊢𝑑

C𝐶𝜆.

We introduce the disconnected Hurwitz number 𝐻∙
𝑔,𝑑(𝜆1, . . . , 𝜆𝑛), which counts Hurwitz coverings

of a specified type without imposing the condition that the source curve is connected. Correspond-
ingly, we define a disconnected monodromy representation by dropping the requirement that the
image of the homomorphism is a transitive subgroup of 𝑆𝑑.

With these preparations, we consider the genus zero case 𝐻∙
0,𝑑(𝜆1, . . . , 𝜆𝑛), where the target

curve is P1. By the correspondence in Theorem 1.2.4, enumerating these coverings is equivalent to
counting disconnected monodromy representations Φ: 𝜋1(P1 ∖𝐵, 𝑦0)→ 𝑆𝑑. The fundamental group
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is generated by simple loops 𝛾𝑖 around the branch points 𝑏𝑖 (𝑖 = 1, . . . , 𝑛), subject to the relation
𝛾1 · · · 𝛾𝑛 = 𝑒. Thus, such a representation is determined by a choice of permutations 𝜎1, . . . , 𝜎𝑛 ∈ 𝑆𝑑

such that each 𝜎𝑖 has cycle type 𝜆𝑖 and their product satisfies 𝜎𝑛 · · ·𝜎1 = 𝑒.
We can translate this counting problem directly into the group algebra. Consider the product of

the class sums 𝐶𝜆𝑛 · · ·𝐶𝜆1 in 𝒵C[𝑆𝑑]. Expanding this product linearly yields

𝐶𝜆𝑛 · · ·𝐶𝜆1 =

⎛⎝ ∑︁
𝜏𝑛∈𝐶𝜆𝑛

𝜏𝑛

⎞⎠ · · ·
⎛⎝ ∑︁

𝜏1∈𝐶𝜆1

𝜏1

⎞⎠ =
∑︁

𝜏𝑖∈𝐶𝜆𝑖

(𝜏𝑛 · · · 𝜏1).

A tuple (𝜎1, . . . , 𝜎𝑛) constitutes a valid monodromy representation if and only if the product 𝜎𝑛 · · ·𝜎1
equals the identity 𝑒. Therefore, the number of such representations is exactly the coefficient of the
identity element in the expansion of the product 𝐶𝜆𝑛 · · ·𝐶𝜆1 .

Let [𝑒]x denote the coefficient of the identity element 𝑒 in an element x ∈ C[𝑆𝑑]. We arrive at
the elegant formula

𝐻∙
0,𝑑(𝜆1, . . . , 𝜆𝑛) = 1

𝑑! [𝑒] (𝐶𝜆𝑛 · · ·𝐶𝜆1) .
When the target curve 𝑌 has higher genus 𝑔 > 0, the logic of the calculation remains largely

the same, though the structure of the fundamental group becomes more complicated. The group
𝜋1(𝑌 ∖𝐵, 𝑦0) is generated by the 𝑛 simple loops 𝛾𝑖 around the branch points, plus an additional 2𝑔
“handle loops” 𝛼1, 𝛽1, . . . , 𝛼𝑔, 𝛽𝑔. These 𝑛+ 2𝑔 generators are subject to the single relation

𝛾𝑛 · · · 𝛾1[𝛼1, 𝛽1] · · · [𝛼𝑔, 𝛽𝑔] = 𝑒,

where [𝛼, 𝛽] := 𝛼𝛽𝛼−1𝛽−1 denotes the commutator.
To enumerate the corresponding monodromy representations, we must account for the contribu-

tion of these handles. Let K ∈ 𝒵C[𝑆𝑑] be the specific element defined by

K :=
∑︁
𝜆⊢𝑑

|𝒵(𝜎𝜆)|𝐶𝜆,

where 𝜎𝜆 is any representative permutation of cycle type 𝜆, and |𝒵(𝜎𝜆)| is the size of its centralizer.
This element K effectively encodes the sum of all commutators in the group algebra. A similar
combinatorial expansion then yields the formula

𝐻∙
𝑔,𝑑(𝜆1, . . . , 𝜆𝑛) = 1

𝑑! [𝑒] (K𝑔 · 𝐶𝜆𝑛 · · ·𝐶𝜆1) .

Starting from this expression, one can apply the change of basis formula implied by Maschke’s
theorem, which decomposes the semisimple algebra 𝒵C[𝑆𝑑] into a sum of matrix algebras indexed
by irreducible representations. This leads directly to the celebrated result of Burnside:

Theorem 1.3.1 (Burnside Character Formula). Fix a positive integer 𝑑 and partitions 𝜆1, . . . , 𝜆𝑛

of 𝑑. Let Irr(𝑆𝑑) denote the set of irreducible representations of 𝑆𝑑. Then the disconnected Hurwitz
number is given by

𝐻∙
𝑔,𝑑(𝜆1, . . . , 𝜆𝑛) =

∑︁
𝜌∈Irr(𝑆𝑑)

(︂dim 𝜌

𝑑!

)︂2−2𝑔 𝑛∏︁
𝑗=1

|𝐶𝜆𝑗
|𝜒𝜌(𝜆𝑗)

dim 𝜌
,

where 𝜒𝜌 is the character associated with the representation 𝜌, and |𝐶𝜆𝑗
| denotes the size of the

conjugacy class in 𝑆𝑑 corresponding to 𝜆𝑗.
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CHAPTER 2

An Introduction to Moduli Problems

The term “moduli” traces its origins to Bernhard Riemann. In his 1857 paper on Abelian
functions [Rie57], Riemann introduced the concept of the “number of moduli” and deduced that
this number is 3𝑔 − 3 for a curve of genus 𝑔 ≥ 2. He termed these parameters “moduli” (from
the Latin modulus, meaning a small measure). However, the problem of constructing a geometric
space whose points correspond naturally to these geometric objects remained open for decades.
For instance, in the context of Riemann surfaces, does there exist a complex analytic space 𝑀𝑔

whose points are in one-to-one correspondence with Riemann surfaces of genus 𝑔? This question was
studied extensively in the late 19th and early 20th centuries, attracting outstanding mathematicians
including Hilbert, Chow, Kodaira, and Spencer. In the 1940s, Oswald Teichmüller constructed
what is now known as the Teichmüller space 𝑇𝑔, parameterizing complex structures on a topological
surface of genus 𝑔. He showed that 𝑇𝑔 is homeomorphic to a ball in C3𝑔−3 and realized 𝑀𝑔 = 𝑇𝑔/Γ𝑔

as the quotient of 𝑇𝑔 by the action of the mapping class group Γ𝑔. See [IT92] for an introduction
and [Alp25] for a comprehensive history of moduli problems.

Building on this pioneering work, the field underwent a paradigm shift when Alexander
Grothendieck introduced a new perspective. Rather than viewing a space 𝑋 as a set with topology
and additional structure, Grothendieck proposed understanding a space 𝑋 via its relationship to all
other spaces. This philosophy can be stated rigorously in the language of functors and justified by
Yoneda’s lemma, which states that a scheme 𝑋 is determined up to isomorphism by its functor of
points ℎ𝑋 := Hom(−, 𝑋). This perspective leads to the modern definition of the moduli functor of
smooth algebraic curves.

Definition 2.0.1 (Moduli functor of smooth curves of genus 𝑔).

(1) A family of smooth curves of genus 𝑔 is a smooth, proper morphism 𝒞 → 𝑆 of schemes
such that for every 𝑠 ∈ 𝑆, the fiber 𝒞𝑠 is a connected smooth curve of genus 𝑔.

(2) Two families of smooth curves of genus 𝑔, denoted 𝒞𝑖 → 𝑆, 𝑖 = 1, 2, are isomorphic if there
exists an isomorphism 𝜙 : 𝒞1

∼=−→ 𝒞2 such that the diagram

𝒞1 𝒞2

𝑆

𝜙

commutes.
(3) The moduli functor of smooth curves of genus 𝑔 is the functor

𝐹𝑔 : Schop → Sets,

where for each 𝑆 ∈ Sch, 𝐹𝑔(𝑆) is the set of isomorphism classes of families of smooth
curves of genus 𝑔 over 𝑆. Moreover, given a morphism of schemes 𝑆1 → 𝑆2, the induced
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map 𝐹𝑔(𝑆2)→ 𝐹𝑔(𝑆1) is given by pulling back the family 𝒞2 → 𝑆2 along the base change
𝑆1 → 𝑆2.

In the definition above, the requirement that the family be a smooth morphism implies that it is
flat. This flatness ensures the “continuous” variation of the curves along the parameterizing scheme
𝑆. The power of this functorial language becomes especially clear if the functor 𝐹𝑔 is represented by
a scheme 𝑀 , known as a fine moduli space. In such a case, specifying a family over a base 𝐵 is
equivalent to specifying a morphism 𝑓 : 𝐵 →𝑀 , where 𝑓(𝑏) corresponds to the fiber over 𝑏.

We can generalize this notion from smooth curves to other moduli problems. Using the category
of schemes Sch as a framework, a general moduli problem consists of two components: first, a class
of objects equipped with a notion of a family over a base scheme 𝐵; and second, an equivalence
relation between these families. A moduli problem is thus encoded by a functor

ℳ : Schop → Sets, 𝑇 ↦−→ℳ(𝑇 ) = {families of objects over 𝑇}/∼,

where for a morphism 𝑇1 → 𝑇2, the induced map ℳ(𝑇2)→ℳ(𝑇1) is the pullback along the base
change:

𝐶1 𝐶2

𝑇1 𝑇2.

□

This chapter is structured as follows. We begin by examining examples where moduli functors fail
to be representable, tracing the root cause to the presence of non-trivial automorphisms. We present
two complementary perspectives on how these automorphisms explicitly obstruct representability.
Motivated by these difficulties, we introduce the language of pseudo-functors and fibered categories,
which leads naturally to the definition of stacks over a site equipped with a Grothendieck topology.
To perform concrete geometry, we require the concept of an atlas to bridge the gap between schemes
and stacks. This yields the definitions of algebraic spaces, Deligne–Mumford stacks, and algebraic
stacks. We then discuss how classical scheme-theoretic properties extend to this setting, analyzing
the behavior of diagonal morphisms to establish the characterizations of algebraic spaces and
Deligne–Mumford stacks. With this general framework in place, we investigate the geometric
properties of the moduli stack ℳ𝑔, the central object of this thesis. We subsequently explore
the geometry of algebraic stacks, extending the notions of quasi-coherent sheaves, cohomology,
and intersection theory. In particular, following [Vis89], we outline the generalization of classical
intersection theory [Ful98] to the setting of Deligne–Mumford stacks. Finally, we conclude the
chapter by introducing the Deligne–Mumford compactification ℳ𝑔,𝑛 and defining its tautological
classes.

2.1. Automorphisms and the Obstruction to Representability

Yoneda’s lemma is frequently described as “the hardest trivial thing in mathematics” due to
its profound utility across diverse mathematical branches despite its elementary proof. One of the
most significant corollaries of Yoneda’s lemma is the existence of a universal object for representable
functors. Specifically, if a functor 𝐹 : Schop → Sets is represented by a scheme 𝑀 , there exists a
universal element 𝒰 ∈ 𝐹 (𝑀) such that for any scheme 𝑆, every object in 𝐹 (𝑆) is uniquely obtained
by pullback from 𝒰 via a morphism 𝑔 : 𝑆 →𝑀 . Consequently, if a moduli functor is representable
by a scheme 𝑀 , the study of all families of the specified objects reduces to the study of the geometry
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of 𝑀 and the single universal family 𝒰 → 𝑀 . Philosophically, this significantly simplifies the
classification problem.

Unfortunately, many natural moduli functors are far from being representable, and the essence
of this failure lies in the existence of non-trivial automorphisms. We begin with an analysis of the
global moduli functor itself, examining how an isotrivial family obstructs the representability of
the global functor. Following this, we shift our focus from global moduli functors to “local moduli
functors,” specifically the deformation functor Def𝑋 of a given scheme 𝑋. A deeper analysis of the
deformation functor will further illuminate the role of automorphisms.

2.1.1. Global Obstructions: Isotrivial Families. We begin with a fundamental example to
illustrate why some global moduli functors fail to be representable.

Example 2.1.1. Over a field 𝑘 of characteristic zero, consider the moduli functor 𝐹 : Schop → Sets
which assigns to each scheme 𝑆 the set of isomorphism classes of vector bundles of rank 𝑛 on 𝑆. We
claim that 𝐹 is not representable. To see this, suppose that 𝐹 were represented by a scheme 𝑀 .
The set 𝐹 (Spec 𝑘) consists of a single element: the isomorphism class of the trivial bundle 𝑘𝑛. This
implies that the moduli space 𝑀 has only one 𝑘-point. Consequently, for any reduced, connected
scheme 𝑆, the only morphism 𝑆 →𝑀 is the constant map.

On the other hand, for any scheme 𝑆, a vector bundle ℰ on 𝑆 corresponds to a morphism
𝑓 : 𝑆 →𝑀 such that ℰ ∼= 𝑓*𝒰 , where 𝒰 is the universal bundle on 𝑀 . However, since 𝑓 must be
constant, it factors through the point Spec 𝑘 → 𝑀 . This implies that every vector bundle on 𝑆

must be trivial. This is a contradiction, as non-trivial vector bundles exist (e.g., on P1).

The example above is fundamental because it reveals the mechanism of the failure. For a
general moduli functor, we have the following proposition showing that automorphisms obstruct
representability via the existence of isotrivial families, which are families that are trivial fiberwise
but not globally.

Proposition 2.1.2. Over a field 𝑘 of characteristic zero, let 𝐹 : Schop → Sets be a moduli functor.
Suppose there exists a family of objects ℰ ∈ 𝐹 (𝑆) over a variety 𝑆 such that:

(1) The fibers ℰ𝑠 are isomorphic for all 𝑠 ∈ 𝑆(𝑘); and
(2) The family ℰ itself is not trivial, i.e., it is not isomorphic to the pullback of an object

𝐸 ∈ 𝐹 (𝑘) along the structure map 𝑆 → Spec 𝑘.
Then 𝐹 is not representable.

Proof. We proceed by contradiction. Suppose that 𝐹 is represented by a scheme 𝑋 over 𝑘.
By the first condition, the isomorphism class of the fiber 𝐸 := ℰ𝑠 is independent of 𝑠 ∈ 𝑆(𝑘). By
Yoneda’s lemma, this class corresponds to a unique point 𝑥 ∈ 𝑋(𝑘). Consequently, the classifying
map 𝑓 : 𝑆 → 𝑋 associated with ℰ maps every 𝑘-point of 𝑆 to 𝑥, so the map 𝑓 factors through
Spec 𝑘:

𝑆 𝑋

Spec 𝑘

𝑓

𝑥

Here 𝑆 → Spec 𝑘 is the structure map of 𝑆. This factorization implies that ℰ ∼= 𝑓*𝒰univ is the
pullback of the object over the point 𝑥, meaning ℰ is a trivial family. This contradicts the second
condition. □
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Example 2.1.3. Consider the moduli functor of elliptic curves, denoted by ℳ1,1. Let 𝑘 = C.
Consider the family of elliptic curves ℰ → 𝑆 = A1

𝑘 ∖ {0} defined by the equation:

ℰ = 𝑉 (𝑦2𝑧 − 𝑥3 + 𝑡𝑧3) 𝑆 × P2

𝑆 = A1
𝑘 ∖ {0}

We verify that the fibers are isomorphic. For any closed point 𝑡0 ∈ 𝑆, the fiber 𝐸𝑡0 is given by
𝑦2𝑧 = 𝑥3 − 𝑡0𝑧3. The change of variables 𝑥 ↦→ 3

√
𝑡0𝑥

′ and 𝑦 ↦→
√
𝑡0𝑦

′ transforms the equation into
(𝑦′)2𝑧 = (𝑥′)3 − 𝑧3. Thus, every fiber is isomorphic to the standard curve 𝐸0 : 𝑦2𝑧 = 𝑥3 − 𝑧3. This
satisfies the first condition of Proposition 2.1.2.

Second, we show that the family ℰ itself is not trivial over 𝑆, i.e., it is not isomorphic to
the constant family ℰtriv = 𝐸0 × 𝑆. To see this, we utilize the modular discriminant Δ. For a
Weierstrass equation 𝑦2𝑧 = 𝑥3 +𝐴𝑥𝑧2 +𝐵𝑧3, the discriminant is given by Δ = −16(4𝐴3 + 27𝐵2).
An isomorphism between two such families over 𝑆 corresponds to a coordinate change of the form
𝑥 = 𝑢2𝑥′, 𝑦 = 𝑢3𝑦′ for some unit 𝑢 ∈ Γ(𝑆,𝒪×

𝑆 ). Under this transformation, the coefficients scale as
𝐴 = 𝑢4𝐴′ and 𝐵 = 𝑢6𝐵′, which implies the discriminant transforms as

Δ = −16(4(𝑢4𝐴′)3 + 27(𝑢6𝐵′)2) = 𝑢12 · [−16(4(𝐴′)3 + 27(𝐵′)2)] = 𝑢12Δ′.

We now compute the discriminants for our two families:
∙ For the constant family ℰtriv, we have 𝐴 = 0, 𝐵 = −1, so Δtriv = −16(27(−1)2) = −432.
∙ For the twisted family ℰ , we have 𝐴 = 0, 𝐵 = −𝑡, so Δℰ = −16(27(−𝑡)2) = −432𝑡2.

If an isomorphism existed, there must be a unit 𝑢 ∈ 𝑘[𝑡, 𝑡−1]× such that Δℰ = 𝑢12Δtriv.
Substitute our values and we see that 𝑡2 = 𝑢12. The units in 𝑘[𝑡, 𝑡−1] are of the form 𝑐𝑡𝑛 for
𝑐 ∈ 𝑘×, 𝑛 ∈ Z. Thus we require 𝑡2 = (𝑐𝑡𝑛)12 = 𝑐12𝑡12𝑛. Comparing the exponents of 𝑡, we get
𝑛 = 1/6. Since there is no integer solution for 𝑛, no such unit 𝑢 exists.

This contradiction proves that the family ℰ is not trivial over 𝑆. Since the family satisfies both
conditions of Proposition 2.1.2, ℳ1,1 is not a scheme.

2.1.2. Local Obstructions: Prorepresentability of the Deformation Functor. The
examples discussed in the previous subsection, particularly Proposition 2.1.2, demonstrate that
global automorphisms, manifesting as isotrivial families, prevent the global moduli functor from
being representable. In this subsection, we shift our focus to the local, and specifically infinitesimal,
structure of the moduli problem.

If global representability is obstructed, one might hope for a weaker condition: is the moduli
functor at least “locally representable”? In other words, can we uniquely describe the infinitesimal
deformations of a single fixed object 𝑋 by a complete local ring? This question leads us to the
study of the deformation functor Def𝑋 . As we will see, the answer remains intimately tied to
automorphisms. Just as global automorphisms obstruct the existence of a global universal family,
infinitesimal automorphisms obstruct the pro-representability of the local deformation functor.

To formalize our discussion, we introduce the fundamental notions of deformation theory,
adopting the notation from [Ser06] and [FM98].

Let 𝑋 be an algebraic scheme over an algebraically closed field 𝑘 (i.e., a separated, locally
Noetherian scheme over 𝑘). A deformation of 𝑋 parameterized by a connected scheme 𝑆 with a
distinguished 𝑘-point 𝑠 ∈ 𝑆(𝑘) consists of a flat, surjective morphism 𝜋 : 𝒳 → 𝑆 together with an
isomorphism 𝑖 : 𝑋 ∼−→ 𝒳𝑠 fitting into the following Cartesian diagram:
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𝑋 𝒳

Spec 𝑘 𝑆

𝑖

𝜋

𝑠

□

We often abuse notation by referring to the total space 𝒳 or the map 𝜋 as the deformation,
suppressing the specific identification 𝑖 of the central fiber. When 𝑆 = Spec𝐴 for a local Noetherian
𝑘-algebra 𝐴 with residue field 𝑘, we refer to 𝒳 as a local deformation of 𝑋 over 𝐴.

In this subsection, we restrict our attention to infinitesimal deformations. Let Art𝑘 denote
the category of local Artinian 𝑘-algebras with residue field 𝑘. For a fixed algebra 𝐴 ∈ Art𝑘, an
isomorphism between two deformations (𝒳 , 𝑖) and (𝒴, 𝑗) over 𝐴 is an isomorphism of schemes
𝜙 : 𝒳 → 𝒴 over 𝐴 that restricts to the identity on the central fiber 𝑋. This is encoded by the
commutativity of the following diagram:

𝑋

𝒳 𝒴

Spec𝐴

𝑖 𝑗

𝜙
∼

Based on these definitions, we define the deformation functor of 𝑋 as the covariant functor

Def𝑋 : Art𝑘 −→ Sets

𝐴 ↦−→
{︃

Isomorphism classes of deformations
of 𝑋 over 𝐴

}︃
.

This is a prototypical example of a functor of Artin rings. Let ̂︂Art𝑘 denote the category of
complete local Noetherian 𝑘-algebras with residue field 𝑘. Note that Art𝑘 is a full subcategory of̂︂Art𝑘. For any ring 𝑅 ∈̂︂Art𝑘, we define the functor of points ℎ𝑅 restricted to Artinian algebras as

ℎ𝑅 : Art𝑘 → Sets, 𝐴 ↦−→ Hom̂︁Art𝑘
(𝑅,𝐴).

We say that a functor 𝐹 : Art𝑘 → Sets is pro-representable if there exists 𝑅 ∈̂︂Art𝑘 such that 𝐹 is
naturally isomorphic to ℎ𝑅.

The following consequence, which appears as an exercise in [FM98, Example 2.3], serves as an
analogue of Yoneda’s lemma in the calculus of functors of Artin rings and is fundamental to the
study of obstruction theory.

Proposition 2.1.4. Let 𝐹 : Art𝑘 → Sets be a functor of Artin rings. For any complete local ring
𝑅 ∈̂︂Art𝑘, we define the completion of 𝐹 at 𝑅 bŷ︀𝐹 (𝑅) := lim←−

𝑛

𝐹 (𝑅/m𝑛+1
𝑅 ).

There is a natural bijection between elements of ̂︀𝐹 (𝑅) and the set of natural transformations from
ℎ𝑅 to 𝐹 : ̂︀𝐹 (𝑅) ∼= Nat(ℎ𝑅, 𝐹 ).

Proof. Let ̂︀𝑢 ∈ ̂︀𝐹 (𝑅). By definition, ̂︀𝑢 corresponds to a sequence of elements {𝑢𝑛}𝑛≥0 with
𝑢𝑛 ∈ 𝐹 (𝑅/m𝑛+1

𝑅 ), satisfying the following compatibility condition: for every 𝑛, the natural projection
𝜋𝑛 : 𝑅/m𝑛+1

𝑅 → 𝑅/m𝑛
𝑅 induces a map 𝐹 (𝜋𝑛) such that 𝐹 (𝜋𝑛)(𝑢𝑛) = 𝑢𝑛−1.
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By the classical Yoneda lemma applied to the category Art𝑘, each element 𝑢𝑛 defines a unique
natural transformation Φ𝑛 : ℎ𝑅/m𝑛+1

𝑅
→ 𝐹 . The compatibility of the elements 𝑢𝑛 implies the

commutativity of the following diagram for all 𝑛:

ℎ𝑅/m𝑛
𝑅

ℎ𝑅/m𝑛+1
𝑅

𝐹
Φ𝑛−1 Φ𝑛

where the horizontal map is induced by the projection 𝑅/m𝑛+1
𝑅 → 𝑅/m𝑛

𝑅.
We now construct a natural transformation Φ: ℎ𝑅 → 𝐹 . Let 𝐴 ∈ Art𝑘 and let 𝑓 ∈ ℎ𝑅(𝐴). Since

𝐴 is an Artinian ring, its maximal ideal m𝐴 is nilpotent. Since 𝑓 is a local homomorphism, it
factors through 𝑅/m𝑛

𝑅 for sufficiently large 𝑛. Let 𝑓𝑛 ∈ ℎ𝑅/m𝑛
𝑅

(𝐴) be such a factorization. We define
Φ𝐴(𝑓) := Φ𝑛(𝑓𝑛) ∈ 𝐹 (𝐴). This value is independent of the choice of 𝑛 due to the compatibility of
the Φ𝑛’s, which establishes a well-defined natural transformation Φ: ℎ𝑅 → 𝐹 .

Conversely, given a natural transformation Ψ: ℎ𝑅 → 𝐹 , we obtain a sequence {𝑢𝑛} by evaluating
Ψ on the canonical projections. Specifically, let 𝑝𝑛 : 𝑅→ 𝑅/m𝑛+1

𝑅 be the quotient map, which is an
element of ℎ𝑅(𝑅/m𝑛+1

𝑅 ). We define 𝑢𝑛 := Ψ𝑅/m𝑛+1
𝑅

(𝑝𝑛) ∈ 𝐹 (𝑅/m𝑛+1
𝑅 ). The naturality of Ψ ensures

that this sequence is compatible, thereby defining an element ̂︀𝑢 ∈ ̂︀𝐹 (𝑅).
These two constructions are mutually inverse, establishing the bijection. □

Proposition 2.1.4 allows us to introduce the following definition [Ser06, Definition 2.2.6].

Definition 2.1.5. Let 𝐹 be a functor of Artin rings. A formal element ̂︀𝑢 ∈ ̂︀𝐹 (𝑅) for some 𝑅 ∈̂︂Art𝑘

is called versal if the natural transformation ℎ𝑅 → 𝐹 defined by ̂︀𝑢 is smooth. Furthermore, ̂︀𝑢 is
called semiuniversal if it is versal and the induced differential ℎ𝑅(𝑘[𝜀])→ 𝐹 (𝑘[𝜀]) is bijective. Here
𝑘[𝜀] denotes the dual number.

The following theorem, which is a special case of [Ser06, Theorem 2.4.1, Theorem 2.6.1], provides
a characterization of when Def𝑋 is pro-representable.

Theorem 2.1.6. Let 𝑋 be a nonsingular algebraic scheme. If dim𝑘 H1(𝑋,𝑇𝑋) < ∞, then Def𝑋

has a semiuniversal element. Moreover, assuming Def𝑋 has a semiuniversal element, the following
conditions are equivalent:

(1) The functor Def𝑋 is pro-representable.
(2) For every square-zero extension 𝐴′ → 𝐴 in Art𝑘 and every deformation 𝒳 ′ of 𝑋 over 𝐴′,

every automorphism of the induced deformation 𝒳 ′ ×Spec 𝐴′ Spec𝐴→ Spec𝐴 is induced by
an automorphism of 𝒳 ′.

A closer analysis of the structure of these automorphisms reveals that if a projective algebraic
scheme 𝑋 has no nontrivial infinitesimal automorphisms, that is, h0(𝑋,𝑇𝑋) = 0, then Def𝑋 is
pro-representable (see [Ser06, Corollary 2.6.4]). On the other hand, the condition h0(𝑋,𝑇𝑋) = 0
implies that the automorphism group Aut(𝑋) is finite. This once again highlights the subtle role
that automorphisms play in the study of local moduli problems. Although the absence of nontrivial
infinitesimal automorphisms is not a strictly necessary condition for the pro-representability of Def𝑋

(for example, 𝑋 = P𝑛 is rigid but has h0(𝑋,𝑇𝑋) > 0), it still provides a strong and convenient
criterion for determining pro-representability. Ultimately, this reminds us of the critical importance
of incorporating automorphism data when studying moduli problems.
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2.2. Stacks and First Examples

2.2.1. Pseudo-functors, Fibered Categories and Prestacks. From the discussions in
Section 2.1, we see that in the study of moduli problems and moduli functors, the automorphism
data of the objects is just as essential as the families of the objects themselves. Therefore, it is
necessary to incorporate this automorphism information directly into the moduli functors. This
leads to Grothendieck’s philosophy: rather than merely specifying when two families are isomorphic,
we must specify how they are isomorphic. More precisely, we must enhance the moduli functor to
an assignment

𝐹 : Schop −→ Grpd, 𝑆 ↦−→ Fam𝑆 ,

where 𝐹 (𝑆) is now the groupoid of families over 𝑆.
However, we cannot simply regard 𝐹 as a strict 2-functor. A technical issue naturally arises

when defining pullbacks. Given morphisms of schemes 𝑓 : 𝑆 → 𝑇 and 𝑔 : 𝑇 → 𝑈 , we can generally
only expect a natural isomorphism between the composite pullback functors, rather than an honest
equality. Because of the subtleties inherent in working with categories of structures (like modules or
sheaves) via universal properties, we only obtain an invertible 2-morphism

𝜇𝑓,𝑔 : (𝑓* ∘ 𝑔*)
∼===⇒ (𝑔 ∘ 𝑓)*.

Similarly, for the identity morphism id𝑆 : 𝑆 → 𝑆, the pullback functor id*
𝑆 is canonically isomorphic,

but rarely strictly identical, to the identity functor id𝐹 (𝑆). We use the following fundamental
example to illustrate this phenomenon.

Example 2.2.1 (The pseudo-functor of quasi-coherent sheaves). We consider the assignment
Qcoh(−) : Schop → Grpd which sends a scheme 𝑋 to Qcoh(𝑋), the groupoid of quasi-coherent
𝒪𝑋 -modules. Recall that for any morphism of schemes 𝑓 : 𝑋 → 𝑌 , the pullback is defined by the
topological inverse image and the tensor product [Har77, II. 5]:

𝑓*𝒢 := 𝒪𝑋 ⊗𝑓−1𝒪𝑌
𝑓−1𝒢.

Now, suppose we have a composition of scheme morphisms 𝑋 𝑓−→ 𝑌
𝑔−→ 𝑍, and let ℱ ∈ Qcoh(𝑍).

The pullback along the composition is defined as

(𝑔 ∘ 𝑓)*ℱ = 𝒪𝑋 ⊗(𝑔∘𝑓)−1𝒪𝑍
(𝑔 ∘ 𝑓)−1ℱ .

On the other hand, applying the pullbacks consecutively yields

𝑓*(𝑔*ℱ) = 𝒪𝑋 ⊗𝑓−1𝒪𝑌
𝑓−1(𝒪𝑌 ⊗𝑔−1𝒪𝑍

𝑔−1ℱ).

Since the tensor product is defined via a universal property, the sheaves (𝑔 ∘ 𝑓)*ℱ and 𝑓*(𝑔*ℱ) are
not strictly identical on the level of sets. However, the universal properties of the inverse image and
the tensor product induce a canonical isomorphism

𝛼𝑓,𝑔(ℱ) : 𝑓*(𝑔*ℱ)
∼=−−→ (𝑔 ∘ 𝑓)*ℱ .

A closer analysis shows that these isomorphisms 𝛼𝑓,𝑔 further satisfy a higher-level compatibility
condition for any composable triple of morphisms. Recall that for any morphism 𝑓 : 𝑋 → 𝑌 between
schemes, there is a canonical isomorphism of groups [Har77, II. 5]:

Θ𝑓 (ℱ ,𝒢) : Hom𝒪𝑌
(𝒢, 𝑓*ℱ)

∼=−→ Hom𝒪𝑋
(𝑓*𝒢,ℱ),
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which is natural in ℱ ∈ Qcoh(𝑋) and 𝒢 ∈ Qcoh(𝑌 ). In particular, let ℱ = 𝒢 and 𝑓 = id𝑋 ; then by
Yoneda’s lemma, we obtain a canonical isomorphism 𝜀𝑋 : id*

𝑋
∼= idQcoh(𝑋). Now, let 𝑋 𝑓−→ 𝑌

𝑔−→ 𝑍

be a composition of morphisms and let ℋ ∈ Qcoh(𝑍). We have the following sequence of natural
isomorphisms:

Hom𝒪𝑋
((𝑔𝑓)*ℋ,−) ∼= Hom𝒪𝑍

(ℋ, (𝑔𝑓)*−)
= Hom𝒪𝑍

(ℋ, 𝑔*𝑓*−)
∼= Hom𝒪𝑌

(𝑔*ℋ, 𝑓*−)
∼= Hom𝒪𝑋

(𝑓*𝑔*ℋ,−),

which is the composition of Θ𝑓 (𝑔*ℋ) ∘Θ𝑔(ℋ, 𝑓*−) ∘Θ𝑔𝑓 (ℋ,−)−1. By Yoneda’s lemma, this induces
an isomorphism 𝛼𝑓,𝑔 : 𝑓*𝑔* ∼= (𝑔𝑓)*, which aligns with the isomorphism deduced above via the
universal property. From this categorical characterization, one can verify that

(1) For any morphism 𝑓 : 𝑋 → 𝑌 and 𝒢 ∈ Qcoh(𝑌 ),

𝛼id𝑋 ,𝑓 (𝒢) = 𝜀𝑋(𝑓*𝒢), 𝛼𝑓,id𝑌
(𝒢) = 𝑓*𝜀𝑌 (𝒢).

(2) Given morphisms 𝑈 𝑓−→ 𝑉
𝑔−→𝑊

ℎ−→ 𝑇 and 𝒥 ∈ Qcoh(𝑇 ), the following diagram commutes:

𝑓*𝑔*ℎ*𝒥 (𝑔𝑓)*ℎ*𝒥

𝑓*(ℎ𝑔)*𝒥 (ℎ𝑔𝑓)*𝒥

𝛼𝑓,𝑔(ℎ*𝒥 )

𝑓*𝛼𝑔,ℎ(𝒥 ) 𝛼𝑔𝑓,ℎ(𝒥 )
𝛼𝑓,ℎ𝑔(𝒥 )

These coherence requirements appearing in the example above lead to the general notions of
pseudo-functors and categories fibered in groupoids, which provide the precise mathematical language
to handle these assignments rigorously.

Definition 2.2.2 (pseudo-functors). A pseudo-functor Φ on a category 𝒞 consists of the following
data:

(1) for each object 𝑈 of 𝒞, a category Φ𝑈 ;
(2) for each morphism 𝑓 : 𝑈 → 𝑉 , a functor 𝑓* : Φ𝑉 → Φ𝑈 ;
(3) for each object 𝑈 of 𝒞, an isomorphism

𝜀𝑈 : id*
𝑈

∼=−−→ idΦ𝑈 ;

(4) for each pair of composable morphisms 𝑈 𝑓−→ 𝑉
𝑔−→𝑊 , an isomorphism

𝛼𝑓,𝑔 : 𝑓*𝑔* ∼=−−→ (𝑔 ∘ 𝑓)*.

This data is subject to the following compatibility conditions:
(a) If 𝑓 : 𝑈 → 𝑉 is a morphism in 𝒞 and 𝜂 is an object of Φ𝑉 , then

𝛼id𝑈 ,𝑓 (𝜂) = 𝜀𝑈 (𝑓*𝜂), 𝛼𝑓,id𝑉
(𝜂) = 𝑓*𝜀𝑉 (𝜂).

(b) Given morphisms 𝑈 𝑓−→ 𝑉
𝑔−→ 𝑊

ℎ−→ 𝑇 and an object 𝜃 of Φ𝑇 , the following diagram
commutes:
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𝑓*𝑔*ℎ*𝜃 (𝑔𝑓)*ℎ*𝜃

𝑓*(ℎ𝑔)*𝜃 (ℎ𝑔𝑓)*𝜃

𝛼𝑓,𝑔(ℎ*𝜃)

𝑓*𝛼𝑔,ℎ(𝜃) 𝛼𝑔𝑓,ℎ(𝜃)
𝛼𝑓,ℎ𝑔(𝜃)

The concept of a pseudo-functor, although it arises naturally from our previous discussion,
can be highly technical and practically cumbersome when managing coherence conditions. This
motivates an alternative approach: “assembling” all the values of a pseudo-functor into a unified
categorical structure. In other words, a pseudo-functor Φ: 𝒞op → Cat can be viewed as encoding a
category fibered over 𝒞, where the pullback and coherence conditions describe how objects vary over
morphisms in the base.

Definition 2.2.3 (Fibered categories). A fibered category over a base category 𝒞 is a category ℱ
equipped with a functor 𝑝 : ℱ → 𝒞 such that for every morphism 𝑓 : 𝑈 → 𝑉 in 𝒞 and every object
𝜂 ∈ ℱ lying over 𝑉 (i.e., 𝑝(𝜂) = 𝑉 ), there exists a Cartesian morphism 𝜑 : 𝜉 → 𝜂 in ℱ lifting 𝑓 (so
𝑝(𝜑) = 𝑓):

𝜉 𝜂

𝑈 𝑉

𝑝

𝜑

𝑝

𝑓

Recall that 𝜑 : 𝜉 → 𝜂 is Cartesian if it satisfies the following universal property: for any object
𝛾 ∈ ℱ and any morphism 𝜓 : 𝛾 → 𝜂 such that 𝑝(𝜓) = 𝑓 ∘ ℎ for some ℎ : 𝑝(𝛾) → 𝑈 , there exists a
unique morphism 𝜒 : 𝛾 → 𝜉 over ℎ (meaning 𝑝(𝜒) = ℎ) such that 𝜓 = 𝜑 ∘ 𝜒. We also say 𝜉 is a
pullback of 𝜂 to 𝑈 , denoted by 𝑓*𝜂.

This brings us to the first main result of this section: the concept of fibered categories over 𝒞 is
equivalent to the concept of pseudo-functors 𝒞op → Cat. More precisely, given a category 𝒞, there is
a bijective correspondence:{︃

fibered categories over 𝒞
equipped with a cleavage

}︃
←→

{︃
pseudo-functors
Φ: 𝒞op → Cat

}︃
.

Let us briefly recall the motivation for introducing the concept of a cleavage for a fibered category
𝑝 : ℱ → 𝒞. Let 𝑓 : 𝑈 → 𝑉 be a morphism in 𝒞. If we wish to define a pseudo-functor Φ from the
data of 𝑝, the most natural starting point is to define Φ(𝑈) := ℱ(𝑈), where the fiber ℱ(𝑈) is the
subcategory of ℱ consisting of objects 𝐴 with 𝑝(𝐴) = 𝑈 , and morphisms 𝜙 : 𝐴 → 𝐵 such that
𝑝(𝜙) = id𝑈 .

Next, to define the pullback functor Φ(𝑓) : ℱ(𝑉 ) → ℱ(𝑈), a natural approach is to send
𝜂 ∈ ℱ(𝑉 ) to 𝑓*𝜂 ∈ ℱ(𝑈). However, the pullback 𝑓*𝜂 is not strictly unique; it is only uniquely
determined up to a unique isomorphism. To make this assignment a well-defined functor, we need
to choose a specific pullback 𝑓*𝜂 for every 𝑓 and 𝜂. This motivates the definition of a cleavage: a
cleavage of a fibered category 𝑝 : ℱ → 𝒞 consists of a designated class 𝐾 of Cartesian arrows in
ℱ such that for each morphism 𝑓 : 𝑈 → 𝑉 in 𝒞 and each object 𝜂 ∈ ℱ(𝑉 ), there exists a unique
morphism in 𝐾 with target 𝜂 mapping to 𝑓 in 𝒞.

Assuming the fibered category 𝑝 : ℱ → 𝒞 is equipped with a cleavage, the functor Φ(𝑓) becomes
well-defined. One checks that the assignment Φ: 𝒞op → Cat constructed in this manner satisfies the
coherence conditions of a pseudo-functor.
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The converse direction—constructing a fibered category from a pseudo-functor—is more involved.
We will outline the construction here for the case where the pseudo-functor Φ: 𝒞op → Cat is an
honest functor, referring the reader to standard literature (e.g., [FGI+05, Section 3.1.3]) for the
general pseudo-functorial case. This process is well known as the Grothendieck construction.

We construct the category ℱ as follows. An object of ℱ is defined as a pair (𝜉, 𝑈), where 𝑈 is
an object in 𝒞 and 𝜉 is an object in the category Φ(𝑈). A morphism (𝑎, 𝑓) : (𝜉, 𝑈)→ (𝜂, 𝑉 ) consists
of a morphism 𝑓 : 𝑈 → 𝑉 in 𝒞 together with a morphism 𝑎 : 𝜉 → Φ(𝑓)(𝜂) in Φ(𝑈).

To make ℱ into a category, we define composition as follows. Given two morphisms (𝑎, 𝑓) : (𝜉, 𝑈)→
(𝜂, 𝑉 ) and (𝑏, 𝑔) : (𝜂, 𝑉 ) → (𝛾,𝑊 ), we apply the functor Φ(𝑓) to the morphism 𝑏 to obtain
Φ(𝑓)(𝑏) : Φ(𝑓)(𝜂)→ Φ(𝑓)(Φ(𝑔)(𝛾)). Since Φ is an honest functor, Φ(𝑓) ∘ Φ(𝑔) = Φ(𝑔 ∘ 𝑓), giving us
Φ(𝑓)(𝑏) : Φ(𝑓)(𝜂)→ Φ(𝑔∘𝑓)(𝛾). We can then compose this with 𝑎 in Φ(𝑈) to define the composition
rule:

(𝑏, 𝑔) ∘ (𝑎, 𝑓) := (Φ(𝑓)(𝑏) ∘ 𝑎, 𝑔 ∘ 𝑓).

The identity morphism for an object (𝜉, 𝑈) is naturally given by (id𝜉, id𝑈 ). Finally, the projection
functor 𝑝 : ℱ → 𝒞 simply forgets the fiber data, acting on objects as 𝑝(𝜉, 𝑈) = 𝑈 and on morphisms
as 𝑝(𝑎, 𝑓) = 𝑓 . One can directly verify that 𝑝 makes ℱ into a fibered category over 𝒞.

The preceding discussion leads us to the formal definition of a prestack.

Definition 2.2.4 (Prestack). A prestack, also called a category fibered in groupoids, over a base
category 𝒞 is a fibered category 𝑝 : ℱ → 𝒞 such that for every object 𝑈 ∈ 𝒞, the fiber category ℱ(𝑈)
is a groupoid.

Equivalently, by the correspondence established via the Grothendieck construction, a prestack
corresponds to a pseudo-functor Φ: 𝒞op → Grpd.

We close this subsection by studying several fundamental examples that will serve as the primary
objects of study in the succeeding sections.

Example 2.2.5 (The prestack of quasi-coherent sheaves). We define the category of quasi-coherent
sheaves Qcoh over the base category Sch as follows. The objects of Qcoh consist of pairs (𝑋,ℱ),
where 𝑋 ∈ Sch and ℱ ∈ Qcoh(𝑋). A morphism from (𝑋,ℱ) to (𝑌,𝒢) consists of a pair (𝑓, 𝛼),
where 𝑓 : 𝑋 → 𝑌 is a morphism of schemes and 𝛼 : ℱ

∼=−→ 𝑓*𝒢 is an isomorphism of 𝒪𝑋 -modules.
The composition of two morphisms (𝑓, 𝛼) : (𝑋,ℱ)→ (𝑌,𝒢) and (𝑔, 𝛽) : (𝑌,𝒢)→ (𝑍,ℋ) is given by
the scheme morphism 𝑔 ∘ 𝑓 and the composite isomorphism ℱ 𝛼−→ 𝑓*𝒢 𝑓*𝛽−−→ 𝑓*𝑔*ℋ ∼= (𝑔 ∘ 𝑓)*ℋ. The
projection functor 𝑝 : Qcoh→ Sch simply forgets the sheaf data, sending (𝑋,ℱ) to 𝑋 and (𝑓, 𝛼) to
𝑓 . Following the coherence properties established in Example 2.2.1, one easily verifies that Qcoh is
a category fibered in groupoids, and thus a prestack over Sch.

Example 2.2.6 (Quotient prestacks). Let 𝐺 be a smooth group scheme and 𝑋 be a scheme
equipped with a right action of 𝐺. We define the quotient prestack [𝑋/𝐺]pre as a category over Sch
as follows. The objects of [𝑋/𝐺]pre consist of pairs (𝑇, 𝑥), where 𝑇 ∈ Sch and 𝑥 ∈ 𝑋(𝑇 ) is a 𝑇 -valued
point of 𝑋. A morphism from (𝑇, 𝑥) to (𝑆, 𝑦) over a scheme morphism 𝑢 : 𝑇 → 𝑆 is an element
𝑔 ∈ 𝐺(𝑇 ) such that 𝑥 · 𝑔 = 𝑦 ∘ 𝑢 in 𝑋(𝑇 ). The composition of morphisms (𝑢, 𝑔1) : (𝑇, 𝑥)→ (𝑆, 𝑦)
and (𝑣, 𝑔2) : (𝑆, 𝑦) → (𝑊, 𝑧) is given by (𝑣 ∘ 𝑢, 𝑔1 · (𝑔2 ∘ 𝑢)), which utilizes the group structure of
𝐺(𝑇 ). The projection map to Sch is defined by forgetting the geometric point. One can verify that
this forms a prestack over Sch. Notice that for any fixed scheme 𝑇 ∈ Sch, the objects in the fiber
over 𝑇 are the set 𝑋(𝑇 ), and the morphisms over id𝑇 correspond to 𝐺(𝑇 ).
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Example 2.2.7 (The moduli prestack of genus 𝑔 curves). Let 𝑔 ≥ 0 be a non-negative integer. We
define ℳpre

𝑔 as a category over Sch where the objects are pairs (𝑆, 𝜋 : 𝒞 → 𝑆), such that 𝑆 ∈ Sch
and 𝜋 is a family of smooth curves of genus 𝑔 (as defined in Definition 2.0.1). A morphism from
(𝑆, 𝒞 → 𝑆) to (𝑇,𝒟 → 𝑇 ) consists of a pair of morphisms 𝑓 : 𝑆 → 𝑇 and 𝐹 : 𝒞 → 𝒟 such that the
following diagram is Cartesian:

𝒞 𝒟

𝑆 𝑇

𝜋𝒞

𝐹

𝜋𝒟

𝑓

□

The Cartesian condition ensures that 𝒞 is isomorphic to the pullback 𝑓*𝒟 = 𝑆×𝑇 𝒟. The projection
to Sch simply maps the family to its base scheme 𝑆. This gives a prestack over Sch.

2.2.2. Grothendieck Topology and Stacks. The notion of a prestack plays a role analogous
to that of a presheaf in classical sheaf theory. Naturally, this raises the question of how to elevate
a prestack to a stack. Just as a presheaf must satisfy a local-to-global gluing axiom to become
a sheaf, a prestack must satisfy descent conditions allowing for the gluing of both objects and
morphisms. However, to rigorously discuss the gluing of categorical and geometric data, we first
need a framework to define what constitutes a “local covering” of an object within an arbitrary
category. This requirement leads to the concept of a Grothendieck topology, which generalizes the
classical topological notion of open covers.

Through this, we obtain a framework in which prestacks can be equipped with analogous gluing
conditions. The resulting objects are called stacks. Therefore, morally, a stack may be regarded as
a “sheaf of groupoids” on the base category 𝒞.

Definition 2.2.8 (Grothendieck topology and sites). Let 𝒮 be a category. A Grothendieck topology
on 𝒮 consists of the following data: for each object 𝑋 ∈ 𝒮, there is a collection of sets of arrows
{𝑋𝑖 → 𝑋}𝑖∈𝐼 , called coverings of 𝑋 and denoted by Cov(𝑋), satisfying the following conditions:

(1) (Isomorphisms) If 𝑓 : 𝑌 → 𝑋 is an isomorphism, then the single-element set {𝑓} ∈ Cov(𝑋).
(2) (Base change) If {𝑋𝑖 → 𝑋}𝑖∈𝐼 ∈ Cov(𝑋) and 𝑌 → 𝑋 is any arrow in 𝒮, then the

fiber products 𝑋𝑖 ×𝑋 𝑌 exist for all 𝑖 ∈ 𝐼, and the collection of induced projections
{𝑋𝑖 ×𝑋 𝑌 → 𝑌 }𝑖∈𝐼 belongs to Cov(𝑌 ).

(3) (Composition) If {𝑋𝑖 → 𝑋}𝑖∈𝐼 ∈ Cov(𝑋) and for each 𝑖 ∈ 𝐼 we have a covering {𝑋𝑖𝑗 →
𝑋𝑖}𝑗∈𝐽𝑖 ∈ Cov(𝑋𝑖), then the collection of composite arrows {𝑋𝑖𝑗 → 𝑋𝑖 → 𝑋}𝑖∈𝐼,𝑗∈𝐽𝑖

belongs to Cov(𝑋).
A category 𝒮 equipped with a Grothendieck topology is called a site.

As examples, we list some of the most important and frequently used sites throughout this
thesis.

Example 2.2.9 (The big topological site). Consider the category Top of topological spaces. For
any 𝑋 ∈ Top, a covering of 𝑋 is a collection of open immersions {𝑋𝑖 →˓ 𝑋} such that 𝑋 =

⋃︀
𝑖𝑋𝑖.

Example 2.2.10 (The big étale site). Consider the category Sch. An étale covering of a scheme 𝑋
is a collection of étale morphisms {𝑇𝑖 → 𝑋} such that the induced morphism

⨆︀
𝑇𝑖 → 𝑋 is surjective.

We denote the category Sch equipped with this topology by Schét.

Example 2.2.11 (The fppf and fpqc topologies). Recall that a morphism of schemes 𝑓 : 𝑋 → 𝑌

is called fppf (fidèlement plate de présentation finie) if 𝑓 is faithfully flat and locally of finite
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presentation, and is called fpqc (fidèlement plat et quasi-compacte) if 𝑓 is faithfully flat and every
quasi-compact open subset of 𝑌 is the image of a quasi-compact open subset of 𝑋. See [FGI+05,
Proposition 2.33] for a finer characterization of fpqc morphisms. An fppf (resp. fpqc) covering of 𝑋
is a jointly surjective collection of morphisms {𝑋𝑖 → 𝑋} such that

⨆︀
𝑋𝑖 → 𝑋 is fppf (resp. fpqc).

Example 2.2.12 (The lisse-étale site). Let 𝒳 be a scheme. The lisse-étale site of 𝒳 , denoted by
𝒳lis-ét, has as its underlying category the objects 𝑈 → 𝒳 , where 𝑈 is a scheme and the morphism is
smooth. The morphisms in this category are 𝒳 -morphisms 𝑈 → 𝑉 (which are not required to be
smooth themselves). A covering of an object 𝑈 → 𝒳 is a collection of étale morphisms {𝑈𝑖 → 𝑈}
over 𝒳 such that the induced map

⨆︀
𝑈𝑖 → 𝑈 is surjective. This topology is particularly vital for

defining quasi-coherent sheaves on algebraic stacks.

Let 𝒮 be a site. Having established the necessary categorical machinery, we can now formalize
the concept of sheaves and their 2-categorical generalizations—stacks over a site—by extending the
local-to-global gluing conditions of classical sheaf theory.

Definition 2.2.13 (Sheaves). Let 𝒮 be a site and let 𝐹 : 𝒮op → Sets be a presheaf. We say 𝐹

is a sheaf if for any covering {𝑈𝑖 → 𝑈} of an object 𝑈 in 𝒮, and any collection of local sections
𝑎𝑖 ∈ 𝐹 (𝑈𝑖) such that their pullbacks agree on the overlaps, meaning 𝑝*

1𝑎𝑖 = 𝑝*
2𝑎𝑗 ∈ 𝐹 (𝑈𝑖 ×𝑈 𝑈𝑗)

for all 𝑖, 𝑗, there exists a unique global section 𝑎 ∈ 𝐹 (𝑈) whose pullback to 𝐹 (𝑈𝑖) is 𝑎𝑖 for all 𝑖.
Here, 𝑝1 : 𝑈𝑖 ×𝑈 𝑈𝑗 → 𝑈𝑖 and 𝑝2 : 𝑈𝑖 ×𝑈 𝑈𝑗 → 𝑈𝑗 denote the canonical projections. This means the
following sequence of sets is an equalizer diagram:

𝐹 (𝑈)
∏︀

𝑖 𝐹 (𝑈𝑖)
∏︀

𝑖,𝑗 𝐹 (𝑈𝑖 ×𝑈 𝑈𝑗).
𝑝*

1

𝑝*
2

Definition 2.2.14 (Stacks). Let ℱ be a prestack over a site 𝒮. We say that ℱ is a stack if the
following two gluing conditions hold for every object 𝑆 ∈ 𝒮 and every covering {𝑆𝑖 → 𝑆}𝑖∈𝐼 in 𝒮:

(1) (Morphisms glue) Let 𝑎 and 𝑏 be objects in the fiber category ℱ(𝑆). Suppose we are given
morphisms 𝜙𝑖 : 𝑎|𝑆𝑖 → 𝑏|𝑆𝑖 in ℱ(𝑆𝑖) such that their restrictions to the double overlaps
coincide: 𝜙𝑖|𝑆𝑖𝑗 = 𝜙𝑗 |𝑆𝑖𝑗 for all 𝑖, 𝑗 ∈ 𝐼. Then there exists a unique global morphism
𝜙 : 𝑎→ 𝑏 in ℱ(𝑆) such that 𝜙|𝑆𝑖 = 𝜙𝑖 for all 𝑖.

(2) (Objects glue) Let 𝑎𝑖 ∈ ℱ(𝑆𝑖) be a collection of local objects for each 𝑖 ∈ 𝐼. Suppose that
for any 𝑖, 𝑗 ∈ 𝐼, there exists an isomorphism 𝛼𝑖𝑗 : 𝑎𝑖|𝑆𝑖𝑗

∼=−→ 𝑎𝑗 |𝑆𝑖𝑗 in ℱ(𝑆𝑖𝑗), satisfying the
cocycle condition on the triple overlaps 𝑆𝑖𝑗𝑘:

𝛼𝑗𝑘|𝑆𝑖𝑗𝑘
∘ 𝛼𝑖𝑗 |𝑆𝑖𝑗𝑘

= 𝛼𝑖𝑘|𝑆𝑖𝑗𝑘
.

Then this data guarantees the existence of a global object 𝑎 ∈ ℱ(𝑆) and a collection of
isomorphisms 𝜙𝑖 : 𝑎|𝑆𝑖

∼=−→ 𝑎𝑖 in ℱ(𝑆𝑖), such that 𝜙𝑗 |𝑆𝑖𝑗 = 𝛼𝑖𝑗 ∘ 𝜙𝑖|𝑆𝑖𝑗 for all 𝑖, 𝑗.

Remark 2.2.15 (Category of descent data). In standard literature, such as [FGI+05, Definition
4.6], stacks over a site 𝒮 are defined using the language of descent data. Let 𝒰 = {𝑈𝑖 → 𝑈}
be a covering in 𝒮 and let ℱ be a fibered category over 𝒮. An object with descent data on 𝒰 ,
denoted ({𝜉𝑖}, {𝜙𝑖𝑗}), consists of a collection of objects 𝜉𝑖 ∈ ℱ(𝑈𝑖) together with isomorphisms
𝜙𝑖𝑗 : 𝑝*

2𝜉𝑗
∼=−→ 𝑝*

1𝜉𝑖 in ℱ(𝑈𝑖 ×𝑈 𝑈𝑗) satisfying the cocycle condition 𝑝*
13𝜙𝑖𝑘 = 𝑝*

12𝜙𝑖𝑗 ∘ 𝑝*
23𝜙𝑗𝑘 in

ℱ(𝑈𝑖 ×𝑈 𝑈𝑗 ×𝑈 𝑈𝑘). Morphisms between objects with descent data are defined via families of
compatible morphisms in the respective fiber categories, forming the category of descent data ℱ(𝒰).
The fibered category ℱ is defined to be a stack over 𝒮 if, for every covering 𝒰 , the natural pullback
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functor ℱ(𝑈)→ ℱ(𝒰) is an equivalence of categories. This categorical equivalence elegantly unpacks
into the two standard stack axioms: full faithfulness corresponds to the unique gluing of morphisms,
while essential surjectivity corresponds to the gluing of local objects.

Formulating this definition rigorously requires verifying that the category of descent data is
invariant up to equivalence under the choice of a cleavage for the fibered category. This involves
subtle and lengthy categorical argument. To maintain our focus, we omit this verification. For a
comprehensive treatment of these categorical nuances, see [FGI+05, Section 4.1.2].

Before moving forward, we address a fundamental question: equipped with which Grothendieck
topology, denoted by 𝜏 , does every scheme in Sch𝜏 become a stack? By Yoneda’s lemma, this is
equivalent to asking under which topology the representable functor ℎ𝑋 := Hom(−, 𝑋) is a sheaf.
This is a foundational issue because, following our previous discussions, the 2-category of stacks
should be regarded as a natural enlargement of the category of schemes.

It turns out that not every topology automatically makes every scheme a stack. For instance,
consider the naive flat topology, whose coverings {𝑈𝑖 → 𝑈} are jointly surjective collections of flat
morphisms. This topology is known to be ill-behaved; without additional quasi-compactness or
finiteness conditions, not all representable functors are sheaves under this topology (see [FGI+05,
Remark 2.56]).

Fortunately, the fpqc topology introduced in Example 2.2.11 provides the correct framework. A
celebrated theorem of Grothendieck establishes that any representable functor on Sch is indeed a
sheaf in the fpqc topology. As a direct corollary, since the fpqc topology is finer than both the fppf
and étale topologies, every scheme also defines a stack in the fppf and étale topologies (Example
2.2.10).

The proof of the preceding theorem is very detailed in Vistoli’s notes [FGI+05, Theorem
2.55]. We therefore refer the reader to this text for the full details. The key observation relies on
the following proposition [FGI+05, Lemma 2.60], which serves as an indispensable tool for our
subsequent study.

Proposition 2.2.16. Let 𝐹 : Schop → Sets be a functor. Suppose that 𝐹 satisfies the following two
conditions:

(1) 𝐹 is a sheaf in the big Zariski topology;
(2) for any faithfully flat morphism 𝑉 → 𝑈 of affine schemes, there is an equalizer sequence:

𝐹 (𝑈) 𝐹 (𝑉 ) 𝐹 (𝑉 ×𝑈 𝑉 ).
𝑝*

1

𝑝*
2

Then 𝐹 is a sheaf in the fpqc topology, and consequently a sheaf in both the fppf and étale topologies.

Equipped with this technical lemma, the proof of Grothendieck’s theorem is vastly simplified,
as the representable functor ℎ𝑋 is evidently a sheaf in the big Zariski topology. The problem can
be furthermore boiled down to the affine case where 𝑋 = Spec𝐴. This reduces the verification of
the second condition in Proposition 2.2.16 to a purely algebraic fact: for any faithfully flat ring
homomorphism 𝑓 : 𝐴→ 𝐵, there is an equalizer sequence

0 𝐴 𝐵 𝐵 ⊗𝐴 𝐵.
𝑓 𝑏↦→1⊗𝑏

𝑏↦→𝑏⊗1

Grothendieck’s theorem can also be regarded as the beginning of descent theory, which essentially
asks whether a given functor 𝐹 : Schop → Sets (or a prestack ℱ : Schop → Grpd) is a sheaf (or a
stack) in a specified Grothendieck topology 𝜏 . We can now appreciate the true power of Proposition
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2.2.16: when 𝜏 is the fpqc topology, it suffices to verify the gluing conditions in the classical algebraic
geometry context (the big Zariski topology) and then check the affine case.

Remark 2.2.17. We can formally generalize Proposition 2.2.16 from presheaves to prestacks, but
doing so requires categorifying the concept of an equalizer. In the 2-categorical setting, the equalizer
of sets is replaced by a 2-limit. More precisely, for a covering 𝑉 → 𝑈 , the 2-limit of the sequence of
groupoids translates to the category of descent data (as discussed in Remark 2.2.15).

Therefore, the stack-theoretic analogue of Proposition 2.2.16 states that a prestack ℱ : Schop →
Grpd is an fpqc stack if and only if it is a Zariski stack and the canonical pullback functor
ℱ(𝑈)→ ℱ(𝑉 → 𝑈) is an equivalence of categories for all faithfully flat morphisms of affine schemes
𝑉 → 𝑈 . Although this appears to be a straightforward generalization, the proof is technical and
non-trivial (see [FGI+05, Lemma 4.25]).

As an application, we use this stack-theoretic analogue to prove the following foundational
result.

Proposition 2.2.18 (Descent for quasi-coherent sheaves). The prestack of quasi-coherent sheaves
Qcoh (Example 2.2.5) is a stack over Sch in the fpqc topology.

Proof. By the stack-theoretic generalization of Proposition 2.2.16 discussed above, it suffices
to check two conditions that Qcoh is a stack in the big Zariski topology, and that effective descent
holds for faithfully flat morphisms of affine schemes. The first condition is satisfied by classical
algebraic geometry: quasi-coherent sheaves and their morphisms glue over Zariski open covers.

For the second condition, we reduce the problem to commutative algebra. Let 𝑓 : 𝐴 → 𝐵

be a faithfully flat ring homomorphism, corresponding to an fpqc cover Spec𝐵 → Spec𝐴. A
quasi-coherent sheaf on Spec𝐴 is equivalent to an 𝐴-module 𝑀 , and its pullback to Spec𝐵 is
𝑀 ⊗𝐴 𝐵. A descent datum on Spec𝐵 relative to Spec𝐴 consists of a 𝐵-module 𝑁 along with an
isomorphism

𝜙 : 𝑁 ⊗𝐴 𝐵
∼=−−→ 𝐵 ⊗𝐴 𝑁

(regarded as an isomorphism of 𝐵 ⊗𝐴 𝐵-modules) satisfying the cocycle condition as 𝐵 ⊗𝐴 𝐵 ⊗𝐴 𝐵-
modules.

Grothendieck’s theorem on faithfully flat descent for modules guarantees that the category of
such descent data is canonically equivalent to the category of 𝐴-modules. Specifically, given (𝑁,𝜙),
the 𝐴-module 𝑀 is uniquely recovered as the equalizer of the two maps induced by the descent
datum:

𝑀 𝑁 𝑁 ⊗𝐴 𝐵.

Since 𝐴 → 𝐵 is faithfully flat, tensoring this exact sequence with 𝐵 recovers the isomorphism
𝑀 ⊗𝐴 𝐵 ∼= 𝑁 , proving that the pullback functor is essentially surjective. Furthermore, the faithful
flatness of 𝐴→ 𝐵 ensures the exactness of the Amitsur complex

0→𝑀 →𝑀 ⊗𝐴 𝐵 ⇒𝑀 ⊗𝐴 𝐵 ⊗𝐴 𝐵

for any 𝐴-module 𝑀 . This guarantees that morphisms of 𝐴-modules uniquely glue, so the pullback
functor is fully faithful. Together, this proves that the pullback functor is an equivalence of categories.
Concluding by the stack analogue of Proposition 2.2.16, Qcoh is a stack in the fpqc topology. For
the full details of the commutative algebra argument above, see [FGI+05, Section 4.2.1]. □
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Corollary 2.2.19 (fpqc descent of open and closed subschemes). Let 𝑓 : 𝑆′ → 𝑆 be an fpqc morphism
of schemes. If 𝑍 ′ ⊆ 𝑆′ is a closed (resp. open) subscheme such that 𝑝−1

1 (𝑍 ′) = 𝑝−1
2 (𝑍 ′) as subschemes

of 𝑆′ ×𝑆 𝑆
′, then there exists a unique closed (resp. open) subscheme 𝑍 ⊆ 𝑆 such that 𝑍 ′ = 𝑓−1(𝑍).

Proof. For the closed case, there is a canonical one-to-one correspondence between closed
immersions 𝑍 ′ →˓ 𝑆′ and quasi-coherent ideal sheaves ℐ𝑍′ ⊆ 𝒪𝑆′ . The equality of the pullbacks of 𝑍 ′

over 𝑆′ ×𝑆 𝑆
′ guarantees that the descent data for the ideal sheaf ℐ𝑍′ is effective. Therefore, by the

fpqc descent of quasi-coherent sheaves (Proposition 2.2.18), ℐ𝑍′ descends to a unique quasi-coherent
ideal sheaf ℐ𝑍 ⊆ 𝒪𝑆 , which defines the desired closed subscheme 𝑍 ⊆ 𝑆.

For the case of an open subscheme, let |𝑍 ′| denote the underlying topological space of 𝑍 ′, and
define the set 𝑍 = 𝑓(|𝑍 ′|) ⊆ 𝑆. The condition 𝑝−1

1 (𝑍 ′) = 𝑝−1
2 (𝑍 ′) guarantees that 𝑓−1(𝑍) = |𝑍 ′|

set-theoretically. Since 𝑓 is fpqc, it is a submersive map (i.e. 𝑓 is surjective and 𝑆 has the quotient
topology) [Alp26, Appendix A.4.9]. By definition of the quotient topology, a subset of 𝑆 is open
if and only if its preimage in 𝑆′ is open. Since 𝑓−1(𝑍) = |𝑍 ′| is open in 𝑆′, it follows that 𝑍 is
an open subset of 𝑆. Endowing 𝑍 with the canonical open subscheme structure yields an open
subscheme whose pullback to 𝑆′ has the underlying space |𝑍 ′|. Since an open subscheme is uniquely
determined by its underlying topological space, this pullback is isomorphic to 𝑍 ′. □

Until now, thanks to Proposition 2.2.16, the application of descent theory has largely felt like
classical algebraic geometry combined with commutative algebra. However, to prove that a geometric
moduli space is a stack, we also need to study the intrinsic geometry of the objects it parameterizes.
Before we can prove that ℳpre

𝑔 is a stack, we need to collect some foundational geometric facts
regarding families of smooth curves of genus 𝑔 ≥ 2.

Proposition 2.2.20 (Properties of families of smooth curves). Let 𝜋 : 𝒞 → 𝑆 be a family of smooth
curves of genus 𝑔 ≥ 2. Then

(1) 𝜋*𝒪𝒞 = 𝒪𝑆.
(2) The pushforward 𝜋*

(︁
Ω⊗𝑘

𝒞/𝑆

)︁
is a vector bundle of rank

rk(𝑘) =

⎧⎨⎩𝑔, 𝑘 = 1;
(2𝑘 − 1)(𝑔 − 1), 𝑘 ≥ 2.

(3) The higher direct image R1𝜋*Ω⊗𝑘
𝒞/𝑆 is isomorphic to 𝒪𝑆 when 𝑘 = 1 and zero otherwise.

(4) For 𝑘 ≥ 3, the sheaf Ω⊗𝑘
𝒞/𝑆 is relatively very ample. As a direct corollary, the morphism

𝜋 : 𝒞 → 𝑆 is projective.

The proof of this proposition is an application of cohomology and base change theorems (see
[Har77, III. 12]). We refer the reader to [Alp26, Proposition A.6.11] for the complete details of
the proof.

Proposition 2.2.21. When 𝑔 ≥ 2, the prestack ℳpre
𝑔 (Example 2.2.7) is a stack over Sch in the

fpqc topology (and consequently, in the fppf and étale topologies).

Proof. By the stack-theoretic generalization of Proposition 2.2.16 and the fact that smooth
curves and their morphisms glue in the Zariski topology, it suffices to show that the two stack
axioms are satisfied with respect to a fpqc morphism of affine schemes 𝑆′ → 𝑆.

We first verify the first axiom (morphisms glue). Suppose 𝒞 → 𝑆 and 𝒟 → 𝑆 are two families
of smooth curves of genus 𝑔. Let 𝐹 ′ : 𝒞𝑆′ → 𝒟𝑆′ be an 𝑆′-morphism such that its two pullbacks
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to 𝑆′ ×𝑆 𝑆
′ agree. By Grothendieck’s fpqc descent theorem for morphisms between schemes, 𝐹 ′

descends to a unique global morphism 𝐹 : 𝒞 → 𝒟 fitting into the following Cartesian diagram:

𝒞𝑆′ 𝒟𝑆′

𝒞 𝒟

𝐹 ′

□
∃!𝐹

Furthermore, if 𝐹 ′ is an isomorphism, the descended morphism 𝐹 is also an isomorphism. This
relies on the fact that being an isomorphism is a property local on the target in the fpqc topology
(see [Sta26, Tag 02YJ]). This proves the first stack axiom.

The verification of the second axiom (objects glue) is more involved. Let 𝒞′ → 𝑆′ be a family of
smooth curves equipped with descent data, meaning an isomorphism 𝛼 : 𝑝*

1𝒞′ ∼=−→ 𝑝*
2𝒞′ over 𝑆′ ×𝑆 𝑆

′

satisfying the cocycle condition on the triple fiber product. We prove there exists a family of smooth
curves 𝒞 → 𝑆 and an isomorphism 𝜙 : 𝒞𝑆′

∼=−→ 𝒞′ compatible with 𝛼.
The key to this proof is the geometric fact that 𝐸′ := 𝜋*Ω⊗3

𝒞′/𝑆′ is a vector bundle on 𝑆′ of rank
5𝑔 − 5, and Ω⊗3

𝒞′/𝑆′ is relatively very ample (Proposition 2.2.20). This provides a canonical closed
immersion 𝒞′ →˓ P(𝐸′).

The isomorphism 𝛼 induces an isomorphism of vector bundles 𝛽 : 𝑝*
1𝐸

′ ∼=−→ 𝑝*
2𝐸

′ that also satisfies
the cocycle condition. By the fpqc descent of quasi-coherent sheaves (Proposition 2.2.18), we obtain
a quasi-coherent sheaf 𝐸 on 𝑆 such that its pullback to 𝑆′ is isomorphic to 𝐸′. Next, we utilize the
descent of fpqc local finiteness properties for quasi-coherent sheaves (see [Sta26, Tag 05AY]) to
conclude that 𝐸 is, in fact, a vector bundle on 𝑆.

Finally, because the descent data respects the closed immersion into the projective bundle, we
can apply the fpqc descent of closed subschemes (Corollary 2.2.19). This guarantees the existence
of a unique closed subscheme 𝒞 ⊂ P(𝐸) over 𝑆 yielding the following Cartesian diagrams:

P(𝐸′) P(𝐸)

𝑝*
1𝒞′ 𝑝*

2𝒞′ 𝒞′ 𝒞

𝑆′ ×𝑆 𝑆
′ 𝑆′ 𝑆

𝛼

𝑝2

𝑝1

Because 𝒞′ → 𝑆′ is a family of smooth curves, and fpqc local properties like smoothness and
properness descend along fpqc covers, we conclude that the descended object 𝒞 → 𝑆 is the required
family of smooth curves, since every geometric fiber of 𝒞 → 𝑆 is identified with a geometric fiber of
𝒞′ → 𝑆′. □

Just as with the sheafification procedure in classical sheaf theory, we can construct a stackification
procedure for prestacks defined via a universal property. More precisely, we have the following
foundational result:

Proposition 2.2.22 (Stackification). Let 𝒳 be a prestack over a site 𝒮. There exists a stack 𝒳 st,
called the stackification of 𝒳 , along with a morphism of prestacks 𝒳 → 𝒳 st such that for every stack
𝒴 over 𝒮, the induced functor

Hom(𝒳 st,𝒴) ≃−−→ Hom(𝒳 ,𝒴)
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is an equivalence of categories.

The construction is analogous to the classical sheafification process. We refer the reader to Alper’s
notes [Alp26, Theorem 3.5.18] for the full proof. Instead of presenting the abstract construction
in its entirety, we will use a fundamental example—the construction of the quotient stack via the
stackification of the quotient prestack (Example 2.2.6)—to illustrate how this procedure operates in
practice.

Recall that given a base scheme 𝑇 and a smooth group scheme 𝐺, a principal 𝐺-bundle (or a
𝐺-torsor) is a scheme 𝑃 equipped with a smooth morphism 𝑃 → 𝑇 and a right action of 𝐺 on 𝑃

over 𝑇 , such that the shear map

𝑃 ×𝐺
∼=−−→ 𝑃 ×𝑇 𝑃

(𝑝, 𝑔) ↦−→ (𝑝, 𝑝 · 𝑔)

is an isomorphism.

Example 2.2.23 (Quotient stack in the fpqc topology). In this example, we construct the quotient
stack [𝑋/𝐺] by taking the stackification of the quotient prestack [𝑋/𝐺]pre, where 𝐺 is a smooth
group scheme equipped with a right action on a scheme 𝑋. Recall from our earlier discussion that
for each test scheme 𝑇 ∈ Sch, the fiber category [𝑋/𝐺]pre(𝑇 ) has the 𝑇 -valued points 𝑋(𝑇 ) as its
objects, and the group elements 𝐺(𝑇 ) acting on these points as its morphisms.

To stackify this prestack over the fpqc topology, we first verify that morphisms glue, and then
formally adjoin objects that correspond to effective descent data.

First, we show that morphisms glue. Given two objects 𝑥, 𝑦 ∈ 𝑋(𝑇 ) and an fpqc cover {𝑇𝑖 → 𝑇},
a local morphism from 𝑥|𝑇𝑖 to 𝑦|𝑇𝑖 is an element 𝑔𝑖 ∈ 𝐺(𝑇𝑖) such that 𝑥|𝑇𝑖 · 𝑔𝑖 = 𝑦|𝑇𝑖 . If these local
morphisms agree on the overlaps 𝑇𝑖𝑗 (i.e., 𝑔𝑖|𝑇𝑖𝑗 = 𝑔𝑗 |𝑇𝑖𝑗 ), they glue to a unique global morphism
𝑔 ∈ 𝐺(𝑇 ). This holds because 𝐺 is a scheme, and by Grothendieck’s fpqc descent theorem discussed
previously, the representable functor ℎ𝐺 = 𝐺(−) is a sheaf in the fpqc (and thus fppf) topology.
Therefore, the prestack [𝑋/𝐺]pre satisfies the first stack axiom.

Next, to satisfy the second stack axiom (objects glue), we formally adjoin effective descent data.
Let {𝑇𝑖 → 𝑇} be an fpqc covering of a scheme 𝑇 . A descent datum for [𝑋/𝐺]pre with respect to
this cover consists of local objects 𝑥𝑖 ∈ 𝑋(𝑇𝑖) and local isomorphisms 𝑔𝑖𝑗 ∈ 𝐺(𝑇𝑖 ×𝑇 𝑇𝑗) satisfying
𝑥𝑗 = 𝑥𝑖 · 𝑔𝑖𝑗 on the double overlaps 𝑇𝑖𝑗 , subject to the cocycle condition 𝑔𝑖𝑘 = 𝑔𝑖𝑗 · 𝑔𝑗𝑘 on the triple
overlaps 𝑇𝑖𝑗𝑘.

The collection of group elements {𝑔𝑖𝑗} satisfying the cocycle condition is precisely the Čech
data required to construct a principal 𝐺-bundle 𝑃 → 𝑇 that is locally trivialized over the cover
{𝑇𝑖 → 𝑇}. Furthermore, the local maps 𝑥𝑖 : 𝑇𝑖 → 𝑋 are compatible with the transition functions
𝑔𝑖𝑗 via the group action. This compatibility ensures that the local maps 𝑥𝑖 glue together to form a
globally defined, 𝐺-equivariant morphism 𝑓 : 𝑃 → 𝑋.

Therefore, the stackification process forces the objects of the new category [𝑋/𝐺](𝑇 ) over 𝑇 to
be exactly these glued geometric structures. Specifically, an object of the quotient stack [𝑋/𝐺] over
a scheme 𝑇 is a pair (𝑃, 𝑓), where:

(1) 𝑃 → 𝑇 is a principal 𝐺-bundle over 𝑇 .
(2) 𝑓 : 𝑃 → 𝑋 is a 𝐺-equivariant morphism.

A morphism between two such objects (𝑃1, 𝑓1) over 𝑇1 and (𝑃2, 𝑓2) over 𝑇2 is a Cartesian
diagram of principal 𝐺-bundles that is compatible with the equivariant maps to 𝑋.
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The quotient stack framework can be generalized further if we drop the condition of equipping
Sch exclusively with the fpqc topology. In fact, it is standard practice to define the objects of
[𝑋/𝐺] over 𝑇 directly as the pairs (𝑃, 𝑓) described in the previous example, regardless of the
underlying topology. However, if one works in other topologies, Grothendieck’s descent theorem
may fail. In such cases, defining [𝑋/𝐺] directly via principal bundles may no longer coincide with
the stackification of the prestack [𝑋/𝐺]pre.

2.3. From Schemes to Stacks: Geometric Foundations

2.3.1. Algebraic Spaces, Deligne–Mumford Stacks, and Algebraic Stacks. In the
preceding sections, we successfully generalized the concepts of presheaves and sheaves to prestacks
and stacks. However, abstract stacks alone are purely categorical constructs. To draw a classical
analogy: if we restrict our study only to arbitrary locally ringed spaces, we lack the geometric
rigidity required to do meaningful algebraic geometry. It is only by requiring locally ringed spaces to
be locally isomorphic to affine schemes that we obtain the rich geometry in the category of schemes.
Similarly, to import the fruitful geometric machinery of classical schemes into the realm of stacks,
we need to introduce the notion of an “atlas” or “chart” for a given stack. This allows us to bridge
the abstract categorical world and the concrete geometric world.

Definition 2.3.1. Let Schét be the category of schemes equipped with the big étale topology
(Example 2.2.10).

(1) An algebraic space is a sheaf 𝑋 on Schét such that there exists a scheme 𝑈 alongside a
surjective, étale morphism 𝑈 → 𝑋 which is representable by schemes.

(2) A Deligne–Mumford stack is a stack 𝒳 on Schét such that there exists a scheme 𝑈 alongside
a surjective, étale, and representable morphism 𝑈 → 𝒳 .

(3) An algebraic stack (or Artin stack) is a stack 𝒳 on Schét such that there exists a scheme 𝑈
alongside a surjective, smooth, and representable morphism 𝑈 → 𝒳 .

In all cases, the scheme 𝑈 is referred to as an atlas (or presentation) for the stack.

We say a morphism of stacks 𝒳 → 𝒴 over 𝒮 is representable by schemes (resp. representable) if,
for any morphism 𝑇 → 𝒴 from a scheme 𝑇 , the fiber product 𝒳 ×𝒴 𝑇 is equivalent to a scheme
(resp. an algebraic space).

If 𝒫 is a property of morphisms of schemes that is stable under base change and local on the
source in the étale (or smooth) topology, the representability condition allows us to transfer property
𝒫 to a morphism whose target is an arbitrary stack. We will expand on the precise mechanics
of transferring properties from the classical scheme world to the stacky world in the subsequent
subsections.

We first examine the most fundamental example: the algebraicity of quotient stacks.

Theorem 2.3.2 (Algebraicity of quotient stacks). Let 𝐺 be a smooth group scheme acting on a
scheme 𝑋. The quotient stack [𝑋/𝐺] is an algebraic stack, and the canonical projection 𝜋 : 𝑋 →
[𝑋/𝐺] is a principal 𝐺-bundle.

Furthermore, suppose 𝐺 is a finite abstract group, viewed as a group scheme. If 𝐺 acts freely on
𝑋, then the quotient stack [𝑋/𝐺] is equivalent to an algebraic space, denoted by 𝑋/𝐺.

Proof. To demonstrate that the canonical projection 𝜋 : 𝑋 → [𝑋/𝐺] is a principal 𝐺-bundle,
consider an arbitrary scheme 𝑇 and a morphism 𝑇 → [𝑋/𝐺]. By the definition of the quotient stack
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(see Example 2.2.23), this morphism is classified by a principal 𝐺-bundle 𝑃 → 𝑇 together with a
𝐺-equivariant map 𝑃 → 𝑋. This forms a Cartesian diagram:

𝑃 𝑋

𝑇 [𝑋/𝐺]

𝜋□

By definition, a principal 𝐺-bundle 𝑃 → 𝑇 is smooth as a morphism. Moreover, since 𝐺 is assumed
to be a smooth group scheme, the bundle 𝑃 → 𝑇 is a smooth and surjective morphism of schemes.
This proves that 𝜋 : 𝑋 → [𝑋/𝐺] is representable, smooth, and surjective, thus serving as a smooth
atlas. Consequently, [𝑋/𝐺] is an algebraic stack.

For the second statement, assume 𝐺 is a finite group acting freely on 𝑋. A free action implies
that the objects in the fibers of [𝑋/𝐺] possess no non-trivial automorphisms. Therefore, the stack
[𝑋/𝐺] is equivalent to a sheaf, which we denote by 𝑋/𝐺. Since 𝐺 is a finite constant group scheme,
the principal 𝐺-bundle 𝑋 → 𝑋/𝐺 is finite, étale, and surjective. This provides an étale atlas for
the sheaf 𝑋/𝐺, proving it is an algebraic space. □

At this stage, it is appropriate to introduce a generalization of quotient stacks and provide a
different, more concrete perspective on algebraic spaces and stacks: the language of equivalence
relations and groupoids.

We start with the following observation. Let 𝒳 be an algebraic stack and 𝑝 : 𝑈 → 𝒳 be a smooth
presentation. If we assume that 𝑝 is representable by schemes, then the fiber product 𝑅 := 𝑈 ×𝒳 𝑈

is a scheme. By the definition of fiber products in 2-categories, a 𝑇 -valued point of 𝑅 is a triple
(𝑢1, 𝑢2, 𝛼) where 𝛼 : 𝑝(𝑢1)

∼=−→ 𝑝(𝑢2) is an isomorphism in 𝒳 (𝑇 ). If we let 𝑠 = 𝑝1 : 𝑅 → 𝑈 (the
projection to the first factor) be the source morphism, and let 𝑡 = 𝑝2 : 𝑅→ 𝑈 be the target morphism,
this data defines a smooth groupoid in schemes ℛ := (𝑅⇒ 𝑈). The composition 𝑅×𝑠,𝑈,𝑡 𝑅→ 𝑅

is defined by composing the isomorphisms (𝛼2 : 𝑝(𝑢2)→ 𝑝(𝑢3), 𝛼1 : 𝑝(𝑢1)→ 𝑝(𝑢2)) ↦→ 𝛼2 ∘ 𝛼1. The
identity morphism is given by the relative diagonal map 𝑈 → 𝑈 ×𝒳 𝑈 , and the inverse map 𝑅→ 𝑅

is defined by swapping the factors and inverting the isomorphism 𝛼. If we drop the assumption that
the smooth presentation is representable by schemes, this identical construction yields a smooth
groupoid of algebraic spaces.

Therefore, any algebraic stack is associated with a smooth groupoid, dependent on the choice of
the smooth presentation. What is remarkably powerful is that we can use this smooth groupoid of
algebraic spaces to entirely recover the algebraic stack itself. To formalize this, we introduce the
following generalization of quotient stacks.

Definition 2.3.3 (Quotients by groupoids). Let 𝑠, 𝑡 : 𝑅 ⇒ 𝑈 be a smooth groupoid of algebraic
spaces. Define [𝑈/𝑅]pre as the prestack whose objects over a scheme 𝑇 ∈ Schét are the objects 𝑈(𝑇 ),
and whose morphisms over 𝑇 are given by 𝑅(𝑇 ). We define the quotient stack [𝑈/𝑅] to be the
stackification of [𝑈/𝑅]pre with respect to the big étale topology on Schét.

Following the argument in Example 2.2.23, we can explicitly describe the objects of this
stackification by introducing principal ℛ-bundles.

Definition 2.3.4 (Principal ℛ-bundles). Let ℛ := (𝑅 ⇒ 𝑈) be a smooth groupoid of algebraic
spaces.

(1) Let 𝑇 be a scheme. A principal ℛ-bundle over 𝑇 consists of an algebraic space 𝑃 equipped
with a smooth and surjective morphism 𝑝 : 𝑃 → 𝑇 , together with a morphism of groupoids
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[𝑃 ×𝑇 𝑃 ⇒ 𝑃 ] −→ [𝑅⇒ 𝑈 ]. This groupoid morphism consists of an anchor map 𝑓 : 𝑃 → 𝑈

and a morphism 𝜏 : 𝑃 ×𝑇 𝑃 → 𝑅 such that the following natural square is Cartesian:

𝑃 ×𝑇 𝑃 𝑃

𝑅 𝑈

𝑝2

𝜏 𝑓

𝑠

□

(2) The quotient stack [𝑈/𝑅] is a category fibered in groupoids over Schét. For any scheme 𝑇 ,
the objects of the groupoid [𝑈/𝑅](𝑇 ) are diagrams:

𝑃 𝑈

𝑇

𝑓

𝑝

where 𝑝 : 𝑃 → 𝑇 is a principal ℛ-bundle and 𝑓 is its associated anchor map.
(3) The morphisms from (𝑃1

𝑝1−→ 𝑇1, 𝑓1) to (𝑃2
𝑝2−→ 𝑇2, 𝑓2) in this fibered category consist of a

pair of scheme morphisms

𝑢 : 𝑇1 → 𝑇2, 𝜙 : 𝑃1 → 𝑃2

such that 𝑝2 ∘ 𝜙 = 𝑢 ∘ 𝑝1 and 𝑓2 ∘ 𝜙 = 𝑓1, and the resulting square

𝑃1 𝑃2

𝑇1 𝑇2

𝜙

𝑝1 𝑝2

𝑢

□

is Cartesian (so 𝜙 is a pullback morphism of principal ℛ-bundles over 𝑢).

Remark 2.3.5 (Equivalence of definitions). In the differential geometric setting [BX11, Definition
2.18], a principal bundle for a Lie groupoid 𝑅⇒ 𝑈 over a base manifold 𝑇 is defined as a surjective
submersion 𝑃 → 𝑇 equipped with a principal right groupoid action of 𝑅 on 𝑃 . The principality
condition requires that for any two points 𝑝, 𝑝′ ∈ 𝑃 in the same fiber over 𝑇 , there exists a unique
morphism 𝛾 ∈ 𝑅 such that 𝑝 · 𝛾 = 𝑝′.

The space of pairs (𝑝, 𝑝′) lying in the same fiber over the base is the fiber product 𝑃 ×𝑇 𝑃 .
The space of valid action pairs (𝑝, 𝛾) is given by the fiber product 𝑃 ×𝑓,𝑈,𝑠 𝑅, where 𝑓 : 𝑃 → 𝑈

is the associated anchor map. Requiring the structural diagram of the bundle to be Cartesian is
equivalent to demanding that the action map 𝑃 ×𝑓,𝑈,𝑠 𝑅→ 𝑃 ×𝑇 𝑃 , defined by (𝑝, 𝛾) ↦→ (𝑝, 𝑝 · 𝛾), is
an isomorphism of algebraic spaces. Our definition above follows closely the version in [Noo12],
and we will freely interchange these definitions throughout this thesis since they are equivalent.

Now we are able to establish the fundamental reconstruction theorem, linking the abstract stack
definition back to the concrete groupoid presentation.

Theorem 2.3.6 (Reconstruction by groupoids).
(1) Let ℛ := (𝑅 ⇒ 𝑈) be an étale (resp. smooth) groupoid of algebraic spaces. Then the

quotient stack by the groupoid [𝑈/𝑅] is a Deligne–Mumford stack (resp. algebraic stack),
and the canonical projection 𝑈 → [𝑈/𝑅] is an étale (resp. smooth) presentation.
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(2) Let 𝒳 be a Deligne–Mumford stack (resp. algebraic stack) and 𝑈 → 𝒳 be an étale (resp.
smooth) presentation. Then there is an isomorphism of stacks 𝒳 ∼= [𝑈/𝑅], where ℛ :=
(𝑅⇒ 𝑈) is the étale (resp. smooth) groupoid of algebraic spaces defined by the fiber product
𝑅 := 𝑈 ×𝒳 𝑈 .

Proof. For the first part, we will show that 𝑈 → [𝑈/𝑅] is surjective, smooth and representable.
Since [𝑈/𝑅] is defined as the stackification of [𝑈/𝑅]pre, there exists an étale cover 𝑇 ′ → 𝑇 and a
commutative diagram

𝑇 ′ 𝑈

𝑇 [𝑈/𝑅]

Now consider the following commutative cube of stacks:

𝑈𝑇 ′ 𝑇 ′

𝑅 𝑈

𝑈𝑇 𝑇

𝑈 [𝑈/𝑅]

In this cube, the front, back, top, and bottom squares are cartesian. It suffices to show that the sheaf
𝑈𝑇 is an algebraic space. Note that 𝑈𝑇 ′ is a scheme and 𝑈𝑇 ′ → 𝑈𝑇 is an étale surjective morphism,
representable by schemes since it is the base change of 𝑇 ′ → 𝑇 . Since 𝑅→ 𝑈 is surjective and étale
(resp. smooth), so is 𝑈𝑇 ′ → 𝑇 ′. By étale descent, 𝑈𝑇 → 𝑇 is also, which concludes the first part.

For the second part, Our proof follows closely the proof in [Sta26, Tag 04T3]. We construct a
canonical isomorphism of stacks [𝑈/𝑅]

∼=−→ 𝒳 . The presentation 𝑝 : 𝑈 → 𝒳 naturally induces a map
as follows. By the definition of the fiber product 𝑅 := 𝑈 ×𝒳 𝑈 , the two compositions 𝑅⇒ 𝑈

𝑝−→ 𝒳
are canonically 2-isomorphic, which induces a functor [𝑈/𝑅]pre → 𝒳 . This functor uniquely lifts to
a functor from the stackification 𝐹 : [𝑈/𝑅]→ 𝒳 . We claim that 𝐹 is an isomorphism.

We first show that 𝐹 induces an isomorphism of isomorphism sheaves Isom[𝑈/𝑅](𝑥, 𝑦) →
Isom𝒳 (𝐹 (𝑥), 𝐹 (𝑦)) for any test scheme 𝑇 and any two objects 𝑥, 𝑦 ∈ [𝑈/𝑅](𝑇 ). Since this is
a local property on 𝑇 , we may pass to a smooth (resp. étale) cover 𝑇 ′ → 𝑇 where 𝑥 and 𝑦

lift to objects 𝑥′, 𝑦′ ∈ 𝑈(𝑇 ′). In the prestack [𝑈/𝑅]pre, the space of morphisms between 𝑥′ and
𝑦′ is by definition 𝑅(𝑇 ′). However, by the construction of the groupoid 𝑅 = 𝑈 ×𝒳 𝑈 , we have
𝑅(𝑇 ′) = 𝑈(𝑇 ′) ×𝒳 (𝑇 ′) 𝑈(𝑇 ′), which is the collection of isomorphisms between 𝑝(𝑥′) and 𝑝(𝑦′) in
𝒳 (𝑇 ′). Therefore, the functor is fully faithful.

Let 𝑇 be a scheme and let 𝑡 ∈ 𝒳 (𝑇 ) be an object over 𝑇 , corresponding to a morphism 𝑡 : 𝑇 → 𝒳 .
Consider the fiber product 𝑇 ′ := 𝑇 ×𝒳 𝑈 . Since 𝑝 : 𝑈 → 𝒳 is a smooth (resp. étale) surjective
presentation, the projection 𝑇 ′ → 𝑇 is a smooth (resp. étale) surjective cover of schemes. The other
projection 𝑇 ′ → 𝑈 defines an object in 𝑈(𝑇 ′), which yields an object in [𝑈/𝑅](𝑇 ′). By construction,
the image of this object under 𝐹 is canonically isomorphic to the pullback of 𝑡 to 𝑇 ′. Since [𝑈/𝑅]
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and 𝒳 are both stacks, effective descent guarantees that this object descends back to an object in
[𝑈/𝑅](𝑇 ) that maps identically to 𝑡. Therefore, 𝐹 is essentially surjective. □

We have now established a surjective mapping from the collection of smooth groupoids of
algebraic spaces to the collection of algebraic stacks, mapping ℛ := (𝑅 ⇒ 𝑈) to the quotient
stack [𝑈/𝑅]. The question naturally arises whether this induces a true equivalence between these
collections. Trivially, they are not: choosing different smooth presentations for the same stack yields
different groupoids. To rectify this, we introduce an equivalence relation between groupoids that
accounts for changes in presentation. This is known as Morita equivalence. Motivated by the above
discussion, two groupoids are Morita equivalent if and only if their corresponding fibered categories
of principal bundles over any test scheme are equivalent. The following definition generalizes the
definition in [BX11, Definition 2.24]

Definition 2.3.7 (Morita morphisms and Morita equivalence).
(1) Let ℛ𝑖 := (𝑅𝑖 ⇒ 𝑈𝑖) for 𝑖 = 1, 2 be smooth (resp. étale) groupoids of algebraic spaces.

A morphism of groupoids 𝜙 : ℛ1 → ℛ2 (consisting of an anchor map 𝑓 : 𝑈1 → 𝑈2 and a
compatible map 𝑅1 → 𝑅2) is called a Morita morphism (or an equivalence of groupoids) if
it satisfies two conditions:
∙ The following commutative diagram is Cartesian:

𝑅1 𝑈1 × 𝑈1

𝑅2 𝑈2 × 𝑈2

(𝑠1,𝑡1)

𝑓×𝑓

(𝑠2,𝑡2)
□

∙ The natural morphism 𝑡2 ∘ pr2 : 𝑈1 ×𝑓,𝑈2,𝑠2 𝑅2 → 𝑈2 is a smooth (resp. étale) and
surjective morphism of algebraic spaces.

(2) Two smooth (resp. étale) groupoids of algebraic spaces ℛ1 and ℛ2 are called Morita
equivalent if there exists a third smooth (resp. étale) groupoid of algebraic spaces ℛ3 and
Morita morphisms ℛ3 → ℛ1 and ℛ3 → ℛ2.

It turns out that there is a bijection between Morita equivalence classes of smooth (resp. étale)
groupoids of algebraic spaces and isomorphism classes of algebraic stacks (resp. Deligne–Mumford
stacks). The following theorem, although well-known among experts, is rarely explicitly detailed
in standard algebraic geometry literature. We adapt the statement and proof of this equivalence
theorem from the differential category, following [BX11, Theorem 2.26].

Theorem 2.3.8. Let ℛ𝑖 := (𝑅𝑖 ⇒ 𝑈𝑖) for 𝑖 = 1, 2 be smooth (resp. étale) groupoids of algebraic
spaces, and let 𝒳𝑖 := [𝑈𝑖/𝑅𝑖] be their associated algebraic stacks (resp. Deligne–Mumford stacks).
The following conditions are equivalent:

(1) The stacks 𝒳1 and 𝒳2 are isomorphic.
(2) The groupoids ℛ1 and ℛ2 are Morita equivalent.
(3) There exists an algebraic space 𝑇 equipped with two smooth (resp. étale) surjective mor-

phisms 𝜋1 : 𝑇 → 𝑈1 and 𝜋2 : 𝑇 → 𝑈2, along with commuting left and right actions of 𝑅1
and 𝑅2 respectively, such that 𝑇 is simultaneously a principal ℛ1-bundle over 𝑈2 (via 𝜋2)
and a principal ℛ2-bundle over 𝑈1 (via 𝜋1). We refer to such an algebraic space 𝑇 as a
principal ℛ1 −ℛ2-bibundle.

Sketch of Proof. We prove the equivalence by establishing (1) =⇒ (3) =⇒ (2) =⇒
(3) =⇒ (1).
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(1) =⇒ (3): Suppose the stacks 𝒳1 := [𝑈1/𝑅1] and 𝒳2 := [𝑈2/𝑅2] are isomorphic. Let us
identify them via this isomorphism and call the common stack 𝒳 . We have two smooth (resp. étale)
surjective presentations 𝑈1 → 𝒳 and 𝑈2 → 𝒳 . Define 𝑇 to be the fiber product 𝑇 := 𝑈1 ×𝒳 𝑈2.
Clearly 𝑇 is an algebraic space, and the natural projections 𝜋1 : 𝑇 → 𝑈1 and 𝜋2 : 𝑇 → 𝑈2 are smooth
(resp. étale) and surjective. One can naturally pullback the groupoid actions of 𝑅1 on 𝑈1 and 𝑅2 on
𝑈2 to 𝑇 . Because these actions commute, 𝑇 becomes a principal ℛ1-bundle over 𝑈2 and a principal
ℛ2-bundle over 𝑈1, making 𝑇 a principal bibundle.

(3) =⇒ (2): Choose a principal ℛ1 − ℛ2-bibundle 𝑇 . We construct a third groupoid ℛ𝑇

that maps via Morita morphisms to both ℛ1 and ℛ2. Let the object space of ℛ𝑇 be 𝑇 , and let
the morphism space be 𝑅𝑇 := 𝑅1 ×𝑠1,𝑈1,𝜋1 𝑇 ×𝜋2,𝑈2,𝑡2 𝑅2. There is a canonical way to define the
composition making ℛ𝑇 := (𝑅𝑇 ⇒ 𝑇 ) a smooth (resp. étale) groupoid of algebraic spaces. The
natural projection maps to ℛ1 and ℛ2 are Morita morphisms because their anchor maps (𝜋1 and
𝜋2) are the smooth (resp. étale) surjective projections of the bibundle, and the principal bundle
structures guarantee the required Cartesian conditions.

(2) =⇒ (3): We establish this in two steps. First, if 𝜙 : ℛ1 → ℛ2 is a Morita morphism with
anchor 𝑓 : 𝑈1 → 𝑈2, then the algebraic space 𝑄 := 𝑈1 ×𝑓,𝑈2,𝑠2 𝑅2 naturally inherits the structure of
a principal ℛ1 −ℛ2-bibundle. Second, if 𝑄 is a principal ℛ1 −ℛ2-bibundle and 𝑄′ is a principal
ℛ2 −ℛ3-bibundle, we form their quotient (𝑄×𝑈2 𝑄

′)/𝑅2. Since the action of 𝑅2 is free, the action
groupoid (𝑄×𝑈2 𝑄

′)×𝑈2 𝑅2 ⇒ 𝑄×𝑈2 𝑄
′ is a smooth (resp. étale) equivalence relation. By a result

on quotients of algebraic spaces ([Alp26, Corollary 5.5.12]), the quotient by a smooth equivalence
relation exists as an algebraic space, and it naturally forms a principal ℛ1 −ℛ3-bibundle. Since
Morita equivalence provides Morita morphisms ℛ3 → ℛ1 and ℛ3 → ℛ2, we obtain bibundles
ℛ1 −ℛ3 and ℛ3 −ℛ2, whose contracted product yields the desired ℛ1 −ℛ2-bibundle.

(3) =⇒ (1): We prove that the stacks are isomorphic by showing that their corresponding
fibered categories of principal bundles over Schét are equivalent. Let 𝑆 be an arbitrary scheme and
𝑃 → 𝑆 be a principal ℛ1-bundle over 𝑆, with anchor map ℎ : 𝑃 → 𝑈1. We define a new space
𝑃 ′ := (𝑇 ×𝜋1,𝑈1,ℎ 𝑃 )/𝑅1. As before, since 𝑇 is a principal ℛ1-bundle over 𝑈2, the action of 𝑅1 on
the fiber product is free, defining a smooth equivalence relation. By [Alp26, Corollary 5.5.12], the
quotient 𝑃 ′ exists as an algebraic space. The space 𝑃 ′ canonically inherits the structure of a principal
ℛ2-bundle over 𝑆, with the anchor map to 𝑈2 induced by 𝜋2. Furthermore, a morphism of principal
ℛ1-bundles naturally induces a morphism of the contracted principal ℛ2-bundles. This construction
provides a functor from the category of principal ℛ1-bundles to the category of principal ℛ2-bundles.
Utilizing the symmetric structure of the bibundle to construct a quasi-inverse, one easily checks this
functor is an equivalence of categories. Thus, the stacks 𝒳1 and 𝒳2 are isomorphic. □

The outline of this proof closely follows the analogous result for Lie groupoids and differentiable
stacks. However, the underlying technical details diverge significantly. The existence of quotient
spaces is more rigid in algebraic geometry than in differential geometry. Whereas taking the
quotient of a manifold by a free and proper Lie group action yields a smooth manifold, guaranteeing
that a quotient remains within the category of algebraic spaces requires heavier descent machinery.
Consequently, our algebraic proof cannot be entirely self-contained; it needs to invoke the foundational
result that the quotient of an algebraic space by a smooth (resp. étale) equivalence relation is still
an algebraic space.

The bijection between Morita equivalence classes of groupoids and isomorphism classes of stacks
provides a powerful computational perspective. Rather than working exclusively with abstract
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categories fibered in groupoids, one can utilize a groupoid presentation ℛ := (𝑅⇒ 𝑈) to define and
compute algebraic invariants. As we will explore in the final section of this chapter, this groupoid
machinery is the essential vehicle for developing cohomology theory for stacks, including the singular
and de Rham cohomology for topological and differentiable stacks.

Having established this theoretical framework for algebraic stacks, we now return to our
investigation of fundamental geometric examples. Equipped with these tools, the next candidate to
examine is the moduli stack of smooth curves of genus 𝑔, denoted ℳ𝑔 (see Proposition 2.2.21).

Theorem 2.3.9 (Algebraicity of ℳ𝑔). If 𝑔 ≥ 2, then ℳ𝑔 is an algebraic stack over SpecZ.
Moreover, there is an isomorphism ℳ𝑔

∼= [𝐻 ′/PGL5𝑔−5], where 𝐻 ′ is a locally closed subscheme of
a suitable Hilbert scheme 𝐻.

Sketch of Proof. We outline the core ideas behind this theorem and refer the reader to
[Alp26, Theorem 4.1.17] for the details. Recall that for a family of smooth curves 𝜋 : 𝒞 → 𝑆, the
tri-canonical sheaf Ω⊗3

𝒞/𝑆 is very ample relative to 𝑆. If 𝑔 ≥ 2, the pushforward 𝐸 := 𝜋*
(︁
Ω⊗3

𝒞/𝑆

)︁
is a

vector bundle of rank 5𝑔 − 5 (Proposition 2.2.20). Consequently, this very ample sheaf defines a
closed immersion 𝒞 →˓ P(𝐸) over 𝑆.

We can compute the Hilbert polynomial of a geometric fiber 𝒞𝑠 →˓ P5𝑔−6
𝜅(𝑠) using the Riemann–Roch

theorem:
𝑃 (𝑛) := 𝜒 (𝒪𝒞𝑠(𝑛)) = deg

(︁
Ω⊗3𝑛

𝒞𝑠

)︁
+ 1− 𝑔 = (6𝑛− 1)(𝑔 − 1).

Therefore, we define the base Hilbert scheme as

𝐻 := Hilb𝑃
(︁
P5𝑔−6
Z

)︁
.

The analysis above shows that there is a subscheme 𝐻 ′ ⊂ 𝐻 parameterizing smooth families
of tri-canonically embedded curves, which will provide our smooth presentation 𝐻 ′ →ℳ𝑔. More
precisely, if 𝒰 →˓ P5𝑔−6 ×𝐻 is the universal family over 𝐻 and 𝑝 : 𝒰 → 𝐻 is the projection, then
𝐻 ′ is the locally closed subscheme of 𝐻 uniquely characterized by the following properties:

(1) For each ℎ ∈ 𝐻 ′, the fiber 𝒰ℎ → Spec𝜅(ℎ) is smooth and geometrically connected.
(2) The global section map H0

(︁
P5𝑔−6

𝜅(ℎ) ,𝒪(1)
)︁
→ H0 (𝒰ℎ,𝒪𝒰ℎ

(1)) is an isomorphism for all
ℎ ∈ 𝐻 ′.

(3) The line bundles Ω⊗3
𝒰𝐻′ /𝐻′ and 𝒪𝒰𝐻′ (1) differ only by the pullback of a line bundle from 𝐻 ′.

(4) (Universal Property) If 𝑇 → 𝐻 is a morphism of schemes such that the above three
properties hold for the pullback family 𝒰𝑇 → 𝑇 , then the morphism 𝑇 → 𝐻 factors
uniquely through 𝐻 ′.

These properties ensure that for all ℎ ∈ 𝐻 ′, the curve 𝒰ℎ →˓ P5𝑔−6
𝜅(ℎ) is embedded exactly by the

complete linear series of Ω⊗3
𝒰ℎ/𝜅(ℎ).

Having characterized the parameter space 𝐻 ′, we obtain a morphism 𝐻 ′ →ℳ𝑔 by forgetting the
embedding. The locally closed subscheme 𝐻 ′ is invariant under the natural action of PGL5𝑔−5, as
PGL5𝑔−5 = Aut

(︀
P5𝑔−6)︀ acts by changing the coordinates of the ambient projective space. Therefore,

the morphism 𝐻 ′ →ℳ𝑔 descends to a morphism from the quotient stack [𝐻 ′/PGL5𝑔−5]→ℳ𝑔 by
the universal property of stackification (Proposition 2.2.22).

To prove this forgetful morphism is an isomorphism, we need to show that the fiber categories
ℳ𝑔(𝑇 ) and [𝐻 ′/PGL5𝑔−5](𝑇 ) are equivalent for every scheme 𝑇 . We do this by explicitly construct-
ing the inverse functor. Let 𝜋 : 𝒞 → 𝑇 be a family of smooth curves inℳ𝑔(𝑇 ). By Proposition 2.2.20,
the pushforward 𝐸 = 𝜋*Ω⊗3

𝒞/𝑇 is a vector bundle of rank 5𝑔 − 5, and we have a closed immersion
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𝒞 →˓ P(𝐸). To map this data into the quotient stack, we construct a principal PGL5𝑔−5-bundle
over 𝑇 along with an equivariant map to 𝐻 ′ (Example 2.2.23). We construct this as the projective
frame bundle of 𝐸, defined as 𝑃 := Isom(𝒪⊕5𝑔−5

𝑇 , 𝐸)/G𝑚 (See [Alp26, Exercise B.1.57] for more
details). By definition, the canonical projection 𝑞 : 𝑃 → 𝑇 is a PGL5𝑔−5-torsor. Pulling the family
𝒞 back along 𝑞 trivializes the projective bundle 𝑞*P(𝐸) ∼= P5𝑔−6

𝑃 . This gives us a family of curves
𝒞 ×𝑇 𝑃 → 𝑃 equipped with a closed immersion into P5𝑔−6

𝑃 . This explicit embedding is classified
by a morphism 𝑃 → 𝐻, which factors through 𝐻 ′ because our tri-canonical embedding satisfies
all the geometric criteria, and from the construction it is clear that the resulting map 𝑃 → 𝐻 ′ is
PGL5𝑔−5-equivariant. This data (𝑃, 𝑃 → 𝐻 ′) defines an object in [𝐻 ′/PGL5𝑔−5](𝑇 ), concluding
the construction of the inverse and proving the algebraicity of ℳ𝑔. □

We can actually go further from this model by introducing marked points on a family of smooth
curves. An 𝑛-pointed family of smooth curves of genus 𝑔 is a smooth and proper morphism 𝜋 : 𝒞 → 𝑆

of schemes equipped with 𝑛 sections 𝜎𝑖 : 𝑆 → 𝒞 such that for each geometric point 𝑠 : Spec 𝑘 → 𝑆,
the fiber 𝒞𝑠 is a smooth curve of genus 𝑔, and the points 𝜎1(𝑠), . . . , 𝜎𝑛(𝑠) ∈ 𝒞𝑠 are pairwise distinct.
Let ℳ𝑔,𝑛 denote the prestack over Schét parameterizing 𝑛-pointed families of smooth curves of
genus 𝑔.

A natural question arises: under what conditions does the moduli prestackℳ𝑔,𝑛 form a stack, or
more restrictively, an algebraic stack over Schét? In Theorem 2.3.9, we established the fundamental
result for the unpointed, higher-genus case: when 𝑔 ≥ 2 and 𝑛 = 0, ℳ𝑔 is indeed an algebraic stack.
What remains is to systematically examine the cases of low genus, specifically 𝑔 = 0 and 𝑔 = 1. We
begin by detailing the consequences for genus zero.

Example 2.3.10 (Moduli space of rational curves). The structure of the moduli space ℳ0,𝑛

depends entirely on the stabilizer of 𝑛 distinct points on P1 under the action of the automorphism
group PGL2. We have the following classification:

ℳ0,𝑛
∼=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

BPGL2, 𝑛 = 0;
B𝐵, 𝑛 = 1;
BG𝑚, 𝑛 = 2;
SpecZ, 𝑛 = 3;(︀
P1 ∖ {0, 1,∞}

)︀𝑛−3 ∖Δ, 𝑛 ≥ 4.

Here, 𝐵 ⊂ PGL2 is the two-dimensional Borel subgroup of upper triangular matrices (the stabilizer
of a single point, say ∞), and Δ is the large diagonal closed subscheme where at least two of the
𝑛− 3 points coincide.

The cases for 𝑛 ≥ 3 can be deduced through a geometric argument utilizing the 3-transitive
nature of the PGL2-action. For 𝑛 = 3, given any smooth rational curve with three distinct
marked points (𝐶, 𝑝1, 𝑝2, 𝑝3), there exists a unique isomorphism to (P1, 0, 1,∞). Therefore ℳ0,3 is
isomorphic to SpecZ. For 𝑛 = 4, the first three points of any smooth rational curve (𝐶, 𝑝1, 𝑝2, 𝑝3, 𝑝4)
can be uniquely mapped to 0, 1, and ∞. The fourth point is then mapped to some coordinate
𝑞 ∈ P1 ∖ {0, 1,∞}. This coordinate 𝑞 corresponds to the cross-ratio of the four points, providing an
isomorphism between ℳ0,4 and P1 ∖ {0, 1,∞}. This argument generalizes to any 𝑛 ≥ 4, mapping
the remaining 𝑛− 3 points into P1 ∖ {0, 1,∞} while avoiding the diagonals.

The genus 1 case, however, is much more involved due to the geometry of the canonical bundle.
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Example 2.3.11 (Moduli space of elliptic curves). We first consider the unpointed prestack
ℳ1 =ℳ1,0 parameterizing smooth families of genus 1 curves. It turns out that ℳ1 fails to be a
stack in the étale (and fpqc) topology! The proof strategy used for Proposition 2.2.21 breaks down
here since for a family of genus 1 curves 𝒞 → 𝑆, the relative canonical bundle Ω𝒞/𝑆 is trivial, so
neither it nor its tensor powers can provide the relative very ample line bundle needed to embed the
family into a projective space and make descent effective. In fact, Raynaud famously constructed
an explicit étale cover 𝑆′ → 𝑆 and a family 𝒞′ → 𝑆′ of smooth genus 1 curves (without a marked
section) that does not descend to any scheme 𝒞 → 𝑆 (it only descends to an algebraic space). For
details on this ineffective descent, see [Ray70].

However, when we introduce a single marked point, setting 𝑛 = 1, the prestack ℳ1,1 (see also
Example 2.1.3) behaves well. A marked point is equivalent to a section 𝑒 : 𝑆 → 𝒞 of the family.
By Riemann–Roch, the line bundle 𝒪𝒞(3𝑒) is relatively very ample, and the higher direct images
R𝑖𝜋*𝒪𝒞(3𝑒) = 0 for 𝑖 > 0. This line bundle induces a closed embedding of the family into a
projective bundle P(𝜋*𝒪𝒞(3𝑒)) over 𝑆. With this projective embedding secured, we can mimic the
descent arguments of Proposition 2.2.21 and the Hilbert scheme construction in Theorem 2.3.9 to
prove that ℳ1,1 is an algebraic stack (see [Ols16, Theorem 13.1.2] for the full details). In fact, the
presence of this global section allows us to bootstrap the algebraicity of ℳ1,𝑛 for all 𝑛 ≥ 1.

Based on the two examples above, we can state and prove the following consequence:

Theorem 2.3.12 (Algebraicity of ℳ𝑔,𝑛). If 2𝑔 − 2 + 𝑛 > 0, then ℳ𝑔,𝑛 is an algebraic stack over
SpecZ.

Proof. The proof proceeds by induction on the number of marked points 𝑛. As the base for
our induction, we rely on the previously established algebraic stacks: ℳ𝑔 for 𝑔 ≥ 2 (Theorem 2.3.9),
ℳ1,1 (Examples 2.1.3, 2.3.11), and ℳ0,3 (Example 2.3.10).

For the inductive step, assume that ℳ𝑔,𝑛−1 is an algebraic stack. Consider the forgetful
morphism 𝜋𝑛 : ℳ𝑔,𝑛 →ℳ𝑔,𝑛−1 which forgets the 𝑛-th marked point. By the 2-Yoneda lemma, let
𝑆 →ℳ𝑔,𝑛−1 correspond to a family of smooth curves 𝑝 : 𝒞 → 𝑆 equipped with 𝑛−1 disjoint sections
𝜎1, . . . , 𝜎𝑛−1. A lift of 𝑆 → ℳ𝑔,𝑛−1 to ℳ𝑔,𝑛 corresponds to choosing an additional 𝑛-th section
𝜎𝑛 : 𝑆 → 𝒞 that is disjoint from the first 𝑛−1 sections. Therefore, the fiber product 𝑆×ℳ𝑔,𝑛−1ℳ𝑔,𝑛

is isomorphic to the open subscheme of the curve 𝒞 obtained by removing the images of the first
𝑛− 1 sections. This gives us the following Cartesian diagram:

𝒞 ∖
⋃︀𝑛−1

𝑖=1 𝜎𝑖(𝑆) ℳ𝑔,𝑛

𝑆 ℳ𝑔,𝑛−1

□ 𝜋𝑛□

Since the morphism 𝑝 : 𝒞 → 𝑆 is a smooth and proper morphism of schemes, the open subscheme
𝒞 ∖

⋃︀𝑛−1
𝑖=1 𝜎𝑖(𝑆) → 𝑆 is smooth and surjective. This Cartesian square shows that the forgetful

morphism 𝜋𝑛 is representable by schemes, smooth, and surjective. Since the target ℳ𝑔,𝑛−1 is an
algebraic stack by our inductive hypothesis, we conclude that the source ℳ𝑔,𝑛 is also an algebraic
stack. □

The next question is: what is the geometric origin of the condition 2𝑔 − 2 + 𝑛 > 0? We can in
fact see this inequality by examining the automorphisms of the marked curve, motivated by our
earlier discussion in Section 2.1.
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Let 𝐶 be a smooth curve. Deformation theory shows that the infinitesimal automorphisms of
𝐶 (the first-order deformations of the identity) are parameterized by the vector space H0(𝐶, 𝑇𝐶)
(see [Ser06, Lemma 1.2.6]). Any infinitesimal automorphism of the 𝑛-pointed curve (𝐶, 𝑝1, . . . , 𝑝𝑛)
must fix each of the 𝑛 marked points, which requires the corresponding global section to vanish at
the effective divisor 𝐷 = 𝑝1 + · · ·+ 𝑝𝑛. Consequently, the space of infinitesimal automorphisms of
(𝐶, 𝑝1, . . . , 𝑝𝑛) is given by H0 (𝐶, 𝑇𝐶 (−

∑︀𝑛
𝑖=1 𝑝𝑖)).

By Riemann–Roch, the degree of the tangent bundle is deg(𝑇𝐶) = 2 − 2𝑔. Twisting by the
divisor −𝐷 yields the degree:

deg
(︃
𝑇𝐶

(︃
−

𝑛∑︁
𝑖=1

𝑝𝑖

)︃)︃
= 2− 2𝑔 − 𝑛.

The geometric meaning of the condition 2𝑔− 2 + 𝑛 > 0 now becomes transparent: it is the algebraic
requirement that the degree of this twisted tangent bundle is negative. Since a line bundle of negative
degree on a projective curve admits no non-zero global sections, we have h0 (𝐶, 𝑇𝐶 (−

∑︀𝑛
𝑖=1 𝑝𝑖)) = 0.

This vanishing guarantees that the space of infinitesimal automorphisms is trivial, which means
the global automorphism group of any smooth curve with 𝑛 marked points satisfying this inequality
is discrete and reduced (and in fact, finite). This deformation-theoretic insight will play an essential
role in the subsequent subsections, where we establish that ℳ𝑔,𝑛 is a Deligne–Mumford stack using
the fundamental characterization: an algebraic stack is Deligne–Mumford if and only if its diagonal
is unramified, which is equivalent to the automorphism group of any geometric point being discrete
and reduced.

Up to this point, we have established the algebraicity of quotient stacks and the moduli stack of
curves ℳ𝑔. A subsequent question is whether the stack of quasi-coherent sheaves Qcoh (Example
2.2.5), forms an algebraic stack over Schét. Unfortunately, it does not. Proving that a stack is
not algebraic is difficult if one merely attempts to rule out the existence of all possible smooth
presentations. To prove this failure, we need to invoke the celebrated Artin’s Axioms for Algebraicity,
which provide necessary and sufficient criteria for a stack to be algebraic over a field 𝑘. Because
Qcoh is not limit-preserving (it does not commute with filtered colimits of rings) and its diagonal is
non-representable, it fails Artin’s axioms.

Conversely, if we bound our geometric data to a proper scheme 𝑋 over a field 𝑘, the situation
improves. The stack Coh(𝑋) over Sch/𝑘, whose objects over a test scheme 𝑆 are finitely presented
quasi-coherent 𝒪𝑋𝑆

-modules that are flat over 𝑆, is indeed an algebraic stack locally of finite type
over 𝑘. This foundational result is achieved by verifying that Coh(𝑋) satisfies all of Artin’s axioms
(see [Alp26, Theorems C.7.4 and C.7.7] and [Sta26, Tag 07SZ]).

2.3.2. Extending Scheme-Theoretic Properties to Algebraic Stacks. After introducing
the basic definitions and studying the fundamental examples, we next ask how to bring the extensive
toolkit developed in classical algebraic geometry into the newly developed stack world. The
immediate task is to generalize the properties of schemes and their morphisms (such as those found
in [Har77, Chapters 2, 3]) to morphisms 𝒳 → 𝒴 of algebraic stacks. Once the relative case of
morphisms is clarified, the absolute property of a single stack 𝒳 follows immediately by evaluating
the structural morphism 𝒳 → SpecZ.

Case I: We start with morphisms 𝑓 : 𝒳 → 𝒴 that are representable by schemes. In this case,
for any morphism 𝑇 → 𝒴 from a scheme, the base change 𝒳 ×𝒴 𝑇 → 𝑇 is a morphism between
schemes. This reduction allows us to generalize any property 𝒫 of scheme morphisms that is stable
under base change and local on the target in the required topology (smooth or étale).
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∙ Properties generalized via base change: Being an isomorphism, surjective, an open
immersion, a closed immersion, an affine morphism, a quasi-affine morphism, proper,
separated, finite, integral, and unramified... See [Sta26, Tag 02YJ] for more properties
that are local in the fpqc topology on the target.

Case II: In the case where the morphism 𝑓 : 𝒳 → 𝒴 is not representable, we use the charts of
the algebraic stacks to establish a bridge to schemes. Let 𝑉 → 𝒴 be a smooth chart of 𝒴. The
fiber product 𝒳 ×𝒴 𝑉 is also an algebraic stack, so we can take a smooth chart 𝑈 → 𝒳 ×𝒴 𝑉 . The
composition 𝑈 → 𝒳 ×𝒴 𝑉 → 𝑉 is then a morphism between schemes. We say 𝑓 has property 𝒫 if
this induced morphism 𝑈 → 𝑉 has property 𝒫. This paradigm allows us to generalize properties
that are smooth local on both the source and target and are stable under composition and base change.
(If both stacks are Deligne–Mumford, we require the properties to be étale local).

∙ Properties generalized via charts: Smoothness, flatness, surjectivity, locally of finite
presentation, locally of finite type (étaleness and unramifiedness in the case that both
targets and sources are Deligne–Mumford stacks). We also refer to [Sta26, Tag 04YE] for
more properties that are local in the smooth topology.

However, the method of “reducing to charts” possesses a limitation: it fails for global geometric
properties that are not local on the source or the target. Chief among these are properties like
separatedness and properness. Furthermore, purely global topological properties, such as being
Noetherian or irreducible, similarly resist this local generalization. Because these properties cannot
be defined simply by base changing to test schemes or passing to local charts, we are forced to
develop new geometric tools to capture the global structure of a stack. We will approach this in two
stages, beginning with the purely topological properties. By constructing the underlying topological
space of an algebraic stack, we can generalize and study global topological properties.

Definition 2.3.13 (Topological space of an algebraic stack). Let 𝒳 be an algebraic stack. Define the
topological space of 𝒳 , denoted by |𝒳 |, as the set consisting of field-valued morphisms 𝑥 : Spec𝐾 →
𝒳 , where two morphisms 𝑥1 : Spec𝐾1 → 𝒳 and 𝑥2 : Spec𝐾2 → 𝒳 are identified if there exists field
extensions 𝐾1 →˓ 𝐾3 and 𝐾2 →˓ 𝐾3 such that 𝑥1|Spec 𝐾3 and 𝑥2|Spec 𝐾3 are isomorphic in 𝒳 (𝐾3).

We say a subset 𝑈 ⊆ |𝒳 | is open if there exists an open substack 𝒰 ⊆ 𝒳 such that 𝑈 = |𝒰|. A
substack 𝒰 ⊆ 𝒳 is called open if the induced morphism 𝒰 → 𝒳 is representable by schemes and is
an open immersion.

Example 2.3.14 (The underlying topological space of classifying stacks). Let 𝑘 be a field and 𝐺

be a smooth group scheme over 𝑘. Consider the classifying stack B𝐺 := [Spec 𝑘/𝐺]. The topological
space |B𝐺| is a single point. For the classifying stack 𝒳 = B𝐺, a morphism 𝑥 : Spec𝐾 → B𝐺 from
a field extension 𝐾/𝑘 corresponds to the data of a principal 𝐺-bundle 𝑃 → Spec𝐾. Thus, the
points of |B𝐺| are equivalence classes of principal 𝐺-bundles over various field extensions of 𝑘.

However, for any field extension 𝐾/𝑘 and any principal 𝐺-bundle 𝑃 ∈ B𝐺(Spec𝐾), there
exists a further field extension 𝐾 ′/𝐾 such that the pullback of 𝑃 to Spec𝐾 ′ lifts to an object in
the prestack [Spec 𝑘/𝐺]pre(Spec𝐾 ′). Since it possesses exactly one object (the unique morphism
Spec𝐾 ′ → Spec 𝑘), this lift is necessarily the trivial principal 𝐺-bundle. Since every point in |B𝐺|
becomes isomorphic to the trivial bundle over some field extension, there is only one equivalence
class.

Now we are able to generalize the topological properties of schemes to algebraic stacks.

Definition 2.3.15.
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(1) An algebraic stack 𝒳 is quasi-compact (resp. connected, irreducible) if the underlying
topological space |𝒳 | is quasi-compact (resp. connected, irreducible).

(2) A morphism 𝒳 → 𝒴 of algebraic stacks is quasi-compact if for every morphism Spec𝐴→ 𝒴 ,
the fiber product 𝒳 ×𝒴 Spec𝐴 is quasi-compact; it is of finite type if 𝒳 → 𝒴 is locally of
finite type and quasi-compact.

The topological approach discussed previously allows us to generalize purely global topological
properties. However, to generalize geometric properties like separatedness and properness, it is
natural to study the diagonal Δ: 𝒳 → 𝒳 × 𝒳 of the given stack, aligning with the classical
scheme-theoretic definitions. It turns out that the diagonal of a stack is far more than just a
tool for generalizing separatedness or properness; it encodes the “stackiness” and the infinitesimal
automorphisms of the objects, which are the central structures we wish to study. Furthermore,
analyzing the diagonal leads directly to the characterizations of Deligne–Mumford stacks and
algebraic spaces, revealing the geometric essence of these different types of stacks.

To begin with, we first establish the foundational theorem regarding the representability of the
diagonal.

Theorem 2.3.16 (Representability of the Diagonal).
(1) The diagonal of an algebraic space is representable by schemes.
(2) The diagonal of an algebraic stack is representable.

Proof. Suppose that 𝑋 is an algebraic space with an étale presentation 𝑈 → 𝑋. Let 𝑅 :=
𝑈 ×𝑋 𝑈 , which is a scheme. Suppose that 𝑇 → 𝑋 ×𝑋 is a morphism from a scheme, then we need
to show that the sheaf 𝑄𝑇 := 𝑋 ×𝑋×𝑋 𝑇 is a scheme. We consider the following cartesian cube.

𝑄𝑇 ′ 𝑇 ′

𝑅 𝑈 × 𝑈

𝑄𝑇 𝑇

𝑋 𝑋 ×𝑋Δ

Note that 𝑈 → 𝑋 is étale, surjective and representable by schemes by assumption, so is
𝑈 × 𝑈 → 𝑋 ×𝑋. The base change of 𝑇 → 𝑋 ×𝑋 by 𝑈 × 𝑈 → 𝑋 ×𝑋 is therefore a scheme 𝑇 ′

which is surjective and étale over 𝑇 , and 𝑄𝑇 ′ is therefore a scheme. Also note that the morphism of
schemes 𝑅→ 𝑈 × 𝑈 is locally quasi-finite and separated, so is 𝑄𝑇 ′ → 𝑇 ′.

Now we need to apply a descent criterion for an fppf sheaf to be a scheme. Let 𝒫 be one of the
following properties: open/closed immersion, (quasi)-affine, or locally quasi-affine and separated.
Let 𝑋 → 𝑌 be a surjective smooth (resp. fppf) morphism of schemes. Let 𝐹 be a sheaf on (Sch/𝑌 )ét
(resp. (Sch/𝑌 )fppf). If the fiber product 𝐹𝑋 → 𝑋 satisfies that 𝐹𝑋 is a scheme and 𝐹𝑋 → 𝑋 has 𝒫 ,
then 𝐹 is a scheme and 𝐹 → 𝑌 has 𝒫. For the proof we refer to [Sta26, Tag 02W5].

Apply this descent criterion and we conclude that 𝑄𝑇 is a scheme, which concludes the proof of
the first part. For the second part, the proof is similar. Let 𝒳 be an algebraic stack and 𝑈 → 𝒳
be a smooth presentation, then 𝑅 := 𝑈 ×𝒳 𝑈 is an algebraic space. If 𝑇 → 𝒳 ×𝒳 is a morphism
from a scheme, then similarly its base change along 𝑈 × 𝑈 → 𝒳 × 𝒳 yields an algebraic space
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𝑇1 which is surjective and smooth over 𝑇 . We furthermore choose an étale presentation 𝑇2 → 𝑇1,
then 𝑇2 → 𝑇 is a surjective and smooth morphism of schemes. We choose an étale cover 𝑇 ′ → 𝑇

such that 𝑇2 → 𝑇 admits a section ([Sta26, Tag 039P]). The composition 𝑇 ′ → 𝑇2 → 𝑇1 → 𝑈 × 𝑈
provides a morphism 𝑇 ′ → 𝑈 × 𝑈 of schemes. Therefore we obtain a similar commutative cube
above except that the left and right squares are not necessarily cartesian.

Note that 𝑄𝑇 is always a sheaf since 𝑄𝑇 is identified with Isom𝒳 (𝑇 )(𝑎, 𝑎) with 𝑎 : 𝑇 → 𝒳 , and
this is always a sheaf as long as 𝒳 is a stack. The morphism 𝑄𝑇 ′ → 𝑄𝑇 is an étale, surjective
morphism representable by schemes since 𝑇 ′ → 𝑇 is. Choose an étale presentation 𝑉 → 𝑄𝑇 ′ of the
algebraic space 𝑄𝑇 ′ , and the composition yields an étale presentation of 𝑄𝑇 , showing that 𝑄𝑇 is an
algebraic space. □

Corollary 2.3.17 (Properties of representable morphisms).
(1) If the diagonal of a stack 𝒳 is representable (resp. representable by schemes), then every

morphism 𝑈 → 𝒳 from a scheme is representable (resp. representable by schemes).
(2) Every morphism from a scheme to an algebraic stack (resp. algebraic space) is representable

(resp. representable by schemes).
(3) If 𝒳 → 𝑌 is a representable morphism of stacks over Schét and 𝑌 is an algebraic space,

then 𝒳 is an algebraic space. Consequently, the composition of two representable morphisms
of stacks is representable.

Proof. For the first part, let 𝑇1 and 𝑇2 be arbitrary schemes mapping to 𝒳 via morphisms 𝑎
and 𝑏. The fiber product 𝑇1 ×𝒳 𝑇2 is identified by the following Cartesian diagram

𝑇1 ×𝒳 𝑇2 𝑇1 × 𝑇2

𝒳 𝒳 × 𝒳

𝑎×𝑏

Δ

□

Since the base change of a representable morphism is representable, if Δ is representable (resp.
representable by schemes), the fiber product 𝑇1 ×𝒳 𝑇2 is an algebraic space (resp. a scheme). This
shows that any morphism 𝑇1 → 𝒳 is representable. The second part is an immediate consequence
of the first part combined with our previous theorem establishing that the diagonal of an algebraic
stack (resp. algebraic space) is representable (resp. representable by schemes).

For the third part, choose an étale presentation 𝑉 → 𝑌 by a scheme. Because 𝒳 → 𝑌 is a
representable morphism, the fiber product 𝒳𝑉 := 𝒳 ×𝑌 𝑉 is an algebraic space. The diagonal of any
algebraic space is a monomorphism (though not necessarily an immersion). By the étale descent of
properties of morphisms, the diagonal 𝒳 → 𝒳 ×𝑌 𝒳 is also a monomorphism. This monomorphism
property guarantees that 𝒳 is a sheaf. This can be seen via the following Cartesian diagram for any
test scheme 𝑆 and objects 𝑎, 𝑏 ∈ 𝒳 (𝑆):

Isom𝒳 (𝑆)(𝑎, 𝑏) 𝑆

𝒳 𝒳 ×𝑌 𝒳

(𝑎,𝑏)

Δ

□

Since Δ is a monomorphism, its pullback is a monomorphism. Therefore, the isomorphism sheaf is
either empty or a singleton, ensuring that 𝒳 is a sheaf. To conclude that this sheaf is an algebraic
space, it suffices to construct an étale presentation. Since 𝒳𝑉 is an algebraic space, we can choose
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an étale presentation 𝑈 → 𝒳𝑉 by a scheme. The composition 𝑈 → 𝒳𝑉 → 𝒳 is smooth (resp. étale)
and surjective, providing the desired atlas.

Finally, the fact that compositions of representable morphisms are representable follows directly
by applying this logic: if 𝒵 → 𝒳 and 𝒳 → 𝒴 are representable morphisms of stacks, base changing
to any scheme 𝑇 → 𝒴 yields the sequence 𝒵𝑇 → 𝒳𝑇 → 𝑇 . Here, 𝒳𝑇 is an algebraic space and
𝒵𝑇 → 𝒳𝑇 is representable, forcing the fiber product 𝒵𝑇 to be an algebraic space. □

As an application of the power of the diagonal, we first use this machinery to prove that taking
the quotient of an étale equivalence relation of schemes 𝑅⇒ 𝑈 always yields an algebraic space 𝑈/𝑅
with an étale presentation 𝑈 → 𝑈/𝑅. This completes the generalization regarding the algebraicity
of quotient stacks discussed in Theorem 2.3.2.

Proposition 2.3.18 (Quotients of étale equivalence relations). Let 𝑅⇒ 𝑈 be an étale equivalence
relation of schemes. Then the quotient sheaf 𝑈/𝑅 is an algebraic space, and the canonical projection
𝑈 → 𝑈/𝑅 is an étale presentation.

Proof. We already know that 𝑈/𝑅 is a sheaf and that the projection 𝑈 → 𝑈/𝑅 is surjective,
étale, and representable. Therefore, to conclude that 𝑈/𝑅 is an algebraic space, it suffices to prove
that the morphism 𝑈 → 𝑈/𝑅 is representable by schemes. By Proposition 2.3.17, this reduces to
proving that the diagonal of 𝑈/𝑅 is representable by schemes.

Let 𝑇 → (𝑈/𝑅)× (𝑈/𝑅) be an arbitrary morphism from a test scheme 𝑇 , and let 𝑄𝑇 be the
fiber product (𝑈/𝑅)×(𝑈/𝑅)×(𝑈/𝑅) 𝑇 . We consider the following Cartesian cube constructed by base
changing along the cover 𝑈 × 𝑈 → (𝑈/𝑅)× (𝑈/𝑅):

𝑄𝑇 ′ 𝑇 ′

𝑅 𝑈 × 𝑈

𝑄𝑇 𝑇

𝑈/𝑅 (𝑈/𝑅)× (𝑈/𝑅)
Δ

Since 𝑈 × 𝑈 → (𝑈/𝑅)× (𝑈/𝑅) is étale and surjective, the base-changed morphism 𝑇 ′ → 𝑇 is an
étale surjective cover of schemes. From the top face of the cube, we have 𝑄𝑇 ′ ∼= 𝑅×𝑈×𝑈 𝑇 ′. Since
𝑅 and 𝑇 ′ are schemes, 𝑄𝑇 ′ is a scheme.

As established previously, since 𝑅 is an equivalence relation, the structural morphism 𝑅→ 𝑈×𝑈
is a monomorphism and is locally quasi-finite and separated. Since these properties are stable under
base change, the morphism 𝑄𝑇 ′ → 𝑇 ′ is also locally quasi-finite and separated. By the descent
criterion for an fppf sheaf to be a scheme (see the proof of Theorem 2.3.16), the fact that 𝑄𝑇 ′ is
a scheme implies that 𝑄𝑇 is also a scheme. Therefore, the diagonal of 𝑈/𝑅 is representable by
schemes, completing the proof. □

This is also an appropriate moment to introduce the stabilizer groups and the inertia stack of
an algebraic stack 𝒳 . Since the diagonal of a stack governs its automorphisms, these objects are
essential for encoding the internal geometry of 𝒳 .

Definition 2.3.19 (Stabilizers and inertia stacks). Let 𝒳 be an algebraic stack.
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(1) Let 𝑥 : Spec 𝑘 → 𝒳 be a field-valued point. The stabilizer group of 𝑥 is defined as the group
algebraic space 𝐺𝑥 := Aut𝑘(𝑥) over Spec 𝑘. It is identified with the following Cartesian
fiber product:

𝐺𝑥 Spec 𝑘

𝒳 𝒳 × 𝒳

(𝑥,𝑥)

Δ

□

(2) As the point 𝑥 ∈ 𝒳 varies, the stabilizer groups 𝐺𝑥 assemble into a global family, which
leads to the definition of the inertia stack. The inertia stack of 𝒳 , denoted 𝐼𝒳 , is defined
as the fiber product of the diagonal with itself:

𝐼𝒳 𝒳

𝒳 𝒳 × 𝒳

Δ

Δ

□

Having taken a brief detour to witness the power of the diagonal, we now return to our primary
objective: generalizing separation and properness properties for algebraic stacks. We define these
geometric properties in terms of the behavior of the diagonal.

Definition 2.3.20 (Separatedness and properness).
(1) A morphism of algebraic stacks 𝒳 → 𝒴 is said to have an affine (resp. quasi-affine,

separated) diagonal if the relative diagonal morphism Δ: 𝒳 → 𝒳 ×𝒴 𝒳 is affine (resp.
quasi-affine, separated).

(2) A morphism of algebraic stacks 𝒳 → 𝒴 is quasi-separated if both its diagonal 𝒳 → 𝒳 ×𝒴 𝒳
and its second diagonal 𝒳 → 𝒳 ×𝒳 ×𝒴 𝒳 𝒳 are quasi-compact.

(3) A morphism of algebraic stacks 𝒳 → 𝒴 is of finite presentation if it is locally of finite
presentation, quasi-compact, and quasi-separated.

(4) A morphism of algebraic stacks 𝒳 → 𝒴 is universally closed if, for every morphism of
algebraic stacks 𝒴 ′ → 𝒴, the base-changed morphism 𝒳 ×𝒴 𝒴 ′ → 𝒴 ′ induces a closed map
on the underlying topological spaces.

(5) A representable morphism of algebraic stacks 𝒳 → 𝒴 is separated if its diagonal, which is
representable by schemes (see Corollary 2.3.17), is proper. It is proper if it is universally
closed, separated, and of finite type.

(6) An arbitrary morphism of algebraic stacks 𝒳 → 𝒴 is separated if its diagonal is proper. A
morphism of algebraic stacks 𝒳 → 𝒴 is proper if it is universally closed, separated, and of
finite type.

(7) An algebraic stack 𝒳 is noetherian if it is locally noetherian, quasi-separated and quasi-
compact.

This foundation also enables us to define quasi-finiteness and finiteness for morphisms of algebraic
stacks. Recall that a morphism of schemes is locally quasi-finite if it is locally of finite type and
every topological fiber is discrete.

Definition 2.3.21 (Quasi-finiteness and finiteness).
(1) A morphism of algebraic stacks 𝒳 → 𝒴 is locally quasi-finite if it is locally of finite type, its

relative diagonal 𝒳 → 𝒳 ×𝒴 𝒳 is locally quasi-finite, and for every morphism Spec 𝑘 → 𝒴
from a field, the underlying topological space of the fiber |𝒳 ×𝒴 Spec 𝑘| is discrete.
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(2) A morphism of algebraic stacks 𝒳 → 𝒴 is quasi-finite if it is locally quasi-finite and
quasi-compact.

(3) A representable morphism of algebraic stacks 𝒳 → 𝒴 is finite if it is proper and quasi-finite.

Until now, we have established the general philosophies for generalizing the properties of schemes
to algebraic stacks. We now transition to extending the basic geometric invariants and associated
objects of schemes to the stack-theoretic setting. We will next develop the notions of dimension,
tangent spaces, and residual gerbes for algebraic stacks.

2.3.3. Dimension, Tangent Spaces and Residual Gerbes. We first address the dimension
of algebraic stacks. Recall that the dimension of a scheme 𝑋 is the Krull dimension of its underlying
topological space, while the local dimension dim𝑥𝑋 at a point 𝑥 ∈ 𝑋 is the minimum dimension of
open subsets containing 𝑥. If 𝑋 is of finite type over a field and 𝑥 is a closed point, this coincides
with dim𝒪𝑋,𝑥.

A naive attempt to extend this concept would be to define the dimension of an algebraic stack
as dim𝒳 := dim |𝒳 |, the Krull dimension of its underlying topological space (Definition 2.3.13).
However, this definition proves to be inadequate. As observed in Example 2.3.14, the underlying
topological space of the classifying stack B𝐺 is a single point. Under this topological definition,
we would have dim B𝐺 = 0 for any smooth group scheme 𝐺. This completely fails to capture the
dimension of 𝐺. More fundamentally, it discards all information regarding the automorphisms of the
objects parameterized by the stack, which is an unacceptable loss that violates the core philosophy
of stack theory. Therefore, we need to resort to a finer definition. The following definition follows
[Sta26, Tag 0AFN].

Definition 2.3.22 (Dimension of Algebraic Stacks).
(1) Let 𝑋 be a noetherian (See Definition 2.3.20) algebraic space and 𝑥 ∈ |𝑋|. The dimension

of 𝑋 at 𝑥 is defined as

dim𝑥𝑋 := dim𝑢 𝑈 ∈ N ∪ {∞},

where 𝑈 → 𝑋 is an étale presentation and 𝑢 ∈ 𝑈 is a preimage of 𝑥 ∈ |𝑋|.
(2) Let 𝒳 be a noetherian algebraic stack and 𝑥 ∈ |𝒳 |. Let 𝑈 → 𝒳 be a smooth presentation

and 𝑠, 𝑡 : 𝑅 ⇒ 𝑈 be the associated smooth groupoid of algebraic spaces (See Definition
2.3.3). The dimension of 𝒳 at 𝑥 is defined as

dim𝑥𝒳 := dim𝑢 𝑈 − dim𝑒(𝑢)𝑅𝑢 ∈ Z ∪ {∞},

where 𝑅𝑢 is the fiber of the source map 𝑠 : 𝑅 → 𝑈 over 𝑢, and 𝑒 : 𝑈 → 𝑅 denotes the
identity morphism of the groupoid.

(3) Let 𝒳 be a noetherian algebraic stack. The dimension of 𝒳 is defined as

dim𝒳 := sup
𝑥∈|𝒳 |

dim𝑥𝒳 ∈ Z ∪ {∞}.

Note that dim𝑒(𝑢)𝑅𝑢 is the relative dimension of the smooth presentation 𝑈 → 𝒳 . Formulating
the dimension using the groupoid fiber expresses it intrinsically.

Example 2.3.23 (Dimension of quotient stacks). Let 𝐺 be a smooth group scheme over a field 𝑘

acting on an irreducible scheme 𝑈 of finite type over 𝑘. Then

dim[𝑈/𝐺] = dim𝑈 − dim𝐺.
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In particular, we have dim B𝐺 = − dim𝐺. Therefore, the dimension of an algebraic stack can
be negative!

To show this is well-defined, we verify that the local dimension dim𝑥𝒳 is independent of the
choice of the smooth presentation 𝑈 → 𝒳 and the preimage 𝑢 ∈ 𝑈 of 𝑥. We sketch the argument
here and refer the reader to [Sta26, Tag 0AFM] for the full details.

Let 𝑈 → 𝒳 be a smooth presentation and let 𝑢 ∈ 𝑈 be a preimage of 𝑥 with residue field 𝜅(𝑢).
(Since 𝑈 is a scheme, the notion of a residue field is well-defined.) The fiber 𝑅𝑢 is identified via the
following commutative diagram, where the squares are Cartesian:

𝑅𝑢 𝑅 𝑈

Spec𝜅(𝑢) 𝑈 𝒳

This guarantees that 𝑅𝑢 is a smooth algebraic space over 𝜅(𝑢). Now, let 𝑈 ′ → 𝒳 be another
smooth presentation associated with a smooth groupoid 𝑅′ ⇒ 𝑈 ′, and let 𝑢′ ∈ 𝑈 ′ be a preimage of
𝑥. By replacing 𝑈 ′ with the fiber product 𝑈 ×𝒳 𝑈 ′, we may assume without loss of generality that
there is a smooth morphism of schemes 𝑈 ′ → 𝑈 mapping 𝑢′ to 𝑢. This yields a larger commutative
diagram where every square is Cartesian

𝑅′
𝑢′ 𝑈 ′′

𝑢 𝑈 ′′ 𝑈 ′

𝑅𝑢 ×Spec 𝜅(𝑢) Spec𝜅(𝑢′) 𝑅𝑢 𝑅 𝑈

Spec𝜅(𝑢′) Spec𝜅(𝑢) 𝑈 𝒳

A careful diagram chase tracking the relative dimensions of these smooth, base-changed mor-
phisms leads to the desired invariance. We omit the algebraic details here.

Next, we deal with the generalization of tangent spaces. Recall that for a scheme 𝑋 over a field
𝑘, the tangent space of 𝑋 at a 𝑘-point 𝑥 is identified with the set of morphisms Spec 𝑘[𝜀] → 𝑋,
where 𝑘[𝜀] := 𝑘[𝑡]/(𝑡2) is the ring of dual numbers. The 𝑘-vector space structure on this set is
induced by the algebraic structure of the dual numbers: scalar multiplication by 𝑐 ∈ 𝑘 is induced by
pulling back along the ring map 𝑘[𝜀]→ 𝑘[𝜀] defined by 𝜀 ↦→ 𝑐𝜀, while vector addition is induced by
the map 𝑘[𝜀]→ 𝑘[𝜀1, 𝜀2]/(𝜀1𝜀2) defined by 𝜀 ↦→ 𝜀1 + 𝜀2.

In the 2-categorical setting of algebraic stacks, since we are working with categories fibered in
groupoids, we need to explicitly track the 2-isomorphisms between the diagrams. A tangent vector
is no longer just a morphism 𝜏 ; it is a pair (𝜏, 𝛼). More precisely:

Definition 2.3.24 (Tangent spaces of algebraic stacks). Let 𝒳 be an algebraic stack over a field 𝑘,
and let 𝑥 : Spec 𝑘 → 𝒳 be a 𝑘-point. Set-theoretically, the tangent space of 𝒳 at 𝑥, denoted 𝑇𝒳 ,𝑥,
is defined as the set of isomorphism classes of 2-commutative diagrams:

Spec 𝑘

Spec 𝑘[𝜀] 𝒳

𝑖 𝑥

𝜏

𝛼
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where 𝑖 is the canonical closed immersion induced by the quotient map 𝑘[𝜀]→ 𝑘, 𝜏 is a morphism,
and 𝛼 : 𝜏 ∘ 𝑖⇒ 𝑥 is a 2-isomorphism in 𝒳 (Spec 𝑘).

Thus far, we have not specified how the set 𝑇𝒳 ,𝑥 inherits its 𝑘-vector space structure. We sketch
the algebraic mechanics here and direct the reader to [Alp26, Proposition 4.5.10] for full details.

For a scalar 𝑐 ∈ 𝑘 and a tangent vector (𝜏, 𝛼) ∈ 𝑇𝒳 ,𝑥, scalar multiplication is defined as the
composition Spec 𝑘[𝜀] → Spec 𝑘[𝜀] 𝜏−→ 𝒳 , where the first morphism is induced by the 𝑘-algebra
homomorphism 𝜀 ↦→ 𝑐𝜀. The vector addition, however, requires gluing two infinitesimal directions
together, which introduces 2-categorical subtleties. Let (𝜏1, 𝛼1) and (𝜏2, 𝛼2) be two tangent vectors
in 𝑇𝒳 ,𝑥. We consider the fiber product of rings 𝑘[𝜀1]×𝑘 𝑘[𝜀2], which is isomorphic to 𝑘[𝜀1, 𝜀2]/(𝜀1𝜀2).
Because 𝒳 is an algebraic stack, by Artin’s axioms for algebraicity [Alp26, Theorem C.7.4], it
satisfies Schlessinger’s (strong) homogeneity condition, which ensures that the natural functor

𝒳 (𝑘[𝜀1]×𝑘 𝑘[𝜀2])
∼=−→ 𝒳 (𝑘[𝜀1])×𝒳 (𝑘) 𝒳 (𝑘[𝜀2])

is an equivalence of categories. Under this equivalence, the pair ((𝜏1, 𝛼1), (𝜏2, 𝛼2)) corresponds
to a morphism 𝜏1,2 : Spec(𝑘[𝜀1] ×𝑘 𝑘[𝜀2]) → 𝒳 , unique up to 2-isomorphism. We define the sum
(𝜏1, 𝛼1)+(𝜏2, 𝛼2) by composing 𝜏1,2 with the closed immersion Spec 𝑘[𝜀]→ Spec(𝑘[𝜀1]×𝑘 𝑘[𝜀2]). This
immersion is induced by the ring map 𝑘[𝜀1]×𝑘 𝑘[𝜀2]→ 𝑘[𝜀] defined by (𝑎+𝑏𝜀1, 𝑎+𝑐𝜀2) ↦→ 𝑎+(𝑏+𝑐)𝜀.
One checks that the scalar multiplication and addition defined above give 𝑇𝒳 ,𝑥 the structure of a
vector space.

Example 2.3.25 (Tangent space of ℳ𝑔). Consider the moduli stack of curves of genus 𝑔, denoted
ℳ𝑔, where 𝑔 ≥ 2 (Example 2.2.7). Let [𝐶] ∈ ℳ𝑔(𝑘) be a 𝑘-valued point representing a smooth,
connected, projective curve 𝐶 over 𝑘. By Yoneda’s lemma, the tangent space 𝑇ℳ𝑔 ,[𝐶] classifies
first-order infinitesimal deformations of 𝐶 over 𝑘[𝜀]. Since 𝐶 is smooth, any such deformation is
locally trivial, so the isomorphism classes of deformations are parameterized by the cohomology
group H1(𝐶, 𝑇𝐶), where 𝑇𝐶 is the tangent bundle of 𝐶.

The degree of the tangent bundle is deg 𝑇𝐶 = 2− 2𝑔. Since 𝑔 ≥ 2, this degree is negative, which
forces H0(𝐶, 𝑇𝐶) = 0. Applying the Riemann–Roch theorem to 𝑇𝐶 , we compute the dimension of
the tangent space:

dim𝑘 𝑇ℳ𝑔 ,[𝐶] = dim𝑘 H1(𝐶, 𝑇𝐶) = −𝜒(𝑇𝐶) = −(deg 𝑇𝐶 + 1− 𝑔) = 3𝑔 − 3.

We next generalize the concept of residue fields to algebraic stacks. For a scheme 𝑋, every point
𝑥 ∈ 𝑋 admits a monomorphism Spec𝜅(𝑥)→ 𝑋 from the spectrum of its residue field. However, for
algebraic stacks, non-trivial stabilizer groups prevent field-valued points from being monomorphisms.
For example, the following Cartesian diagram demonstrates that the presentation Spec 𝑘 → B𝐺 is a
monomorphism if and only if the group scheme 𝐺 is trivial.

𝐺 Spec 𝑘

Spec 𝑘 B𝐺
□

This obstruction motivates a stack-theoretic replacement for the residue field. Note that the
following definition specifies the structure of a residual gerbe, but does not inherently assume or
guarantee its existence for an arbitrary algebraic stack.

Definition 2.3.26 (Residual gerbes).
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(1) Let 𝒳 be an algebraic stack and let 𝑥 ∈ |𝒳 | be a point in its underlying topological space.
A residual gerbe of 𝒳 at 𝑥 is a reduced, locally Noetherian algebraic stack 𝒢𝑥 equipped
with a monomorphism 𝒢𝑥 →˓ 𝒳 , such that the topological space |𝒢𝑥| consists of a single
point mapping to 𝑥.

(2) A point 𝑥 ∈ |𝒳 | is of finite type if there exists a representative Spec 𝑘 → 𝒳 of 𝑥 that is
locally of finite type.

The existence and uniqueness of residual gerbes for arbitrary algebraic stacks are technically
demanding. We begin with the simpler case: residual gerbes of points of finite type. First, we need
to establish that such finite type points exist on the stack.

Lemma 2.3.27 (Existence of finite type points). Let 𝒳 be an algebraic stack. A point 𝑥 ∈ |𝒳 | is of
finite type if and only if there exists a scheme 𝑈 , a closed point 𝑢 ∈ 𝑈 , and a smooth morphism
(𝑈, 𝑢)→ (𝒳 , 𝑥). Therefore, any algebraic stack has a finite type point.

Proof. Assume 𝑥 ∈ |𝒳 | is of finite type. By definition, there exists a representative 𝑝 : Spec 𝑘 →
𝒳 mapping to 𝑥 that is locally of finite type. Let 𝑉 → 𝒳 be a smooth presentation by a scheme, and
consider the fiber product 𝑊 := 𝑉 ×𝒳 Spec 𝑘. The projection 𝑊 → 𝑉 is locally of finite type, and
the projection 𝑊 → Spec 𝑘 is smooth. Pick a closed point 𝑤 ∈𝑊 . The field extension 𝜅(𝑤)/𝑘 is
finite by Zariski’s lemma, ensuring the inclusion Spec𝜅(𝑤)→𝑊 is of finite type. The composition
Spec𝜅(𝑤)→ 𝑊 → 𝑉 is therefore locally of finite type. Let 𝑢 ∈ 𝑉 be the image of 𝑤, then 𝑢 is a
finite type point of the scheme 𝑉 . Therefore, there exists an open subscheme 𝑈 ⊂ 𝑉 containing 𝑢
such that 𝑢 is a closed point of 𝑈 . The restriction 𝑈 → 𝒳 remains smooth, yielding the required
scheme 𝑈 , closed point 𝑢 ∈ 𝑈 , and smooth morphism 𝑈 → 𝒳 .

Conversely, assume there exists a scheme 𝑈 , a closed point 𝑢 ∈ 𝑈 , and a smooth morphism
𝑈 → 𝒳 mapping 𝑢 to 𝑥. Since 𝑢 is a closed point of 𝑈 , the inclusion Spec𝜅(𝑢) → 𝑈 is a closed
immersion, which is locally of finite type. The smooth morphism 𝑈 → 𝒳 is locally of finite type,
and the composition of locally of finite type morphisms is locally of finite type. Therefore, the
representative Spec𝜅(𝑢)→ 𝑈 → 𝒳 is locally of finite type.

To prove existence, let 𝒳 be an algebraic stack. Choose a smooth presentation 𝑉 → 𝒳 where 𝑉
is an affine scheme. Since 𝑉 is affine, it possesses a closed point 𝑣. By the equivalence established
above, its image 𝑥 ∈ |𝒳 | is a finite type point. □

Next, we study the existence and uniqueness of residual gerbes for a finite type point in a
Noetherian algebraic stack. Under these finiteness conditions, the residual gerbe has an explicit
structure.

Proposition 2.3.28 (Existence and uniqueness of residual gerbes in the Noetherian case). Let 𝒳
be a Noetherian algebraic stack and let 𝑥 ∈ |𝒳 | be a finite type point (Lemma 2.3.27). There exists
a unique residual gerbe 𝒢𝑥 at 𝑥. Furthermore, 𝒢𝑥 satisfies the following properties:

(1) The algebraic stack 𝒢𝑥 is regular, and the morphism 𝒢𝑥 →˓ 𝒳 is a locally closed immersion.
(2) If 𝒳 is of finite type over a field 𝑘 and 𝑥 ∈ 𝒳 (𝑘) has a smooth stabilizer 𝐺𝑥, then 𝒢𝑥

∼= B𝐺𝑥.
(3) If 𝒳 is a Noetherian algebraic space, then 𝒢𝑥

∼= Spec𝜅(𝑥) for a field 𝜅(𝑥), which is called
the residue field of 𝑥.

Proof. For existence, we may replace 𝒳 with the reduced induced substack structure on the
closure {𝑥}. This allows us to assume 𝒳 is reduced and 𝑥 ∈ |𝒳 | is dense. Let Spec𝐾 → 𝒳 be
a representative of 𝑥 of finite type. By generic flatness, this morphism is flat over a dense open
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substack 𝒢𝑥 ⊆ 𝒳 . Because 𝑥 is dense, {𝑥} is the underlying topological space of 𝒢𝑥. This open
substack satisfies the conditions of a residual gerbe. The restricted morphism Spec𝐾 → 𝒢𝑥 is fppf.
Because Spec𝐾 is regular and regularity descends along fppf morphisms, 𝒢𝑥 is a regular algebraic
stack.

For uniqueness, let 𝒢 and 𝒢′ be two residual gerbes at 𝑥. The fiber product 𝒢′′ := 𝒢 ×𝒳 𝒢′ is a
non-empty algebraic stack equipped with monomorphisms 𝒢′′ → 𝒢 and 𝒢′′ → 𝒢′. Pick a finite type
point Spec𝐹 → 𝒢, which is an fppf morphism by generic flatness. The base change 𝒢′′ ×𝒢 Spec𝐹 is
a non-empty Noetherian algebraic space with a monomorphism to Spec𝐹 . A reduced Noetherian
algebraic space whose underlying topological space is a single point is isomorphic to the spectrum
of a field. This implies the monomorphism 𝒢′′ ×𝒢 Spec𝐹 → Spec𝐹 is an isomorphism. By fppf
descent, 𝒢′′ → 𝒢 is an isomorphism. By symmetry, 𝒢′′ → 𝒢′ is an isomorphism, proving uniqueness.

Assume 𝒳 is of finite type over a field 𝑘 and the stabilizer 𝐺𝑥 is smooth. We define a
monomorphism (B𝐺𝑥)pre → 𝒳 . Over a 𝑘-scheme 𝑇 , an object of (B𝐺𝑥)pre(𝑇 ) is the trivial principal
𝐺𝑥-bundle, which we map to the object 𝑥𝑇 ∈ 𝒳 (𝑇 ) obtained by pulling back 𝑥 : Spec 𝑘 → 𝒳
along 𝑇 → Spec 𝑘. A morphism in (B𝐺𝑥)pre(𝑇 ) is an element 𝑔 ∈ 𝐺𝑥(𝑇 ). By definition, 𝐺𝑥(𝑇 ) =
Aut𝒳 (𝑇 )(𝑥𝑇 ). We map 𝑔 to its corresponding automorphism of 𝑥𝑇 . This defines the functor.
Stackification yields a morphism B𝐺𝑥 → 𝒳 . Because 𝐺𝑥 is a smooth group scheme, B𝐺𝑥 is an
algebraic stack whose topological space is a point (Example 2.3.14). The morphism B𝐺𝑥 → 𝒳
is a monomorphism because B𝐺pre

𝑥 → 𝒳 is. Therefore, B𝐺𝑥 is a residual gerbe. By uniqueness,
𝒢𝑥
∼= B𝐺𝑥.
The final statement follows because the stabilizer of any point in an algebraic space is trivial. □

Remark 2.3.29 (Non-Noetherian case). The existence and uniqueness of residual gerbes for a
non-Noetherian algebraic stack require additional technical conditions. If 𝒳 is an algebraic stack
and 𝑥 ∈ |𝒳 | is of finite type, a residual gerbe at 𝑥 exists. If furthermore the stabilizer group scheme
of any representative of 𝑥 is unramified, the residual gerbe exists and is unique (see [Sta26, Tag
06G3]). If the stabilizer is discrete and unramified, there exists an étale morphism (𝑈, 𝑢)→ (𝒳 , 𝑥)
from a scheme 𝑈 where 𝑢 ∈ 𝑈 is a closed point.

2.3.4. Characterization of Algebraic Spaces and Deligne–Mumford Stacks. As promised,
we will next begin the study with the characterization of Deligne–Mumford stacks and algebraic
spaces. After all the theory developed, it turns out that the “stackiness” of a space is entirely encoded
in two interconnected places: its diagonal and its automorphism groups. This is exactly what we
should expect since the entire philosophy behind stack theory is to incorporate automorphism data
into the geometry. We summarize this dictionary in Table 1.

Type Diagonal Stabilizers
Algebraic Space Monomorphism Trivial

Deligne–Mumford Stack Unramified Discrete and reduced
Algebraic Stack Representable Arbitrary

Table 1. Characterization of Three Types of Stacks

We now state the theorems that establish these structural characterizations.

Theorem 2.3.30 (Characterization of Deligne–Mumford stacks). Let 𝒳 be an algebraic stack. The
following are equivalent:
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(1) The stack 𝒳 is a Deligne–Mumford stack.
(2) The relative diagonal Δ: 𝒳 → 𝒳 ×𝒳 is unramified.
(3) Every point of 𝒳 has a discrete and reduced stabilizer group.

Theorem 2.3.31 (Characterization of algebraic spaces). Let 𝒳 be an algebraic stack whose diagonal
is representable by schemes. The following are equivalent:

(1) The stack 𝒳 is an algebraic space.
(2) The relative diagonal Δ: 𝒳 → 𝒳 ×𝒳 is a monomorphism.
(3) Every point of 𝒳 has a trivial stabilizer group.

Before we can prove these two main theorems, we need a powerful technical tool called the
minimal presentation. To characterize a stack by its stabilizers, we need to be able to zoom in
on a point and strip away all the “excess” dimension of our smooth presentations, cutting the
covering space down until its dimension exactly matches the dimension of the stabilizer group. This
slicing process yields what we call a minimal presentation. When the stabilizer is a discrete group,
this minimal presentation drops to relative dimension zero, providing the étale covers required for
Deligne–Mumford stacks.

Lemma 2.3.32 (Existence of minimal presentations). Let 𝒳 be a Noetherian algebraic stack and let
𝑥 ∈ |𝒳 | be a finite type point with a smooth stabilizer 𝐺𝑥. There exists a scheme 𝑈 , a closed point
𝑢 ∈ 𝑈 , and a smooth morphism (𝑈, 𝑢)→ (𝒳 , 𝑥) of relative dimension dim𝐺𝑥 such that the diagram

Spec𝜅(𝑢) 𝑈

𝒢𝑥 𝒳
□

is Cartesian. In particular, if 𝐺𝑥 is discrete and reduced, there exists an étale morphism (𝑈, 𝑢)→
(𝒳 , 𝑥) from a scheme.

Proof. Let (𝑉, 𝑣)→ (𝒳 , 𝑥) be a smooth morphism of relative dimension 𝑛 from a scheme 𝑉
such that 𝑣 ∈ 𝑉 is a finite type point. By Proposition 2.3.28, the residual gerbe 𝒢𝑥 exists, the
inclusion 𝒢𝑥 →˓ 𝒳 is a locally closed immersion, and 𝒢𝑥

∼= B𝐺𝑥 is a regular stack of dimension
− dim𝐺𝑥. We form the Cartesian diagram

𝑂(𝑣) 𝑉

𝒢𝑥 𝒳
□

Because 𝒢𝑥 →˓ 𝒳 is a locally closed immersion, 𝑂(𝑣) is a locally closed subscheme of 𝑉 . Because
𝑉 → 𝒳 is smooth, 𝑂(𝑣)→ 𝒢𝑥 is smooth, ensuring 𝑂(𝑣) is a regular scheme of absolute dimension
𝑐 := 𝑛− dim𝐺𝑥.

Choose elements 𝑓1, . . . , 𝑓𝑐 ∈ 𝒪𝑉,𝑣 whose images in 𝒪𝑂(𝑣),𝑣 form a regular sequence generating
the maximal ideal at 𝑣. After replacing 𝑉 with a sufficiently small open affine neighborhood of 𝑣,
we may assume 𝑓𝑖 ∈ Γ(𝑉,𝒪𝑉 ) for all 𝑖 = 1, . . . , 𝑐. The closed subscheme 𝑈 := 𝑉 (𝑓1, . . . , 𝑓𝑐) ⊂ 𝑉

intersects 𝑂(𝑣) transversely, satisfying 𝑈 ∩𝑂(𝑣) ∼= Spec𝜅(𝑣). Setting 𝑢 = 𝑣 in this subspace, the
required Cartesian square is established.

We still need to verify that the restricted morphism 𝑈 → 𝒳 is smooth at 𝑢. We first check
flatness utilizing the fibral slicing criterion [Sta26, Tag 056X]. By smooth descent, it suffices to
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verify that 𝑈 ×𝒳 𝑉 →˓ 𝑉 ×𝒳 𝑉
𝑝2−→ 𝑉 is flat at a preimage 𝑢′ of 𝑢 under 𝑝1 : 𝑈 ×𝒳 𝑉 → 𝑈 . The base

change 𝑉 ×𝒳 Spec𝜅(𝑢)→ 𝑂(𝑢) is flat, and the pullbacks of 𝑓1, . . . , 𝑓𝑐 define a regular sequence in
the local ring of 𝑉 ×𝒳 Spec𝜅(𝑢) at 𝑢′. Inductively applying the slicing criterion ensures 𝑈 → 𝒳 is
flat at 𝑢.

Because 𝐺𝑥 is smooth, the morphism Spec𝜅(𝑢) → 𝒢𝑥 is smooth. For flat morphisms locally
of finite presentation, smoothness can be checked on fibers. The fiber of 𝑈 → 𝒳 over 𝑥 is exactly
Spec𝜅(𝑢), so by the fibral criterion for smoothness, 𝑈 → 𝒳 is smooth at 𝑢. The relative dimension
of 𝑈 → 𝒳 is 𝑛− 𝑐 = dim𝐺𝑥. Replacing 𝑈 with a suitably small open neighborhood of 𝑢 completes
the proof. □

With the technical machinery of minimal presentations established, we can now assemble the
proofs of our main characterizations.

Proof of Theorem 2.3.30. We first establish (2) ⇔ (3). For any algebraic stack 𝒳 , the
diagonal Δ: 𝒳 → 𝒳 × 𝒳 is representable and locally of finite type. The geometric fiber of Δ
over a geometric point (𝑥, 𝑥) ∈ (𝒳 × 𝒳 )(𝑘) is isomorphic to the stabilizer group scheme 𝐺𝑥. A
morphism locally of finite type is unramified if and only if its geometric fibers are discrete and
reduced. Therefore, Δ is unramified if and only if every stabilizer group 𝐺𝑥 is discrete and reduced.

To prove (1)⇒ (2), assume 𝒳 is a Deligne–Mumford stack. By definition, there exists an étale
surjective presentation 𝑉 → 𝒳 from a scheme. Consider the base change of Δ along the étale
surjective morphism 𝑉 ×𝑉 → 𝒳 ×𝒳 , which yields the canonical morphism 𝑉 ×𝒳 𝑉 → 𝑉 ×𝑉 . Since
𝑉 → 𝒳 is étale, the projection maps from 𝑉 ×𝒳 𝑉 to 𝑉 are étale, so the morphism 𝑉 ×𝒳 𝑉 → 𝑉 ×𝑉
is unramified. Therefore, the base-changed diagonal 𝑉 ×𝒳 𝑉 → 𝑉 × 𝑉 is unramified, so is Δ.

To prove (3)⇒ (1), assume every geometric point of 𝒳 has a discrete and reduced stabilizer. By
Lemma 2.3.32, for every finite type point 𝑥 ∈ |𝒳 |, there exists a scheme 𝑈𝑥 and an étale morphism
𝑈𝑥 → 𝒳 whose image contains 𝑥. Taking the disjoint union over all such points yields a morphism
𝑈 :=

∐︀
𝑥 𝑈𝑥 → 𝒳 , which is an étale surjective presentation from a scheme. Therefore, 𝒳 is a

Deligne–Mumford stack. □

Proof of Theorem 2.3.31. Condition (2) asserts that the diagonal Δ: 𝒳 → 𝒳 × 𝒳 is a
monomorphism, which is equivalent to 𝒳 being a sheaf. Thus, the implication (1)⇒ (2) follows
directly from the definition of an algebraic space.

The equivalence (2)⇔ (3) follows because a representable and locally of finite type morphism is
a monomorphism if and only if every fiber is trivial or isomorphism. The geometric fiber of Δ at
(𝑥, 𝑥) is the stabilizer group 𝐺𝑥.

For (3) ⇒ (1), assume every stabilizer is trivial. By Lemma 2.3.32, there exists an étale,
surjective morphism 𝑈 → 𝒳 from a scheme 𝑈 . Because we assumed the diagonal Δ is representable
by schemes, any morphism from a scheme to 𝒳 is representable by schemes. Therefore, 𝑈 → 𝒳 is a
representable, surjective, étale presentation. Because the stabilizers are trivial, Δ is a monomorphism,
so 𝒳 is a sheaf of sets. A sheaf of sets admitting a representable, surjective, étale presentation from
a scheme is an algebraic space by definition. □

Remark 2.3.33 (Technical condition in Theorem 2.3.31). Theorem 2.3.31 remains true even without
the assumption that Δ𝒳 is representable by schemes. However, proving this requires Zariski’s
Main Theorem for Deligne–Mumford stacks, which asserts that a representable, quasi-finite, and
separated morphism 𝑓 : 𝒳 → 𝒴 of Deligne–Mumford stacks factors as the composition of an open
immersion 𝒳 → Spec𝒴𝑓*𝒪𝒳 and an affine morphism Spec𝒴𝑓*𝒪𝒳 → 𝒴. As a corollary, any locally
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quasi-finite and separated morphism between algebraic spaces is automatically representable by
schemes. Applying this directly to the diagonal Δ𝒳 removes the need for the representability
condition. See [Sta26, Tag 05W7].

As a corollary, we can take a closer look at how a group action determines the geometry of its
quotient stack.
Corollary 2.3.34. Let 𝐺 be a smooth group scheme acting on an algebraic space 𝑈 . Then:

(1) The quotient stack [𝑈/𝐺] is a Deligne–Mumford stack if and only if every geometric point
of 𝑈 has a discrete and reduced stabilizer group, which occurs if and only if the action map
𝐺× 𝑈 → 𝑈 × 𝑈 is unramified.

(2) The quotient stack [𝑈/𝐺] is an algebraic space if and only if every geometric point of 𝑈
has a trivial stabilizer group, which occurs if and only if the action map 𝐺×𝑈 → 𝑈 ×𝑈 is
a monomorphism.

We close this subsection by a survey of the global properties of the moduli space of curves ℳ𝑔.
We have already established that the moduli prestack of smooth curves of genus 𝑔 ≥ 2 is a stack
(Proposition 2.2.21), that it is algebraic (Theorem 2.3.9), and we have computed the dimension of
its tangent spaces (Example 2.3.25). We gather all the theoretical machinery we have developed to
prove the following geometric properties of ℳ𝑔.
Theorem 2.3.35 (Properties of ℳ𝑔). For any integer 𝑔 ≥ 2, the moduli stack ℳ𝑔 is a smooth
Deligne–Mumford stack of finite type over SpecZ of dimension 3𝑔 − 3.

We verify these properties sequentially. First, we establish that ℳ𝑔 is of finite type over SpecZ.
By Definition 2.3.15, a morphism of algebraic stacks is of finite type if it is locally of finite type and
quasi-compact. This follows directly from the construction of the stack established in Theorem 2.3.9.
We constructed the presentation ℳ𝑔

∼= [𝐻 ′/PGL5𝑔−5], where 𝐻 ′ is a locally closed subscheme of a
projective Hilbert scheme parameterizing tri-canonically embedded curves.

Next, we prove that ℳ𝑔 is a Deligne–Mumford stack. By Theorem 2.3.30, it suffices to show
that for every smooth, connected, projective curve 𝐶 over a field 𝑘, the automorphism group scheme
Aut(𝐶) is discrete and reduced. This condition is equivalent to showing that the dimension of its
Lie algebra, 𝑇Aut(𝐶),𝑒, is zero. This Lie algebra classifies the infinitesimal automorphisms of the
trivial first-order deformation of 𝐶 over the dual numbers 𝑘[𝜀]. This vector space of infinitesimal
automorphisms is isomorphic to the global sections of the tangent bundle, H0(𝐶, 𝑇𝐶). For any curve
of genus 𝑔 ≥ 2, the degree of the tangent bundle is negative: deg 𝑇𝐶 = 2− 2𝑔 < 0, so H0(𝐶, 𝑇𝐶) = 0.

We are left to establish the smoothness and the dimension of ℳ𝑔. To achieve this, we utilize
the fact that the classical infinitesimal lifting criterion for smoothness generalizes to algebraic stacks
under suitable finiteness conditions (see [Sta26, Tag 0DP0]).
Theorem 2.3.36 (Infinitesimal lifting criterion for smoothness). Let 𝑓 : 𝒳 → 𝒴 be a locally of
finite type morphism between locally Noetherian algebraic stacks with quasi-compact and separated
diagonals. Consider a 2-commutative diagram

Spec𝐴0 𝒳

Spec𝐴 𝒴

𝑓

of solid arrows, where 𝐴→ 𝐴0 is a surjection of Artinian local rings with residue field 𝑘 such that
the kernel is isomorphic to 𝑘. Then:
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(1) The morphism 𝑓 is smooth if and only if there exists a lift for every such diagram.
(2) The morphism 𝑓 is étale if and only if there exists a unique lift (up to a unique 2-

isomorphism) for every such diagram.

A natural question arises: for a Noetherian, smooth Deligne–Mumford stack, is the dimension
of the stack equal to the dimension of its tangent spaces, just as it is for smooth schemes? If this
holds, our calculation in Example 2.3.25 instantly yields the dimension ofℳ𝑔 the moment we prove
it is smooth. This geometric property holds in a broader context: the minimal presentation of an
algebraic stack 𝒳 is always miniversal, meaning it induces an isomorphism on the tangent space at
the chosen preimage.

Proposition 2.3.37 (Minimality implies miniversality). Let 𝒳 be a Noetherian algebraic stack
and let 𝑥 ∈ |𝒳 | be a finite type point with a smooth stabilizer 𝐺𝑥. Let 𝑓 : (𝑈, 𝑢) → (𝒳 , 𝑥) be a
minimal presentation (i.e., a smooth morphism from a scheme such that 𝒢𝑥 ×𝒳 𝑈 ∼= Spec𝜅(𝑢)).
Then 𝑈 → 𝒳 is miniversal at 𝑢, meaning the induced map on tangent spaces 𝑇𝑈,𝑢 → 𝑇𝒳 ,𝑓(𝑢) is an
isomorphism of 𝜅(𝑢)-vector spaces.

In particular, if 𝒳 is smooth over a field 𝑘 and 𝑥 ∈ 𝒳 (𝐿) is a point with a smooth stabilizer
over a finite extension 𝐿/𝑘, then dim𝑥𝒳 = dim𝑇𝒳 ,𝑥 − dim𝐺𝑥.

Proof. The surjectivity of the differential 𝑇𝑈,𝑢 → 𝑇𝒳 ,𝑓(𝑢) is a direct translation of the infinites-
imal lifting criterion (Theorem 2.3.36) applied to the smooth morphism 𝑈 → 𝒳 .

We prove injectivity. By the definition of a minimal presentation, we have the following Cartesian
diagram:

Spec𝜅(𝑢) 𝑈

𝒢𝑥 𝒳
□

Let 𝜏 : Spec𝜅(𝑢)[𝜀]→ 𝑈 be an element of 𝑇𝑈,𝑢 mapping to 0 ∈ 𝑇𝒳 ,𝑓(𝑢). The condition that 𝜏 maps
to zero implies that its composition with 𝑈 → 𝒳 is the trivial deformation in the stack, so it factors
through the residual gerbe 𝒢𝑥. Since the diagram is Cartesian, the morphism 𝜏 must factor through
the fiber product Spec𝜅(𝑢). Therefore, the infinitesimal deformation 𝜏 is trivial in 𝑈 , proving
𝜏 = 0. □

Proof of the smoothness of ℳ𝑔. We apply Theorem 2.3.36 to the structure morphism
ℳ𝑔 → SpecZ. Let [𝐶] ∈ ℳ𝑔(𝑘) be a moduli point representing a smooth curve 𝐶 over 𝑘, and
consider the lifting problem:

Spec 𝑘 Spec𝐴0 ℳ𝑔

Spec𝐴 SpecZ

[𝐶]

𝑓

By Yoneda’s lemma, the morphism Spec𝐴0 →ℳ𝑔 corresponds to a flat family of smooth curves
𝒞0 → Spec𝐴0. The lifting problem now translates into the classical deformation theory: does there
exist a higher-order deformation 𝒞 over 𝐴 completing the following diagram?
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𝐶 𝒞0 𝒞

Spec 𝑘 Spec𝐴0 Spec𝐴

For a smooth projective curve 𝐶, the obstructions to lifting the family 𝒞0 to 𝐴 reside in the
cohomology group H2(𝐶, 𝑇𝐶) (see [Ser06, Proposition 1.2.12]). Since 𝐶 is a curve, Grothendieck’s
vanishing theorem shows that cohomology vanishes above the dimension of the space, forcing
H2(𝐶, 𝑇𝐶) = 0. The vanishing of the obstruction space guarantees the existence of the lift 𝒞. Thus,
the infinitesimal lifting criterion is satisfied, proving ℳ𝑔 is smooth over SpecZ.

Since we have proved that ℳ𝑔 is a Deligne–Mumford stack using Theorem 2.3.30, its stabilizers
are discrete, so dim𝐺[𝐶] = 0. By Proposition 2.3.37, the relative dimension of the stack equals the
dimension of its tangent space. From Example 2.3.25, we have dim𝑇ℳ𝑔 ,[𝐶] = dim H1(𝐶, 𝑇𝐶) = 3𝑔−3.
This concludes the proof of Theorem 2.3.35. □

2.3.5. Quasi-coherent sheaves, Cohomology, and Intersection Theory. In the preceding
subsections, we have established the framework of algebraic stacks. In this subsection, we generalize
the notion of quasi-coherent sheaves from schemes to algebraic stacks in order to study their geometry.
We also discuss the definition of singular cohomology for an algebraic stack and construct the Chow
ring of a smooth Deligne–Mumford stack. Since our primary concern is the moduli stackℳ𝑔, which
is a smooth Deligne–Mumford stack for 𝑔 ≥ 2, we will restrict ourselves to the Deligne–Mumford
framework throughout this subsection. Until we define Chow rings, there is no significant difference
between the theories for Deligne–Mumford stacks and general algebraic stacks, and we will explicitly
highlight any differences when necessary.

To define quasi-coherent sheaves on a given Deligne–Mumford stack 𝒳 , we first define its small
étale site.

Definition 2.3.38 (Small étale site). Let 𝒳 be a Deligne–Mumford stack. The small étale site
of 𝒳 , denoted by 𝒳ét, is the category of schemes étale over 𝒳 . A covering of an 𝒳 -scheme 𝑈 is a
collection of étale morphisms 𝑈𝑖 → 𝑈 over 𝒳 that is jointly surjective.

Equipped with this site, we can now discuss sheaves on 𝒳 . In this subsection, we only consider
sheaves of abelian groups, viewed as functors (Sch/𝒳 )op

ét → Ab. The sections of a sheaf 𝐹 over an
étale 𝒳 -scheme 𝑈 are denoted by 𝐹 (𝑈 → 𝒳 ), or simply 𝐹 (𝑈) if there is no danger of confusion.
We denote by Ab(𝒳ét) the category of abelian sheaves on 𝒳ét. We first examine the following
foundational examples.

Example 2.3.39 (Structure sheaf). Let 𝒳 be a Deligne–Mumford stack. The structure sheaf 𝒪𝒳
is defined by 𝒪𝒳 (𝑈) := Γ(𝑈,𝒪𝑈 ).

Example 2.3.40 (Differentials). Let 𝒳 be a Deligne–Mumford stack over a scheme 𝑆. The relative
sheaf of differentials Ω𝒳 /𝑆 is defined by Ω𝒳 /𝑆(𝑈) := Γ(𝑈,Ω𝑈/𝑆).

Example 2.3.41 (Hodge bundle, first visit). Consider the Deligne–Mumford stack ℳ𝑔 for 𝑔 ≥ 2,
and let 𝑈 → ℳ𝑔 be an étale morphism, which is classified by a flat family of smooth curves
𝜋 : 𝒞 → 𝑈 . We define the Hodge sheaf ℋ by ℋ(𝑈 → ℳ𝑔) := Γ(𝒞,Ω𝒞/𝑈 ). This is equivalent to
setting ℋ = 𝜋*Ωℳ𝑔,1/ℳ𝑔

. We will later prove that this is, in fact, a vector bundle of rank 𝑔.

We can also extend the definition of a sheaf on 𝒳ét from étale 𝒳 -schemes to étale 𝒳 -Deligne–
Mumford stacks by gluing. Let 𝒰 → 𝒳 be an étale morphism of Deligne–Mumford stacks. Choose
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an étale presentation 𝑈 → 𝒰 by a scheme, and let 𝑅→ 𝑈 ×𝒰 𝑈 be an étale presentation of the fiber
product by a scheme. We define the sections of 𝐹 over 𝒰 as the equalizer:

𝐹 (𝒰 → 𝒳 ) := Eq (𝐹 (𝑈 → 𝒳 ) ⇒ 𝐹 (𝑅→ 𝒳 )) .

This definition is independent of the choice of presentations. To see this, suppose 𝑈 ′ → 𝒰 and
𝑅′ → 𝑈 ′ ×𝒰 𝑈

′ is another choice of presentations. By replacing 𝑈 ′ with the fiber product 𝑈 ×𝒰 𝑈
′

(and similarly for 𝑅′), we may assume without loss of generality that there exists a surjective étale
morphism 𝑈 ′ → 𝑈 over 𝒰 . Since 𝐹 is a sheaf on the étale site of schemes, the sheaf axiom applied
to the étale covering 𝑈 ′ → 𝑈 guarantees that the equalizer computed via 𝑈 is isomorphic to the
equalizer computed via the refinement 𝑈 ′. Therefore, the sections 𝐹 (𝒰 → 𝒳 ) are well-defined. In
particular, applying this to the identity morphism 𝒳 id−→ 𝒳 , we define the global sections of the
sheaf 𝐹 as Γ(𝒳 , 𝐹 ) := 𝐹 (𝒳 id−→ 𝒳 ).

We next turn to the generalization of 𝒪𝒳 -modules, quasi-coherent sheaves, and vector bundles.
The generalization of 𝒪𝒳 -modules is completely natural: they are defined as module objects over
the structure sheaf 𝒪𝒳 (Example 2.3.39).

Definition 2.3.42 (𝒪𝒳 -modules). Let 𝒳 be a Deligne–Mumford stack. An 𝒪𝒳 -module is a sheaf 𝐹
on 𝒳ét such that for every étale 𝒳 -scheme 𝑈 → 𝒳 , 𝐹 (𝑈) is a module over 𝒪𝒳 (𝑈), and this module
structure is compatible with the restriction maps along morphisms 𝑉 → 𝑈 of étale 𝒳 -schemes. We
denote the category of 𝒪𝒳 -modules by Mod(𝒪𝒳 ).

Exactly as in the classical scheme case [Har77, II. 5], given two 𝒪𝒳 -modules 𝐹 and 𝐺, we define
their tensor product 𝐹 ⊗𝒪𝒳 𝐺 as the sheafification of the presheaf given by 𝑈 ↦→ 𝐹 (𝑈)⊗𝒪𝒳 (𝑈)𝐺(𝑈).
The inner Hom sheaf, ℋ𝑜𝑚𝒪𝒳 (𝐹,𝐺), is defined by assigning 𝑈 ↦→ Hom𝒪𝑈

(𝐹 |𝑈 , 𝐺|𝑈 ) for each étale
𝒳 -scheme 𝑈 . For any morphism 𝑓 : 𝒳 → 𝒴 of Deligne–Mumford stacks, one defines the pushforward
𝑓*𝐹 (𝑉 → 𝒴) := 𝐹 (𝒳 ×𝒴 𝑉 → 𝒳 ) and the pullback 𝑓*(−) := 𝑓−1(−)⊗𝑓−1𝒪𝒴 𝒪𝒳 , where the inverse
image 𝑓−1𝐺 is defined as the sheafification of the presheaf

(𝑈 → 𝒳 ) ↦→ colim(𝑉 →𝒴,𝑈→𝒳 ×𝒴 𝑉 )𝐺(𝑉 → 𝒴).

The pullback 𝑓* remains left adjoint to 𝑓*. Furthermore, Mod(𝒪𝒳 ) is an abelian category. The
proof of these properties is identical to the classical proofs in [Har77].

The definition of a quasi-coherent sheaf is obtained by gluing local quasi-coherent sheaves (in the
classical Zariski sense) together into a global sheaf on the site. We establish a notational convention
here: for an étale 𝒳 -scheme 𝑈 , we denote by 𝐹 |𝑈ét its restriction to the small étale site of 𝑈 , and
by 𝐹 |𝑈Zar its restriction to the Zariski topology of 𝑈 .

Definition 2.3.43 (Quasi-coherent sheaves). Let 𝒳 be a Deligne–Mumford stack. An 𝒪𝒳 -module
𝐹 is quasi-coherent if it satisfies two conditions:

(1) For every étale 𝒳 -scheme 𝑈 , the restriction 𝐹 |𝑈Zar is a quasi-coherent 𝒪𝑈Zar-module.
(2) For every étale morphism 𝑓 : 𝑈 → 𝑉 of 𝒳 -schemes, the natural morphism 𝑓*(𝐹 |𝑉Zar)→

𝐹 |𝑈Zar is an isomorphism.
A quasi-coherent 𝒪𝒳 -module 𝐹 is a vector bundle if 𝐹 |𝑉Zar is a locally free sheaf of finite rank

for every 𝑉 → 𝒳 . If 𝒳 is locally Noetherian, then 𝐹 is coherent if 𝐹 |𝑉Zar is a coherent sheaf for
every 𝑉 → 𝒳 .

Clearly, the structure sheaf in Example 2.3.39 is quasi-coherent. The relative sheaf of differentials
Ω𝒳 /𝑆 in Example 2.3.40 is also quasi-coherent. It suffices to verify the gluing condition in Definition
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2.3.43. Let 𝑓 : 𝑈 → 𝑉 be an étale morphism of étale 𝒳 -schemes. The exact sequence of Kähler
differentials gives 𝑓*Ω𝑉/𝑆 → Ω𝑈/𝑆 → Ω𝑈/𝑉 → 0. Since 𝑓 is an étale morphism, it is both formally
unramified and formally smooth, so the natural map 𝑓*Ω𝑉/𝑆 → Ω𝑈/𝑆 is an isomorphism. Moreover,
if the structure map 𝒳 → 𝑆 is smooth, then Ω𝒳 /𝑆 is a vector bundle.

We also establish that the Hodge sheaf defined in Example 2.3.41 is a vector bundle of rank 𝑔.
This follows directly from Proposition 2.2.20, which guarantees that the pushforward 𝜋*Ω𝒞/𝑈 is a
locally free sheaf of rank 𝑔.

Example 2.3.44 (Quasi-coherent sheaves on B𝐺). Let 𝐺 be a finite abstract group viewed as
a group scheme over a field 𝑘. One verifies that a quasi-coherent sheaf on B𝐺 corresponds to a
representation 𝑉 of 𝐺. To see this, note that giving a quasi-coherent sheaf on a quotient stack [𝑋/𝐺]
is equivalent to giving a 𝐺-equivariant quasi-coherent sheaf on 𝑋. Applying this to 𝑋 = Spec 𝑘, a
quasi-coherent sheaf on Spec 𝑘 is simply a 𝑘-vector space 𝑉 . The 𝐺-equivariant structure on 𝑉 is a
𝑘-linear action of the group 𝐺 on 𝑉 . Therefore, the category of quasi-coherent sheaves on B𝐺 is
equivalent to the category of 𝑘-linear representations of 𝐺.

For the sake of completeness, we briefly discuss sheaf cohomology theory for Deligne–Mumford
stacks. Fortunately, for algebraic spaces and Deligne–Mumford stacks, almost every foundational
result from classical scheme theory (such as those in [Har77, Chapter III]) generalizes seamlessly.
Mimicking the classical proofs (e.g., [Har77, Proposition III.2.2]), one can show that if 𝒳 is
a Deligne–Mumford stack, the abelian categories Ab(𝒳ét) and Mod(𝒪𝒳 ) have enough injectives.
Furthermore, if 𝒳 is quasi-separated, the category of quasi-coherent sheaves Qcoh(𝒳 ) also has
enough injectives. With these injectives in hand, one defines the sheaf cohomology group H𝑝(𝒳ét, 𝐹 )
as the 𝑝-th right derived functor of the global sections functor Γ(𝒳ét,−). Similarly, one defines
the Picard group Pic(𝒳 ) of a Deligne–Mumford stack as the group of isomorphism classes of line
bundles on 𝒳 , with the group operation given by the tensor product.

Remark 2.3.45 (Quasi-coherent sheaves on algebraic stacks). If 𝒳 is a general algebraic stack,
the theory of quasi-coherent sheaves and sheaf cohomology can be generalized by replacing the
small étale topology with the lisse-étale topology (Example 2.2.12). However, a technical issue
arises: if 𝑈 → 𝑉 and 𝑈 ′ → 𝑉 are arbitrary morphisms of smooth 𝒳 -schemes, their fiber product
𝑈 ×𝑉 𝑈

′ is not necessarily smooth over 𝒳 . Consequently, the site lacks fiber products, so the inverse
image functor 𝑓−1 does not commute with finite limits and is therefore not left exact. This lack of
exactness makes functorial constructions in the lisse-étale site more technical.

We now briefly discuss the singular (co)homology of an algebraic stack, following the approach
in [Beh04]. Recall that a stack 𝒳 over the category Top (equipped with the big topological site, see
Example 2.2.9) is called a topological stack if it admits a continuous, surjective morphism 𝑝 : 𝑋 → 𝒳
representable by topological spaces, where 𝑋 ∈ Top. See [Noo12].

Choose a presentation 𝑈0 → 𝒳 , which induces a topological groupoid 𝑈1 := 𝑈0 ×𝒳 𝑈0 ⇒ 𝑈0.
This topological groupoid induces a simplicial topological space:

𝑈∙ : · · · 𝑈2 𝑈1 𝑈0

where 𝑈𝑝 := 𝑈0 ×𝒳 · · · ×𝒳 𝑈0⏟  ⏞  
𝑝+1 times

. The differential face maps 𝜕0, . . . , 𝜕𝑝 : 𝑈𝑝 → 𝑈𝑝−1 are given by

forgetting the 𝑖 + 1-th term, and the degeneracy maps 𝑠𝑖 : 𝑈𝑝−1 → 𝑈𝑝 are given by inserting an
identity morphism at the 𝑖-th position.

54



On the other hand, for each integer 𝑝, one associates a singular chain complex 𝐶∙(𝑈𝑝) equipped
with the standard topological differential 𝑑 : 𝐶𝑞(𝑈𝑝)→ 𝐶𝑞−1(𝑈𝑝). We define a simplicial differential
𝜕 :=

∑︀𝑝
𝑖=0(−1)𝑖𝜕𝑖 : 𝐶𝑞(𝑈𝑝)→ 𝐶𝑞(𝑈𝑝−1) induced by the face maps 𝜕𝑖 : 𝑈𝑝 → 𝑈𝑝−1. Together, these

operators define a bicomplex 𝐶∙(𝑈∙):
· · · · · · · · · · · · · · ·

· · · 𝐶𝑞+1(𝑈𝑝+1) 𝐶𝑞+1(𝑈𝑝) 𝐶𝑞+1(𝑈𝑝−1) · · ·

· · · 𝐶𝑞(𝑈𝑝+1) 𝐶𝑞(𝑈𝑝) 𝐶𝑞(𝑈𝑝−1) · · ·

· · · 𝐶𝑞−1(𝑈𝑝+1) 𝐶𝑞−1(𝑈𝑝) 𝐶𝑞−1(𝑈𝑝−1) · · ·

· · · · · · · · · · · · · · ·

𝑑

𝜕

𝑑

𝜕

𝑑

𝜕

𝜕

𝑑

𝜕

𝑑

𝜕

𝑑

𝜕 𝜕 𝜕

We define the singular chain complex of the topological stack, 𝐶∙(𝒳 ), as the total complex of
this bicomplex:

𝐶𝑘(𝒳 ) :=
⨁︁

𝑝+𝑞=𝑘

𝐶𝑞(𝑈𝑝)

equipped with the total differential 𝛿 : 𝐶𝑘(𝒳 )→ 𝐶𝑘−1(𝒳 ) given by

𝛿(𝛾) := (−1)𝑝+𝑞𝜕𝛾 + (−1)𝑞𝑑𝛾, for 𝛾 ∈ 𝐶𝑞(𝑈𝑝).

A direct algebraic verification shows that 𝛿2 = 0. Thus, we can define the singular homology
groups of 𝒳 with coefficients in an abelian group 𝐴 ∈ Ab as

H𝑛(𝒳 , 𝐴) := H𝑛 (𝐶∙(𝒳 )⊗Z 𝐴) .

The singular cohomology is defined simply by dualizing the chain complex prior to taking
cohomology

H𝑛(𝒳 , 𝐴) := H𝑛 (𝐶∙(𝒳 )⊗Z 𝐴) .
To ensure these groups are well-defined (i.e., independent of the choice of presentation 𝑈0 → 𝒳 ),

it suffices to prove that the definition is invariant under Morita equivalence (Theorem 2.3.8). This
invariance is explicitly verified in [Beh04, Remark 1].

This theory admits a finer topological construction. In [Noo12], the classifying space of
a topological stack is defined via a chart 𝑈 → 𝒳 that is a universal weak equivalence. It is
proven that for every topological stack 𝒳 , there exists a unique classifying space B𝒳 up to weak
homotopy equivalence. Moreover, this assignment satisfies a functoriality: there is a functor
𝜃 : TopSt → Ho(Top) mapping 𝒳 to B𝒳 in the homotopy category of topological spaces. One
can alternatively define the homology of the stack as H*(𝒳 ) := H*(B𝒳 ). The construction of the
classifying space ensures that these two definitions of homology are naturally isomorphic, which
inherently establishes the functoriality of H*(−) for topological stacks.

We close this subsection with a brief development of the intersection theory for Deligne–Mumford
stacks, following the foundational approach of Vistoli [Vis89]. We emphasize a standing convention
for the remainder of this thesis: whenever we discuss intersection theory, we restrict our focus
exclusively to Deligne–Mumford stacks. Furthermore, all stacks and schemes in this context are
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assumed to be of finite type over a fixed base field 𝑘, and all stacks are assumed to be Noetherian
(Definition 2.3.20).

Recall that in the classical setting of Fulton [Ful98], the 𝑘-th Chow group of an algebraic scheme
is defined as the free abelian group generated by its 𝑘-dimensional subvarieties, modulo rational
equivalence. One defines proper pushforwards and flat pullbacks of cycles, and proves that these
operations descend to the level of Chow groups. We define the Chow groups of a Deligne–Mumford
stack in a parallel fashion. Let 𝒳 be a Deligne–Mumford stack. A cycle of dimension 𝑘 on 𝒳 is an
element of the free abelian group 𝑍𝑘(𝒳 ) generated by all integral closed substacks of dimension
𝑘. The group of rational equivalences on 𝒳 is generated by 𝑊𝑘(𝒳 ) :=

⨁︀
𝒴 𝑘(𝒴)×, where the direct

sum is taken over all integral closed substacks 𝒴 of 𝒳 of dimension 𝑘 + 1, and 𝑘(𝒴)× denotes
the multiplicative group of the rational function field of 𝒴. We set the total graded groups as
𝑍*(𝒳 ) :=

⨁︀
𝑘 𝑍𝑘(𝒳 ) and 𝑊*(𝒳 ) :=

⨁︀
𝑘 𝑊𝑘(𝒳 ).

For an algebraic scheme 𝑋, there is a homomorphism 𝜕𝑋 : 𝑊*(𝑋)→ 𝑍*(𝑋) mapping a non-zero
rational function 𝑓 on a subvariety to its associated Weil divisor div(𝑓). For a proper morphism
of schemes 𝑓 : 𝑋 → 𝑌 , one defines a functorial pushforward homomorphism 𝑓* : 𝑍*(𝑋)→ 𝑍*(𝑌 ).
Crucially, this pushforward preserves rational equivalence, inducing a parallel map 𝑓* : 𝑊*(𝑋)→
𝑊*(𝑌 ) [Ful98, Proposition 1.4]. Conversely, for a flat morphism 𝑓 : 𝑋 → 𝑌 , pulling back rational
functions to the components of the flat pullback cycle induces a well-defined map 𝑓* : 𝑊*(𝑌 ) →
𝑊*(𝑋), which parallels the flat pullback of cycles 𝑓* : 𝑍*(𝑌 )→ 𝑍*(𝑋) [Ful98, Lemmas 1.7.1, 1.7.2].
These proper pushforward and flat pullback operations are functorial and respect the divisor map,
yielding the following commutative diagrams:

𝑊*(𝑋) 𝑊*(𝑌 ) 𝑊*(𝑌 ) 𝑊*(𝑋)

𝑍*(𝑋) 𝑍*(𝑌 ) 𝑍*(𝑌 ) 𝑍*(𝑋)

𝜕𝑋

𝑓*

𝜕𝑌 𝜕𝑌

𝑓*

𝜕𝑋

𝑓* 𝑓*

Since étale morphisms are flat, the flat pullback operations allow the assignments 𝑈 ↦→ 𝑍*(𝑈)
and 𝑈 ↦→𝑊*(𝑈) to satisfy the sheaf axiom on the small étale site of 𝒳 . Thus, they define sheaves
𝒵* and 𝒲*. The local divisor maps 𝜕𝑈 glue into a sheaf morphism 𝜕 : 𝒲* → 𝒵*. Evaluating these
sheaves on global sections yields the global divisor homomorphism 𝜕𝒳 : 𝑊*(𝒳 )→ 𝑍*(𝒳 ). The Chow
group of the stack 𝒳 , denoted by CH*(𝒳 ), is defined as the cokernel of 𝜕𝒳 . Finally, the rational
Chow group is obtained by extending scalars to the rationals: CH*(𝒳 )Q := CH*(𝒳 )⊗Z Q.

We now explain why intersection theory in this thesis is restricted to the category of Deligne–
Mumford stacks. In the setting of general algebraic stacks, naive cycle theory collapses because
there are not enough closed substacks to support non-torsion line bundles. Consider the classifying
stack B𝐺. For any smooth group scheme 𝐺, the underlying topological space is a single point
(Example 2.3.14), so its only closed substacks are the empty stack and B𝐺 itself. Consequently,
there are no closed substacks of codimension one, and the cycle group 𝑍− dim 𝐺−1(B𝐺) is zero. If 𝐺
is a finite discrete group (making B𝐺 a Deligne–Mumford stack), every character of 𝐺 has finite
order. The corresponding line bundles are torsion, so their first Chern classes vanish when passing
to the rational Chow group with Q-coefficients. The cycle group being zero creates no contradiction.
However, if 𝐺 is an infinite smooth group scheme like G𝑚 (making BG𝑚 an algebraic stack), it
admits characters of infinite order. The stack BG𝑚 thus admits non-torsion line bundles (Example
2.3.44), which must have non-zero first Chern classes. Since the codimension-one cycle group is
zero, these non-torsion line bundles cannot be represented by divisors. This geometric obstruction
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prevents a coherent definition of the first Chern class [Ful98, §2.5], causing naive intersection theory
to fail on general algebraic stacks.

Our next goal is to establish whether the Chow group CH*(𝒳 ) of a Deligne–Mumford stack
admits proper pushforwards and flat pullbacks. To achieve this, we first generalize the notion of the
degree of a proper morphism 𝑓 : 𝒳 → 𝒴 between Deligne–Mumford stacks. Since stacks incorporate
internal automorphisms, this generalized degree can be a rational number! Consequently, proper
pushforwards for stacks will only be well-defined for rational Chow groups.

To define the degree of an arbitrary morphism of Deligne–Mumford stacks, we first establish the
definition for representable morphisms. Let 𝑓 : 𝒳 → 𝒴 be a separated, dominant morphism of finite
type between integral Deligne–Mumford stacks. If 𝑓 is representable, we define

deg(𝒳/𝒴) := deg(𝒳 ×𝒴 𝑉/𝑉 ),

where 𝑉 → 𝒴 is an étale presentation by an integral scheme 𝑉 . Since 𝑓 is representable, the fiber
product 𝒳 ×𝒴 𝑉 is an algebraic space. This degree is well-defined because every quasi-separated
algebraic space contains a dense open subscheme [Sta26, Tag 06NN], allowing its rational function
field and degree over 𝑉 to be computed exactly as in the classical scheme-theoretic case. One easily
verifies that this definition is independent of the choice of presentation: if 𝑉 ′ is another presentation,
we can assume without loss of generality that there is a surjective étale cover 𝑉 ′ → 𝑉 (by replacing
𝑉 ′ with the fiber product 𝑉 ×𝒴 𝑉

′), which preserves the generic degree.
For an arbitrary separated, dominant morphism 𝑓 : 𝒳 → 𝒴, we choose an étale presentation

𝑈 → 𝒳 from an integral scheme. Since the presentation morphism 𝑈 → 𝒳 is representable, the
composition 𝑈 → 𝒴 is also representable. We then define

deg(𝒳/𝒴) := deg(𝑈/𝒴)
deg(𝑈/𝒳 ) .

The well-definedness of this rational degree (its independence from the choice of 𝑈) is verified
similarly. If one chooses another presentation 𝑈 ′ → 𝒳 , the fiber product 𝑈 ′′ := 𝑈 ×𝒳 𝑈 ′ is an
algebraic space that dominates both 𝑈 and 𝑈 ′. We then compute

deg(𝑈/𝒴)
deg(𝑈/𝒳 ) = deg(𝑈 ′′/𝑈) deg(𝑈/𝒴)

deg(𝑈 ′′/𝑈) deg(𝑈/𝒳 ) = deg(𝑈 ′′/𝒴)
deg(𝑈 ′′/𝒳 ) = deg(𝑈 ′/𝒴)

deg(𝑈 ′/𝒳 ) .

Note that this verification relies on the multiplicativity of the degree for representable morphisms
of stacks, which is proven in [Vis89, Lemma 1.16].

With the generalized notion of degree established, we can formally define flat pullbacks and proper
pushforwards. Let 𝑓 : 𝒳 → 𝒴 be a morphism of Deligne–Mumford stacks. If 𝑓 is flat, we define the flat
pullback 𝑓* : 𝑍*(𝒴)→ 𝑍*(𝒳 ) on the generators by 𝑓*[𝒴 ′] := [𝒴 ′×𝒴𝒳 ] for any integral closed substack
𝒴 ′ ⊆ 𝒴 . If 𝑓 is proper, we define the proper pushforward on rational cycles, 𝑓* : 𝑍*(𝒳 )Q → 𝑍*(𝒴)Q,
by extending the assignment linearly from the generators: 𝑓*([𝒳 ′]) := deg(𝒳 ′/𝒴 ′)[𝒴 ′], where 𝒴 ′ is the
image of the integral closed substack 𝒳 ′. Just as in the classical proofs for schemes, one shows that
both the flat pullback and the proper pushforward respect rational equivalence, thereby descending
to well-defined operations on the rational Chow groups CH*(𝒳 )Q. See [Vis89, Proposition 3.7].

The most technical part of the intersection theory of Deligne–Mumford stacks is the construction
of the generalized Gysin homomorphism. We recall the classical construction for regular embeddings
of schemes. Let 𝑖 : 𝑋 → 𝑌 be a regular embedding of schemes of codimension 𝑑, and let 𝑓 : 𝑉 → 𝑌

be an arbitrary morphism of schemes with 𝑉 being purely 𝑘-dimensional. Consider the fiber square:
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𝑊 𝑉

𝑋 𝑌

𝑗

𝑔 𝑓

𝑖

□

Let 𝑁𝑋𝑌 denote the normal bundle of the regular embedding, and let 𝑁 := 𝑔*𝑁𝑋𝑌 be the
pullback of this normal bundle to 𝑊 , which has rank 𝑑. Let 𝜋 : 𝑁 →𝑊 be the canonical projection.
There is a closed embedding of the normal cone 𝐶 = 𝐶𝑊𝑉 into the vector bundle 𝑁 . Because 𝐶 is
purely 𝑘-dimensional, it determines a 𝑘-cycle [𝐶] on 𝑁 . We define the intersection product of 𝑉 by
𝑋 by intersecting [𝐶] with the zero section of 𝑁 , yielding 𝑋 · 𝑉 := 𝑠*[𝐶]. Extending by linearity
gives the generalized Gysin homomorphism:

𝑖! : 𝑍𝑘(𝑉 ) −→ CH𝑘−𝑑(𝑊 );∑︁
𝑛𝑖[𝑉𝑖] ↦−→

∑︁
𝑛𝑖(𝑋 · 𝑉𝑖).

The homomorphism 𝑖! factors as the composition:

𝑍𝑘(𝑉 ) 𝜎−→ 𝑍𝑘(𝐶𝑊𝑉 ) →˓ CH𝑘(𝑁) 𝑠*
−→ CH𝑘−𝑑(𝑊 ),

where 𝜎 is the specialization homomorphism mapping [𝑉𝑖] ↦→ [𝐶𝑉𝑖∩𝑋𝑉𝑖].
To prove that the generalized Gysin homomorphism descends to an operation on Chow groups,

Fulton constructs the deformation space via blow-ups (deformation to the normal cone). This space
provides a family of embeddings 𝑋 → 𝑌𝑡 parametrized by 𝑡 ∈ P1. For 𝑡 ≠ ∞, the embedding is
the original 𝑋 𝑖−→ 𝑌 , and for 𝑡 = ∞, it is the zero section of 𝑋 in the normal cone 𝐶𝑋𝑌 . This
family interpolates between the given embedding and the zero section, ensuring the specialization
homomorphism respects rational equivalence. For details, see [Ful98, Chapter 5].

This procedure yields the intersection product for a smooth scheme. When 𝑋 is a smooth
scheme, the diagonal Δ𝑋 : 𝑋 → 𝑋 ×𝑋 is a regular embedding. If 𝑉 and 𝑊 are subvarieties of 𝑋,
one constructs their intersection product 𝑉 ·𝑊 by applying the generalized Gysin homomorphism
to the following Cartesian diagram:

𝑉 ∩𝑊 𝑉 ×𝑊

𝑋 𝑋 ×𝑋Δ𝑋

□

For a smooth scheme 𝑋 of dimension 𝑛, setting CH𝑑(𝑋) := CH𝑛−𝑑(𝑋) equips CH*(𝑋) with the
structure of a commutative ring under this intersection product, defining the Chow ring of 𝑋.

This highlights the primary difficulty in constructing the intersection product for Deligne–
Mumford stacks. For a Deligne–Mumford stack 𝒳 , the diagonal 𝒳 → 𝒳 × 𝒳 is only unramified
(Theorem 2.3.30), not a closed immersion. Even when 𝒳 is smooth, its diagonal is only a regular
local embedding. On the other hand, blow-ups require a closed embedding; one cannot blow up a
stack along a locus that is merely locally embedded. This geometric obstruction causes the classical
deformation to the normal cone to fail at the first step.

To bypass this, Vistoli deviates from Fulton’s framework. He proves that the generalized Gysin
homomorphism for Deligne–Mumford stacks still descends to rational Chow groups, but his proof
avoids the deformation to the normal cone entirely. We collect the main functorial consequences
here and refer the reader to [Vis89] for the technical details.

Proposition 2.3.46 (Properties of Gysin homomorphisms).
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(1) Consider a Cartesian diagram

𝑋 ′ 𝑌 ′

𝑋 𝑌

𝒳 𝒴

𝑝 𝑞

𝑓

where 𝑌 and 𝑌 ′ are schemes, and 𝑓 is a regular local embedding of Deligne–Mumford stacks.
If 𝑞 is proper, then 𝑓 !𝑞* = 𝑝*𝑓

!. If 𝑞 is flat, then 𝑓 !𝑞* = 𝑝*𝑓 !.
(2) Consider two regular local embeddings 𝑓𝑖 : 𝒳𝑖 → 𝒴𝑖 of Deligne–Mumford stacks for 𝑖 = 1, 2.

Let 𝑌 be a scheme, yielding the Cartesian diagram:
𝑍 𝑋2 𝒳2

𝑋1 𝑌 𝒴2

𝒳1 𝒴1

𝑓2

𝑓1

Then 𝑓 !
1𝑓

!
2 = 𝑓 !

2𝑓
!
1.

We conclude this section by noting that while the classical framework of intersection theory does
not readily generalize to algebraic stacks, the next chapter will utilize equivariant tools to develop
intersection theory specifically for quotient stacks. The primary advantage of this equivariant
approach is that it yields integer-valued intersection products on smooth Deligne–Mumford stacks.
This provides the proper framework for retaining integral coefficients, bypassing the mandatory
rational coefficients required in Vistoli’s formulation. This equivariant foundation directly motivates
Kresch’s subsequent generalization of cycle groups and intersection theory to arbitrary Artin stacks
[Kre99].

2.4. Deligne–Mumford Compactification ℳ𝑔,𝑛

In this final section, we apply the tools developed thus far to study the Deligne–Mumford com-
pactification ℳ𝑔,𝑛 of the moduli stack of curves. Since this construction is extensively documented
in standard texts such as [HM98, Chapter 3], [Alp26, Chapter 6], and [ACG11, Chapters X and
XII], we provide a survey of the core ideas rather than exhaustive proofs. We conclude the section
by defining the tautological classes on ℳ𝑔,𝑛, which form the geometric foundation of the ELSV
formula.

We maintain the following convention throughout this section: whenever discussing the moduli
stacks ℳ𝑔,𝑛 and ℳ𝑔,𝑛, we assume the stability condition 2𝑔 − 2 + 𝑛 > 0 (see Theorem 2.3.12).
Furthermore, we restrict our base field to the complex numbers C. We will explicitly note when
consequences diverge if the base field is not algebraically closed or of characteristic zero.

2.4.1. Geometry of Stable Curves. In the previous sections, we have thoroughly studied
the moduli stack of 𝑔-genus curves ℳ𝑔 (Theorem 2.3.35). However, a drawback of ℳ𝑔—and more
generally,ℳ𝑔,𝑛—is that it is not a proper algebraic stack. For example, in the argument of Example
2.3.10, we saw that ℳ0,𝑛 fails to be a proper scheme when 𝑛 ≥ 4. This lack of properness makes
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performing intersection theory on ℳ𝑔,𝑛 impossible, as we can no longer guarantee the existence of
proper pushforwards. To remedy this, Mumford introduced the notion of stable curves to describe
the boundary of the moduli stack. Together with Deligne [DM69], they successfully constructed a
proper compactification of ℳ𝑔,𝑛, which is known today as the Deligne–Mumford compactification.

To understand what the boundary of ℳ𝑔 should entail, we can examine the Legendre family
of curves given by the homogeneous equations {𝑦2𝑧 = 𝑥(𝑥− 𝑧)(𝑥− 𝜆𝑧)}𝜆∈A1∖{0,1}. This defines a
family of smooth genus 1 curves over the non-complete base scheme 𝑆 = A1

C ∖ {0, 1}. The 𝑗-invariant
of the fiber over 𝜆 is given by

𝑗(𝜆) = 256(𝜆2 − 𝜆+ 1)3

𝜆2(𝜆− 1)2 .

This family cannot be extended to a family of smooth curves over a completion of 𝑆, as doing
so would force the non-constant rational function 𝑗(𝜆) to extend to a regular morphism from a
projective curve to the affine line, which is impossible. As we approach the missing boundary points
𝜆 ∈ {0, 1,∞}, the smoothness of the curves inevitably breaks down. For instance, when 𝜆 = 0, the
curve degenerates to 𝑦2𝑧 = 𝑥2(𝑥− 𝑧), acquiring a singular node at the projective point [0 : 0 : 1].

This geometric breakdown indicates that the boundary of ℳ𝑔 must parameterize curves that
are singular or reducible. Fortunately, the (Semi)-Stable Reduction Theorem (Proposition 2.4.17)
guarantees that allowing curves with at worst nodal singularities is sufficient to close the space.

However, simply adjoining all nodal curves is too permissive and would prevent the compact-
ified stack ℳ𝑔 from remaining Deligne–Mumford, as arbitrary nodal curves can possess infinite
automorphism groups. To ensure the moduli stack remains well-behaved, we restrict our boundary
points to curves with finite automorphisms. This algebraic requirement motivates the definition of
stable curves.

Definition 2.4.1 (Stable 𝑛-pointed curves).
(1) An 𝑛-pointed curve is a curve 𝐶 together with an ordered collection of C-points 𝑝1, . . . , 𝑝𝑛 ∈

𝐶, which we call the marked points. A point 𝑞 ∈ 𝐶 is called special if 𝑞 is either a node of
𝐶 or one of the marked points 𝑝𝑖.

(2) An 𝑛-pointed connected, projective curve (𝐶, 𝑝1, . . . , 𝑝𝑛) with at most nodal singularities is
called stable if:
∙ The marked points 𝑝1, . . . , 𝑝𝑛 ∈ 𝐶 are distinct and lie in the smooth locus of 𝐶.
∙ The curve 𝐶 is not an unpointed curve of arithmetic genus 1 (i.e., if 𝑝𝑎(𝐶) = 1, then
𝑛 ≥ 1).
∙ Every smooth irreducible rational subcurve 𝐸 ∼= P1 ⊆ 𝐶 contains at least 3 special

points.
If only the first two condition is satisfied, then we call the 𝑛-pointed curve (𝐶, 𝑝1, . . . , 𝑝𝑛)
prestable. If only the first condition is satisfied, then we call the 𝑛-pointed curve (𝐶, 𝑝1, . . . , 𝑝𝑛)
quasi-stable.

(3) A family of 𝑛-pointed stable curves over a scheme 𝑆 is a proper, flat, and finitely presented
morphism 𝒞 → 𝑆 of schemes, together with 𝑛 sections 𝜎1, . . . , 𝜎𝑛 : 𝑆 → 𝒞, such that each
geometric fiber (𝒞𝑠, 𝜎1(𝑠), . . . , 𝜎𝑛(𝑠)) is an 𝑛-pointed stable curve.

Stable curves possess rich geometric properties, and there are several equivalent ways to
characterize them. We start with the most fundamental characterization: an 𝑛-pointed prestable
curve (𝐶, 𝑝1, . . . , 𝑝𝑛) is stable if and only if its automorphism group Aut(𝐶, 𝑝1, . . . , 𝑝𝑛) is finite.
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To understand this algebraically, we briefly recall the dualizing sheaf of a nodal curve. Because a
nodal curve 𝐶 is proper and a locally complete intersection (thanks to the local structure of a node),
it possesses a dualizing line bundle 𝜔𝐶 . This comes equipped with a trace map tr : H1(𝐶,𝜔𝐶)→ C
such that for any coherent sheaf ℱ over 𝐶, there is a perfect pairing

Hom𝒪𝐶
(ℱ , 𝜔𝐶)×H1(𝐶,ℱ)→ H1(𝐶,𝜔𝐶) tr−→ C.

See [Har77, III. 7] for details. We next provide an explicit description of 𝜔𝐶 . Let Σ := 𝐶Sing be
the singular locus of 𝐶 and 𝑈 := 𝐶 ∖ Σ, and let 𝜋 : ̃︀𝐶 → 𝐶 be the normalization of 𝐶. Let ̃︀𝑈 and ̃︀Σ
be the preimages of 𝑈 and Σ, respectively. This gives rise to the following commutative diagram:̃︀𝑈 ̃︀𝐶 ̃︀Σ

𝑈 𝐶 Σ

𝜋

We fix an ordering of the singular locus Σ = {𝑧1, . . . , 𝑧𝑘} and denote the preimages of each node
as 𝜋−1(𝑧𝑖) = {𝑝𝑖, 𝑞𝑖}. Note that 𝜔̃︀𝐶 = Ω̃︀𝐶 since the normalization ̃︀𝐶 is a smooth curve. Let
𝐷 =

∑︀𝑘
𝑖=1(𝑝𝑖 + 𝑞𝑖) be the corresponding Weil divisor on ̃︀𝐶. We have a short exact sequence

0→ Ω̃︀𝐶 → Ω̃︀𝐶(𝐷)→ 𝒪̃︀Σ → 0.

Since Ω̃︀𝐶(𝐷)|̃︀𝑈 = Ω̃︀𝑈 , we can interpret the global sections of Ω̃︀𝐶(𝐷) as rational sections of Ω̃︀𝐶
with at worst simple poles along the locus ̃︀Σ. Applying the global section functor, for any open set̃︀𝑉 ⊆ ̃︀𝐶, we obtain the exact sequence

0→ Γ(̃︀𝑉 ,Ω̃︀𝐶)→ Γ(̃︀𝑉 ,Ω̃︀𝐶(̃︀Σ)) 𝑠↦→res𝑦(𝑠)−−−−−−→
⨁︁

𝑦∈̃︀𝑉 ∩̃︀Σ𝜅(𝑦).

Here, res𝑦(−) is the residue of a meromorphic section at a simple pole 𝑦. (For the existence of the
residue map in the algebraic context, see [Har77, III. Theorem 7.14.1]).

We can now explicitly state the structure of the dualizing sheaf of a nodal curve 𝐶. The dualizing
sheaf 𝜔𝐶 is the subsheaf 𝜔𝐶 ⊆ 𝜋*Ω̃︀𝐶(𝐷) whose sections over an open set 𝑉 ⊆ 𝐶 consist of those
rational differentials 𝑠 ∈ Ω̃︀𝐶(̃︀𝑉 ) such that for every node 𝑧𝑖 ∈ 𝑉 ∩ Σ with preimages 𝑝𝑖, 𝑞𝑖 ∈ ̃︀𝑉 ∩ ̃︀Σ,
the residues sum to zero:

res𝑝𝑖(𝑠) + res𝑞𝑖(𝑠) = 0.
For a rigorous proof, see [ACG11, pp. 91–92]. The geometric intuition is clearest in the local

affine case where 𝐶 = SpecC[𝑥, 𝑦]/(𝑥𝑦). Here, the normalization is the disjoint union of two affine
lines, ̃︀𝐶 = A1 ⊔ A1. The global sections are Γ( ̃︀𝐶,Ω̃︀𝐶) = Γ(A1,ΩA1)× Γ(A1,ΩA1), and every section
of Γ(𝐶,𝜔𝐶) takes the form (︂

𝑓(𝑥)d𝑥
𝑥
,−𝑔(𝑦)d𝑦

𝑦

)︂
for polynomials 𝑓, 𝑔 ∈ C[𝑥] satisfying 𝑓(0) = 𝑔(0). This condition is exactly what allows us to glue
(𝑓, 𝑔) ∈ Γ( ̃︀𝐶,𝒪̃︀𝐶) into a global section 𝑓(𝑥) + 𝑔(𝑦) − 𝑓(0) ∈ Γ(𝐶,𝒪𝐶) at the node. This explicit
calculation also demonstrates that 𝜔𝐶 is locally generated by (d𝑥/𝑥,−d𝑦/𝑦), which is a line bundle.

Now we state and prove the fundamental characterizations of 𝑛-pointed stable curves.

Proposition 2.4.2. Let (𝐶, 𝑝1, . . . , 𝑝𝑛) be an 𝑛-pointed prestable curve. The following are equivalent
(1) The prestable curve (𝐶, 𝑝1, . . . , 𝑝𝑛) is stable.
(2) The automorphism group Aut(𝐶, 𝑝1, . . . , 𝑝𝑛) is finite.
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(3) The twisted dualizing sheaf 𝜔𝐶 (
∑︀𝑛

𝑖=1 𝑝𝑖) is ample.
Proof. To prove (1) ⇔ (2), let 𝜋 : ̃︀𝐶 → 𝐶 be the normalization of 𝐶. Let ̃︁𝑝1, . . . ,̃︁𝑝𝑛 ∈ ̃︀𝐶

be the unique preimages of the marked points 𝑝𝑖 ∈ 𝐶, and let ̃︀𝑞1, . . . , ̃︁𝑞2𝑘 ∈ ̃︀𝐶 be the preimages
of the nodes of 𝐶. Any automorphism of 𝐶 preserving the marked points lifts uniquely to an
automorphism of ̃︀𝐶 that preserves the set of marked points and permutes the nodal preimages.
Since 𝜋 is an isomorphism outside a finite set of nodes, an automorphism of 𝐶 that lifts to the
identity on ̃︀𝐶 must be the identity on 𝐶. Therefore, Aut(𝐶, 𝑝1, . . . , 𝑝𝑛) embeds injectively into the
group of automorphisms of ̃︀𝐶 preserving these special points. Consequently, the automorphism
group of 𝐶 is finite if and only if the automorphism group of every connected component of ̃︀𝐶,
fixing its special points, is finite.

Therefore, the problem reduces to the case where the curve 𝐶 is smooth and connected. Following
the calculation after Theorem 2.3.12, the automorphism group of 𝐶 with 𝑚𝐶 special points is finite
if and only if 2𝑔𝐶 − 2 +𝑚𝐶 > 0. This inequality is equivalent to the definition that the prestable
curve 𝐶 is stable.

To prove (1)⇔ (3), recall that the normalization map 𝜋 : ̃︀𝐶 → 𝐶 is a finite surjective morphism.
A line bundle ℒ on 𝐶 is ample if and only if its pullback 𝜋*ℒ is ample on ̃︀𝐶. Furthermore, a
line bundle on a reduced scheme is ample if and only if its restriction to each of its irreducible
components is ample (see [Har77, III. Ex 5.7]).

Let 𝑇 ⊆ ̃︀𝐶 be an irreducible component of the normalization. Because ̃︀𝐶 is smooth, 𝑇 is a
smooth connected projective curve of genus 𝑔𝑇 . The restriction of the pulled-back twisted dualizing
sheaf to 𝑇 is 𝜔𝑇 (𝐷𝑇 ), where 𝐷𝑇 is the divisor formed by the preimages of the nodes on 𝑇 plus the
marked points on 𝑇 . The degree of this line bundle on 𝑇 is deg(𝜔𝑇 (𝐷𝑇 )) = 2𝑔𝑇 − 2 + |𝐷𝑇 |. By
[Har77, IV. Corollary 3.3], a line bundle on a smooth projective curve is ample if and only if it has
positive degree. As analyzed above, the condition 2𝑔𝑇 − 2 + |𝐷𝑇 | > 0 for all irreducible components
𝑇 is equivalent to the statement that the original curve 𝐶 is stable. Therefore, the twisted dualizing
sheaf is ample if and only if the original curve is stable. □

In fact, we can establish much stronger positivity results for the twisted dualizing sheaf. This
positivity is the essential geometric tool required to construct the compactified moduli stack ℳ𝑔,𝑛

using GIT, as it guarantees that stable curves can be uniformly embedded into a locally closed
subscheme of a Hilbert scheme, which is a projective scheme. The proof of the following proposition
can be found in [ACG11, Chapter X, Lemma 6.1].
Proposition 2.4.3. Let (𝐶, 𝑝1, . . . , 𝑝𝑛) be an 𝑛-pointed stable curve and let 𝐿 := 𝜔𝐶 (

∑︀𝑛
𝑖=1 𝑝𝑖).

Then the tensor power 𝐿⊗𝑘 is very ample for all 𝑘 ≥ 3, and H1(𝐶,𝐿⊗𝑘) = 0 for all 𝑘 ≥ 2.
After the fundamental algebraic characterization, we introduce a useful geometric perspective:

a prestable curve satisfying the global condition 2𝑔 − 2 + 𝑛 > 0 can be naturally “stabilized” by
systematically contracting all of its rational tails and rational bridges.

Definition 2.4.4 (Rational tails and bridges). Let (𝐶, 𝑝1, . . . , 𝑝𝑛) be a prestable curve over C. An
irreducible rational subcurve 𝐸 ∼= P1 ⊆ 𝐶 with a nonempty complement 𝐸𝑐 := 𝐶 ∖ 𝐸 is called

∙ a rational tail if the intersection number 𝐸 · 𝐸𝑐 = 1 and 𝐸 contains no marked points;
∙ a rational bridge if 𝐸 · 𝐸𝑐 = 2 and 𝐸 contains no marked points, or if 𝐸 · 𝐸𝑐 = 1 and 𝐸

contains exactly one marked point.

Clearly, a prestable curve over C is stable if and only if it does not contain any rational tails or
rational bridges. This is because tails and bridges are exactly the rational components containing
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Figure 1. Rational Tails and Bridges

fewer than 3 special points. Moreover, for any prestable curve 𝐶 satisfying 2𝑔 − 2 + 𝑛 > 0, we can
always stabilize the curve by contracting all such components.

Proposition 2.4.5. Let (𝐶, 𝑝1, . . . , 𝑝𝑛) be an 𝑛-pointed prestable curve and 𝐸 ⊆ 𝐶 be a rational
tail or rational bridge. Then there is a canonical morphism 𝑐 : 𝐶 → 𝐶 ′ contracting 𝐸 to a point.
Moreover, 𝐶 ′ is identified with the pushout Spec Γ(𝐸,𝒪𝐸) ⊔𝐸 𝐶.

Proof. In both cases, we construct 𝐶 ′ via the following Ferrand pushout diagram:

𝐸 ∩ 𝐸𝑐 𝐸𝑐

𝐸 𝐶

Spec Γ(𝐸,𝒪𝐸) 𝐶 ′

𝑐

Here, both squares are pushout squares, and 𝑐 : 𝐶 → 𝐶 ′ is defined as the unique map making the
diagram commute. Since 𝐸 ∼= P1, its global sections ring Γ(𝐸,𝒪𝐸) is C. Therefore, the bottom-left
term Spec Γ(𝐸,𝒪𝐸) is simply a point (SpecC), which achieves the contraction of the subcurve
𝐸. □

As a corollary, if (𝐶, 𝑝𝑖) is an 𝑛-pointed prestable curve of genus 𝑔 such that 2𝑔− 2 +𝑛 > 0, then
there is a canonical morphism 𝑐 : 𝐶 → 𝐶st, called the stable contraction, contracting all rational tails
and bridges to points, such that (𝐶st, 𝑐(𝑝𝑖)) is an 𝑛-pointed stable curve of genus 𝑔. The morphism
is obtained by iteratively applying Proposition 2.4.5 until no rational tails or bridges remain.

Finally, we introduce a third way to describe stable curves using the notion of dual graphs. This
provides a powerful combinatorial characterization that elegantly encodes the geometry of nodal
curves. Furthermore, dual graphs naturally induce a stratification of the compactified moduli stack
ℳ𝑔,𝑛, which we will construct later.

A vertex-weighted, 𝑛-marked graph Γ = (𝐺,𝑤,𝑚) consists of a finite, connected, undirected
multigraph 𝐺 (allowing loops and multiple edges) with vertex set 𝑉 (𝐺) and edge set 𝐸(𝐺), a weight
function 𝑤 : 𝑉 (𝐺)→ N, and a marking function 𝑚 : {1, . . . , 𝑛} → 𝑉 (𝐺).
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Definition 2.4.6 (Dual Graph). The dual graph of an 𝑛-pointed prestable curve (𝐶, 𝑝1, . . . , 𝑝𝑛) is
defined as Γ = (𝐺,𝑤,𝑚), where the vertices 𝑣𝑖 ∈ 𝑉 (𝐺) correspond to the irreducible components
𝐶𝑖 of 𝐶, and the weight 𝑤(𝑣𝑖) is the geometric genus of the normalization ̃︀𝐶𝑖. For each node 𝑞 of 𝐶
intersecting components 𝐶𝑖 and 𝐶𝑗 (where possibly 𝑖 = 𝑗), there is an edge 𝑒𝑞 ∈ 𝐸(𝐺) connecting 𝑣𝑖

and 𝑣𝑗 . The marking function 𝑚(𝑘) = 𝑣𝑖 indicates that the marked point 𝑝𝑘 lies on the smooth
locus of the component 𝐶𝑖.

The power of dual graphs lies in their ability to completely capture the geometry of a prestable
curve, particularly its arithmetic genus. Recall that for a connected, nodal, projective curve 𝐶 over
C with 𝛿 nodes and 𝜇 irreducible components 𝐶1, . . . , 𝐶𝜇, the arithmetic genus is given by

𝑝𝑎(𝐶) =
𝜇∑︁

𝑖=1
𝑔( ̃︀𝐶𝑖) + 𝛿 − 𝜇+ 1

where ̃︀𝐶𝑖 is the smooth normalization of 𝐶𝑖. See [Har77, IV. Ex 1.8].
Translating this to the dual graph, the sum of the geometric genera

∑︀𝜇
𝑖=1 𝑔( ̃︀𝐶𝑖) corresponds to

the total weight
∑︀

𝑣∈𝑉 (𝐺)𝑤(𝑣). The term 𝛿 − 𝜇 + 1 corresponds exactly to |𝐸(𝐺)| − |𝑉 (𝐺)| + 1,
which is the first Betti number 𝑏1(𝐺) of the graph viewed as a 1-dimensional CW complex. This
links the geometry of the prestable curve to the topology of its dual graph. We therefore define the
genus of the dual graph as

𝑔(Γ) :=
∑︁

𝑣∈𝑉 (𝐺)
𝑤(𝑣) + 𝑏1(𝐺).

From the proof of Proposition 2.4.2, we also see that the prestable curve 𝐶 is stable if and only
if

2𝑤(𝑣)− 2 + deg(𝑣) + |𝑚−1(𝑣)| > 0 for all 𝑣 ∈ 𝑉 (𝐺),

where deg(𝑣) is the valence of the vertex (the number of incident half-edges, meaning loops contribute
2 to the degree). If this inequality holds for all vertices, we say the marked graph Γ = (𝐺,𝑤,𝑚)
itself is stable.

2

0
1

3𝑝5

𝑝1

𝑝2

𝑝3

𝑝4

prestable curve

2

1

3
0
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2.4.2. The Moduli Space of 𝑛-Pointed Stable Curves. Having studied the basic properties
of stable curves, we next generalize these concepts to families of 𝑛-pointed prestable curves and
examine their deformation theory. This leads us to the construction of the moduli stack of 𝑛-
pointed stable curves of genus 𝑔, denoted ℳ𝑔,𝑛. We will also explore the rich geometric properties
admitted by this moduli stack. More precisely, let ℳ𝑔,𝑛 be the prestack of 𝑛-pointed families
(𝒞 → 𝑆, 𝜎1, . . . , 𝜎𝑛) of stable curves. The primary goal of this subsection is to outline the ideas
behind the following fundamental theorem.

Theorem 2.4.7. Assuming 2𝑔 − 2 + 𝑛 > 0, the moduli stack ℳ𝑔,𝑛 is a smooth, proper, and
irreducible Deligne–Mumford stack of finite type whose dimension is 3𝑔 − 3 + 𝑛.

To establish this theorem, we first construct ℳ𝑔,𝑛 as an algebraic stack. There is a natural
inclusion of prestacks ℳ𝑔,𝑛 ⊆ℳall

𝑔,𝑛, where ℳall
𝑔,𝑛 is the prestack parameterizing all curves (whose

precise definition we introduce below). Our strategy is to prove that the prestack ℳall
𝑔,𝑛 is in fact an

algebraic stack of locally finite type, and that the inclusion ℳ𝑔,𝑛 ⊆ ℳall
𝑔,𝑛 is an open immersion.

This immediately implies the algebraicity of ℳ𝑔,𝑛.

Definition 2.4.8 (Families of curves).
(1) A family of 𝑛-pointed curves over a scheme 𝑆 is a proper, flat, and finitely presented

morphism 𝒞 → 𝑆 of algebraic spaces, together with 𝑛 sections 𝜎1, . . . , 𝜎𝑛 : 𝑆 → 𝒞, such
that every geometric fiber 𝒞𝑠 is a curve over Spec𝜅(𝑠).

(2) Let ℳall
𝑔,𝑛 be the prestack over Schét where an object over a scheme 𝑆 is a family of curves

𝒞 → 𝑆 of genus 𝑔 with 𝑛 sections 𝜎1, . . . , 𝜎𝑛 : 𝑆 → 𝒞. A morphism (𝒞′ → 𝑆′, 𝜎′
1, . . . , 𝜎

′
𝑛)→

(𝒞 → 𝑆, 𝜎1, . . . , 𝜎𝑛) is the data of a Cartesian diagram:
𝒞′ 𝒞

𝑆′ 𝑆

𝑔

𝑓

𝜎′
𝑖 𝜎𝑖

□

where the sections are compatible, meaning 𝑔 ∘ 𝜎′
𝑖 = 𝜎𝑖 ∘ 𝑓 for all 1 ≤ 𝑖 ≤ 𝑛.

Remark 2.4.9. In Definition 2.4.8, we allow the total space 𝒞 to be an algebraic space rather
than a scheme. This generalization is necessary because there exist families of prestable genus 0
curves and smooth genus 1 curves where the total space is an algebraic space but not a scheme (as
mentioned in Example 2.3.11).

However, if (𝒞 → 𝑆, 𝜎1, . . . , 𝜎𝑛) is a family of stable curves, the morphism 𝒞 → 𝑆 is necessarily
projective because the twisted relative dualizing sheaf 𝜔𝒞/𝑆 (

∑︀𝑛
𝑖=1 𝜎𝑖(𝑆)) is relatively ample over 𝑆

by Proposition 2.4.10. Consequently, for families of stable curves, 𝒞 is always a scheme.

We first generalize the characterization of a single stable curve (Proposition 2.4.2) to a family
of stable curves. Because each condition can be checked fiberwise, the proof of the statement
for a single curve can be adapted to families without major changes. See [ACG11, Chapter X,
Proposition 6.7] for more details.

Proposition 2.4.10 (Characterization of Families of Stable Curves). Let (𝒞 → 𝑆, 𝜎𝑖) be a family
of 𝑛-pointed prestable curves of genus 𝑔 over a scheme 𝑆. The following are equivalent:

(1) (𝒞 → 𝑆, 𝜎𝑖) is a family of stable curves.
(2) The group scheme Aut(𝒞/𝑆, 𝜎1, . . . , 𝜎𝑛) is quasi-finite over 𝑆.
(3) The relative twisted dualizing sheaf 𝜔𝒞/𝑆 (

∑︀𝑛
𝑖=1 𝜎𝑖) is relatively ample over 𝑆.
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Moreover, if (𝜋 : 𝒞 → 𝑆, 𝜎𝑖) is a family of 𝑛-pointed stable curves of genus 𝑔 and we let
𝐿 := 𝜔𝒞/𝑆 (

∑︀𝑛
𝑖=1 𝜎𝑖), then the tensor power 𝐿⊗𝑘 is very ample relative to 𝑆, and the pushforward

𝜋*(𝐿⊗𝑘) is a vector bundle of rank (2𝑘 − 1)(𝑔 − 1) + 𝑘𝑛 for all 𝑘 ≥ 3.

Using this characterization, we can establish the fact that the inclusionℳ𝑔,𝑛 ⊆ℳall
𝑔,𝑛 is an open

immersion by proving that stability is an open condition.

Proposition 2.4.11 (Openness of Stability). Let (𝜋 : 𝒞 → 𝑆, 𝜎1, . . . , 𝜎𝑛) be a family of 𝑛-pointed
curves. The locus of points 𝑠 ∈ 𝑆 such that the geometric fiber (𝒞𝑠, 𝜎𝑖(𝑠)) is stable is an open subset
of 𝑆.

Sketch of Proof. We may assume that 𝒞 is a scheme by replacing it with a dense open
subscheme. We first claim that the locus of nodes is open. For a purely one-dimensional curve 𝐶, a
closed point 𝑝 ∈ 𝐶 is a node if and only if 𝐶 is a local complete intersection at 𝑝 and the singular
locus Sing(𝐶) is unramified at 𝑝. See [Sta26, Tag 0C4E] for details. Therefore, 𝑝 ∈ 𝒞𝑠 is a node if
and only if the morphism 𝒞 → 𝑆 is syntomic at 𝑝 and Sing(𝒞/𝑆)→ 𝑆 is unramified at 𝑝. The claim
then follows from the openness of both syntomicity and unramifiedness.

Next, we observe that the condition of being prestable is an open condition within a family of
nodal curves. This simply follows from the fact that the locus in 𝑆 where the sections 𝜎𝑖(𝑠) are
distinct and lie in the smooth locus of 𝒞𝑠 is open.

As a final step, it suffices to verify that the stability condition itself is an open condition within
an 𝑛-pointed prestable family. This is a direct consequence of the openness of ampleness. More
precisely, the locus of points 𝑠 ∈ 𝑆 such that the restriction 𝜔𝒞/𝑆 (

∑︀𝑛
𝑖=1 𝜎𝑖)

⃒⃒
𝒞𝑠

is ample is an open
locus. Applying Proposition 2.4.10 then yields the desired result. See [Sta26, Tag 0D3D] for the
details regarding the openness of ampleness. □

To establish the algebraicity of ℳ𝑔,𝑛, the only remaining step is to prove that the prestack
ℳall

𝑔,𝑛 is an algebraic stack. This sufficiency follows from the openness of stability established in
Proposition 2.4.11.

Proposition 2.4.12 (Algebraicity of ℳall
𝑔,𝑛). The prestack ℳall

𝑔,𝑛 is an algebraic stack locally of
finite type. As a corollary, ℳ𝑔,𝑛 is an open algebraic substack of ℳall

𝑔,𝑛, which is also locally of
finite type.

Sketch of Proof. We first show that ℳall
𝑔,𝑛 is a stack over Schét. Let {𝑆𝑖 → 𝑆} be an étale

cover of 𝑆, and let (𝒞𝑖 → 𝑆𝑖, 𝜎𝑖,1, . . . , 𝜎𝑖,𝑛) be a family of 𝑛-pointed curves over each 𝑆𝑖. Suppose
we are given isomorphisms 𝛼𝑖𝑗 : 𝒞𝑖|𝑆𝑖𝑗

∼=−→ 𝒞𝑗 |𝑆𝑖𝑗 that are compatible with the sections and satisfy
the cocycle condition. The local spaces 𝒞𝑖 glue into a global algebraic space 𝒞 over 𝑆 because the
quotient of the étale equivalence relation

⨆︀
𝑖,𝑗 𝒞𝑖𝑗 ⇒

⨆︀
𝑖 𝒞𝑖 is an algebraic space 𝒞 ([Alp26, Corollary

5.5.12]), where the two maps are 𝑝1 and 𝑝2 ∘ 𝛼𝑖𝑗 , respectively. Furthermore, by the étale descent
of morphisms, the local sections glue into global sections 𝜎1, . . . , 𝜎𝑛 : 𝑆 → 𝒞 such that 𝜎𝑘|𝑆𝑖 = 𝜎𝑘,𝑖.
Therefore, the local families uniquely glue into a global family (𝒞 → 𝑆, 𝜎1, . . . , 𝜎𝑛), showing that
ℳall

𝑔,𝑛 is a stack.
To prove algebraicity, we may assume 𝑛 = 0 without loss of generality. This reduction is

justified because the forgetful morphism ℳall
𝑔,𝑛+1 → ℳall

𝑔,𝑛 is representable. Specifically, if a
morphism 𝑆 →ℳall

𝑔,𝑛 is classified by a family (𝒞 → 𝑆, 𝜎1, . . . , 𝜎𝑛), we have a natural isomorphism
𝑆 ×ℳall

𝑔,𝑛
ℳall

𝑔,𝑛+1
∼= 𝒞, since the choice of the new section 𝜎𝑛+1 is equivalent to choosing a point in

the fibers of 𝒞 over 𝑆. Therefore, if we assume ℳall
𝑔,𝑛 is algebraic and admits a smooth presentation
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𝑈 →ℳall
𝑔,𝑛 from a scheme 𝑈 , then the base change 𝑈 ′ := 𝑈 ×ℳall

𝑔,𝑛
ℳall

𝑔,𝑛+1 →ℳall
𝑔,𝑛+1 is a surjective,

smooth, and representable morphism from an algebraic space 𝑈 ′. Choosing a scheme presentation
𝑉 → 𝑈 ′ demonstrates that ℳall

𝑔,𝑛+1 is also an algebraic stack.
The algebraicity of the unpointed stackℳall

𝑔 can then be established by verifying Artin’s axioms
for algebraicity ([Alp26, Theorem C.7.7]). We refer to [Sta26, Tag 0D5A] for the details of this
verification. □

We also remark that, rather than viewing ℳ𝑔,𝑛 as an open substack of ℳall
𝑔,𝑛, we can also

construct it using GIT. By Proposition 2.4.10, for any family of stable curves (𝒞 → 𝑆, 𝜎1, . . . , 𝜎𝑛),
the twisted relative dualizing sheaf 𝜔𝒞/𝑆(

∑︀
𝑖 𝜎𝑖)⊗3 is relatively very ample, and its pushforward

𝐸 := 𝜋*
(︁
𝜔𝒞/𝑆 (

∑︀
𝑖 𝜎𝑖)⊗3

)︁
is a vector bundle. This induces a canonical closed embedding 𝒞 →˓ P(𝐸)

over 𝑆. Therefore, one can mimic the proof of Theorem 2.3.9 and show that ℳ𝑔,𝑛
∼= [𝐻 ′/PGL𝑁 ],

where 𝐻 ′ is a locally closed subscheme of a suitable Hilbert scheme 𝐻 parametrizing pluricanonically
embedded curves. For the details of this GIT construction, see [HM98, Section 4.C]. Note that
this construction also proves that ℳ𝑔,𝑛 is of finite type.

Having established the algebraicity (and finite type) ofℳ𝑔,𝑛, the next step is to prove that it is in
fact a Deligne–Mumford stack. Our primary tool for this is the characterization of Deligne–Mumford
stacks established in Theorem 2.3.30. By analyzing the deformation theory of stable curves to verify
the finiteness of automorphisms, we will simultaneously establish the smoothness and the dimension
of ℳ𝑔,𝑛.

Proposition 2.4.13 (Deformation Theory of Stable Curves). Let 𝐴′ → 𝐴 be a surjection of
Artinian local rings with residue field 𝑘. Suppose that 𝐽 := Ker(𝐴′ → 𝐴) satisfies m𝐴′𝐽 = 0. Let
(𝒞 → Spec𝐴, 𝜎1, . . . , 𝜎𝑛) be a family of prestable curves over 𝐴, which is a deformation of an
𝑛-pointed prestable curve (𝐶, 𝑝1, . . . , 𝑝𝑛) over 𝑘. Then

(1) The group of automorphisms of a deformation of (𝒞 → Spec𝐴, 𝜎𝑖) over 𝐴′ is isomorphic to

Ext0
𝒪𝐶

(︃
Ω𝐶

(︃
𝑛∑︁

𝑖=1
𝑝𝑖

)︃
,𝒪𝐶 ⊗𝑘 𝐽

)︃
.

(2) There are no obstructions to deforming (𝒞 → Spec𝐴, 𝜎1, . . . , 𝜎𝑛) over 𝐴′. The set of
isomorphism classes of deformations over 𝐴′ is a torsor under

Ext1
𝒪𝐶

(︃
Ω𝐶

(︃
𝑛∑︁

𝑖=1
𝑝𝑖

)︃
,𝒪𝐶 ⊗𝑘 𝐽

)︃
.

Furthermore, the dimensions of these vector spaces satisfy

dim𝑘 Ext1
𝒪𝐶

(︃
Ω𝐶

(︃
𝑛∑︁

𝑖=1
𝑝𝑖

)︃
,𝒪𝐶

)︃
− dim𝑘 Ext0

𝒪𝐶

(︃
Ω𝐶

(︃
𝑛∑︁

𝑖=1
𝑝𝑖

)︃
,𝒪𝐶

)︃
= 3𝑔 − 3 + 𝑛.

(3) Moreover, if (𝐶, 𝑝1, . . . , 𝑝𝑛) is stable, then Ext0
𝒪𝐶

(Ω𝐶 (
∑︀𝑛

𝑖=1 𝑝𝑖) ,𝒪𝐶) = 0.

Corollary 2.4.14. The stackℳ𝑔,𝑛 is a smooth Deligne–Mumford stack of pure dimension 3𝑔−3+𝑛.

Proof. The proof proceeds identically to the proof of Theorem 2.3.35. Let (𝐶, 𝑝1, . . . , 𝑝𝑛) be
an 𝑛-pointed stable curve over a field 𝑘. By Proposition 2.4.13, Ext0

𝒪𝐶
(Ω𝐶(

∑︀
𝑝𝑖),𝒪𝐶) = 0. This

implies that the Lie algebra of the group scheme Aut(𝐶, 𝑝1, . . . , 𝑝𝑛) is trivial, so Aut(𝐶, 𝑝𝑖) is a
finite and reduced group scheme. By Theorem 2.3.30, this finiteness guarantees that ℳ𝑔,𝑛 is a
Deligne–Mumford stack.
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Furthermore, because Ext2
𝒪𝐶

(Ω𝐶(
∑︀
𝑝𝑖),𝒪𝐶) = 0 for a one-dimensional scheme, there are no

obstructions to higher-order deformations of stable curves. By the infinitesimal lifting criterion
(Theorem 2.3.36), this unobstructedness proves that ℳ𝑔,𝑛 is smooth.

Finally, by Proposition 2.3.37, the dimension of the smooth stackℳ𝑔,𝑛 is equal to the dimension
of its tangent space at the point [(𝐶, 𝑝1, . . . , 𝑝𝑛)]. This tangent space is isomorphic to the first-order
deformation space Ext1

𝒪𝐶
(Ω𝐶(

∑︀
𝑝𝑖),𝒪𝐶). Since Ext0 = 0, the dimension formula in Proposition

2.4.13 yields dimℳ𝑔,𝑛 = dim𝑘 Ext1 = 3𝑔 − 3 + 𝑛. □

We are left to verify the properness and irreducibility of ℳ𝑔,𝑛. To establish properness, recall
that in classical algebraic geometry, a powerful way to verify the properness of a quasi-compact
morphism of Noetherian schemes is the valuative criterion, which provides a geometric strategy to
verify separatedness, properness, and universal closedness. This criterion generalizes to stack theory,
but with a twist. More precisely:

Theorem 2.4.15 (Valuative Criterion for Properness and Separatedness). Let 𝑓 : 𝒳 → 𝒴 be a
quasi-compact and quasi-separated morphism of locally Noetherian algebraic stacks. Consider a
2-commutative diagram

Spec𝐾 𝒳

Spec𝑅 𝒴
where 𝑅 is a DVR with fraction field 𝐾. Then:

(1) The morphism 𝑓 is proper if and only if 𝑓 is of finite type, and for every diagram as above,
there exists an extension 𝑅→ 𝑅′ of DVRs (with fraction fields 𝐾 → 𝐾 ′) and a lifting as
below, which is unique up to unique isomorphism:

Spec𝐾 ′ Spec𝐾 𝒳

Spec𝑅′ Spec𝑅 𝒴

𝑓

(2) The morphism 𝑓 is separated if and only if any two such liftings over any extension 𝑅′ are
uniquely isomorphic.

For the proof of this theorem, we refer to [Sta26, Tag 0CLY]. Note that compared to the
classical case for schemes ([Har77, Theorem II.4.7]), we are forced to allow finite extensions of
the DVR. We first use an explicit geometric example to demonstrate why this ring extension is
necessary, and then conceptually explain why algebraic stacks require such base changes.

Example 2.4.16 (Base change is necessary.). Consider the classifying stack B𝜇𝑛 over C, where
𝜇𝑛 = Spec(C[𝑡]/(𝑡𝑛 − 1)) is the finite group scheme of 𝑛-th roots of unity. Let 𝑅 = C[[𝑥]] be the
DVR with fraction field 𝐾 = C((𝑥)). By the structure of Kummer extensions, isomorphism classes
of principal 𝜇𝑛-bundle over Spec𝐾 corresponds to elements of the group 𝐾×/(𝐾×)𝑛. The element
𝑥 ∈ 𝐾× therefore defines a non-trivial principal 𝜇𝑛-bundle over 𝐾, which corresponds to the field
extension 𝐿 = 𝐾(𝑥1/𝑛) over 𝐾. This classifying map Spec𝐾 → B𝜇𝑛 does not extend to a map
Spec𝑅→ B𝜇𝑛 since every principal 𝜇𝑛-bundles over Spec𝑅 is trivial.

However, consider the extension of DVRs 𝑅 → 𝑅′ where 𝑅′ = C[[𝑡]] is given by the ramified
covering 𝑡𝑛 = 𝑥. The new fraction field is 𝐾 ′ = C((𝑡)). When we pull back our original 𝜇𝑛-bundle
along Spec𝐾 ′ → Spec𝐾, we evaluate the class of 𝑥 inside (𝐾 ′)×/((𝐾 ′)×)𝑛. Since 𝑥 = 𝑡𝑛 in 𝐾 ′, it
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becomes a trivial class, so the classifying map Spec𝐾 ′ → B𝜇𝑛 extends to the trivial classifying map
Spec𝑅′ → B𝜇𝑛.

Now we provide a conceptual interpretation of the necessity of this base change. In classical
algebraic geometry, the valuative criterion for properness has a geometric translation: let 𝑋 be a
nonsingular curve and 𝑃 ∈ 𝑋 be a closed point. The local ring at 𝑃 is a DVR, and the punctured
curve 𝑋 ∖ {𝑃} corresponds to its fraction field. To say a scheme 𝑌 is proper means that any
morphism from the punctured curve 𝑋 ∖ {𝑃} → 𝑌 can be uniquely extended to a morphism 𝑋 → 𝑌

to fill in the missing point 𝑃 ([Har77, I. Proposition 6.8]). However, in the realm of algebraic
stacks, a “point” (more precisely, a field-valued point 𝒳 (𝑘)) is no longer merely a single point in the
underlying topological space; it is a groupoid that carries the data of its non-trivial automorphisms.
As a family of objects degenerates toward a central limit point possessing such automorphisms, the
family can non-trivially “twist” around the puncture, generating monodromy. This inherent twisting
is what causes a naive extension over the original DVR to fail. By allowing a finite base extension
of the DVR, which geometrically corresponds to pulling the family back to a ramified cover of the
curve, we “resolve” the monodromy created by the non-trivial automorphisms, untwisting the family
and finally allowing us to complete the extension.

Returning to the proof of the properness ofℳ𝑔,𝑛, our main ingredient is the generalized valuative
criterion for properness discussed above. We first establish the existence of the lifting.

Proposition 2.4.17 (Stable Reduction). Let 𝑅 be a DVR with fraction field 𝐾. Denote Δ = Spec𝑅
and Δ* = Spec𝐾. If (𝒞* → Δ*, 𝜎*

1, . . . , 𝜎
*
𝑛) is a family of 𝑛-pointed stable curves, then there exists

an extension of DVRs 𝑅 → 𝑅′ and an 𝑛-pointed family (𝒞 → Δ′ := Spec𝑅′, 𝜎1, . . . , 𝜎𝑛) of stable
curves extending the base change of (𝒞* → Δ*, 𝜎*

1, . . . , 𝜎
*
𝑛) to 𝐾 ′, the fraction field of 𝑅′.

Proof. The proof is highly non-trivial and is divided into six main steps. See [HM98, Section
3.C] for more details.

Step I: Reduce to the case where 𝒞* → Δ* is smooth. The key tool in this step is the conse-
quence we proved in Proposition 2.4.2, which states that a prestable curve is stable if and only if
the connected components of its normalization are stable. Suppose that the generic fiber 𝒞* has
𝛿 nodes. After finite base changes if necessary, we may arrange that the 𝑗-th node is given by a
𝐾-valued point 𝑛*

𝑗 ∈ 𝒞* whose preimage under the normalization ̃︁𝒞* → 𝒞* consists of two distinct
points 𝑞*

𝑗 and 𝑟*
𝑗 . Let ( ̃︀𝒞* → Δ*, 𝜎*

𝑖 , 𝑞
*
𝑗 , 𝑟

*
𝑗 ) be the pointed normalization, and let ( ̃︀𝒞*

𝑘 → Δ*, 𝑞*
𝑘𝑙) be

its connected components, where {𝑞*
𝑘𝑙} = {𝜎*

𝑖 , 𝑞
*
𝑗 , 𝑟

*
𝑗} ∩ ̃︀𝒞*

𝑘 . Each of these components is also stable.
Assuming that the stable reduction theorem holds for smooth families, we can construct a stable

family ( ̃︀𝒞𝑘 → Δ, 𝑞𝑘𝑙) extending ( ̃︀𝒞*
𝑘 → Δ*, 𝑞*

𝑘𝑙) after further base changes. To extend the original
family 𝒞* → Δ*, we simply glue the sections 𝑞𝑖𝑙 and 𝑞𝑖′𝑙′ corresponding to the preimages 𝑞*

𝑗 and 𝑟*
𝑗 .

This gluing produces an 𝑛-pointed family (𝒞 → Δ, 𝜎𝑖) of nodal curves with 𝛿 additional sections
tracking the nodes. By construction, the pointed normalization of the central fiber 𝒞0 is the disjoint
union of the stable central fibers ( ̃︀𝒞𝑘)0. Therefore, the central fiber 𝒞0 is stable, which implies the
stability of the entire family (𝒞 → Δ, 𝜎𝑖).

Step II: Find a flat extension (𝒞 → Δ, 𝜎𝑖) for the smooth family. By Step I, we may now assume
without loss of generality that the original family 𝒞* → Δ* is smooth. By Proposition 2.4.10, the
twisted dualizing sheaf

(︁
𝜔𝒞*/Δ* (

∑︀
𝑖 𝜎

*
𝑖 )
)︁⊗3

is relatively very ample, inducing a closed immersion
𝒞* →˓ P𝑁

Δ* . By the flatness criterion over Dedekind domains ([Har77, Proposition III.9.7]), the
scheme-theoretic image 𝒞 of 𝒞* →˓ P𝑁

Δ is flat over Δ. This gives a projective family of curves 𝒞 → Δ
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extending 𝒞* → Δ*. Furthermore, by the properness of 𝒞, the sections 𝜎*
𝑖 : Δ* → 𝒞* uniquely extend

to sections 𝜎𝑖 : Δ→ 𝒞 via the valuative criterion for properness.
The primary difficulty at this stage is that the central fiber 𝒞0 may be highly singular, and the

marked points 𝜎𝑖(0) ∈ 𝒞0 may intersect each other or lie in the singular locus. Our next goal is to
use resolution of singularities and base changes to tame these issues.

Step III: Replace 𝒞 with a resolution of singularities. By successive blow-ups of the total space,
there exists a projective birational morphism ̃︀𝒞 → 𝒞 from a regular two-dimensional scheme ̃︀𝒞 which
is an isomorphism over Δ*, such that the reduced central fiber ( ̃︀𝒞0)red is a divisor with normal
crossings (a nodal curve). Since ̃︀𝒞 is regular and maps dominantly to the curve Δ, the morphism̃︀𝒞 → Δ is flat. We then replace 𝒞 with ̃︀𝒞 and the sections 𝜎𝑖 with their strict transforms.

Step IV: Take a base change and normalize to reduce the central fiber. After the first three steps,
𝒞 is a regular surface and the central fiber 𝒞0 has no embedded points. Moreover, (𝒞0)red is an
effective Cartier divisor. Therefore, étale locally, the map 𝒞 → Δ can be explicitly described as
follows:

∙ If 𝑝 ∈ (𝒞0)red is a smooth point of the fiber, the map 𝒞 → Δ near 𝑝 is given by 𝑥𝑎 = 𝑡,
where 𝑎 is the multiplicity of the irreducible component containing 𝑝.
∙ If 𝑝 ∈ (𝒞0)red is a node, the map is locally given by 𝑥𝑎𝑦𝑏 = 𝑡, where the two components

intersecting at 𝑝 have multiplicities 𝑎 and 𝑏.

Let 𝑁 be the least common multiple of the multiplicities of all irreducible components of 𝒞0.
We may assume, after a preliminary base change, that 𝑅 contains a primitive 𝑁 -th root of unity 𝜌.
Let Δ′ → Δ be a totally ramified extension of DVRs such that the uniformizer 𝑡 ∈ 𝑅 pulls back to
(𝑡′)𝑁 for a uniformizer 𝑡′ ∈ 𝑅′. Let 𝒞′ := 𝒞 ×Δ Δ′, and let 𝑝′ ∈ 𝒞′ be the unique preimage of 𝑝.

We now verify that this base change resolves the multiplicities. We start with the case where
𝑝 ∈ (𝒞0)red is smooth. The space 𝒞′ is defined étale locally by 𝑥𝑎 = (𝑡′)𝑁 near 𝑝′. Because 𝑅 is
defined over a field of characteristic zero, we have the factorization:

𝑥𝑎 − (𝑡′)𝑁 =
𝑎−1∏︁
𝑖=0

(︁
𝑥− 𝜌𝑖 𝑁

𝑎 (𝑡′)
𝑁
𝑎

)︁
.

This factorization demonstrates that after passing to the normalization ̃︀𝒞′, the central fiber becomes
reduced over this locus.

Next, we consider the case where 𝑝 ∈ (𝒞0)red is a node. Here, 𝒞′ is defined étale locally by
𝑥𝑎𝑦𝑏 = (𝑡′)𝑁 . Let 𝑑 := gcd(𝑎, 𝑏). If 𝑑 > 1, we again have a factorization:

𝑥𝑎𝑦𝑏 − (𝑡′)𝑁 =
𝑑−1∏︁
𝑖=0

(︁
𝑥

𝑎
𝑑 𝑦

𝑏
𝑑 − 𝜌𝑖 𝑁

𝑑 (𝑡′)
𝑁
𝑑

)︁
.

Taking the normalization factors the space as ̃︀𝒞′ → 𝒞′′ → 𝒞′, where 𝑝 has 𝑑 preimages in 𝒞′′, each
locally defined by 𝑥𝑎/𝑑𝑦𝑏/𝑑 = unit · (𝑡′)𝑁/𝑑. The central fiber is still not necessarily reduced; however,
the multiplicities of the two intersecting branches are now relatively prime. We can therefore assume
without loss of generality that gcd(𝑎, 𝑏) = 1.
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Choose positive integers 𝛼, 𝛽 such that 𝛼𝑎 − 𝛽𝑏 = 1. The normalization of the domain
𝑅′[𝑥, 𝑦]/(𝑥𝑎𝑦𝑏 − (𝑡′)𝑁 ) is then explicitly given by the ring map:

𝑅′[𝑥, 𝑦]/(𝑥𝑎𝑦𝑏 − (𝑡′)𝑁 )→ 𝑅′[𝑢, 𝑣]/(𝑢𝑣 − (𝑡′)𝑁/(𝑎𝑏))

𝑥 ↦→ 𝑢𝑏

𝑦 ↦→ 𝑣𝑎

where 𝑢 = (𝑡′)𝛼𝑁/(𝑥𝛽𝑦𝛼) and 𝑣 = 𝑥𝛽𝑦𝛼/(𝑡′)𝛽𝑁/𝑎. After this final normalization, the central fiber
is reduced, possessing a single node at the unique preimage of 𝑝. This local process introduces
𝐴𝑚−1-singularities of the form 𝑢𝑣 = (𝑡′)𝑚 into the total space. Repeatedly blowing up these isolated
surface singularities replaces them with chains of smooth rational curves intersecting nodally.

Step V: Arrange the marked points 𝜎𝑖(0) ∈ 𝒞0. We repeatedly blow up any closed points in the
central fiber 𝒞0 where the marked points 𝜎𝑖(0) hit singular nodes or collide with one another. The
strict transforms of the sections are thereby separated, eventually landing as distinct points in the
smooth locus of the central fiber. After replacing 𝒞 with this blow-up and the sections with their
strict transforms, we arrive at a prestable family (𝒞 → Δ, 𝜎1, . . . , 𝜎𝑛).

Step VI: Contract rational tails and rational bridges. To upgrade the prestable family (𝒞 →
Δ, 𝜎𝑖) into a stable family, we rely on the characterization that a prestable curve is stable if and only
if it contains no rational tails or rational bridges. By Proposition 2.4.5, contracting each rational
tail and bridge yields a projective morphism 𝒞 → 𝒞′ of families of nodal curves over Δ. Defining
the new sections as the composition 𝜎′

𝑖 : Δ→ 𝒞 → 𝒞′ results in a family (𝒞′ → Δ, 𝜎′
𝑖) that is stable,

thus concluding the proof of Stable Reduction. □

The stable reduction theorem established above implies the existence part of the valuative
criterion for the properness of ℳ𝑔,𝑛. To complete the proof that the moduli stack ℳ𝑔,𝑛 is proper,
we need show that the stable limit is in fact unique, which corresponds to the separatedness of the
stack.

Proposition 2.4.18 (Uniqueness of the Stable Limit). Let 𝑅 be a DVR with fraction field 𝐾.
Set Δ = Spec𝑅 and Δ* = Spec𝐾. If (𝒞 → Δ, 𝜎1, . . . , 𝜎𝑛) and (𝒟 → Δ, 𝜏1, . . . , 𝜏𝑛) are families
of 𝑛-pointed stable curves, then every isomorphism 𝛼* : 𝒞 ×Δ Δ* ∼=−→ 𝒟 ×Δ Δ* compatible with the
sections extends to a unique isomorphism 𝛼 : 𝒞 → 𝒟 over Δ such that 𝜏𝑖 = 𝛼 ∘ 𝜎𝑖 for all 1 ≤ 𝑖 ≤ 𝑛.

Sketch of Proof. Assume 𝑛 = 0; the uniqueness of marked sections follows from the separat-
edness of the curves once an isomorphism of the underlying surfaces is established. We may reduce
to the case where the generic fibers 𝒞* ∼= 𝒟* are smooth over Δ* via the identical argument used in
Step I of Proposition 2.4.17.

Let ̃︀𝒞 → 𝒞 and ̃︀𝒟 → 𝒟 be the minimal regular resolutions, ensuring the reduced central fibers
( ̃︀𝒞0)red and ( ̃︀𝒟0)red are normal crossing divisors. Let Γ be the closure of the graph of the isomorphism
(id, 𝛼*) : 𝒞* ∼=−→ ̃︀𝒞 ×Δ ̃︀𝒟, and let ̃︀Γ → Γ be a resolution of singularities. This yields a diagram of
birational morphisms:
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̃︀𝒞 𝒞

̃︀Γ Δ

̃︀𝒟 𝒟

The birational maps ̃︀Γ→ ̃︀𝒞 and ̃︀Γ→ ̃︀𝒟 between regular proper surfaces are isomorphisms in
codimension 2 (isomorphisms outside finite sets of points). By [Har77, Theorem II.8.19], their
relative pluricanonical sheaves share isomorphic global sections:

Γ
(︂ ̃︀𝒞, 𝜔⊗𝑘̃︀𝒞/Δ

)︂
∼= Γ

(︂ ̃︀𝒟, 𝜔⊗𝑘̃︀𝒟/Δ

)︂
, ∀𝑘 ∈ N.

The morphism 𝜋 : ̃︀𝒞 → 𝒞 resolves the nodal singularities of 𝒞. Because 𝒞 is a stable family, 𝜋
contracts chains of smooth rational −2-curves in the central fiber. Thus, 𝜋 is exactly the stable
contraction of the regular prestable family ̃︀𝒞.

Since nodal singularities are rational, the pushforward of the relative pluricanonical sheaf under
the resolution matches that of the stable curve: 𝜋*

(︂
𝜔⊗𝑘̃︀𝒞/Δ

)︂
∼= 𝜔⊗𝑘

𝒞/Δ. By the properties of stable
contractions ([ACG11, Chapter X, Proposition 6.7]), 𝒞 is isomorphic to the relative canonical
model of its resolution:

𝒞 ∼= ProjΔ
⨁︁
𝑘≥0

Γ
(︂ ̃︀𝒞, 𝜔⊗𝑘̃︀𝒞/Δ

)︂
By identical algebraic reasoning for 𝒟, the canonical isomorphism of their relative pluricanonical

rings over Δ forces 𝒞 ∼= 𝒟. □

Before delving into the discussion of irreducibility, we introduce several fundamental operations
on the moduli stack ℳ𝑔,𝑛. These include the contraction, forgetful, and gluing morphisms. We will
focus specifically on proving that the forgetful morphism ℳ𝑔,𝑛+1 →ℳ𝑔,𝑛 serves as the universal
family over ℳ𝑔,𝑛.

We have previously introduced the stable contraction of a single prestable curve (Proposition
2.4.5). It turns out that this pointwise construction extends to flat families of prestable curves (see
[Alp26, Theorem 6.6.6]).

Proposition 2.4.19 (Stable Contraction of a Prestable Family). Let (𝒞 → 𝑆, 𝜎𝑖) be a family of
𝑛-pointed prestable curves of genus 𝑔 satisfying 2𝑔− 2 +𝑛 > 0. Then there exists a unique projective
morphism 𝑐 : 𝒞 → 𝒞st over 𝑆 such that:

(1) The family (𝒞st → 𝑆, 𝑐 ∘ 𝜎𝑖) is an 𝑛-pointed family of strictly stable curves of genus 𝑔.
(2) 𝒪𝒞st = 𝑐*𝒪𝒞 and R1𝑐*𝒪𝒞 = 0.
(3) The construction of 𝑐 is compatible with any base change 𝑆′ → 𝑆.
(4) For each 𝑠 ∈ 𝑆, the restriction of 𝑐 to the geometric fiber 𝒞𝑠 is the stable contraction

constructed in Proposition 2.4.5.
As a corollary, this induces a canonical morphism of algebraic stacks ℳpres

𝑔,𝑛 →ℳ𝑔,𝑛 defined on
points by (𝐶, 𝑝𝑖) ↦→ (𝐶st, 𝑐(𝑝𝑖)).

The stable contraction of a prestable family allows us to define the forgetful morphism. Naively,
one might attempt to simply delete the final marked point of a stable curve (𝐶, 𝑝1, . . . , 𝑝𝑛+1) to define
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a map ℳ𝑔,𝑛+1 →ℳ𝑔,𝑛. However, deleting a marked point can cause a previously stable rational
component to drop to only two special points, destroying the stability of the curve. Therefore, we
must apply the stable contraction morphism to re-stabilize the curve after the point is forgotten. More
precisely, the forgetful morphism is defined on objects by (𝐶, 𝑝1, . . . , 𝑝𝑛+1) ↦→ (𝐶st, 𝑐(𝑝1), . . . , 𝑐(𝑝𝑛)).

Proposition 2.4.20 (Universal Family). The forgetful morphism ℳ𝑔,𝑛+1 →ℳ𝑔,𝑛 is isomorphic to
the universal family over ℳ𝑔,𝑛.

Proof. Let 𝒰𝑔,𝑛 denote the universal family over the stack ℳ𝑔,𝑛. This corresponds to a
universal 𝑛-pointed family of curves (𝒰𝑔,𝑛 →ℳ𝑔,𝑛, 𝜎

univ
1 , . . . , 𝜎univ

𝑛 ). By the definition of a universal
family, an object of 𝒰𝑔,𝑛 over a scheme 𝑆 is equivalent to the data of an 𝑛-pointed family of stable
curves (𝒞 → 𝑆, 𝜎1, . . . , 𝜎𝑛) classified by a unique morphism 𝑆 →ℳ𝑔,𝑛, together with a section that
fits into the following Cartesian diagram:

𝒞 𝒰𝑔,𝑛

𝑆 ℳ𝑔,𝑛

𝜎𝑖 𝜎univ
𝑖□

Thus, an object of 𝒰𝑔,𝑛 over 𝑆 is equivalent to an 𝑛-pointed stable family (𝒞 → 𝑆, 𝜎1, . . . , 𝜎𝑛)
equipped with one additional arbitrary section 𝜏 : 𝑆 → 𝒞. This data naturally defines a morphism
of algebraic stacks Φ: ℳ𝑔,𝑛+1 → 𝒰𝑔,𝑛 over ℳ𝑔,𝑛. The morphism Φ takes an (𝑛+ 1)-pointed stable
family (𝒟 → 𝑆, 𝜎1, . . . , 𝜎𝑛+1) to the data ((𝒟st → 𝑆, 𝜎st

1 , . . . , 𝜎
st
𝑛 ), 𝜎st

𝑛+1), where the first 𝑛 sections
are stabilized after forgetting 𝜎𝑛+1, and the final stabilized section 𝜎st

𝑛+1 acts as the additional
section 𝜏 .

It suffices to show that Φ: ℳ𝑔,𝑛+1 → 𝒰𝑔,𝑛 is an isomorphism. By Proposition 2.4.17, both
ℳ𝑔,𝑛+1 and 𝒰𝑔,𝑛 are proper over ℳ𝑔,𝑛, so the morphism Φ is proper and representable. Clearly Φ
is quasi-finite (Definition 2.3.21), so it is finite. Furthermore, Φ is a birational morphism. It is an
isomorphism between the open substack of ℳ𝑔,𝑛+1 parametrizing (𝐶, 𝑝1, . . . , 𝑝𝑛+1) where dropping
𝑝𝑛+1 does not create any rational bridges or tails, and the open substack of 𝒰𝑔,𝑛 parametrizing
(𝐶, 𝑝1, . . . , 𝑝𝑛, 𝜏) where the extra point 𝜏 lies in the smooth locus of 𝐶 and does not collide with the
first 𝑛 marked points.

Finally, we analyze the singularities of the target 𝒰𝑔,𝑛. Because ℳ𝑔,𝑛 is a smooth stack and the
fibers of 𝒰𝑔,𝑛 →ℳ𝑔,𝑛 are nodal curves, the total space 𝒰𝑔,𝑛 is Cohen–Macaulay. Moreover, 𝒰𝑔,𝑛

is regular on the open locus where the additional section 𝜏 (corresponding to 𝑝𝑛+1) lands in the
smooth locus of the curve 𝐶. The complement of this regular locus consists of points where the extra
section hits a node; this complement has codimension 2 in the total space. By Serre’s criterion for
normality, 𝒰𝑔,𝑛 is normal. Because Φ: ℳ𝑔,𝑛+1 → 𝒰𝑔,𝑛 is a finite birational morphism to a normal
Deligne–Mumford stack, Zariski’s Main Theorem guarantees that Φ is an isomorphism. □

Finally, we introduce the gluing morphism along marked sections. This is a very natural geometric
operation and serves as an essential tool in defining the tautological ring of the moduli space. More
precisely, consider two field-valued points [(𝐶, 𝑝1, . . . , 𝑝𝑛1)] ∈ ℳ𝑔1,𝑛1(𝑘) and [(𝐷, 𝑞1, . . . , 𝑞𝑛2)] ∈
ℳ𝑔2,𝑛2(𝑘). Let 𝑔 = 𝑔1 + 𝑔2 and 𝑛 = 𝑛1 + 𝑛2 − 2. We can glue these two stable curves together by
identifying the points 𝑝𝑛1 and 𝑞𝑛2 to form a single curve with a new node:

(𝐶 ⊔𝑝𝑛1 ∼𝑞𝑛2
𝐷, 𝑝1, . . . , 𝑝𝑛1−1, 𝑞1, . . . , 𝑞𝑛2−1)
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To verify that this glued curve defines a moduli point in ℳ𝑔,𝑛(𝑘), it suffices to check that it
preserves stability. This is immediate: by construction, the normalization of the glued curve is
exactly the disjoint union 𝐶 ⊔𝐷, and the connected components of this normalization are stable by
our initial assumption.

This defines the gluing morphism for single stable curves over a field, and it also extends to
flat families of curves. To construct this extension, it is sufficient to consider a general family of
stable curves (𝒞 → 𝑆, 𝜎, 𝜏) over a scheme 𝑆 equipped with two disjoint sections 𝜎 and 𝜏 . Because
the family 𝒞 → 𝑆 is projective, the images 𝜎(𝑆) and 𝜏(𝑆) are closed subschemes that locally lie
within a common affine open subscheme of 𝒞. This topological separation allows us to glue the
sections by taking the Ferrand pushout in the category of schemes:

𝑆 ⊔ 𝑆 𝒞

𝑆 𝒞′

𝜎⊔𝜏

𝑔

𝜇

The resulting proper, flat family (𝒞′ → 𝑆) gives the desired gluing, where the image of the
section 𝜇(𝑠) specifies a new node in the geometric fiber 𝒞′

𝑠 for every 𝑠 ∈ 𝑆.
Therefore we obtain the gluing morphismℳ𝑔1,𝑛1×ℳ𝑔2,𝑛2 →ℳ𝑔,𝑛. Because this operation only

introduces a node, the gluing morphism is quasi-finite and representable. Since it is a quasi-finite
morphism between proper Deligne–Mumford stacks, it is a finite morphism. Similarly there is a
finite morphism ℳ𝑔−1,𝑛+2 →ℳ𝑔,𝑛 by gluing the final two sections.

We conclude this subsection with a brief discussion of the irreducibility ofℳ𝑔,𝑛, which completes
our survey of Theorem 2.4.7. Because the stack ℳ𝑔,𝑛 is smooth, proving irreducibility is equivalent
to proving connectedness. By Proposition 2.4.20, the forgetful morphism ℳ𝑔,𝑛+1 →ℳ𝑔,𝑛 is the
universal family. Since stable curves are connected by definition, the geometric fibers of this
morphism are connected, so by induction, it suffices to prove connectedness for the unpointed case
𝑛 = 0. Finally, showing ℳ𝑔 is connected reduces to proving two things: that the open substack
ℳ𝑔 is connected, and that ℳ𝑔 is dense in ℳ𝑔.

Proposition 2.4.21 (Density of Smooth Curves). The open substack ℳ𝑔 is dense in ℳ𝑔. This
means every stable curve of genus 𝑔 deforms a smooth curve: for any stable curve 𝐶, there exists a
family of stable curves 𝜋 : 𝒞 → 𝑇 over a curve 𝑇 equipped with a closed point 𝑡 ∈ 𝑇 , such that the
central fiber is 𝒞𝑡

∼= 𝐶 and the restriction of 𝜋 over 𝑇 ∖ {𝑡} is a family of smooth curves.

Proof. Étale locally, a node over C is isomorphic to the surface singularity 𝑥𝑦 = 0, which is
smoothed by the one-parameter local family 𝑥𝑦 = 𝑠. More precisely, there is a non-trivial local
first-order deformation over the dual numbers

SpecC[𝑥, 𝑦, 𝜀]/(𝑥𝑦 − 𝜀, 𝜀2)→ SpecC[𝜀]/(𝜀2).

By Proposition 2.4.13, the global first-order deformations of a stable curve 𝐶 are parameterized
by the group Ext1(Ω𝐶 ,𝒪𝐶). The relationship between global deformations and local deformations
at the singularities is governed by the local-to-global spectral sequence for Ext groups, which yields
the exact sequence:

· · · → Ext1(Ω𝐶 ,𝒪𝐶) 𝜑−→ H0(𝐶, ℰ𝑥𝑡1(Ω𝐶 ,𝒪𝐶))→ H2(𝐶,ℋ𝑜𝑚(Ω𝐶 ,𝒪𝐶))→ · · · .

The map 𝜑 restricts a global deformation to the local deformations at the nodes. Since 𝐶 is a
curve, the obstruction space vanishes: H2(𝐶,ℋ𝑜𝑚(Ω𝐶 ,𝒪𝐶)) = 0. This vanishing guarantees that
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𝜑 is surjective, so any combination of local deformations of the nodes can be lifted to a global
first-order deformation of the curve 𝐶.

Let 𝐹 be the deformation functor of 𝐶. We have constructed an element in 𝐹 (C[𝑡]/(𝑡2))
corresponding to this global first-order smoothing. To lift this deformation continuously to higher-
order Artin rings C[𝑡]/(𝑡𝑛+1), the obstructions lie in the group Ext2(Ω𝐶 ,𝒪𝐶). Since 𝐶 is a curve,
Ext2(Ω𝐶 ,𝒪𝐶) = 0. Since all higher-order obstructions vanish, we can lift our first-order deformation
indefinitely, defining a sequence of deformations that yields an element in the inverse limit ̂︀𝐹 (C[[𝑡]]).
By Proposition 2.1.4, this limit element corresponds to a natural transformation ℎC[[𝑡]] → 𝐹 , which
defines a formal family ̂︀𝒞 over SpecC[[𝑡]].

Finally, because 𝐶 is a projective curve, Grothendieck’s Existence Theorem [Ser06, Theorem
2.5.13] guarantees that this formal deformation is effective. Applying Artin’s Algebraization theorem
[Ser06, Theorem 2.5.14] to this effective versal formal deformation yields an algebraic curve 𝑇 over
C, equipped with a closed point 𝑡 ∈ 𝑇 whose completed local ring is C[[𝑡]], along with a family
𝜋 : 𝒞 → 𝑇 that recovers our deformation at 𝑡. This provides the geometric family where the central
fiber is 𝐶 and the generic fibers are smooth, concluding the proof that ℳ𝑔 is dense in ℳ𝑔. □

After completing these technical proofs, we now turn to the connectedness of the moduli stack
ℳ𝑔. Surprisingly, we can reduce this topological question to a purely combinatorial problem using
the elementary Hurwitz theory established in the first chapter.

Let Hur𝑔,𝑏 denote the moduli space parameterizing simply branched coverings 𝐶 → P1 over 𝑏
ordered branch points, where the domain 𝐶 is a connected, smooth curve of genus 𝑔. We define
a family of simply branched coverings of P1 of genus 𝑔 over 𝑏 ordered points, parameterized by a
scheme 𝑆, as a commutative diagram equipped with 𝑏 sections:

𝒞 𝒟

𝑆 𝜎𝑖

In this diagram, the map 𝒞 → 𝑆 is a family of smooth curves of genus 𝑔 (an 𝑆-point of ℳ𝑔),
and the map 𝒟 → 𝑆 with sections 𝜎1, . . . , 𝜎𝑏 is a family of smooth rational curves with 𝑏 marked
points (an 𝑆-point of ℳ0,𝑏). Furthermore, over every geometric point 𝑠 ∈ 𝑆(𝑘), the morphism of
fibers 𝒞𝑠 → 𝒟𝑠 is a covering simply branched over the points 𝜎1(𝑠), . . . , 𝜎𝑏(𝑠).

This allows us to define the Hurwitz functor as:

Hur𝑔,𝑏 : Schop −→ Sets

𝑆 ↦−→
{︁

families of simply branched coverings of P1 of genus 𝑔 over 𝑏 points
}︁
/ ∼

Fix 𝑔 and 𝑏 as above, and let 𝑑 be the degree of the simple covering 𝐶 → P1. By the Riemann–
Hurwitz formula, the number of branch points is 𝑏 = 2𝑔 + 2𝑑 − 2. Assume 𝑑 ≥ 3, which forces
𝑏 ≥ 2𝑔 + 4 ≥ 4. Since 𝑏 ≥ 3, the rational curves parameterized by ℳ0,𝑏 have no non-trivial
automorphisms. The vanishing of automorphisms guarantees that the moduli stack is representable
by an algebraic space, but we can explicitly realize it as a fine moduli space. As established in
Example 2.3.10, applying the unique automorphism of P1 fixing 0, 1, and ∞ reduces the remaining
𝑏− 3 points to the configuration space:

𝑀0,𝑏
∼=
(︁
P1 ∖ {0, 1,∞}

)︁𝑏−3
∖Δ.
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Therefore, 𝑀0,𝑏 is an open subscheme of an affine space. Forgetting the domain of the cover
induces a natural morphism Hur𝑔,𝑏 → 𝑀0,𝑏, defined on 𝑆-points by sending the covering family
𝒞 → 𝒟 to the base family of rational curves (𝒟 → 𝑆, 𝜎1, . . . , 𝜎𝑏) ∈𝑀0,𝑏(𝑆). This morphism satisfies
the following properties:

∙ The morphism Hur𝑔,𝑏 →𝑀0,𝑏 is finite, étale, and representable.
∙ Since the target 𝑀0,𝑏 is a scheme and the morphism is representable, the functor Hur𝑔,𝑏 is

represented by a scheme, known as the Hurwitz scheme (or Hurwitz space).
∙ If 𝑔 ≥ 2 and 𝑑 ≥ 2𝑔 + 3 (with 𝑏 = 2𝑔 + 2𝑑− 2), the natural projection morphism forgetting

the map,
Hur𝑔,𝑏 →ℳ𝑔, (𝐶 → P1) ↦→ 𝐶

is surjective.
For details regarding these properties, see [Ful69]. We briefly sketch the proof of the final

property, as it is vital for establishing the connectedness of ℳ𝑔. To prove the forgetful morphism
is surjective, we need to find an ample line bundle 𝐿 on 𝐶 and a 2-dimensional linear system
𝑉 ⊆ H0(𝐶,𝐿) that induces a simply branched covering 𝐶 → P1. The degree bound 𝑑 ≥ 2𝑔 + 3
ensures deg(𝜔𝐶 ⊗ 𝐿∨) < 0. By Serre duality, h1(𝐶,𝐿) = h0(𝐶,𝜔𝐶 ⊗ 𝐿∨) = 0. Riemann–Roch then
yields h0(𝐶,𝐿) = 𝑑+ 1− 𝑔. Therefore, the Grassmannian Gr(2,H0(𝐶,𝐿)) of 2-dimensional linear
systems has dimension 2(𝑑− 1− 𝑔).

It suffices to show that the locus of valid linear systems is non-empty. A linear subspace
𝑉 ∈ Gr(2,H0(𝐶,𝐿)) fails to induce a simply branched covering 𝐶 → P1 if and only if one of the
following geometric degenerations occurs:

(1) 𝑉 has a base point.
(2) There exists a ramification point with index ≥ 3.
(3) There exist two distinct ramification points in the same fiber.

Each of these three conditions defines a closed locus of codimension at least one in the Grassman-
nian. Consequently, the generic element of Gr(2,H0(𝐶,𝐿)) avoids all three obstructions, guaranteeing
the existence of the required linear system 𝑉 (see [Ful69, Proposition 8.1]).

Proposition 2.4.22 (Connectedness ofℳ𝑔). For 𝑔 ≥ 2 and 𝑑 ≥ 2 with 𝑏 = 2𝑔+2𝑑−2, the Hurwitz
scheme Hur𝑔,𝑏 is connected.

Since the projection Hur𝑔,𝑏 → ℳ𝑔 is surjective when 𝑏 is sufficiently large for any 𝑔 ≥ 2, it
follows as a corollary that ℳ𝑔 is connected.

Sketch of Proof. By Lemma 1.1.1, we pass to the topological category to analyze the finite
étale morphism 𝛽 : Hur𝑔,𝑏 → 𝑀0,𝑏. This morphism defines an unramified covering space over the
complex manifold 𝑀an

0,𝑏. Fixing a base configuration of branch points 𝐵 = {𝑞1, . . . , 𝑞𝑏} ∈𝑀an
0,𝑏, the

fundamental group 𝜋1(𝑀an
0,𝑏, 𝐵) acts on the discrete fiber Hur𝑔,𝐵 := 𝛽−1(𝐵) via path lifting. The

space Hur𝑔,𝑏 is connected if and only if this monodromy action is transitive.
By Theorem 1.2.4, the fiber Hur𝑔,𝐵 is in natural bijection with the set of branch data:

Hur𝑔,𝐵 = {simply branched coverings 𝐶 → P1 over 𝐵}/ ∼

∼=
{︃

(𝜏1, . . . , 𝜏𝑏) ∈ (𝑆𝑑)𝑏

⃒⃒⃒⃒
⃒ 𝜏𝑖 are transpositions,

∏︀𝑏
𝑖=1 𝜏𝑖 = 1,

and ⟨𝜏1, . . . , 𝜏𝑏⟩ acts transitively on {1, . . . , 𝑑}

}︃⧸︃
∼

where ∼ denotes simultaneous conjugation by elements of 𝑆𝑑.
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The fundamental group 𝜋1(𝑀an
0,𝑏, 𝐵) is generated by the elements 𝜎1, . . . , 𝜎𝑏−1, where each

generator 𝜎𝑖 corresponds to a loop that swaps 𝑞𝑖 and 𝑞𝑖+1 along a counterclockwise semicircle. The
induced monodromy action of 𝜎𝑖 on a factorization sequence is given by the Hurwitz move:

𝜎𝑖 · (𝜏1, . . . , 𝜏𝑖, 𝜏𝑖+1, . . . , 𝜏𝑏) = (𝜏1, . . . , 𝜏𝑖−1, 𝜏𝑖𝜏𝑖+1𝜏
−1
𝑖 , 𝜏𝑖, 𝜏𝑖+2, . . . , 𝜏𝑏)

To establish transitivity, it suffices to show that any valid sequence can be reduced to the
following target element:

𝜏 =

⎛⎜⎝(1 2), (1 2)⏟  ⏞  
2

, (1 3), (1 3)⏟  ⏞  
2

, . . . , (1 𝑑− 1), (1 𝑑− 1)⏟  ⏞  
2

, (1 𝑑), . . . , (1 𝑑)⏟  ⏞  
2𝑔+2

⎞⎟⎠ ∈ Hur𝑔,𝐵

As shown in [Ful69], there always exists a finite sequence of Hurwitz moves 𝜎𝑖1 · · ·𝜎𝑖𝑘
trans-

forming an arbitrary sequence (𝜏1, . . . , 𝜏𝑏) into 𝜏 . The group action is therefore transitive, showing
that the Hurwitz space Hur𝑔,𝑏 is connected. □

This concludes the proof of Theorem 2.4.7.

2.4.3. Tautological Classes and the Tautological Ring. We conclude this section with
a discussion of the tautological classes on the moduli stack ℳ𝑔,𝑛. These were introduced by
Mumford in [Mum83], motivated by the cohomology of Grassmannians. Complex vector bundles
on a topological space are classified by continuous maps to Grassmannians, and the cohomology
of a Grassmannian is generated by the Chern classes of its universal subbundles. By analogy, to
understand the intersection theory of the moduli space of curves, one seeks a natural set of algebraic
classes that form a subring of the Chow ring. This motivates the introduction of the tautological
ring. Unless specifically stated, all Chow rings are taken with rational coefficients. The formal
definitions here follow Faber and Pandharipande [FP13].

Definition 2.4.23 (Tautological Ring). Let 𝜋 : ℳ𝑔,𝑛+1 →ℳ𝑔,𝑛 be the forgetful morphism corre-
sponding to the universal family (Proposition 2.4.20). Consider the gluing morphisms:

𝜄1 : ℳ𝑔1,𝑛1 ×ℳ𝑔2,𝑛2 →ℳ𝑔1+𝑔2,𝑛1+𝑛2−2

𝜄2 : ℳ𝑔−1,𝑛+2 →ℳ𝑔,𝑛

The system of tautological rings is defined as the smallest system of Q-subalgebras

R*(ℳ𝑔,𝑛) ⊂ CH*(ℳ𝑔,𝑛)

simultaneously satisfying the following two properties:
(1) The system is closed under pushforward via the forgetful morphisms:

𝜋* : R*(ℳ𝑔,𝑛+1)→ R*(ℳ𝑔,𝑛)

(2) The system is closed under pushforward via all gluing morphisms:

𝜄1* : R*(ℳ𝑔1,𝑛1)⊗Q R*(ℳ𝑔2,𝑛2)→ R*(ℳ𝑔1+𝑔2,𝑛1+𝑛2−2)
𝜄2* : R*(ℳ𝑔−1,𝑛+2)→ R*(ℳ𝑔,𝑛)

While this recursive definition is elegant, it is more geometrically illuminating to construct
explicit algebraic classes that reside within this ring.

Let 𝜔𝜋 := 𝜔ℳ𝑔,𝑛+1/ℳ𝑔,𝑛
be the relative dualizing sheaf of the universal family. We define the

Hodge bundle as the pushforward E := 𝜋*𝜔𝜋. By Proposition 2.4.10, this pushforward is a vector
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bundle of rank 𝑔 (Example 2.3.41). Let 𝜎𝑖 : ℳ𝑔,𝑛 →ℳ𝑔,𝑛+1 denote the 𝑖-th section of the universal
family for 𝑖 = 1, . . . , 𝑛. We define the 𝑖-th cotangent line bundle as the pullback:

L𝑖 := 𝜎*
𝑖 𝜔𝜋

The fiber of L𝑖 over a moduli point [𝐶, 𝑝1, . . . , 𝑝𝑛] is the cotangent space 𝑇 *
𝑝𝑖
𝐶 of the curve at the

𝑖-th marked point.

Definition 2.4.24 (𝜓-classes, 𝜅-classes, and 𝜆-classes).
(1) The 𝑖-th 𝜓-class, denoted 𝜓𝑖, is the first Chern class of the 𝑖-th cotangent line bundle:

𝜓𝑖 := 𝑐1(L𝑖) ∈ CH1(ℳ𝑔,𝑛)

(2) The 𝑖-th 𝜅-class, denoted 𝜅𝑖, is defined via the pushforward of higher powers of the (𝑛+1)-th
𝜓-class on the universal family:

𝜅𝑖 := 𝜋*
(︁
𝜓𝑖+1

𝑛+1

)︁
∈ CH𝑖(ℳ𝑔,𝑛)

(3) The 𝑖-th 𝜆-class, denoted 𝜆𝑖, is the 𝑖-th Chern class of the Hodge bundle:

𝜆𝑖 := 𝑐𝑖(E) ∈ CH𝑖(ℳ𝑔,𝑛)

The 𝜓-classes belong to the tautological ring because they can be expressed as the pushforward
of the self-intersection of boundary strata. Specifically:

−𝜋*

(︂(︁
𝜄1*([ℳ𝑔,𝑛]× [ℳ0,3])

)︁2
)︂

= 𝜓𝑖.

Since the tautological ring is closed under pushforwards by 𝜋, the 𝜅-classes are tautological by
definition. The 𝜆-classes are also tautological; this non-trivial fact is established by Mumford’s
formula [Mum83, (5.2)], which expresses the Chern character of the Hodge bundle E entirely in
terms of 𝜅-classes and boundary divisors.

The definition of the tautological ring naturally extends to open substacks and to singular
cohomology. Given an open substack 𝑈 ⊆ ℳ𝑔,𝑛, the tautological ring R*(𝑈) is defined as the
image of the tautological ring of ℳ𝑔,𝑛 under the natural restriction map CH*(ℳ𝑔,𝑛)→ CH*(𝑈).
Furthermore, to translate these intersection-theoretic classes into topological invariants, we utilize
the cycle class map [Ful98, Chapter 19]:

cl : CH*(ℳ𝑔,𝑛)→ H*(ℳ𝑔,𝑛;Q).

The tautological ring in cohomology, denoted RH*(ℳ𝑔,𝑛), is defined as the image of the tautological
Chow ring R*(ℳ𝑔,𝑛) under this cycle map.

The study of the tautological ring occupies a central position in Gromov–Witten theory, modern
enumerative geometry, and the broader landscape of moduli problems in algebraic geometry. It
remains a remarkably active and rapidly developing field of current research. Consequently, providing
a comprehensive survey of this vast and beautiful subject lies well beyond the scope of this text. For
a foundational introduction to the tautological rings R*(ℳ𝑔) and R*(ℳ𝑔,𝑛), we refer the reader to
[Pan18] and [FP13]. Additionally, for an excellent overview of recent breakthroughs concerning
the Chow and cohomology rings of the moduli stack ℳ𝑔,𝑛, we direct the reader to the detailed
survey in [CL24, Section 1].
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CHAPTER 3

Equivariant Cohomology in Algebraic Geometry

We motivate this chapter with a brief discussion of enumerative geometry. As one of the oldest
and most classical subfields of algebraic geometry, it focuses on counting geometric figures that
satisfy certain given conditions. One of its most well-known and classical problems is the following:

Question 3.0.1. In the complex projective plane P2, given 3𝑑−1 general points, how many rational
curves of degree 𝑑 pass through these points?

Here, 3𝑑− 1 is the “codimension” required for the intersection class to be a zero-cycle (a concept
we will define rigorously later). This condition ensures that the number 𝑁𝑑 is finite. The degree-one
case, 𝑁1 = 1, was well-known to ancient Greek mathematicians, as it corresponds to an axiom of
Euclidean geometry (two points determine a unique line). Similarly, the degree-two case yields
𝑁2 = 1 (five points determine a unique conic). However, as the degree grows, the problem becomes
significantly more difficult. The answer 𝑁3 = 12 was not obtained until 1848 by Steiner, and
𝑁4 = 620 was computed by Zeuthen in the late 19th century. We refer the reader to [Kle87] for a
historical review of enumerative geometry.

Thanks to the development of intersection theory by Fulton, MacPherson, and others, enumera-
tive geometry found a solid foundation, answering Hilbert’s 15th problem. In 1995, Kontsevich’s
revolutionary paper [Kon95] transformed Question 3.0.1 into a grander program framed in the
language of the intersection theory on the moduli stack of stable maps. Following [FP97], we
provide a brief survey of how this paradigm shift occurred. Unless otherwise stated, we work
exclusively over the field of complex numbers C throughout this chapter, and all Chow groups and
rings are taken with rational coefficients Q.

Let (𝐶, 𝑝1, . . . , 𝑝𝑛) be an 𝑛-pointed quasi-stable curve (Definition 2.4.1), and let 𝑋 be a non-
singular projective convex variety. Consider a morphism 𝜇 : 𝐶 → 𝑋. We call 𝜇 stable if, for every
irreducible subcurve 𝐸 ⊂ 𝐶 contracted to a point under 𝜇, the following conditions hold:

(1) If 𝐸 ∼= P1 ⊂ 𝐶, then 𝐸 contains at least 3 special points (Definition 2.4.1);
(2) If 𝐸 ⊂ 𝐶 is of arithmetic genus 1, then 𝐸 must contain at least 1 special point.

A family of stable maps of genus 𝑔 with 𝑛 marked points over a scheme 𝑆 is given by a
commutative diagram

𝒞 𝑋

𝑆

𝜇

𝜋

where 𝜋 : 𝒞 → 𝑆 is a family of 𝑛-pointed quasi-stable curves of genus 𝑔, such that for each 𝑠 ∈ 𝑆,
the restricted morphism 𝜇|𝒞𝑠 : 𝒞𝑠 → 𝑋 is a stable map.

We now introduce the definition of the moduli stack of stable mapsℳ𝑔,𝑛(𝑋,𝛽). Let 𝛽 ∈ CH1(𝑋)
be a 1-cycle class in the Chow group. The categoryℳ𝑔,𝑛(𝑋,𝛽) is the prestack parameterizing stable
maps 𝜇 : (𝐶, 𝑝1, . . . , 𝑝𝑛) → 𝑋 such that 𝜇*([𝐶]) = 𝛽. More precisely, the objects ℳ𝑔,𝑛(𝑋,𝛽)(𝑇 )
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over a scheme 𝑇 consist of families of stable maps of genus 𝑔 with 𝑛 marked points over 𝑇 . On
each fiber, the fundamental class of the domain curve is pushed forward to 𝛽. The morphisms are
defined via Cartesian squares compatible with the target morphism to 𝑋. Specifically, if 𝑇 → 𝑆 is a
morphism in Schét, a morphism⎛⎜⎜⎜⎝

𝒞 𝑋

𝑆

𝜇1

𝜋 −→
𝒟 𝑋

𝑇

𝜇2

𝜋

⎞⎟⎟⎟⎠
is defined as a morphism 𝒟 → 𝒞 such that the diagram

𝒟 𝒞 𝑋

𝑇 𝑆

𝜇2

𝜇1

𝜋

commutes, with the left square being Cartesian. We collect the fundamental properties proved in
[FP97, Theorems 1–3] for the special case where 𝑔 = 0.

Theorem 3.0.2 (Properties of ℳ0,𝑛(𝑋,𝛽)).
(1) The prestack ℳ0,𝑛(𝑋,𝛽) is a smooth and proper Deligne–Mumford stack of pure dimension

dim𝑋 +
∫︁

𝛽
𝑐1(𝑋) + 𝑛− 3,

admitting a projective coarse moduli space ℳ0,𝑛(𝑋,𝛽)→𝑀0,𝑛(𝑋,𝛽). Furthermore, if 𝑋
is a projective space, then ℳ0,𝑛(𝑋,𝛽) is irreducible and of finite type.

(2) The boundary of ℳ0,𝑛(𝑋,𝛽) is a divisor with normal crossings.

Returning to Question 3.0.1, we focus on the moduli stack ℳ0,𝑛(P2, 𝑑[𝐻]), which we abbreviate
as ℳ0,𝑛(P2, 𝑑). We define flat evaluation morphisms:

ev𝑖 : ℳ0,𝑛(P2, 𝑑)→ P2; [(𝐶, 𝑝1, . . . , 𝑝𝑛, 𝜇)] ↦→ 𝜇(𝑝𝑖), 𝑖 = 1, . . . , 𝑛,

which naturally extend to families of stable maps. Given cohomology classes 𝛾1, . . . , 𝛾𝑛 ∈ CH*(P2),
one defines the Gromov–Witten invariants as

⟨𝛾1, . . . , 𝛾𝑛⟩P
2

0,𝑑 :=
∫︁

[ℳ0,𝑛(P2,𝑑)]
ev*

1 𝛾1 ∪ · · · ∪ ev*
𝑛 𝛾𝑛,

where
∑︀

𝑖 codim 𝛾𝑖 = dimℳ0,𝑛(P2, 𝑑) = 3𝑑+ 𝑛− 1. In particular, if we set 𝛾1 = · · · = 𝛾𝑛 = [*] ∈
CH*(P2) (the class of a point) and let 𝑛 = 3𝑑− 1, then

∑︀
𝑖 codim 𝛾𝑖 = 2(3𝑑− 1) = dimℳ0,𝑛(P2, 𝑑).

An application of Kleiman’s transversality theorem [Har77, Theorem 10.8] guarantees that these
intersection classes meet transversely, yielding

𝑁𝑑 = ⟨𝛾1, . . . , 𝛾3𝑑−1⟩P
2

0,𝑑.

See [FP97, Section 7] for detailed arguments. This formulation bridges classical enumerative
geometry and modern intersection theory. A careful analysis of the boundary geometry [FP97,
Section 0.6] eventually produces the renowned recursion formula:

𝑁𝑑 =
∑︁

𝑑1+𝑑2=𝑑
𝑑1,𝑑2>0

𝑁𝑑1𝑁𝑑2

(︃
𝑑2

1𝑑
2
2

(︃
3𝑑− 4
3𝑑1 − 2

)︃
− 𝑑3

1𝑑2

(︃
3𝑑− 4
3𝑑1 − 1

)︃)︃
,
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which completely resolves Question 3.0.1.
Within this framework, it is natural to ask for a generalization of Gromov–Witten invariants to

higher-genus cases. Given cohomology classes 𝛾1, . . . , 𝛾𝑛 ∈ CH*(𝑋), where 𝑋 is a smooth projective
variety, one might naively expect the Gromov–Witten invariants to take the form∫︁

[ℳ𝑔,𝑛(𝑋,𝛽)]
ev*

1 𝛾1 ∪ · · · ∪ ev*
𝑛 𝛾𝑛.

Here, however, we confront a major difficulty: as the genus increases, the geometric behavior
of the moduli stack ℳ𝑔,𝑛(𝑋,𝛽) deteriorates rapidly. For 𝑔 > 0, the moduli space generally
admits singularities and is often reducible, non-reduced, and non-equidimensional. In fact, for
𝑔 ≥ 1, ℳ𝑔,𝑛(𝑋,𝛽) satisfies Murphy’s Law in algebraic geometry, in the sense of Vakil [Vak06].
Consequently, the classical fundamental class of ℳ𝑔,𝑛(𝑋,𝛽) does not behave well to perform
intersection theory since it is not a homogeneous fundamental class in a single degree. A substitute
is required if we still wish to perform intersection theory on this moduli space. This motivates the
introduction of the virtual fundamental class, which plays the role of the classical fundamental
class. Assuming its existence, we define the higher-genus Gromov–Witten invariants as

⟨𝛾1, . . . , 𝛾𝑛⟩𝑋𝑔,𝛽 :=
∫︁

[ℳ𝑔,𝑛(𝑋,𝛽)]vir
ev*

1 𝛾1 ∪ · · · ∪ ev*
𝑛 𝛾𝑛.

We then ask what properties should a virtual fundamental class of a general moduli space
satisfy. First and most naturally, if a moduli space is sufficiently well-behaved to admit a classical
fundamental class, the virtual class should recover it. Second, the virtual fundamental class must
be a cycle class of the “expected dimension.”

To illustrate this, considerℳ𝑔,0(𝑋,𝛽). Let [𝜇 : 𝐶 → 𝑋] be a point in the moduli space. Assume
that 𝐶 is smooth and 𝜇 is an immersion, so there is a well-defined normal bundle 𝑁𝜇 = 𝑁𝐶/𝑋 . The
tangent space toℳ𝑔,0(𝑋,𝛽) at [𝜇] is identified with H0(𝐶,𝑁𝜇) [Ser06, Lemma 3.4.7]. If we further
assume that the first-order infinitesimal deformations are unobstructed—that is, H1(𝐶,𝑁𝜇) =
0—then the Hirzebruch–Riemann–Roch theorem gives

(3.0.1) dim𝑇[𝜇](ℳ𝑔,0(𝑋,𝛽)) = h0(𝐶,𝑁𝜇) = (dim𝑋 − 3)(1− 𝑔) +
∫︁

𝛽
𝑐1(𝑋).

We define the expected dimension of ℳ𝑔,0(𝑋,𝛽) as this integer. Our “expectation” stems from
the hypothetical vanishing of the obstruction space for first-order infinitesimal deformations. In
general, this expected dimension serves as a lower bound for the actual dimension of any irreducible
component of the moduli stack.

Therefore, we impose the requirement that the virtual fundamental class of a general moduli
space ℳ must reside in CHexpected(ℳ). For ℳ𝑔,𝑛(𝑋,𝛽), this translates to:

[ℳ𝑔,𝑛(𝑋,𝛽)]vir ∈ CH(dim 𝑋−3)(1−𝑔)+
∫︀

𝛽
𝑐1(𝑋)+𝑛

(︁
ℳ𝑔,𝑛(𝑋,𝛽)

)︁
.

From this perspective, while finding virtual classes may be straightforward, the profound challenge
lies in constructing a virtual class of the correct expected dimension.

A major advantage of the moduli stack of stable maps ℳ𝑔,𝑛(𝑋,𝛽) lies in its symmetries. If
𝑋 is equipped with a torus action 𝑇 (for example, the torus action on a homogeneous space like
𝑋 = P𝑛), this action naturally induces an action on the moduli stack ℳ𝑔,𝑛(𝑋,𝛽) via composition.
More precisely, let 𝑆 be a scheme and 𝑡 ∈ 𝑇 (𝑆) be an 𝑆-valued point. For any 𝑆-family of stable
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maps (𝜋 : 𝒞 → 𝑆, 𝜎1, . . . , 𝜎𝑛, 𝜇) ∈ℳ𝑔,𝑛(𝑋,𝛽)(𝑆), the induced action is given by

𝑡 · (𝜋 : 𝒞 → 𝑆, 𝜎1, . . . , 𝜎𝑛, 𝜇) = (𝜋 : 𝒞 → 𝑆, 𝜎1, . . . , 𝜎𝑛, 𝜇
′),

where 𝜇′ : 𝒞 → 𝑋 is defined by the composition

𝒞 (𝜋,id)−−−→ 𝑆 × 𝒞 𝑡×𝜇−−→ 𝑇 ×𝑋 𝜎−→ 𝑋,

with 𝜎 denoting the torus action on 𝑋.
In the genus-zero case, this equivariant structure allows us to apply the Atiyah–Bott localization

formula, reducing the calculation of intersection numbers to integrals over cohomology classes
supported on the fixed loci. Specifically, we have

[ℳ0,𝑛(P𝑛, 𝑑)] =
∑︁

Γ
𝜄Γ*

[ℳΓ]
𝑒(𝑁Γ) ,

where 𝑒(𝑁Γ) is the Euler class (the top equivariant Chern class) of the normal bundle to the fixed
locus Γ in ℳ0,𝑛(P𝑛, 𝑑). This renders the seemingly intractable calculation of the fundamental
class manageable; indeed, equivariant localization has become an indispensable tool in modern
enumerative geometry.

A natural subsequent question is whether we can generalize this formula to the virtual setting.
More precisely, does a localization formula of the form

[𝑋]vir = 𝜄*
∑︁

𝑖

[𝑋𝑖]vir

𝑒(𝑁vir
𝑖 )
∈ CHC*

* (𝑋)⊗Q
[︂
𝑡,

1
𝑡

]︂
hold for an arbitrary algebraic scheme 𝑋, or even for a Deligne–Mumford stack, equipped with
a perfect obstruction theory? This turns out to be true under a mild global resolution condition,
which serves as one of the core topics of this chapter.

This chapter is organized as follows. We first review equivariant intersection theory following
[EG98a, EG98b]. This includes the foundational definitions of equivariant Chow groups and
their associated properties, such as functorial operations and equivariant Chern classes. We also
review the standard localization formula for a nonsingular scheme 𝑋, preparing the ground for its
generalization to the virtual setting. Next, following [BF97], we discuss the construction of the
virtual fundamental class for a Deligne–Mumford stack 𝒳 . We outline the foundational ideas behind
the construction and provide basic examples, restricting our attention initially to cases where 𝒳 is a
scheme. Finally, relying on this virtual machinery, we follow Graber and Pandharipande [GP99] to
discuss the generalization of the Atiyah–Bott localization formula to the virtual setting. This will
equip us with the complete theoretical toolkit required to prove the ELSV formula.

We establish the following notational conventions for the remainder of this chapter. For simplicity,
any algebraic group 𝐺 is implicitly assumed to be a linear algebraic group. We use 𝑇 to denote an
algebraic torus, which is an algebraic group isomorphic to (C*)𝑛 for some integer 𝑛 ≥ 1. Furthermore,
when discussing group actions, 𝑇 will consistently refer to the acting torus. As previously stated, we
work exclusively over the field of complex numbers C, and all schemes are assumed to be algebraic
schemes over C.

3.1. Equivariant Cohomology and Equivariant Intersection Theory

The exposition in this section proceeds in two main phases. We begin with the equivariant
(co)homology of an algebraic variety to motivate the concept of finite-dimensional approximation,
establishing the foundational definitions and properties. We place particular emphasis on the study
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of torus actions, as they will be our primary focus in the subsequent sections. Following this, we
transition to the study of equivariant intersection theory, the motivation for which will become
clearer after our detailed discussion of its topological counterpart. Finally, we explore the localization
formula for equivariant (co)homology and Chow groups on nonsingular schemes, concluding with its
applications to enumerative geometry.

3.1.1. Basic Definition and Properties. Equivariant (co)homology has played an essential
role in topology since the 1950s, following Borel’s introduction of the so-called “Borel construction.”
Let 𝑋 be a topological space and 𝐺 be a topological group. If 𝐺 acts on 𝑋 freely, there is a
natural definition for equivariant cohomology: one simply defines H*

𝐺(𝑋) := H*(𝑋/𝐺), the standard
cohomology of the quotient space. When the action of 𝐺 is not free, however, Borel introduced the
balanced product E𝐺×𝐺 𝑋 by imposing the equivalence relation (𝑒 · 𝑔, 𝑥) ∼ (𝑒, 𝑔 · 𝑥) on E𝐺×𝑋,
where E𝐺 → B𝐺 := E𝐺/𝐺 is the universal principal 𝐺-bundle. One then defines the equivariant
cohomology as H*

𝐺(𝑋) := H*(E𝐺 ×𝐺 𝑋), which circumvents the issue of the group action being
non-free. Because equivariant cohomology packages the topological information of 𝑋 and the
representation theory Rep(𝐺) into a single invariant, it has been extensively studied and applied in
topology and differential geometry for decades.

However, translating this machinery to the algebraic category—where 𝑋 is an algebraic variety
and 𝐺 is an algebraic group—presents a major hurdle: in general, the universal principal 𝐺-bundle
is infinite-dimensional. Topologically, E𝐺 must be a weakly contractible space. To construct such a
space inductively within the category of CW complexes, an infinite number of cells across increasing
dimensions must be attached to sequentially “kill” the generators of the lower-degree homotopy
groups, forcing the dimension to become infinite. For example, when 𝐺 is the multiplicative group
G𝑚 (topologically C*), we have E𝐺 = C∞ ∖ {0} and B𝐺 = CP∞.

Because infinite-dimensional spaces clearly fall outside the category of algebraic schemes, new
ideas are required to make equivariant tools work in algebraic geometry. This leads to Totaro’s idea
of finite-dimensional approximation. Instead of relying on an actual contractible space, we seek a
finite-dimensional algebraic space E𝑁 that is “acyclic enough”—specifically, such that ̃︀H𝑖(E𝑁 ) = 0
for 𝑖 < 𝑁—and upon which 𝐺 acts freely. More formally, we introduce the following definition:

Definition 3.1.1 (Equivariant cohomology in algebraic geometry). Let 𝐺 be a linear algebraic
group and let 𝑋 be a scheme. Then for each integer 𝑁 > 0 there exist nonsingular finite-dimensional
algebraic varieties E𝑁 and B𝑁 such that ̃︀H𝑖(E𝑁 ) = 0 for 𝑖 < 𝑁 , 𝐺 acts freely on E𝑁 , and
E𝑁 → B𝑁 = E𝑁/𝐺 is a principal 𝐺-bundle. One then defines the equivariant cohomology as

H𝑖
𝐺(𝑋) := H𝑖(E𝑁 ×𝐺 𝑋), for 𝑖 < 𝑁.

Before proceeding to a general discussion of well-definedness, we first examine the fundamental
case where the group is a torus.

Example 3.1.2 (Equivariant cohomology for a torus action). Let 𝑇 = G𝑚. We can take E𝑁 :=
C𝑁 ∖ {0} and B𝑁 := P𝑁−1. Clearly, 𝑇 acts freely on E𝑁 via scalar multiplication: (𝑧1, . . . , 𝑧𝑁 ) ·
𝑠 := (𝑠𝑧1, . . . , 𝑠𝑧𝑁 ). Moreover, since E𝑁 deformation retracts onto the sphere 𝑆2𝑁−1, we havẽ︀H𝑖(E𝑁 ) = ̃︀H𝑖(𝑆2𝑁−1) = 0 for 𝑖 < 2𝑁 − 1. Therefore, the equivariant cohomology of any space 𝑋
equipped with a 𝑇 -action is defined as

H𝑖
𝑇 (𝑋) := H𝑖

(︁
(C𝑁 ∖ {0})×𝑇 𝑋

)︁
, for 𝑖 < 2𝑁 − 1.
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Furthermore, when 𝑋 is a single point, we obtain the equivariant coefficient ring Λ𝑇 := H*
𝑇 (*) =

Z[𝑡], where deg 𝑡 = 2. This follows directly from the cohomology of P𝑁−1.
When 𝑇 = (G𝑚)𝑛, we similarly set E𝑁 :=

(︁
C𝑁 ∖ {0}

)︁𝑛
and B𝑁 :=

(︁
P𝑁−1

)︁𝑛
, with 𝑇 acting

on E𝑁 component-wise. Consequently, the equivariant coefficient ring becomes Λ𝑇 = Z[𝑡1, . . . , 𝑡𝑛],
where deg 𝑡𝑖 = 2 for all 𝑖 = 1, . . . , 𝑛.

For a general linear algebraic group 𝐺, we first examine the fundamental case where 𝐺 = GL(𝑛).
The construction of E𝑁 and B𝑁 closely parallels the torus case seen in Example 3.1.2. We draw
motivation from the classical topological setting, where the classifying space of GL(𝑛) is the infinite
Grassmannian Gr(𝑛,∞), and the universal principal GL(𝑛)-bundle is the space of linear embeddings
Emb(C𝑛,C∞).

To create a finite-dimensional approximation, we naturally take E𝑁 := Emb(C𝑛,C𝑁 ) and
B𝑁 := Gr(𝑛,𝑁). We can identify E𝑁 with the open subvariety of 𝑛 × 𝑁 matrices of full rank
𝑛. There is a natural, free right-action of GL(𝑛) on E𝑁 given by matrix multiplication. Let
Ω𝑛−1 := Hom(C𝑛,C𝑁 ) ∖ E𝑁 denote the complement, which is the closed locus of 𝑛×𝑁 matrices of
rank at most 𝑛− 1. A dimension count shows that the complex codimension of Ω𝑛−1 in the affine
space C𝑛𝑁 is (𝑛− (𝑛− 1))(𝑁 − (𝑛− 1)) = 𝑁 − 𝑛+ 1. Because E𝑁 is the complement of a closed
subvariety of real codimension 2(𝑁 − 𝑛+ 1) inside a contractible space, the long exact sequence of
relative cohomology implies that ̃︀H𝑖(E𝑁 ) = 0 for 𝑖 ≤ 2(𝑁 − 𝑛).

When 𝐺 is an arbitrary linear algebraic group, we can embed 𝐺 as a closed subgroup of GL(𝑛)
for some sufficiently large 𝑛. Since GL(𝑛) acts freely on the space of embeddings, its closed subgroup
𝐺 naturally inherits this free action; thus, we can retain our choice of the approximation space
E𝑁 := Emb(C𝑛,C𝑁 ) without modification. To verify that the classifying space B𝑁 = E𝑁/𝐺 exists
as a scheme, we rely on a theorem [Bor91, Theorem 6.8], which guarantees that the homogeneous
space GL(𝑛)/𝐺 is a smooth quasi-projective variety. Consequently, the quotient E𝑁/𝐺 can be
identified with the total space of an algebraic fiber bundle over the Grassmannian Gr(𝑛,𝑁), which is
the quotient E𝑁/GL(𝑛), with the fiber GL(𝑛)/𝐺. Since the base is a smooth projective variety and
the fiber is a smooth quasi-projective variety, the total space B𝑁 exists as a smooth quasi-projective
scheme. This constructively satisfies the existence criteria required by Definition 3.1.1.

The subsequent question is whether this definition is independent of the choice of the finite-
dimensional approximation spaces E𝑁 and B𝑁 . More precisely, suppose that E→ B and E′ → B′

are two principal 𝐺-bundles satisfying the conditions in Definition 3.1.1. We must show that for
any space 𝑋 admitting a 𝐺-action, there is a canonical isomorphism

H𝑖(E×𝐺 𝑋) ∼= H𝑖(E′ ×𝐺 𝑋), for 𝑖 < 𝑁.

Since we assume 𝐺 is linear and we work over the complex numbers C, the proof reduces to
an elegant topological maneuver known as Bogomolov’s double fibration argument. We consider
the product space E× E′, equipped with the diagonal 𝐺-action. This yields a natural commutative
diagram of quotient spaces:

E×𝑋 (E× E′)×𝑋 E′ ×𝑋

E×𝐺 𝑋 (E× E′)×𝐺 𝑋 E′ ×𝐺 𝑋
𝑝1 𝑝2

Notice that the left projection 𝑝1 : (E× E′)×𝐺 𝑋 → E×𝐺 𝑋 is an algebraic fiber bundle with
fiber E′. Because E′ is chosen to be nonsingular, this algebraic bundle remains locally trivial in

84



the complex analytic topology. We then pass to the analytic topology via Serre’s GAGA principle
to compute the cohomology. By our initial assumption, the fiber E′ satisfies ̃︀H𝑖(E′) = 0 for 𝑖 < 𝑁 .
Applying the Leray–Hirsch theorem (or analyzing the Serre spectral sequence of the fibration) in the
topological category, we deduce that the pullback map 𝑝*

1 induces an isomorphism on cohomology in
degrees 𝑖 < 𝑁 . By symmetry, the right projection 𝑝2 likewise induces an isomorphism in the same
range. Composing these maps provides the required canonical isomorphism between H𝑖(E×𝐺 𝑋)
and H𝑖(E′ ×𝐺 𝑋).

Remark 3.1.3. For a general linear algebraic group 𝐺, the approximation space E and the classifying
space B in Definition 3.1.1 can be chosen to be nonsingular quasi-projective varieties, as demonstrated
above. However, even if 𝑋 is nonsingular, the balanced product E×𝐺 𝑋 is not necessarily a scheme.
Because the free action of 𝐺 defines a smooth equivalence relation, the quotient is only guaranteed to
exist as an algebraic space [Alp26, Corollary 5.5.12]. We refer the reader to [EG98a, Proposition
23] for sufficient conditions under which this balanced product is indeed a scheme. Most notably,
the balanced product is always a scheme when 𝑋 is a quasi-projective scheme equipped with a
linearized 𝐺-action, or when 𝐺 is GL(𝑛) or any other “special group” in the sense of Chevalley
(meaning all principal 𝐺-bundles are locally trivial in the Zariski topology).

On the other hand, if we consider the ordinary complex analytic topology and continue to
choose a nonsingular approximation space E, the balanced product E×𝐺 𝑋 is a complex analytic
space. Furthermore, if 𝑋 is nonsingular, this quotient is a complex manifold. We refer to [AF24,
Proposition 2.2.6] for details.

We next examine the basic properties of equivariant cohomology, beginning with its functoriality.
Fix a linear algebraic group 𝐺. Let 𝜙 : 𝑋 → 𝑋 ′ be a 𝐺-equivariant morphism of schemes. This
determines a natural morphism E ×𝐺 𝑋 → E ×𝐺 𝑋 ′, which in turn induces a pullback map
𝜙* : H*

𝐺(𝑋 ′) → H*
𝐺(𝑋). In particular, taking 𝑋 ′ to be a point yields a canonical map Λ𝐺 :=

H*
𝐺(pt)→ H*

𝐺(𝑋), endowing H*
𝐺(𝑋) with the structure of a graded anti-commutative Λ𝐺-algebra.

Equivariant cohomology is also functorial with respect to the group. Let 𝜙 : 𝐺 → 𝐺′ be a
homomorphism of linear algebraic groups, and let 𝑓 : 𝑋 → 𝑋 ′ be a morphism that is equivariant
with respect to 𝜙. This means the following diagram commutes.

𝐺×𝑋 𝐺′ ×𝑋 ′

𝑋 𝑋 ′

𝜎𝐺

𝜙×𝑓

𝜎𝐺′

𝑓

We construct the induced pullback map 𝑓* : H*
𝐺′(𝑋 ′)→ H*

𝐺(𝑋) as follows. Choose approximation
spaces E→ B and E′ → B′ for 𝐺 and 𝐺′, respectively. This yields a natural sequence of maps:

(E× E′)×𝐺 𝑋 → (E× E′)×𝐺 𝑋 ′ → E′ ×𝐺′
𝑋 ′.

Here, 𝐺 acts on E × E′ on the right via (𝑒, 𝑒′) · 𝑔 := (𝑒 · 𝑔, 𝑒′ · 𝜙(𝑔)), and 𝐺 acts on 𝑋 ′ implicitly
through 𝜙. Note that if the reduced cohomology satisfies ̃︀H𝑖(E) = ̃︀H𝑖(E′) = 0 for 𝑖 < 𝑁 , the Künneth
formula ensures that ̃︀H𝑖(E×E′) = 0 in the same range. Consequently, passing to cohomology induces
the desired pullback 𝑓* : H*

𝐺′(𝑋 ′)→ H*
𝐺(𝑋). By applying Bogomolov’s double fibration argument

once again, one can verify that this construction is independent of the choice of approximation
spaces.
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Following the philosophy discussed above, we can define equivariant geometric invariants in a
parallel manner by simply translating them to the ordinary, non-equivariant setting on these finite-
dimensional approximations. For example, let 𝑋 be a 𝐺-space and 𝑉 ⊆ 𝑋 be a 𝐺-invariant closed
subvariety. The equivariant fundamental class [𝑉 ]𝐺 can be defined as the fundamental class of the
quotient [E×𝐺 𝑉 ]. Similarly, let 𝐸 → 𝑋 be an equivariant vector bundle on a non-singular 𝑋. The
diagonal action of 𝐺 on E×𝐸 yields a quotient E×𝐺𝐸 → E×𝐺𝑋, which is an ordinary vector bundle
over the balanced product. One then defines the equivariant Chern classes as 𝑐𝐺

𝑘 (𝐸) := 𝑐𝑘(E×𝐺 𝐸).
By applying Bogomolov’s double fibration argument once again, one can verify that these definitions
are independent of the choice of E. Note that, as discussed in Remark 3.1.3, E×𝐺 𝑋 is always an
algebraic space and a complex manifold when 𝑋 is non-singular.

Example 3.1.4 (The equivariant coefficient ring ΛGL(𝑛)). Consider the general linear group
𝐺 = GL(𝑛) and let 𝑉 ∼= C𝑛 be its standard representation. We claim that the equivariant coefficient
ring is given by ΛGL(𝑛) ∼= Z[𝑐1, . . . , 𝑐𝑛], where 𝑐𝑖 = 𝑐𝐺

𝑖 (𝑉 ) are the equivariant Chern classes of 𝑉 .
Recall from our previous discussion that we can choose the finite-dimensional approximation space
to be E𝑁 = Emb(𝑉,C𝑁 ), with the classifying space being the Grassmannian B𝑁 = Gr(𝑛,𝑁).

Notice that the principal 𝐺-bundle E𝑁 → B𝑁 can be naturally identified with the frame bundle
of the tautological subbundle 𝒮 ⊂ Gr(𝑛,𝑁) × C𝑁 over the Grassmannian. Consequently, the
balanced product E𝑁 ×𝐺 𝑉 associated to the standard representation is canonically isomorphic to
the tautological subbundle 𝒮 itself. Since the cohomology ring of the Grassmannian Gr(𝑛,∞) is
freely generated by the Chern classes of the universal tautological subbundle, it follows that ΛGL(𝑛)
is a polynomial ring generated by the equivariant Chern classes of 𝑉 .

Example 3.1.5 (Torus actions revisited). Building upon Example 3.1.2, we further investigate the
rich structural properties of torus actions. We have already seen that when 𝑇 = G𝑚, the equivariant
coefficient ring is Λ𝑇 = Z[𝑡] with deg 𝑡 = 2. Furthermore, from the discussion in Example 3.1.4,
there is a canonical identification 𝑡 = 𝑐𝑇

1 (C1), where C1 ∼= C denotes the standard one-dimensional
representation of 𝑇 with weight 1.

Now consider 𝑇 = (G𝑚)𝑛 acting on 𝑉 ∼= C𝑛 via the standard diagonal representation. For
each 𝑖 = 1, . . . , 𝑛, this action isolates a one-dimensional representation C𝑡𝑖 defined by 𝑧 · 𝑣 := 𝑧𝑖 · 𝑣,
yielding a canonical splitting 𝑉 =

⨁︀𝑛
𝑖=1 C𝑡𝑖 . Consequently, the equivariant Chern classes are given

by 𝑐𝑇
𝑖 (𝑉 ) = 𝑒𝑖(𝑡1, . . . , 𝑡𝑛), where 𝑒𝑖 is the 𝑖-th elementary symmetric polynomial and 𝑡𝑖 = 𝑐𝑇

1 (C𝑡𝑖).
This gives an identifaction of the 𝑡𝑖 in the coefficient ring Λ𝑇

∼= Z[𝑡1, . . . , 𝑡𝑛]. If we explicitly choose
the approximation spaces E𝑁 := (C𝑁 ∖ {0})𝑛 and B𝑁 := (P𝑁−1)𝑛 as we did in Example 3.1.2, each
Chern class 𝑡𝑖 can be also identified with the first Chern class of the tautological line bundle pulled
back from the 𝑖-th factor of B𝑁 .

Comparing this to our previous calculations, we have Λ𝑇
∼= Z[𝑡1, . . . , 𝑡𝑛] and ΛGL(𝑛) ∼=

Z[𝑐1, . . . , 𝑐𝑛]. The natural inclusion of the torus 𝑇 →˓ GL(𝑛) induces a pullback ring homomorphism
ΛGL(𝑛) →˓ Λ𝑇 given by 𝑐𝑖 ↦→ 𝑒𝑖(𝑡1, . . . , 𝑡𝑛). This maps ΛGL(𝑛) isomorphically onto the subring of
symmetric polynomials in Λ𝑇 , serving as an algebraic manifestation of the splitting principle over a
single point.

Finally, we can provide an intrinsic description of this ring using representation theory. Let
𝑀 := Hom(𝑇,G𝑚) be the character lattice of the torus 𝑇 . Each character 𝜒 ∈ 𝑀 determines an
equivariant line bundle (a one-dimensional representation) C𝜒 defined by 𝑧 · 𝑣 := 𝜒(𝑧)𝑣 for 𝑧 ∈ 𝑇
and 𝑣 ∈ C. This induces a natural ring homomorphism Sym*𝑀 → Λ𝑇 defined by extending the
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assignment 𝜒 ↦→ 𝑐𝑇
1 (C𝜒). By fixing an isomorphism 𝑇 ∼= (G𝑚)𝑛, which naturally identifies 𝑀 ∼= Z𝑛,

it becomes clear that this canonical homomorphism is, in fact, an isomorphism.

We close our discussion of the topological counterpart by introducing equivariant homology,
which serves as a natural bridge to equivariant Chow groups. It is well established that the most
suitable topological homology framework for complex algebraic varieties is Borel–Moore homology
[Ful98, Chapter 19]. Therefore, it is natural to construct the equivariant homology H𝐺

* (𝑋) based
on the Borel–Moore theory.

Recall that if a scheme 𝑋 can be embedded as a closed subspace of an oriented real 𝑛-dimensional
manifold 𝑀 , we have a canonical isomorphism H𝑖(𝑋) ∼= H𝑛−𝑖(𝑀,𝑀 ∖𝑋) [Ful98, Chapter 19], which
can be viewed as a generalized form of Poincaré duality. This suggests a natural candidate for the
equivariant definition: if a 𝐺-space 𝑋 admits an equivariant embedding as a closed invariant subspace
of an oriented 𝐺-manifold 𝑀 of real dimension 𝑛, we should define H𝐺

𝑖 (𝑋) := H𝑛−𝑖
𝐺 (𝑀,𝑀 ∖𝑋).

By our previous construction, this relative equivariant cohomology evaluates to

H𝑛−𝑖
(︁
E𝑁 ×𝐺 𝑀, (E𝑁 ×𝐺 𝑀) ∖ (E𝑁 ×𝐺 𝑋)

)︁
provided that 𝑛− 𝑖 < 𝑁 (and thus 𝑖 > 𝑛−𝑁). As discussed in Remark 3.1.3, the approximation
space E𝑁 can be chosen such that the balanced product E𝑁 ×𝐺 𝑀 is at least an oriented real
manifold of dimension dimR𝑀+dimR B = 𝑛+dimR E−dimR𝐺, and it contains E𝑁×𝐺𝑋 as a closed
subspace. By applying the duality theorem once again to this quotient, the relative cohomology
group transforms into the Borel–Moore homology group H𝑖+dimR B(E𝑁 ×𝐺 𝑋). This eliminates the
auxiliary manifold 𝑀 from the final expression, motivating the following definition of equivariant
homology.

Definition 3.1.6 (Equivariant Homology). Let 𝐺 be a linear algebraic group and let 𝑋 be a scheme
admitting a 𝐺-action. For a sufficiently large approximation space E𝑁 (acyclic in degrees less than
𝑁), the equivariant (Borel–Moore) homology groups of 𝑋 are defined as

H𝐺
𝑖 (𝑋) := H𝑖+dimR B𝑁

(E𝑁 ×𝐺 𝑋) for 𝑖 > −𝑁.

By employing Bogomolov’s double fibration argument once more, or simply by passing to the
cohomology case via Poincaré duality, one can easily verify that this definition is independent of the
choice of the approximation space E𝑁 .

Motivated by the construction of equivariant homology, we are now positioned to introduce the
equivariant Chow groups, which follow the exact same finite-dimensional approximation philosophy.
Let E be a sufficiently acyclic approximation space and B = E/𝐺 its corresponding classifying space.
The equivariant Chow group of a 𝐺-space 𝑋 in degree 𝑖 is defined as

CH𝐺
𝑖 (𝑋) := CH𝑖+dim E−dim 𝐺(E×𝐺 𝑋) = CH𝑖+dim B(E×𝐺 𝑋).

Here, we treat the balanced product E×𝐺𝑋 as an algebraic space, as explained in Remark 3.1.3.
Although we previously discussed the (naive) Chow groups of an arbitrary Deligne–Mumford stack,
we emphasize that the foundational constructions from the first eight chapters of [Ful98] generalize
to algebraic spaces with no essential modifications. Because the diagonal map 𝑋 → 𝑋 ×𝑋 of an
algebraic space is a monomorphism representable by schemes (Theorem 2.3.31), the deformation
to the normal cone still functions effectively. We refer the reader to [EG98a, Section 6.1] for a
detailed discussion of intersection theory on algebraic spaces. Note that while we could assume
𝑋 itself is merely an algebraic space admitting a 𝐺-action, we restrict our attention to algebraic
schemes, as this level of generality is rarely needed in our practice.
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We give the definition of the equivariant Chow groups in a more precise way, following [EG98a,
Definition–Proposition 1]. Let 𝑋 be an 𝑛-dimensional scheme equipped with an action by an
algebraic group 𝐺 of dimension 𝑔. One can choose an 𝑙-dimensional representation 𝑉 of 𝐺 containing
a 𝐺-invariant open subset 𝑈 upon which 𝐺 acts freely, such that the codimension of the complement
𝑉 ∖ 𝑈 is greater than 𝑛 − 𝑖. Furthermore, 𝑈 is chosen so that the quotient map 𝑈 → 𝑈/𝐺 is a
principal 𝐺-bundle in the category of schemes.

The 𝑖-th equivariant Chow group is then defined as:

CH𝐺
𝑖 (𝑋) := CH𝑖+𝑙−𝑔(𝑋 ×𝐺 𝑈).

This definition is independent of the choice of representation 𝑉 and open set 𝑈 , provided the
complement 𝑉 ∖ 𝑈 has sufficiently high codimension.

This algebraic formulation carries a distinct technical advantage: by utilizing Bogomolov’s
double fibration argument, one can apply the excision exact sequence for Chow groups alongside the
canonical isomorphism between the Chow group of a vector bundle and its base scheme to verify
the independence of the representation.

Moreover, the construction of the principal bundle 𝑈 → 𝑈/𝐺 is identical to the algebraic
approximation of the universal bundle E𝐺 → B𝐺 discussed in Definition 3.1.1. To explicitly
construct these representation spaces, one first resolves the case for the general linear group GL𝑚.
For an arbitrary algebraic group 𝐺, one embeds 𝐺 →˓ GL𝑚 and leverages the fact that the quotient
GL𝑚 /𝐺 is a smooth quasi-projective variety to restrict the free GL𝑚-action down to 𝐺, as detailed
in [EG98a, Lemma 9].

We establish functoriality using the same finite-dimensional approximation philosophy discussed
earlier for equivariant cohomology. However, we need to exercise additional care here: to define
intersection-theoretic operations, we need to descend specific geometric properties, such as properness
or flatness, to the induced morphisms between the balanced products.

Consider a property of morphisms P that is stable under base change and local on the target in
the fppf topology. As we will demonstrate, equivariant Chow groups inherit the identical functorial
operations of ordinary Chow groups for equivariant morphisms satisfying P. If a 𝐺-equivariant
morphism 𝑓 : 𝑋 → 𝑌 satisfies P, then the induced product map id×𝑓 : E×𝑋 → E× 𝑌 satisfies P
as well. We can relate this to the balanced products via the natural Cartesian square:

E×𝑋 E× 𝑌

E×𝐺 𝑋 E×𝐺 𝑌

𝜋𝑋

id ×𝑓

𝜋𝑌

𝑓

□

The quotient map 𝜋𝑌 : E× 𝑌 → E×𝐺 𝑌 is a principal 𝐺-bundle, making it a smooth and surjective
morphism. Therefore, by fppf descent, the induced morphism 𝑓 : E×𝐺 𝑋 → E×𝐺 𝑌 inherits the
property P.

This descent mechanism allows us to transfer operations such as proper pushforwards, flat
pullbacks, and refined Gysin maps for regular embeddings into the equivariant Chow setting. To
conclude the construction, one applies Bogomolov’s double fibration argument once again to verify
that these induced maps are independent of the choice of the approximation space E.

3.1.2. Localization Formula. In this subsection, we restrict our attention to torus actions on
a scheme 𝑋.
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One of the most remarkable features of equivariant cohomology and intersection theory is that
global equivariant invariants can often be completely determined by the fixed points. This philosophy
allows us to carry out global computations using only local data around the fixed locus. This
approach is exceptionally powerful for torus actions, which, as we have seen, admit rich properties.

The foundational theorem of this philosophy is the Localization Formula. Let 𝑋 be a scheme
admitting a 𝑇 -action, and let 𝑋𝑇 ⊆ 𝑋 be the fixed locus, which is a closed subscheme of 𝑋. There
is a natural pushforward map of equivariant Chow groups 𝜄* : CH𝑇

* (𝑋𝑇 )→ CH𝑇
* (𝑋). Similarly, on

the level of equivariant Borel–Moore homology, there is a pushforward map 𝜄* : H𝑇
* (𝑋𝑇 )→ H𝑇

* (𝑋).
In general, these maps are neither injective nor surjective when 𝑋𝑇 ≠ ∅. For example, consider
𝑋 = P1 equipped with a 𝑇 = G𝑚 action via a non-trivial weight 𝜒.

However, a profound result states that, up to inverting certain torsion elements, the equivariant
Chow groups (and homology groups) of the fixed locus 𝑋𝑇 are isomorphic to those of the entire
space 𝑋.

Theorem 3.1.7 (Localization Formula). Let 𝑋 be a scheme admitting a torus action by 𝑇 . Let
𝑆 be the multiplicative set generated by all nonzero characters in 𝑀 = Hom(𝑇,G𝑚). Then the
pushforward induces an isomorphism

𝑆−1𝜄* : 𝑆−1 CH𝑇
* (𝑋𝑇 ) ∼−→ 𝑆−1 CH𝑇

* (𝑋).

as Λ𝑇 -modules. Note that Sym*𝑀 ∼= Λ𝑇 as shown in Example 3.1.5.
An analogous isomorphism holds for equivariant Borel–Moore homology groups.

We will not reproduce the proof of the most general version of this theorem (for arbitrary
schemes), and instead refer the reader to [EG98b, Theorem 1]. Here, we focus on the special case
where 𝑋 is a smooth variety. This assumption equips us with tools from the theory of algebraic
groups and yields a geometric proof using the self-intersection formula to construct the inverse of
𝑆−1𝜄*.

Lemma 3.1.8.
(1) (Smoothness of the fixed locus) Let 𝐺 be a smooth linearly reductive group variety acting

on a smooth variety 𝑋. Then the fixed locus subscheme 𝑋𝐺 is smooth.
(2) (Luna’s Slicing Theorem) Let 𝐺 be a reductive algebraic group acting on a smooth affine

scheme 𝑋. Let 𝑥 be a closed point of 𝑋 such that its orbit 𝒪𝑥 is closed. Then there exists
a 𝐺-equivariant étale neighbourhood 𝑈 → 𝑋 of 𝒪𝑥 which is equivariantly isomorphic to an
étale neighbourhood of the zero section of the normal bundle 𝑁𝒪𝑥/𝑋 .

For the proofs of these foundational results, we refer to [Mil17, Theorem 13.1, Lemma 13.36].
Let us examine how to deduce Theorem 3.1.7 when 𝑋 is a smooth variety. Let 𝑍 ⊆ 𝑋𝑇 be a

connected component of the fixed locus of codimension 𝑑, and let 𝜄 : 𝑍 →˓ 𝑋 be the natural closed
immersion. By Lemma 3.1.8, 𝑍 is smooth. Consequently, the normal bundle 𝑁𝑍/𝑋 is a well-defined
equivariant vector bundle of rank 𝑑. The self-intersection formula [Ful98, Corollary 6.3] states that
the composition

CH𝑇
* (𝑍) 𝜄*−→ CH𝑇

* (𝑋) 𝜄*
−→ CH𝑇

* (𝑍)
is given by multiplication by the equivariant top Chern class 𝑐𝑇

𝑑 (𝑁𝑍/𝑋). Our immediate goal is to
identify this class.

Fix 𝑝 ∈ 𝑍. Luna’s Slicing Theorem (Lemma 3.1.8) provides a 𝑇 -equivariant étale neighbourhood
of 𝑝 that is equivariantly isomorphic to a neighbourhood of the origin in its normal space 𝑇𝑝𝑋. Under
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this local isomorphism, the fixed locus 𝑍 corresponds to the 0-weight space 𝑇𝑝𝑍. Consequently, the
normal space 𝑁𝑝 = 𝑇𝑝𝑋/𝑇𝑝𝑍 decomposes into non-trivial weight spaces. Since 𝑍 is connected, the
multiset of weights of 𝑁𝑍/𝑋 is constant across 𝑍.

This implies there are nonzero characters 𝜒1, . . . , 𝜒𝑑 such that at every 𝑝 ∈ 𝑍, the torus 𝑇 acts
on the fiber 𝑁𝑝 with weights 𝜒1, . . . , 𝜒𝑑. If we view the equivariant Chow ring as an algebra over
the coefficient ring Λ𝑇 , the top Chern class 𝑐𝑇

𝑑 (𝑁𝑍/𝑋) takes the form

𝑐𝑇
𝑑 (𝑁𝑍/𝑋) = 𝜒1 · · ·𝜒𝑑 +

𝑑∑︁
𝑖=1

𝑎𝑑−𝑖𝑐𝑖, 𝑎𝑗 ∈ Λ𝑗
𝑇 , 𝑐𝑖 ∈ CH𝑖(𝑍).

Since 𝑍 is a finite-dimensional variety, any element 𝑐𝑖 ∈ CH𝑖(𝑍) of positive degree is nilpotent.
Since 𝜒1 · · ·𝜒𝑑 is a product of nonzero characters, it lies in the multiplicative set 𝑆 and is invertible
in 𝑆−1Λ𝑇 . Therefore, 𝑐𝑇

𝑑 (𝑁𝑍/𝑋) is invertible in the localized Chow group 𝑆−1 CH𝑇
* (𝑍), and the

localized composition
𝑆−1𝜄* ∘ 𝑆−1𝜄* : 𝑆−1 CH𝑇

* (𝑍)→ 𝑆−1 CH𝑇
* (𝑍)

is an isomorphism. This proves that 𝑆−1𝜄* is injective.
To establish that 𝑆−1𝜄* is surjective, more technical tools are required. If the equivariant Chow

ring CH*(𝑋𝑇 ) is free as a Z-module and there exists a collection of elements in CH*
𝑇 (𝑋) whose

restrictions form a basis of CH*(𝑋), surjectivity follows from the graded Nakayama’s lemma [AF24,
Chapter 5]. In the topological setting, this is proved by the Leray–Hirsch theorem. Although this
technical condition is redundant for the general theorem, the proof is involved and requires results
from the theory of algebraic groups; we refer to [AF24, Chapter 7] for details. One way to approach
is to analyze the equivariant excision exact sequence

CH𝑇
* (𝑋𝑇 ) 𝜄*−→ CH𝑇

* (𝑋)→ CH𝑇
* (𝑋 ∖𝑋𝑇 )→ 0

and show that after localization the equivariant Chow group of the complement vanishes.
This argument also leads directly to a computationally powerful corollary of Theorem 3.1.7.

Corollary 3.1.9 (Integration Formula / Bott Residue Formula). Following the notation above, let
𝑋 be a smooth variety equipped with a torus action. For any class 𝛼 ∈ 𝑆−1 CH𝑇

* (𝑋), we have

𝛼 =
∑︁

𝑍⊆𝑋𝑇

(𝜄𝑍)*

(︃
𝜄*𝑍𝛼

𝑐𝑇
𝑑𝑍

(𝑁𝑍/𝑋)

)︃
,

where the sum runs over all connected components 𝑍 of 𝑋𝑇 , 𝜄𝑍 : 𝑍 →˓ 𝑋 is the natural inclusion,
and 𝑑𝑍 is the codimension of 𝑍 in 𝑋.

Proof. Since Theorem 3.1.7 guarantees that 𝑆−1𝜄* is surjective, we can write 𝛼 =
∑︀

𝑍(𝜄𝑍)*(𝛽𝑍)
for some classes 𝛽𝑍 ∈ 𝑆−1 CH𝑇

* (𝑍). Applying the pullback (𝜄𝑍)* to both sides, and using the fact
that the fixed components are disjoint, the self-intersection formula yields

𝜄*𝑍𝛼 = (𝜄𝑍)*(𝜄𝑍)*(𝛽𝑍) = 𝑐𝑇
𝑑𝑍

(𝑁𝑍/𝑋) · 𝛽𝑍 .

Since the top Chern class of the normal bundle is invertible in the localized Chow group, we can
divide by it to obtain

𝛽𝑍 = 𝜄*𝑍𝛼

𝑐𝑇
𝑑𝑍

(𝑁𝑍/𝑋)
.

Substituting this back into the expression for 𝛼 yields the desired formula. □
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Example 3.1.10 (Torus action on projective spaces). To illustrate the power of the localization
theorems, we study the fundamental case of 𝑇 = G𝑚 acting on the projective space 𝑋 = P𝑛−1 with
distinct weights 𝜒1, . . . , 𝜒𝑛. The action is given by 𝑎 · [𝑧1, . . . , 𝑧𝑛] = [𝜒1(𝑎)𝑧1, . . . , 𝜒𝑛(𝑎)𝑧𝑛] for any
𝑎 ∈ 𝑇 .

We first compute the equivariant cohomology ring (or equivariant Chow ring) H*
𝑇 (P𝑛−1). Let

𝑉 ∼= C𝑛 be the standard representation. There is a commutative diagram:

E×𝑇 P(𝑉 ) P(E×𝑇 𝑉 )

B

∼=

By the formula for projective bundles, the cohomology ring is

H*
𝑇 (P𝑛−1) ∼=

Λ𝑇 [𝜁]
(𝜁𝑛 + 𝑐1𝜁𝑛−1 + · · ·+ 𝑐𝑛) ,

where 𝜁 = 𝑐𝑇
1 (𝒪(1)) is the hyperplane class and 𝑐𝑖 = 𝑐𝑇

𝑖 (𝑉 ) for each 𝑖 = 1, . . . , 𝑛. By the splitting
principle (Example 3.1.5), 𝑉 decomposes into weight spaces, allowing us to factor the relation as

H*
𝑇 (P𝑛−1) ∼=

Λ𝑇 [𝜁]∏︀𝑛
𝑖=1(𝜁 + 𝜒𝑖)

= Z[𝑡, 𝜁]∏︀𝑛
𝑖=1(𝜁 + 𝜒𝑖)

,

where each 𝜒𝑖 is identified with the first Chern class 𝑐𝑇
1 (C𝜒𝑖). The calculation for the equivariant

Chow ring is identical.
The fixed points of the torus action on P𝑛−1 correspond to [1, 0, . . . , 0], . . . , [0, . . . , 0, 1], which

we denote by 𝑝1, . . . , 𝑝𝑛. The tangent space of P𝑛−1 at a fixed point 𝑝𝑖 is

𝑇𝑝𝑖P
𝑛−1 = Hom(𝐿𝑖, 𝑉/𝐿𝑖) ∼=

⨁︁
𝑗 ̸=𝑖

𝐿∨
𝑖 ⊗ 𝐿𝑗 ,

where 𝐿𝑖 is the 𝑖-th coordinate line. Because 𝐿𝑖 is the eigenspace corresponding to 𝜒𝑖, the weights
of the tangent space are 𝜒𝑗 − 𝜒𝑖. Therefore, the top Chern class 𝑐𝑇

𝑛−1(𝑇𝑝𝑖P𝑛−1) is

𝑐𝑇
𝑛−1(𝑇𝑝𝑖P

𝑛−1) =
∏︁
𝑗 ̸=𝑖

(𝜒𝑗 − 𝜒𝑖) .

Note that equivariant Poincaré duality identifies the homology group H𝑇
* (P𝑛−1) with the

cohomology ring H*
𝑇 (P𝑛−1). Under this isomorphism, Corollary 3.1.9 applies also to cohomology

classes.
If we push the identity from Corollary 3.1.9 forward to a point via the projection map 𝜋 : P𝑛−1 →

pt, we obtain the classical Bott residue formula for the degree of a class 𝛼 ∈ 𝑆−1H*
𝑇 (P𝑛−1):∫︁

P𝑛−1
𝛼 =

𝑛∑︁
𝑖=1

𝛼|𝑝𝑖

𝑐𝑇
𝑛−1(𝑇𝑝𝑖P𝑛−1)

=
𝑛∑︁

𝑖=1

∏︁
𝑗 ̸=𝑖

𝛼|𝑝𝑖

𝜒𝑗 − 𝜒𝑖
.

Specifically, setting 𝛼 = 𝜁 = 𝑐𝑇
1 (𝒪(1)) to be the hyperplane class, its restriction at 𝑝𝑖 is −𝜒𝑖.

Substituting 𝛼𝑘 into the residue formula yields∫︁
P𝑛−1

𝛼𝑘 =
𝑛∑︁

𝑖=1

∏︁
𝑗 ̸=𝑖

(−𝜒𝑖)𝑘

𝜒𝑗 − 𝜒𝑖
.
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On the other hand, we know that
∫︀
P𝑛−1 𝛼𝑘 = 0 for 𝑘 < 𝑛− 1, and 1 for 𝑘 = 𝑛− 1. This produces a

non-trivial algebraic identity:

𝛿𝑘,𝑛−1 =
𝑛∑︁

𝑖=1

∏︁
𝑗 ̸=𝑖

(−𝜒𝑖)𝑘

𝜒𝑗 − 𝜒𝑖
for 𝑘 ≤ 𝑛− 1.

Example 3.1.11 (Schubert’s calculus for lines). We use the Integration Formula to solve a classical
problem in enumerative geometry: given 2𝑛− 4 general subspaces of codimension 2 in the projective
space P𝑛−1, how many lines intersect all of them?

Lines in P𝑛−1 correspond to 2-dimensional subspaces in C𝑛. Therefore, we work over the
Grassmannian 𝑋 = Gr(2,C𝑛), which is a smooth variety of dimension 2(𝑛 − 2) = 2𝑛 − 4. Let
𝐸1, . . . , 𝐸2𝑛−4 be general (𝑛 − 2)-dimensional subspaces of C𝑛. We count the number of points
𝐸 ∈ 𝑋 satisfying

dim(𝐸 ∩ 𝐸𝑘) ≥ 1 for 𝑘 = 1, . . . , 2𝑛− 4.
Let Ω𝑘 ⊆ 𝑋 be the Schubert variety of lines meeting 𝐸𝑘. Fixing a standard basis 𝑒1, . . . , 𝑒𝑛, we

can represent the first condition by setting 𝐸1 = span(𝑒1, . . . , 𝑒𝑛−2). The condition that 𝐸 meets 𝐸1
means the natural projection map from the tautological subbundle S to the quotient C𝑛/𝐸1 fails to
be injective. Therefore, Ω1 is the zero locus of a section of the line bundle Hom

(︁⋀︀2 S,
⋀︀2(C𝑛/𝐸1)

)︁
∼=⋀︀2 S∨ ⊗ det(C𝑛/𝐸1). The non-equivariant class of this Schubert variety is simply the first Chern

class of the dual tautological bundle, [Ω𝑘] = 𝑐1(S∨), often denoted as the hyperplane class 𝜎1.
We introduce the torus action on 𝑋 with weights 𝜒1, . . . , 𝜒𝑛. The fixed points correspond to

the coordinate planes 𝐸𝐼 = span(𝑒𝑎, 𝑒𝑏), indexed by 2-element subsets 𝐼 = {𝑎, 𝑏} ⊆ {1, . . . , 𝑛}. The
tangent space at a fixed point 𝐸𝐼 is

𝑇[𝐸𝐼 ]𝑋 = Hom(𝐸𝐼 ,C𝑛/𝐸𝐼) ∼=
⨁︁

𝑖∈𝐼, 𝑗 /∈𝐼

𝐿∨
𝑖 ⊗ 𝐿𝑗 .

Thus, the equivariant top Chern class of the tangent space is

𝑐𝑇
top(𝑇[𝐸𝐼 ]𝑋) =

∏︁
𝑖∈𝐼, 𝑗 /∈𝐼

(𝜒𝑗 − 𝜒𝑖).

The number of intersecting lines is given by the integral∫︁
𝑋

[Ω1] · · · [Ω2𝑛−4] =
∫︁

𝑋
𝜎2𝑛−4

1 .

Since this top-degree integral evaluates to a scalar, it can be computed using any equivariant lift.
We choose 𝑐𝑇

1 (S∨), whose restriction to the fixed point 𝐸𝐼 is (−𝜒𝑎 − 𝜒𝑏).
By Corollary 3.1.9, summing over the

(︀𝑛
2
)︀

fixed points yields:∫︁
𝑋
𝜎2𝑛−4

1 =
∑︁

1≤𝑎<𝑏≤𝑛

(−𝜒𝑎 − 𝜒𝑏)2𝑛−4∏︀
𝑗 ̸=𝑎,𝑏(𝜒𝑗 − 𝜒𝑎)(𝜒𝑗 − 𝜒𝑏)

.

This algebraic sum evaluates to the Catalan number:

𝐶𝑛−2 = 1
𝑛− 1

(︃
2𝑛− 4
𝑛− 2

)︃
.

For 𝑛 = 4, which corresponds to the number of lines meeting 4 general lines in P3, the formula
recovers 𝐶2 = 2.
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3.2. Virtual Fundamental Classes and Virtual Localization

This section surveys the construction of virtual fundamental classes for moduli problems,
for example, the existence of [ℳ𝑔,𝑛(𝑋,𝛽)]vir posed at the beginning of this chapter. We then
generalize the Integration Formula (Corollary 3.1.9) to the virtual setting, establishing the primary
computational tool for these classes. The main references for this section are [BF97, GP99].

3.2.1. Virtual Fundamental Classes. We motivate the general construction using Fulton’s
intersection theory. Let 𝑋 be a pure-dimensional scheme admitting a global regular embedding
𝑖 : 𝑋 →˓ 𝑌 into a scheme 𝑌 . Consider the sequence of maps:

CH*(𝑋) 𝑖*−→ CH*(𝑌 ) 𝜎−→ CH*(𝐶𝑋/𝑌 )
∼=−→ CH*(𝑁𝑋/𝑌 ) 0!

−→ CH*(𝑋).

Here, 𝜎 is the specialization map to the normal cone, and 0! is the inverse of the flat pullback
𝜋* : CH*(𝑋) → CH*(𝑁𝑋/𝑌 ). This pullback is an isomorphism because 𝑁𝑋/𝑌 is a vector bundle
for a regular embedding [Ful98, Theorem 3.3]. The operation 0! represents intersection with the
zero section of the normal bundle. The composition of these maps sends the fundamental class [𝑋]
identically back to [𝑋].

If 𝑋 is singular or not equidimensional, the classical fundamental class is ill-behaved since it
lacks a homogeneous fundamental class in a single degree. However, given a global embedding into a
scheme 𝑌 , the algebraic normal cone 𝐶𝑋/𝑌 remains well-defined and is equi-dimensional as long as
𝑌 is [Ful98, Appendix B.6.6]. If there exists a vector bundle 𝐸𝑋/𝑌 admitting a closed embedding
of cones 𝑗 : 𝐶𝑋/𝑌 →˓ 𝐸𝑋/𝑌 , we evaluate the sequence:

CH*(𝑋) 𝑖*−→ CH*(𝑌 ) 𝜎−→ CH*(𝐶𝑋/𝑌 ) 𝑗*−→ CH*(𝐸𝑋/𝑌 )
0!

𝐸−−→ CH*(𝑋).

This mechanism provides the first potential definition of the virtual fundamental class:

(3.2.1) [𝑋]vir
𝐸𝑋/𝑌

:= 0!
𝐸 [𝐶𝑋/𝑌 ].

The notation [𝑋]vir
𝐸𝑋/𝑌

emphasizes its dependence on the choice of the global embedding 𝑋 →˓ 𝑌

and the vector bundle 𝐸𝑋/𝑌 . We refer to 𝐸𝑋/𝑌 as the obstruction bundle, a terminology we will
justify shortly.

This construction closely parallels Fulton’s general intersection product of 𝑋 and 𝑉 within an
ambient scheme 𝑌 . Consider the Cartesian diagram:

𝑊 𝑉

𝑋 𝑌

𝑔 𝑓

𝑖

□

When 𝑖 is a regular embedding, the refined intersection product 𝑋 · 𝑉 is defined via the natural
closed immersion 𝐶𝑊/𝑉 →˓ 𝑔*𝑁𝑋/𝑌 . The product is defined by intersecting this cone with the
zero section of the pullback normal bundle. The virtual fundamental class mirrors this mechanism,
substituting the normal bundle with the obstruction bundle 𝐸𝑋/𝑌 .

Example 3.2.1. Suppose 𝑋 admits a global embedding into a pure-dimensional scheme 𝑌 . Assume
its ideal sheaf ℐ𝑋 is generated by global sections 𝑓1, . . . , 𝑓𝑛 corresponding to effective Cartier divisors
𝐷1, . . . , 𝐷𝑛. This defines a canonical surjection

𝑛⨁︁
𝑖=1
𝒪𝑌 (−𝐷𝑖)

𝐷𝑖 ↦→𝑓𝑖−−−−→ ℐ𝑋 .
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Taking the relative spectrum of the symmetric algebras induces a closed immersion of the normal
cone 𝐶𝑋/𝑌 into the vector bundle 𝐸𝑋/𝑌 :=

⨁︀𝑛
𝑖=1𝒪𝑌 (𝐷𝑖)|𝑋 . The construction of this obstruction

bundle 𝐸𝑋/𝑌 explicitly depends on the choice of the generating sections 𝑓1, . . . , 𝑓𝑛.
This setup is optimal for cases where 𝑋 ⊆ 𝑌 is defined by a section intersecting the zero section

non-transversally. More generally, the relationship between the ambient space, the subscheme, and
the vector bundle is captured by the following commutative diagram, which characterizes a broader
model for the obstruction bundle:

𝐸

𝑋 = 𝑍(𝑠) 𝑌

𝑠

Since 𝑋 is the zero locus of the global section 𝑠, the section induces a canonical cone embedding
𝐶𝑋/𝑌 →˓ 𝐸|𝑋 . By setting the obstruction bundle to 𝐸𝑋/𝑌 = 𝐸|𝑋 , the virtual fundamental class
evaluates to [𝑋]vir

𝐸 = 0!
𝐸|𝑋 [𝐶𝑋/𝑌 ].

We demonstrate this model with a fundamental example of non-transversal intersection, following
[Ful98, Examples 4.2.2 and 6.1.4]. Let 𝑌 be a smooth surface and let 𝐴, 𝐵, and 𝐷 be effective
Cartier divisors on 𝑌 , where 𝐴 and 𝐵 intersect transversally at a point 𝑃 /∈ 𝐷. Define 𝐴′ := 𝐴+𝐷

and 𝐵′ := 𝐵 +𝐷, and consider the scheme-theoretic intersection 𝑋 := 𝐴′ ∩𝐵′.
The subscheme 𝑋 admits a global embedding into 𝑌 . Since 𝐴′ and 𝐵′ correspond to the

generators of the ideal sheaf ℐ𝑋 , the associated obstruction bundle is

𝐸𝑋/𝑌 =
(︀
𝒪𝑌 (𝐴′)⊕𝒪𝑌 (𝐵′)

)︀⃒⃒
𝑋 .

To calculate the virtual fundamental class [𝑋]vir
𝐸𝑋/𝑌

= 0!
𝐸 [𝐶𝑋/𝑌 ], we apply the excess intersection

formula [Ful98, Proposition 6.1(a)]:

[𝑋]vir
𝐸𝑋/𝑌

=
{︁
𝑐(𝐸𝑋/𝑌 ) ∩ 𝑠(𝑋,𝑌 )

}︁
0
,

where 𝑠(𝑋,𝑌 ) is the Segre class of 𝑋 in 𝑌 . As computed in [Ful98, Example 4.2.2] via the blow-up
of 𝑌 at 𝑃 , the Segre class is

𝑠(𝑋,𝑌 ) = [𝐷] + ([𝑃 ]−𝐷 · [𝐷]) .

The first Chern class of the obstruction bundle is 𝑐1(𝐸𝑋/𝑌 ) = 𝐴′ +𝐵′ = 𝐴+𝐵 + 2𝐷. Substituting
this and the Segre class into the excess intersection formula evaluates the virtual fundamental class:

[𝑋]vir
𝐸𝑋/𝑌

= (𝐴+𝐵 + 2𝐷) · [𝐷] + ([𝑃 ]−𝐷 · [𝐷]) = (𝐴+𝐵 +𝐷) · [𝐷] + [𝑃 ].

We now address the limitations of the naive virtual fundamental class definition (3.2.1). Requiring
𝑋 to admit a global embedding into a pure-dimensional or smooth scheme 𝑌 alongside a global cone
immersion 𝐶𝑋/𝑌 →˓ 𝐸𝑋/𝑌 is often overly restrictive. However, this is not a fatal drawback since we
can circumvent this constraint by gluing local obstruction data to construct a global obstruction
bundle.

Let {𝑈𝑖} be an open cover of 𝑋. Suppose each 𝑈𝑖 admits a closed embedding 𝑈𝑖 →˓𝑀𝑖 into a
smooth scheme 𝑀𝑖, equipped with an obstruction bundle embedding 𝐶𝑈𝑖/𝑀𝑖

→˓ 𝐸𝑈𝑖/𝑀𝑖
. To glue

these into a global structure, we impose compatibility conditions on both the ambient spaces and
the obstruction bundles.

For a morphism of open subsets 𝜙𝑈 : 𝑈𝑖 → 𝑈𝑗 , we first assume that there exists a corresponding
smooth morphism 𝜙𝑀 : 𝑀𝑖 →𝑀𝑗 such that the following diagram is Cartesian:
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𝑈𝑖 𝑀𝑖

𝑈𝑗 𝑀𝑗

𝜙𝑈 𝜙𝑀□

The Cartesian and smoothness conditions guarantee that the pullback of the normal cone is
isomorphic to the local normal cone (i.e., 𝜙*

𝑈𝐶𝑈𝑗/𝑀𝑗
∼= 𝐶𝑈𝑖/𝑀𝑖

), which allows us to glue the local
normal cones 𝐶𝑈𝑖/𝑀𝑖

into a well-defined global one. We call the data (𝑈𝑖,𝑀𝑖, 𝜙𝑈 , 𝜙𝑀 ) a system of
(Zariski) local embedding of 𝑋.

We subsequently enforce gluing conditions on the obstruction bundles. Let 𝐸𝑖 := 𝐸𝑈𝑖/𝑀𝑖
. On

overlaps 𝑈𝑖𝑗 = 𝑈𝑖 ∩ 𝑈𝑗 , we assume that there exist isomorphisms 𝜑𝑖𝑗 : 𝐸𝑖|𝑈𝑖𝑗

∼−→ 𝐸𝑗 |𝑈𝑖𝑗 satisfying
cocycle conditions, such that the following diagram commutes.

𝐶𝑈𝑖/𝑀𝑖
|𝑈𝑖𝑗 𝐸𝑖|𝑈𝑖𝑗

𝐶𝑈𝑗/𝑀𝑗
|𝑈𝑖𝑗 𝐸𝑗 |𝑈𝑖𝑗

∼= 𝜑𝑖𝑗

These local compatibility criteria generalize the global construction and serve as the prototypical
model for (perfect) obstruction theories. The mechanism developed above allows us to define the
virtual fundamental class for a scheme admitting a system of local embedding.

The second, more severe drawback is the arbitrariness of the obstruction bundle in definition
(3.2.1). Merely requiring a local closed immersion 𝐶𝑋/𝑌 →˓ 𝐸𝑋/𝑌 permits choices that yield virtual
fundamental classes of the incorrect expected dimension, violating the foundational principles
proposed at the beginning of this chapter. The following example of twisted cubic illustrates this
phenomenon.

Example 3.2.2 (Twisted Cubic in P3). Consider the twisted cubic 𝑋 ⊂ P3 defined by the
3-uple embedding P1 →˓ P3 via [𝑠, 𝑡] ↦→ [𝑠3, 𝑠2𝑡, 𝑠𝑡2, 𝑡3]. Its ideal is generated by three quadrics
(𝑥𝑧−𝑦2, 𝑦𝑤−𝑧2, 𝑥𝑤−𝑦𝑧). Following the construction in Example 3.2.1, these generators correspond
to global sections of 𝒪P3(2). Since the embedding is of degree 3, the proposed obstruction bundle is

𝐸𝑋/P3 = 𝒪P1(6)⊕3.

On the other hand, it is a classical result [EVdV81] that the normal bundle of the twisted
cubic in P3 has rank 2 and decomposes as 𝑁𝑋/P3 = 𝒪P1(5)⊕𝒪P1(5). The embedding of the normal
cone thus corresponds to an exact sequence of vector bundles:

0→ 𝑁𝑋/P3 → 𝐸𝑋/P3 → 𝑄→ 0,

where the quotient bundle 𝑄 is a line bundle.
By Fulton’s excess intersection formula [Ful98, Theorem 6.3], the virtual fundamental class is

computed by capping the classical fundamental class [𝑋] with the top Chern class of the quotient
bundle 𝑄:

[𝑋]vir
𝐸𝑋/P3 = 𝑐1(𝑄) ∩ [𝑋].

Therefore
[𝑋]vir

𝐸𝑋/P3 = 8[pt].

To resolve this limitation, a more intrinsic definition of the obstruction bundle 𝐸𝑋/𝑌 is required.
Recall that when calculating the expected dimension of ℳ𝑔,𝑛(𝑋,𝛽) (3.0.1), the deformation theory
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of stable maps fully controlled the lower bound of the dimension via the Grothendieck–Riemann–
Roch theorem. This indicates a natural link between the choice of obstruction bundles and the
deformation theory of the scheme 𝑋, which is entirely governed by its cotangent complex L𝑋 .
Furthermore, the obstruction bundle construction relies on a closed immersion 𝐶𝑋/𝑌 →˓ 𝐸𝑋/𝑌 , and
the normal sheaf of a scheme natively emerges from the lowest cohomological degree of the dual
cotangent complex. These geometric facts motivate the use of the cotangent complex to extract the
necessary intrinsic data for a “finer” obstruction theory.

Before proceeding, we collect the essential properties of cotangent complexes. We omit the
technical construction of these complexes; full proofs are available in [Ill71, Ill72], and a modern,
concise survey is provided in [Alp26, Appendix C].

Proposition 3.2.3 (Properties of Cotangent Complexes). Let 𝑓 : 𝑋 → 𝑌 be a morphism of schemes
(resp. a morphism of finite type between Noetherian schemes). There exists a complex of flat
𝒪𝑋-modules concentrated in degrees ≤ 0 with quasi-coherent (resp. coherent) cohomology. We
denote its image in the upper-bounded derived category D−(Qcoh(𝑋)) (resp. D−(𝑋)) by L𝑋/𝑌 . It
satisfies the following properties:

(1) The zeroth cohomology sheaf recovers the module of Kähler differentials: ℋ0(L𝑋/𝑌 ) ∼= Ω𝑋/𝑌 .
(2) The morphism 𝑓 is smooth if and only if 𝑓 is locally of finite presentation and L𝑋/𝑌 is a

perfect complex concentrated in degree 0.
(3) If 𝑓 is flat and locally of finite presentation, then 𝑓 is a flat local complete intersection

if and only if L𝑋/𝑌 is a perfect complex concentrated in degrees [−1, 0]. Specifically, if
𝑓 factors as a closed immersion 𝑋 →˓ ̃︀𝑋 into a scheme smooth over 𝑌 , then L𝑋/𝑌 is
isomorphic in the derived category to the complex

0→ 𝐼/𝐼2 → Ω ̃︀𝑋/𝑌
|𝑋 → 0,

where Ω ̃︀𝑋/𝑌
|𝑋 is placed in degree 0 and 𝐼 is the ideal sheaf of 𝑋 in ̃︀𝑋.

(4) For a Cartesian square

𝑋 ′ 𝑋

𝑌 ′ 𝑌

𝑔′

𝑓

𝑔

□

if either 𝑓 or 𝑔 is flat, there is a canonical isomorphism in the derived category: 𝐿𝑔′*L𝑋/𝑌
∼−→

L𝑋′/𝑌 ′.
(5) The composition of scheme morphisms 𝑋 𝑓−→ 𝑌 → 𝑍 induces a distinguished triangle in the

derived category:

𝐿𝑓*L𝑌/𝑍 → L𝑋/𝑍 → L𝑋/𝑌 → 𝐿𝑓*L𝑌/𝑍 [1].

We now generalize our previous constructions. We have discussed how to define the virtual
fundamental class of a scheme admitting a system of local embedding, which allows us to glue the
normal cones. Our next goal is to extend this to Deligne–Mumford stacks. By modding out the
action of the tangent bundle, we generalize the gluing of scheme-theoretic normal cones to the gluing
of quotient cone stacks. This mechanism incorporates intrinsic obstruction data, yielding a finer
geometric construction known as the intrinsic normal cone.
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Definition 3.2.4 (System of Local Embeddings). Let 𝒳 be a Deligne–Mumford stack. A system
of local embeddings for 𝒳 is the data {(𝑈𝑖,𝑀𝑖)}𝑖∈𝐼 equipped with transition morphisms, where
{𝑈𝑖 → 𝒳} is an étale covering of 𝒳 , and each 𝑀𝑖 is a smooth scheme admitting a closed immersion
𝑓𝑖 : 𝑈𝑖 →𝑀𝑖.

This data satisfies the compatibility condition that for any morphism 𝜙𝑈 : 𝑈𝑖 → 𝑈𝑗 over 𝒳 ,
there exists a smooth morphism 𝜙𝑀 : 𝑀𝑖 →𝑀𝑗 such that the following diagram commutes:

𝑈𝑖 𝑀𝑖

𝑈𝑗 𝑀𝑗

𝜙𝑈

𝑓𝑖

𝜙𝑀

𝑓𝑗

Let (𝑈𝑖,𝑀𝑖) be a local embedding in this system, and let ℐ𝑖 be the ideal sheaf of 𝑈𝑖 in 𝑀𝑖. There
is a canonical differential map ℐ𝑖/ℐ2

𝑖 → 𝑓*
𝑖 Ω𝑀𝑖 . Dualizing this yields a vector bundle morphism

𝑓*
𝑖 𝑇𝑀𝑖 → 𝑁𝑈𝑖/𝑀𝑖

, which defines an action of the tangent bundle 𝑓*
𝑖 𝑇𝑀𝑖 on the normal sheaf 𝑁𝑈𝑖/𝑀𝑖

.
This naturally yields the quotient stack [𝑁𝑈𝑖/𝑀𝑖

/𝑓*
𝑖 𝑇𝑀𝑖].

Furthermore, the compatibility condition over a morphism 𝜙𝑈 : 𝑈𝑖 → 𝑈𝑗 yields a natural pullback
map of ideal sheaves, inducing a commutative diagram:

ℐ𝑗/ℐ2
𝑗 |𝑈𝑖 𝑓*

𝑗 Ω𝑀𝑗 |𝑈𝑖

ℐ𝑖/ℐ2
𝑖 𝑓*

𝑖 Ω𝑀𝑖

Because we quotient by the respective tangent bundles, this diagram induces a canonical morphism
of quotient stacks ̃︀𝜒∨ : [𝑁𝑈𝑖/𝑀𝑖

/𝑓*
𝑖 𝑇𝑀𝑖]→ [𝑁𝑈𝑗/𝑀𝑗

/𝑓*
𝑗 𝑇𝑀𝑗 ]|𝑈𝑖 , which is an isomorphism.

The stack [𝐶𝑈𝑖/𝑀𝑖
/𝑓*

𝑖 𝑇𝑀𝑖] is a natural closed substack of [𝑁𝑈𝑖/𝑀𝑖
/𝑓*

𝑖 𝑇𝑀𝑖]. It is proved in
[BF97, Corollary 3.9] that the isomorphism ̃︀𝜒∨ identifies the closed substack [𝐶𝑈𝑖/𝑀𝑖

/𝑓*
𝑖 𝑇𝑀𝑖] with

the pullback [𝐶𝑈𝑗/𝑀𝑗
/𝑓*

𝑗 𝑇𝑀𝑗 ]|𝑈𝑖 . This descent condition ensures the pieces glue together, permitting
the global definition of intrinsic normal cones and sheaves.

Definition 3.2.5 (Intrinsic Normal Cones and Sheaves). Let 𝒳 be a Deligne–Mumford stack
equipped with a system of local embeddings {(𝑈𝑖,𝑀𝑖)}𝑖∈𝐼 .

(1) The intrinsic normal cone of 𝒳 is the algebraic stack C𝒳 such that for any local embedding
(𝑈𝑖,𝑀𝑖) in the system, there is an isomorphism C𝒳 |𝑈𝑖

∼= [𝐶𝑈𝑖/𝑀𝑖
/𝑓*

𝑖 𝑇𝑀𝑖].
(2) The intrinsic normal sheaf of 𝒳 is the algebraic stack N𝒳 such that for any local embedding

(𝑈𝑖,𝑀𝑖) in the system, there is an isomorphism N𝒳 |𝑈𝑖
∼= [𝑁𝑈𝑖/𝑀𝑖

/𝑓*
𝑖 𝑇𝑀𝑖].

This updated language incorporates the action of the tangent bundle on the normal cone and
sheaf, inherently integrating the data of the cotangent complex. The connection of the intrinsic
normal cones/sheaves and the cotangent complexes will become more explicit once we introduce the
language of ℎ1/ℎ0-type stacks.

Definition 3.2.6 (ℎ1/ℎ0-type stacks). Let 𝒳 be a Deligne–Mumford stack and let 𝐸∙ be a complex
of abelian sheaves on 𝒳 concentrated in degrees 0 and 1, with differential 𝑑 : 𝐸0 → 𝐸1. We define
the quotient stack

ℎ1/ℎ0(𝐸∙) := [𝐸1/𝐸0].
For a complex 𝐸∙ of arbitrary length, we define:

ℎ1/ℎ0(𝐸∙) := ℎ1/ℎ0(𝜏[0,1](𝐸∙)),
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where 𝜏[0,1] denotes the canonical truncation of 𝐸∙.

A morphism 𝜑 : 𝐸∙ → 𝐹 ∙ between two-term complexes induces a morphism of quotient stacks
ℎ1/ℎ0(𝜑) : ℎ1/ℎ0(𝐸∙)→ ℎ1/ℎ0(𝐹 ∙). For an étale scheme 𝑈 → 𝒳 , an object (𝑃, 𝑓) ∈ ℎ1/ℎ0(𝐸∙)(𝑈)
consists of an 𝐸0-torsor 𝑃 and an 𝐸0-equivariant map 𝑓 : 𝑃 → 𝐸1. The morphism ℎ1/ℎ0(𝜑) maps
(𝑃, 𝑓) to the pushout (𝑃 ×𝐸0

𝐹 0, 𝜑1(𝑓)), where the map

𝜑1(𝑓) : 𝑃 ×𝐸0
𝐹 0 −→ 𝐹 1

(𝑝, 𝜇) ↦−→ 𝜑1(𝑓(𝑝)) + 𝑑(𝜇)

is well-defined via the differential 𝑑 : 𝐹 0 → 𝐹 1 of 𝐹 ∙.
We collect the foundational properties of these stacks [BF97, Section 2].

Proposition 3.2.7 (Properties of ℎ1/ℎ0-type stacks). Let 𝐸∙ and 𝐹 ∙ be complexes of abelian sheaves
on a Deligne–Mumford stack 𝒳 . A complex 𝐿∙ ∈ D(𝒪𝒳 ) satisfies condition (*) if ℋ𝑖(𝐿∙) = 0 for
𝑖 > 0 and ℋ𝑖(𝐿∙) is coherent for 𝑖 = 0,−1.

(1) A quasi-isomorphism 𝜑 : 𝐸∙ → 𝐹 ∙ induces an isomorphism of quotient stacks ℎ1/ℎ0(𝜑).
Consequently, the ℎ1/ℎ0-type stack is well-defined up to unique isomorphism for objects in
the derived category D(𝒪𝒳 ).

(2) If 𝐿∙ ∈ D(𝒪𝒳 ) satisfies condition (*), the dual quotient stack ℎ1/ℎ0((𝐿∙)∨) is an algebraic
stack and an abelian cone stack. If 𝐿∙ is perfect and concentrated in degrees [−1, 0], then
ℎ1/ℎ0((𝐿∙)∨) is a vector bundle stack. (We implicitly evaluate the dual complex in the
smooth or big fppf topology).

(3) Let 𝜑 : 𝐸∙ → 𝐹 ∙ be a morphism in D(𝒪𝒳 ) where both complexes satisfy condition (*). The
induced stack morphism ℎ1/ℎ0(𝜑∨) : ℎ1/ℎ0((𝐹 ∙)∨)→ ℎ1/ℎ0((𝐸∙)∨) is a closed immersion
if and only if ℋ0(𝜑) is an isomorphism and ℋ−1(𝜑) is surjective. Furthermore, ℎ1/ℎ0(𝜑∨)
is an isomorphism if and only if both ℋ0(𝜑) and ℋ−1(𝜑) are isomorphisms.

We can now give an intrinsic description of Definition 3.2.5. Let (𝑈,𝑀) be a local embedding in
a system of local embeddings for a Deligne–Mumford stack 𝒳 . Because 𝑈 → 𝒳 is étale, we have
L𝒳 |𝑈 ∼= L𝑈 . By Proposition 3.2.3, the relative cotangent complex L𝑈/𝑀 is isomorphic in the derived
category to the complex [𝐼/𝐼2 → 𝑓*Ω𝑀 ] concentrated in degrees [−1, 0].

The natural morphism of cotangent complexes 𝜑 : L𝒳 |𝑈 → L𝑈/𝑀 induces an isomorphism on
the cohomology sheaves ℋ−1 and ℋ0. Therefore, by Proposition 3.2.7, the dual morphism 𝜑∨ yields
a canonical isomorphism of quotient stacks:

[𝑁𝑈/𝑀/𝑓*𝑇𝑀 ] ∼−→ ℎ1/ℎ0(L∨
𝒳 )
⃒⃒⃒
𝑈
.

This glues globally to establish the canonical isomorphism:

ℎ1/ℎ0(L∨
𝒳 ) ∼= N𝒳 .

Consequently, the intrinsic normal cone C𝒳 is identified exactly as a closed substack of ℎ1/ℎ0(L∨
𝒳 ).

This proves that the intrinsic normal sheaf is entirely controlled by the cotangent complex of 𝒳 .
On the other hand, we need to utilize the full information of the cotangent complex to capture all
deformation obstructions and yield the correct expected dimension, which motivates the following
definition:

Definition 3.2.8 (Perfect Obstruction Theory and Virtual Fundamental Class). Let 𝒳 be a
Deligne–Mumford stack, and let 𝐸∙ ∈ D(𝒪𝒳 ) be a complex satisfying condition (*) from Proposition
3.2.7.
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(1) A morphism 𝜑 : 𝐸∙ → L𝒳 is an obstruction theory if ℋ0(𝜑) is an isomorphism and ℋ−1(𝜑)
is surjective. By Proposition 3.2.7, this is equivalent to the condition that the induced stack
morphism 𝜑∨ : N𝒳 → ℎ1/ℎ0(𝐸∨) is a closed immersion. If 𝐸∙ is additionally a perfect
complex concentrated in degrees [−1, 0], then 𝜑 is called a perfect obstruction theory.

(2) Let 𝜑 : 𝐸∙ → L𝒳 be a perfect obstruction theory. The quotient stack can be represented as
ℎ1/ℎ0(𝐸∨) ∼= [(𝐸−1)∨/(𝐸0)∨]. The vector bundle (𝐸−1)∨ provides an atlas for this stack,
inducing the following Cartesian diagram:

𝐶(𝐸∙) (𝐸−1)∨

C𝒳 ℎ1/ℎ0(𝐸∨)

□

The virtual fundamental class is defined as the intersection of the cone pullback 𝐶(𝐸∙)
with the zero section of the vector bundle (𝐸−1)∨:

[𝒳 ]vir
𝐸∙ := 0!

(𝐸−1)∨ [𝐶(𝐸∙)].

Remark 3.2.9. In practice, it suffices to assume that 𝐸∙ is locally isomorphic to a perfect complex
in degrees [−1, 0] and admits a global resolution by vector bundles. The resulting virtual fundamental
class is independent of the chosen global resolution [BF97, Proposition 5.3].

The requirement for a global resolution can be dropped, provided one extends intersection
theory to general Artin stacks. The quotient stacks of ℎ1/ℎ0-type are algebraic, but not generally
Deligne–Mumford. The development of this generalized intersection theory is beyond the scope of
this thesis; we refer to [Kre99] for the construction.

Example 3.2.10 (Perfect obstruction theory on schemes). We revisit the construction of the virtual
fundamental class for an arbitrary scheme, addressing the core problem posed at the beginning of
this section. We expand upon the zero-locus model from Example 3.2.1. Let 𝑌 be a smooth scheme,
𝐸 → 𝑌 a vector bundle, and 𝑠 : 𝑌 → 𝐸 a global section. Let 𝑋 ⊆ 𝑌 be the subscheme defined as
the zero locus of 𝑠:

𝐸

𝑋 = 𝑍(𝑠) 𝑌

𝑠

We illustrate how this model induces a perfect obstruction theory on 𝑋. The section 𝑠 is
equivalently a bundle morphism 𝑠∨ : 𝐸∨ → 𝒪𝑌 . The image of 𝑠∨ generates the ideal sheaf ℐ defining
𝑋. Restricting to 𝑋 yields a canonical surjection 𝐸∨|𝑋 → ℐ/ℐ2.

Composing this with the differential map ℐ/ℐ2 → Ω𝑌 |𝑋 produces the following commutative
diagram:

(3.2.2)
𝐸∨|𝑋 Ω𝑌 |𝑋

ℐ/ℐ2 Ω𝑌 |𝑋

𝑠∨|𝑋 id

𝑑

We define the two-term complex 𝐸∙ concentrated in degrees [−1, 0] as:

𝐸∙ := [𝐸∨|𝑋 → Ω𝑌 |𝑋 ].
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The commutative diagram above induces a morphism in the derived category 𝜑 : 𝐸∙ → L𝑋 . Because
ℋ0(𝜑) is an isomorphism and ℋ−1(𝜑) is surjective, 𝜑 constitutes a perfect obstruction theory on 𝑋.

This construction yields the desired virtual fundamental class [𝑋]vir
𝐸∙ . According to Definition

3.2.8, this class is obtained by the refined intersection product of the graph of the section 𝑠 with the
zero section of 𝐸. In the literature, this localized top Chern class is referred to as the refined Euler
class of 𝐸, as detailed in [GP99, Section 2]. See also [Ful98, Chapter 14.1] for detailed discussion
of localized Chern classes.

Furthermore, it is a foundational result that any perfect obstruction theory on a scheme is
locally of the form (3.2.2), as demonstrated in [Tod21, pp. 6–7].

Overall, the preceding discussion reveals the general principle underlying virtual fundamental
classes: defining the virtual fundamental class of a moduli space—such as the moduli stack of
stable maps ℳ𝑔,𝑛(𝑋,𝛽) introduced at the beginning of this chapter—ultimately reduces to finding
a well-behaved two-term obstruction theory. For a detailed discussion of the canonical obstruction
theory on ℳ𝑔,𝑛(𝑋,𝛽), we refer to [GP99, Appendix B].

3.2.2. Virtual Localization. We now generalize the Integration Formula (Corollary 3.1.9)
to the virtual setting. Recall that for a smooth variety 𝑋 equipped with a C*-action, the classical
localization formula states

[𝑋] =
∑︁

𝑍⊆𝑋C*
(𝜄𝑍)*

(︃
[𝑍]

𝑐C
*

top(𝑁𝑍/𝑋)

)︃
,

where [𝑋] and [𝑍] are the equivariant fundamental classes of 𝑋 and a component of the fixed locus
𝑋C* , respectively. We follow the standard convention of denoting the top equivariant Chern class
as the equivariant Euler class 𝑒(𝑁).

Throughout this subsection, all classes (including virtual fundamental classes) are C*-equivariant,
though we suppress the torus action subscript C* to simplify the notation.

Let 𝑋 be an algebraic scheme over C equipped with a torus action and a C*-equivariant perfect
obstruction theory. Although the classical localization formula fails for singular 𝑋, the virtual
fundamental class machinery extends it to

[𝑋]vir =
∑︁

𝑋𝑖⊆𝑋C*
𝜄*

(︃
[𝑋𝑖]vir

𝑒(𝑁vir
𝑖 )

)︃
.

Here, 𝑋𝑖 are the components of the fixed locus 𝑋C* equipped with an induced perfect obstruction
theory, and 𝑒(𝑁vir

𝑖 ) is the Euler class of the virtual normal bundle. To make this formula rigorous,
we need to resolve two questions:

(1) Given a C*-equivariant perfect obstruction theory 𝐸∙ on 𝑋, how does it induce a perfect
obstruction theory on 𝑋𝑖 to define [𝑋𝑖]vir?

(2) What is the definition of the virtual normal bundle 𝑁vir
𝑖 , and how is its Euler class defined?

To address the first question, we assume 𝑋 admits a C*-equivariant closed immersion into a
smooth scheme (or Deligne–Mumford stack) 𝑌 . Let ℐ be the ideal sheaf of 𝑋 in 𝑌 . The canonical
truncation of the cotangent complex of 𝑋 is quasi-isomorphic to the two-term complex:

𝜏≥−1L𝑋
∼= [ℐ/ℐ2|𝑋 → Ω𝑌 |𝑋 ].

100



A perfect obstruction theory is given by a two-term complex of vector bundles 𝐸∙ = [𝐸−1 → 𝐸0] on
𝑋 and a morphism 𝐸∙ → L𝑋 that induces an isomorphism on ℋ0 and a surjection on ℋ−1. If this
morphism is C*-equivariant, 𝐸∙ constitutes a C*-equivariant perfect obstruction theory.

By Lemma 3.1.8, the components 𝑌𝑖 of the fixed locus 𝑌 C* are smooth. For any C*-invariant
closed subscheme 𝑋 ⊆ 𝑌 , we have 𝑋𝑇 = 𝑋 ∩ 𝑌 𝑇 scheme-theoretically. Let 𝑋𝑖 = 𝑋 ∩ 𝑌𝑖 denote the
components of the fixed locus 𝑋C* , which may be singular or reducible.

For a C*-equivariant coherent sheaf ℱ on a fixed component 𝑋𝑖, the representation theory of
the torus dictates that ℱ decomposes into a direct sum of weight spaces

ℱ =
⨁︁

𝜒∈Hom(C*,G𝑚)
ℱ𝜒 ∼=

⨁︁
𝑘∈Z
ℱ𝑘.

Following the notation of [GP99, p. 6], we define the fixed part of ℱ as the weight-zero component
ℱ𝑓 := ℱ0, and the moving part as ℱ𝑚 :=

⨁︀
𝜒̸=0ℱ𝜒. This yields a canonical splitting ℱ = ℱ𝑓 ⊕ℱ𝑚.

Restricting the complex 𝐸∙ to 𝑋𝑖, we obtain a complex 𝐸∙
𝑖 with a fixed part 𝐸∙,𝑓

𝑖 . The original
obstruction morphism yields a pullback map 𝜑𝑖 : 𝐸∙

𝑖 → L𝑋 |𝑋𝑖 . Composing this with the natural
restriction L𝑋 |𝑋𝑖 → L𝑋𝑖 yields a canonical map 𝐸∙

𝑖 → L𝑋𝑖 .
Because 𝑋𝑖 is fixed pointwise by C*, the torus acts trivially on L𝑋𝑖 , meaning L𝑓

𝑋𝑖
= L𝑋𝑖 .

Furthermore, from the scheme-theoretic intersection 𝑋𝑖 = 𝑋 ∩ 𝑌𝑖, we have Ω𝑌 |𝑓𝑌𝑖

∼= Ω𝑌𝑖 , which
restricts to Ω𝑋 |𝑓𝑋𝑖

∼= Ω𝑋𝑖 . Taking the fixed part of the composite morphism naturally isolates a
map:

𝜓𝑖 : 𝐸∙,𝑓
𝑖 → L𝑋𝑖 .

By [GP99, Proposition 1], the morphism 𝜓𝑖 inherently constitutes a perfect obstruction theory on
𝑋𝑖. This answers the first question: the canonical fixed-part perfect obstruction theory directly
induces the virtual fundamental class [𝑋𝑖]vir.

We next define the virtual normal bundle 𝑁vir
𝑖 by dualizing the obstruction theory. Let

𝐸∙ := (𝐸∙)∨ denote the virtual tangent complex, which is concentrated in degrees [0, 1]. Restricting
this to the fixed component 𝑋𝑖 yields the complex 𝐸∙,𝑖. The virtual normal bundle 𝑁vir

𝑖 is defined as
the moving part of this restricted complex, denoted by 𝐸𝑚

∙,𝑖. In some literature, the virtual normal
bundle is also defined as [𝐵0] − [𝐵1] 𝐾-theoretically, where [𝐵0 → 𝐵1] represents the two-term
complex 𝐸𝑚

∙,𝑖.
When 𝑋 is smooth, this recovers the classical normal bundle. In the smooth case, the canonical

perfect obstruction theory is simply the cotangent bundle 𝐸∙ = Ω𝑋 placed in degree 0 (Proposition
3.2.3). Its dual complex is the tangent bundle 𝐸∙ = 𝑇𝑋 . Restricting to the fixed locus 𝑋𝑖, the torus
action induces a direct sum decomposition 𝑇𝑋 |𝑋𝑖 = (𝑇𝑋 |𝑋𝑖)𝑓 ⊕ (𝑇𝑋 |𝑋𝑖)𝑚. The fixed part is exactly
the tangent bundle of the fixed locus 𝑇𝑋𝑖 , and the moving part is precisely the classical normal
bundle 𝑁𝑋𝑖/𝑋 . Therefore, 𝑁vir

𝑖 = (𝑇𝑋 |𝑋𝑖)𝑚 = 𝑁𝑋𝑖/𝑋 , matching classical normal bundle.
The equivariant Euler class (or top equivariant Chern class) of the virtual normal bundle is

defined as follows. Let the moving complex 𝐸𝑚
∙,𝑖 be represented by a two-term complex of vector

bundles [𝐵0 → 𝐵1], where 𝐵𝑘 sits in degree 𝑘. The virtual Euler class is the ratio of their classical
equivariant Euler classes:

𝑒(𝑁vir
𝑖 ) = 𝑒([𝐵0 → 𝐵1]) := 𝑒(𝐵0)

𝑒(𝐵1) .

Since 𝐵0 and 𝐵1 consist entirely of moving weight spaces, their equivariant Euler classes are products
of non-zero characters. Therefore, these classes are invertible in the localized equivariant Chow ring
in Theorem 3.1.7.
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The coefficient ring ΛC* in the Q-coefficient is ΛC* ∼= Q[𝑡]. Therefore, the localized ring used in
the Localization Formula is explicitly:

CHC*
* (𝑋)⊗Q[𝑡] Q[𝑡, 𝑡−1].

In this localized ring, the division in the virtual Euler class formula is well-defined.
We are now prepared to state and prove the main theorem of virtual localization [GP99, Sections

2–3].

Theorem 3.2.11. Let 𝑋 be an algebraic scheme admitting a C*-action and a C*-equivariant perfect
obstruction theory, with a C*-equivariant closed embedding into a nonsingular scheme (or a smooth
Deligne–Mumford stack) 𝑌 . Then in the localized Chow ring CHC*

* (𝑋)⊗Q[𝑡] Q[𝑡, 𝑡−1], we have:

[𝑋]vir =
∑︁

𝑋𝑖⊆𝑋C*
𝜄𝑖*

(︃
[𝑋𝑖]vir

𝑒(𝑁vir
𝑖 )

)︃
,

where 𝜄𝑖 : 𝑋𝑖 →˓ 𝑋 are the inclusion maps of the fixed components.

Proof. We focus on the global zero-locus case from Example 3.2.1. Suppose there is a C*-
equivariant vector bundle 𝑉 → 𝑌 with a C*-invariant section 𝑣, such that 𝑋 is the zero locus of 𝑣.
As shown previously, the two-term complex of bundles on 𝑋

𝐸∙ := [𝑉 ∨|𝑋 → Ω𝑌 |𝑋 ]

constitutes a perfect obstruction theory on 𝑋, which is clearly C*-equivariant. The virtual funda-
mental class [𝑋]vir is precisely the refined Euler class 𝑒ref(𝑉 ) (Example 3.2.1).

Let 𝑌𝑖 be the components of the fixed locus 𝑌 C* , so 𝑋𝑖 = 𝑋 ∩ 𝑌𝑖. Because 𝑣 is C*-invariant, its
restriction to 𝑌𝑖 lies entirely within the weight-zero subbundle 𝑉 𝑓

𝑖 , where 𝑉𝑖 := 𝑉 |𝑌𝑖 . Therefore, the
perfect obstruction theory induced on 𝑋𝑖 is exactly the one obtained from the bundle 𝑉 𝑓

𝑖 and the
restricted section 𝑣|𝑌𝑖 . Consequently, the virtual fundamental class of each fixed component 𝑋𝑖 is
the refined Euler class of the fixed part: [𝑋𝑖]vir = 𝑒ref(𝑉 𝑓

𝑖 ).
Next, we identify the virtual normal bundle, defined as the moving part of the complex dual

to 𝐸∙, which is [𝑇𝑌 |𝑋 → 𝑉 |𝑋 ]. Restricting to 𝑋𝑖, the moving part of the tangent bundle 𝑇𝑌 is
simply the honest normal bundle 𝑁𝑌𝑖/𝑌 |𝑋𝑖 . Thus, the virtual normal bundle is the complex

𝑁vir
𝑖 = [𝑁𝑌𝑖/𝑌 |𝑋𝑖 → 𝑉 𝑚

𝑖 |𝑋𝑖 ].

By definition, its Euler class in the localized ring is

𝑒(𝑁vir
𝑖 ) =

𝑒(𝑁𝑌𝑖/𝑌 )
𝑒(𝑉 𝑚

𝑖 ) .

Therefore, substituting these into the localization formula, we are left to show that the following
holds in the localized Chow ring of 𝑋:

(3.2.3) 𝑒ref(𝑉 ) =
∑︁

𝑖

𝜄𝑖*
𝑒ref(𝑉 𝑓

𝑖 ) ∩ 𝑒(𝑉 𝑚
𝑖 )

𝑒(𝑁𝑌𝑖/𝑌 ) .

Because 𝑌 is smooth, the classical Integration Formula (Corollary 3.1.9) applies to 𝑌 :

[𝑌 ] =
∑︁

𝑖

𝑗𝑖*
[𝑌𝑖]

𝑒(𝑁𝑌𝑖/𝑌 ) ,
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where 𝑗𝑖 : 𝑌𝑖 →˓ 𝑌 . Capping both sides with the refined Euler class 𝑒ref(𝑉 ) yields:

𝑒ref(𝑉 ) =
∑︁

𝑖

𝜄𝑖*
𝑒ref(𝑉𝑖) ∩ [𝑌𝑖]
𝑒(𝑁𝑌𝑖/𝑌 ) .

Finally, observe that over 𝑌𝑖, the bundle splits equivariantly as 𝑉𝑖 = 𝑉 𝑓
𝑖 ⊕ 𝑉 𝑚

𝑖 . Because the
section 𝑣|𝑌𝑖 is C*-invariant, its projection onto the moving part 𝑉 𝑚

𝑖 is identically zero. Therefore,
by [Ful98, Example 14.1.3] we have

𝑒ref(𝑉𝑖) = 𝑒ref(𝑉 𝑓
𝑖 ) ∩ 𝑒(𝑉 𝑚

𝑖 ).

Substituting this factorization into the sum concludes (3.2.3) and completes the proof for the global
zero-locus case.

The general case relies on reducing arbitrary perfect obstruction theories to this localized zero-
locus model, which is technically heavier. We refer to [GP99, Section 3] for those full details. □

Remark 3.2.12. In applications, the virtual localization formula is usually applied to moduli spaces,
which are typically Deligne–Mumford stacks. The foundational work of Graber and Pandharipande
[GP99, Appendix C] also generalizes the virtual localization formula to the case where 𝑋 is a
Deligne–Mumford stack, under the condition that 𝑋 admits a global C*-equivariant embedding
into a smooth Deligne–Mumford stack. This global embedding requirement has since been proven
redundant in subsequent literature [CKL17].

In practice, applying the virtual localization formula requires two main geometric identifications.
First, one needs to identify the virtual fundamental class of the fixed locus, which naturally arises
from the C*-fixed part of the moduli space’s perfect obstruction theory. Second, one needs to
identify the virtual normal bundle, whose Euler class is typically evaluated via the cohomology ring
of the fixed locus.

The first example of this machinery is the moduli stack of stable maps, with detailed localization
calculations provided in [GP99, Section 4]. Our derivation of the ELSV formula in the following
chapter will rely on exactly this geometric philosophy, demonstrating these virtual techniques in an
explicit manner.
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CHAPTER 4

Proof of the ELSV Formula

In Chapter 2, we studied the moduli stack of curves, ℳ𝑔, which is a smooth Deligne–Mumford
stack. We noted that, by Yoneda’s lemma, understanding the classification problem of algebraic
curves naturally reduces to understanding the cohomology ring (or the Chow ring) of the stack ℳ𝑔.
Within this mysterious cohomology ring, the tautological classes (Definition 2.4.24) are the “easiest
classes one can imagine” (Ravi Vakil). They serve as an algebraic analogue to the Chern classes of
the universal subbundle 𝒮 on the Grassmannian, freely generating the stable cohomology.

Historically, there was little reason to expect this tautological ring to be well-behaved until
Faber proposed his remarkable conjecture [Fab99b] about its full structure. Recall that all Chow
rings and cohomology rings discussed here are taken with rational coefficients.

Conjecture 4.0.1 (Faber’s Conjecture). For any 𝑔 ≥ 2, the tautological ring (Definition 2.4.23)
R*(ℳ𝑔) has the following structure:

(1) R𝑑(ℳ𝑔) = 0 for 𝑑 ≥ 𝑔 − 1;
(2) R𝑔−2(ℳ𝑔) ∼= Q;
(3) The multiplication pairing

R𝑑(ℳ𝑔)× R𝑔−2−𝑑(ℳ𝑔)→ R𝑔−2(ℳ𝑔)

is perfect.

The first two parts (the vanishing and socle properties) of Conjecture 4.0.1 were proven by
Looijenga [Loo95] and Faber [Fab97], respectively. The third part—predicting that the tautological
ring is Gorenstein—was verified by Faber for 𝑔 ≤ 23 by constructing sufficiently many tautological
relations, known as the Faber–Zagier relations. However, the conjecture remains open for 𝑔 ≥ 24,
where the Faber–Zagier method fails to produce enough relations to guarantee a perfect pairing
[Pan18].

One can also extend the perfect pairing conjecture to the Deligne–Mumford compactification
ℳ𝑔,𝑛 for 2𝑔 − 2 + 𝑛 > 0. Unfortunately, this extended property is generally false. The tautological
ring R*(ℳ2,𝑛) is not Gorenstein for 𝑛 ≥ 20 ([PT14, Pet16]), and this was recently generalized by
Canning [Can25], who showed that R*(ℳ𝑔,𝑛) is not Gorenstein whenever 𝑔 ≥ 2 and 2𝑔 + 𝑛 ≥ 24.

Although the Gorenstein conjecture oversimplified the mysterious structure of tautological rings,
it sparked a major wave of research into the intersection theory of the moduli stacksℳ𝑔,𝑛 andℳ𝑔,𝑛.
If the perfect pairing conjecture were true, the entire structure of the tautological ring would be
recovered completely by the computation of top-level intersection numbers on ℳ𝑔,𝑛 (thanks to the
vanishing and socle properties). This motivated mathematicians to study the following fundamental
problem:

Question 4.0.2 (Hodge Integrals). Compute the Hodge integrals (top intersection numbers):

⟨𝜏𝑎1 . . . 𝜏𝑎𝑛𝜆𝑏1 . . . 𝜆𝑏𝑔⟩𝑔 :=
∫︁

[ℳ𝑔,𝑛]
𝜓𝑎1

1 · · ·𝜓
𝑎𝑛
𝑛 · 𝜆

𝑏1
1 · · ·𝜆

𝑏𝑔
𝑔 ∈ Q,
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where
∑︀𝑛

𝑖=1 𝑎𝑖 +
∑︀𝑔

𝑘=1 𝑘 · 𝑏𝑘 = 3𝑔 − 3 + 𝑛.

Remarkably, Faber [Fab99a] proposed a powerful algorithm that reduces the evaluation of these
general Hodge integrals to the computation of purely 𝜓-class intersection numbers (i.e., the case
where 𝑏1 = . . . = 𝑏𝑔 = 0).

The evaluation of the integrals in Question 4.0.2 remained an open problem for a long time
until Kontsevich’s celebrated proof of Witten’s conjecture, which provided a systematic method to
compute all purely 𝜓-class intersection numbers.

Theorem 4.0.3 (Witten’s Conjecture / Kontsevich’s Theorem). Consider the generating function
(also known as the free energy in physics) of the pure 𝜓-class intersection numbers ⟨𝜏𝑎1 · · · 𝜏𝑎𝑛⟩𝑔,
defined as:

𝐹 (t) :=
∞∑︁

𝑔=0

∞∑︁
𝑛=1

1
𝑛!

∑︁
𝑎1,...,𝑎𝑛≥0

⟨𝜏𝑎1 · · · 𝜏𝑎𝑛⟩𝑔𝑡𝑎1 · · · 𝑡𝑎𝑛 .

Let 𝑍(t) := exp(𝐹 (t)) be the formal exponential of 𝐹 , which is called the partition function of
two-dimensional topological quantum gravity. Then 𝑍(t) is a 𝜏 -function for the KdV hierarchy.
Equivalently, the function 𝑈 := 𝜕2𝐹

𝜕𝑡2
0

satisfies the classical KdV equation

𝜕𝑈

𝜕𝑡1
= 𝑈

𝜕𝑈

𝜕𝑡0
+ 1

12
𝜕3𝑈

𝜕𝑡30
.

This equation allows us to inductively solve for the coefficients of 𝐹 , and hence compute all of
these intersection numbers.

Meanwhile, a wave of systematic study regarding the general structure of Hurwitz numbers
(Definition 1.1.4) arose in combinatorial theory. In this chapter, we fix the following notation for
these special Hurwitz numbers. Let ∞ ∈ P1 and let 𝜇 = (𝜇1, . . . , 𝜇𝑛) be a partition of a positive
integer 𝑑. We define 𝐻𝑔,𝜇 to be the Hurwitz number counting (weighted by the automorphism factor
1/|Aut(𝜇)|) all branched coverings 𝑓 : 𝐶 → P1 from a connected smooth curve 𝐶 of genus 𝑔(𝐶) = 𝑔,
such that 𝑓 has ramification profile 𝜇 over ∞, and simple ramification over 𝑟 other fixed branch
points. Note that by the Riemann–Hurwitz formula, the parameters 𝑔, 𝑟, 𝑑, and 𝑛 are constrained by

2𝑔 − 2 = −2𝑑+ (𝑟 + 𝑑− 𝑛) = 𝑟 − 𝑑− 𝑛.

Our goal is to understand the general structure of 𝐻𝑔,𝜇. For genus zero, Hurwitz himself [Hur01]
proved that

(4.0.1) 𝐻0,𝜇 = 𝑟!
|Aut(𝜇)|𝑑

𝑛−3
𝑛∏︁

𝑖=1

(︃
𝜇𝜇𝑖

𝑖

𝜇𝑖!

)︃
.

Goulden and Jackson [GJ99] later studied the higher-genus cases and conjectured a structural
formula for 𝐻𝑔,𝜇 in general. Their conjecture can be phrased as follows:

Conjecture 4.0.4. For each 𝑔 and 𝑛, there is a symmetric polynomial 𝑃𝑔,𝑛 in 𝑛 variables, whose
terms have specific homogeneous degrees, such that

𝐻𝑔,𝜇 = 𝑟!
|Aut(𝜇)|

𝑛∏︁
𝑖=1

(︃
𝜇𝜇𝑖

𝑖

𝜇𝑖!

)︃
𝑃𝑔,𝑛(𝜇1, . . . , 𝜇𝑛).

This brings us to a culmination point. The evaluation of Hodge integrals (Question 4.0.2)
and the search for the general structure of 𝐻𝑔,𝜇 (Conjecture 4.0.4) beautifully converge. The
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following theorem, known as the ELSV formula [ELSV01], establishes a remarkable bridge between
combinatorics, Gromov–Witten theory, and theoretical physics.

Theorem 4.0.5 (Ekedahl–Lando–Shapiro–Vainshtein, 2001). Following the notation above, we have

𝐻𝑔,𝜇 = 𝑟!
|Aut(𝜇)|

𝑛∏︁
𝑖=1

𝜇𝜇𝑖
𝑖

𝜇𝑖!

∫︁
[ℳ𝑔,𝑛]

Λ∨(1)∏︀𝑛
𝑗=1(1− 𝜇𝑗𝜓𝑗) , when 2𝑔 − 2 + 𝑛 > 0.

Here, Λ∨(1) =
∑︀𝑔

𝑖=0(−1)𝑖𝜆𝑖 is the alternating sum of the 𝜆-classes, and the fraction in the
integrand is formally expanded as

1
1− 𝜇𝑖𝜓𝑖

=
∑︁
𝑡≥0

(𝜇𝑖𝜓𝑖)𝑡.

Before moving on, we first take a closer look at how powerful Theorem 4.0.5 truly is.
First, combinatorially trivial or easily derived relations among Hurwitz numbers can yield new

identities and relations among Hodge integrals. For example, in the base case of 𝑔 = 0, we can
apply the classical Hurwitz formula (4.0.1) to see that over ℳ0,𝑛, the pure 𝜓-integrals satisfy∫︁

ℳ0,𝑛

𝜓𝑎1
1 · · ·𝜓

𝑎𝑛
𝑛 =

(︃
𝑛− 3

𝑎1, . . . , 𝑎𝑛

)︃
,

which recovers a classical theorem in intersection theory.
Conversely, well-known results in algebraic geometry can compute Hurwitz numbers that are

incredibly difficult to derive manually via combinatorics or representation theory. To see this
explicitly, consider the case 𝑔 = 1 and 𝑛 = 1, where the ramification profile over ∞ is a single
partition 𝜇 = (𝑑). By the Riemann–Hurwitz formula, the number of simple branch points is 𝑟 = 𝑑+1.
The ELSV formula yields

𝐻1,(𝑑) = (𝑑+ 1)!
1

𝑑𝑑

𝑑!

∫︁
ℳ1,1

1− 𝜆1
1− 𝑑𝜓1

.

Since the dimension of ℳ1,1 is 1, we only need to extract the degree-1 terms from the formal
expansion of the integrand, which gives 𝑑𝜓1 − 𝜆1. It is a classical result that

∫︀
ℳ1,1

𝜓1 = 1
24 and∫︀

ℳ1,1
𝜆1 = 1

24 . Substituting these values into our integral yields 𝑑−1
24 . Consequently, the ELSV

formula immediately gives us a closed-form expression for the Hurwitz number:

𝐻1,(𝑑) = (𝑑− 1)(𝑑+ 1)𝑑𝑑

24 .

Finding this exact polynomial form purely through the character theory of the symmetric group is
highly non-trivial, yet it falls out of the ELSV formula as a direct consequence of basic intersection
theory.

More importantly, Theorem 4.0.5 provides a systematic way to compute all the Hodge integrals
posed in Question 4.0.2. Let us define the integral expression as a function of the partition parts:

𝑃𝑔,𝑛(𝜇1, . . . , 𝜇𝑛) :=
∫︁

[ℳ𝑔,𝑛]

Λ∨(1)∏︀𝑛
𝑖=1(1− 𝜇𝑖𝜓𝑖)

.

By expanding the denominator, we see that this is a symmetric polynomial in the variables 𝜇𝑖 whose
terms are of degree 3𝑔 − 3 + 𝑛− 𝑘, where 𝑘 = 0, . . . , 𝑔, and the coefficients of 𝜇𝑑1

1 · · ·𝜇𝑑𝑛
𝑛 are exactly

the Hodge integrals of the form ∫︁
[ℳ𝑔,𝑛]

𝜓𝑑1
1 · · ·𝜓

𝑑𝑛
𝑛 𝜆𝑘.
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Because the Hurwitz numbers 𝐻𝑔,𝜇 can be computed purely combinatorially (e.g., via the cut-and-
join recursion [CM16, Chapter 10]), one can evaluate this polynomial at a sufficiently large finite
number of integer points 𝜇𝑖. By polynomial interpolation, one can then recover all the coefficients
of 𝑃𝑔,𝑛. Once these coefficients are known, Faber’s algorithm [Fab99a] can be applied to deduce all
other Hodge numbers. See [Kaz09] for details.

Perhaps the most surprising consequence is that, in addition to offering the second method
for calculating all purely 𝜓-class intersection numbers, the ELSV formula can be used to deduce
Witten’s conjecture (Theorem 4.0.3). The details of this spectacular proof were carried out by
Okounkov and Pandharipande [OP09]. This application reveals that the ELSV formula is not
just a computational tool, but also a foundational bridge connecting enumerative combinatorics,
Gromov–Witten theory, and theoretical physics.

The primary goal of this chapter is to present a rigorous proof of the ELSV formula (Theorem
4.0.5) utilizing the machinery developed in the preceding chapters. In Section 4.1, we briefly survey
the algebraic proof via virtual localization techniques following [GV03]. We analyze the technical
difficulties encountered when applying localization in the moduli stack of stable curves ℳ𝑔(P1, 𝑑),
which naturally motivates the need for and construction of the moduli space of relative stable
maps. Section 4.2 defines relative stable maps and collects several fundamental properties of their
associated moduli spaces. We demonstrate the theoretical advantages of working in the relative
setting. This includes the straightforward identification of torus-fixed loci and the property that
the moduli space of relative stable maps admits a canonical perfect obstruction theory. Finally, in
Section 4.3, we carry out the explicit computations following the procedure in [GP99, Section 4],
thereby completing the proof of the ELSV formula.

4.1. Graber and Vakil’s Proof Revisit

Building on the ideas from the original proof in [ELSV01], Graber and Vakil provided the first
rigorous proof using virtual localization. In this subsection, we briefly survey their approach and
the technical difficulties they resolved. The main reference for this subsection is [GV03].

To begin, they needed a parameter space that naturally parameterizes branched coverings
𝑓 : 𝐶 → P1 with the required ramification data. They considered ℳ𝑔,0(P1, 𝑑), the moduli space pa-
rameterizing stable maps of degree 𝑑 from a nodal curve 𝐶 to P1. This space naturally accommodates
branched coverings with prescribed ramification profiles.

To connect this moduli stack with virtual localization techniques, Graber and Vakil adapted the
treatment of the Lyashko–Looijenga map from the original ELSV proof [ELSV01]. Specifically,
they utilized the extension of the branch morphism on the moduli stack ℳ𝑔(P1, 𝑑) introduced by
Fantechi and Pandharipande in [FP02].

More precisely, let 𝑓 : 𝐶 → P1 be a morphism of degree 𝑑, where 𝐶 is a nonsingular algebraic
curve of genus 𝑔. The ramification divisor 𝑅 of 𝑓 on 𝐶 is defined by requiring the sequence

0→ 𝑓*𝜔P1 → 𝜔𝐶 → 𝜔𝐶 |𝑅 → 0

to be exact. The branch divisor br(𝑓) on P1 is then defined as the pushforward 𝑓*(𝑅). Equivalently,
one can define the ramification divisor on 𝐶 via the length of the relative differentials:

𝑅 :=
∑︁
𝑃 ∈𝐶

length(Ω𝐶/P1)𝑃 · 𝑃,
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and then push this divisor 𝑅 down to P1. By the Riemann–Hurwitz formula, the branch divisor
br(𝑓) is a divisor on P1 of degree

𝑏 = 2𝑔 − 2 + 2𝑑.
This yields a set-theoretic map

br: ℳ𝑔(P1, 𝑑)→ Sym𝑏 P1,

whereℳ𝑔(P1, 𝑑) is the moduli stack parameterizing morphisms 𝑓 : 𝐶 → P1 of degree 𝑑 from a smooth
curve 𝐶 of genus 𝑔. Surprisingly, although the compactified space ℳ𝑔(P1, 𝑑) can be highly singular
and ill-behaved, the open substack ℳ𝑔(P1, 𝑑) ⊆ℳ𝑔(P1, 𝑑) is a smooth Deligne–Mumford stack of
expected dimension 𝑏. Furthermore, the restriction of the virtual fundamental class [ℳ𝑔(P1, 𝑑)]vir

coincides with the ordinary fundamental class of ℳ𝑔(P1, 𝑑).
The proof of this fact relies on the construction of the canonical perfect obstruction theory

on ℳ𝑔(P1, 𝑑), which induces a tangent-obstruction long exact sequence. More generally, let
ℳ :=ℳ𝑔,𝑛(𝑋,𝛽). The canonical perfect obstruction theory is constructed from the deformation
theory of maps. Consider the natural forgetful morphism

𝜏 : ℳ→M,

where M is the algebraic stack of quasi-stable curves. There is a relative cotangent complex L𝜏

determined by a distinguished triangle in the derived category (Proposition 3.2.3):

𝜏*LM → Lℳ → L𝜏 → 𝜏*LM[1].

On the other hand, the deformation theory of nodal curves is well-understood (Proposition
2.4.13). The deformation theory of maps 𝑓 : 𝐶 → 𝑋 from a fixed domain curve 𝐶 is likewise
classical [Ser06, Section 3.4], with the tangent and obstruction spaces given by H0(𝐶, 𝑓*𝑇𝑋) and
H1(𝐶, 𝑓*𝑇𝑋), respectively. One uses this deformation data to define a canonical relative perfect
obstruction theory [BF97, Section 6] viã︀𝐸∙ := [R∙𝜋*(𝑓*𝑇𝑋)]∨ → L𝜏 .

Here, 𝜋 : 𝒞 →ℳ is the universal curve over the moduli stack ℳ. One then constructs the absolute
perfect obstruction theory 𝐸∙ of ℳ by completing the commutative diagram of distinguished
triangles:

(4.1.1)
𝜏*LM 𝐸∙ ̃︀𝐸∙ 𝜏*LM[1]

𝜏*LM Lℳ L𝜏 𝜏*LM[1]

id 𝜑

𝜉

id

The top row is defined to be the distinguished triangle induced by the connecting morphism 𝜉. The
bottom row is simply the standard distinguished triangle of cotangent complexes. Here 𝜉 is defined
in the way such that the right square of the above diagram commutes. We refer to [Beh97] for
the technical details of this construction and a comprehensive treatment of the canonical perfect
obstruction theory of ℳ𝑔,𝑛(𝑋,𝛽).

Let 𝑓 : (𝐶, 𝑝1, . . . , 𝑝𝑛)→ 𝑋 represent a moduli point in ℳ. Taking the dual of the top row of
(4.1.1) yields a long exact sequence called the tangent-obstruction sequence:

0→ Ext0(Ω𝐶(𝑃 ),𝒪𝐶)→ H0(𝐶, 𝑓*𝑇𝑋)→ Tan(𝑓)

→ Ext1(Ω𝐶(𝑃 ),𝒪𝐶)→ H1(𝐶, 𝑓*𝑇𝑋)→ Obs(𝑓)→ 0.

108



This sequence is one of the most powerful computational tools afforded by the canonical perfect
obstruction theory.

One can then apply the infinitesimal lifting criterion for smoothness (Theorem 2.3.36) to deduce
that ℳ𝑔(P1, 𝑑) is smooth. This amounts to showing that for every moduli point [𝑓 : 𝐶 → P1], the
obstruction space vanishes, i.e., Obs(𝑓) = 0. Since 𝐶 is smooth, we have Ext1(Ω𝐶 ,𝒪𝐶) ∼= H1(𝐶, 𝑇𝐶).
Because the map H1(𝐶, 𝑇𝐶) → H1(𝐶, 𝑓*𝑇P1) is induced by the sheaf map 𝑇𝐶 → 𝑓*𝑇P1 (whose
cokernel is a torsion sheaf supported entirely at the ramification points, meaning its H1 is zero), the
map on cohomology is surjective. Therefore, Obs(𝑓) = 0, which immediately implies smoothness.

To summarize, we have established the following result using the tangent-obstruction theory:

Proposition 4.1.1 (Smoothness of ℳ𝑔(P1, 𝑑)). Let 𝑑 ≥ 1 be an integer. The open substack
ℳ𝑔(P1, 𝑑) ⊆ℳ𝑔(P1, 𝑑) is a smooth Deligne–Mumford stack of expected dimension 𝑏 = 2𝑔−2+2𝑑, and
the restriction of the virtual fundamental class [ℳ𝑔(P1, 𝑑)]vir is precisely the ordinary fundamental
class of ℳ𝑔(P1, 𝑑).

We continue our discussion of the branch morphism br: ℳ𝑔(P1, 𝑑)→ Sym𝑏 P1. Suppose that
[𝑓 : 𝐶 → P1] is a stable map. We define the extended branch divisor br(𝑓) as follows. Let 𝑁 ⊂ 𝐶
be the cycle of nodes of 𝐶, and let 𝜈 : ̃︀𝐶 → 𝐶 be the normalization of 𝐶. Let 𝐴1, . . . , 𝐴𝑎 be the
irreducible components of ̃︀𝐶 that dominate P1, and let 𝑎𝑖 : 𝐴𝑖 → P1 denote the natural restricted
maps. For these dominating components, the classical branch divisor br(𝑎𝑖) is well-defined.

Let 𝐵1, . . . , 𝐵𝑏 be the components of ̃︀𝐶 that are contracted by 𝑓 over P1, with 𝑓(𝐵𝑗) = 𝑞𝑗 ∈ P1.
We then define the extended branch divisor for 𝜋 as

(4.1.2) br(𝑓) :=
𝑎∑︁

𝑖=1
br(𝑎𝑖) +

𝑏∑︁
𝑗=1

(2𝑔(𝐵𝑗)− 2) [𝑞𝑗 ] + 2𝑓*(𝑁).

One can verify set-theoretically that this formula associates to 𝑓 an effective divisor of degree
𝑏 = 2𝑔 − 2 + 2𝑑 on P1. This gives a set-theoretic extension br : ℳ𝑔(P1, 𝑑) → Sym𝑏 P1. The main
consequence established by Fantechi and Pandharipande [FP02] is that this extended map br is, in
fact, a morphism of Deligne–Mumford stacks.

With this preparatory work complete, we can finally establish the setup for the proof. We first
fix the notation. Let 𝐶 be a smooth curve of genus 𝑔, and let 𝑓 : 𝐶 → P1 be a map with ramification
profile 𝜇 = (𝜇1, . . . , 𝜇𝑛) over ∞, where 𝜇 is a partition of the degree 𝑑. By the Riemann–Hurwitz
formula, the number of simple ramification points of 𝑓 away from ∞ is 𝑟 = 2𝑔 − 2 + 𝑑 + 𝑛. Let
𝑘 =

∑︀𝑛
𝑖=1(𝜇𝑖 − 1) = 𝑑− 𝑛 be the total ramification index over ∞. The branch morphism is then

given by
br: ℳ𝑔(P1, 𝑑)→ Sym𝑏(P1),

where 𝑏 = 𝑟 + 𝑘 = 2𝑔 − 2 + 2𝑑 is the total degree of the branch divisor.
Consider the linear subspace 𝐿∞ ⊂ Sym𝑏 P1 consisting of divisors of the form 𝑘[∞] +𝐷, where

𝐷 is an effective divisor of degree deg𝐷 = 𝑏 − 𝑘 = 𝑟. Since 𝑓 has ramification profile 𝜇 over ∞,
its branch divisor br(𝑓) naturally belongs to 𝐿∞. The pullback of the linear space 𝐿∞ along the
branch morphism yields a substack 𝑀 of expected dimension 𝑟. More precisely, 𝑀 is defined by the
following Cartesian square:

𝑀 ℳ𝑔(P1, 𝑑)

𝐿∞ Sym𝑏(P1)

br□
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Within 𝑀 , we define 𝑀𝜇 (equipped with the reduced substack structure) to be the locus
parameterizing maps from irreducible curves that have exactly the ramification profile 𝜇 over ∞.
Through this construction, one can show that 𝑀𝜇 is irreducible with expected dimension 𝑟, and
that it appears as a component in 𝑀 with multiplicity 𝑚𝜇 = 𝑘!

∏︀𝑛
𝑖=1

𝜇
𝜇𝑖−1
𝑖
𝜇𝑖! . We refer the reader to

[OP09, Section 7.3.3] for a detailed proof of this multiplicity.
One might ask why we isolate such a specific substack 𝑀 . The reason is that, within this

specifically chosen algebraic “container”, the Hurwitz number can be recovered directly as

(4.1.3) 𝐻𝑔,𝜇 = 1
|Aut𝜇|

∫︁
[𝑀𝜇]

br*[𝑝],

where 𝑝 is the Poincaré dual of the point class of 𝐿∞ ⊂ Sym𝑏 P1.
To see why this holds, observe that the fiber br−1 (

∑︀𝑟
𝑖=1[𝑧𝑖] + 𝑘[∞]) over a general point must

lie within the smooth locus 𝑀𝜇 ∩ℳ𝑔(P1, 𝑑); otherwise, there would be a double point in the branch
divisor (4.1.2) away from ∞. On the other hand, recall from Proposition 4.1.1 that the open stack
ℳ𝑔(P1, 𝑑) is smooth. Therefore, by Bertini’s theorem [Har77, Theorem 8.18], the preimage of a
general divisor

∑︀𝑟
𝑖=1[𝑧𝑖] +𝑘[∞] intersects the substack 𝑀𝜇 transversally, resulting in a finite number

of smooth, reduced points in 𝑀𝜇 ∩ℳ𝑔(P1, 𝑑). By definition, the number of these intersection points
(weighted by their automorphism groups) is exactly the Hurwitz number 𝐻𝑔,𝜇.

However, working within this algebraic container 𝑀𝜇 ⊂𝑀 makes the localization calculations
exceedingly involved. One utilizes the standard C*-action on P1, which naturally induces an action on
ℳ𝑔(P1, 𝑑) and renders the branch morphism C*-equivariant. We denote by 𝐹𝑙 the fixed components
of the moduli stack ℳ𝑔(P1, 𝑑), which were systematically studied by Graber and Pandharipande in
[GP99, Section 4]. Our next step is to localize the integral∫︁

[𝑀𝜇]
br*[𝑝]

to each fixed locus 𝐹𝑙.
To calculate the contribution of this integral over each fixed component, a more refined series of

classes on 𝑀 is required. In [GV03], Graber and Vakil define

[𝑀 ]vir =
∑︁

𝑛

𝜄*Γ𝑛, Γ𝑛 ∈ CHC*
* (𝑀𝑛),

where the 𝑀𝑛 are the irreducible components of 𝑀 . In particular, Γ𝜇 = 𝑚𝜇[𝑀𝜇] as shown previously.
Next, they localize each Γ𝑛 to 𝐹𝑙, defining classes 𝜂𝑙,𝑛 ∈ CHC*

* (𝐹𝑙)⊗Q[𝑡] Q[𝑡, 𝑡−1] such that∑︁
𝑙

𝜄*𝜂𝑙,𝑛 = Γ𝑛.

These classes are uniquely determined by the virtual localization formula (Theorem 3.1.7). Alterna-
tively, one can first localize 𝑀 at the fixed loci 𝐹𝑙 by introducing classes 𝜉𝑙 such that [𝑀 ]vir =

∑︀
𝑙 𝜄*𝜉𝑙;

then we obtain 𝜉𝑙 =
∑︀

𝑛 𝜂𝑙,𝑛.
The final consequence is that we ultimately only need to consider the contribution from a single

distinguished component, 𝐹0. The general point of 𝐹0 parameterizes a stable map featuring a single
irreducible genus 𝑔 component contracted over 0 ∈ P1, along with 𝑛 rational tails of degrees 𝜇𝑖

(1 ≤ 𝑖 ≤ 𝑛) mapping to P1, each totally ramified over 0 and ∞. Graber and Vakil proved [GV03,
Proposition 4.7] that

(4.1.4) 𝑚𝜇

∫︁
[𝑀𝜇]

br*[𝑝] =
∫︁

𝐹0
br*[𝑝] ∩ 𝜉0.
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As one might expect, carrying out this calculation is a combinatorial nightmare, detailed
across [GV03, Lemmas 4.2–4.5]. Once isolated to 𝐹0, however, one can finally apply the explicit
calculations from [GP99, Section 4] to reach the final answer.

The technical nightmare here arises primarily from the container 𝑀𝜇 ⊂𝑀 . We have very little
global information about the substack 𝑀 and its irreducible components, making the calculation
difficult because we need to idenitfy the virtual fundamental classes and normal bundles for the
virtual localization formula. This explains why Graber and Vakil went to such extreme lengths to
establish (4.1.4), allowing them to reduce the problem to known results. From this perspective,
the space ℳ𝑔(P1, 𝑑) is far from the optimal choice to contain all the branched maps 𝑓 : 𝐶 → P1; it
is simply too “big” and allows for too much degenerate geometric “noise” that ultimately fails to
contribute to the integral.

Motivated by the analytical difficulties of handling these fixed loci, Graber and Vakil hypothesized
the existence of an ideal moduli space ℳ of “relative stable maps” that would bypass these
complications entirely. They proposed that this optimal proper Deligne–Mumford stack should
satisfy three key properties (see [GV03, §5]):

(1) ℳ contains an open substack 𝑈 parameterizing maps where the preimage of ∞ consists of
exactly 𝑛 smooth points with the prescribed ramification profile 𝜇 = (𝜇1, . . . , 𝜇𝑛).

(2) It admits a Fantechi–Pandharipande branch morphism to Sym𝑏 P1. Under this map, the
fiber over the specific branch divisor 𝑘[∞] + 𝑟[0] is precisely the single contributing fixed
locus 𝐹0.

(3) ℳ carries a C*-equivariant perfect obstruction theory. On the open substack 𝑈 , this
naturally restricts to 𝑅∙𝜋*

(︀
𝑓*𝑇P1 ⊗𝒪(−

∑︀
𝜇𝑖𝑥𝑖)

)︀∨ (relatively over M), where the 𝑥𝑖 are
the marked preimages of ∞.

If such conditions are satisfied, the need for applying combinatorial analyses of the fixed loci
in (4.1.4) is eliminated. One could directly apply virtual localization to conclude the proof by
repeating the calculation in [GP99, Section 4]. The natural question was whether such a compact
Deligne–Mumford stack actually exists. While a space with some of these properties was first
introduced in the symplectic category [LR01], the rigorous construction in the algebraic category
was achieved by J. Li in [Li01, Li02], forming the core subject of the next subsection.

4.2. Moduli Spaces of Relative Stable Maps

Our next goal is to introduce the moduli space of relative stable maps and collect some of its
most important properties. The main references for this section are [Li01, Li02, GV05].

We first fix the notation. Suppose that 𝑔 is a non-negative integer and 𝜇 = (𝜇1, . . . , 𝜇𝑛)
is a partition of a positive integer 𝑑. Let ℳ𝑔(P1, 𝜇) be the moduli space of ramified covers
𝑓 : (𝐶, 𝑥1, · · · , 𝑥𝑛) → (P1,∞) of degree 𝑑 from a smooth curve 𝐶 of genus 𝑔 to P1, such that the
ramification profile over the distinguished point ∞ ∈ P1 is exactly specified by the partition 𝜇 (i.e.,
𝑓−1(∞) =

∑︀𝑛
𝑘=1 𝜇𝑘𝑥𝑘 as Cartier divisors), and all other branch points are simple. Our goal is

to find a better compactification of ℳ𝑔(P1, 𝜇) than the moduli stack of stable curves ℳ𝑔(P1, 𝑑)
discussed in Section 4.1. The following notion of a relative stable map serves this exact purpose.

Before defining relative stable maps, we clarify the notion of an expanded target. Let 𝑚 be a
non-negative integer, and let

P1(𝑚) := P1
1 ∪ · · · ∪ P1

𝑚
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Figure 1. Relative Stable Maps (From [Vak08])

be a chain of 𝑚 copies of P1 joined at nodes 𝑞1
𝑙 = P1

𝑙 ∩ P1
𝑙+1 for 𝑙 = 1, . . . ,𝑚 − 1. We fix smooth

points 𝑞1
0 ∈ P1

1 and ∞𝑚 = 𝑞1
𝑚 ∈ P1

𝑚. We then define the expansion

P1[𝑚] := P1
0 ∪ P1(𝑚)

by identifying ∞0 ∈ P1
0 with 𝑞1

0 ∈ P1
1. In particular, P1[0] := P1

0 = P1. We call the component P1
0

the root component of P1[𝑚], and the components P1
1, . . . ,P1

𝑚 the bubble components.
Because there are technically multiple “infinity” points in the construction of the expansion

P1[𝑚], we will be precise: ∞0 refers to the original infinity point on the root component P1
0 (which

becomes a node for 𝑚 > 0), and ∞𝑚 refers to the smooth infinity point on the final bubble
component P1

𝑚.

Definition 4.2.1 (Relative Maps). Let (𝐶, 𝑥1, . . . , 𝑥𝑛) be a connected nodal curve of arithmetic
genus 𝑔 with distinct smooth marked points 𝑥1, . . . , 𝑥𝑛. A relative map to P1 modulo ∞ consists of
the following data:

(1) A morphism 𝑓1 : (𝐶, 𝑥1, . . . , 𝑥𝑛) → (P1[𝑚],∞𝑚), such that 𝑓*
1 (∞𝑚) =

∑︀𝑛
𝑘=1 𝜇𝑘𝑥𝑘 as a

Cartier divisor. In particular, the full set-theoretic preimage 𝑓−1
1 (∞𝑚) consists entirely of

the smooth marked points of 𝐶.
(2) A projection 𝑓2 : P1[𝑚] → P1 that contracts all the bubble components P1

𝑖 (𝑖 ≥ 1) to
∞ ∈ P1, and restricts to an isomorphism from the root component P1

0 to P1, taking ∞0 to
∞ ∈ P1.

(3) Predeformation Condition (Kissing Condition): The preimage of each node 𝑞1
𝑖 of P1[𝑚] is

a union of nodes of 𝐶. Moreover, at any such node of 𝐶, the two branches map to the two
distinct branches of 𝑞1

𝑖 , and their local degrees of branching are identical.

By a slight abuse of notation, we usually refer to 𝑓1 simply as the relative map. Due to the
predeformation condition, if 𝑓1 : 𝐶 → P1[𝑚] is a relative map of total degree 𝑑, the restriction of 𝑓1
to the preimage of each component 𝑓−1

1 (P1
𝑖 ) also has degree 𝑑.

An isomorphism between two relative maps is defined by the following commutative diagram,
where all horizontal maps are isomorphisms:
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(𝐶,x) (𝐶 ′,x′)

(P1[𝑚],∞𝑚) (P1[𝑚],∞𝑚)

(P1,∞) (P1,∞)

𝑓1

∼=

𝑓 ′
1

∼=

𝑓2 𝑓 ′
2

id

Because the bottom map is required to be the strict identity, the middle isomorphism must preserve
the identification of P1

0 with P1 and is therefore the identity on the root component P1
0. On the

bubble components, however, the isomorphism is allowed to be a non-trivial scaling (C*-action) that
preserves the nodes.

As is standard, a relative map 𝑓 : (𝐶,x) → (P1[𝑚],∞𝑚) is called stable if its automorphism
group Aut(𝑓) is finite. We have the following explicit criterion for stability, the proof of which is
similar to that of Proposition 2.4.2.

Proposition 4.2.2 (Characterization of Relative Stable Maps). Let 𝑓 : (𝐶,x)→ (P1[𝑚],∞𝑚) be a
relative map. Then 𝑓 is stable if and only if all of the following hold:

(1) Any irreducible component of 𝐶 of geometric genus zero that is contracted by 𝑓1 contains
at least three special points (nodes or markings);

(2) Any irreducible component of 𝐶 of geometric genus one that is contracted by 𝑓1 contains at
least one special point;

(3) For every bubble component P1
𝑖 (0 < 𝑖 < 𝑚), it is not the case that every domain component

mapping to P1
𝑖 takes the totally ramified form [𝑥, 𝑦] ↦→ [𝑥𝑞, 𝑦𝑞] relative to the nodes [0, 1] =

𝑞1
𝑖−1 and [1, 0] = 𝑞1

𝑖 . The same condition holds for the final bubble P1
𝑚 relative to the node

and ∞𝑚.

To define the moduli stack of relative stable maps, we define the notion of a family of relative
stable maps over a base scheme 𝑆. Crucially, the number of bubble components 𝑚 is allowed to
jump across the fibers of a family. Therefore, a family is defined using a flat family of expanded
targets rather than a fixed P1[𝑚].

Definition 4.2.3 (Family of Relative Stable Maps). Let 𝑆 be a scheme. A family of relative stable
maps over 𝑆 consists of the data (𝜋𝒞 : 𝒞 → 𝑆, {𝑥𝑖}𝑛𝑖=1, 𝜋𝒫 : 𝒫 → 𝑆,𝒟, 𝑓, 𝜌), where:

(1) 𝜋𝒞 : 𝒞 → 𝑆 is a flat family of nodal curves with 𝑛 disjoint sections 𝑥𝑖 : 𝑆 → 𝒞;
(2) 𝜋𝒫 : 𝒫 → 𝑆 is a flat family of targets, equipped with a section 𝒟 ⊂ 𝒫, such that every

geometric fiber (𝒫𝑠,𝒟𝑠) is isomorphic to an expanded target (P1[𝑚],∞𝑚) for some integer
𝑚 ≥ 0;

(3) 𝑓 : 𝒞 → 𝒫 is an 𝑆-morphism such that 𝑓*𝒟 =
∑︀𝑛

𝑘=1 𝜇𝑘𝑥𝑘;
(4) 𝜌 : 𝒫 → P1 × 𝑆 is a stabilizing contraction over 𝑆;
(5) For every geometric point 𝑠 ∈ 𝑆, the restriction 𝑓𝑠 : 𝒞𝑠 → 𝒫𝑠 satisfies the predeformation

condition and is a relative stable map.

𝒞 𝒫 P1 × 𝑆

𝑆

𝜋𝒞

𝑓

𝜋𝒫

𝜌
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We can now define the prestack of relative stable maps, denoted by ℳ𝑔(P1, 𝜇). We remark
that the theory of relative stable maps can be vastly generalized to maps into any smooth complex
projective variety 𝑋 relative to a smooth divisor 𝐷 ⊂ 𝑋. Note that when 𝐷 = ∅, it naturally
recovers the standard moduli space of (absolute) stable maps; this is where the term “relative” stems
from.

We collect some fundamental properties of this moduli stack. We refer the reader to [Li01] and
[Li02] for the foundational proofs.

Theorem 4.2.4. The moduli prestack of relative stable mapsℳ𝑔(P1, 𝜇) is a proper Deligne–Mumford
stack equipped with a canonical perfect obstruction theory of expected dimension 𝑟 = 2𝑔 − 2 + 𝑑+ 𝑛,
where 𝜇 is a partition of 𝑑 of length 𝑛. Consequently, it admits a well-defined virtual fundamental
class:

[ℳ𝑔(P1, 𝜇)]vir ∈ CH𝑟

(︁
ℳ𝑔(P1, 𝜇)

)︁
.

Finally, we discuss how to induce the standard C*-action on the moduli stack of relative
stable maps. We first consider the simple case of a single moduli point represented by a map
[𝑓1 : (𝐶,x)→ (P1[𝑚],∞𝑚)]. The action of 𝑡 ∈ C* is given by the following commutative diagram:

(𝐶,x) (P1[𝑚],∞𝑚) P1

(𝐶,x) (P1[𝑚],∞𝑚) P1

=

𝑓1

̃︀𝜎𝑡

𝑓2

𝜎𝑡

𝑓1 𝑓2

Here, 𝜎𝑡 is the standard C*-action on P1 fixing 0 and ∞, and ̃︀𝜎𝑡 is its unique lift to the expanded
target that preserves all nodes and the marked point∞𝑚. Specifically, on the root component P1

0, ̃︀𝜎𝑡

is simply the standard action. On each bubble component P1
𝑖 (1 ≤ 𝑖 ≤ 𝑚), we can assign projective

coordinates [𝑥𝑖 : 𝑦𝑖] such that the lower node 𝑞1
𝑖−1 is [0 : 1] and the upper node 𝑞1

𝑖 (or ∞𝑚) is [1 : 0].
The lifted action on this bubble is then defined by the standard scaling 𝑡 · [𝑥𝑖 : 𝑦𝑖] = [𝑡𝑥𝑖 : 𝑦𝑖].

To extend this C*-action to any family of relative stable maps over a base scheme 𝑆, one applies
the action fiberwise to the target. The standard C*-action lifts to a canonical automorphism on
the flat family of expanded targets 𝜋𝒫 : 𝒫 → 𝑆. The action on the moduli stack ℳ𝑔(P1, 𝜇) is then
defined by post-composing the relative map 𝑓 : 𝒞 → 𝒫 with this target automorphism.

Thanks to the existence of the C*-equivariant perfect obstruction theory, we can apply the
virtual localization formula (Theorem 3.2.11) directly to the moduli stack ℳ𝑔(P1, 𝜇) to conclude
the proof of Theorem 4.0.5. It is worthwhile to remark that the technical prerequisite for applying
virtual localization in Theorem 3.2.11—namely, constructing a global C*-equivariant embedding into
a smooth Deligne–Mumford stack—is non-trivial. However, this embedding is carefully constructed
in [GV05]. This remarkable paper by Graber and Vakil also includes a refined analysis of virtual
localization on ℳ𝑔,𝑛(𝑋,𝐷) for general relative stable maps, providing important applications to
the study of the tautological ring. We also refer to [FP05] for a detailed analysis of the moduli
stack of relative stable maps and its profound connection to tautological classes on the moduli space
of curves.

4.3. Final Calculations

As promised, we conclude this section by applying the virtual localization formula (Theorem
3.2.11) to the moduli stack of relative stable mapsℳ𝑔(P1, 𝜇) to obtain the ELSV formula (Theorem
4.0.5). The calculation in this section closely follows the procedure in [GP99, Section 4], adapting
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the absolute setting to the relative one. We divide the calculation into the following steps: First, we
identify the Hurwitz number 𝐻𝑔,𝜇 with the degree of the (relative) branch morphism. Next, we lift
this integral to the equivariant setting and localize it to the fixed components. We then identify the
contributing fixed locus, analyze its virtual normal bundle, and compute its contribution to the
integral. These steps assemble to yield the final ELSV formula.

4.3.1. Localizations. In the previous section, we discussed the absolute branch morphism

brabs : ℳ𝑔(P1, 𝑑)→ Sym𝑏 P1

via the extension (4.1.2), establishing that it is a morphism of Deligne–Mumford stacks. One can
analogously define the relative branch morphism on the moduli stack of relative stable maps:

br : ℳ𝑔(P1, 𝜇)→ Sym𝑟 P1.

To do this for a moduli point [(𝐶,x)→ (P1[𝑚],∞𝑚)→ P1], we first evaluate the absolute branch
divisor of the composed map 𝑓2 ∘ 𝑓1 : 𝐶 → P1. Because the relative map carries a fixed ramification
profile 𝜇 over ∞𝑚, this absolute branch divisor is guaranteed to take the form 𝐷free + 𝑘[∞],
where 𝑘 = 𝑑− 𝑛. We define the relative branch morphism to be exactly this residual free divisor
𝐷free ∈ Sym𝑟 P1. This relative branch morphism remains a well-defined morphism of Deligne–
Mumford stacks, and it is C*-equivariant.

Using the standard identification P𝑟
∼=−→ Sym𝑟 P1 given by

[𝑎0 : · · · : 𝑎𝑟] ↦→ div
(︃

𝑟∑︁
𝑖=0

𝑎𝑖𝑥
𝑖𝑦𝑟−𝑖

)︃
,

we can regard br as a morphism from ℳ𝑔(P1, 𝜇) to P𝑟.
We claim that

𝐻𝑔,𝜇 = 1
|Aut(𝜇)| deg(br)

= 1
|Aut(𝜇)|

∫︁
[ℳ𝑔(P1,𝜇)]vir

br* 𝑒𝑟.(4.3.1)

Here, 𝑒 ∈ CH*(P𝑟) is the generator of the Chow ring CH*(P𝑟) = Q[𝑒]/(𝑒𝑟+1), making 𝑒𝑟 the
Poincaré dual of the point class in P𝑟. Recall again that all Chow and cohomology rings are taken
with Q-coefficients. The class [ℳ𝑔(P1, 𝜇)]vir ∈ CH𝑟

(︁
ℳ𝑔(P1, 𝜇)

)︁
is the virtual fundamental class

introduced in Theorem 4.2.4.
The justification for equality (4.3.1) mirrors the argument for (4.1.3). First, similar to the

proof of Proposition 4.1.1, one uses the canonical perfect obstruction theory (constructed in [Li02])
to show that the open substack ℳ𝑔(P1, 𝜇) ⊂ ℳ𝑔(P1, 𝜇) is a smooth Deligne–Mumford stack of
expected dimension 𝑟. This is done by verifying that for every moduli point [𝑓 : (𝐶,x)→ P1], the
obstruction space vanishes (Obs(𝑓) = 0), allowing the use of the infinitesimal lifting criterion for
smoothness (Theorem 2.3.36). Consequently, the ordinary fundamental class of the open locus is
simply the restriction of the virtual fundamental class [ℳ𝑔(P1, 𝜇)]vir.

After establishing smoothness, we apply Bertini’s theorem. It is clear that the preimage
br−1(

∑︀𝑟
𝑖=1[𝑧𝑖]) of 𝑟 distinct points must fall within the smooth locus ℳ𝑔(P1, 𝜇); otherwise, the

extension formula (4.1.2) would force a multiple point in the branch divisor. By Bertini’s theorem
[Har77, Theorem 8.18], the preimage of a general divisor intersects ℳ𝑔(P1, 𝜇) transversally at
a finite number of smooth points. By the definition of the Hurwitz number, this intersection
calculation yields exactly (4.3.1).
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Next, we consider the standard C*-action on P1 given by

𝑡 · [𝑧0 : 𝑧1] := [𝑡𝑧0 : 𝑧1].

For any 𝑟 ∈ Z≥1, this induces a C*-action on P𝑟. Under our identification P𝑟 ∼= Sym𝑟 P1, this action
is given by 𝑡 · [𝑎0 : · · · : 𝑎𝑟] := [𝑎0 : 𝑡−1𝑎1 : · · · : 𝑡−𝑟𝑎𝑟]. This action has 𝑟 + 1 isolated fixed points
[1 : 0 : · · · : 0], . . . , [0 : · · · : 0 : 1], which we denote by 𝑝0, . . . , 𝑝𝑟, respectively. By construction, the
branch morphism br: ℳ𝑔(P1, 𝜇)→ P𝑟 is C*-equivariant with respect to these actions.

We can now lift equation (4.3.1) to equivariant intersection theory to apply virtual localization.
Recall that the C*-equivariant Chow ring of P𝑟 is given by:

CH*
C*(P𝑟) = Q[𝑒, 𝑢]

⟨𝑒(𝑒− 𝑢) · · · (𝑒− 𝑟𝑢)⟩ ,

where 𝑒 = 𝑐C
*

1 (𝒪P𝑟(1)) and 𝑢 = 𝑐C
*

1 (C1) is the equivariant parameter. Here, C1 denotes the
one-dimensional representation of weight 1 (see Example 3.1.10).

We replace the point class 𝑒𝑟 with an equivariant lift and localize the integral. Let 𝐹 index the
connected components of the fixed locus in ℳ𝑔(P1, 𝜇). We have

𝐻𝑔,𝜇 = 1
|Aut(𝜇)|

∫︁
[ℳ𝑔(P1,𝜇)]vir

C*

br*
(︃

𝑟−1∏︁
𝑖=0

(𝑒− 𝑖𝑢)
)︃

= 1
|Aut(𝜇)|

∑︁
𝐹

∫︁
[𝐹 ]vir

br*
(︁∏︀𝑟−1

𝑖=0 (𝑒− 𝑖𝑢)
)︁ ⃒⃒

𝐹

𝑒C*(𝑁vir
𝐹 )

.(4.3.2)

Because br is C*-equivariant, the image of any fixed component 𝐹 must be one of the fixed
points {𝑝0, . . . , 𝑝𝑟} in P𝑟. We can therefore group the fixed components by their image, defining

𝐹𝑖 =ℳ𝑔(P1, 𝜇)C* ∩ br−1(𝑝𝑖) for 𝑖 = 0, . . . , 𝑟.

Equation (4.3.2) then becomes:

𝐻𝑔,𝜇 = 1
|Aut(𝜇)|

𝑟∑︁
𝑖=0

∫︁
[𝐹𝑖]vir

br*
(︁∏︀𝑟−1

𝑗=0(𝑒− 𝑗𝑢)
)︁ ⃒⃒

𝐹𝑖

𝑒C*(𝑁vir
𝐹𝑖

)
.(4.3.3)

To evaluate the numerator, we restrict the class to the fixed points. Since the weight of 𝒪P𝑟 (1)
at 𝑝𝑖 is 𝑖 · 𝑢, the restriction of 𝑒 to 𝑝𝑖 is precisely 𝑖 · 𝑢. This yields:

br*

⎛⎝𝑟−1∏︁
𝑗=0

(𝑒− 𝑗𝑢)

⎞⎠ ⃒⃒⃒⃒⃒
𝐹𝑖

=
𝑟−1∏︁
𝑗=0

(𝑒− 𝑗𝑢)
⃒⃒⃒⃒
⃒
𝑝𝑖

=
𝑟−1∏︁
𝑗=0

(𝑖− 𝑗)𝑢

=

⎧⎨⎩0, 0 ≤ 𝑖 ≤ 𝑟 − 1;
𝑟! 𝑢𝑟, 𝑖 = 𝑟.

Consequently, all terms in the sum for 𝑖 < 𝑟 vanish, and (4.3.3) simplifies to:

𝐻𝑔,𝜇 = 1
|Aut(𝜇)|

∫︁
[𝐹𝑟]vir

𝑟! 𝑢𝑟

𝑒C*(𝑁vir
𝐹𝑟

)
.(4.3.4)

116



Our final tasks are to identify the structure of the contributing substack 𝐹𝑟 and to compute
the Euler class of its virtual normal bundle 𝑁vir

𝐹𝑟
. This will be the primary focus of the following

subsections.

4.3.2. Identification of the substack 𝐹𝑟. To identify the fixed locus 𝐹𝑟, we first need
to understand the geometric meaning of the condition br(𝑓) = 𝑝𝑟. Under our identification
P𝑟 ∼= Sym𝑟 P1, the fixed point 𝑝𝑟 = [0 : · · · : 0 : 1] corresponds to the divisor 𝑟[0]. This implies that
for any relative stable map in 𝐹𝑟, all 𝑟 free simple branch points have collided at the single point
0 ∈ P1.

Because all the extra branching occurs over 0 and no extra ramification points collide with ∞,
the target space does not need to degenerate to absorb them. Consequently, the target remains
unexpanded (i.e., 𝑚 = 0). All the topology (i.e., the genus and the internal nodes) of the domain
curve is forced into the fiber over 0, leaving only simple rational tails connecting 0 to ∞.

We formalize this geometric picture into the following algebraic characterization.

Proposition 4.3.1 (Characterization of 𝐹𝑟). Let [𝑓 : (𝐶,x)→ (P1[𝑚],∞𝑚)] be a moduli point in
ℳ𝑔(P1, 𝜇). It belongs to the fixed locus 𝐹𝑟 if and only if 𝑓 satisfies all of the following conditions:

(1) We have 𝑚 = 0, so the target is simply P1, and the marked points 𝑥1, . . . , 𝑥𝑛 map to
∞ ∈ P1.

(2) The domain curve 𝐶 is the union of a connected, arithmetic genus 𝑔 subcurve 𝐶0 and 𝑛

smooth rational components 𝐷1, . . . , 𝐷𝑛. Each 𝐷𝑖 intersects 𝐶0 at exactly one nodal point
𝑦𝑖.

(3) The subcurve 𝐶0 is contracted by 𝑓 to the point 0 ∈ P1.
(4) Each rational component 𝐷𝑖 contains the marked point 𝑥𝑖. The restriction 𝑓 |𝐷𝑖 : 𝐷𝑖 → P1

is a totally ramified cover of degree 𝜇𝑖, branching exclusively over 0 (at the node 𝑦𝑖) and
over ∞ (at the marked point 𝑥𝑖). Specifically, in local coordinates, 𝑓 |𝐷𝑖 is of the form
𝑧 ↦→ 𝑧𝜇𝑖.

(5) The contracted core (𝐶0, 𝑦1, . . . , 𝑦𝑛), viewed as a genus 𝑔 curve with 𝑛 marked points (the
attachment nodes), is stable. In other words, [(𝐶0, 𝑦1, . . . , 𝑦𝑛)] ∈ℳ𝑔,𝑛.

Proof. The first condition is clear: because there is no extra ramification colliding with ∞𝑚

besides the fixed profile 𝜇, the target requires no bubble components, forcing 𝑚 = 0. Thus, [𝑓 ]
actually lies in the absolute space ℳ𝑔(P1, 𝑑) with a fixed profile over ∞.

By C*-equivariance, the irreducible components of 𝐶 fall into two distinct categories:
∙ Components that are contracted to 0 ∈ P1 under 𝑓 . (Note that no component can be

contracted to ∞, otherwise the preimage 𝑓−1(∞) would be infinite, violating the relative
profile condition).
∙ Components 𝐷𝑖 that dominate P1. By C*-equivariance, these must be fully ramified over 0

and ∞, taking the local form 𝑧 ↦→ 𝑧𝑑.
Let us first analyze the dominating components 𝐷𝑖. By the Riemann–Hurwitz formula, a curve

covering P1 branched at only two points must be rational, so 𝐷𝑖
∼= P1. Moreover, since the relative

map requires 𝑓−1(∞) =
∑︀𝑛

𝑘=1 𝜇𝑘𝑥𝑘, there must be exactly 𝑛 such components, which we denote
by 𝐷1, . . . , 𝐷𝑛. Each 𝐷𝑖 contains exactly one marked point 𝑥𝑖 mapping to ∞. To satisfy the
ramification profile, we must have deg(𝑓 |𝐷𝑖) = 𝜇𝑖, so 𝑓 |𝐷𝑖 is locally of the form 𝑧 ↦→ 𝑧𝜇𝑖 .

Next, we analyze the components contracted to 0 ∈ P1. Let 𝐶0 be the union of all such
contracted components. We claim that 𝐶0 must be connected. Suppose for the sake of contradiction

117



that 𝐶0 consists of disjoint pieces, say 𝐴⊔𝐵. Since the total curve 𝐶 is connected, there must exist
a dominating component 𝐷𝑖 serving as a rational bridge between 𝐴 and 𝐵. This would require
𝐷𝑖 to intersect 𝐴 and 𝐵 at two distinct nodes, both of which must map to 0. However, the map
𝑧 ↦→ 𝑧𝜇𝑖 has only a single point mapping to 0. This contradiction proves that the contracted locus
𝐶0 is connected.

Since 𝐶 is connected, the core 𝐶0 must attach to each tail 𝐷𝑖 at exactly one node, which we
call 𝑦𝑖. Furthermore, because 𝐷𝑖

∼= P1 contributes zero to the arithmetic genus of the total curve 𝐶,
the arithmetic genus of 𝐶0 itself must be exactly 𝑔 by the genus formula.

Finally, because the map 𝑓 is already defined on the rational tails (up to finite automorphisms),
the stability of the entire relative map 𝑓 : (𝐶,x) → P1 reduces exactly to the stability of the
contracted core. Therefore, the nodal curve (𝐶0, 𝑦1, . . . , 𝑦𝑛) must be stable, so it represents a moduli
point in ℳ𝑔,𝑛. □

As a corollary of this geometric description, any automorphism of a map [𝑓 ] ∈ 𝐹𝑟 consists of an
automorphism of the core curve 𝐶0 and independent phase rotations on each of the totally ramified
tails. By the predeformation condition, the automorphisms of the tails relative to the core are given
by:

𝑛∏︁
𝑖=1

Aut
(︁
𝑓 |𝐷𝑖 : (𝐷𝑖, 𝑦𝑖, 𝑥𝑖)→ (P1, 0,∞)

)︁
=

𝑛∏︁
𝑖=1

Z/𝜇𝑖.

Moreover, the above characterization shows that an element [𝑓 ] ∈ 𝐹𝑟 is completely and uniquely
determined by the choice of the core data (𝐶0, 𝑦1, · · · , 𝑦𝑛), which is simply a moduli point in ℳ𝑔,𝑛.
Therefore, the fixed locus 𝐹𝑟 has the structure of a gerbe over ℳ𝑔,𝑛, naturally yielding the stacky
isomorphism

𝐹𝑟
∼=ℳ𝑔,𝑛 ×

𝑛∏︁
𝑖=1

B (Z/𝜇𝑖) .

4.3.3. Identification of the Virtual Normal Bundle. Having identified the structure of
the fixed substack 𝐹𝑟, our next goal is to compute the contribution of its virtual normal bundle
𝑁vir

𝐹𝑟
to the localization formula (4.3.4). Our calculation follows the procedure detailed by Graber

and Pandharipande in [GP99, Section 4], adapted to the relative setting. The essential tool for
this computation is the tangent-obstruction long exact sequence.

Define sheaves 𝑇 1 and 𝑇 2 on 𝐹𝑟 via the cohomology of the restricted canonical (dual) perfect
obstruction theory 𝐸∙ of ℳ𝑔(P1, 𝜇):

0→ 𝑇 1 → 𝐸0|𝐹𝑟 → 𝐸1|𝐹𝑟 → 𝑇 2 → 0.(4.3.5)

Following the arguments of the proof of Proposition 4.1.1, the canonical C*-equivariant perfect
obstruction theory yields a long exact sequence of sheaves over the substack 𝐹𝑟:

0→ Ext0
(︃

Ω𝐶

(︃
𝑛∑︁

𝑖=1
𝑥𝑖

)︃
,𝒪𝐶

)︃
→ H0

(︃
𝐶, 𝑓*𝑇P1

(︃
−

𝑛∑︁
𝑖=1

𝜇𝑖𝑥𝑖

)︃)︃
→ 𝑇 1(4.3.6)

→ Ext1
(︃

Ω𝐶

(︃
𝑛∑︁

𝑖=1
𝑥𝑖

)︃
,𝒪𝐶

)︃
→ H1

(︃
𝐶, 𝑓*𝑇P1

(︃
−

𝑛∑︁
𝑖=1

𝜇𝑖𝑥𝑖

)︃)︃
→ 𝑇 2 → 0.

Note that by our analysis in Proposition 4.3.1, every moduli point in 𝐹𝑟 takes the form
[𝑓 : (𝐶,x)→ (P1,∞)], where the target is unexpanded (𝑚 = 0). Therefore, the deformation space
Def(𝑓) and obstruction space Obs(𝑓) are precisely the 𝑇 1 and 𝑇 2 terms in the sequence above.
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This exact sequence has six potentially non-trivial terms, which we denote by 𝐵1, . . . , 𝐵6
respectively. For notational simplicity, we abbreviate a moduli point in 𝐹𝑟 simply as (𝐶,x, 𝑓).
Recall also from Proposition 4.3.1 that the domain curve decomposes as 𝐶 = 𝐶0 ∪

⋃︀𝑛
𝑖=1𝐷𝑖, where

the 𝑛-pointed contracted core (𝐶0, 𝑦1, . . . , 𝑦𝑛) is stable. We will denote this core moduli point by
(𝐶0,y) ∈ℳ𝑔,𝑛.

For 𝑖 = 1, 2, let 𝑇 𝑖,𝑓 and 𝑇 𝑖,𝑚 denote the fixed and moving parts of 𝑇 𝑖 under the C*-action,
respectively. By the definition of virtual normal bundles and the sequence (4.3.5), the virtual tangent
and normal bundles of 𝐹𝑟 are given by 𝐾-theoretic differences:

𝑇 vir
𝐹𝑟

= 𝑇 1,𝑓 − 𝑇 2,𝑓 ;(4.3.7)

𝑁vir
𝐹𝑟

= 𝑇 1,𝑚 − 𝑇 2,𝑚.(4.3.8)

We have in 𝐾-theory,
[𝑇 1]− [𝑇 2] = ([𝐵4]− [𝐵5])− ([𝐵1]− [𝐵2]).

Taking the moving parts of both sides yields

[𝑁vir
𝐹𝑟

] = ([𝐵𝑚
4 ]− [𝐵𝑚

5 ])− ([𝐵𝑚
1 ]− [𝐵𝑚

2 ]).

Taking the equivariant Euler class gives:

1
𝑒C*(𝑁vir

𝐹𝑟
)

= 𝑒C*(𝐵𝑚
1 )𝑒C*(𝐵𝑚

5 )
𝑒C*(𝐵𝑚

4 )𝑒C*(𝐵𝑚
2 ) .(4.3.9)

To explicitly evaluate the right-hand side of (4.3.9), a finer geometric analysis of the terms
𝐵1, 𝐵2, 𝐵4, and 𝐵5 is required. We divide this task into two subsections.

4.3.4. Contribution from 𝐵1 and 𝐵4. We begin by analyzing the deformation theory of the
domain curve, captured by 𝐵1 and 𝐵4.

∙ Analysis of 𝐵1: The term 𝐵1 represents the infinitesimal automorphisms of the marked
domain curve:

𝐵1 = Aut(𝐶,x) ∼= Ext0
(︃

Ω𝐶

(︃
𝑛∑︁

𝑖=1
𝑥𝑖

)︃
,𝒪𝐶

)︃
.

Decomposing 𝐶 into its irreducible components according to Proposition 4.3.1, we find
that

𝐵1 = Aut(𝐶0,y)⊕
𝑛⨁︁

𝑖=1
Aut(𝐷𝑖, 𝑦𝑖, 𝑥𝑖).

Since the core curve (𝐶0,y) is stable, it has no infinitesimal automorphisms, so Aut(𝐶0,y) =
0. The tails 𝐷𝑖 are rational curves fixed at two points, so Aut(𝐷𝑖, 𝑦𝑖, 𝑥𝑖) ∼= H0(P1, 𝑇P1(−0−
∞)) ∼= C. Since scaling the target does not induce any translation of these vector fields, this
space carries weight zero as a C*-representation. Therefore, 𝐵1 = C⊕𝑛

0 , and consequently
𝐵𝑚

1 = 0.
∙ Analysis of 𝐵4: The term 𝐵4 represents the infinitesimal deformations of the marked

curve:

𝐵4 = Def(𝐶,x) ∼= Ext1
(︃

Ω𝐶

(︃
𝑛∑︁

𝑖=1
𝑥𝑖

)︃
,𝒪𝐶

)︃
.
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The local-to-global Ext sequence for smoothing the nodes 𝑦𝑖 of 𝐶 yields the exact sequence
of C*-representations:

0→ 𝑇(𝐶0,y)ℳ𝑔,𝑛 → Ext1
(︃

Ω𝐶

(︃
𝑛∑︁

𝑖=1
𝑥𝑖

)︃
,𝒪𝐶

)︃
→

𝑛⨁︁
𝑖=1

𝑇𝑦𝑖𝐶0 ⊗ 𝑇𝑦𝑖𝐷𝑖 → 0.

Here, the first term represents deformations that preserve all the nodes, which corresponds
to the Zariski tangent space of the moduli space of stable curves at the core. The final
term represents the independent smoothing of each node 𝑦𝑖. Since the action on the target
is trivial on 𝐶0, 𝑇𝑦𝑖𝐶0 has weight zero. On the tail 𝐷𝑖, the map 𝑓 |𝐷𝑖 : 𝑧 ↦→ 𝑧𝜇𝑖 must absorb
the target rotation of weight 1, forcing the local coordinate 𝑧 at 𝑦𝑖 to have weight 1/𝜇𝑖.
Therefore, 𝑇𝑦𝑖𝐷𝑖 carries weight 1/𝜇𝑖.

Summarizing the analysis above, we have isolated the fixed and moving parts:

𝐵𝑓
1 = C⊕𝑛

0 ; 𝐵𝑚
1 = 0;

𝐵𝑓
4 = 𝑇(𝐶0,y)ℳ𝑔,𝑛;

𝐵𝑚
4 =

𝑛⨁︁
𝑖=1

𝑇𝑦𝑖𝐶0 ⊗ 𝑇𝑦𝑖𝐷𝑖

∼=
𝑛⨁︁

𝑖=1
(L∨

𝑖 )(𝐶0,y) ⊗ C1/𝜇𝑖
.

Recalling the definition of the 𝜓-classes on ℳ𝑔,𝑛 (Definition 2.4.24), the equivariant Euler class
of 𝐵𝑚

4 is computed via its first Chern class. Pulling back to ℳ𝑔,𝑛 via the canonical morphism
𝜌 : ℳ𝑔,𝑛 → 𝐹𝑟, we obtain:

𝜌*
(︂
𝑒C*(𝐵𝑚

1 )
𝑒C*(𝐵𝑚

4 )

)︂
= 1∏︀𝑛

𝑖=1( 𝑢
𝜇𝑖
− 𝜓𝑖)

=
𝑛∏︁

𝑖=1

𝜇𝑖

𝑢− 𝜇𝑖𝜓𝑖
,(4.3.10)

where 𝜓𝑖 = 𝑐1(L𝑖) ∈ CH1(ℳ𝑔,𝑛).

4.3.5. Contribution of 𝐵2 and 𝐵5. To calculate the contribution from 𝐵2 and 𝐵5, our analysis
utilizes a technique from Graber and Pandharipande. By using the normalization exact sequence to
resolve all the nodes of the domain curve 𝐶, we can “embed” the terms H𝑖(𝐶, 𝑓*𝑇P1(−

∑︀
𝜇𝑖𝑥𝑖))

into a computable long exact sequence.
Recall that for the normalization map 𝜈 : 𝐶 → 𝐶 of a nodal curve, and for any locally free sheaf

ℱ on 𝐶, there is a short exact sequence:

0→ ℱ → 𝜈*𝜈
*ℱ →

𝑛⨁︁
𝑖=1
ℱ𝑦𝑖 → 0,

where {𝑦1, . . . , 𝑦𝑛} is the set of nodes of 𝐶, and ℱ𝑦𝑖 is the fiber of ℱ at the node 𝑦𝑖. This short
exact sequence induces the following long exact sequence in cohomology:

(4.3.11) 0→ H0(𝐶,ℱ)→ H0(𝐶, 𝜈*ℱ)→
𝑛⨁︁

𝑖=1
ℱ𝑦𝑖 → H1(𝐶,ℱ)→ H1(𝐶, 𝜈*ℱ)→ 0.
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Let [𝑓 : (𝐶,x)→ P1] be a moduli point in 𝐹𝑟. By Proposition 4.3.1, the (partial) normalization
of 𝐶 naturally decomposes as

𝜈 : 𝐶 = 𝐶0 ⊔
𝑛⨆︁

𝑖=1
𝐷𝑖 → 𝐶.

We apply the sequence (4.3.11) to this specific normalization and the locally free sheaf ℱ :=
𝑓*𝑇P1(−

∑︀𝑛
𝑖=1 𝜇𝑖𝑥𝑖). Recognizing that 𝐵2 = H0(𝐶,ℱ) and 𝐵5 = H1(𝐶,ℱ), we obtain

0→ 𝐵2 → H0(𝐶0,ℱ)⊕
𝑛⨁︁

𝑖=1
H0(𝐷𝑖,ℱ)→

𝑛⨁︁
𝑖=1
ℱ𝑦𝑖 → 𝐵5 → H1(𝐶0,ℱ)⊕

𝑛⨁︁
𝑖=1

H1(𝐷𝑖,ℱ)→ 0.

We analyze these terms piece by piece. First, on the contracted core 𝐶0, the map 𝑓 is constant
with image 0 ∈ P1, so the pullback sheaf simplifies to ℱ|𝐶0

∼= 𝒪𝐶0 ⊗ 𝑇0P1. Therefore,

H0(𝐶0,ℱ) ∼= H0(𝐶0,𝒪𝐶0)⊗ 𝑇0P1 ∼= C1;(4.3.12)

H1(𝐶0,ℱ) ∼= H1(𝐶0,𝒪𝐶0)⊗ 𝑇0P1 ∼= (E∨)(𝐶0,y) ⊗ C1,(4.3.13)

where the second isomorphism follows from Serre duality and the definition of the Hodge bundle E
(Example 2.3.41). Furthermore, at each node 𝑦𝑖, the map sends 𝑦𝑖 to 0, so the fiber ℱ𝑦𝑖 is 𝑇0P1 ∼= C1.

Next, we calculate the cohomology on the rational tails 𝐷𝑖. As established in Proposition 4.3.1,
𝐷𝑖
∼= P1 and the restriction 𝑓 |𝐷𝑖 is given by 𝑧 ↦→ 𝑧𝜇𝑖 . The tangent bundle 𝑇P1 ∼= 𝒪(2), so the

pullback 𝑓*𝑇P1 has degree 2𝜇𝑖. Twisting by −𝜇𝑖𝑥𝑖 yields ℱ|𝐷𝑖
∼= 𝒪P1(𝜇𝑖). The global sections of this

bundle correspond to polynomials in 𝑧 of degree up to 𝜇𝑖. Since the target C*-action forces the local
domain coordinate 𝑧 to scale with weight 1/𝜇𝑖, the basis sections {1, 𝑧, 𝑧2, . . . , 𝑧𝜇𝑖} carry equivariant
weights 0, 1/𝜇𝑖, 2/𝜇𝑖, . . . , 1 respectively. Since the degree 𝜇𝑖 ≥ 1 > −2, the first cohomology group
vanishes. Therefore,

H𝑘(𝐷𝑖,ℱ) ∼=

⎧⎨⎩C0 ⊕
⨁︀𝜇𝑖

𝑗=1 C𝑗/𝜇𝑖
, 𝑘 = 0;

0, 𝑘 = 1.
(4.3.14)

The long exact sequence allows us to compute the moving parts [𝐵𝑚
2 ] − [𝐵𝑚

5 ] by taking the
alternating sum of the moving components of the sequence:

[𝐵𝑚
2 ]− [𝐵𝑚

5 ] = [H0(𝐶0,ℱ)𝑚] +
𝑛∑︁

𝑖=1
[H0(𝐷𝑖,ℱ)𝑚]−

𝑛∑︁
𝑖=1

[ℱ𝑚
𝑦𝑖

]− [H1(𝐶0,ℱ)𝑚]

= C1 ⊕
𝑛⨁︁

𝑖=1

𝜇𝑖⨁︁
𝑗=1

C𝑗/𝜇𝑖
⊖ C⊕𝑛

1 ⊖
(︁
(E∨)(𝐶0,y) ⊗ C1

)︁
.

By taking the equivariant Euler class and recalling the definition of the 𝜆-classes (Definition 2.4.24),
we pull back to ℳ𝑔,𝑛 via 𝜌 to obtain the final required ratio:

(4.3.15) 𝜌*
(︂
𝑒C*(𝐵𝑚

5 )
𝑒C*(𝐵𝑚

2 )

)︂
=
(︃

𝑛∏︁
𝑖=1

𝜇𝜇𝑖
𝑖

𝜇𝑖!

)︃
𝑢𝑛−𝑑−1 · Λ∨

𝑔 (𝑢),

where Λ∨
𝑔 (𝑢) =

∑︀𝑔
𝑖=0(−1)𝑖𝜆𝑖𝑢

𝑔−𝑖.
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4.3.6. Putting them together. By (4.3.9), (4.3.10), and (4.3.15), we have the following
relation in the localized Chow ring of ℳ𝑔,𝑛:

(4.3.16) 1
𝜌*(𝑒C*(𝑁vir

𝐹𝑟
))

=
(︃

𝑛∏︁
𝑖=1

𝜇𝜇𝑖
𝑖

𝜇𝑖!

)︃
𝜇1 · · ·𝜇𝑛 · Λ∨

𝑔 (𝑢)𝑢𝑛−𝑑−1∏︀𝑛
𝑖=1(𝑢− 𝜇𝑖𝜓𝑖)

.

On the other hand, we consider the pushforward 𝜌* : CH*(ℳ𝑔,𝑛) → CH*(𝐹𝑟). Recall from
Proposition 4.3.1 that the fixed locus has the stacky structure 𝐹𝑟

∼= ℳ𝑔,𝑛 ×
∏︀𝑛

𝑖=1 B(Z/𝜇𝑖). The
automorphism group of the rational tails yields a stabilizer of order

∏︀𝑛
𝑖=1 𝜇𝑖. Consequently, the

pushforward of the fundamental class picks up this fractional degree:

(4.3.17) [𝐹𝑟] = 1
𝜇1 · · ·𝜇𝑛

𝜌*[ℳ𝑔,𝑛].

We now combine (4.3.4), (4.3.16), and (4.3.17) to evaluate the integral. By the projection
formula, we obtain

𝐻𝑔,𝜇 = 1
|Aut(𝜇)|

∫︁
[𝐹𝑟]

𝑟!𝑢𝑟

𝑒C*(𝑁vir
𝐹𝑟

)

= 1
|Aut(𝜇)|

𝑟!
𝜇1 · · ·𝜇𝑛

∫︁
[ℳ𝑔,𝑛]

𝑢𝑟

𝜌*(𝑒C*(𝑁vir
𝐹𝑟

))

= 𝑟!
|Aut(𝜇)|

𝑛∏︁
𝑖=1

𝜇𝜇𝑖
𝑖

𝜇𝑖!

∫︁
[ℳ𝑔,𝑛]

Λ∨
𝑔 (𝑢) · 𝑢𝑟+𝑛−𝑑−1∏︀𝑛

𝑖=1(𝑢− 𝜇𝑖𝜓𝑖)
.

To reach the final formula, we factor 𝑢𝑛 out of the denominator to normalize the 𝜓-classes,
rewriting

∏︀𝑛
𝑖=1(𝑢− 𝜇𝑖𝜓𝑖) = 𝑢𝑛∏︀𝑛

𝑖=1(1− 𝜇𝑖𝜓𝑖/𝑢). This changes the overall power of 𝑢 outside the
fraction to 𝑢𝑟−𝑑−1.

At this point, we rely on a dimension argument. The integration over the fundamental class of
ℳ𝑔,𝑛 will annihilate any term in the formal expansion that does not have a codimension exactly
equal to the dimension of the space, which is 3𝑔 − 3 + 𝑛.

Recall that the degree of 𝜆𝑖 is 𝑖, and the degree of 𝜓𝑗 is 1. The term Λ∨
𝑔 (𝑢) =

∑︀𝑔
𝑖=0(−1)𝑖𝜆𝑖𝑢

𝑔−𝑖

carries 𝑢𝑔−𝑖 alongside 𝜆𝑖, and the expansion of the denominator carries 𝑢−𝑘𝑗 alongside 𝜓𝑘𝑗

𝑗 . The
total power of 𝑢 of the term 𝜆𝑖𝜓

𝑘1
1 · · ·𝜓𝑘𝑛

𝑛 is therefore

(𝑟 − 𝑑− 1) + (𝑔 − 𝑖)−
𝑛∑︁

𝑗=1
𝑘𝑗 .

Because we only integrate terms where 𝑖+
∑︀𝑛

𝑗=1 𝑘𝑗 = 3𝑔− 3 +𝑛, and because the Riemann–Hurwitz
formula dictates 𝑟 = 2𝑔 − 2 + 𝑑+ 𝑛, this total power of 𝑢 becomes

(2𝑔 − 2 + 𝑑+ 𝑛− 𝑑− 1) + 𝑔 − (3𝑔 − 3 + 𝑛) = (2𝑔 − 3 + 𝑛) + 𝑔 − 3𝑔 + 3− 𝑛 = 0.

Since the equivariant parameter 𝑢 cancels out from every surviving term of top codimension, we
can safely set 𝑢 = 1 to simplify the integrand. This yields the final evaluation:

𝐻𝑔,𝜇 = 𝑟!
|Aut(𝜇)|

𝑛∏︁
𝑖=1

𝜇𝜇𝑖
𝑖

𝜇𝑖!

∫︁
[ℳ𝑔,𝑛]

Λ∨
𝑔 (1)∏︀𝑛

𝑖=1(1− 𝜇𝑖𝜓𝑖)
.

This finishes the proof of the ELSV formula (Theorem 4.0.5).
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