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Abstract

In this thesis, we study the notion of formality from rational homotopy
theory. We give a modern treatment, using the language of commuta-
tive bidifferential bigraded algebras (cbba’s), of an influential theorem
of Deligne-Griffiths-Morgan-Sullivan, which states that compact K&hler
manifolds are formal. We show that if (A**, 3,0) is a cbba with the 90-
property, then its total commutative differential graded algebra (cdga)
(A*,d) is formal. The fact that compact Kédhler manifolds are formal
will then follow due to the 90-Lemma, which we prove using the neces-
sary material from complex geometry. We also discuss a further result: if
the cohomology algebra of a cdga is of complete intersection type then it
is formal. This result can be generalized to cbba’s: If a cbba A satisfies
the 00-property and has cohomology algebra of bigraded complete inter-
section type, then A is strongly formal. As a consequence, we prove that
compact homogeneous Kéahler manifolds are strongly formal. Lastly, we
discuss obstructions to formality and weak formality, given by Massey
products and their bigraded generalization ABC-Massey products. Ex-
amples are provided, mostly of nilmanifolds, both of computational im-
portance and as counterexamples.

Sammanfattning

I denna uppsats studeras begreppet formalitet fran rationell homotopi-
teori. Vi diskuterar en inflytelserik sats, tillskriven Deligne-Griffiths-
Morgan-Sullivan, som sager att kompakta Kéhlermangfalder ar formella,
med hjalp av den modernare teorin av kommutativa bidifferentiella bi-
graderade algebror (cbba:s). Vi bevisar att om (A**,9,0) ér en cbba
med 00-egenskapen sa dr den totala kommutativa differentiella grader-
ade algebran (cdga:n) (A*,d) formell. Att kompakta Khélermangfalder
ar formella blir dérefter en f5ljd av 00-Lemmat, som vi bevisar efter att
ha etablerat den nodvandiga bakgrunden inom komplex geometri. Vi
diskuterar &ven ett vidare resultat: Om kohomologialgebran av en cdga
ar en komplett skdrning, sa ar den formell. Detta resultat generaliseras
till bigraderade algebror och vi bevisar att en cbba A, vars kohomologi-
algebra ar en bigraderad komplett skérning, ar starkt formell, givet att
A har 00-egenskapen. Som foljdsats far vi att kompakta homogena
Kéhlermangfalder ar starkt formella. Hinder for formalitet diskuteras
ocksa. Dessa ges av Massey-produkter och den bigraderade generaliserin-
gen ABC-Massey-produkter. Exempel ar forsedda, framst nilmangfalder,
bade av berakningsintresse och som motexempel.
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Introduction

This thesis is focused on the notion of formality, introduced in the 1970’s, most
notably in [DGMST5]. The slogan for formality is that if a space is formal then
the rational cohomology algebra contains all the rational homotopy information
of the space. In the same article as the notion’s introduction, Deligne, Griffiths,
Morgan and Sullivan give the first large class of formal spaces, compact Kahler
manifolds.

The proof of this fact is purely algebraic after establishing the, so called,
dd°-lemma, or more commonly phrased as the 0-lemma today, which motivates
one to extract this information. In this thesis we prove that any commutative
bidifferential bigraded algebra that satisfies the conclusion of the 00-lemma is
formal, giving us the conclusion in a more general framework and highlighting
the crucial step.

The framework of commutative bidifferential bigraded algebras (cbba’s),
which we base of the recent work of Stelzig, et. al. [Ste25, MS24| [PSZ25],
leads to many generalizations of the notions of commutative differential graded
algebras (cdga’s). In particular, two new notions of formality; weak formality
and strong formality. Strongly formal cbba’s are both formal and weakly formal,
but formality and weak formality are independent. These notions are of interest
to the recent introduction of pluripotential homotopy theory [Ste25] which is
trying to answer the broad question of what the holomorphic extra structure
on the homotopy type of a complex manifold is.

Spaces with cohomology algebras of complete intersection type gives us an-
other class of formal spaces. We give a detailed proof of this fact, following
[Smi95], as well as a proof of a bigraded generalization of this, which gives us
our first class of strongly formal manifolds, compact homogeneous Kahler mani-
folds. This generalization is due to Placini, Stelzig and Zoller [PSZ25], so, while
our proof follows theirs closely, we write out a few more details and provide a
proof of a lemma they cite.

Lastly, we discuss obstructions to formality. For cdga’s the classic obstruc-
tion is the existence of non-trivial Massey products [Mas58|, [Kra66]. For cbba’s
the notion of Aeppli-Bott-Chern-Massey products has recently been established,
see [ATT15, MS24]. We study the first two such, the triple and quadruple ABC-
Massey products, through examples.

The main examples throughout the thesis will be nilmanifolds. Since a
nilmanifold is only formal if it is a torus, these will give us examples of non-
formal spaces and show existence of non-trivial Massey products. By giving
nilmanifolds complex structure we will also see examples of non-trivial ABC-
Massey products. In particular, in this thesis we will work out some examples



provided in literature in detail, see example and [7.11] as well as provide our
own computational examples, see example 4.9 and [7.9,

A reader familiar with the basics of algebraic topology and smooth mani-
folds, e.g. familiar with the material in [HatO1] and [Leel3|, will hopefully be
able to follow the thesis, thanks to the preliminary material in both rational ho-
motopy theory and complex manifolds provided. While introductions to these
subjects are plenty, this thesis provides both as well as a complete proof of the
influential theorem of Deligne-Griffiths-Morgan-Sullivan. Moreover, the newer
results included are picked out to be comprehensible without much background
knowledge in the area.

Structure

The structure of the thesis is as follows: In Section [I] we recall the necessary ma-
terial of rational homotopy theory, mostly following [FHTO01]. Section [2] recalls
Lie groups and nilmanifolds, as well as their minimal models. Section|3|concerns
complex manifolds. We build up the theory from the ground, assuming knowl-
edge of Riemannian manifolds, and concluding with the necessary properties of
Kéahler manifolds needed in later sections.

The theory of cbba’s is introduced in section [4] following Stelzig’s recent work
[Ste25, MS24] [PSZ25]. We note how the algebra of complex differential forms
on a complex manifold makes up a cbba. Some of the various cohomologies of a
cbba are collected here as well as the cohomology diamond, connecting them all.
Strong and weak formality is also introduced. The section ends by discussing
the pluripotential minimal model of complex nilmanifolds and an example of
computational and historical importance.

Formality of compact Kéhler manifolds is proven in section [5] The section
is mostly concerned with the 90-property. We prove that if a cbba A satisfies
the 00-property then all the natural morphisms in the cohomology diamond are
isomorphism. Using the Green’s operator, we show the 90-Lemma, i.e. that
the cbba of complex differential forms on a compact Kahler manifold satisfies
the 00-Lemma. Finally, we prove that if A satisfies the 00-property then it is
formal giving us the main theorem as a consequence.

In section [6] we study cdga’s and cbba with certain cohomology algebras. We
give a detailed proof of the classic theorem stating that topological spaces with
cohomology algebra of complete intersection type are formal. The Theorem
generalizes to bigraded algebra, and we prove that a cbba satisfying the 90-
property and with cohomology algebra of bigraded complete intersection type
is strongly formal. The geometric corollary is that compact homogeneous Kahler
manifolds are strongly formal, giving us a class of strongly formal manifolds.



We end the thesis by considering Massey products and their bigraded gener-
alizations ABC-Massey products in section [7} Examples are provided as well as
proofs that the triple Massey and ABC-Massey products are invariants under
quasi-isomorphism and pluripotential quasi-isomorphisms respectively, giving
us the results that they are obstructions to formality and weak formality.



1 Commutative differential graded algebras

Given a graded R-module M = ,, M* we say that m € M is of degree k
if m € M"* and write |m| = k. If M and N are two graded R-modules then
a homomorphism f : M — N is said to be of degree n if f(M*) c M"™* for
all k € Z. If Ais a graded R-algebra then A is called (graded) commutative if
z-y = (=1)*y-z for v € A¥ and y € A’. One can prove that the (graded) tensor
product is the coproduct in the category of (graded) commutative R-algebras.

Recall that a cochain complex C over a ring R is a sequence of R-modules
C* (k € Z) and homomorphisms d* : C* — C**! such that d**' o d* = 0 for
all k. Alternatively, viewed as a graded R-module C' = @, ., C* together with
a morphism d : C — C of degree 1 such that d> = 0. The cohomology of a
cochain complex H*(C') is the graded R-module given by

H*(O) = ker(d* : C* — C*Y)/im(d*! . C* 1 — CF).

Definition 1.1. A differential graded algebra over k (k-dga) (A, d), or just A,
is a graded k-algebra A = @, , AF together with a degree one homomorphism
d: A — A called a differential such that

=0 and d(x-y)=drv-y+ (-Dfz-dy ifzec A"

Intuitively, (A, d) is a cochain complex that is also a graded algebra such that
d satisfies the Leibniz rule.

A commutative differential graded algebra over k (k-cdga) (A4, d) is a k-dga
such that A is (graded) commutative.

A morphism of k-(c)dga’s f : (A,d) — (B,d) is a degree 0 k-algebra homo-
morphism f : A — B such that df = fd, i.e. a multiplicative homomorphism
of cochain complexes.

We will mostly be concered with cdga’s moving forward, we denote the
category of cdga’s (over some field k) and their morphisms by CDGA. Note
that the cohomology of a cdga H*(A) inherits the commutative multiplication
and becomes a graded commutative algebra. We will even view it as a cdga
with trivial differential d = 0. Note also that any cdga, or in general any
cochain complex, with trivial differential is its own cohomology. Recall that any
morphism of cochain complexes f : C' — D induces a morphism on cohomology
f*: H*(C) — H*(D). Thus cohomology defines a functor H* : CDGA —
CDGA with (H*)*> = H*.

The tensor product of two cdga’s is defined by taking the graded tensor
product of their underlying algebras and the differential is defined on simple



tensors by the Leibniz rule dgp(a ® b) = da(a) ® b+ (—1)1a @ dz(b) and on
general tensors by linearity. It follows that H*(A ® B) = H*(A) ® H*(B) by
the Kiinneth Theorem. The base field k will be viewed as a cdga concentrated
in degree 0 with d(\) = 0 for all A € k. When viewed as a cdga we write either
(k,0) or just k if the context is sufficient. A cdga A is called contractible if
H*(A) 2 k.

Example 1.2. If M is a smooth manifold then the de Rham complex Q*M is
a R-cdga with multiplication given by wedge product, since

dwAT)=do AT+ (=) wnAdr ifweQ"M.

In the context of cdga’s it is often denoted Ayr(M). If f: M — N is a smooth
map then the pullback f*: Ayr(IN) — Agr(M) is a morphism of cdga’s. Thus

Agr defines a contravariant functor from the category of smooth manifolds to
CDGA.

Definition 1.3. A morphism of cdga’s f : A — B is called a quasi-isomorphism
if the induced map on cohomology f* : H*(A) — H*(B) is an isomorphism of
graded algebras.

The name suggests that we define a homotopy category by formally inverting
quasi-isomorphisms: Ho(CDGA) = CDG A [quasi-iso!]. Recall that the mor-
phisms in such a category are zig-zags where all the arrows going the opposite
way are quasi-isomorphisms

A1—>A2;A3—>A4QA5.

If V is a graded vector space over k then the free graded commutative algebra
over V is the qoutient algebra T'V/I where TV is the tensor algebra and [ is
the ideal generated by v ® w — (—=1)*w ® v for v € V¥ and w € V*. We denote
it by AV with multiplication written by simply - or omitted. Note that if V¢V
denotes the sum of the even degree summands of V' and V°% the odd degree
summands then

AV = Sym (V") @ Ext(1/°4)

where Sym(V') denotes the symmetric algebra of V' and Ext(V') the exterior
algebra of V. The grading of AV is given by

‘Ul"'vk| = |U1’++|’U]€|

The free graded commutative algebra over V can also be viewed as the
subspace of ¥ invariant tensors of T’V under the action defined on transpositions

7= (i) by
T @ QU QU Qu,) = (—1)'”“”?"(1}1@--~®vj®--~®vi®---®vp)
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and then extended to arbitrary permutations. In this thesis a free algebra means
a free graded commutative algebra. By A(vy,...,v,), we mean the free algebra
of the vector space spanned by vy, ..., v,.

For free graded commutative algebras we also define the following subspaces

e APV is the subspace generated by products vy ---v, € AV for vy,...,v, €
V. We identify A°V with the underlying field k and A'V with V.

o NTV = @n21 A"V
o APV = @nzp A"V
If v € A22V we call v decomposable. Let us define the main object of interest.

Definition 1.4. A Sullivan cdga is a cdga whose algebra is free graded com-
mutative AV for a positively graded vector space V' = €, ., V" such that V
admits a well-ordered basis v, satisfying d(vs) € A(vg)s<a-

A minimal cdga is a Sullivan cdga such that d(V) C AZ2V. In other words,
the image of d consists of decomposable elements.

Given a cdga (A,d4) and a finite dimensional graded vector space V', an
elementary extension of A is a new cdga (B = A® AV, dp) such that dg|s = da
and dp(V) C A. Omitting the differential we denote such extensions by A@4AV .
Note that if A = AW then AW @ AV = A(W ® V), so an elementary extension
of a Sullivan algebra is a Sullivan algebra by extending the well-ordered indexing
set of W with dim V' elements all greater than those of W.

In the classic paper [DGMST75], a minimal cdga M is defined as a cdga that
can be written as an increasing union of sub-cdgas M;

kC M, CMyC--- and UMi:M

1>0

such that M;, is an elementary extension of M; and d is decomposable. Such a
sequence of sub-cdga’s is called a series for M. These definitions are equivalent
as can be seen by what we wrote above, that an elementary extension of a
Sullivan algebra is a Sullivan algebra. Conversely, from a Sullivan algebra we
can build such a series using the well-ordered indexing set, which can be put in
correspondence with a subset of the naturals as the dimension of V' is at most
countable. Both definitions also just assumes that d is decomposable.

An augmented cdga is a cdga (A,d) together with a cdga morphism e :
(A,d) — (k,0), called an augmentation, that induces an isomorphism in degree

zero homology €* : H(A,d) = H°(k,0) = k. The kernel of ¢ is denoted A and

6



Q(A) is defined as the quotient A/(A-A). This becomes a cochain complex with
the induced differential Q(d), which exists as d(A) C A and d(A-A) C A- A.
If AV is a Sullivan algebra then as (AV)? = k and (AV)¥ = 0 for k < 0
there is an obvious augmentation which makes AV = ATV, Q(AV) naturally
identified with V' and Q(d) the “linear” part of d, i.e. in the decomposition of
d(v) in P, APV the AW =V part. If f: AV — AW is a cdga morphism
then it induces a morphism of cochain complexes Q(f) : Q(AV) — Q(AW).

Proposition 1.5. A morphism of Sullivan algebras f : AV — AW is a quasi-
isomorphism if and only if Q(f) : Q(AV) — Q(AW) is a quasi-isomorphism (of
cochain complexes).

For a proof see Proposition 14.13 in [FHTO1].

Corollary 1.6. A morphism of minimal cdga’s f : AV — AW is a quasi-
isomorphism if and only if it is an isomorphism.

Proof. If f : AV.— AW is a quasi-isomorphism then so is Q(f) : Q(AV) —
Q(AW). Since d is decomposable, the linear part is zero and hence Q(d) = 0
for both AV and AW. In particular H*(Q(AV)) = Q(AV), H*(Q(AW)) =
Q(AW) and Q(f)* = Q(f), so Q(f) is an actual isomorphism, which after the
identification Q(AV) =V and Q(AW) = W gives us an isomorphism between
the underlying vector spaces. It follows that f : AV — AW is an isomorphism.

[

We wish to define homotopies between morphisms of cdga’s. We want a cdga
that represents I in the definition of a topological homotopy H : X x I — Y.
Let A(t,dt) be the free commutative graded algebra on the generators ¢ and
dt, where |t| = 0 and |dt| = 1. If d(t) = dt and d(dt) = 0 then A(t,dt)
is a contractible cdga H*(A(t,dt)) = k. This cdga has two cdga morphisms
Po,p1 1 A(t,dt) — k defined by po(t) = 0 = po(dt) and p,(t) = 1,pi(dt) = 0,
both of which are quasi-isomorphisms. Intuitevely A(t,dt) should be viewed
as the polynomial differential forms on I and pg,p; should be viewed as the
evaluations at the two endpoints.

Definition 1.7. Given two morphisms of cdga’s f,g : A — B, a homotopy from
f to g is a morphism of cdga’s H : A — B® A(t,dt) such that (id®@py)o H = f
and (id®p;) o H = g (under identification of B ® k = B). If there exists a
homotopy from f to g we call f and g homotopic and write f ~ g.

Note that id ® p; is a quasi-isomorphism, since A(t, dt) is contractible. By
abuse of notation we write simply p;. We also have an inclusion ¢ : B —



B ® A(t,dt) that is a left inverse to both of these maps. Furthermore, it is a
quasi-isomorphism, as the induced map is essentially the isomorphism H*(B) =
H*(B) ® k. Thus, if f ~ g then f = g as morphisms in Ho(CDGA), as the
following zig-zags are all equal
TR N NS VNN N VAN NS NN
Furthermore, the converse is true if the domain is a minimal cdga. This is
a consequence of the following important theorem

Theorem 1.8 (Lifting Theorem [DGMST5]). Let AV be a minimal cdga. Given
a quasi-isomorphism ¢ : A — B of cdga’s and a cdga morphism f : AV — B
there exists a homotopy lift f : ANV — A such that of ~ f. In other words, the
dotted arrow exists and the diagram commutes up to homotopy

>

- s
-
f -
-
e
P @~

-,

-

-
-
-
-

v —~L B

For a proof see Lemma 12.4 in [FHT01]. We get the following two corollaries

Corollary 1.9 (Corollary 1.3 [DGMST75]). If AV is a minimal cdga then homo-
topy is an equivalence relation on the set of cdga morphisms AV — A for any
cdga A.

The set of homotopy equivalence classes of maps AV — A is denoted by
AV, Al

Corollary 1.10 (Corollary 1.4 [DGMST75]). Given a quasi-isomorphism ¢ :
A — B the induced function of sets v, : [AV, A] — [AV, B] is a bijection.

Definition 1.11. Given a cdga A, we say that a minimal cdga AV is a minimal
model of A if there is a quasi-isomorphism AV = A.

Theorem 1.12 (Theorem 14.12 [FHTO1]). Let k be a field of characteristic 0
and let A be a cdga with H°(A) =k, then there exists a, unique up to isomor-
phism, minimal model NV = A.

By the Lifting Theorem if f: A — B then we get a induced map
Af AV — AW between the minimal models of A and B respectively.



We now wish to associate to each space a cdga. For manifolds we have the
de Rham complex mentioned as our first Example [[.2] Recall that the cochain
complex C*(X;k) of singular cochains with coefficients in k has multiplicative
structure coming from the cup product U : C*(X; k) @ C4(X; k) — C*(X; k)
which only is graded commutative when passing to cohomology. So, C*(X;k)
is a k-dga but rarely a cdga. Therefore, we wish to associate to each topological
space X a cdga with the same cohomology as C*(X; k).

Recall that a simplicial object in a category C is a functor X : A°® — C
where A is the category with objects are the ordered sets [n] = {0,...,n} and
the morphisms are order-preserving functions ¢ : [m] — [n]. We introduce
the short-hand notation X,, = X([n]) and X(¢) = ¢* : X,, = X,,. The
morphisms in the category A is generated by a special class of morphisms,
namely, 0" : [n — 1] — [n], the unique order preserving injection such that
i ¢ imd' and s’ : [n + 1] — [n], the unique order preserving surjection such
that s'(i) = s'(i + 1). If X is a simplicial object, then (9°)* is denoted 9; and
called the face maps of X, while (s°)* = s; are called the degeneracy maps. A
morphism f : X — Y of simplicial objects is a natural transformation between
functors. More concretely a collection of morphisms f, : X,, — Y, in C such
that (9;)y o fn = fa_10(9;)x and (s;)y © fr, = fur1 0 (8;)x for all i and n. The
category of simplicial objects in C is denoted sC.

We define a simplicial cdga App : A - CDGA by

(Apr)n = Ato, . - tn, do, ..., dt,)/ Ot — 1,50 dt;)

where |¢;] = 0 and |dt;| = 1 and the differential is defined by d(t;) = dt; and
d(dt;) =0 for all i € [n]. The order-preserving functions ¢ : [m] — [n] in A are
mapped to ¢* : (Apr)n — (Apr)m defined by

Pt = Dt
jeP=L(4)
In particular, the face and degeneracy maps are the cdga morphisms satisfying:

"

tk, k<1
Oi: (ApL)n = (ApL)n—1, 0Oi(te) = 40, k=1
k-1, k>1
(14, k< j
it (Apr)n = (App)ntr,  site) = Sty +ti, k=
Tkt 1, k> j.



Note that the generators dt; are determined by the fact that ¢* is a cdga
morphism so ¢*(dty) = ¢*(d(tx)) = de*(tx). To prove that it is indeed a
simplicial cdga, it is enough to check that it is functorial, or that the face and
degeneracy maps satisfy the simplicial identities. Note that

Altos- . tnsdto,. ... dtn) 2 Klto, ... t,] ® Ext(dto,. .., dt,) (1)

as algebras, due to the degree of the generators. Thus, one should intuitively
view (Apr), as k-polynomial differential forms in n variables.

Now Apj, defines a functor Apr(—) : sSet® — CDGA by X — Ap.(X)
where Apr(X) is graded by

APL(X)q = homsset (X, A(]JDL)

In other words, a g-form w € App(X)?is a function such that for each n-simplex
o € X,, we have a “polynomial form” w, € (Apz)? such that ¢*(ws) = We+(0)-
This inherits the structure of a cdga from Apj, pointwise. In particular we have

(dw)y = d(wy).

A simplicial map ® : X — Y is mapped to the pullback ®* : Ap, (V) —
App(X). If we wish to make the underlying field k explicit, we write Apy(—;k).

Similarly to Apr(—) we define a functor C*(—;k) : sSet® — DGA by
X — C*(X, k) graded by

CP(X;k)={f:X, = k]| f(si(c))=0forall 0 <i<p-—1}.

The differential d : C?(X;k) — CPT(X;k) is defined by

df(0) =D (=1 f(di(0)) o € Xpin.
k=0
The multiplication is the cup product C?(X;k) ® C?(X;k) — CP*9(X;k), de-
fined by
(fUg)(7) = flep(7))g(q(7))

where ¢, = (¢P)* is the image of ¢? : [p] = [p + ¢|, defined by ¢(i) = 4, and
0, = (p9)*, where ¢7 : [¢] — [p+ ¢] is defined by (i) = p +i. Unlike the
multiplication of Apr(X) this is rarely (graded) commutative, but passing to
cohomology H*(C*(X;k)) the induced product is graded commutative.

Recall that for each topological space X we associate a simplicial set S, (X)
with S, (X) being the set of continuous functions from the standard (topo-
logical) n-simplex A™ = {(to,...,t,) e R |0<¢, <1,>7" t; =1} to X,

10



usually called the set of singular n-simplices. An order-preserving function
¢ : [m] — [n] is mapped to the function ¢* : S, (X) — S, (X) by

p*'(0) =00p, where @,:A™ — A"
Oiltoy -y tm) = (S0y...,8,) fors; = Z t;.

JjE€p~L(9)

Thus we define, for a topological space X, Apr(X) = Apr(S«(X)). This is
also functorial, so a continuous map X — Y is mapped to a morphism of
simplicial sets S, (X) — S.(Y) by post-composing. We abbrieviate Apy,(S.(X))
and C*(S«(X); k) by Apr(X) and C*(X; k) respectively, and note that the latter
is just the standard cochain complex of singular cochains on a topological space.
Lastly, we introduce another simplicial dga. Consider the simplicial set

A[n] = homa(—, [n]) : AP — Set

and note that each order preserving function ¢ : [m| — [n] defines a morphism
of simplicial sets . : Am] — A[n]. We define a simplicial dga Cpy, by setting
(Cpr)n = C*(Aln]; k) and for each function ¢ : [m| — [n] we get a morphism
©* 1 (Cpr)n = (CpL)m, by ()" : C*(A[n]; k) — C*(A[m]; k), for ¢, as above.
Just like Apy, the simplicial dga Cpy, defines a functor Cpr(—) : sSet — DGA
by

CPL(X) = hOHlsSet(X, CPL)

with dga structure pointwise just like for App(X).
Now let k be of characteristic 0, i.e., an extension of Q.

Theorem 1.13 (Theorem 10.9 [FHTOIL]). Let X be a simplicial set. There
is a natural isomorphism Cpr(X) = C*(X;K) of dga’s and natural quasi-
1somorphisms of dga’s

Cpr(X) =5 (Cpr @ App)(X) = App(X).

In particular, for a topological space X, we have the same chain of quasi-
isomorphism as above, and H*(X;k) = H*(ApL(X)).

The more standard statement is a direct natural quasi-isomorphism of cochain
complexes given by integration

/ : APL(X> — C*(X,k)

11



similar to the proof of de Rham’s Theorem. The integration map is given by
w € A%, (X) is mapped to [w € CP(X;k) defined by

Xpaar—>/w:/ Wo
o AP

We note that this makes sense as w, € (App)b = k[ty, ..., t,]dt; - - - dt, where
the isomorphism comes from looking at p degree elements of and eliminating
to and dty using the relation > ¢, —1 =0 and > dt; = 0. Here it is clear why
we need to restrict to k being of characteristic 0, for example if p = 1 we just

get the integral
1
1
thdt, = [ thdt = ——
/Al B /0 k41

and in general one can calculate that

kil -k
ke g o dt = p )
/Apl P T (ke 4 ke +p)!

Note that Stokes’ theorem proves that it is a morphism of cochain complexes:

0 [ dilen)

S
-0 Ap—1

(L)

One can also check that the integration map is natural.

Il
=
= M@

0

ol

Theorem 1.14 (Theorem 10.15 [FHTOI]). The natural map
b

18 a quasi-isomorphism of cochain complexes.

If X is a path connected then H°(X;k) =k and thus H°(Apr(X);k) = k.
Hence, by Theorem we get a minimal model of Apy(X;k) over k. This is
called the k-minimal model of X.

12



Definition 1.15.

e A k-cdga A is called k-formal if it connected by a zig-zag of quasi-isomorphism
of cdga’s to its cohomology H*(A). In other words, A is isomorphic to
H*(A) in Ho(CDGAY).

e A topological space X is called formal if Ap(X) is Q-formal.
e A topological space X is called k-formal if Apy(X;k) is k-formal.

Proposition 1.16. A k-cdga (A, d) is k-formal if and only if it is connected via
a zig-zag of quasi-isomorphisms to a cdga with the zero-differential (B, 0).

Proof. A cdga with d = 0 is its own cohomology, as kerd = B and imd = 0.
Thus the zig-zag

(A, d) <= --- = (B,0)
gives an isomorphism H(A,d) = H(B,0) = (B,0), so simply add this to the
end to get a zig-zag from (A, d) to H(A,d)

(A,d) <= - =5 (B,0) = H(A, d)
O

One also sees that formality of A when H°(A) =k is equivalent to existence
of a quasi-isomorphism from the minimal model AV — H*(A), as the zig-zag
can be lifted to the level of minimal models and quasi-isomorphisms between
minimal models are isomorphisms.

Proposition 1.17. Let A be a cdga, if H*(A) is a free commutative graded
algebra then A is formal.

Proof. Suppose H*(A) = AW. We define a map ¢ : AW — A by p(w) = a,, so
that [a,] = w. This defines a map of graded algebras AW — A. It is a cdga
morphism since 0 = p(dw) = da,, = 0. Lastly it is a quasi-isomorphism as the
induced map on cohomology is the identity. O]

We claim that if X is formal it is k-formal for all k. It is enough to prove that
Apr(X;k) ~ Apr(X; Q) ®g k. To see this, note that since the cdga’s (ApLk)n
are defined as free algebras we get directly that (Aprk)n = (ApLo)n Qo k.
Thus, there is an inclusion Apr(X;Q) ®g k — Apr(X;k) given by mapping
cach simple tensor w, ® A € (Apr.g)n @gk to Aw, € (ApLk)n. This inclusion is
a quasi-isomorphism since H*(Apr(X;Q)®gk) = H*(X;Q)®¢k = H*(X; k) =
H*(Apr(X;k)). Hence, if X is formal, then by tensoring that zig-zag with k,
we see that X is k-formal. Moreover, the converse is true:

13



Theorem 1.18 (Corollary 6.9 [HS79]). If X is k-formal for some extension
k/Q then X is formal.

Let M be a smooth manifold. Let us consider the relation between the
real cdga of de Rham forms Ay g(M) and the rational cdga of polynomial forms
Apr(M)is. The geometric simplicies A™ are manifolds with corners and thus we
can define S°(M) to be the sub-simplicial set of smooth functions A™ — M. We
can also take the de Rham complex of A™ and the collection Agr(A™) becomes
a simplicial R-cdga, let us shorten it to simply Agr. Notice that this gives us a
functor Agr(—) : sSet — CDGARg, in the same way as Ap,(—) and C*(—; k).
Furthermore, note that o € S;°(M) is a smooth map o : A" — M and thus
defines a real cdga morphism Agg(o) : Agr(M) — Agr(A™). Hence, we define a
natural morphism « : Agr(M) — Aqr(S°(M)) by mapping w € Ayr(M) to the
simplicial map taking smooth n-simplices o € S°(M) to Agr(o)(w) € Agr(A™).

Furthermore, we have the inclusion g : S°(M) — S.(M) and a morphism
v AR, — Ayg, the latter being the identification of elements of (A%,), as
R-polynomial forms in n variables on A™. This gives

Apr(M;R) = App(S.(M);R) 2 Agr(S.(M)) 2 Aqr(SZ(M))

Proposition 1.19 (Theorem 11.4 [FHTO0I]). The maps «, 5* and ~* are all
quasi-isomorphisms. In particular, we have a weak equivalence between App (M;R)
and Ad R(M )

Note that this implies that if AV is a R minimal model of Aszr(M) then it
is a R minimal model of M.

Lastly, the reason why minimal models are of interest in rational homotopy
theory is that there is a connection between the rational homotopy groups and
the @Q-minimal model. Recall that a group G is nilpotent if the sequence of sub-
groups G, defined recursively by Gy = [Gy, G| = {ghg™*h™': g € G;,h € G}
and Gy = G, terminates in 0. Similarly G acts nilpotently on a group H if the
sequence of subgroups H; defined by H; .1 = [H;,G] = (g(h)h™' : h € H;,g € G)
terminates in 0. We say that a path connected space X is nilpotent if the fun-
damental group (X)) is nilpotent and acts nilpotently on the higher homotopy
mo(X) for n > 2. The action of the fundamental group on higher homotopy
groups is explained in section 4.1 of [Hat01].

Theorem 1.20 (Theorem 11.3 [BGT6]). Let X be a nilpotent space with finite
Betti numbers and with rational minimal model NV, for n > 2 there are natural
1somorphisms

V'S (m(X) ® Q)

in particular rank m,(X) = dim V™.

14



There is quite a lot more to say about cdga, minimal models and their
applications. For more information and proofs of the Theorems presented see
[DGMST75], [FHTO01] and [FOTOS].
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2 Lie groups and nilmanifolds

Recall that a Lie group G is a smooth manifold with a group structure such
that the multiplication G x G — G is smooth. A real Lie algebra g is a real
vector space equipped with an alternating bilinear map g x g — g, called the
Lie bracket and denoted [z, y], that satisfies the Jacobi identity:

[z, [y, 2]l + [z, [z, y]] + [y, [z, 2]] = 0.

For any g € G, themap L, : G — G, defined by L,(h) = gh, is a diffeomorphism
of G with inverse Ly-1. The map Ry(h) = hg is similarly a diffeomorphism of G.
A vector field X € X(G) is left invariant if dL,(X) = X, where dL, : TG — TG
is the differential of L,. Similarly, a vector field X is right invariant if dR,(X) =
X. Let g be the vector space of left invariant vector fields. Recall that on any
manifold M there is a bracket of vector fields [—, —] : X(M) x X(M) — X(M).
The bracket satisfies the following relation on smooth functions f,

(X YI() = X(Y(f) = Y (X))

The bracket of vector fields on M is an alternating bilinear map that satisfies
the Jacobi identity. If F' : M — N is a diffeomorphism, then dF[X,Y] =
[dF(X),dF(Y)]. Hence, if XY are left invariant vector fields, then so is [ X, Y].
Therefore, g has the structure of a Lie algebra. Furthermore, note that if X is
left invariant, then

Xg = (dLg) (Xe)

for all g € G. In particular, a left invariant vector field is uniquely determined
by it’s value at the identity. Conversely, every v € T.G defines a left invariant
vector field by X, = (dL,)(v). Thus, we may think of g as the tangent space at
the identity, in particular, it is finite dimensional.

Similarly to vector fields, we can define left (and right) invariant differential
forms by noting that left multiplication by g, L,, induces a map of differential
forms LZ : AdR(G) — AdR(G) by

Liw(X1, o, Xo)(2) = wou(dLyXa, . . dLyX,,).

g»

Hence, we say that w is left invariant if L;w = w for all g € G. Since L} is a map
of chain complexes, the set of left invariant forms is closed under differentiation

Lydw = d(Lyw) = dw.
As it is also closed under multiplication by the Leibniz rule, we see that the
space of left invariant differential forms is a sub-cdga of A4r(G), we denote it by

AL (G). Just like for vector fields, left invariant forms are uniquely determined
by their value at the identity, so we get ALL(G) 2 A*TFG = Ag*.
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Theorem 2.1 (Theorem 1.28 [FOTO08]). If G be a compact connected Lie group,
then the inclusion ALL(G) — A4r(G) is a quasi-isomorphism.

We equip Ag* with the Chevalley—Eilenberg differential, defined on 1-forms
w by
dW(X, Y) = —W([X, Y])a

and extended to arbitrary forms using the Leibniz rule. We claim that the
isomorphism A%, (G) = Ag* is an isomorphism of cdga’s. It suffices to prove
that it commutes with the differential. If we identify g with the tangent space
at the identity, then we express the isomorphism as taking an element w € Ag*
to the left invariant form w”, defined by

wﬁ(vl, Cey V) = w(dLg_lvl, . ,dLg_lvn)

for tangent vectors v; € T,G. Recall the following formula for the differential of
1-forms:

dw(X,Y) = X(w(Y)) = Y (w(X)) = w([X,Y]).
If o, X, Y are left invariant, then this simplifies to dw(X,Y) = —w([X,Y]) as
w(X) and w(Y) are constant functions
w(X)(9) = wy(Xy) = wy(dLgXe) = we(Xe) = w(X)(e),
so X(w(Y)) =0 and Y(w(X)) = 0. Thus, we calculate that

dwé(vlv U2) - dng(Xfﬁ Yg) = _wéqu Y]Q)
= —w(dL,'[X,Y],)
= —w([dL,'X,dL,'Y],)
= dw(dL," X,,dL,"Y,)
= (dw)( Xy, Yy) = (dw)} (v1,v2),
where X, Y are the unique left invariant vector fields with X, = v; and Y, = vs.
It follows from Theorem [2.1] that for compact connected Lie groups G with Lie

algebra g we have
H(Ag",d) = H*(G;R).

Example 2.2. Let G = S* = Sp(1) be the unit quaternions. The tangent
space at the identity is given by the imaginary quaternions g = im(H) and thus
spanned by 7, j, k. The bracket is given by the commutator and thus [i, j] = 2k,
[k,i] = 27 and [j, k] = 2i. We get that

(Ag",d) = (N (z,y,2),dx = —%yz,dy = —%z:c,dz = —%wy).
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We calculate that

H°(Ag*,d) =R
ker(d : —
HY (Ag*, d) = er( §parcll(f],1§/, 2) = span(zy, 2z,y2)) _
im(d : R — span(z,y, 2))
9, ker(d : span(zy, xz,yz) — span(zyz)) span(xy, vz, yz)
H*(Ag", d) = - = =0
im(d : span(z,y, z) — span(zy,zz,yz))  span(zy,rz,yz)
ker(d : 0
H*(Ag*,d) = er(d : span(zyz) = 0) = span(xyz) = R

im(d : span(zy, xz,yz) — span(zyz))

aligning with H*(S%;R). Let us note however that (Ag*,d) is not a R-minimal
model of S3 as there is no ordering we can put on {z,y,2} so that Ag* is a
Sullivan cdga.

Minimal models of compact connected Lie groups are in fact much simpler.
Hopf’s Theorem (see Theorem 1.34 [FOTO8]) tells us that H*(G;R) is an ex-
terior algebra on a finite set of variables in odd degrees z1,...,z,. So we may
pick differential forms «; representing z; and create the cdga morphism

o (ANx;),d=0) = Agr(G), ¢(z;) = .

As the elements «; are closed, this is a chain map, and the induced map on
cohomology is the isomorphism from Hopf’s Theorem. Note that this implies
that compact connected Lie groups are formal.

Recall that a connected Lie group N is called nilpotent if the corresponding
Lie alegbra n is nilpotent. That is, the sequence of Lie subalgebras n;, defined
recursively by n;,; = [n;,n] and ny = n, terminates to 0.

Definition 2.3. A nilmanifold M = N/T is a quotient of a simply connected
nilpotent Lie group N by a co-compact discrete subgroup I'.

Usually the quotient is taken to be the right cosets, so that M still has a
left action by N even if I' isn’t a normal subgroup. This action is transitive, so
nilmanifolds are examples of homogeneous spaces. Note that co-compact means
exactly that N/I' is compact.

Let us remark that a simply connected nilpotent Lie group N is diffeomor-
phic to its Lie algebra n, which is just diffeomorphic to R™, see Theorem 1.104
in [Kna96]. Thus, the covering map N — N/I' is the universal covering by
a contractible space, so that 7,(N/I') = 0 for n > 2 and m;(N/T") = I'. In
particular, nilmanifold are Eilenberg Maclane spaces K (I, 1).
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Example 2.4. Consider N = R"” and I' = Z", then N/T' = R"/Z" = T™, so
the n-torus is a nilmanifold.

Example 2.5. Let N be the Lie group of real n X n upper triangular matrices
with 1’s on the diagonal, this group is nilpotent as the Lie algebra is comprised of
upper triangular matrices with zeroes on the diagonal. Let I' be the subgroup
of such matrices with integer coefficients, then the quotient M = N/T is a
nilmanifold. When n = 3 the Lie group Nj is called the Heisenberg group and
the nilmanifold N3/T" is called the Heisenberg manifold.

To construct more examples one might wonder when we can find a subgroup
I such that there is a nilmanifold of the form N/T'. A. Maltsev proved the
following;:

Theorem 2.6 (Theorem 7 [Mal49]). Let N be a simply connected, nilpotent Lie
group. There is a discrete co-compact subgroup U if and only if there is a basis
e; of the Lie algebra n such that the structure constants c¥;, coming from the

57
bracket
k
[eiyej] = E Ci; €k,
k

are rational.

A proof in English can be found in [Rag72]. Note that having rational
structure constants for the Lie bracket is equivalent to having rational structure
constants for the Chevalley-Eilenberg differential d on An*.

Using Lie’s third theorem, we can thus find nilmanifold by starting with
a nilpotent Lie algebra n with rational structure constants, letting N be the
corresponding simply connected nilpotent Lie group and I' be the co-compact
discrete subgroup given by Maltsev’s Theorem.

For a Nilpotent Lie algebra, the cdga (An*,d) is a minimal cdga. The or-
dering can be defined by using the sequence of Lie subalgebras n;. If dimn =d
and the last non-zero algebra in the sequence is ny, then choose a basis for n;
and set the basis elements to be the largest. As n,_; # n; we have to ex-
pand the basis by at least one element, we let these basis elements be smaller
than the ones for n,. We continue in this fashion until we arrive at a basis
for n. If {Xy,..., Xy} is this basis, then we claim that in the decomposition
[Xi, X;] = >, ¢ X one has ¢f; = 0 for k& < max{i,j}. Since, if X; € ny,
and X; € ny, then [X;, X;] = —[X;, Xi] € ng,_ . 41, so must be able to be
expressed in only basis elements strictly larger than max {i, 7}. Hence, in An*,

k

the decomposition dzy = ) —cj;7;7; must have i < k and j < k, and we have

a well-ordering on the elements such that dz, € Azg.,. It is also immediate
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that the cdga is decomposable. We can however not conclude that (An*,d) is
a R minimal model of N, as N need not be compact. On the other hand, we
have the following Theorem:

Theorem 2.7 (Nomizu’s Theorem [Nom54]). The inclusion ALp(N) — Agr(N/T)
1S a quasi-isomorphism.

Since (An*,d) = AL (N), we get that (An*, d) is the R-minimal model of the
nilmanifold N/T.

Let us suppose that the nilmanifold N/I" is formal. This means that there is a
quasi-isomorphism (An*,d) = (H*(N/T';R),0). By definition, An* is generated
by elements of degree 1, and if the dimension of the nilmanifold is n, then
there are n such generators. Furthermore, as the generators are in degree 1, the
algebra An* is an exterior algebra, and, in particular, the top dimension (An*)"
is the span of the single element x x5 - - - x,. Denote the quasi-isomorphism by
¢. The element z; - --x, = z is closed as it’s in the top dimension. Since N/I"
is a compact oriented manifold it has non-zero top dimension, and as ¢* is an
isomorphism this means that z is not exact and that ¢*([z]) # 0. In particular
©(z) # 0, and since p(z) = (1) p(x,) all of these are non-zero. This
makes ¢ injective, if y = ax; + -+ for some indexing set I C [n] we can find
its complement /¢ and get z;cy = +az. So applying ¢ on both sides leads to
©(y) # 0. This in turns makes the differential d trivial on An*, since

0= de(y) = ¢(dy)

and so dy = 0 for all y. In particular, (An*,d) = (A(x1,...,2,),0) which is
the minimal model of an n-torus by Proposition In fact this result can be
strengthened to say that N/I" must be diffeomorphic to a torus using Mostow’s
classification of nilmanifolds by their fundamental group [Mos54]. We thus have

Proposition 2.8. If a nilmanifold is formal, it is diffeomorphic to a torus.

For more on Lie groups see [Kna96|, for nilmanifolds see section 3.2 in
[FOTO8] or chapter 2 of [TO97].
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3 Complex manifolds

The main class of topological spaces we will study in the rest of this thesis are
complex manifolds. There are two notions of complex manifolds that turn out
to be equivalent.

Definition 3.1. A complex manifold M of (complex) dimension n is a 2n
dimensional smooth manifold with atlas {¢v};,o,, such that, after identifying
R?" with C", the transition maps ¢y o py" = @py are holomorphic functions
between open subsets of C" (when defined). We call such an atlas a holomorphic
structure on M.

Note that there are two canonical identifications of R?*" with C»

(T1, Y15 oy Ty Yn) — (21 +iy1, ...,y +iy,) and
(T1y oo Ty Y1y e o5 Yn) > (T F Y1, -+ Ty + 1Y),

we shall prefer the latter in this thesis.
The second definition comes from the more general definition of an almost
complex manifold

Definition 3.2. An almost complex manifold is a pair (M, J) where M is a
smooth manifold and J is a (1,1)-tensor field, which we identify with a linear
map J, : T,M — T,M over each point p € M, such that J* = —id (so
Jg (vp) = —vp, for v, € T,M). The tensor field J is called an almost complex
structure and (M, J), or just M, is called an almost complex manifold.

Note that the condition J? = —id forces M to be of even dimension. Over
each point p we have Jg = —id,, so taking determinants we get det(.J,)* =
(—1)4mM “wwhich only has a real solution when dim M is even.

Note that the almost complex structure makes the tangent spaces 1), M into
complex vector spaces, by defining

(a+bi)X, = aX, + bJ,X,.

Hence, the bundle T'M becomes a complex vector bundle.
Let us show that complex manifolds are almost complex. For each n define
a linear map j, : R?*" — R?" by the block matrix

(0 —id,
Jn=\id, 0

and note that j2 = —idy,. This will be the almost complex structure of R*" =
C™ under the identification from before. Now let F' : C* — C™ be a smooth
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function, and write I = G + iH for real functions G, H : R*® — R™ using the
identification. Then F = (G, H) : R* — R?™ and the differential dF' can be
written as

0G5 9G;
_ Oz, Yk
= fom  (om
Oxy, Yk
Calculate that
e 8G; el aG;
@ryj, = Vo) \ow )} (00 =1 )~ e
Jn oH, oH, d, 0 OH, OH,
Oz, Ay Ak ) \ Oz
oG oG OH; O0H;
Il = \1d,, 0 om;\  (oHy |~ (@) (&)
8$k 8yk 8(Ek 6yk
and note that these matrices are equal if and only if
0G; _ _0H; and 0G, _ 0H;

forall 1 < j <mand1l <k <n. We see that this is exactly the Cauchy-
Riemann equations for each component G, H; and each pair of variables s, ys.
Hence, we conclude that F' is holomorphic if and only if (dF')j, = jm(dF), or
informally, dF' commutes with the complex structure j. The reason is that,
under the identification, 7, is exactly multiplication by 7, so a smooth map is
holomorphic if and only if its total differential commutes with .

Now for a complex manifold A/ with holomorphic structure {¢y}, o, we
define a local almost complex structure Jy on U C M by

Ju = dpy jndey : TU — TU.

Now if (V] ¢y ) is another chart, overlapping with U, we show that they agree on
the overlap. This is due to the fact that the transition functions are holomorphic,
so their differentials commute with j,, and we have

Jy = d@\_/ljnd@\/
= dyy ' doudey judey
= dpgtd(u o oyt )jndpy
= dyg'jud(ou © oy )dpy
= dwﬁljnd<ﬁU
— .
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Thus, the collection of local almost complex structures Jy for U € U gives rise
to a global almost complex structure J on M.

Now, as you might have guessed, not all almost complex manifolds have
holomorphic structure. We call an almost complex structure coming from a
holomorphic structure a complex structure. The next theorem, due to L. New-
lander and A. Nirenberg, gives us a condition for when an almost complex
structure comes from a holomorphic structure. Before we can state it we need
to introduce the complexified tangent bundle.

Definition 3.3. The complexified tangent bundle is the extension of scalars
TM®=TM @ C
over each point, TpM‘c =T,M ®@r C.

All real tensors on T'M can be extended to complex tensors on TM® by
C-linearity. In particular, for an almost complex manifold, the almost complex
structure J extends to TMC and can be diagonalized. As J? = —id the only
possible eigenvalues are ¢ and —i. Thus we denote the two eigenbundles corre-
sponding to i and —i by TH°M and T%'M respectively. The bundle TH°M is
called the holomorphic bundle of M, while T%!' M is called the anti-holomorphic
bundle of M. Note that TMC = T'°M @ T%'M and, via some algebra,

TOOM ={X —iJX: X € TM} TOYM ={X+iJX: X cTM}. (2)
The Newlander-Nirenberg theorem can now be stated:

Theorem 3.4 (Newlander-Nirenberg). Given an almost complex manifold (M, J),
the almost complex structure comes from a holomorphic structure on M if and
only if for all antiholomorphic vector fields X,Y € (T M) their Lie bracket
is also antiholomorphic [X,Y] € T'(T**M).

For a proof see Section 11 in [Dem12]. We can now view complex manifolds
either as manifolds with holomorphic transition functions or as almost complex
manifolds (M, J) such that the Lie bracket is an operation on T'(T%!M).

We now complexify the exterior bundle Az M = A*M ®g C, so that complex
valued differential forms are sections of Az M. Similarly as before, we decompose
ALM into a sum of subbundles ALM = ALY M @ AV M where

AVOM = {¢ e AAM : £(Z) =0 for all Z € TV M}

and

AODM ={Ee ALM 1 ((Z) =0 for all Z € TOM}.
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The sections of these subbundles are called forms of type (1,0) and forms of type
(0,1) respectively, or just (1,0) forms and (0, 1) forms. It is straightforward to
check that

AN ={w—iwoJ:weANM} ADM={w+iwo]:we A M}
and that
ALM = ABO N @ AOY (4)

Denote the k:th exterior power of A% and A by A*9 and A©F) respectively
and denote the tensor product AP @ A9 by AP Since

k
NMEoF)=2PNERANTF

=0

we get by that
MM = B APOM

pt+q=k

using our established notation. Sections of A®% M are called (p,q) forms and
the space of such is denoted by QP9 )/,

Definition 3.5. Let J be an almost complex structure on M. The Nijenhuis
tensor of J is the (2, 1)-tensor, denoted N”, defined by

N (X,)Y) = [X, Y]+ JJX, Y]+ J[X,JY] - [JX,JY]
for all vector fields X,Y € X(M).

Note that, unlike the bracket, the Nijenhuis tensor is in fact a tensor, i.e. it
only depends on the pointwise value of X and Y. This can be verified in a local
chart.

Proposition 3.6 (Proposition 8.3 [Mor(7]). Let J be an almost complex struc-
ture on M. The following are equivalent

(i) J is complex
(i) [Z,W] e T(T™ M) for all Z, W € T'(T"'M)

(1V (Qp qM) C QptLapnr o Qpratipg

)
)
(iii) d(QWM) C QM @ QY M
)
) N

NI =

(v
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In particular (iv) means that we can decompose d into O+0 with 9 : QPIM —
QPFLAN and O : QP9TLM | called the holomorphic and antiholomorphic differ-
ential. The equation d? = 0 gives

0=(0+0)*=0%+00+ 00+ &*

and as 0%, (00 + 00) and 0? take values in P29\ QPHLAFLNL and QPa+2 )
respectively, we get the important equations

P =0 90+ 00 =0 9% = 0.

Therefore, for each fixed ¢ we get a cochain complex Q*?M with differential 0
and for each fixed p we get a cochain complex QP*M with differential 0.

Furthermore, we note that if w € QPIM and 7 € Q¥*M, then their product
wAT € QPTRIHNT 5o the cochain complexes Q*9M and Q%*M also have
multiplicative structure and the equation d(w A 7) = dw A 7 + (=1)“lw A dr
gives the Leibniz rule,

IwWAT)=0wAT+ (=D¥lwAdr

for w € QM

Let us also note that for complex manifolds we have a local basis of QP9M,
namely if U is a chart with local holomorphic coordinates z; = x; + iy; and
anti-holomorphic z; = x; — 1y;, we get that

OPIU = spang {dz;;, A Ndzy ANdzj, A Ndzj, | in <o <, ji <+ < g}

just like in ordinary complex variables. From this we see that locally we have a
conjugation map, (79U — Q@PU that is conjugate linear. One can check that
it agrees on overlap and thus defines a global conjugation map QPIM — Q4P M.

Recall that a Riemannian metric g on a smooth manifold M is a (0,2)-tensor
field such that g, : T,M x T,M — R is a symmetric, non-degenerate, positive
definite bilinear form.

Definition 3.7. A Hermitian metric h on an almost complex manifold (M, J) is
a Riemmanian metric on M such that h(X,Y) = h(JX,JY) forall X, Y € TM.
The triple (M, J, h) is called a Hermitian manifold. The fundamental 2-form €
of a Hermitian metric is defined by Q(X,Y) = h(JX,Y).

Extending this to TM® we get additional relations
hZ,W)=hZW), forall ZW cTMC"

h(Z,Z) >0, forall Z#0
h(Z,W)=0, forall ZW € T"°M and Z,W € T"' M.
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Our chosen notion of Hermitian metric is closely related to the notion of a
Hermitian structure on the tangent bundle.

Definition 3.8. Given a complex vector bundle £ — M, a Hermitian structure
on F is a smooth field of Hermitian products, i.e. over each p € M the map
H, : E, x E, — C satisfies

1. H, is C-linear in the first coordinate.
2. H, is conjugate symmetric, H,(u,v) = H,(v,u)
3. Hp(u,u) >0 for u #0
A complex vector bundle with Hermitian structure is called a Hermitian bundle.

Since the tangent bundle T'M is a complex vector bundle under the action
(a+bi)X = aX +bJ X discussed earlier we may wonder if a Hermitian structure
on the tangent bundle T'M, called a Hermitian form on M, is connected to a
Hermitian metric. In fact, they are equivalent in the following way.

Proposition 3.9.
1. Given a Hermitian metric h, H(X,Y) = h(X,Y) —ih(JX,Y) defines a
Hermitian form.

2. Given a Hermitian form H, the real part Re H defines a Hermitian metric.

3. These constructions are inverses to each other
Proof.
1. We have that
H((a+b)X,Y)=h(aX +bJX,Y) —ih(J(aX +bJX),Y)
=a(h(X,Y)—ih(JX,Y)) + bi(h(X,Y) —ih(JX,Y))
=(a+b)H(X,Y)
and
H(X,)Y)=hX,Y)—ih(JX,Y)
= h(Y,X) —ih(JY, J*X)
=h(Y,X)+ih(JY,X)=H(Y, X).

Now, since h(JX, X) = h(J?X, JX) = —h(JX, X), we see that h(J X, X) =
0 and thus

H(X,X)=hX,X)—ih(JX,X)=h(X,X)>0.
Lastly H is smooth as h and J are.
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2. It is immediate that Re H is R-linear in both coordinate and symmet-

ric as Re H(X,Y) = Re H(Y, X) = Re H(Y, X). Positivity is built into
H so it holds for Re H and thus Re H is a Riemannian metric. Lastly
as H(JX,JY) = H(iX,iY) = H(X,Y) we get that Re H(X,Y) =
ReH(JX,JY).

3. Given a hermitian form H, applying both constructions yields a Hermitian
form H(X,Y) =ReH(X,Y) —iRe H(JX,Y), we calculate that

Re H(JX,Y) = Re(iH(X,Y)) = — Im H(X,Y)

and thus, H(X,Y)=Re H(X,Y) +ilm H(X,Y) = H(X,Y).

Conversely given a hermitian metric h, we have

h(X,Y) =Re(h(X,Y) —ih(JX,Y)) = h(X,Y).

]

The equation connecting the Hermitian metric h, Hermitian form H and the
fundamental form € is

hJX,Y)=QX,Y)=—-ImH(X,Y).

Lastly we note that every almost complex manifold admits a Hermitian
metric. Choose any Riemmanian metric g and define A(X,Y) = ¢g(X,Y) +
g(JX,JY), it is an easy check that this defines a Hermitian metric. The funda-
mental form (2 is non-degenerate and thus Q" is a volume form of type (n,n), in
particular, all almost complex manifolds are orientable. Let us also note that a
complex hermitian manifold has two natural connections on its tangent bundle
TM, the Levi-Civita connection that every Riemannian manifold admits, but
also the Chern connection V¢ which is the unique connection on 7'M such that
the Hermitian structure H is parallel to V¢ and, when extended to QP90 , the
antiholomorphic piece V(Co’l) c APIM — APIHIM s equal to 0.

We are now ready to define Kéhler manifolds.

Definition 3.10 (Kéhler manifolds). A complex Hermitian manifold (M, J, h)
is called a Kahler manifold if the fundamental form is closed, df2 = 0. The
Hermitian metric h is then called a Kahler metric.

Since h is non-degenerate, if M is Kahler then the fundamental form €2 is a
symplectic form, and thus Kahler manifolds are particular cases of symplectic
manifolds.
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There are many equivalent ways to express that a Hermitian manifold (M, J, h)
is a Kahler manifold. Being complex can be described in all the equivalent condi-
tions present in Proposition [3.6] So for example, a Hermitian manifold (M, J, h)
is Kahler if N7/ = 0 and d€2 = 0. But there are many more

Theorem 3.11 (Theorem 11.5 [Mor07]). A Hermitian manifold is Kdhler if
and only if J is parallel with respect to the Levi-Clivita connection of h.

Theorem 3.12 (Proposition 11.8 [Mor(07]). A complex Hermitian manifold is
Kdhler if and only if the Levi-Civita connection is equal to the Chern connection.

Theorem 3.13 (p. 107 [GH94]). A complex Hermitian manifold (M, J,h) is
Kdhler if and only if for each point p € M there is a neighbourhood of p with
local coordinates z; such that

h = (0;; + O(|z]?))dz A dz;

where O; ; is the Kronecker delta function. In other words, there exists local
holomorphic coordinates such that h is equal to the standard hermitian metric
up to order 2.

The last theorem can be remember as a holomorphic version of the classic
theorem in Riemmanian geometry that there are local coordinates where the
Riemmanian metric is equal to the standard metric up to order 2.

To end this section let us give a brief introduction to Hodge Theory.

Let (M™, g) be an oriented Riemannian manifold with volume form dv. Let
E — M and F' — M be two Hermitian bundles with associated Hermitian
structures (—, —)g and (—, —)r respectively.

Definition 3.14. Suppose P : I'(E) — I'(F) and @ : I'(F') — ['(E) are linear
differential operators. We say that () is a formal adjoint of P if

/M<PCY>5>de=/M<oz,Qﬁ>Edv

for all compactly supported smooth sections o € T'.(E), 5 € T'o(F).

One can prove that if P has a formal adjoint, then it is unique. It is also
clear that if @) is a formal adjoint of P, then P is a formal adjoint of Q.

Lemma 3.15. Let P: T'(E) — I'(F) and Q : I'(F') — I'(E) be linear differential
operators. If there exists a section w € T'(E* @ F* ® A""'M) such that

((Pa, B)r — {a, @B)p) dv = d(w(a, B))
for alla € T'(E), B € I'(F) then Q is a formal adjoint of P.
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Proof. If @ and § are compactly supported, then so is w(a, §). Integrating both
sides and noting that the right hand side is zero due to Stokes’ Theorem gives

/M<Pa,5)pdv:/M(a,QB)dv.

]

Let {ei,...,e,} be a local orthonormal frame of M parallel at a point.
Using the musical isomorphisms, we identity vectors and 1-forms and write
dv=-e; A---Ae,. Let ¢ be the embedding A*M — (T*M)®* defined by

o(w)( X1, . .., Xk) =w(Xy, ..., Xp).

In particular,

pler A Ae) = sgn(0)esn) @ -+ @ eq(r).

og€ESy,

We define the Riemannian metric g on tensors by

g(v1 ® vo, w1 ® wy) = g(vy, wy)g(va, we)

and similarly for k tensors. Which gives a scalar product on A*M, defined by

(.7} = 219(p(), 0(7)

The scalar product can be characterized by the fact that
{eil/\---/\eik ‘ 1< <<zk§n}

is an orthonormal basis of A¥M. With this scalar product, the interior and
exterior products are adjoint operators,

(Xaw,7) =(w, X AT)

for X € TM,w € A*M,7 € A* M. Extending J to act on A*M under this
identification we get JJ = (—1)*. Thus we write J~! and remember that J~*
is either —J or J depending on the degree of the form it acts upon.

Definition 3.16. The Hodge star-operator, * : A¥KM — A""*M, is defined by
the equation
wA*7 = (w, T)dv

for all w, 7 € AFM.
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Note that *x1 = dv, as 1 A x1 = dv, and *xdv = 1, as dv A xdv = dv. If
w =Y ;wrer then *w = Y . wresgn(l,[¢)ere where ¢ is the complementary
multi-index, i.e. if I = (iy,...,i) then I° = (j1,...,jn—k), and sgn(I, ) is
the sign of the permutation (I,1¢) = (iy,...,ix, j1,---,jn_k). Using this, we
calculate that
(*w, *7) = (w, T)

and
2 — (_ 1)k(nfk)

on AFM.

Definition 3.17. The codifferential d* : Q¥*'M — QFM, also denoted 4, is the
formal adjoint of d : Q¥M — QLM given by d* = —(=1)"® xdx*. If d*w = 0
we call w coclosed.

To see that this in fact is the formal adjoint we calculate

(da, B)dv = dae A %3
=d(anxB) — (=Drfandxp
= d(a A *3) — (=1)FHF=R o A s s d xS
=d(a A *B) — (=1)" (o, xd x B)dv.

Hence, setting w to be defined by w(a, 5) = a A (3 in Lemma makes d*
the formal adjoint of d.

Definition 3.18. The Laplacian of d, Ay : QM — QFM, is defined by
Ay =dd" + d*d.
A differential form w is called harmonic if Agw = 0.
By direct calculations one gets that the Laplacian is its own formal adjoint.

Lemma 3.19. On a compact Kdahler manifold a form « is harmonic if and only
if it is both closed and coclosed.

Proof. The if direction is clear. Let w be harmonic, then
0= / (Agw, wydv = / (dd*w,w) + (d*dw,w)dv = / |d*w]? + |dw|*dv,
M M M

so d*w = dw = 0. O
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Definition 3.20. For a Hermitian manifold (M?", h, J) we define

2n
1
L:A*M — AF200 by L(w):Q/\w:§Zei/\J6i/\w and

i=1
1 2n
A:APP2M — APM by Aw) = 5 ; Jeiaeaw.
We also define [P, Q] = PQ — QP, the usual commutator for differential

operators. Note that by definition of d*, if the manifold has even dimension,
d* = — *x dx in all degrees.

Lemma 3.21.
1. The Hodge star-operator x maps (p,q)—forms to (n — q,n — p)—forms.
2. [XJ,Al=0and [ X1, L]=JX N —.

Proof. 1. Follows from the fact that the volume form dv is a (n,n)-form and
w A *w = (w,w)dv. While 2. is a direct calculation. We have

2n 2n
1 1
(X1, A](w) = 3 Z._El XaJejaesw— 3 i_gl Jeise, s X w =0,

since XY _ w=-Y1X_w. Also,

(X1, Lj(w)=X1(QAw)— QA (Xow)
= (XD Aw+ QA (Xow) — QA (XLw)
=h(JX,—)A\w
=JX Aw,

by the identification of vector fields and 1-forms. m

Definition 3.22. Let M be a Kahler manifold. Define the twisted differential
d®: QFM — QFIM by

2m
df(w) = Z Jei ANVe,w
i=1

and its formal adjoint (d€)* = 6¢ : Q¥F1M — QFM by

2m
0°= —wdx ==Y JejaV,, (w).

i=1
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The Laplacian of d¢ is defined as Age = d°6° + §°d°.
Lemma 3.23. d° = J 'dJ = (=1)*JdJ.

Proof. Let w be a k-form. Since dw = 32" ¢; A V,w we have
2m
J'dJw = (=1)FJ <Z ei N Vei(Jw))
i=1

2m
= (=1DkJ (Z e N\ Jveiw> by Theorem [3.17]

=1

2m
= (-D)"> Jei A (—1)fVw
i=1

2m
= Z J@Z' VAN Veiw.
i=1

]

Furthermore, via some tedious calculations, Jo* = (—1)*xo.J, and it follows
that 0¢ = J~1d*J = (=1)*Jd* J.

Lemma 3.24 (Lemma 14.5 [Mor07]). On a Kdhler manifold M the following
holds

[L,d*] =d°, [L,d=0 and [A,d=-0° [Ad]=0.
These are called the Kdahler identities.

By the decomposition d = J + 0, we have a corresponding decomposition
d* = 0" + 0%, which satisfies

0 L QPIM — QPVIN, 9 = — %

and B B
o QOPIM — Qp’q”]\/[, O =—%0x.

Furthermore, 0* is the formal adjoint of 0 and 9* is the formal adjoint of O
with respect to the Hermitian product H(w,7) = (w,7). Hence, we have two
additional Laplacians

Ap=00"+09*0 and A= 00" + 0.

Lemma holds for Ay, Az and Ay with closed and coclosed swapped to
0-closed 0-coclosed and similarly for the others. The proof is identical.
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Theorem 3.25. If M is a Kdhler manifold, then Ag = 20y = 205 = Age .

Proof. The identification of T'M with T*M via the musical isomorphisms ex-
tends to TM® and maps (1, 0)-vectors to (0, 1)-forms. Therefore, the following
holds

2n

2n
1 , _ 1 '
0= Ej :Q(ej +iJej) AV, and 0= ;1 5(6]- —iJe;) AVe,.

It follows that -
d®=1i(0 — 0).

Post and precomposing with the Hodge star operator yields
§¢ = i(0" — 0.

It follows, by studying the bidegrees of the Kahler identities in Lemma [3.24)
that B B
[L,0"| =40, [L,0"]=—i0, [L,0]=0, [L,0]=0

and B B
A, 0] =i0*, [A,0)=—i0", [A,0]=0, [AO]=0.
Using these identities, we calculate
_i(30" + 0°9) = FA, 3] + [A, )0
= OAD — DOA + ADD — OAD
=0

and

(09" + 5°9) = O[A, 9] + [A, 9]0
= 9AD — DOA + AJD — OAD
= 0.

It follows that

Ag=(0+0)(0" + )+ (0" +0")(0+ 9)
= 90" + 00" + 00 + 00" + 0*0 + 0" 0 + "0 + 9*0
= (00" + 0*0) + (00" + 0%0) + (90" + 0*0) + (00" + 9*9)
=Asp+0+0+ Aj.
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We have Ay = Ag, since

—ily = —i(00* + 0*0) = 9[A, 0] + [A, D)0
= JAO — OO + AOO — ONO
= OAO + 00N — AOO — ONO
= [0,A]0 + 0[O, A]
= —i0*0 — i00* = —il.
Lastly, since d° = J~'dJ and 6¢ = J~16.J we have

Age = d°6¢ + 6°d°
= JJTeT + T 6T T dT
= JN(ds + dd)J
= J AT

(there is some subtlety with the signs here as d and § changes the degree, feel
free to check). Now we claim that J~'AyJ = Ay, but this is clear as on (p,q)-
forms J just acts as i97P and Ay preserves bidegree. Similarly J1AzJ = Ay,
and thus Agz = Ay. O

Note that the theorem concerns complex forms, but Ay = Age also holds for
real forms. The theorem also tells us that Ay and A4 preserve bidegrees, i.e.
induces a map Ay : QPIM — QPIM.

Denote the subspace of harmonic forms, with respect to the Laplacian of d,
by

HEM = Q"M Nker Ay and HYIM = QP9M Nker Ay
and similarly for d, as well as the second one for d and 9. For a Kihler manifold
we now know that these are all equal.

Theorem 3.26 (Existence of Green’s function, [GMV95]). Let M be a compact
oriented Riemmanian manifold, then dimH% < oo, so there exists a unique
well-defined orthogonal projection H : QXM — HEM . Furthermore, there exists
a unique operator, called Green’s operator,

Gq: QUM — QFM
for each k, that satisfies
Ga(HEM) =0, dGy=Gud, d*Gy= Gud*

and

id =H + AyGa.
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For a compact Kéahler manifold we have more.

Theorem 3.27. Let M be a compact Kdhler manifold. The Green’s operator
Gy preserves bidegrees

Gq: QPIM — QPIM.

Furthermore, if D is any of the operators d,d®, 0 or O, then the same equations
hold if we replace d by D:

Ga(HPBIM) =0, DGq=GyD, D*Gq=GuD".

Proof. By Theorem Ay = 20y = 2A5 = Ay and each subspace HE!
is equal. So the first equation is clear. Let HP? be the unique orthogonal
projection QPIM — Hg'M. Then, @,,,_, H"? = H as the subspaces Q"M
are orthogonal, by the fact that h is Hermitian and that H is unique. Thus, H
preserves bidegrees and looking at (p, ¢) forms in the equation w = Hw+A,;Gqw
shows that G, must preserve bidegrees as well, since Ay does. The last part
follows from looking at bidegrees in the equation

(0+0)Gyq=dGy = Gad = G4(0 + ),
and similarly for the adjoints D*. m

We can thus simply call the Green’s operator G.
There is much more to say about Hodge theory and Kéahler manifold, but
we leave it here and refer the reader to [Mor(07], [Voi02] and |[GH94].

35



4 Commutative bidifferential bigraded algebras

We now generalize the notion of cdga’s to bigraded algebras, having the complex
de Rham forms Q**M as motivation. We only consider the underlying field k
to be equal to C in this section. A C-vector space V is called bigraded if
V=@, VP If x € VP4 we say that x is of bidegree (p, q) and total degree
p + q. We write |z| for its total degree or bidegree, depending on context. A
linear map ¢ : V' — W of bigraded C-vector spaces is said to have bidegree (k, ¢)
if o(VP9) C WPHkatt The tensor product of two bigraded C-vector spaces is
also bigraded by
(Vo WPt = @ Vot @ WU

s+u=p
t+v=q

A bigraded C-algebra A is an algebra such that the multiplication A® A — A
is a linear map of bidegree (0,0). Note that this necessitates that 1 € A%9.
A bigraded C-algebra is called commutative if it is graded-commutative with
respect to total degree

ab = (—1)l4lPlpq,
If V' is a bigraded vector space then the free commuative graded algebra AV,
graded by total degree, is a bigraded algebra in the obvious way.

Definition 4.1. A bicomplex A = (A**, 0, 0) is a bigraded C-vector space A**
with endomorphisms 0 and 0 of bidegree (1,0) and (0, 1) such that

P =0*=00+00=0
or equivalently, d> = 0 for d = 0 + 0.

We visualize this as a grid
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where each row and column is a cochain complex and each 1-by-1 square is anti-
commutative. In particular, composing more than 2 arrows in any direction
gives the zero map.

A bicomplex A is said to have real structure if there is an anti-linear invo-
lution o : A — A, such that 0 AP? = A?P and odo = d.

Definition 4.2. A morphism of bicomplexes f : A — B is a linear map
f A% — B** of bidegree (0, 0) that satisfies fd = df, or equivalently f0 = 0f
and fO0 = 0f. If A and B have real structures o4 and op, then f is called real
if foa=opf.

We denote the category of bicomplexes by BiCo and the category of bicom-
plexes with real structure by R-BiCo.

Definition 4.3. A commutative bidifferential bigraded algebra (cbba) A is a
bicomplex A = (A**,d,0) such that A** is a commutative bigraded C-algebra
and the differentials 0 and 0 satisfy Leibniz rule

d(ab) = (Da)b+ (—1)"la(0b).

A is a R-cbba if the bicomplex has real structure and the multiplication is real,

ie., if o(ab) = o(a)o(b).

A morphism of (R-)cbba is a (real) map of bicomplexes that is also an algebra
homomorphism. We denote the category of cbba’s by CBBA and the category
of R-cbba’s by R-CBBA..

The main example we keep in mind, as noted before, is the R-cbba Q** M
of complex de Rham forms on a complex manifold M, which in this context we
denote by A(M). The real structure is given by conjugation, i.e., locally it is
given by

APUUY) S dzgy -+ dzaydZs, - - A2, % dZay -+ dZa,d2g, - - dzg, € APP(U).

A holomorphic map f : N — M of complex manifolds induces a morphism of
R-cbba’s f*: A(M) — A(N).

For bicomplexes there are various cohomologies that we can take. The sim-
plest ones are

ker d ker 0 ker O
Hy(A) = md’ Hp(A) = —— and Hy(4) = —
but also Bott-Chern and Aeppli cohomology
ker O N ker 0 ker 00
A= — — Hi(A) = —MM—
Hpo(4) mog 4 Hal) =
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all of which are functors BiCo — BiVect¢ from the category of bicomplexes
to bigraded vector spaces over C. These are all related by what we will call the
cohomology diamond:

Hpc(A

)
N
(A) Hy(A) Hs(A
~ 1 .7
H4(A)

where all the maps are induced by the inclusion of the kernels, so that it com-
mutes. To see that the maps make sense one just needs to verify that

Hy )

ker O Nker O C ker 0, ker d, ker 0 C ker 90

and B B -
im0d0 C im0,imd,imd C imd + im 0.

Definition 4.4. A map of bicomplex f : A — B is called a pluripotential quasi-
iSOIIlOI"phiSl’Il if ch<f) : HBc(A) — HBc(B) and HA(f) : HA(A) — HA(B)
are isomorphisms.

Just like for cdga’s, this gives us homotopy categories by formally invert-
ing pluripotential quasi-isomorphism. We denote the categories by Ho(BiCo),
Ho(R-BiCo), Ho(CBBA) and Ho(R-CBBA). We call an isomorphism in
Ho(BiCo) and Ho(CBBA) a pluripotential weak equivalence and an isomor-
phism in Ho(R-BiCo) and Ho(R-CBBA) a real pluripotential weak equiva-
lence. Just like before, such an isomorphism is explicitly a zig-zag of (real)
pluripotential quasi-isomorphisms.

Similarly to cdga’s, we say that an augmented cbba is a cbba A and an
augmentation € : A — C, a morphism of cbba’s where C is situated in bidegree
(0,0). A morphism of augemented cbba’s is one that preserves the augmentation
and the kernel ker ¢ is called the augmentation ideal and denoted A*. We will
always consider A(M) to be augmented by evaluation at some point xg € M,
and AV to be augmented by its coefficients.

Definition 4.5. A cbba M is called minimal if it can be written as M = AV
for a bigraded vector space V' that admits a well-ordered basis v, such that
dv, € Nvg<e) and im 90 C AZ2V. A minimal cbba M is called a minimal model

of an augmented cbba A if there is a weak equivalence M — A of augmented
cbba’s.
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Existence and uniqueness of minimal models of cbba’s is proved in [Ste25].
For cbba’s we have two new notions of formality.

Definition 4.6. A cbba A is called strongly formal (over R) if there is a (real)
pluripotential weak equivalence A ~ Hpo(A) where we view Hpc(A) as a (real)
cbba with trivial differentials.

Similarly to ordinary formality, it is enough that there is a pluripotential
weak equivalence A ~ H to any cbba H with trivial differentials 0 = 0,0 = 0.

Definition 4.7. A cbba A is called weakly formal (over R) if there is a (real)
pluripotential weak equivalence A ~ H where H is a (real) cbba with 00 = 0.

A complex manifold M is strongly /weakly formal if A(M) is strongly /weakly
formal. Let us say that a cbba A = (A, d,0) is formal if the total cdga (A, d) is
C-formal. Thus, we have 3 notions of formality for cbba’s.

Let us return to nilmanifolds and Lie groups. Let G be a real Lie group
equipped with a left invariant almost complex structure J. Then J defines a
linear map J : g — g with J? = —id. Conversely, given such a linear map
J:g— g, we get a left invariant almost complex structure on GG. Recall that
if J is a complex structure, then the Nijenhuis tensor N7 is identically zero,
Proposition . If we view N7 as a map g x g — g, then J is a complex
structure if this disappears as well, due to the fact that it is a tensor, so can
be checked pointwise. Complexifying g, we have gc with subspaces g(lc’o and
g%l of holomorphic and antiholomorphic parts, just like for complex manifolds.
Considering Agg with the (complexified) Chevalley-Eilenberg differential again
we get a real cbba (Agh, 0+ 0 = d).

Now suppose that n is a nilpotent Lie algebra with associated Lie group
N and rational structure coefficients, so that it admits a nilmanifold N/T". If
N has a left invariant complex structure J then so does N/T" (recall that we
consider right cosets N/T"). We say that such a left invariant complex structure
J is nilpotent if there is a basis {w1, . ..,w,} of (g&)"" such that

dwi < /\(wj<i7 a}j<i)-

See [CEGUOQ] for a more detailed treatment. We have the following analogue
to Nomizu’s Theorem:

Theorem 4.8 (Theorem 3.7 [Ste25]). If N/T' is a nilmanifold with nilpotent
complex structure, then (AgE, d) is a pluripotential minimal model of A(N/T).
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Example 4.9. Consider the Lie algebra
n =spang(Xy, ..., X, Y1,..., Y, W, U)

with bracket [X;,Y;] = —W for all i. This Lie algebra is nilpotent and has
rational structure constants, so we get a 2n + 2 dimensional nilmanifold N/T
that has minimal model

(An*,d) = (/\(131, Ty YLy ey Yny Wy ), dw = szgh) :

=1

Since d is not zero this nilmanifold is not formal by Proposition This Lie
algebra has a left-invariant almost complex structure given by

J(X,) =Y, JY;)=—X, and J(W)=U,JU)=-W.

It is a simple check that the Nijenhuis tensor N7, in terms of n, is zero. Thus,
N and N/T" are complex manifolds. Setting Z; = X; —iY; and = = 2i(W —iU),
we get

A= (Ang,d) = (AN (21, oy 20y 2153 20, E,6), d)
with differential satisfying

d(z) =0, d(z) =0, d(§) =2id(w) =2 Y = =z dE)=) =

i=1 =1

We see that the complex structure J is nilpotent with this ordering. Note that

i=1 i=1 j=1 i<j
so if n = 1, then 99(£€) = 0, and in fact if n = 1, then 99 = 0. By Theorem
A~ A(N/T).

When n = 1 the nilmanifold N/I" is the Kodaira-Thurston surface, denoted
KT'. The nilpotent Lie group can be realized as real matrices of the form

1 Uy Us 0 0
0 1 u 0 O
00 1 0 O
0 0 0 1 w
00 0 0 1
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and I' as the subgroup of such matrices with integer coefficients. By this matrix
representation it is not hard to see that KT is homeomorphic to Hz x S! where
Hj is the 3-dimensional Heisenberg nilmanifold, discussed in Example [2.5] The
Lie algebra n is then given by such matrices but with 0’s on the diagonals. As
discussed, 9 = 0 on A so by the pluripotential quasi-isomorphism A ~ A(KT)
we get an example of weakly formal complex manifold that isn’t formal. Another
reason why this example is of importance is that K'T' is a symplectic manifold, a
closed non-degenerate 2-form is given by w = wy+xu. So, symplectic manifolds
need not be formal.

For more theory on bicomplexes and cbba’s see [Ste25].
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5 Formality of compact Kahler manifolds

Definition 5.1. A cbba (A, 0, 0) satisfies the 90-property if for all @ € A, such
that da = da = 0, the following implications are true:

a=0c = a=00b and a=09dc = a = 9b.

In other words the morphisms Hpc(A) — Hp(A) and Hge — Hz(A) in the
cohomology diamond are injective.

The 00-property can also be expressed as
kerd NkerdNimd =imd9 and kerdNkerdNimd =imadd.  (6)

where the C is the property, as D is always true. Technically, this way of writing
is redundant, as ker 0 Nim d = im 0, but it indicates better how it is related to
the morphisms in the cohomology diamond.

Lemma 5.2. The 00-property is equivalent to
ker & Nker d N (im @ + im ) = im 0. (7)
In other words, the morphism Hpc(A) — Ha(A) is injective.

Proof. Note that just like in @, it is the C part of that needs proving. Let
a €kerONkerd and a = dc + Oc'. Then, a — dc = Oc’ € ker dNim 9, so by (6)
a — Oc = 90b. Similarly, a — dc = dc € kerd Nim J, so a — I’ = OAY'. Adding
these we get

2a — Oc — A = 00(b + V).
Since a = dc + O, we have a = 90(b + V') € imdd. Conversely, if holds,
both inclusions in (6) follows from im d,imd C (im d + im 9). O

A direct consequence of this lemma is that the d0-property is invariant under
pluripotential quasi-isomorphisms. Since we get a commutative diagram

Hpe(A) —=— Hpc(B)

| |

Hence, if the left arrow is injective, so must the right arrow be. In particular, if
A is strongly formal, A satisfies the d0-property.
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Additionally, if A satisfies the d0-property and is weakly formal, it follows
that it is strongly formal. The weak equivalence A ~ H implies that H also has
the 00-property and since 90 = 0 we get that imd + imd C ker 9 Nker 9 and
must be equal to im 99 = 0 by Lemma [5.2 and hence § = 9 = 0.

But something much stronger is true

Theorem 5.3. If A satisfies the 0-property, then all the maps in the cohomol-
ogy diamond are isomorphisms.

Proof. Recall the cohomology diamond
Hpc(A

)
(A) Hy(A) Hg(A
Ha(A)

We prove that all the maps are surjective and injective from the assumption
that the two upper outer maps are injective, expressed by @

Hy )

o Hpc(A) — Ha(A) is injective: This is Lemma [5.2]
e Hpc(A) — Hy(A) is injective: Injectivity of this map is expressed as
ker  Nker d Nimd C im 90,

but since imd C im 9 4 im 0, this is immediate from the previous point.

o Hy(A) — Ha(A) and H5(A) — Ha(A) are injective: Injectivity of the
first is B
ker0 N (imd +im 0d) C im 0.

If Ja =0anda = 801—50’, then a—0c = d¢’ € ker ONim 9, so a—Oc = O0b,
and thus a = d(c + 0b). The proof of H5(A) — Ha(A) is essentially the
same.

o Hy(A) = Hu(A) and H5(A) — H4(A) are surjective: Surjectivity of the
first one means that

ker 99 C ker d + (im 0 + im )
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since the map is surjective if for each a € ker 90, we can find some b € ker 0
so that [b]4 = [a]a, ie. b+ Oc+ O = a. If 0a = 0, then we have
OJa € kerd Nker 0 Nim 0, so da = 00b and

a = (a — 0b) + Ob.
Now note that 9b € im0 + im0 and a — b € ker 0, since
d(a — 3b) = Odb — Db — 0.

Hence, a € ker 9+ (im 0+im 9). Surjectivity of Hs(A) — Ha(A) is proved
in essentially the same way, swapping the roles of 0 and 0.

Hpc(A) — Hy(A) and Hpo(A) — Hz(A) are surjective: The first being
surjective is equivalent to

ker O C ker  Nker O + im 0.

Since ker 9 C ker 0, we use the previous point to write a = b + dc + O¢’
where b € ker . Applying 9, gives us 9b + 99¢ = 0, and (b + 9c') = 0
directly. Thus, a € ker 0 Nker d + im @ by writing a = b+ d¢’ + dc. The
other map is proved analogously.

Hpc(A) — Hy(A) is surjective: This can be expressed as
ker d C ker & Nker d + im d.

Note that by the previous two points, the composite Hpo(A) — H4(A)
is surjective, so

ker 90 C ker 9 Nker 9 + im d + im 0.

Since kerd C ker 90, if a € kerd, then we can write a = b+ dc + oc
where b € kerd Nkerd. Thus, to prove the statement we need to write
Oc+ 0c = dé. Write b = a — (Oc + 0c’), so that

0=0b=0a—00c and 0= 0b=0a— dOc.

Since 0 = da = 00c + 850’_: d0(c' — ¢), by applying d to a = b+ dc+ 9,
we see that ¢ — ¢ € ker 00 and we again write

d—c=w+ 0u+ Ov,
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where w € ker 0 Nker 0. Applying 0 and 9 to ¢ — ¢ we get
Oc —dc=00v and Oc — dc = dou.
It follows that
dc+0c = 0 — 0dv + Ou + dc = A + dc — DI(v + u),
and therefore
d(c+ ) = 0c+ dc+ 0 + 0c = 2(dc + dc) — 90(v + u).

We define ¢ = 1(c+ ¢/ — (v + u)) and calculate that
1 _ _ _
dé = =d(c+ ) — idﬁ(v +u) =9c 4+ dc — 00(v + u) = de + .

We have now proved that

Hpco(A
Hy(A) (4)
and the last morphism is an isomorphism by commutativity. O]

Hence, if A satisfies the 90-property, then we may talk about the cohomology
of A, H(A), and mean any of the cohomologies in the cohomology diamond.

Proposition 5.4. If A satisfies the d0-property and Hpc(A) (or any of the
isomorphic cohomologies in the cohomology diamond) is a free bigraded algebra,
then A is strongly formal.

Proof. The proof is essentially the same as the proof of Proposition [I.17 Let
Hpc(A) = AW and define a map ¢ : AW — A by w — a,, with [a,]|pc = w.
Since da,, = da,, = 0 this is a morphism of cbba’s. The induced map on Bott
chern cohomology is the identity and, by Theorem so is the induced map
on Aeppli cohomology, thus ¢ is a pluripotential quasi-isomorphism. O]

Definition 5.5. Let (4,0, 0) be a cbba, define d® = i(d — d). A cbba (4, 9,0)
satisfies the dd“-property if for all a € A such that da = d°a = 0 we have

a=dc = a=ddb and a=d°%¢c = d°db.
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Just like the d0-property we can summarize this as
kerdNkerd°Nimd =imdd® and kerdNkerd Nimd° = imdd*

from the fact that dd® = —d°d and d°d° = 0. The proof of Lemma [5.2] goes
through word for word by swapping 0 and 0 to d and d°. Thus, the dd°-property

is equivalent to
kerd Nkerd® N (imd + im d®) = im dd”. (8)

Proposition 5.6. The d0-property is equivalent to the dd-property.

Proof. We just need to prove that equations and are equivalent. We
first claim that ker @ Nker 0 = ker d Nker d°. The left inclusion is immediate by
definition of d and d°. For the right inclusion, we have 0 = da = Ja + da and
0 = id°a = Oa — da. It follows that da = da = 0 by adding and subtracting the
previous equations.

Secondly, im 0 + im @ = im d + im d°, here the right inclusion is immediate.
For the other, note that

8_%(d—idc) and 5—%(d+z’dc),

SO
da + O = %(d(a+b) _id*(a—b)).

Lastly, im 00 = im dd°, but this is immediate by calculating that
dd® = i(0+ 0)(0 — 9) = —2id0.
O

Lemma 5.7 (90-Lemma). If M is a compact Kihler manifold, then A(M)
satisfies the 00-property.

Proof. Let o € A(M) satisfy 0o = da = 0 and o = 9. Recall Theorem m,
we can write @ = Ha + 2A5Ga as Ay = 2Ay. If h is harmonic, then

(a,h) = (0, h) = (y,0"h) =0

by Lemma m (the lemma is still valid if we swap d to 0, and all Laplacians
are equal up to constants by Lemma [3.25)), hence Ha = 0. Furthermore,

ApGa = 00"Ga + 0"0Ga = 00" Ga + 0" G(0a) = 00" Ga
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and thus o = 200*Ga. Doing the exact same trick with 0 we get that a =
200*Ga. Combining this we have

a = 200"Ga
= 200*G(200*Ga)
= 400*0G(0*Ga)
= —4000*G(9*Ga)

and hence in the image of 9. The last equality comes from

0 4 0*0 = i\, 0] + [\, 0]0
= i0ND — i0AD
=0

using the identities established in the proof of Theorem [3.25] It is clear that
the same argument works for when a = 97. O

The reason for why we even mentioned the dd®-property is that in [DGMS75]
they instead prove the dd°-lemma, the de Rham differential forms on a compact
Kéhler manifold M satisfy the dd-property. Recall that d° is a real operator
on differential forms[3.22] that when extended to the complex differential forms
A(M) is equal to the d° we defined above. The authors then prove the following
in terms of d and d° instead. However, we choose to continue with the language
of cbba’s.

Theorem 5.8. Let A = (A**,0,0) be a cbba, if A satisfies the 00-Property
then the total C-cdga (A*,d) is formal.

Proof. Consider the three C-cdga’s (HpA,d), (ZsA,d) and (A,d), all graded
by total degree, where Z5A denotes the 0-closed forms of A. There are natural
morphisms, the first given by the inclusion ¢ : (Z5A,d) — (4, d) and the second
given by the projection p : (ZsA,0) — (HpA,d) projecting a d-closed form «
to its homology class [a]g € HgA. Note that ¢ is a morphisms of cdga’s because
do = Oa + 0a = Do if av € ZyA. Thus we have the zig-zag

(HoA,9) <2= (ZoA,8) - (A, d).

We start by proving that ¢ is a quasi-isomorphism using the 90-property. We
continue by proving that 9 = 0 on HyA and that p is a quasi-isomorphism, with
repeated use of the d0-property. We are then done as we have connected (A, d)
via a zig-zag to a cdga with zero differential.
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e (* is injective: Let o € (ZpA, ) be O-closed element such that [a]y = 0,
i.e. a=dp for some € A. Then, as 9(98) = 0 and

8(9B) = —09B = —d(dS — ) = —da = 0,

we apply the d0-property and find v € A such that 98 = 90y = —00~.
Note that B B B B
a=0+08=—-00v+ 08 =09 — 7).

Thus, « is a coboundary and [a]z = 0, proving injectivity.
e (" is surjective: Let [a]q € H(A,d). We have 0(0a) = 0 and
00a = d(da — da’) = 0,

so by the d0-property, we find 3 such that do = 003. Now let v = a —d,
then .

0y =0(a—dp)=0a—008=0
and B B B

0y =0(a—dp)=—0a—008 =0
using that since da = 0, one has da = —0a. Therefore, v defines a
cohomology class [y]g € H(ZpA, ) and [v]q is, by construction, equal to
[Ck]d.

e 0 =0o0n HyA: Let [a]y € HypA. Then 9(da) = 0 and 8(da) = —0da = 0,
so by the d0-property we find S such that da = —993. It follows that

5[0{]3 = [50&]3 = [—85ﬁ]a =0.
In particular, H(HyA,d) = (HyA, ) and we consider
,0* : H(ZQA, 5) — (H@A, 5)

e p* is surjective: Let [a]y € HyA, then in the same way as we argued
above, there is some § such that da = 095. Set v = a — 9. Then,
Oy = 0 and therefore v € ZyA. Furthermore, 9y = da — 093 = 0, so
[V]s € H(ZsA, d) and

rls = hle = lae.

e p* is injective: Assume da = da = 0, so that [a]s € H(ZsA, d). Further-

more, assume that p*[a]s = [a]s = 0, i.e. a = dB. Then, by the 90-

property, there exists some 3 such that o = 99y = —00y, and hence
[o]5 = 0.
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O

Note that this also implies that strong formality of (A,d,d) implies C-
formality of (A, d).

Corollary 5.9. Compact Kahler Manifolds are formal.

Proof. Let M be a compact Kihler manifold. The cbba A(M) satisfies the 90-
property by Lemma hence the cdga (A(M),d) is formal. But note that this
is just the complex de Rham forms with differential d, i.e Agr(M)®@rC. By The-
orem Agr(M) ~ Apr(M;R), and since quasi-isomorphisms are preserved
under tensoring Agr(M) @r C ~ App(M;R) @g C. Since App(M;R) @ C =
App(M;C), M is C-formal, and by Theorem formal. O

The natural next question is if all compact Kahler manifolds are weakly or
strongly formal. Since they satisfy the d0-property weak formality and strong
formality are equivalent, as remarked previously. In [PSZ24] the question is
answered negatively, if M is a closed Riemann surface of genus at least 2, then
A(M) carry non-trivial triple ABC-Massey products, discussed in section ,
which are obstruction to weak, and thus also strong, formality.
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6 Formality of spaces with certain cohomology

Recall that a sequence of elements rq,...,rq € R is called a regular sequence
if 7; is a non-zero-divisor in the quotient ring R/(ry,...,r;_1) for all i. A k-
algebra of the form A/(ay,...,aq) for a regular sequence ay, ..., ay is said to be

of complete intersection type.

Definition 6.1. Let A be a commutative (cohomologically) graded algebra over
k and aq,...,a, € A. The Koszul complex of aq,...,a, in A is the cdga

K(ay,...,a;,) =AQANY1,---,Yr)
where |y;| = |a;| — 1, and with differential given by
dla=0 d(y)=a;
and Leibniz rule.

We introduce a chain complex structure on K (ay, ..., a,) by suppressing the
degree of A all to zero, letting |y;| = 1 and letting d act the same. As d is the
same map, it follows that H*(K(aq,...,a,)) = H.(K(a4,...,a,)).

Theorem 6.2 (Theorem 6.2.3 [Smi95]). If ay,...,a, is a reqular sequence, then
H*(K(ay,...a.)) = A/(ay,...a,).

Proof. Let us fix a Koszul complex K(aq,...,a,) and denote it simply by K.
By the remark above, it is enough to prove that H,(K) = A/(a4,...,a,) with
the homological grading, i.e.

Al(ay,...,a.) n=0

Ha(K) = {o n#0.

Let us start by showing that Ho(K) = A/(ay,...,a,). Note that Ky = A, that
each K; is a A-module and that d; : K; — K;_; is a A-module homomorphism
by the Leibniz rule. In particular, im(d; : K3 — Ko = A) is an ideal I C A. By
definition

H()(K) = K()/lm(dl K — KO) = A/[,
so we just need to show that I = (aq,...,a,). It is clear that a; € I as d(y;) = a;,
so I D (ay,...,a,). Conversely, as x € K if and only if z = > a,y;, we have

a=d(x)= Zaid(yi) = Zaiai € (ay,...,a,).
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Thus, Hy(K) = A/(ay,...,a,).

For the rest of the degrees, let us do induction of the subcomplexes K (i) =
K(ay,...,a;) (K(0) = A). We have inclusions K (i — 1) — K(i), and an
isomorphism sK (i — 1) = K(i)/K(i — 1), given by x — xy;, where s is the
suspension, so that the degrees line up. The map is injective, since xy; ¢ K(i—1)
for any z, and surjective, since K (i)/K (i — 1) consists of exactly elements of
the form zy;, as y? = 0 (it is of odd degree). We thus have an exact sequence

of chain complexes
K(@i—1)— K(i) = sK(i—1),

giving us a long exact sequence in homology
o= Hi(K(i—1)) - H;j(K(i)) — Hj(sK(i — 1)) RN H (K(i—1)—---

Using the induction hypothesis, that H;(sK (i — 1)) = H;_1(K (i — 1)) and that
we have already proved the statement in degree zero, the sequence simplifies to

0— Hy(K(i)) = Af(ay,...,ai1) 2 Af(as, ... ai_1) = Af(ar,. .., a;) = 0.

We just have to check what the connecting homomorphism 0 is. Note that the
map K (i) — sK(i—1) = K(i—1) is given by the projection K (i) — K(i)/K(i—
1), followed by the inverse of the isomorphism sK (i—1) — K (i)/K(i—1), which
is given by multiplying with y;. It follows that the connecting homomorphism
0:Hy(sK(i—1)) = Ho(K(i — 1)) is given by

Al(ay,...,a;—1) 3 [z] — [d(zy;)] = [ra;] € Af(aq, ..., a;-1),

as xy; € K(i); is an element that is mapped to x € K(i — 1)g. In other
words, 0 is given by multiplying by «a;, and thus as a; is a non-zero divisior in
A/(aq,...,a;_1) by regularity of the sequence, it follows that 0 is injective and
that H, (K (i)) = 0. O

Corollary 6.3. Let A be a k-cdga for a field k of characteristic zero. If

H(A) = K[z, 2]/ (Fry oo o) = At ooy 20) ) (Fra oy )

with x; of even positive degree and fi,..., f, a regular sequence, then A is
formal.

Proof. We want to show that there is a zig-zag of quasi-isomorphism
H*(A)«— K = A
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where K = K(f1,..., f.) is the Koszul complex of the regular sequence f1, ..., f.
over the free commutative graded algebra k[zy,...,z,] = A(z1,...,2,). We
can write K as A(Z1,...,Zn,Y1,-..,Yr), with dz; = 0 and dy; = f;. The first
map, call it 1, is defined by ¥(z;) = z; and ¢(y;) = 0. Since d(z;) = 0 and
d(y;) = fi, @ is a morphism pf cdga’s. By the previous theorem, we have
H*(K) =K[z1,...,2.]/(f1,- -, fa), and since ¢(x;) = x;, it follows that it is a
quasi-isomorphism.

The second map, ¢, is defined by ¢(z;) = a; where q; is such that [a;] = x;,
and ¢(y;) = b; such that db; = f;(ay). It is clear that ¢ is a morphism of cdga’s
and a quasi-isomorphism. O

Therefore if the rational cohomology of a topological space X is of the form
Q[z1, .- xn]/(f1,-- -, fa) then the space is formal. Examples of such spaces
are elliptic spaces with non-zero Euler characteristic, see Proposition 32.10 in
[FHTO1]. A space is called elliptic if dimm,(X) ® Q < co. In fact a space X
with x(X) # 0 is elliptic if and only if H*(X;Q) = Q[x1, ...,/ (f1, ..., fn)-

Let us take this to the bigraded world, see [PSZ25]. We shall use the follow-
ing lemma

Lemma 6.4 (Part of Theorem 1.21 [Ste25]). Let A and B be first quadrant
bicomplezes, i.e. AP? =0 for all (p,q) ¢ Z>o X Z>o, then a map of bicomplezes
f+A— B is a pluripotential quasi-isomorphism if and only if

[T Hy(A) — Hy(B) and f*: Hz(A) — Hz(B)
are 1somorphisms.

The lemma holds more generally by considering locally bounded bicom-
plexes, but as we haven’t define this notion we stick to this version, as it is all
we need.

Definition 6.5. Consider the free bigraded algebra Clzy, ..., z,], where |z;| =
(ps, pi) with p; > 1, and a regular sequence rq, . .., r,, in Clxy, ..., z,] of elements
of pure bidegree, which must also be diagonal as x; are. The bigraded Koszul
complex of such a regular sequence is the cbba

K@i, mm) = Clzy, oo 0] @ AW -y Y OULs -+« s Oy OYL, -+« O,
where |y;| = |r;| — (1,1), and with differentials given by

dv; =0, dy; =0y, + dy;, i00y; = r;.
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Theorem 6.6 (Lemma 4.1.3 [PSZ25]). For such a reqular sequence, there is a
pluripotenial quasi-isomorphism

o K(ry,...,rm) = (Clay, ... 2]/ (r1y .o 1), d = 0)
gwen by x; — x; and y; — 0.

Proof. Denote K(ry,...,r,) by K and Clzy,...,2,]/(r1,...,7m) by H. As
the total degree of all the elements are non-negative, except possibly if r; are
scalars but then it is a degenerate case, we can use Lemma to conclude
that it is a quasi-isomorphism by checking it on @ and 0 cohomology instead.
Let Uy : CBBA — CDGA be the functor that forgets the 0 differential, and
similarly Uz be the functor that forgets the 0 differential. Then the induced
map ¢* : Hy(K) — Hy(H) is equal to U(p)* : H({Usp(K)) — H(Uy(H)). We
can decompose Uy (K) into

Cla, ..., 2] @ ANOYL, .., OYm) @ AWYL, -+ s Yy OYLs - - - O
As 0(0y;) = —ir;, we get that
Clay, ..., 2, @ AOy1, . .., OYm)

is the Koszul complex of ry,...,r,, in Clzy,...,z,]| seen as a cdga with 0 as
differential. Thus, by Theorem , its cohomology is Clz1, ..., x,]/(r1, ..., Tm).
On the other hand,

/\(ylv s 7ymaay17 s Jaym>

has no cohomology. To see this note that we can divide it up into the tensor
product

m

® A(yi, Oyi)

i=1

and H(A(y;, 0y;),0) = C. Therefore, we have
H*(Usp(K)) =Clay, ..., xn)/ (11, s Tm).

Similarly, to the proof of Corollary 6.3 we see that Uy(¢) : Ug(K) — Us(H) = H
is a quasi-isomorphism, as it sends x; € K to z; € H. By symmetry, the same
goes for Us(p), so ¢* : Hy(K) — Hy(H) and ¢* : Hz(K) — Hz(H) are
isomorphisms and we are done. O

Recall that if a cbba A satisfies the d0-property then all the cohomologies in
the cohomology diamond are caonically isomorphic and we can thus just think

of H(A).
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Corollary 6.7. Suppose A is a cbba satisfying the d0-property. If
H(A) =Clxy,...,x,]/(r1,. ., 7m)
for x; and r; as above, then A is strongly formal.

Proof. We create a zig-zag
H(A) <= K(r1,...,1m) — A,

where the left morphism is a quasi-isomorphism by the previous theorem. The
second morphism, call it 1), is constructed by mapping x; € K to a representative
a; € Aof x; € H(A). If we take H(A) to be Hgc(A), then ri(zq,...,2,) € K
is mapped to r;(ay,...,a,), which in turn is 0 in Hgc(A). Thus there is some
& € A, such that i00¢; = r;, and we map v; to such a &. This makes ¢ a
well-defined morphism of cbba’s and by the same argument as above 1) is a
quasi-isomorphism. O]

For a geometric application, recall that a homogeneous space G/H is the
quotient of Lie group by a closed Lie subgroup.

Corollary 6.8. Compact Homogeneous Kéhler manifolds are strongly formal.

Proof. Suppose X is a compact homogeneous Kéhler manifold. By [BR62] we
may write X = T X F, where T is a complex torus and F' is a homogeneous
projective rational variety, i.e. a generalized flag manifold. Strong formality
can be proven on each factor separately by Proposition 4.21 in [MS24]. Tori
are Kéahler and Hy(T) = A(dzy,dzy,. .. ,dz,,dz,), so by Proposition T is
strongly formal. By [RWY09], the de Rham cohomology of F' is of the form
Clxy, ..., zn)/(r1,. .., ry) where ry, ... 1, is a regular sequence. Furthermore it
is generated by Schubert classes, fundamental classes of subvarieties, which by
Proposition 11.20 in [Voi02] have diagonal bidegree. O

The classic example of such spaces are complex Grassmannians. Let us
remark that in [PSZ25] this theorem is a bit stronger, Placini, Stelzig and Zoller
prove that compact homogeneous Kéahler manifolds are strongly formal over
Q. We have decided to not include the “over Q” part for simplicity. Strong
formality does not imply strong formality over @, as is proved in the same
article, so there is a point in remarking that the theorem can be strengthened.
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7 Massey Products

Let (A,d) be a cdga with cohomology H*(A). For a € A, define a = (—1)**1q,
and note that

ab= —ab, da= —da, d(ab)= (da)b—adb, a = a. (9)

Consider classes z,y,z € H*(A), such that zy = yz = 0. Let a,b,c € A
represent x,y, z respectively. Since xy is zero in cohomology, ab = ds for some
element s € A. Similarly, bc = dt for some t € A. Define the triple Massey
product, (z,y,z) € H*(A), as the set of cohomology classes of sc + at for
a, b, c, s, t defined as above. In other words,

(la],[b], [c]) = {[at + Sc] | ab = ds,bc = dt} .

We say that the triple Massey product of x,y,z is zero if (z,y,z) contains
0. In general this is a set, but it becomes a unique element in the quotient
H*(A)/(xH*(A) + H*(A)z). To see this, suppose we pick some other element,
s', such that ab = ds’. Then, d(s — s’) = 0 and thus, s — s’ is a cocycle. We
calculate that

[at + 5c] — [at + s'c) = [(—1) (s — s')c] = [(=1)*F (s — §')]z € H*(A)z.

Hence, their difference is zero in the quotient. The same argument works for ¢.

Note that we define the triple Massey product (x,y, z) when the ordinary
products zy = yz = 0. If the triple Massey product is zero, i.e. contains zero,
we define another product one step higher. The quadruple Massey product
(x,y, z,w) is defined when the Triple Massey products (z,y, z) and (y, z, w) are
zero (and defined). The quintuple Massey product when the quadruple are zero
(and defined), and so on. In other words, the n-fold Massey product is defined
when all the lower products are defined and are zero. Let us now define all these
higher Massey products.

For a cdga (A, d) with cohomology H*(A), a defining system for the n-fold
Massey product (z1,...,x,), where z1,...,x, € H*(A) and n > 2, is a family
of cochains, a;; € A, for 0 <7 < j <n with (4, 7) # (0,n), such that a;_;, is a
representative of z; for all 0 < i < n, and

dam- = E ai7kak7j.



It is indeed a cocycle, since

d( Z &O,kak,n> = Z (d(6_107k)ak7n - ao,kd(ak,n)>

0<k<n 0<k<n
= - E ( E aO]a']ka'kn Qg k E akjajn)
O<k<n \0<j<k k<j<n
= E E 0,5 Qj e W — E E 0k, jQj,ns
0<k<n 0<j<k 0<k<n k<j<n

which is zero by noting that the first sum is just the sum of all pairs (7, k) with
0 < j < k < n, while the second sum is the sum over all pairs (k,j) with
0<k<j<n.

Proposition 7.1 ([Kra66]). A defining system for the n-fold Massey product
(x1,...,x,) exists if and only if a defining system for (z;,...,z;) exists for all
1 <i<j<mnand(i,j) # (1,n) and the set of associated cocycles contain 0.

When a defining system exists, we define the n-fold Massey product to be
the set of cohomology classes of the associated cocycles of the possible defining
systems. We say that the product is zero, or that it is trivial, if it contains zero.

If n = 2, a defining system for (x, z2) consists of just two cocycles, ag; and
a2, such that, [ap1] = 1 and [a1 2] = z2. The product is thus the singleton set

<$1,$2> = {[50,1(11,2] | [ao,ﬂ = Ty, [a1,2] = 562} = {(—1)‘m1‘+1$€1$2} .

If n = 3, a defining system consists of cocycles, ag 1, a1 2 and a; 3, representing
x1, 72 and xg, as well as ag 2, 13, such that

daps = appa12 and dayz = Gy2023.

Translating to what we wrote above about the triple Massey products, we have
ap1 = a,a12 =">b, ass = ¢, ape = s and a1 3 = 1.

In general one can view a;; as a witness that (x;,...,z;) contains zero. It
is of course natural to code this into a (n+1) x (n+ 1) matrix, indexed from 0,
by setting the entries of the matrix to be a;; for 1 <i < j <mn, (i,7) # (0,n),
and the rest to zero.

Lemma 7.2. The subset of cohomology classes of associated cocycles of defin-

ing systems for ([ai],...,lan]) that satisfy a;—1; = a;, for all 1 < i < n, is
equal to the whole set. In other words, every element in the Massey product
(la1], ..., [an]) can be realized from a defining system (a; ;) with a;—y; = a;.
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Proof. Denote the set of cohomology classes of associated cocycles of defining

systems for ([ai],...,[a,]) such that a;_;; = a; for all 1 <i <n by (ay,...,a,),
ie.,
_ ;.;) defining system for

A1y ...,0p) = aorarn| € H(A (ai;) . .

(@ ) { Lg;n ORT ] ) (lad], -, lan]) with a;1; = a;
Note that, (x1,...,z,) = J(ai,...,a,), where the union is taken over all tuples
ai,...,a,, such that [a;] = x;. In particular, for two such tuples, their differ-
ence, for each i, is a coboundary. We want to show that, for every ¢, we have
(a1,... a4, ...,0a,) = (aq,...,a;, +db,... a,), as this will prove the statement,

by applying it to each component where they differ. By symmetry, it is enough
to show C, by setting a; = a; — db. Let = € (aq,...,a,), with defining system
(aij). We wish to find a defining system, (a; ;) for (ai,...,a;+db, ..., a,), such
that the cohomology class of its associated cocycle is equal to z. Let

a; .= a;; fori#£t¢t—1and j#t,

a;, = @iy — a;;—1b fori <t —1,
Ay 15 = Qg—15 — batd- for j > t,

and check that it is a defining system for the product

(ail, .-, Jag +db], ... [an]) = (aal, - ., [ad, .- ., [an])-

Clearly, it holds that [a;_,,] = [a;—1,] = [a;], for i # t. Furthermore, [a;_, ] =
l[at—1+ + db] = [a], by assumption. We verify that

r —r 1
dai’j = E Gy -
1<r<g

Ifi <j<tort—1<i<j,thenitisimmediate. Supposethat: <t—1 <t < 7,
then

—/ /
E , Qi p .
1<r<j

= E Aty Ao (a1 — bagg) + (ai — aig_1b)ag; + E Gl

1<r<t—1 t<r<yj

= E Qi pQyj + Qip—104—1 5 — Qig—1bay j + Qi ay j + @i —1bag ; + E Qg Gy j
i<r<t—1 t<r<yj

= E aimar,ja

1<r<j
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which is equal to da;; = da;; by assumption. Now let i =¢ — 1, if j = ¢, then
da;_, ; = 0 directly. Otherw1se if t < j, we have

Z Clt 17" T‘7j = (atht + db)CLtJ’ + Z (Cltflyr — Bat,r)am-

t—1<r<j t<r<j
= Qy—1,40¢; — dbay j + E ay—1,00rj + 0 E At Q. j
t<r<j t<r<j
= E dtfl,rar,j — db@t,j -+ bdatyj
t—1<r<g

= d(lt_lJ — d(Bat7j>,

which is equal to the left hand side, daj_, ; = d(a;—1;—bay ;). Lastly, let i < t—1
and 7 = t, then

doa,a, = > it — ar1b) + a1 (a1, + db)

i<r<t i<r<t—1
= E Qs Qg — E @i rQyy—1b + Q¢ 1db
<r<t <r<t—1

= dam — dam_lb + Ciliyt_ldb
= dai,t - d(ai,t—lb)a

which is equal to d(a;,) = d(a;; — a;;—1b). Thus, (aj;) is such a defining system.
If 1 <t < n, we calculate that

—/ /
E Ao, U.n

0<k<n
= E a0,k + o t—1(A1—1, — barn) + (@0 — ag—1b)ar, + E Q0,kOk,n
O<k<t—1 t<k<n

= E Qo Qg — Q0 t—10s 5 + Qo110
0<k<n

= E a0,k n -

0<k<n
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Thus, the associated cocycles are exactly equal. If t =1, then

Z g 0., = (@01 + db)ay n + Z (aor — bay x)axn

0<k<n 1<k<n
= Qp,101,, — dbay , + g Qo g + 0 E a1 k0kn
1<k<n 1<k<n
= § C_LO,k:ak,n - dbal,n + bdal,n
0<k<n
= E &O,kak,n - d(bal,n)~
0<k<n

Hence, their associated cocyles differ by a coboundary, so equal in cohomology.
Lastly, for t = n, we get

Z ag,ka;g,n = Z aO,k(ak,n - ak,n—lb) + aO,n—l(an—l,n + db)

0<k<n 0<k<n—1

= E o kA — g o Qb + g p—1db
0<k<n 0<k<n—1

= E Ao kg, — dag—1b + o p—1db
0<k<n

= E 0,k kn — d(aon-1b),
0<k<n

so again, cohomologous. L]

Theorem 7.3. Let ¢ : A — B be a morphism of cdga’s, then

o o (x1,...,x,) C (p*(x1),...,0"(x,)), and

e if ¢ is a quasi-isomorphism, ©*(x1,...,x,) = (P*(x1),...,¢*(zn)).
Proof. An element of p*(xy,..., x,) is
@ [ Z do,kak,n] = [ Z (p(ao,k>90(ak,n)] ;
0<k<n 0<k<n
for some defining system a; ; of (z1,...,z,). Therefore, we prove that (a; ;) is
a defining system of (p*(z1),...,¢*(zy)), as then, > _, . ¥(aok)p(ary) is an
associated cocycle of a defining system for (p*(xy),..., 0" (x,)).
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Let a; j be a defining system for (1, ..., x,), then the system ¢(a; ;) satisfies
[o(ai—14)] = ¢*[ai—1:] = ¢*(x;). Moreover,

dp(ai;) = ¢(dai;) = ¢ ( > ai,kak,j) = ) olair)p(ar,),

i<k<j i<k<j

and thus, ¢(a; ;) is a defining system for (p*(x1),...,¢*(zn)).

For the second point, we only give a proof when n = 3. The general case can
either be proven similarly but with notational nightmares or with the theory of
A-algebras [KelO1].

We need to prove that ¢*(z1, e, x3) D (p*x1, p*xa, p*x3). Let ay,as, a3 be
cocycles such that [a;] = x1, [as] = 29 and [a3] = x3. Then, ¢*(z;) = [¢(a;)], so
by Lemma , we can assume that a defining system for (p*xq, p*xs, p*x3) is
of the form {¢(a1),¢(az), ¢(as),z,y}, where dz = ¢(a1)p(a2) = ¢(aiaz), and
y = p(az)p(as) = @(asas). In particular, we have ¢*[ajas] = [dz] = 0 and
©*lagas] = [dy] = 0, so, as ¢* is an isomorphism, we get [a1as] = [asas] = 0,
and we find z and w, such that dz = a,a, and dw = asas. Note that

d(p(z) — x) = p(ar1az) — p(@r1a2) =0 and d(p(w) —y) =0,

S0, as * is surjective, we find 2z’ and w’, such that

T =lp(2)] =z —¢(z)] and @' w]=[p(w)]=ly—ew)]  (10)

Define 2" = 2/ + z and w” = w’' 4+ w. Then, {ay,as,as, 2", w"} is a defining
system for (x1, z9,x3), since dz”" = dz’ + dz = ayaz and dw” = dw' + dw = asag.
The associated cocycle of this defining system is a;w” + z”as, so we are just left
with showing that ¢*[a;w” 4 Z"as] = [p(a1)y+Zp(asz)]. To see this, we calculate

e larw” + 2"as] = [p(ar)e(w") + ¢(z")p(as)]

by . O]

Corollary 7.4. If A is formal every Massey product (z1,...,z,) with n > 3 is
trivial.

Proof. If d = 0, then to be zero in cohomology, means to be precisely zero. So
we can pick 0 as every element in the defining system, except for a;_1,. So, as
n > 3, the associated cocycle is exactly zero:



In particular, (H(A),d = 0) has trivial Massey products, and thus, by the weak
equivalence, so must A have. O

Thus, Massey products are obstructions to being formal, since, if we can
find a non-trivial one, it follows that the cdga cannot be formal.

Example 7.5. Using Massey products we get a new way to show that the
Kodaira-Thurston surface KT, discussed in example [£.9] cannot be formal. We
show that the cdga A = (An*,d) = (A(x,y,w,u),dw = xy) has a non-trivial
ordinary Massey products. Consider (x,y,y), then dw = xy and yy = 0, so
[wy] € (x,y,y). As the triple Massey product is unique up to t H*(A)+ H*(A)y,
we see that, as [wy| ¢ *H*(A) + H*(A)y, we have a non-trivial triple Massey
product. It thus follows that KT is not formal, since A ~ A z(KT). Now that
we have proved that compact Kahler manifolds are formal, and KT is compact
and symplectic, we conclude that K'T" has no Kahler structure.

There are generalizations of the triple Massey product to cbba’s, due to
Daniele Angella and Adriano Tomassini in [AT15].

Definition 7.6. Let A be a cbba. Let a,b,c € Hpc(A) be Bott-Chern classes,
such that ab = bc = 0 in Hpc(A). Furthermore, let a,b and ¢ be represented by
«, B and 7 respectively, and let 90z = a3, 00y = B be witnesses of ab = bc = 0.
Then the triple Aeppli-Bott-Chern-Massey (ABC-Massey) product is

(a,b,cy =[xy — ay] € Ha(A)/(aHs(A) + Ha(A)c).

Let us show that this is well defined. First, we need to see that it actually
defines a Aeppli class. As 7 and «a represents Bott-Chern classes, we have
0y =07 =0= 0a = da. Thus,

00(zy — ay) = (80x)y — (=1)**1addy = affy — afy =0

by the Leibniz rule.

Secondly, let us show that it is independent of choice of x. Suppose that
af = 00xr = 00x'. Then 00(x — ') = 0, so [x — 2'] € Ha(A). Therefore,
[zy—2a'7y] = [xr—2']c, and hence zero in the quotient H4(A)/(aHs(A)+H4(A)c).
A similar argument works for y.

Lastly, let us show that it is independent of choice of representatives «, (3, .
As any choice differs by an element of im(99), by linearity, it is enough to show
that if a = 0, b = 0 or ¢ = 0 in Hpc(A), then the Massey product is zero.
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Without loss of generality, assume the first, and write o = 00¢. Then, x = £B
satisfies 00(£5) = af. It follows that

By — ay = Py — 008y
= £00y — 9Oy
= —0(0y) — (-1)119(¢ay) € im(9) + im(9),
so the Massey product is zero.
Viewing the triple ABC-Massey product as subset, i.e. before passing to the
quotient, we see that independence of representative of a, b, ¢ still holds, but we

can get multiple elements by the choice of x and y. Similarly to Theorem [7.3]
we have the following:

Lemma 7.7. Let ¢ : A — B be a morphism of cbba’s
o v {a,b,c) C (p*(a), ¢ (b), ¢*(c)), and
e if ¢ is a pluripotential quasi-isomorphism, then ©*(a,b,c) = (p*(a), *(b), p*(c)).

Proof. We have that [p()] = ¢*(a), [p(B)] = ¢*(b) and [p(7)]
are representatives. Furthermore, 00¢(x) = ¢(00x) = p(af)

similarly, 9d¢(y) = ¢(B)¢(7). Thus,

©*(c), so these
p(a)p(p), and

@ lzy — ay] = [p(@)p(v) — pla)p(y)] € (p*(a), 9" (b), 9" (c)),

proving the first part.
The second part is proved in essentially the same way as for ordinary Massey
products, by swapping d to 00 and the independence of «, 3, discussed above.
O

In particular, when passing to the quotient, if ¢ is a pluripotential quasi-
isomorphism, then the element (a,b,c) € Ha(A)/(aHA(A) + Ha(A)c) is zero if
and only if the ABC-Massey product (¢*(a), ¢*(b), ¢*(c)) is zero.

Corollary 7.8. If A is weakly formal, then all triple ABC-Massey products
vanish.

Proof. If H is a cbba with 90 = 0, then Hpo(H) = ker 0 Nker 9, as im 90 =
0. Thus, if ab = 0 in Hpc(H), then this means that the unique elements
representing them multiply to zero as well, and similarly for be. Thus, take z,y
to be zero, and get (a,b,c) = 0. Since vanishing of triple ABC-Massey products
is invariant under pluripotential quasi-isomorphism, we get that A has no triple
ABC-Massey products. O]
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Example 7.9. Recall Example and let n = 2, then we have
A= (N(21, 22,21, 20,€,6),d(€) = d(€) = 2121 + 20%).
We consider the triple ABC-Massey product (2212, 2922, 29). Note that,
22121207 = 00(E€) by , and  25%320 = 0 = 90(0).
So we get the ABC-Massey product
[€€2] € HA(A)/ (22121 HA(A) + Ha(A)20)

and it is a routine check to see that this is non-zero in this quotient. This shows
that for n = 2, the nilmanifold N/I" is not weakly formal.

The natural question now is if there are higher ABC-Massey products. In
fact there are, but some surprises arise. The higher ABC-Massey products are
due to Milivojevi¢ and Stelzig. We give the definition of the (ad hoc) quadruple
product and refer the reader to [MS24] for more information about the higher
products.

Definition 7.10 (Quadruple ABC-Massey products [MS24]). Let a,b,c,d be
Bott-Chern classes with representatives o, 5, and 0. A defining system for the
quadruple ABC-Massey product (a, b, c,d) is a quintuple x,y, z,7 and é , such
that

v APA-OD e AP0 e ghol-()

satisfying B ) )

00x = aff, 00y = Py, 00z =0,
and

i=n+n e A= g glabr-(12)

E=¢+ ¢ e API=@1) gy AIBrI-(12),
satisfying

Ty —ay=0n+0n yd— Bz= 0+ 0¢.
The quadruple ABC-Massey product is the subset of the —1-degree cohomology
in the Schweitzer complex H 5‘ 16 5I(A)’ which is equal to
ker (a @O AleBrl=(21) ¢ Alabrdl=(12) _y A|aﬂ'y§|f(1,1))
im (a Ddd 0 AleBrl=3.1) @ Aleasyl—(22) @ AlaBrdl-(1.3) 5 AlaBys|-(2,1) g Alaﬂvél—(lﬂ)) ’

given by .
[(—1)'0“0{ — (0x)z — (—=1)*lz0z + o],
7, €.

for all defining systems x, v, 2,
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Let us check that (—1)1laé — (9z)z — (—=1)*120z 4 76 actually defines such
a cohomology class. By counting bidegrees, we see that the term splits as
(—1)'“‘@5 — (—1)"”':552 + 16 € Alesrl=21)
(—D)lelag — (9z)z +1/6 € AlefrI=(12)

so we apply 0 to the first and 0 to the second. This yields:

@@ d)((-1)ag — (9z)z — (=1)12dz + 76)
=0((-1)ag) + a((-1)ag’) — 3((9z)z) — 0 ((—1)"120z) + d(nd) + d(n'5)
= 0 + a0 — 00xz — (—1)1919202 — (—1)"10202 — 2002 + Ond + On's
= a(yd — pz) + affz — xv6 + (zy — ay)d
= 0.

For some context of where this comes from, for a bicomplex A and a bidegree
(p, q) the Schweitzer complex S, ,A is the cochain complex given by

APt2a g AptLatl ¢ Apat2 ...

Td@d

AP — APtha gy Apatl
]
AP—2a-1 g Ap—1.9-2 % Ap—La—1
6@d®éT
coe—3 AP0l gy AP—20-2 gy AP—1a-3
indexed so that S;,QA = AP, The nice property of this complex is that both
Bott-chern and Aeppli cohomology turns up in a single complex, namely
ker(90 : AP~ha—1 — APa)

0 _
H (SWJA) - im(f) DO Ar-24-1 p Ap—1a-2 Ap—l,q—l)

= 1)

and
ker(d : AP? — APTLa @ APaTL)

im(90 : Ap—La=1 — Apa)
While, as mentioned earlier, the (—1)-degree cohomology, H (S, ,A), is

H'(8,44) =

= Hp(A).

ker (8 DO AP 201 @ Ap—1a—2 Ap—l,q—l)
im (0@ d®d: Ap=3a-1 @ Ap=24-2 @ Ap~14=3 — Ap=24-1 gy Ap=14-2)’

64



In [MS24] they claim that a similar argument as in Lemma shows that
quadruple ABC-Massey products are also invariant under pluripotential quasi-
isomorphism. If we assume this, then a similar argument to Corollary shows
that weakly formal cbba’s have trivial quadruple ABC-Massey products.

Example 7.11 (Space with non-trivial quadruple ABC-Massey product [MS24]).
Consider the real Lie algebra g = spang(x1, 22, 3, Z4, Y1, Y2, Y3, Y4), with bracket
determined by

[901,@] = —Ts3, [$17$3] = —T4 [yl,yﬂ = I3, [?Jhy?,] =4

21,92l = —ys, [T, us] = —vys [y, 7] = —ys [y, 73] = —ua
and setting the rest to zero. Note that this Lie algebra is nilpotent as

[ga g] = spanR(xg, T4, Y3, y4) and thus [97 [ga g“ = 0.

As the structure constants are integers, we get a compact nilmanifold N/T.
Define J : g — g by J(z;) = y; and J(y;) = —x; to get an almost complex
structure on N/I'. It is a straightforward, but tedious, calculation that the
Nijenhuis tensor N7 is zero, so N/T" is complex. The dual Ag} is generated by
the elements z; = x} + iy} of type (1,0) and z; = x} — iy of type (0,1). Recall
that the differential d = @ + 0 is defined by the relation

da(X,Y) = —a([X,Y]).
From this relation, it is a direct calculation that

* * * * * * * * * * * *
dry =dry =0, dry=xiT5 —YiYs, dry = TIT5 — Y1y,

dy; = dys =0, dy; =yjzy+ iy, dy; =y + 2y,
so that

le = dZQ = O, ng = Z21%9, dZ4 = 21%3,

dzy =dzy =0, dz3 = Z1Zy, dzZy = Z123.
Thus, we get the real cbba
A = (A(21, 21, 22, 22, 23, 23, 24, 24), d23 = 2129, d2y = 2123,0(2) = Z),
with |z;| = (1,0) and |Z;] = (0,1). We see that the complex structure is nilpo-

tent, so N/I" is a nilmanifold with nilpotent complex structure, and we can
conclude by Theorem that A ~ A(N/I"). Let us now show that A has a
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non-trivial quadruple ABC-Massey product, and thus as a consequence N/T',
has a non-trivial ABC-Massey product and cannot be weakly formal.

For ease of notation, we skip the indices and let x = 21,y = 29,2 = 23
and w = z4. Consider Bott-chern classes, [z]|pc, [zy]pc and [Ty|pc, we shall
consider the quadruple product ([x], [z], [zy], [Ty]). Note that 2* =0 as |z| = 1,
rvxy = 0 and xyzy = 00(2Z), where the last involves some anti-commuting
to verify. Lastly, —zzzZ = d(—wz). So the set {0,0, 22,0, —wz} constitutes a
defining system for ([z], [z], [27], [Ty]), and [zwZ] is a Hg, 1’2—cohomology class in
the quadruple product ([z], [z], [x7], [Zy]).

To show that the product is non-trivial we show that 0 ¢ ([z], [z], [zy], [Zy]).
By degree reasons, we can only pick 0 as the first element in the defining system,
since it needs to be of degree (1,—1). The second element in the defining
system, call it b (called z in Definition [7.10)), should be of degree (1,0) and
satisfy 00b = xz = 0. So we can pick any of the holomorphic generators, and
b € span{z,y,z,w}. The third element, call it ¢, needs to be of degree (1,1)
and satisfy 00c = zgzy. By calculating 00 of every generator of A, we get
that c lies in the affine subspace

¢ € 2Z + span{zZ, xy, xZ, W, YT, Yy, Yz, yw, 2T, 2y, WT, wy} .

The fourth element, 7 = n + 7/, has |n| = (1,0) and |1/| = (2,—-1), so ' =0,
while n must satisfy On = —xzb. As b € span{z,y, z,w}, one calculates that
n € span {x,y, z, w}, but that it depends on b, explicitly

b= a1x + acy + azz + aqw gives n = byx + boy — axz — azw.
The last element is & = & + &, with |¢] = (1,1) and |¢'| = (2,0), satisfying
by — xc = 0E + OF'.

Since & = 0 on A%°, we get that ¢ € span {zy,zz, 7w, yz, yw, 2w}, while we
have that

0§ € —xzZ + span {:in", ZYT, WYL, xYY, TYZ, LYW, 2T, T2Y, TWI, :Ung} .
By calculating 0 on AV, we get that
€ € —wZ + span{xT, Y, xZ, 2W, YT, Yy, Yz, yw, 2T, 2y, 2Z, 20, WT, WY }

with some dependence on b and c¢. From this, we get that the elements of the
ABC-Massey products are Hg, 12 classes of elements

—2€ + 7Ty € TWZ + span {zyz, xyy, Tyz, cyw, v27, r2Y, T2Z, T20, TWY, ZTY, WTY}

+ span {zyz, zyw, rzw} .
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To see that this is non-zero in Hg, 12, we note that we would have to have an

element 7 in Ab! or A%? with 07 = zw?z, or at least in the affine subspace listed
above, but one can check that there are no such elements, and thus this proves

that 0 ¢ ([z], [z], [xg], [zy]).

This example is mostly for computational importance, showcasing how one
would compute quadruple ABC-Massey product.
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