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Abstract

During recent times, (higher) category theory seem to have become increasingly relevant to
know for anyone interested in more modern foundations of algebraic geometry, homotopy
theory, and maybe other areas. One framework of interest might go under the name “Higher
Algebra” or “Homotopical Algebra”. Motivated by our interest in this framework, we try
to cover most of the homological algebra necessary for engagement with Lurie’s seminal
work “Higher Algebra” (|[Lurl7]), by following part I of Aaron Mazel-Gee’s lecture notes
[“Higher Algebra: Chapter 0”] We start by the impetus for the move towards derived
algebraic geometry. We then introduce important constructions such as chain complexes,

chain-homotopies, quasi-isomorphisms and other concepts. We focus on how one may

use homotopy co/kernels to glean information about a chain map M L> N, and how

one may use the de/suspension-operator ¥ together with homotopy co/kernels to create
exact sequences, for an arbitrary chain map f. In the later part of the thesis, we say
more about the dg-category of complexes of R-modules and how it can be viewed as
enriched in a certain symmetric monoidal category Chy of complexes of k-modules with
the tensor product of complexes. The last two chapters are devoted to resolutions and
a brief introduction to k-linear co-categories. We end by saying something about more
general oo-categories, using the framework of quasicategories, and defining the derived
oo-category of R-modules as a certain co-categorical localization of the category Chp of
chain complexes of R-modules.

Sammanfattning

I mer modern tid verkar hdgre kategori teori bli allmter relevant att forsta for de som
ar intresserade av mer moderna formuleringar av algebraisk geometri, homotopi-teori och
kanske fler omraden. Ett ramverk for att tdnka kring dessa omraden kan kallas “Hogre
Algebra” eller “Homotopisk Algebra”. Motiverad av vart intresse inom detta omraden,
forsokte vi tacka den storre delen av den homologiska algebran som pastas kravas for
att forsta Lurie’s seminala arbete “Higher Algebra” ([Lurl7]), genom att folja del I av
Aaron Magzel-Gee’s forelasningsanteckningar [“Higher Algebra: Chapter 0”} Vi inleder
med motivationen for att ga 6ver till deriverad algebraisk geometri. Vi introducerar sedan
konstruktioner sasom kedje-komplex, kedje-homotopier, kvasi-isomorfier och andra kon-
cept. Vi fokuserar vidare pa hur man kan anvinda homotopi ko/kérnor av en kedjekarta

M L) N for att kunna uttala sig om dess egenskaper, och hur de/suspensions-operatorn
3 kan anvéndas for att skapa exakta sekvenser fran en godtycklig kedjeavbildning f. I den
senare delen av uppsatsen pratar vi om dg-kategorin av komplex av R-moduler, och hur
man kan see den som berikad i en viss symmetrisk monoidal kategori Chy av komplex med
tensorprodukten av komplex av k-moduler. De sista tva kapitlena laggs pa att diskutera
resolutioner, samt att ge en kort introduktion till k-linjara oco-kategorier. Vi avslutar
med att sdga nagot om mer generella co-kategorier, genom konceptet kvasikategorier, och
definierar sedermera den deriverade co-kategorin av R-moduler som en viss co-kategorisk
lokalisering av kategorin Chpr av kedjekomplex av R-moduler.


https://etale.site/book.html
https://etale.site/book.html
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Prelude

Structure of thesis
Some general comments about the structure of this thesis.

The motivation for this thesis is mainly our interest in (higher) category theory, derived al-
gebraic geometry and “homotopical algebra”. Our thesis is primarily based on “Higher Al-
gebra: Chapter 0” by Aaron Mazel-Gee ([Maz23]). The title of the as—yet—to—be—publishedﬂ
book is, I believe, an allusion to the book “Abstract Algebra: Chapter 0” by Paolo Aluffi
(|Alu09]), but in the context of higher algebra. Consequently, our supposition is that the
book has the ambition of being a precursor before reading “Higher Algebra” by J. Lurie
([Lurl7]). The material in this thesis is in this sense very conservative, in that we don’t
prove any new results. Our main motivation has been to understand (some) of the tools
used in the aforementioned areas of mathematics. Of course, this thesis can’t possibly
claim to capture even a fraction of this vast area of (still ongoing) mathematical activity.
What we do cover in this thesis is most (except not saying much about derived functors)
of the homological algebra in [Maz23, Part I]. What is not covered at all in this thesis is
the theory of model categories, which is the subject of part II of [Maz23| (there is also e.g.
[Hov99)|).

Below are some comments on the chapters in this thesis.

e Chapter 1 recalls some constructions (and theorems) from (classical) algebraic ge-
ometry. We then give some examples that touch upon intersections in algebraic
geometry. The last given example gives a motivation for where the scheme-theoretic
intersection fails to encode data about the way in which two varieties can intersect.
That is, the ordinary tensor product of coordinate rings, when the tensor factors are
viewed as complexes concentrated in degree zero, can only see the degree-zero part
of the homology of the derived tensor product, but can’t see anything with respect
to higher homology.

e In chapter 2, we start by recalling the definition of the (relative) tensor product
of modules, we talk about how modules of a commutative ring R relates to a k-
algebra structure on it. We prove a tensor-hom adjunction and introduce homology.
We then talk briefly about localization of categories both with and without a so
called “calculus of fractions” available. Lastly, we introduce the tensor product of
complezes, and show among other things, that it defines a symmetric monoidal
structure on the category of chain complexes.

e In chapter 3, after briefly introducing the concept of chain complexes, chain ho-

'As we understand it, contracted to be published by Cambridge University Press (see
|nttps://etale.site/book.html).




motopies and quasi-isomorphisms, the main focus is on homotopy cokernels and
homotopy kernels. We show how one can use properties of the homotopy co/kernel
of a chain map to gain information about the chain map itself. We also try to illu-
minate the analogy between “ordinary” co/kernels and homotopy co/kernels. In the
last part of chapter 3, we talk about exzact sequences. In particular, we show how
one may, starting from a chain map, produce a long exact sequence in homology,
using homotopy co/kernels and something called de/suspension..

e In chapter 4, we introduce hom-complexes, which besides containing all chain maps
between two chain complexes also contain ”higher homotopies“. We then introduce
the concept of enrichment from enriched category theory, and show that the dg-
category of complexes of R-modules Kp with the given definition of enrichment,

is enriched in the symmetric monoidal category (Ch]k, Rk, k ), for R a (central) k

algebra. Lastly, we prove a tensor-hom adjunction that relates the two dg-categories
Kz and Ky, and we briefly mention how certain functors induced from these cat-
egories behave better with respect to homotopy co/kernels than the corresponding
functors in the category of modules behave with respect to ordinary co/kernels.

e In chapter 5, we focus mostly on projective and injective resolutions. We show
that the category of modules Modp for a commutative ring R has enough injectives.
We have a brief interlude about derived functors. We then focus on bounded below
projective resolutions and bounded above injective resolutions. Lastly, we talk about
cell complexes and lifting criteria. We show, via something called a small object

argument, how any given chain map M i> N gives rize to a factorization f = f*oc™
where the chain maps f*° and ¢* satisfies some properties. In particular we show
that one may use this procedure on the zero morphism 0 — N for any complex N
to create an associated projective resolution N (o) = 4 N.

e In chapter 6, we first talk a little about the homotopy theory for dg-categories of
complexes, we then briefly introduce k-linear co-categories. In the last chapter, we
say something more about general co-categories. We use the framework of quasi-
categories to define oco-categories. We talk about a general procedure for producing
oo-categories from underlying 1-categories (i.e. “ordinary categories”). Lastly, we
then say how one may construct the derived oco-categories of R-modules as a certain
“oo-categorical localization”, called a Dwyer-Kan localization.

Conventions

We will denote by R a commutative ring unless specified otherwise, and almost everywhere
R is a k-algebra for some commutative ring k. We aim to ignore any set-theoretic issues
as long as they don’t cause any obvious problems. We will try to provide full proofs for
most of the theorems, and whenever this is for various reasons not possible, we might give
a sketch of a proof, or refer to auxiliary sources. We will (try) to follow the convention
that = is “just” an isomorphism in the appropriate category, without any claim about this
isomorphism being natural, while we use ~ or sometimes ~ to denote natural isomorphism
EI Observe that we also use ~ to denote homotopy equivalence at times.

2Note however that we also use ~ for quasi-isomorphisms. Hopefully it is clear from the context which
of these we mean, since a (naive) natural bijection between two complexes (viewed as complexes) is an
ill-defined notion anyways, there is however an added complication in that one could use ~ to mean that
two complexes are canonically isomorphic, for example whenever we say have two different models of the



We will often omit specifying which type of map we mean, when this is (we hope) clear from
the context. For example, we might say “map” when we mean chain map or R-module
homomorphism (cf. how [HatO1] uses “map” for continuous maps).

Observe that our convention for the universal map u with respect to the cone model of
the homotopy cokernel (definition [3.2.3) is with degree n-component as b — (0, —b), while
perhaps it is more common to define this as b — (0,b). We realized this quite late in
our writing of this thesis, and so have kept this convention. If one wants to use the more
conventional definition of the universal map then (as far as we can tell) most proofs go
through up to changing signs whenever appropriate.

homotopy cokernel. All in all, one might say that contezt matters!
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Chapter 1

Towards derived algebraic
geometry

1.1 Recollection

Below, we will recall some basic definitions from algebraic geometry, and giv an example
for why going to the (classical) derived setting is motivated. For more background on
(classical) algebraic geometry, we refer the reader to the (relatively) short but clear |Gat24],
or [Har77] for a more exhaustive (and perhaps advanced) treatment.

Definition 1.1.1 (Algebraic subsets (affine varieties)). Fixing some base-field k, and
subset S C k[z1,...,x,] of the polynomial ring over k in n variables, we let

V(S):={a €A} : f(a)=0,Vf € S},

and call subsets of affine n-space A} of this form algebraic subsets, and whenever we
have a set Z C A} on the form Z = V(S) we say that Z is the vanishing locus of S. We
call sets Z on the form V (S) affine varieties.

Remark 1.1.2. Observe that some authors will reserve the name affine varieties for subsets
Z = V(S) that can not be written on the form Z = Z; U Z5 for closed (in the Zariski-
topology) subsets Z1, Zo C A}, i.e. so called irreducible subsets.

Definition 1.1.3 (Vanishing ideal). For a subset Z C A}, we define the vanishing ideal

I(Z):={f € k[z1,...,xzs] : f(2)=0,Vz € Z}.

Definition 1.1.4 (Coordinate ring &(Z) of a (reduced) affine variety Z). With the above
constructions in mind, we let

O(Z) :=klx1,...,x,|/1(Z)

for a reduced affine variety Z, and call this the coordinate ring of Z.

Remark 1.1.5. By 0 we really Ox for fixed scheme X whenever we are working from “the
modern point of view” (i.e. with schemes), so that we get back Ox(X) = I'(X, Ox), the
ring of global sections with respect to the structure sheaf Ox of the scheme X. However,
if 0 takes the input of something defined classically, we mean taking coordinate rings.



A consequence of Hilbert’s basis theorem is that any vanishing ideal I(Z) is finitely
generated, i.e., we can always write I(Z) as (f1,..., fn) for a finite set of polynomials
fi € klx1,...,z,]. For a general (not necessarily algebraically closed) field k, the con-
structions I( - ) and V( - ) determine functions as illustrated below:

()
{subsets of A7} {ideals of k[z1,...,x,]} (1.1.1)
V()

By Hilbert’s nullstellensatz (see e.g. [Gat24] Prop. 1.10]), if we promote k to an algebraic
closure k of k, then we have a bijective correspondence

() _
{afﬁne varieties of Ag} {radical ideals of k[z1,...,zy]} . (1.1.2)
%

V()

Definition 1.1.6 (Mutual right adjoints). Let C°P L D and D? S C be (covariant)
functors. If we have natural isomorphisms

homp (T, F(S)) ~ home(S, G(T))

for all objects S in C and all objects T" in D, then we say that F' and G are mutual right
adjoints.

Going back to one checks that I( - ) and V(- ) define covariant functors

V(- I(-
P(kler,....za)® 5 P (A7) and  P(AD® L Pk, 2),
between their respective (opposite) poset-categories ordered by inclusion. Since poset-
categories have hom-sets that are either empty or consists of a single element, and since

SCI(T)<TCV(S),

it follows that I( - ) and V(- ) participate in natural bijections such as in definition [I.1.6]
In the case when the categories involved are preorders (since all posets are preorders,
this applies here), we call this an antitone Galois connection. If we promote k to
an algebraic closure k of k, one may use |Riel6, Lemma 4.2.11] together with Hillbert’s
nullstellensatz to see that (observe that it is relatively straightforward to find the unit
and counit with respect to an adjunction between poset categories due to the simplic-
ity of the hom-sets) that we get an equivalence of categories between the poset category
of affine varieties in A% and the opposite category of the poset-category of radical ide-

als of k[z1,...,2,]. Any equivalence of categories between poset categories defines an
isomorphism, so that the equivalence just mentioned gives an isomorphism between the
two categories just mentioned (observe that the opposite of a poset-category is a poset
category).

'Use that V := V°P(-) 4 I(-) defines an “ordinary” adjunction, with P(k[z1,...,,)]) Y p (A™)°P
its opposite functor.



1.2 Intersections

Perhaps a particularly important statement for what we aim to illustrate in this section
is the following fact, where we now fix the base-field to C: for closed subschemes (in the
sense of |Gat24, Construction 12.32.(b)]) Z; = Spec(R/I1),Z2 = Spec(R/I2) and with
R :=Clx1,...,zy], we have that

A\NZy =271 XAE Zs,

where Z; x AR Zs is the fiber product of Z; and Z; over A¢ together with associated
morphisms m; : Z7 X AR Zy — Z; such that fiom = fyomy, where f; : Z; — A is induced
from the canonical ring-homomorphisms R — R/I;, which is defined by the following
universal property: For any two morphisms ¢ : Z — Z7 and g9 : Z — Z5 from another
scheme Z such that fjo0g1 = fs0gs, then there is a unique dashed map g : Z — 7 XAn Zo
as indicated in the diagram below, so that the diagram commutes,

n

In the case that Z1, Zs are affine, then we claim that also the fiber product is affine, and
is given by Spec(R/I1 ®r R/I2) (see e.g. |Gat24] Def. 12.38.(a)]). Using the isomorphism
theorems, we have an isomorphism of rings R/I1 ® g R/Is = R/(I1 + Iz). On applying
the functor Spec( - ), we get an isomorphism Spec(R/I1 ®g R/I2) = Spec (R/(I1 + I3)) of
affine schemes. Then we find that

ﬁ(Zl N ZQ) = ﬁSpec(R/h@;gR/Ig)(Spec(R/Il KRR R/IQ))
= R/Il KRR R/I2
= R/(I, ), (1.2.1)

where we have used that Ospec(r)(Spec(R)) = R for an affine scheme Spec(R), with
Uspec(r) the structure sheaf of the scheme (Spec(R), ﬁspec(R)).

Example 1.2.1. Consider the affine varieties Z; = V(y — 2?) and Z = V(y — x) in the
complex plane C2. Taking the (non-scheme theoretic) intersection

Zl MNel ZQ = V(y - 1272/ - $),

we find that
0(Z1 0 Z2) = Cla,y]/1(V (y — 2%,y — z))
:(C[$,y]/ (y—xz,y—x)
= Clz,y]/(y — 2%y — 2), since (y — 2%,y — x) is a radical ideal
2 Clz]/(x - 2?)



where the last isomorphism is defined as 7 — T and T — T on generators. Since the ideals
() and (1—=) are such that z+ (1 —2z) = 1, they are coprime in C[z]. It follows that their
intersection equals the ideal (z —22). By the (generalized) chinese remainder theorem, we
then have

Clz)/(z — 2%) = Cla]/(z - (1 — z))
= Cla]/(z) x Cla]/(1 — )
=CxC.

Now we instead take the scheme-theoretic intersection of the corresponding associated
reduced affine schemes corresponding to Z; and Zs. Then with I1 := I(Z;) = (y — 2?) and
Iy :=1(Z3) = (y — z), and R := C[z, y], we find that
ﬁ(Zl N ZQ) = R/Il KRR R/IQ
= R/(I1, 1)
= Clz,9)/(y — 2*,y — x)
~2CxC.

We see that in this example, the classical and scheme-theoretic pictures agree. In this
case, one notes that the reason is that (y — 22,y — x) is radical.

We provide another motivating example, where the classical and scheme-theoretic disagree.
The next example is (scheme-theoretically) called a fat point or a double point over C.

Example 1.2.2. Fix the base-field C and consider the ideals I; := (y — 2?) and I3 := (y)
in the polynomial ring C[z,y]. Taking the zero locus of these ideals, we get affine varieties
V(L) = {(z,y) € AL : y =2} and V(I2) = {(z,y) € AL : y = 0}, which we may
denote Z; and Zs, respectively. Taking the scheme-theoretic intersection, we find that,
with R := Clz, y],
O(Z1 N Zs) = R/(y — 2°) ®r R/(y)
= Cla,yl/(y — %, y)
>~ Cla]/(2?)

where we in the last isomorphism used the 1 isomorphism theorem applied to the (sur-
jective) homomorphism ¢ : C[z,y] — C[z]/(2?) defined by f(x,y) — f(x,0) with kernel
(y — 22, y). This is a C-algebra with basis {1,7} of dimension 2 as a C vector space.

However, taking the classical intersection, we see that

Z1Ne Zp = V(1) NV (I2)

=V + I2),
so that
O(Z1Na Z2) = Cla,y]/I(V(I1 + 1))
= Cla,yl/VIi + I
=Clz,yl//(a%y),  since Iy + Iy = (y — a%,y) = (2%,y)
=Clz,yl/(x,y),  since \/(z?,y) = (2,y)
= C, by evaluation at the origin (0, 0).

11



We see that the fact that the classical intersection Z; N¢g Zo does in this case not agree
with the scheme-theoretic intersection is that (y — 22, y) is not a radical ideal.

However, as the example below tries to illustrate, there are cases when even the scheme-
theoretic picture fails to capture essential data about how varieties intersect one another.

Example 1.2.3. Let a,b € C be any pair of points. Then we may view them as subsets of
the affine complex line {a}, {b} C A{ are algebraic subsets, in that X, := V(2 —a) = {a}
and X := V(x — b) = {b}. El By taking the vanishing ideal of these subsets we get the
ideals I, := I({a}) = (x — a) and I, :== I({b}) = (x — b) in C[z]. The associated ring of
global regular functions of X,, X} are 0 (X,) = C[z]/(x — a) and O (X3) = C[z]/(z — b).
These are both isomorphic (as rings, i.e. fields since (x — a) and (z — b) are mazimal) to
C via evaluation at a (respectively, b). Then, taking the scheme-theoretic intersection, we
find that

0(XaNXp) = Clal/(z — a) @cp) Clal/(z - b)
= Clz]/(x — a,x — b)
~C/(a—0), realized through e.g. Clz] =% C 5 C/(a —b)

|G, ifa=b
o, ifa#b

Now, the point of the above example is that morally, one might want the intersection of two
points {a} N{b} to always give back the intersection-number 0, since perturbing one of the
points a or b by however a small non-zero e-term will give us back an intersection number
of zero. One might say that this intersection is unstable (it is not invariant under however
small perturbations). To “correct” this failure to detect the instability of the intersection,
we may compute the derived tensor product M ®%M M where M = Clz]/(x — a) (for
some more details, see § or [Maz23, §7.5]). Here we view M really as a complex
% concentrated in degree zero (see [2.3.4)) living inside the derived oo-category Dy of

C[z]-modules (c.f. §[6.3). We consider the complex

P:<~%0ecmi:lmﬂ+0+~>.

A~~~

We claim that this complex is projective in the sense of definition This follows by a
direct application of theorem since C[z] is free as a C[z]-module and the complex is
bounded below (observe that it is also free as a C-module with basis {1, z,22,...}).

Now, we construct a quasi-isomorphism (see definition i P-Z=5 M: Welet P45 M
be the chain map defined by the following diagram

(z—a)

0 Clz] Clz] 0
0 > 0 » M = Clz]/(x — a) 0

2Observe however that as closed subschemes (c.f. |Gat24l Construction 12.28]) we have that X, =
Spec (C[z]/(z — a)), and similarly for X, with A = Spec(C[z]).

12



It is immediate that this defines a chain map. Furthermore, we have (see for the
definition of H,( - )),

Ha(P) = M, ifn=0
" B 0, otherwise

and

Hy (M) = M, ifn=20
" B 0, otherwise

Then we find that by construction (see the proof of theorem [2.3.3) H,(¢) = 0 is the
zero map in all degrees except 0 and in degree 0 we have Hy(q) = idy;. Hence ¢ is a

quasi-isomorphism, so that indeed P Z s Misa projective resolution.
q

Since P and M are quasi-isomorphic, we first replace — ®c[,) M with the correction
— Qc[q) P, so that we may compute the ordinary relative tensor product of complexes
(the subject of § M ®c(y) P instead of M ®c[y) M which lives in K¢ (see §. Let

Q =4 Mbea quasi-isomorphism from another projective complex ). Then we note

q
that by theorem we may form the zig-zag of quasi-isomorphisms

M &cpy) P —— Q ®&cjy) P —— Q ®cpy) M —— M ®¢py Q,
q®id id®p oQ,M

where o ) is the natural isomorphism coming from the symmetric monoidal structure on
Chcly) (by theorem . Hence upon passing to the derived oo-category D¢y, of Clx]-
modules (see §, these complexes become equivalent (in an oo-categorical sense which
we do not specify here). So we might say that at the level of homology these are the same
complexes, and so (roughly) can’t be distinguished based on their Euler characteristic,
which we define as

X(M) =Y (=1)"dimc(Hn(M)),  see [Maz23, §7.5.1],
nel

for a derived Dc-module M for which this is well-defined (for example, this is clearly
defined for bounded below and bounded above complexes with finite-dimensional homol-
ogy)El Derived C-modules (or derived k-modules for say any field k) for which its Euler
characteristic is a finite sum of integers, we call perfect.

By definition [2.5.1| we find that

Clz]/(z — a) XC[z] Clz], if£=0,1

M Q¢ P), =
( Cle] )e {0, otherwise

with differential given by Since dé\/f is zero for all j and d = -(x —a) with df = 0 for
k # 1, we see that the only differential which could be non-zero is in degree one, however,
we compute that

Fog™fa(r—a)g
flx—a)®y, see definition [2.1}(3)
0.

3We may here assume that Dgy,) is enriched in Dc (see [Maz23} § 6.3.2]).
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Hence we get the complex
M o = ( = 0= Cla]/(w — ) ®cjy Cla] = Cla]/(w — a) @) Cla] =0 = ) |

We then see that by the diagram

o 0 ———— Cla]/(z — a) ®cpy Cla] —2— Cla]/(z — a) ®¢py Cla] ———— 0 —— -+
e 00— 5 Cla)f(—a) ————— % S Cla]/(r—a) —————————— 0 ——> -+
—— 0 C 0 C 00— -

with ~ the natural isomorphism f ® g — f -g by “contraction”, and = realized by
< evg

f == f(a) by evaluation at a (for both maps: in degrees as indicated above), M ®c|,) P
is isomorphic to the complex

(~--—>O—>(C3>§J—>O—>-~->.

We may then compute the Euler-characteristic of this complex as a representative of the
derived tensor product, and so we find that

x (Clal/(z — a) @ Clal/(x — a) ) = dime(C) — dimc(C)
=0.

Hence one might say that the derived intersection, using the derived tensor product,
captures the instability of the intersection.

For more on intersection-theory, our understanding is that |[Ful98] is a good source.

Remark 1.2.4. Although we have not said much about this, the actual computations above
could equally well have taken place in the derived category of C-modules, i.e. we did not
really need to use any data captured by the co-category D¢ beyond the data encoded the
“ordinary” derived category of C-modules, which we may denote as Ho(D¢). That, is,
M @%M M naturally inhabits Hyo(D¢) as well.

We may exchange each instance of C[z] with C in what we wrote in the previous paragraph
since at the level of dg-complexes (see § any complex in the dg-category of complexes
of C[z]-modules naturally also lives in the dg-category of complexes of C-modules. We
must be careful however to note that the actual computation of the Euler-characteristic
took place with respect to Dc.

We will not say much more about derived algebraic geometry in this thesis. Instead we
refer the reader to consult e.g. |[Toél4] and [Kha23]|.
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Chapter 2

Tensor products, complexes and
homology

2.1 (Relative) tensor product

We will start by recalling the (relative) tensor product A ® g B of R-modules A and B.
Observe that there are different ways to phrase this definition; one may for example either
define it through the universal property it satisfies, or (roughly) construct it explicitly as
a quotient of the free R-mdoule on the set

b r

(a,b)eAxB

with basis {ea,b}(a,b)eAxB and mod out” the relations defining the tensor product. Note
however that defining it in terms of a universal property does not necessarily guarantees
its existence. Here we give the definition in terms of the universal property it is supposed
to satisfy. Whenever R = Z, one may call A®pr B the absolute tensor product; it is then
also customary to just write A ® B.

Definition 2.1.1 (Relative tensor product). Given R-modules A and B, then we define
the relative tensor product of A and B over R as the pair

(A®rB,1: Ax B — A®p B)

where A®p B is an abelian group (in the case that R is commutative, it also has a natural
R-module structure), with ¢ satisfying

(1) v(a+a',b) =1(a,b) + t(da’,b) for all a,a’ € A and all b € B.
(2) v(a,b+ V) =1(a,b) + (a,b) for all a € A and all b,V € B.
(3) v(ar,b) = 1(a,rb) for all a € A,b € B and all r € R.

Furthermore, (A®g B, ¢) should satisfy the following universal property: For any R-bilinear
map ¢ : Ax B — L with L another R-module, there is a unique R-module homomorphism
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¢: A®pr B — L such that ¢ ot = ¢. We may represent this with the following diagram:

Ax B L >A®RB
N
®
L

Example 2.1.2. We claim that
Z/nZ Qg Z/mZ = Z/gcd(m,n)Z

for integers m,n > 1 as Z-modules, i.e. as abelian groups. To see this, start with the
short exact sequence

07257 7Z/mZ — 0

where -m is multiplication by m and the last non-zero map is the canonical projection
down to the quotient. If we tensor with ( - ) ®z Z/nZ we get the right-exact sequence

m®idz,/nz

7 @y 7/nZ Z @y Z/nZ — L/mZ @z Z/nZ — 0,

which, by the canonical isomorphism
RrA=A, a®r— ar,
is the same as the right-exact sequence
Z/nZ " 7./nZ — 7./mZ @z 7./nZ — 0.
By right exactness, it follows that
Z/mZ ®z L/nZ = (Z/nZ) [m (Z/nL)

> (Z/nZ) | ((ged(m,n)Z)/nZ)
=~ 7 /ged(m,n),

where we used the 3" isomorphism theorem for groups in the last isomorphism.

2.2 Modules, Currying and Adjunctions

Let k be a commutative ring and let R be a k-algebra and for simplicity assume that R is
also commutative. At the level of non-derived homological algebra, we relate the following
statements:

(a) If we let Mody denote the category of k-modules then (Mody, ®y,k) is a tensor
category, in the sense of [Mil25, Chap I, Def. 2.1].

(b) Given right R-modules M and N, there is a natural (right) k-action defined on
hommody, (M, N) by (f,k) — f -k where

(f - k)(m) = f(km) (2.2.1)

where the action on of k on M from the right is induced by using restriction of

scalars along the (central) ring homomorphism k - R. By centrality of k, this
naturally endows M with left k-action compatible with the right-action, giving M
a (k, k)-bimodule structure. It is this left-action we use in ie. km =mi(k).
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(c) It is sometimes customary to denote that a module M carries an (k, R)-bimodule
structure by Mpgr. We usually suppress this and just write M as long as the
bimodule-structure on M has been specified or is clear from context, to unclutter
notation.

(d) For any right R-modules A, B, we have that hompmed, (A4, B) has a Z-module struc-
ture coming from the fact that M, N are abelian groups so have a natural Z-
module structure. This in turn means that hompmeq, (A, B) is an abelian group
with (f,g) — f + g as group-operation.

(e) We have a natural right action of R on hompeg, (T, N) for right R-modules T', N as
(7)) =1(t) - r.

The next theorem has an intuition that comes from “currying” with sets, in the sense
that if f: A x B — C is a function, we may define (suppressing Set in hom)

® : hom(A x B,C) — hom(A, hom(B,())
so that ®(f)(a) = f(a,—) : B — C, with inverse
U : hom(A, hom(B,C)) — hom(A x B, C)

defined by ¥(f)(a,b) = g(a)(b). Here ¥(f) is really the composition evo(f x idg) where
(f xidp)(a,b) = (f(a),b) and ev(f(a),b) = f(a)(b). We check that they are inverses. For
f:Ax B — C and (a,b) € A x B, we have

(T o®(f))(a,b) =evo(P(f) xidp)(a,b)

and for h: A — hom(B,C) and a € A,

(PoW(h))(a) = (P(evo(h xidp)))(a)

Although the above paragraph may seem like a tangent, in the proof below we use similar
reasoning in showing that the constructed map 7 is an isomorphism at components 7', M, N
of right R-modules.

Below, we will assume that R is a k-algebra, with both R and k commutative rings. Going
forward, we may write Modg(M, N) instead of hompmed, (M, N).

Theorem 2.2.1 (c.f. e.g. [Rot09, Theorem 2.75, Theorem 2.76]). Let T' € Mody and let
M,N € Modgr. Then we have the following isomorphisms of abelian groups

MOdR(T Qi M, N) ~ MOd]k(T, MOdR(]\f7 N))
~ MOdR(M, I\/Iodyk(T, N)),

natural in all three variables.

Remark 2.2.2. Observe that we view T'®y, M as a right R-module by the action (t®@m)-r =
t®(m-r).
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Remark 2.2.3. The k-module structure on Modg(M, N) is the one given in[2.2.1]

Proof. Modg(T ®x M, N) ~ Mody (T, Modg(M, N)):
Let 77, : Modr(T @y M, N) — Mody (T, Modg(M, N)) be defined by

TT,]W,N(f)

2N @ m)).

Then

N (f +g)(t) =m— (f +g)(t ®@m)
=m = f(t®@m)+g(t®@m)
= 7r,m,N () (t) + 0,8 (9)(2),

for t € T and f,g € Modr(T ®x M, N), so that 77y n is Z-linear.

Assume that 77 n(f) = 0, i.e. that 7pp n(f)(t) = 0 for all t € T". This means that
f(t@m)=0forallt € T and m € M. Since the pure tensors t @ m generates T'®y M in
the sense that T®x M = (t&m : t € T,m € M)g where ( ) denotes right R-generation,
and since f is right R-linear it follows that f = 0. Hence 77 ar,n is injective.

To see that 77y n is surjective: let F : T'— Modgr(M, N) be a k-linear map. We define
amap ¢ : T x M — N by ¢(t,m) = F(t)(m). Consider the following diagram,

Tx M L » T @y M
O
e
%)
N

with «(t,m) = t ® m. We note that

p(tk,m) = F(tk)(m)

so that ¢ is k-balanced. Linearity in both arguments follows from the linearity of F' and
the linearity of F'(¢). By the universal property of T'®j M, there is a unique k-module
homomorphism ® : T'®yx M — N such that ®(t ® m) = ¢(t,m). We have that

O((t @ mr))

o(t,mr)
(t)(mr)
(t)(m

(t,

t)(m)r
t
(t

I
o

)

m
® m)r,

Il
()

so that ® € Modg(T ®x M, N), hence 7r y, n is indeed surjective. Therefore, 77 7, n is an
isomorphism.
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It remains to show that 7 is a natural transformation 7 : F' = G between the functors
F,G : Mody X Modgr x Modr = Ab, contravariant in the first two arguments. Here F
takes a triplet of morphisms

o: T — T in Mody,
B:M' — M in Modg (2.2.2)
v: N — N’ in Modg.

to F(a, B,7) defined on morphisms f € Modg(T ®y M, N) by
F(aaﬁ),)/)(f) ::’Yofo(a@ﬁ) :T/®]1<M/—)N/.

For G, we have that a triplet of morphisms as above instead gives that if h : T —
Modg(M, N) is a k-linear map, then since 5 and 7 are R-linear they are also k-linear
by restriction of scalars. Using this fact together with how the k-module structure on
Modgr(M’, N') is defined, a routine (but somewhat tedious) calculation then gives that
G(a, B,7)(h) is k-linear, where

G(a, ﬁ, ’7) : Modlk(T, MOdR(M, N)) — MOd]k(T,, MOdR(MI, N’))
is defined by
G, B,7)(h)(t') = v o h(a(t') o B

for each ¢’ € T'. This is a composition of R-linear maps, hence is R-linear.

For naturality, we want to show that the following square commutes:

Mod (T @i M, N) ALY Mody (T, Modz(M, N))
F(a7/87/y) G(a?ﬂ7’y)
Modg(T" @1 M, N') 0 AN Mody (77, Modr(M', N'))

For any f € Modg(T ®x M, N),t' € T' and any m' € M’, we find that
((Glas B Fran (I)E)) () = (vo rrarn(F(alt) o B)(m)
= (f(a(t)) @ B(m")),
while
(v aar .0 © Fle, B NE) ) () = (7 par woly 0 f o (@ B))(E) ) ()
= (@@= 7o flat) @ B)) ) (m)
= (f(alt) ® Bm")).

By comparison of the two computations, we find that they agree, and so we draw the
conclusion that naturality holds.
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Mody (7', Modg(M, N)) ~ Modg(M, Mody (7', N)): For h € Mody (T, Modg(M, N)), let

(orax (h)(m) ) (1) = h(t) (m), (2.2.3)
for any t € T" and m € M. If hy = he in Mody (T, Modg(M, N)), then

or,m,N(h1)(m)(t) = ha(t)(m)
= ha(t)(m)
= or,m,n(h2)(m)(t)

for all ¢ and m. Furthermore, routine (but again, quite tedious) calculations shows that
or.m,n(h)(m) is in Mody (T, N) and that m — o7 n(h)(m) is R-linear for fixed h €
Mody (7', Modr(M, N)), using that h(t) € Modr(M, N) is R-linear.

Assume that o(h) is such that o(h)(m)(t) = 0 for all m and ¢. This means that h(t) €

Modg (M, N) must be the zero morphism for each ¢ € T, which in turn means that h = 0.
Hence o is injective.

Let f € Modg(M,Mody (T, N)) be arbitrary. We want to construct h such that o(h) = f.
Let v be defined as the composition (where we are abusing notation somewhat, in that
our f in f x idp is really the image U(f) of the forgetful-functor U : Modg — Set).

Tx M —= M x T 2%, Set(T, Ny x T~ N.

On elements (t,m) € T'x M, we have that

(t,m) = ev(f(m),t)
= f(m)(t).

By currying, there is a unique map h € Set(T, Set(M, N)) such that

W(h)(t,m) = ~(t,m)
= f(m)(?).

~ is by construction additive, k-balanced and R-linear in M. By R-linearity in M it
follows that h(t) € Modr(M, N) for each t € T', so that h : T' — Modr(M, N). Since 7 is
k-balanced, it follows that A is k-linear. Lastly, we find that for allm € M and t € T,

(o708 (h))(m)(t) =

so that o7 a7, is surjective, hence an isomorphism.

We want to show that o7 s v defines a natural isomorphism. We let A(—, —, —) be defined
on a k-module T" and (right) R-modules M, N as A(T,M,N) = Mody (T, Modr (M, N))
and triple of morphisms a : 7" — T,8 : M’ —+ M and ¢ : N — N’ as in where
Ala, Byy)(H)) =~o f(a(t) o B for f € A(T,M,N) and t' € T'. We let B(T,M,N) =
Mod g (M, Mody (T, N)) on objects and we let B(a,8,7)(f)(m') = v o f(B(m')) o a for
f € B(T,M,N) and m’ € M’'. Tt is straightforward to check that A and B are both
functors Modr x Modgr x Modgr — Ab that are contravariant in the first two variables.
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We check that the following diagram commutes,

oT,M,N

A(T,M,N) B(T,M,N)
A(a,Byy) B(a,8,7) »
A(T", M',N") s B(T',M',N"),

T/ M N

for f € A(T, M,N) = Mody (T, Modr(M, N)). We then find that
(Ble, 8,7 (or,a,n)())(m) () = (v 0 o ,n (£)(B(m)) (a(t))

= (S (a(t)(Bm))).
while
(o7 20,37 (A, B,7) () () (t) = Aler, B,9) (f) (') (m)
=70 ( ( ) o B)(m)
=(f(a))(B(m)).
Comparison gives that the above computations agree. The conclusion follows. O

2.3 Homology
We recall a crucial definition of importance for algebraic topology, in the special case of a
chain complex of R-modules.

Definition 2.3.1 (Chain complex of R-modules). Let (M,,d,), or even more succintly,
M,, denote the data

M, = ((Mn)n€Z7 (dn My — Mnfl)nGZ)
where M, are R-modules and the d,, are R-module homomorphisms, such that
dy o dn+1 =0

for all n, or more compactly d?> = 0. Then we call M, a chain complex (of R-modules).
We may represent this as

[ AN VAL Ny VA N A N (d® = 0).

We call the integer n in M, or d,, the degree or dimension, and one may write deg(m) =
n for m € M,,. We call the R-module homomorphisms d,, the differentials.

Definition 2.3.2 (Morphism of chain complexes). Let My = ((My)nez, (dM)nez) and
Ne = ((Np)nez, (@Y)nez) be two chain complexes of R-modules. Then we say that the
data fe = (fn : My, — Np)nez of R-module homomorphisms f,, such that the following
square commutes for each n,

My — s — M,

fn+1 ‘/

Npp1 ——z— Ny
n+1
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is a chain map, or without a diagram, as

drjy—I—l © fn+1 = fn o dqj—t/.[;_y (2.3.1)
We may denote this as fo : Me — N,.

We let Chp denote the category where objects are chain complexes (of R-modules) M,
and morphisms are chain maps fe : Me — No. The identity morphism is the map idyy, :
My — M, defined by

in each degree, and we define the composition of chain maps fe : Me — Ne and g : Ng — L
as

(go © f')n = Gn o fn. (233)

Checking that this is again a chain map is straightforward and amounts to checking that
the big rectangle below commutes, which follows from the fact that the smaller squares

commute.
M

d
n+1
Myy) —— M,

fr+1 O fn

n+1

Associativity follows from the fact that it holds degree-wise on the R-module homomor-
phism level.

Given any R-module M € Modg, this naturally gives a chain complex of R-modules

.= 0= M —=0—..., (2.3.4)

which we say is concentrated in degree zero. By abusing notation, we may label the
complex in as M, i.e. not distinguishing the complex from the degree zero module.

One checks that any R-module homomorphism f : M — N determines a chain map
fo : M — N by the data (f,,)nez such that

_[f ifk=0
fk{07 k20 (2.3.5)

This is a chain map (as below) due to the fact that f is a homomorphism,

> 0 M 0
lo f 0
> 0 > N 0
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We may therefore define a fully faithful embedding Modg <% Chg taking objects M to the
complex [2.3:4 and R-module homomorphisms f : M — N to the family of differentials
defined in 2.3.5

In the context of homology, with respect to some chain complex (M,,ds), we will use
the notation Z,,(M,) to denote the kernel ker(d,) C M, of the n'" differential, B,,(M,) to
denote the image im(d,,+1) C M, of the n + 1-differential and the n*" homology H, (M)
as
Hp (M) = Z, (M) /B (M)
= ker(dn)/im(dn-l—l)'

Theorem 2.3.3. The constructions Z,, By, H,, define functors

Z,,,Bn, Hy, : Chg = Modp.

Proof. 1t is clear from construction how Z,, B,,,H,, are defined on objects. Recall that a
morphism fo : My — N, in Chp is defined as a family of maps (f, : M,, — Ny)nez such
that holds. We then define Z,,,B,,,H,, on f, by in the first two cases restricting to
ker (d3') ,im (d%,) (and co-restricting to ker (d)') ,im (d2'.;)), while in the last case we
let Hy(fo) : Ho(Ms) — Hy,(Ne) be defined by

Hi (fo)([2]) = [fn(2)] (2.3.6)
We observe that if 2 € ker (dA) then f,,(z) € N, is such that

dﬁ(fn(z)) = fn—ldﬁ/[(z)
= fn-1(0)
=0,
so that f,,(z) lands in ker (d,{y ), i.e. so that corestriction to ker (d,ﬁv ) is fine. We may abuse

notation and still call the restricted and corestricted maps fo and f,.

If z € im (d} |) then we may write z = d2  (a) for some a € M, 41 so that

fa(2) = faldpli(a))
=dY, | (far1(a)),
so that fn(z) € im (d),).

Lastly, since f (ker (d,];/[ )) C ker (d,ﬂv ), by the universal property of the quotient we get a
unique map Hy(fe) : Hp(Mo) — H,(No) as below, which we see is defined on homology

classes [2] as in [2.3.6]

ker (dﬁ/[) fr y ker (dﬁ[)
; . (2.3.7)
H,(M,) SV » Hy (V)
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It remains to show that these constructions are functorial. Recall that the identity mor-
phism in Chg was defined as in each degree. Therefore, it is clear that

Z,(idp,) = idier(gnr)
Bn(idy,) = idim gp |
Hn(IdMo) = IdHn(Mo
where the last one follows by uniqueness of the map H,(fe) so that diagram com-

mutes, applied to fo = idps,. Since for chain maps feo : Mo — No and ge : No — Lo we
have that (ge © fe)n = gn © fn, it follows that

Zy(ge 0 fo) = (gn o fn)‘ker(d%)
= gn‘ker(d{)’) o fn|ker(d£¥1)
= Z(ge) 0 Z(fa).
Similarly, we may show that B,,(ge © fo) = By(ge) © Br(fe)-

Lastly, for H,,, we contemplate the following diagram:

(g.Ofo)n

3! Hn(ge) > Hn(Le)

Hn(ge)oHn (fe)

Since the smaller squares commute, the larger rectangle commute. Since gy, (f,,(kerd™)) C
ker (d%), we also get a (unique) map Hy(ge © fo) : Hn(Ms) — Hy(Ls). By uniqueness of
R-module homomorphisms making this larger rectangle commute, it follows that

Hp(ge © fo) = Hn(ge) o Hn(fe).

O

Definition 2.3.4 (Quasi-isomorphism). We say that a morphism f, : Me — N, in Chp
is a quasi-isomorphism, if the induced morphisms H,(f,) : H,(M,) — H,,(Ne) coming
from diagram [2.3.7]in the proof of theorem [2.3.3|are isomorphisms for all n € Z. Following
[Maz23] we decorate such a morphism as —.

Definition 2.3.5 (Acyclic complex). We say that a complex M, € Chp is acyclic if
H,(M,) = 0 for all n, i.e. if ker (d%) =im (d%rl) for all n, or equivalently, if 04 — M,
or M, — 0, are quasi-isomorphisms, where 0, is the complex with all objects zero and
differentials the zero maps.

Observe that a quasi-isomorphism f, : My — N, in Chg is not necessarily formally an
isomorphism in the (general) sense of having a two-sided inverse ge : No — M,, whenever
R is not the
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Example 2.3.6. Assume that R is a commutative, non-zero unital ring. Consider the
morphism fe : R1 g — 0 in Chp defined as below:

Ror : . 0o—® sp— 4 g% .y
feo f2 f1 fo f-1
0 : .. 0 0 0 0

~r~

with d' = idg. Since there is only one R-module homomorphism from R to 0, this chain

map is the unique chain map with the given domain and codomain, i.e. homcy,,, <R1,0, 0 ) =

0. We observe that H,,(fs) : H(R1,0) = Hp ( 0 ) is the zero map for all n € Z. We observe

that we have

Ha(R10) = ker (d2) /im (d3)
= (0)/(0)

Ho(R1,0) = ker (do) /im (dy)
=R/R
= (0),
and all other H,(R;0) = 0. It follows that H,(fs) is an isomorphism for all n, so that fo
is a quasi-isomorphism. We claim that it can not have an inverse g, : SV — Ry in Chp.

We see this by “completing” the diagram as below:

dao di=idgp do

Rio: e 0 R R 0

fo f2 f1 fo f-1
0 0 0 0 0

ge 92 9 g0 g-1

Ry : e 0 A R . R % 0

The reason being that this would force

(go © fo)1 = (idRr, )1
idRa

but (ge © fo)1 = g1 © f1, which is necessarily the zero-morphism. Since R # 0, this is
impossible.
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The intuition behind constructing the derived category of R-modules (observe: not
the derived oo-category, but the “ordinary” derived category of R-modules) is to take the
category Chpg, and then adjoin formal inverses for every quasi-isomorphism f, in Chg. In
a sense, we would like to turn quasi-isomorphism into actual isomorphisms. We give a
short intro in the next chapter. First, we will talk about how things look when they are
“well-behaved” in that there is a so-called “calculus of fractions” available. Then we will
mention the in a sense most general procedure (at least at the level of ordinary categories)
that we are aware of, for localizing “freely”, the Gabriel-Zisman localization.

2.4 Derived categories (of R-modules)

2.4.1 Localization of categories

Recall that for a commutative ring R, with S a multiplicatively closed set (that is,
1 € S and whenever r, s € S then rs € S) one may create a new ring S~!'R by “localizing

at S7, such that all elements s € S have (multiplicative) inverses in S~!R. Furthermore,

this construction is universal in the sense that for any ring homomorphism R YA

such that v (s) has a multiplicative inverse, for all s € S, then there exists a unique ring
homomorphism ¥ : S~'R — A such that v factors as 1) = Won, where 7 is the “canonical”
localization-morphism 7 : R — S~ R sending r to T as in the diagram below,

r R id A

B

m T
: (2.4.1)

]

where one may show that ¢ (L) = ¢(r) - ¥(s)~! for all elements £ € S~'R.

Now, we want to do something roughly similar with categories, where our “multiplicative
system” corresponds to a class S of morphisms in a category C. Our treatment follows
[KS90, Section 1.6].

Definition 2.4.1 (Multiplicative system of morphisms). Let C be a category and let S be
a class of morphisms in C. We then say that S is a multiplicative system if S satisfies
the following properties:

(i) For any object X € Ob(C) the identity morphism idx belongs to S.

(ii) For any pair of morphisms f,g that belong to S, where the composition g o f is
defined, we have that g o f also belongs to S.

(iii) Any diagram on the form to the left below where g belongs to S, may be completed
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to a commutative square as to the right below, where h belongs to S,

A D >y A
Bﬁc ch

Similarly, the following diagram to the left below with g belonging to .S must be able
to be completed to a commutative square as indicated below, with h belonging to S.

A

fﬁ

C

(iv) If f and g are morphisms belonging to hom¢(X,Y), then the following conditions
are equivalent:

— B

A g
~ fJ O :
C

> D

%B

h

(a) There exists a morphism Y L ¥ in C that belongs to S, such that to f = tog.
(b) There exists a morphism X’ 2 X in C that belongs to S, such that fos = gos.
We now introduce the definition of a “category localized at a multiplicative system S”.

Definition 2.4.2 (The category Cg). Let C be a category and let S be a multiplicative
system of morphisms in C. Then the category Cg is the category with objects Ob (Cg) =
Ob(C), and where, for any pair X,Y of objects of Cg, we have

X/
home, (X,Y) := / X s belongs to S / ~, (2.4.3)
X Y

where ~ identifies two “roofs”

X/ X//
/ K and / X‘ (2.4.4)
X Y X Y

iff there exists a morphism X" % X in S together with dashed morphisms in C as
indicated, such that the diagram below commutes,
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RN

X/ll > Xl/ .

N

Composition of morphisms in Cg is defined as follows:
Y’ X'
e Pl
Y Z X Y
X/l
= sy Xoib
X Z

Explicating on how we get ¢ and h above: We use (iii) in definition as indicated to
complete the cospan X' — Ly & v as below

Y’ X7 Py Y
t M t t
X ——Y X ————Y

so this gives us the following datum

X//

L \”“/ NS

where we note that ¢’ is in .S by (iii) in definition Then we see that sot' is in .S by
(ii) in definition so that

Xl/
X Z

is indeed an element of home, (X, 7).
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Remark 2.4.3. To see that the composition does not depend on which completion we
choose in the diagrams in Assume we have two different completions as below,

A b s Y/ A b s Y/
. . . - (2.4.5)
X’ ﬁ Y X’ ﬁ Y

soa

~ . ob
where a and a belongs to S. We then have two composite roofs X <— A 92 7 and

X &8 450 7 We may then complete as indicated below (with note, a belonging to S)

A w g y A
‘a — » ‘&. (2.4.6)

Then p belongs to S, and a o p = @ o q. Furthermore, we have

tobop= foaop, by the commutativity of the left square in
=foaogq, by commutativity of the square to the right in [2.4.6]
=tobog, by commutativity of the right square in [2.4.5

Since ¢ belongs to S, we by (iv) in m get a morphism W’ = W belonging to S such
that bopor =bogor, and by commutativity of the square in it follows that also
aopor =aoqgor. We may then consider the following diagram

A w’ o A>
\‘ %
Z
with 4 = soaopor = soagogor, which belongs to S, by repeated application of condition
(ii) in definition since all morphisms in the composition belongs to S. Furthermore,

we have that gobopor = gobogor since the two sides of the identity are equal before
postcomposition with g. Hence it follows that

A A
sy X‘ob — sy Yoj)
X Z X 7
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as elements of home (X, Z). One must further show that if two roofs are equivalent, then
they yield the same equivalence class of roofs after composition with another roof. We
omit this proof.

Proposition 2.4.4. The definition given in[2.4.3 defines an actual category.

Proof. The proof should be very similar to the one given for left multiplicative systems in

[Lemma 4.27.2.(3), |Sta26, [Tag 04VB]. O

Almost completely analogous to the ring case expounded upon at the beginning of the
chapter (in particular, c.f. with diagram [2.4.1)) we have the following situation:

Proposition 2.4.5 ([KS90, Prop. 1.6.3]). There is a functor C N Cs whenever C is a
category with a multiplicative system S of morphisms, that satisfies the following:

(a) Q(X) =X for all objects X in C, and

X
iy\‘,
Y

for all f that belongs to home(X,Y), for arbitrary objects X,Y in C. El

Qf) =
X

(b) If a morphism s belongs to S, then Q(s) is an isomorphism in Cg.

(c) Let D be another category and let C L Dbea functor such that F(s) is an isomor-
phism for all morphisms s that belongs to S. Then F factors uniquely through @,

i.e. there is a functor Cg LD such that F = F o Q.

Now, one might think that the class qiso of quasi-isomorphisms in Chg forms a multiplica-
tive system, but this is not the case! Hence we may not (at least directly) apply the above
construction to form (Chpr)giso- Note however that it is entirely possible to localize Chp
directly with respect to the class giso of quasi-isomorphisms (see |[GZ67, p. 6]), but our
understanding is that this does not provide us into much insight into how morphisms in
the resulting category behaves. We provide an example below showing that giso in Chg
does not form a multiplicative system of morphisms in the sense of definition [2.4.1

Example 2.4.6. Fix a commutative non-zero unital ring R and let S° be the complex
with (S%), = R if n = 0 and (5°),, = 0 if n # 0 (with all differentials zero), and let D!
be the complex with R in degree n = 1,0 and zero otherwise, with d; = idg and d,, = 0
if n # 1. Then 0 and D' are acyclic so g is a quasi-isomorphism and so belongs to giso.
Consider the following diagram

SOZ,—O>D1

!Observe that this is well-defined since idx belongs to S by (i) in deﬁnitionm

30


https://stacks.math.columbia.edu/tag/04VB

with ip defined as in By definition [2.4.1] condition (iii) we would need to be able to
complete this to a commuting square

W @ » 0
h g
SOZ,—())DI

with A a quasi-isomorphism. The commutativity in the square in degree zero would mean
that (ig)o © hog = idg o hg = ho = 0. It would follow that Ho(h) : Ho(W) =~ Hg (SO) is the
zero map. But Hg (S°) = ker (do) /im(di) = R/(0) = R. Since R # 0, this is impossible
(the map can not be surjective hence not an isomorphism!).

Although we will not provide all the details here, how one “corrects” the failure of qiso
to be a multiplicative system of morphisms in Chg, is to first pass to the dg-category
of complexes of R-modules (the subject of §4) Kr. Then from Kp one may pass to
the homotopy category Ho (Kpg) (c.f. [Yekl9, Definition 3.4.6.(2)]). This homotopy
category has the same objects as Kg, but with morphisms

homyo(k ) (M, N) := Ho(homcy, . (M, N))
= homch, (M, N)/ (null-homotopy) , see

Now, the claim is that the class of quasi-isomorphims in Ho(Kg) do form a multiplicative
system. We will not try to prove this here. For proofs, see e.g. [Sta26| [Tag 05RT| or
perhaps [Yek19, Def. 7.2.7, Prop. 7.1.1, Theorem 7.1.3].

A further claim is that one may then show that we have a functor Chgr — Ho(Dg), where
formally Ho(Dg) := Ho(KRg)qgiso, With the localization on the right-hand side the one
described in [2:4.2] One may refer to this as the derived category of R-modules, and
where the objects of Hy(Dpg) are called derived R-modules. Observe that since quasi-
isomorphic complexes may have non-isomorphic modules degreewise (take for example D*
and the zero-complex 0 from , one can not talk about the degree zero module of a
derived R-module (it is not preserved under quasi-isomorphism, by the provided example).
However, since quasi-isomorphic complexes have the same homology, one should be able
to talk about the homology of a derived R-module. Therefore, morally, there should be a
factorization as below

Ho(Dgr)

We will not say much more about Ho(Dpg) in this thesis. What is perhaps more interesting
is Dp itself, which we will call the derived co-category of R-modules. The claim is
that the objects of Dp are still derived R-modules with hom-complexes (cf. §4) derived
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k-modules, i.e. objects of Dy, the derived oo-category of k-modules (omitting further
explicating on a possible symmetric monoidal structure on Dy). The notation Ho(Dg)
is meant to indicate that one may pass to the derived category of R-modules from the
derived oo-category of R-modules, by taking the 0*'-homology of the hom-complexes in
Dg.

In the case of this localization-scheme where one first passes to Ho(Kpr) before inverting
giso, we see that we by [Sta26, [Tag 04VB]|) get that each morphism M — N in Ho(KRg)gqiso
will have a representative on the form

A
M N
with the left-downward arrow = indicating that it is a quasi-isomorphism.

On the other hand, we may, by starting directly at the class giso of quasi-isomorphisms in
Chpg, “freely” invert the quasi-isomorphisms, and get the resulting category Chp [qiso_l},
by the so called Gabriel-Zisman localization (see e.g. |GZ67|, [Sim05]). Then the re-
sulting category has the same objects as Chg, and any morphism in Chg[qiso~!] may be
represented on the form

Ay Ao Ap
M By By B,, N

(2.4.7)
Observation: By [Wei94, Example 10.3.2.(1)-(2)] we have that
Ho(KRr)qiso = Chrlqiso!].

This means that it does not in theory really matter whether we localize Chg at the quasi-
isomorphisms or if we first pass to its associated homotopy category Ho(Kpg) before invert-
ing the quasi-isomorphism. Note however that we have been abusing notation somewhat,
in that the quasi-isomorphisms giso in Ho(Kp) are really equivalence classes modulo null-
homotopy, which is not the case in Chg.

The above observation means that we may equally define (following [Maz23, §2.4]) the
derived category of R-modules Hyo(Dpg) as Chp [qisofl].

2.5 Tensor product complex

Definition 2.5.1 (Tensor product of chain complexes). Let M, N € Chy be chain com-
plexes of k-modules (suppressing the e-notation). Then we define the tensor product
complex M @ N or (M ®k N), as having degree ¢ k-module

(M @ N)e:= @ M; @ N,
i+j=t
and degree /¢ differential

dy: @ Mi®]kNj—> @ Mi@]kNja
i+j=t itj=t—1
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defined on pure tensors m ® n € M; ® N; as
m®n»d—e>dy(m)®n+(—1)i-m®d§y(n). (2.5.1)

Remark 2.5.2. For later purposes (in particular, the proof of 2.5.4) we need to be a bit
more precise about how dy is defined. We let

ef’j : M; ® Nj — @ M, ® Ny, ef:ij :M;_1 ® Nj — @ M, ® Ny,

a+b=¢ a+b=0(—-1
-1
€ij—1" MZ‘®NJ‘_1 — @ M, ® Ny
a+b=(—1

be the canonical coproduct maps for each pair (7, ) such that i + j = ¢. Then with the
universal property of the coproduct applied to the family of maps
Yij = ef:ll’j o(dM ® idy;) + (—1)%53; o (iday, ®d§-v), (2.5.2)

we get a uniquely specified map dy such that the diagram below commutes:

®a+b:€—1 Ma ® Nb

Jid,

Doiv—e Ma @ Ny < n M; ® N;

V(,)) ELXT : i+7j=1¢

i.e. so that dyo eﬁj = v, for all (i,j) € Z x Z such that i + j = ¢. As we will see in
the proof of claim I below, one may suppress e; ; to unclutter notation, and just think
of dg(eﬁj(m ®@n)) = di(m ®@n) = v;j(m @n) (then expanding the right-most side using
the definition of +; ; as in [2.5.2]). Hence one may think of d; as being defined directly as
in as long as one keeps in mind that a pure tensor m ® n in (M ® N), is really
ei j(m ®n) for appropriate pair (4, j). Observe that this definition also then generalizes to
iterated tensor products, e.g. M ® (N ® P). We will later want to relate iterated tensor
products on the form M & (N ® P) to (M ® N) ® P by a (natural) isomorphism.

Claim I: (M ®x N), is a complex.
Proof. By definition of the differentials of M and N, by construction of (M ® N), and

how we defined dy, it is clear that the image lands in (M ® N),_;. It remains to show that
dgodyyy = 0 for all £ € Z: Let m ® n be any pure tensor in M; ® N; for i +j = £+ 1.
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Then we have
(dg o dpsr)(m @ n) = dg (d (m) @0+ (=1)" - m @ dY (n))

= dg(d} (m) ® n) + (=1)'dg(m @ dJY (n))
=dM dM(m)on+(-1)dM (m) ® d;v(n)

—_—

so that M ®j N is indeed a complex. ]

We may want to promote the tensor product of complexes construction to a functor, by
defining ® on morphisms f: M — M',g: N — N’ € Chy as follows: f®¢g: M@ N —
M' ® N’ is the unique map we get from first defining, at the ¢*P-level,

Ty My x Ny = M{ @ Nj,  (myn) % fi(m) ® g;(n). (2.5.3)

The universal property of the tensor product M; @y IN; then gives us a unique k-linear map
Vi + Mi®g Nj — M; @k Nj such that I'; j factors through the “inclusion” (m,n) — m@n
itj=t M! ®k NJ/ Let
ILZ'J‘ = e;fjowijj. By the universal property of the coproduct (@szg M; ®x Nj, {eﬁj }H_j:g)

and 1); ;. We have canonical coproduct maps e;’fj : M @k N} — @

applied to the family of maps {Q;ij}i+j:g, we get a unique k-module homomorphism
we - @i—i—j:ﬁMi QK N; — ®i+j=£ M ®xk NJ'., as below, such that ¢, o efJ = 1;; for
all (,7) € Z? such that i + j = .

Dt jme M] @1 N

oy (254)

Dy j—e Mi Rk Nj < ; M; ®x N;

We define (f @ g)¢ := g for each £ € Z. We need to show that (f ® g) := (f ® ¢)eez is
a chain-map, i.e. that it is indeed a morphism in Chy. Diagrammatically, our situation
is the following, in that we would like to show that each square of the following form
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commutes,
dpy1
b MexN,—— D M;exN;
i+j=l+1 i+j=¢

(f®9)e+1 (f®9)e

d/
@ MoxN, —— @ M N,
i+j=0+1 i+j={

We check this on pure tensors. Let m®@n € M; ®y N; for i+ j = £+ 1. Then we find that

dpr ((f ® 9)es1(m @ n)) = degy (fi(m) © g(n))
= d;fi(m) @ g;(n) + (=1)"- fi(m) @ d;g;(n)

) ® gj
= fi1(di(m)) @ gj(n) + (=1)" - fi(m) ® gj1dj(n) (f,g chain maps)
= (f @ g)e(di(m) @n) + (f ® g)e((—1)" - m ® dj(n))
= (f @ g)e(di(m) @n + (=1)"-m®d;(n)) (b linearity of (f @ g))
= (f ® 9)e(de1(m @n)).

By linearity of d,d" and (f ® g) it follows that the diagram commutes for each ¢, so that
(f ® g) is indeed a chain map. Having defined the tensor product on complexes and
morphisms, we want to show that this in fact defines a bifunctor.

Claim II: ® : Chy x Chy — Chy is a bifunctor.

Remark 2.5.3. Observe that Chy x Chy is the [product category| of two copies of Chy.

Proof. Given M, N € Chy, with identity morphisms ids,idy € Mor(Chy), we find that
idps ® idy is just defined as the identity on pure tensors in all degrees, so by extension it
is the identity morphism of M ® N, i.e. idy; ® idy = idpsen as functions.

By the remark (i.e. by how composition is defined in Chy x Chy), we want to check that
® respects composition, in the sense that for morphisms f; : M’ — M,g; : N — N’ and
fo: M — M" go: N — N”, we have

((fao fi)®(g2091)) = (fa®g2) o (f1 ® g1).

This is immediate on pure tensors by construction, and the conclusion follows. O

Theorem 2.5.4. The category Chy with tensor product ® is a tensor category, with unit
object k and with symmetrizer o(m ®n) = (—1)*yn®@m for m®@n € M; @ N;.

Remark 2.5.5. We will suppress k in ® in the following proof.

Remark 2.5.6. We will only try to give a sketch of how one may go about proving this.
Perhaps the intuition to have in mind is that one is using the natural maps coming from
the symmetric monoidal structure on the tensor category (Mody, ®y, k) together with
universal properties to extend these natural maps to Chy. We first tried to be as formal as
possible in our proof, but the notation quickly became unwieldy. Perhaps this is a proof
which should be formalized in e.g. Lean (unless it has already been done).

Remark 2.5.7. When we say that a map preserves degrees we mean that f : M — N
preserves degrees if f(My) C Ny for all ¢ € Z for complexes M, N in Chy.
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Proof. Associator o Define apynyp: M @ (N ® P) — (M ® N) ® P on pure tensors by
apyNp(mM®(n®p)) = ((m®n)®p) with m € M;,n € Nj,p € Py, and observe that this
map preserves total degree 7 + j + k.

We see that
dm® (n®p)=dm)® nep) +(-1)'mednep)
=dm)@nep) +(—1)'me (dnep+ (—1)nd([p))
=dm)® (n®p)+ (—1)'me (dn) @p) + (=1)"m @ (n @ d(p)).

Upon applying ans,n,p to this we get
(d(m)@n)@p+ (=) (m®d(n)) @p+ (=1)"(men) @ dp).

Now instead first apply aas,n p to m ® (n ® p) so that we get (m ® n) ® p. Then upon
applying the differential d we get
d((m®n)®@p) =dmen)@p+(-1)*(men) @ d(p)
=(dm)@n+ (-1)'medn) @p+ (=1)""(men)2dp)
=(dm)®@n)@p+ (-1 (madn)@p+ (=1)"(men)dp).
Hence do oy v p = an,n,p o d, modeling the chain-map condition. There is an “obvious”
mutal inverse map given by aﬁ’MP " M@N)®P - M@ (N ® P) with aﬁMP((m ®

n)®p) =m® (n®p). With respect to naturality, one may check by an easy computation
that on pure tensors m ® (n ® p) the following square commutes

QM,N,P

M ® (N ® P) y (M@ N)® P

f®(g®h) (feg)®h

M/®(NI®P/) — M/®(N/®P/)
M! N' P

with chain maps M ER M',N% N, P by Pin Chy.

Left unitor Ap;: Define A\py : k ® M — M on pure tenors r ® m by the “contraction”
r®m — rm with » € k and m € M;. Since rm € M;, this map preserves degree. Since
d(r) = 0 for any r € k, it follows that do Apy = A\, od, modeling the chain-map condition.
Furthermore, in each degree i, Ay, is (up to canonical isomorphism) precisely the left-unitor
coming from Mody, hence an isomorphism.

With respect to naturality, one checks that the following diagram commutes on pure
tensors r ® m,

k © M A . M
id® f f:
k @ M’ M’
—~ Aag?
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where M i> M’ is a chain map in Chy, using that f is k-linear.

Right unitor pps: Defining ppr : M ® k — M by the contraction m ® r — mr for r € k

and m € M;, up to a permutation of the factors the rest of the computations are essentially
the same as for the left unitor \y;.

Symmetrizer o: We define oy ny : M ® N — N ® M on pure tensors m ® n by
men— (—1)Yn®m,

with m € M; and n € N;. This map is degree preserving. We see that for m € M; and
n e Nj,

(~1)id(n © m)
(~1)id(n) @ m + (~1)7n © d(m),

d(oy,n(m @ n))

while

ouN(dm®@n)) =0 (=1)'m @ d(n))

(D) Yn@dm) + (-1)'(-1)'V"d(n) ©m
(~=1)Yd(n) @ m + (~1)In ® d(m)
(= (=1

D9d(n) @ m + (—1)""n @ d(m),

MN(d( )®n+
i—1)

where we in the last equality used that
e
e1=(-1)%, by multiplying both sides by (—1)~%*7,
This models the chain condition d o oy, n = op,n ©d. One checks that on pure tensors
there is an inverse to o, N given by on i, since
O’N7M(O'M7N(m &® n)) = ON,M ((—1)“77, & m)

— (—1)ji(=1)Im©n

=(-1)*"men

=mQn,
with m € M; and n € N;.
With respect to naturality, one checks that on pure tensors m®n with chain maps M i> M’
and N & N’ , the following square commutes

OM,N

M &N NoM

f®g gRf

M @ N’ — » N' @ M’
M!,N’

using that f ® g and g ® f preserve the total degree of any pure tensor (following from
the fact that f and g individually preserve degrees).

What is left to check is that:
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(a) The functors M ~» k ® M and M ~~ M ® k are fully faithful.

(b) The pentagon axiom is satisfied, i.e. that the following diagram commutes, for all
objects M, N, P, T € Chy,

M@ (N®PeT))

— ~—
id®OtN’P7T QM N, PRQT
L —
Mo (NoP)T) (M®N)®(P®T)
M N®P,T AM®N,P,T
M(NP)T P » (MON)@P)T

(¢c) The hexagon axiom is satisfied, i.e. that the following diagram commutes, for all
objects M, N, P € Chy,

QM,N,P

M (N P) (M®N)® P
— ~
id®o N, p OM®N,P
'S 4
M®(P®N) P®(M®N)
QN PN ap M,N

(M&P)@N —— (P@M)® N

o, pQid

@ : Since we gave a sketch for why the left and right unitor A and p respectively are natural
isomorphisms, in particular naturality says precisely that there are natural isomorphisms

(ko() 2o,  and  (()® k)L iden,.

F
With respect to A, we need to show that homcp, (M, N) SN homch, (]k QM, k ® N)

defined by f +— idy, ® f is bijective for all objects M, N € Chy. Naturality then says that
Fyun(f)=idi® f = )\Nl o foAp. There is therefore an obvious two-sided inverse defined
by

G
homan, (I @ M, k @ N ) 2% homey, (M, N),  f = Ayt o f o .
Hence Fjn is a bijection. We claim that (up to permuting the factors in the tensor

product) the same argument works for p.

(b): The computations on pure tensors follow through for essentially the same reason
that Mody with ®i and unit object k, is symmetric monoidal and hence satisfies the
pentagon axiom, using that associator in Chy is essentially just the natural extension of
the corresponding associator in Mody.

(c): We check this on pure tensors m ® (n ® p) with m € M;,n € N; and p € P;. We have
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that
apmN(omen,plamnp(m®@ (n®p)))) = apun(ouen,p((m@n) @ p)

= (-1 *ap i n(p @ (m@n))
= (-1) Dk (pom)@n,

and

Comparing the end result of the two computations above, we see that they agree.

O

Theorem 2.5.8. Fizing two complexes M, N € Chy, the map [m]® [n] — [m ®@n| defines
a k-module homomorphism H;(M) @ Hj(N) — Hi; (M ® N).

This k-module homomorphism then induces a map @, ._,Hi(M)®@H;(N) = H,(M®N).

i+j
Proof. We start by defining a map

¢ : Hi(M) x Hj(N) = Hipj(M @ N),  ([m],[n]) = [m @n].
We must then show that [m ® n] is well-defined in the sense that m ® n is a cycle if m,n

are cycles. This follows directly from the computation

dim®@n) =d™(m)on+(-1)!m e d;v(n)

=0
= - =0
= =0
=0.
We show that the map is well-defined: Let [m] = [m/] and [n] = [n/], with representatives
m,m’ € kerd™ and n,n’ € ker (d;v) Then m — m' € im(d},) and n —n’ € im dﬁl,

which means that we may write m = m’ + d,(a) and n = n’ + dﬁl(b) for a € M,
and b € Njy1. We want to show that it follows that [m ® n] = [m' ® n'] i.e. that
me@n—m' @n €im (dﬁ?ﬁ) We find that

AN (@@ + (-1)'m@b) = dFN (@@ n') + (1)) 2N (m @ b)

i+j+1 i+j+1
=d (a)@n + (-1)a®d) (n) + (1) d} (m) ®b+(—1)*m @ d}Y, , (b)
N—— H’O—/
=0 =
0 =0

=m-m)eon +me(n-—n)
= n—mon +men—mIn

/ /
=mn—m Qn,

so that m®mn and m’ ® n’ differ by a boundary. We conclude that the map is well-defined.

39



Routine calculations show that ¢ is a k-bilinear map, so by the universal property of
the tensor product, we get a unique k-module homomorphism ®; ; : H;(M) ® H;(N) —
Hi+;(M ® N) so that our original map ¢ factors through the “inclusion” ([m], [n])
[m] ® [n] and the dashed arrow ®; ; as below,

([m], [n]) Hi(M) x H;(N) : Hi(M) @ H;j(N)

N, ;
(2.5.5)

Hit;j(M @ N)

[m ® n]

Then, by definition, ®; ;([m] ® [n]) = [m ® n].

By the universal property of the coproduct ®i+j:€ H;(M) ® H;(N), we get maps -y, as
below,

H/(M ® N)

: (2.5.6)

Hi(M) @ H;(N)

Vi, j such that ¢ +j = ¢

where e; ; are the canonical coproduct maps and where v, 0 e; ; = ®; ; for all pairs (i, j)
with ¢ +j = £. O
The below statement, is sometimes classified as a “Kiinneth theorem”.

Theorem 2.5.9. Ifk is a field, then the maps vy constructed in are isomorphisms.

Proof. Since the differentials are k-module homomorphisms, Z,,(M) and B, (M) are k-
modules. Since k is a field, they are vector spaces over k. Since B, (M) C Z,,(M) we have
that B, (M) is a vector-subspace of Z, (M) there is a complement R, (M) C Z, (M) such
that Z,,(M) = B, (M) & R,(M). We observe that essentially by construction, H, (M) =
R, (M). By the same reasoning applied to M,, and the vector subspace Z,,(M) C M,, we
can find a direct-sum complement L, (M) to Z,, (M) such that

M, =Z,(M) @ L,(M).
Taking the two direct-sum decompositions together we then see that
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We then observe that d) (R, (M)) = dM (B,(M)) = 0 since B,(M) C Z,(M) and
Ra(M) C Z,,(M).

The restriction (and corestriction) of d to d,, := (dc°“e5t')ﬁ4 L) Ln(M) — Bp—1(M)
is bijective: It is injective since L,,(M)NZ, (M) = 0, and by the direct-sum decomposition
M, = Z,(M) & L,(M) we see that for each = € B,_1(M) there is some [ € L, (M) such
that d,, () = x, so that d,, is surjective.

Then, up to canonical isomorphism by permuting factors, M = R(M) @& D(M) with
R(M), = R,(M) and D(M),, = Bn(M) & L,(M). Here D(M) and R(M) are both sub-
complexes of M with the differential inherited from M. Define S,, : D(M),, — D(M )n+1
by Sp(b+€) :=d 1 (b) € Lyj1(M) C D(M),11. Then we see that

(@ 1S, + Sp1dY O +1) = dl 1 Sp(b+1) + Sp_1dX (b +1)
=dM d L (b) +dta (1),  since d) (b) =0
id
=b+1,
so that
d®MS 4 5d°M = idp sy,

i.e., D(M) is contractible. The same computations gives that N = R(N) @ D(N) with
D(N) contractible.

We will not prove this, but we may assume that the symmetric monoidal structure on Chy
interacts in the same fashion with the direct sum as (Mody, ®x, k) does with @, i.e., we
have all the “nice” canonical isomorphisms in Chy by extension from Mody with respect
to ®i and @, but the with the corresponding notions in Chy. We then see that
M®N=(R(M)®D(M))® (R(N)®D(N))

~ (R(M) @ R(N)) & (R(M) @ D(N)) & (D(M) @ R(N)) & (D(M) @ D(N))

=AadK,

with A := R(M)® R(INV) and K= (R(M) ® D(V)) @ (D(M) ® R(N)) ® (D(M) @ D(N).

Lemma 2.5.10. If C' € Chy is contractible then C' @ M is contractible, for arbitrary
M € Chy.

Proof. Sketch: Let (s, : Cp, = Chy1)nez be a witness to C' being contractible, so that
d®s + sd® = id¢. Define S := (Sn)nez on pure tensors ¢ ® m in degree ¢ with ¢ € C; and
m € M; as

Si(c@m) :=si(c) @m € Cip1 @ M; C (C® M )41,
i.e. Sy restricted to a direct summand C; ® Mj is s; ® idp;, which is k-linear.
Then we check that, with d the differential for C ® M, we have

(dey1Se 4 Sp—1dp) (¢ @ m) = dgy1(si(c) @ m) + Se_1dg(c @ m)

= di15i(c) @ m+ (=) sty @ d; (m) + si-1dic) @ m+ (=)', j(m)

= (dit1si(c) + si—1di(c)) ® m, by linearity in the first factor of ®
=c®m, since ds + sd = id¢,
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By two applications of the lemma, it follows that K is contractible.

Therefore, by functoriality, we see that

Hi(M @ N) = Hy(A oK) (2.5.7)
= Hy(A) @ Hy(K), since Hy is additive, i.e. commutes with direct sums
= Hy(A), using that H,(K) = 0 since K is contractible
= Ay, since the differentials of A are zero
= P Ri(M) @ R;(N) (2.5.8)

itj=t

Tensoring the isomorphisms

<.
—~
~—

& D
=

T - ||zl‘é?||zl:~

=

T [r]

I T
. -
2

=[]

~—

gives an isomorphism (since ( -

® (+) is a bifunctor)

~
12
Q

M) ®@H;(N), rer = [r]® [r].

By using the universal property of € (it is a coproduct in Mody) it follows that we have
a unique isomorphism

A2 @D Hi(M) @ Hy(N),

T =t

such that ©; ;o t;; = e;; o fi ® g; with Ry(M) @ R;(N) N Ay the canonical coproduct
inclusions, for all 4, j such that i + j = £ and e; j the canonical coproduct maps in [2.5.6]

Let ¢, : Hy(M ® N) — Ay be the isomorphism coming from the composition of the
isomorphisms in to Then one sees that an element

H(M®@ N) > [m@n]=[(ri+0;)® (rj +0;)]

is sent to ¢;,j(ri®71;) € B, j—¢ Ri(M)®R;(N) with r; € R;(M) and d; € D;(M), rj € Rj(N)
and 9 € D;(N) under ;. Let v be as in 2.5.6]

Then we find that

(©r0Lij)(r®s)=e;;j(fi ®g;)(res)
=eij([rl®[s])
= (10 0r0ui;)(r®s)=v(lr] @[s])
=[r®s],

= (oY 00p)(Lij)(r®s) =1i(r®s),

for all ¢,j with i + j = £ and all r ® s in R;(M) @ R;(N). By the universal property of A,
as a coproduct it follows that

CeoyoOp= idAg
< Ve = Cg a

so that ~y, is an isomorphism. O
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Chapter 3

Homotopy, Homotopy kernels and
Homotopy cokernels

3.1 Homotopies

If we let f: M — My be an R-module homomorphism, then this gives us a chain complex
(M, (d;)iez) with My and My in degree one and degree zero, respectively, and

dz:{f’ ifi=1

0, otherwise

Since Modpg is an abelian category it has all cokernels, so there is a canonical cokernel

map My — coker(f), which in turn induces a chain map M, LN coker(f),

Ml%MO

k1 O ‘/ko

0 ———— coker(f)

For n = 0, we see that

H()(M.) = ker(do)/ |mf

= Mo/ im(f)
= coker(f).

For n =1 we get
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If n ¢ {0,1} then ker(d;) = 0 so that H,,(M,) = 0. Summarizing, we have

coker(f), if n=0
Hn(Me) = < ker(f), if n=1

0, otherwise

Claim: H,(k) : H,(M,) — H, (coker(f)> is an isomorphism for all n, i.e. a quasi-

isomorphism, if and only if f is injective.

Q

coker(f)
Proof. =: We observe that ker ( ) 0 for n # 0 so that H, (coker(f)) = 0 for
(f)

n # 0. In particular, it follows that ker(f

<: If f is injective then ker(f) = 0, so that H, (M,) = 0 for n # 0. Since H,, (coker(f)) =

0 for n # 0, H, (k) is an isomorphism for n # 0. For n = 0, we see that

coker(f) coker(f)
Ho (coker(f)) = ker (doww“”> /im (d1 )

— coker(f)/(0)
= coker(f).

We observe that Hy(k) is induced from dlagram Since the cokernel map kg is surjec-
tive, it follows that the induced map on homology-groups in degree zero is an isomorphism
that acts as the identity on elements. We conclude that k is a quasi-isomorphism. O

One way to view M, is as a presentation of the R-module Ho(M,) = coker(f), since the
generators for this R-module is My, and M is the source of the relations, in the sense
that the image of f determines which elements gets killed off in the quotient coker(f),
i.e. in the sense that each element m in M; gives that f(m) ~ 0 is a relation in coker(f).
What H;(M,) does is (in some sense) measures how overdetermined coker(f) is, in that
if ker(f) # 0 there is some m # 0 € M; so that f(m) = 0, so that ker(f) in fact provides
no further constraints for the construction of coker(f). We claim that this chain complex
M, € Chp is, in relation to f : M; — My of R-modules, an example of an object associated
to something we call a homotopy cokernel of f.

Definition 3.1.1 (Chain-homotopy). If M,, N, are chain complexes in Chg and f,, ge :
M, = N, are chain maps, such that there exists a family of R-module homomorphisms

he :== (hy : My, — Npt1)nez

such that
Gn = fn = A}y 1hn + b1 d! (3.1.1)

holds for all n, then we say that h is a chain-homotopy between f, and ge, which we
denote as f, i; G-
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The defining equation may be depicted (mnemonically) as in the diagram below,

M M M
dn+2 dn+1 diLw dn71
T M M, My —
- L - e
- P - P
. . g hpn—2 .~
hpt1 -7 hn 7 hn—1 - n 2//
7 nd1| _ frn+1 e gn| _ | fn 27 Gn-1| _ fn—1 7
//// /// /// ///
// k// k/ k/
%
e ——————— > ...
— Nop1 —— Npy o Ny ——
n+2 n+1 n n—1

and can be understood as reading that the addition of the purple triangle (without f,) in
the second square from the left and the upper green triangle in the third square from the
left (leaving out g,) equals g, — fn.

Definition 3.1.2 (Null-homotopy). Letting 0, : Ms — N, be the chain map defined in
each degree n by the commutative square

d]v[
Mn Mnfl
0 0
Ny, N Np-1
n

Then if go : My — N, is a chain map such that there is a chain-homotopy 0O, h$ Je, then
we say that he is a null-homotopy of g,.

Definition 3.1.3 (Contraction). A contraction of a complex M, € Chg is a nullhomo-

topy Oe By idas, . Complexes that admit contractions are called contractible.

Theorem 3.1.4. The property of being chain-homotopic defines an equivalence-relation
on homChR(M., N.).

Proof. Reflexive: If we let s, : M;,, — Npy1 be the zero-homomorphism for all n, then
fo—fo=dY 180 + sp_1dX = 0.
Hence fo ~ fo.

Symmetric: If fo ~ go realized by f, i& ge then define ~,, := —h,, : M;, = Nyp11. We then
see that

d;]’LV—‘rlfyn + 'Yn—ldﬁ/l == _(div-i-lh”n —+ hn—ld%)
= _(gn - fn)
= fn — 9n-

Hence with 7e := (7;,) we have that g 2 f, is a chain-homotopy.
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Transitive: Assume f, i& ge and ge é he. Then define o := (), + £)n. We then see that

dﬁf—&-l'yn + VH*Id% = dq]zv-i-l o (0n+4n) + (Op—1+4€n_1)o0 dﬁ/l
= (il + Lo ad]!) + (d, 100 + 00 1d))
= (hn = gn) + (gn — fn)
= hy — fn.

Hence fo ~ he is witnessed by fe Xz he. O]

The interval object I € Chy introduced below should perhaps be thought of as an (algebraic
or categorical) counterpart to the standard 1-simplex A! = {(tg, t1) t€R? : tog+t;=1,t;> O}
(for a more precise claim, see [Maz23, Footnote 33, p. 17]).

Definition 3.1.5 (Interval object I). Let I := (I, d%,) be defined on objects by
k, ifn=1,

I, = kok ifn=0 ,
0, if n#0,1

with differentials

g (—idy,idk) by a — (—a,a), if n =1,
"0, ifn#£1

Second, we associate to this object two chain-maps i, € homcp, (k,I) where iy and 4,
are the canonical coproduct maps associated with k @ k into the first and second factor,
respectively, in degree zero and otherwise are the zero maps.

We may represent this construction as

k 0 k
w0 (idy,0)
T _ LR
g (0,idy.)
Il; 0 — k

~r~

We call the data of (I,ip,41) an interval object for the homotopy theory of chain-
complexes over k.

Theorem 3.1.6. Given morphisms f,g € homch,(k ® M,N), a homotopy f = g is
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equivalent to a chain map 1 ® M " N such that the following diagram commutes,

koM=M
io®iday f

]I(E%:M 5 ¢ N
i1 ®id ;
kM=M

Remark 3.1.7. As in we think of [® M = [ ®k M as internal to Chg by extension of
scalars in each degree.

Proof. =: Assume first we are given a chain homotopy f Y g. By definition, we then
have maps (v, : k ® M,, = Np+1) € Modpg such that
n — fn = dﬁ;f}% + ’Yn—ld%(gMa

in each degree n. We note that

(k@ M), = P (k)i ®x M;

i+j=n
=k ®u M,
~ M, by the canonical isomorphism r ® m — rm.

Then we see that the differential d*®M acts in degree n as

M (r @ my,) = dg(r) @ m + (=1)% @ dM (m,,)
—r@dM (my). (3.1.2)

For I ® M, we have that

IoM)n= P LM,
i+j=n
= (I; ®x Mp—1) ® (Ip @K M,,)
= (k ®x Mp—1) @ (k@ k) @k My,). (3.1.3)

Then, in degree n, we find that

(10 ® idps)n(c @k my) = (0, (¢, 0) ® my,)
and

(i1 ® idar)n(c @ mn) = (0, (0,¢) @ ma),

while the map from k ® M to N following f and g respectively, is defined on elements in
degree n as fp(c®my) and g,(c @ my,).
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We will construct the requisite map h by defining it degree-wise and then checking that
it is a chain map. To do this, we first let «;,, be induced from universal property of the
tensor product of k-modules,

r
(¢, Mn_1) k x Mp_1 s k® My,
O
Ao,
Yn—10T
Ny,

Vn—l(c 0y mn—l)

An easy check gives that o, is an R-module homomorphism since R is presumed to be a
k-algebra so that k acts centrally on R.

Let 5, be the map induced from the following diagram,

(¢, 8),mn) (k® k) x M, y (k@ k) @ M,
318y
Ny,

fn(c & mn) + gn(s & mn)

An easy check again gives that 3, defines an R-module homomorphism. We then define
our target chain-map h in degree n as

hp (k@ My—1) ® (ke k) ® M,) = Ny, (3.1.4)
where h,, is the induced map we get from the universal property of the coproduct.

Comparison with gives that h, has domain (I ® M),
First we check that h,, satisfies

{hn o (io ® idpar)n = fn
hy o (i1 @ idas)n = gn-
By R-linearity it is enough to check this on pure tensors. We find that

hy, 0 (ip ® idas)n(c @ my) = hp(0, (¢,0) @ my,)
= Bn(0, (c,0) @ my,)
= f(C ® mn)a

and similarly hy, o (i1 ® idas)n = gn-
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Lastly, we need to check that h := (hy)nez is a chain map, i.e. that the following diagram
commutes for all n,

dreM
(H@M)n (]I®M)n—1
hn hn—l
Nn N > Nn—l

It is enough to check this on “simple” elements (¢ ® my,_1, (r, s) ® m,). We find that

B (d2M (¢ @ M1, (r, 8) © mn)))

= hn—l((d]g)(r7 8) @My —c ® dg{l(mn—l)a d]i () @mp_1+(r,s) ® d%(mn)))
——

=0
—_———
=0

= hn—l(_c & di\L/l_l(mn—l)u (—C, C) X Mypy—1 + (Tv S) b2y dﬁ/l(mn))
= —Ypa(c®dMr=10m=1)) 4 (g (c@mp_1) = fuo1(c® mp_1))
+ fac1(r @ dMmy) + gno1(s @ dM(my,)),

N (Yn—1(c®@mp_1)) + fulr @ my) + gn(s @ my))

év (Yn-1(c®@mp_1)) + fo1(r ® dﬂfmn) + gn-1(s ® den)

= (—m—2dy 1 (c®@mu 1) + gn1(c®mn1) = fu1(c® mnfl))

+ fu(r @ dy'mn) + gn1(s @ d}'ma), since g — f = dNy 4+ vdM

where we in the second equality used that f and ¢ are chain maps and how the differential
d*®M acts (cf. [3.1.2). Comparison gives that the two expressions above agree, so we
conclude that h is a chain map and the main conclusion of this direction follows.

<: Assume we have a map 1 ®@ M by N such that the diagram in the statement of the
theorem commutes. Define v, : k ® M,, — Np+1 by

n(c®@m) = hpi1(c®m,0). (3.1.5)

This is clearly well-defined and inherits R-linearity from h,+1. Let 7 := (y4)nez and
observe that since h is a chain map we have that

AN,y 0 hpi1 = hy o SN (3.1.6)
We find that

dﬂ%]\l/[(c® m,0) = (-1® d%(m),d]i(c) ®m)
= (—1@dM(m),(-1,1)@m) € (I1® M),,
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so that

d7]1\[+1’7n(0 ®m,0) = anthH(c ®m,0)

:h@4®dM()( 1) @m)
ha((=1 @ dy! (m), 0) + ha(0, (=1,1) ® m))

(0,(0,1) @m — (1,0) @ m) — hy (1 ®d}' (m),0)

(0,(0,1) @ m) — by (0, (1,0) @ m) — by (1 @ dy' (m), 0)

gn(1@m) — fr(l@m) —y1(1@dy' (m))

& dir 0 + o1 0 d®M = gy — fu.

n

=h
h

n

Lastly, we check that the constructions produced above are inverses to each other, hence
giving a bijection (and hence uniqueness of the maps) in both directions. In one direction,
starting with a chain homotopy v : f = ¢, we then construct h as in the =--direction.
Then upon applying the <-construction to h we get a maps 7, : k ® M,, = N,41 such
that 4n,(c ® m) = hpt1(c ® m,0) = v,(c ® m) for all n and all elements c @ m € k ® M,
Hence it follows we get back ~.

On the other hand, if we start with a chain map h : I® M — N we first define , :
k ® M,, = Npt1 by vn(c @ m) = hpt1(c ® m,0) on elements ¢ @ m € k ® M,,. By then
following the construction of the =-direction, we find that this gives us back a chain map
h which in degree n is hn(c ® m,0) = yu_1(c ® m) = hy(c ® m,0). In each degree n,
hy and h, agrees on the second summand since both maps equals f,(c ® m) + gn(s ® m)
on elements (0, (¢, s) ® m). It follows by decomposition and linearity that they agree in
each degree n. Hence the constructions realize a bijective correspondence as stated in the
theorem. O

Remark 3.1.8. Observe that we are silently treating the canonical isomorphism removing
zeroes from (I ® M),, as an identity in the proof above.

To recapitulate, the theorem tells us that a chain map I M LN, gives a chain homotopy
between h o (ig ®idar) = h o (i1 ®idas) on the one hand, and on the other hand a given

triple (f,g,v) with f,¢g:k® M = N chain maps and a chain homotopy f = g gives us a
chain map h: I® M — N.

Now consider the diagram

koMM
oidsr io®id s

T M i T M -
1®ida i1®id g
ke M= M

By the theorem we claim to have just proven (3.1.6]), this gives us a chain homotopy
(1o ® idps) = (i1 ® idpr). By inspecting the proof of said theorem, in particular by



equation we find that the chain homotopy = is defined on degrees as

Wn(m) = (id]l@M)nJrl(l @ m, 0)
= (1®m,0).

Definition 3.1.9 (Finite category). We say that a category Z is finite if Ob(Z) and
Mor(Z) are finite sets.

We briefly recall the definition of limits and colimits (as formulated in [Sta26], [Tag 002D]).
To do this, we specify some notational conventions. Whenever we have a diagram F' : 7 —
C (with Z usually called the indez-category) and i an object in Z, we let F; := F'(i) denote
the corresponding object in C. When ¢ : ¢ — 4’ is a morphism in Z we let F(¢) : F; — Fy
denote the corresponding morphism in C. We will use capital letters, e.g. A, B, etc., for
objects in the target category of the functor defining the diagram.

Definition 3.1.10 (Limit). A limit of a diagram F' : Z — C in the category C, is an
object limzF in C together with specified morphisms p; : limzF' — F; for each object i in
7 such that

(a) For any morphism ¢ : ¢ — j in the index-category Z, we have

pj = F(¢) o pi, (3.1.7)
or perhaps in clearer form, as
(MUF3@@>:<mnFﬁ+mf@£ﬂ>. (3.1.8)

(b) For any object A in C and a collection ¢; : A — F; of morphisms indexed by the
objects i in Z, that satisfy that for all morphisms ¢ : ¢ — j in Z we have

qj = F () o i, (3.1.9)
there exists a unique morphism ¢ : A — limzF such that
qi =Pi©q, (3.1.10)

for all objects ¢ in Z.

Diagrammatically, we may try to capture both conditions (a) and (b) by the following,

Dually (in the sense that a limit in C is a colimit in C°P), we have the notion of colimit.
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Definition 3.1.11 (Colimit). A colimit of a diagram F : Z — C in the category C, is an
object colimzF' in C together with specified morphisms s; : F; — colimzF' for each object
7 in Z, such that

(a) For any morphism ¢ : ¢ — j in the index-category Z,

Sj :SjOF(¢), (3111)
or in different format, as
(Fi 2 colimzF) = (F £, g 5, coIimIF> . (3.1.12)

(b) For any object A i C and a collection f; : F; — A indexed by objects i in Z, that
satisfy that for all morphisms ¢ : ¢ — j in Z,

fi=fi o F(9), (3.1.13)
there is a unique morphism f : colimzF — A such that
fi=fos; (3.1.14)

for all objects ¢ in Z.

Schematically, one might try to capture both conditions (a) and (b) with the following
diagram

Theorem 3.1.12. The category Chr of chain complexes of a commutative ring R has all
finite limits and colimits.

Remark 3.1.13. The statement means that whenever F' : T — Chp is a diagram (i.e. a
functor) with Z finite, then limzF, colimzF' exists in Chp.

Proof.

Lemma 3.1.14. An additive category with all kernels and cokernels has all finite limits
and colimits.

Proof. Realize that the proof given in [Sta26, [Tag 010D] only depends on the category .4
being additive with all kernels and cokernels. O
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By the lemma, it is enough to show that Chp is additive and has all kernels and cokernels.

Chp additive: Let f,g : M = N be chain maps, so that d¥f = fd™ and dVg = ga™
holds in all degrees. Define f + g degree-wise as (f + ¢g)n = fn + gn- Since the differentials
dV,d™ are homomorphisms, f + g is again a chain map. Then it is easy to see that
—f = (= fn)nez is the (additive) inverse of f and that 0s = (0),cz the additive identity,
so that homcp,, (M, N) is an abelian group.

Considering chain maps

f h7g k
L—M = N—P
it is straightforward to check in degrees that the composition is bilinear with (recall)
composition defined as (g o f)n = gn © fn.

We have that 0, with the zero R-module in each degree as O-morphisms as differentials,
is both initial and terminal in Chpg since, in degrees, 0 € Modp, is initial and terminal.

Lastly, for chain complexes M, N € Chg, define M@ N := ((Mn ® Np)nez, (@M @ dfy)nez).

Then we may define mpy : MAN, 7y : MAN — Nandipy : M — MBN,i.y : N - MBN
in degrees as the projection (7was)n = 71, © My @ Ny — My, (m,n) — m coming from
Modg and (tar)n = tu, : My — My, & N, m — (m,0) making the following diagrams
commute in each degree n,

dIW EBdN dIW

M, & N, L M,_1® N1 M, - >y My_1
T Moy, o TM,,_1 UMy, O LM, _1
M, - s M1 M, & N, . My_1 & Ny_q

so that mps, mn, tar, iy are chain maps.
It is clear that
1. WMOLM:idM and TI'NOLN:idN,
2. mppowy =myoey =0,
3. imyoTp+ILNOTN :idM@N.

Furthermore, the commutative diagram below indicates (M @ N, s, 7n) is a product,
since Ay, : Y, = M, @ Ny, y = (fn(y), gn(y)) must be the unique chain map (that it is
a chain map follows from f, g being chain maps).

TN

M——— M&N —— N

It is clear that mpy0 A = fand ryoA =g. Ifalsoh: Y — M @ N so that my;oh = f and
mn oh = g then this implies that in each degree k, we have that ui(y) = (m,n) € M & Ny,
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is such that (mar)r o ux(y) = m = fi(y) and (7n)k o up(y) = n = g(y), for arbitrary
y € Yy and arbitrary k. Hence Ar = hi so A = h, so that A is unique.

Now instead consider the following diagram,

TN

M—————M&N ¢ N

Here in each degree k we define @7;(m,n) = fr(m) + gr(n). We check that the following
diagram commutes in each degree k,

JMEN
k
M. & N > Mp_1 D Ni_1
Ay, D1
Yy v > Y1
di_q

We find that
di—1((m, n)) = di_; (fu(m) + gi(n))
= dj_y fr(m) + di_1gx(n)
= i1 (' (m)) + gir (4 (n))
= o1 (d}f (m), dff (n))
= (,Q{k_l o d,]gw@N) (m,n),
so that &7 is indeed a chain map.

We then see that @0 (tar)k(m) = @ (m,0) = fi(m) and o (en)x(n) = % (0,n) = gr(n)
since f, gr are homomorphisms. Assume we had a chain map #: M & N — Y such that
Br. o (tar)k = fr and By o (Ly )k = gi- Let (m,n) € My @ Ny be arbitrary. Then
By (m,n) = Br((m,0) + (0,n))

= PBr(m,0) + B (0,n) since Ay, is a homomorphism

= (Br o (tar)i) (m) + (B, © (1w )i) (n)

= fr(m) + g(n)

= JZ{k(?na n)7
so that @, = %, for all k € Z, hence o/ = A.

It follows that (M & N, mpr, TN, tar, ty) defines the data of a biproduct in Chg.

Chg has all kernels: Let M I, N be a chain map. Define ker(f) in degree k as (ker(f))g :=
ker(fx) € M,. Then we see since for = € ker(f;) we have that
fr-1(di! () = d¥ (fir(2))
=0,
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we have that di(x) € ker(fx—1), and clearly d*> = 0 holds for x € ker(fx) C M. Thus we
may take the differentials of ker(f) as the differentials of M restricted (and corestricted)
to the kernels ker(fi). We check that this satisfies the universal property of a kernel, with
universal map the inclusion i : ker(f) < M. That the inclusion i is a chain map follows
from f being a chain map. We check that this satisfies the properties characterizing a
kernel.

(a) It is clear that fi oix(z) =0 for each k € Z and x € ker(f}), so that foi=0.

(b) Assume that g : L — M is a chain map such that fog =0, i.e. so that frogr =0
for each k. This means that im(gx) C ker(fx). We then see that g factorizes as
gk = i o g, with g, : Ly, — ker(f) the corestriction of gy to ker(fx). G := (g)kez-
If h : L — ker(f) is another chain map such that i, o hy = g in each degree, then
since iy is injective, it has the left-cancellation property, so it follows that hy = g,
i.e. so that g, is unique for each k, hence g is unique. Observe that

ip—1 0 dzer(f) 07 = d{y 04k O 7y
=di' o g
=gp_10 d,%
= ik—10gj_1 O d£

= dlier(f) 0Tk = Gp_1 ° df

i.e., the following diagram commutes

ker(f) e ker(f)k—1
dk

so that g is a chain map.

We conclude that (ker(f), ker(f) SN M) is a kernel of f.

Chp has all cokernels: Let M J, N be a chain map. Define coker(f) in each degree as

(coker(f))x := coker(fx) = Ni/im(fx), with differentials dZOker(f) the unique maps induced
from the universal property of the quotient, where we use that for = € im(fy), so that

r = fir.(y),

Ge-1dp () = qe-1dy (fe(y))
= qp_1 (fk,ldé\/[(y)) , since f is a chain map
=0, since fr_1d¥ (y) € im(fr_1)
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so that im(f) C ker (Qk—l o d{gv) Hence we get the following diagram,

Nk k > Nk—l
qk O k-1
N/ im(fx) e Ni—1/im(fr-1)
Tk

That ¢ := (qk)kez With gx : Ny — Np/im(fx) the quotient map, is a chain map then
follows directly by construction from the diagram above.

We check that (coker( f), N % coker(f )) satisfies the properties characterizing a cokernel
object in Chpg.

(a) It is clear that g o f = 0 since by construction g o fi = 0.

(b) Assume g : N — L is a chain map such that go f = 0, i.e. so that gi o fr = 0, hence
im(fx) C ker(gx). Hence for each k there is a unique map ¢y, : coker(f)r — L such
that the following diagram commutes,

\ o
dk . leg
coker(f)g

We let ¢ := (¢x)gez. Then we find that

df ocpoqy = dEogy, since ¢ © g, = gk
N
= gk—-1 Odk

N
= Ck—10 Qg1 0 dj

=Ck-10 dZOker(f) ° gk

k . . . .
= d£ 0CL = Cl_10 d;o er(f), since ¢y, is surjective,

i.e., the following diagram commutes,

dcoker(f)

coker(f)r ————— coker(f)r_1
Ck Ck—1 )
Ly, " Ly

so that cis a chain map. By uniqueness in each degree of g we find that (coker(f), N4 coker(f))
is a cokernel of f.

The conclusion now follows by lemma
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Consider the chain complex

k@M —o®dM poay

C := colim 11Qid s
T M

where we note that the diagram inside colim( — ) is the image of a functor

F:I%Chpb

with Z the category e +— ¢ — e with three objects and two arrows, hence this is a finite
category and so by theorem [3.1.12] this colimit exists in Chg. Observe that by definition
3.1.11], and contemplating the diagram below, the colimit of F' is a pushout,

£y : F(¢1) i)

F(¢2) 51
AT (3.1.15)
Fy > colimz F
fo .
f2
This means that we may represent C' as
11 ®id pr ho >
IeM > C
h1

where suppress what corresponds to sg in diagram [3.1.15[since it essentially encodes that
the diagram should commute, and when one gets an induced map f : C' — A. Hence we
get chain maps hg, h1 such that

h1 O(i1®idM) = hoo(i()@idM). (3116)

By theorem ho gives us a chain homotopy hg o (ig ® iday) 4 ho o (i1 ® idps) and by

the same theorem we get a chain homotopy hj o (ig ®iday) 4 hio (i1 ®idys). By equation
[3.1.16 we can rewrite this as

hi o (io ®idpr) 2 k1o (i1 @ idar) B8 hg o (io @ idar) 2 ho o (i1 @ idar).

By theorem it then follows that hj o (ip ®idas) is chain homotopic to hg o (i3 ®idas),

and one checks that the chain homotopy we want is ¢ := ¢y + ;.

Starting with the data of a triple (h; o (ip ® idar), ho o (i1 ® idas), ¢) where the first two
are chain maps and ¢ is a chain homotopy from the first map to the second map, theorem
tells us that this should give us chain map I ® M — C.
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Let jo := hio(ip®idys) and jo := hpo (i1 ®idys). Inspecting the proof of|3.1.6| we find that
in degree n, hy, : (I® M),, — C,, will be computed on elements (¢ ® my_1, (r,s) ® m,) €
(I® M), as

hn(c & Mp—1, (T‘, 5) & mn) = Enfl(c ® mnfl) + (]O)n(r ® mn) + (]2)71(5 X mn)
= (lo)n—1(c @ mp_1) + (l1)n-1(c @ Mp_1) + (Jo)n(r @ mpn) + (42)n(s @ my).
(3.1.17)

But by we have an explicit description (see equation [3.1.5)) of ¢y and ¢; in degrees,
as

(KO)n—l(c ® mn—l) = (hO)n(C @ mp_1, 0)

and

(l1)n—1(c@mp_1) = (h1)n(c @ my_1,0).
Unraveling equation we find that

hn(c @ mp_1,(r,8) @ my) = (ho)n(c ® myp—1,0) + (h1)n(c ® my,—1,0)
+ (h1)n (0, (r,0) @ my) + (ho)n(0, (0, ) @ my)
= (ho)n(c ®@ mp_1,(0,8) @ my) + (h1)n(c ® my_1, (r,0) @ my).

Definition 3.1.15. We say that a morphism f : M — N in Chpg is a chain-homotopy
equivalence if there exists a morphism g : N — M and chain-homotopies idy; = go f
and idy = fog.

Theorem 3.1.16. If fe, ge € homch, (M, No) are chain-homotopic maps, i.e. if there is

a chain-homotopy fe X Je, then they induce the same maps on homology, i.e. Hy(f) =
H,.(g) holds for all n.

Proof. By definition, f, and ge being chain-homotopic means that there exists homomor-
phisms h,, : M, = Ny11 such that for each m € ker (dﬁ/[), we have

gn(m) — fu(m) = dn+1h (m) + hn—1 d%(m)

- dn—H (m)

Hence g, and f, differ by a boundary on ker (d}7), hence [f,(m)] = [gn(m)] in Hy(N,).
Since Hy,(f)([m]) = [fn(m)] on generators [m] of H,(M,), and the same holds for H,(g),
it follows that they agree on all of H,,(M,). O

Below, we provide two examples that shows that a complex can be acyclic without being
contractible. The second complex illuminates the fact that whether or not a chain complex
is contractible depends on the module-structure imposed on it, i.e. in which category Chg
one views the complex as inhabiting.
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Example 3.1.17. We first check that the sequence

-2 -2 -2 -2

M, = 7./4 7./4 7./4

of Z/4-modules, where 2 is short-hand for 2 € Z/4, is a chain complex. Observe that it
is immediate that -2 defines a Z/4-module homomorphism from endowing Z/4 with the
canonical Z/4-module structure p : Z/4 x Z./4 — Z/4, (@, b) ~ @-b = ab, since the map -2
is exactly what we get by fixing the second argument of p at 2, and using the Z/4-module
structure together with the fact that Z/4 is commutative.

Furthermore, associativity of multiplication p gives that

2)

(a:2)2=a(
-0

I
o o 9

)

so that d? = 0 holds.

Acyclic: We note that d,, = -2 for all n, so that ker(d,,) = 2Z/4Z and im(dp+1) = 2Z/4Z,
hence H,,(M,) = 0. Therefore, M, is acyclic.

Not contractible: If M, was contractible, there would exist a sequence of Z/4-module
homomorphism Z/4 LNy /4 such that

2Ny, + 2h—1 = idza.

But any Z/4-module homomorphism h,, is multiplication by an element a,, in Z/4, so we
may rewrite this as

2ap, + 2an-1 = 2(an + ap—1)

idz)4.

This means that 2(a,, + a,—1) = 1 in Z/4, which is impossible! We conclude that M, is
not contractible.

Example 3.1.18. Let k be a commutative, unital, non-zero ring. Consider the sequence

My= ... —Z5K2]/(a?) =2 K[2]/(2?) —2 K[2]/(2?) =2 ...,

For the same reason as in the previous example, this is a k[z]/(2*)-module homomorphism,
and it is clear that with differentials d; = - we have d*> = 0 since 7.7 = 22 = 0 € k[z]/(z?),
hence M, € Ch]k[x]/(xQ)

Acyclic as a complex of k[z]/(z?)-modules: This sequence is in fact ezact in each degree,

since if m(x) - © = m(x)z = 0 then m(z)z = p(x)z? for some p(x) € k[z] which means
that m(z) - * = p(x)x - . But multiplication by z is injective since if zf(z) = agz +
a1r? + ...+ apz™tt = 0 with f(z) = ap + a1z + ... + a,2" then by definition of two
polynomials being equal if they are equal in all degrees, ag = a; = ... = a, = 0 so that
f(z) = 0. Therefore, we have that m(x) = p(z)x so that m(z) € (x), hence m(zx) € (T).
We conclude that ker(dy) C (%). Therefore, we have that imd,+1 = (%) = ker(d,) for all

n. Hence H,,(M,) = 0 in all degrees n, so that M, is acyclic.

Contractible as a complex of k-modules: We let h,, : {I,Z} — k[z]/(2?) be the function

defined by 1 M 7 and 7o T
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We note that
v Kz]/(2?) — k1 ® kT

are isomorphic as k-modules. As in the diagram below, we may extend hy, to B, first, and
then define h,, as the composition A, o 7,

(1,7} L » k ({1,7}) +—— Kk[z]/(2?)

Then hy, is a k-module homomorphism defined on the generators 1,7 (as a k-module) of
k[z]/(2?) as hy,(1) = T and h,(Z) = 1. Then we see that for a + b7 in k[x]/(2?) we have
that

Z - (hn(a+0T)) + hp(Z - (a + bZ)) =T - (aT + b) + hy(aT)
=a+bz
= idy[y)/(22)(a + bT),

so that h := (hp)nez is a chain-homotopy 0O, LY idp(ag,) in Chy with Chypyy/(,2) ENYG
the forgetful functor.

Not contractible as a complex of k[z]/(2?)-modules: On the other hand, we observe that
it is a general fact that Endg(R) = R by f ~ f(1), hence the k[z]/(x?)-module homomor-
phism h, : k[z]/(2?) — k[z]/(2?) would have to be on the form of multiplication by an
element 7, € k[z]/(2?). But this is impossible since then for any element m € k[z]/(x2),

dpi1hn(a +bZ) + hyp_1d,(a + bT) = (a + bT)r,T + (a + bT)r,_ 1T € (T),

so it can not be the identity on elements a + b% € k[x]/(2?) with b= 0 and a # 0 (here is
where we require it to be a non-zero ring).

In going from ordinary to higher category theory, we would like some way to keep track of
homotopies between maps, homotopies between homotopies, and so on. The objects that
keeps track of this data, hom-complexes, will be touched upon later. In a sense, we are
upgrading or promoting “ordinary” hom(X,Y")’s between objects X and Y to something
richer that still retains the information of hom(X,Y") but keeps track of relations between
maps, relations between maps between maps etc.

3.2 Homotopy cokernels

First we should note (as we understand it) that there are several “presentations” of the
concept “homotopy cokernel”, that we now want to present, at increasing levels of ab-
straction. For now we will use a definition that is perhaps easier to get a handle on, but
is not dressed in the (modern) language of oo-categories or model categories.

Recall that categorically, the definition of the cokernel of a morphism f € hom¢ (M, N)
of say an abelian category C, is defined as the pair

(coker(f), N - coker(f))
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satisfying the universal property making the following diagram commute:

—_— k
M _ N —————— coker(f)
) I
L

i.e. as the coequalizer

f
coeq (M = N)
0

of the parallel pair of arrows f,0 : M = N. Another way to phrase this is that the
cokernel coker(f) is the pushout

|

where we suppress writing out the maps going into or from 0, since 0 is the zero object in
C, i.e. it is both 4nitial and terminal (hence the morphism is uniquely determined).

—F— N

-

f
— > coker(f)

ofthespanO(—MLN.

In Modp, we call A = B 5 C' a cokernel sequence if
(i) vou=0.
(ii) (C,B % C) is a cokernel of u.

We now define want to define the corresponding “homotopical” version of the cokernel,
internal to the category of chain complexes Chgr over a commutative ring R. To define
it formally, we start at the other end, giving a concrete instance of a chain complex and
a chain map which satisfies the (derived) universal property of the homotopy cokernel in
Chg.

Definition 3.2.1 ((Mapping-) cone). Let fo : Mo — No be a chain map. Then we define
the (mapping-)cone of f,, Cone(fs), as the chain complex (Cone(f,),ds) € Chr with

Cone(fe)n := My—1 ® N,
and differentials
dn(a,b) = (—dy"1(a),d (b) + fa-1(a)))

There is then a canonical chain map ke : N¢ — Cone(f,) defined on degrees as ky(a) =
(0, a).
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We check that de in fact defines a system of differentials on the cone of f. For any pair
(a,b) € M,—1 ® N, we find that

dp1(dn(a,b)) = dn1 ((=d3L(a),d} (b) + fa-1(a)))

= | =iy (—dhLi (1)), A2y (Y () + fa1(a)) + faa(—dil,(a))

=0

= 0,d}_,a () +dY_\ fa-1(a) — fa—odi(a)

=0 =0

= (07 0)7

where we used that f, is a chain map in the last equality.

We also want to check that ke indeed defines a chain map. We see that if we follow the

diagram
dN

Nn “ Nn—l
kn kn—l
Nn@Mn—l dn Nn—l @Mn—Q

right then down, an element b € N,, lands at the element (0,d (b)). If we instead follow
the diagram down-right, a lands in

(~dML1(0). Y (b) + fu-1(0)) = (0,47 (1))

since f and d™ are homomorphisms in each degree, so that ke indeed defines a chain map.

Definition 3.2.2 (Homotopy-coherent Cocone). Let F' : Z — Chp be a diagram valued in

Chpg of shape 0 + M, i’% N, and let I, € Chg. A homotopy-coherent Cocone from
diagram F to I, is a pair (ge, he) with ge : codom(fe) = No — I, a chain-map such that
Oe by Je © fo. Writing this out, this means that for every n € Z, we want the following
identity to be satisfied,

gn O fn = dfl'_;,_l o hp + hn_ldi\f'.

Set-theoretically, we may denote the set of such homotopy-coherent Cocones from f, to
I, as

Cocone”(fs, I,) == {(g.,h.) ge : codom(fe) = Ne — I chain map } .

Oe i& Je © fe a null homotopy

Definition 3.2.3 (Homotopy cokernel). A homotopy cokernel of a chain-map f, :
My — No € Chp is a triple
(hcoker(fo), te, o)

where hcoker( fo) is a chain complex in Chg, ue : No — hcoker(f,) is a chain map and 0, 1
U O fo is & witnessing null-homotopy for e o fe, hence (e, ve) € Cocone’(f,, hcoker(f,)).
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Furthermore, we require that the triple (hcoker(f,), ue,e) satisfies that for every chain
complex I, € Chy “precomposition” with (ue, ) induces a natural bijection

homch,, (hcoker(fa), 1) =, Coconeh(f., 1,), e > (e © U, VeYe)-

Another way to phrase this definition, is that hcoker(fo) is the homotopy pushout

M, e y N,

h e the (3.2.1)
0

——— hcoker(f,)

of the diagram 0 < M, f—'> N,.

A third perspective on the homotopy cokernel of f,, is as a representing object, when it
exists, for the functor Coconeh(f., —) : Chr — Set, sending objects I, to Coconeh(f.,I.)
and morphisms e : I — Jo to the map (ge,e) — (e © Go, Xahe) With (ehe)n =
Q41 © hy. The definition is the appropriate definition since if g, f, = di@lhn + hn_lan'
then

angnfn = and{z‘—i—lhn + Oznhn_ldﬁ/['

Jo M.

using that a, is a chain-map. But this precisely means that O, Oéég' (e O Jo O fo : Mq — Jo
is a null-homotopy. Since

(ﬁO(O‘ohO))n = BnJrl o (aoho)n = ﬂn+1 O Op41 © hn = (ﬁnJrl o an+1) o hn = ((50 o ao)ho)n7
using how composition in Chpg is defined, as in definition [2.3.3

Remark 3.2.4. The homotopy cokernel can perhaps be viewed as the algebraic counterpart
of the topological mapping cone (', defined from the data of a continuous map f : X —
Y between spaces X and Y, with Cy :=Y Uy CX where

CX := (X xI)/((z,0) ~ («/,0), Va,2’ € X)

L

with ¢ : X — CX, x +— [(x,1)], and where f in s denotes the fact that we identify
[(z, 1)} with f(z).

Remark 3.2.5. Observe that the Yoneda embedding being fully faithful provides us with
canonical isomorphisms between different models (i.e. instances) of the homotopy cokernel

(see |Riel6, Prop. 2.3.1]), with the perspective of defining the homotopy cokernel as a
certain representing object.

Theorem 3.2.6. Let fo : My — N be a chain map. Then, with e suppressed in M, and
N, of the differentials, we have

—aM 0 —d} 0 o —daM 0 —dM, 0
fody) Mo\ foal o\ dy) M2\ p, dN
-_— s — P — 0 5

N1 No N_q

~~

defines a chain complex of R-modules and that it is a homotopy cokernel of fe.
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Remark 3.2.7. Note that the matrices should be read as
(a,b) = (=dM(a), fi(a) + X, (b))

M_4

for (a,b) € M; ® N1, and that ~~~in  ©  denotes that this is the degree zero-module
No

A~

of the complex, which also tells us the degree of the differentials of the complex. That is,
this is precisely the complex Cone(f,) defined in definition

Proof. The first statement is identical to the proof given in defining Cone(f,) (3.2.1)).

To show that it is a homotopy cokernel of f,. Let C4 denote the above diagram. Then we
need to show that there is a natural bijection

@y, b
homch, (Ce, Is) =~ Cocone”(fe, I,)
for all chain complexes I4 € Chg. Let ue : Ng — C, be defined in degree n as
Uy : Ny — Cp, = My_1 & Ny, b— (0,—b).

That ue is a chain-map follows from the fact that k£ as defined in connection with the
(mapping-)cone of a morphism f, was shown to be chain map, due to the fact that u = —k.
Let Yo := (7n)nez be defined in degree n as

Yo : My — Cpyo1 = My, ® Ny, a— (—a,0).

It is (almost) immediate that -, is an R-module homomorphism. We then find that, for
a € M,,

dyy17m(@) + Yu-1dy (@) = df 1 (—a,0) + (—d}) (a),0)

= (dy' (a), = fn(@)) + (=d}! (a),0)
= (0, = fn(a))
= Up fn(a).

Hence 7, is a null homotopy 0, 22 e 0 feo, s0 that (ue,7e) € Coconeh(f.7 Cl).

Let I, € Chg be arbitrary, let ¢4 € homcp,(Cs, Io), let

@7 : homcp, (Ce, Is) — Cocone™(fa, 1), (o) > (1 © Ue,Pee),
and let
Q7 : Cocone™(fa, 1) — homcp,, (C, 1), O7(ges he)n(a,b) := —hy,_1(a) — gn(b).
®; and ©; are well-defined: For ®; note that 14 0u, is a composition of chain maps, hence

a chain map. We need to check that 1~ is a chain-homotopy 0s = (e © us) © fe, With
recall 1o : Cy — I4 a chain map. Then we see that

d£+1(¢n+1’}’n) + (wnfyn,l)d,]‘f = ¢ndg+1'yn + wn'yndﬁ/[, since 1 is a chain map
= ¢n(dg+1'7n + 'Yndﬁ/[)
= VY (unfn), since 0y 22 e © fo is a chain homotopy
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For ©; we check that ©7(ge, he) is a chain map for all pairs (ge, he) € Cocone’(f,, ). Tt
is enough to check in degrees. We then find that for (a,b) € C), = My,_1 & N,,

dLO1(ge, he)n(a,b) = —dLhy,_1(a) — gn_1dY (b), since ge is a chain map.  (3.2.2)
Next,

O1(ge: ha)n1d5 (a,0) = O1(gas ha)u1(=dnL1 (), fui1(a) + d) (b))
=l (d)1(a)) = gn1(fa-1(@)) = g1 () (B))

Showing that this is equal to after adding g,—1 (dﬁ (b)) to both sides, amounts to
checking that

dlhnfl(a) + hn72d7]¥[_1(a) = gnflfnfl(a)a

which follows from the fact that he is a nullhomotopy O = ge © fo.

®; and O are inverses: First we check that @70 ©; = id. Let (ge, he) € Coconeh(f.,I.)
be arbitrary. Then

((I)I © 91)(90, h') = (@I(g'v h') O Ue, @I(g'v h')’}/)

Checking the first argument in degree n, we have that

(©1(ge; he) © Ue)n(b) = (O1(Ge, hte))n (0, —b)

= gn(b).
Checking the second argument, we find that
(©1(ge; he)ve)n(a) = (O1(ge, he))n+1(—a,0)
= hp(a).

The conclusion follows.

Next, we check that ©7 o ®; =id. Let 14 : Co — Io be an arbitrary chain map. Then for
(a,b) € Cp, = My—1 @ Ny, we have

((©10®1)(¥h))n(a,b) = (O1(ths © e, ¥e7))n(a, b)
= = (¥nn-1)(a) = Ynun(b)
= ¥n(a,0) +1n(0,0)
= ¥ (a,b).

The conclusion follows.

Naturality of ®: We claim that by definition this amounts to checking that for every chain
map Qe : Ie — Jo with I, Js € Chpg, it holds that

G(ae) 0o Py =P 0 F(a), (3.2.3)
where F'(a)(1)e) = (te 0 1q for 1)e : Co — I a chain map, and

G(a')(ghh') = (aO Og.,a.h.)
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for (ge, he) € Cocone”(fa,I,), i.e. that the following diagram (to the right) commutes,

Io homChR(C'7I')
Qe ~rrmnoanny Fas)
J. homChR(C.,J.)

o1 Cocone’(f., I,)
G(ae)
h
% Cocone”( fo, Jo)

It is not hard to show that G( - ) is a (Set-valued) functor. If we let 1) € homch,(C, Is)

be arbitrary, then

(@0 F(ae)) () = ®y(cve © 1))
= ((as 0 hs) © s, (a0 0 Yo )7e)-

On the other hand, we have that

(G(ave) 0 ®1)(the) = G(cxe) (Ve © ta; YY)

We have that

and the conclusion follows.

Theorem 3.2.8.

hcoker(idk ® f) ~ colim

ko M

idk ®f

ko N

11®id pr

= (0te 010 © Us, e (YaYe))

(e (1eYe))n = any1 © (Yoo )n
= Qp+1 0 YPnt1 0
= (Oé. o ¢O)n+1 O Yn

= ((ao © 1/1.)%)71,

koM ———— 0

10®id s

ITeM

(3.2.4)

Proof. We will show that for every chain complex A € Chg, we have a natural isomorphism

Oy homep, (H, A) ~ Cocone” (id, @ f, A),
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where H is the colimit in the right-hand side of Consider any chain map 1) : H — A.
Recalling definition |3.1.11| the data of H comes with structure maps

S()Z]k@M—)H
s1: k@M —>H
u:k® N —H
v: 1M — H

and of course Op i : 0 — H (but there is always such a morphism since 0 is initial in Chp).
Observe that sg is associated with iy ® idy; and sy with 41 ® idys, as expressed by the
indices. Furthermore, straight from the properties of the structure maps (3.1.11f(a)]), it
follows that

so = v o (ip ® idps)

s1 =wvo (i1 ®idyy)

s1 =wuo (idy ®f)

50 = 00,1 © Oxenm,0 = Oxen, H-

The last equality gives that vo (ig®idps) = 0 and the second and third equality gives that
Vo (il & idM) =uo (id]k ®f)

By theorem the chain map v determines a chain homotopy 0 2 v o (i1 ®@idy) =
w o (idy ®f). Therefore, (u,7) € Cocone”(idy ®f, H). Let A be an arbitrary chain
complex in Chg. Let ®4 : homch,(H, A) — Cocone”(idy ®f, A) be defined by sending

chain maps e : H — A to (1e 0 u,1e7y). Clearly 1o ou : k ® N — A is a chain map,

and a standard check gives that 0 wg' (10e 0u) 0idy ® f is a null-homotopy. It follows that

(e 0 u, ey) € Cocone”(idy @ f, A).

On the other hand, let (g,7) € Cocone”(idy ®f, A) so that g : k @ N — A is a chain map
and 0 = go (idx ®f) is a chain homotopy. By theorem this determines a unique
chain map w : I® M — A such that wo (ip ®idy) =0 and wo (i3 ®idps) = go (idx ®f).

Now associate to diagram the zero map k ® M — A to the top k ® M, go (idx ®f)
to the left copy of k @ M, w to I ® M, for k ® N choose g, and for 0 there is the unique
map 0 — A. We claim that this system satisfies [3.1.13] in definition 3.I.11] so that there
is a unique chain map ©4(g,n) : H — A satisfying the property described by equation
3.1.14 in the definition of the colimit. The chain map ©4(g,n) satisfies ©4(g,n) cu =g
and ©4(g,n) ov = w.

We claim that ®4 and ©4 are inverses. If we let ¢» : H — A be a chain map, then
P 4(¢Y) = (Y ou,vpy). Welet wy, : I ® M — A be the chain map corresponding to 1y by
theorem Then wy, = 1 o v: We have that (1) o v) o (i9 ®idas)) = 1 00 = 0 and that
(Y ov)o (ig ®idps) =Y owuo (idx ®f). Since « is the chain homotopy associated to v, 1y
is the chain homotopy associated with 1 o v. By the one-to-one correspondence in [3.1.6)
it follows that w, = 1) o v. Hence we see that for ) : H — A a chain map, we have that
Oa(Pa(y)) = Oa(Y o u,1py) =: 0 satisfies fou =1 ou and § ov = wy =Y ow.

Furthermore we find that

0osy=0ovo (ipg®idys)
=1 ovo (ig®idyy)

=1 o sq,

67



and
fosy=0ovo (ig ®idyy)
=1 ovo (i1 ®idy)
=1posi.

We also have that 0 0 0g iz = 1 0 09 g. By uniqueness of 8 it follows that 6 = 1), i.e.

Oa(Va(y)) =1.

Now instead consider arbitrary (g,n) € Cocone”(idy ® f, A) and let © 4(g,7) := A, so that
D4(04(g9,m)) = (Aou, \y). By construction we have that A\ou=g. fw: I M — Ais
the unique chain map corresponding to the chain homotopy 7 then also A o v = w. Since
~ is the chain homotopy associated with v under theorem by uniqueness it follows
that Ay = 7. Hence

P4(©4(g,m) = (Aou, \v)
= (9777)

Naturality check on ®(.): For any chain map o : A — B it is straightforward to verify

(by unraveling of definitions) that the following diagram commutes,

A homcp, (H, A) 24 » Cocone™(idy ®@f, A)
@ s F(a) G(a) (3.2.6)
B homch,, (H, B) o Cocone®(idy ® f, B)

with F(a) = o the pushforward and G(a) defined on pairs (g,7) € Cocone”(idy a ® f, A)
as G(a)(g,n) = (aog,an). -

Corollary 3.2.9. hcoker(f) ~ H where H is the colimit in m

Remark 3.2.10. By ~, we mean “canonically isomorphic” in the (categorical) sense ex-
plained at the end of the proof.

Proof. We first show that hcoker(f) is canonically isomorphic to hcoker(idy ®f). By ap-
pealing to theorem there is a left unitor X\ with isomorphism Ay : k ® M ~ M for
every M € Chp. Given f : M — N a chain map, we then see that by naturality of A,
there is a commutative diagram

ke M M M
idy ®f O fo
ke N ;V y N
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so that idi ®f = Ay o f o Ay

We show that there is a natural bijection 27 : Cocone®(f, A) ~ Cocone”(idy ®f, A)

for each A € Chg, defined by (g,7) 2N (g o An,m o Apr). Observe first that g o Ay :
k® N — A is a chain map with appropriate domain and codomain. By naturality of A
and Aps being a chain map, we get from the null homotopy 0 4 g o f a null homotopy

02" (g0 Ay) o (idy ).

Now define # : Cocone” (idy @ f, A) — Cocone™(f, A) by (§,7) A, (GoAN's oAy ). The
first argument go)\g,l is easy to verify has the correct properties. For the second argument
A\71, essentially the same check (using naturality and that )\]_Vl is a chain map) as for 24
gives that this defines an honest map into Cocone”(f, A). It is easy to verify that for each
A € Chg, Z4 and %4 are inverses. Hence 24 defines a bijection.

Naturality check on 2 .): We verify that the following diagram commutes,

A Cocone”(f, A) za Cocone”(idy @ f, A)
o ~rrmmmmmansy - F(a) G(a) )
B Cocone™(f, B) 7 » Cocone”(idy ®@f, B)

B

for each chain map a : A — B and with F(«a) and G(«) defined by “postcomposition”
F(a)(g,n) = (a0 g,an). We find that for (g,77) € Cocone”(f, A) we have that

ZB(F(a)(g,n) = Zp(aog, an)
= (04090)\%(0”7) O)‘M)v
while
G(a)(Zalg,m) = G(a)(goAn,m0 Aum)
= (aogoAn,a(noy)).
Observe that in degree n, we have that
(a(noAnm))n = ant10mn © (Au)n

= (an)n o (Am)n
= ((an) © Anr)n,

and naturality follows.

We have shown that 2" : F = G, i.e. 2 : Cocone”(f,—) ~ Cocone”(idy ®f,—) is an
isomorphism of functors Chp — Set. Since we already have (in the functor category
Fun(Chg, Set)) the isomorphism

homch , (hcoker(f), —) =~ Cocone(f, —)

and

homch,, (hcoker(idy @), —) =~ Cocone” (idy ® f, —)
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it follows that we have the isomorphism

homc, (hcoker(f), —) =~ Cocone’(f, —)

Z Cocone” (idy @ f, —)
~ homChR (H, —) by (3.2.7)

in Fun(Chg, Set). By |Riel6, Prop. 2.3.1.(iii) = (i)] it follows that hcoker(f) ~ H. Indeed,
Yoneda’s lemma |Riel6, Theorem 2.2.4] provides a unique isomorphism

v+ H =~ hcoker(f),

such that v* : homcp, (hcoker(f), —) = homch,, (H, —) is precisely the composite in
where v* denotes the pullback g — go~y (7 must be an isomorphism since full and faithful
functors [the appropriate yoneda embedding, in this case] reflects isomorphisms [Riel6),
Exercise 1.5.vi.(i)]).

O]

Theorem 3.2.11. Let M i) N be a morphism in Chg that is injective in each degree.

Then the canonical morphism hcoker(f) — coker(f) to the level-wise cokernel is a quasi-
isomorphism.

Proof. We use the explicit cone model Cone( f) (defined as in definition 3.2.1]) for hcoker( f)
coming from theorem Let ¢ : No¢ — coker(f) be the canonical map defined
in degree n as ¢, : N, — N,/im(f,). Then go f = 0. Hence we have the triv-
ial zero homotopy 0 = ¢ o f and since ¢ has appropriate domain and codomain it fol-
lows that (q,0) € Cocone’(f, coker(f)) which under the bijection Cocone®(f,coker(f)) ~
homch,, (hcoker(f), coker(f)) gives us a unique chain map 7 : hcoker(f) — coker(f) such
that

TOUe =( (3.2.8)

and
e =0, (3.2.9)

with ue, e defined as in the proof of theorem We then see that by in degree, we
have that

(FOU.)n = Tn O Un
= dqn-

Since we may write any element (a,b) € M,,_1 ® N,, as

(CL, b) = _'Yn—l(a) - un(b)
it follows that
mn(a,b) = mp(—yn-1(a) — un(b))

= *Wn(r}/nfl(a)) - 7Tn(un(b))
= —7n (un (b)), since 7y, = 0

= mn((0,0))
= —gn(b). (3.2.10)
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We now show that the induced map H(7) : H(hcoker(f)) — H(coker(f)) on homology, is
an isomorphism in each degree n, i.e. a quasi-isomorphism.

H(),, is surjective: Let [b] € H(coker(f)), with b = g,,(b) € coker(f), = N, /im(f,). Since

b € ker (dZOker(f)) we find that

0= d;:loker(f) (B)
= a2 (g, )
= gn_1dY (D), since ¢ is a chain map,
so that d¥(b) € im(f,_1), i.e., there is an a € M, _1 so that f,_1(a) = dY(b). Upon
applying dY_; to this we find that
0= d}_ydy) (b)
= dﬁf—lfn—l(a)

= fn_od™ |(a), since f is a chain map.
We have that f,_s is by assumption injective, hence dﬁ/f_ 1(a) = 0. It follows that

de" D (a, =b) = (=dpLy (@), =y (b) + fu-1(a))
= (07 0)7

so that (a, —b) € ker (dﬁ“‘e(f)) ~ [(a, —b)] € H(hcoker(f)),. We then see that

H(m)n ([(a, =b)]) = [mn(a, =b)]
= [—qn(=b)],  byB2.10
= [0,

so that H(m),, is indeed surjective.

H(m), injective: Let (a,b) € ker (d2°”e(f)) C My—1 & Ny, so that H(m),([(a,b)]) = 0.

This means that [—g,(b)] = 0 € H(coker(f)),. Hence there is a ¢ € coker(f),+1 =

Npt1/im(fn+1) such that dfﬁﬁr(f) () = —qn(b). But gnt1: Npy1 — coker(f)n41 is surjec-

tive, so there is a ¢ € N,41 such that

—u(b) = 25V ()

= %5 (gt ()

=qn (an+1(c)) , since ¢ is a chain map

& galb+dY,1(c) = 0.
It follows that b+ d2 ;(c) € im(fy) so there is some x € M, such that
Fal@) = b+ dY1(0) & ful@) — dNpy(e) = b (3:2.11)
Since (a,b) was a cycle, we find that —d} ,(a) = 0 and

dN () + fai(a) =0 < d¥(b) = —fu1(a) = foi(—a). (3.2.12)
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Upon applying dY to equation we find that
dy (fa()) = dy! (b)
& fn-1 (dﬁ/[(x)) = dN(b), since f is a chain map
& Joo1 (@) (@) = fa-a(-a), by B2I2

By injectivity of f,,_1 it follows that d)(x) = —a. Hence, we see that

S (@, —¢) = (—dM (x), fulz) — ANy (€))

- (a7 b)’

so that (a,b) € im (diinf(f)> ~> [(a,b)] = 0 € H(hcoker(f))n. Therefore, H(),, is injective.

We conclude that H() is an isomorphism in each degree n, i.e. 7 is a quasi-isomorphism.
To conclude that this is independent of the specific model for the homotopy cokernel we
choose, we note that any two homotopy cokernels say H and Cone(f) of f, are related as
in the diagram below,

i omch, (H, coker(f)) - > homch,,(Cone(f),coker(f)) ~ mor=m
\ O /

Cocone”(f, coker(f))

R

9

(7 o pte, ™) = (g, 0)

Hence 7’ = 7o 7! and since we showed that 7 is a quasi isomorphism and 77! is an
isomorphism it follows that 7’ is a quasi-isomorphism. O

The example provided below shows that the canonical map hocoker(f) — coker(f) in
need not be a homotopy equivalence (recall definition |3.1.15)).

Example 3.2.12. Let R = Z and consider the complex Z in Chg and let f : Z — Z

be the chain map with degree zero homomorphism fy: Z Ny multiplication by 2. Then
f is injective in each degree, and with coker(f) = Z/27Z.

If we take as model for hcoker(f) the cone Cone(f) of f, then we see that

0bZ~7Z,n=0,
Cone(f)n=192®0~Zn=1, |,

0, otherwise.
with differentials

dCone(f) _ (va()), ifn=1
' 0, otherwise.
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Then we see that the canonical map 7 : Cone(f) — coker(f) is given by in degree n
on elements (a,b) € Cone(f), by mn(a,b) = —gn(b) = ¢»(b) mod 2 = b. We find then
that mo : Z — 7Z/27 is the projection homomorphism and that m, = 0 otherwise. We
claim that this is not a homotopy equivalence. If it were, there would exist a chain map
g : coker(f) — Cone(f) and a chain homotopy idcoker(sy = 7 © g. Now consider that
g : coker(f)o — Cone(f)o is a map Z/2Z — 0 @ Z. The only possible such map is the
zero homomorphism, since Z has no torsion elements. But then w o g must be the zero
homomorphism in each degree. Since all differentials of coker(f) are zero, this would force
in particular

(1o g)o —idgez =0,
=0
& idg /07 =0,

which is impossible. Hence 7 is not a homotopy equivalence, but is a quasi-isomorphism
by theorem [3.2.11

Definition 3.2.13 (Suspension). For M, a chain complex in Chg, we define
Y M, := hcoker(M, — 0) (3.2.13)

as the homotopy cokernel of the zero map M, — 0, and we call this the suspension of
M,.

Observe that if we take the cone Cone(M, — 0) as a concrete model for the homotopy
cokernel of My — 0, then we find that

(XMs,)y, = Cone(My — 0),
= n—1 @ 0

~
~

n—1,
and that
M (a,b) = (—d}L(a),0)
~ —dM | (a), canonical isomorphism.

Hence the nicest model to work with here is this isomorphic model with complexes shifted
down by one degree and with differentials in degree n as —d ;. We denote this complex by
M,[1] and unless otherwise stated, make the identification M, = M,[1]. One notes that
for k > 0, ¥M, is the complex which in degree n has the module M,,_; and differential

dZ*Me = (—1)k@Me, . We denote this by M,[k].

There is then a natural extension for k > 0, as Y kM, = M,[—k] defined as the complex
with degree n module as M, and differential d> "Me = (—l)kdﬁjk. We will call the
process of taking ¥~ ' M, of a complex M, desuspension. It follows that for any k € Z we
may write X¥M, = M,[k]. We will later show that there is a corresponding homotopical
construction to the “ordinary kernel”, the “homotopy kernel” hker( - ), such that X~ M,
and hker(0 — M,) are canonically isomorphic, i.e. the former is a model of the latter. We
observe that

Hy (SF0ML) = Ho (M), (3.2.14)

since homology is insensitive to the sign-changes in front of the differentials and only care
about shifts in degree.
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Furthermore, it is (almost) immediate that ¥* defines an equivalence of categories
¥*: Chg — Chg.

if one just think of ¥ as the shift functor. Perhaps more notable is that ¥* is such that it
both preserves and reflects homotopies, i.e.

frgeXhfosky
It is furthermore immediate that ¥¥0, = 0,. In particular, we claim it follows that ©*
preserves homotopy cokernel sequences, i.e. sequences on the form

ML N hcoker(f)

for some chain map M i) N in Chp, which will become important in §3.4.

Remark 3.2.14. We reiterate that we will mostly make the identification of !X with X[i]
such that '
(X'X), = (XT[i])e = Xo—s
and with differential , ‘ _
= = ayar,
in this thesis.

Theorem 3.2.15. Let M L5 N be an arbitrary chain map in Chgr. Then f is a quasi-
isomorphism iff hcoker(f) is acyclic.

Proof. Take as a concrete model for hcoker(f), the cone Cone(f). We denote this cone by
C,. Observe first that C is acyclic if and only if every cycle in C,, is a boundary, for each
n. An element z = (a,b) € C,, = M,,_1 ® N, is a cycle precisely when d* (a) = 0 and
dy (b) + fa-1(a) = 0 & d}Y (b) = — fu-1(a).

= Assume that f is a quasi-isomorphism, and let (a,b) € C,, be an arbitrary cycle. Then
fn_1(a) = —dY (b) is a boundary in N,,_1. It follows that

Hn-1(f)([a]) = [fn-1(a)]

By assumption, H,_1(f) is injective, so [a] = 0, i.e. a = d¥ (a’) for some a’ € M,,. Hence
we have that

dyy (b) + fo-1(a) = 0
& dY (b) + fa (dX (d))) =0
& dY(b) +dY (fu(a)) =0, since f is a chain map
& dY(b+ fu(d)) =0
= b+ fu(a’) is a cycle in N,,.

Since H,(f) is surjective, there exists a cycle y € M,, such that H,(f)([y]) = [fn(v)] =
[b+ fn(a")] in H,(N), which means that there is a z € N, 41 so that

dp'1(2) = faly) — (0+ fu(a))
S b= fauly—d) =y (2).
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Then we see that

S (~(y—a),—2) = (=di(y — a), fuly — d) + A1 (—2))
= (a’7 b)7

so that (a, b) is a boundary. We have shown that every cycle is a boundary, hence H,,(C,) =
0, i.e. C, is acyclic.

<: It is enough to show that H, (f) is injective and surjective.

Injective: Let [a] in Hy, (M) such that H,(f)[a] = 0. Then f,(a) is a boundary in H, (N),
so there is some b € N1 such that d,(b) = fu(a) < fu(—a) +d,;(b) = 0. Then

d\ 1 (—a,b) = (d5(a), fu(—a) + dY,1 (b)) = (0,0),

using that a is a cycle in M,,. Since C, is acyclic by assumption, it follows that every
cycle is a boundary. Since (—a,b) in Cp41 = M,, & N,+1 was a cycle, it is boundary, so
there is an element (z,y) € Cpi2 = My41 @ Nyyo such that

d7€+2($79) = (—a,b).

But this means precisely that —d ,(z) = —a & d ,(z) = a, i.e. a is a boundary, so
that [a] = 0. Hence H,(f) is injective.

Surjective: Let [b] € H,,(N) be arbitrary, where b is by definition some cycle in N,,. Then
(0,b) € Cy, is a cycle, hence by acyclicity of C, it is a boundary, i.e. there are (z,y) € Cp41
such that dS,  (z,y) = (0,b). This means that —d (z) = 0 and f,,(z) + d2,; (y) = b.

Together, this gives that = is a cycle in M, such that

Ho () ([2]) = [fn(@)]

=[b— d7]1V+1(y)]
= [b].
We conclude that H,(f) is surjective.
It follows that H,(f) is an isomorphism, and so f is a quasi-isomorphism. O

Theorem 3.2.16. Given a chain map M L> N in Chpg, we have that f is a homotopy
equivalence iff hcoker(f) is contractible.

Remark 3.2.17. To give context to the proof below: Observe that whenever we have an
R-module homomorphism S: A® B — C & D in Modpg, then both A® B and C @ D are
biproducts, i.e. both products and coproducts in Modg, so there are associated product
and coproduct maps ta,tp,tc,tp and w4, g, 7o, Tp. Let

a:=mcoSowy: A—C
B:=mcoSowg:B—=C
vyi=mpoSoty:A—D
d:=mpoSowg:B—=D

(3.2.15)
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Let (a,b) € A® B be arbitrary. Then

S(a,b) = S((a,0) 4+ (0,0))
= 5((a,0)) + 5((0,0))
= S(ta(a)) + 5(p(b))
= (a(a),v(a)) + (B(b),5(b))

where we in the next to last equality used that any z € C & D is on the form z =
(mc(z), mp(x)) together with how we defined the maps in|3.2.15| Hence we may represent
any such map S on the form
_(a B
5= <7 ) ) '

In particular, if we have the identity id : A® B — A @ B then one may check that we may

represent id as
., (ida O )
id = < 0 idg)

Proof. We work with the cone C' := Cone(f) of f as a model for hcoker(f).

=-: By hypothesis we are given the data of a chain map g : N — M together with chain
homotopies h, k where h: M — M[—1] and k: N — N[—1] satisfies

dMh 4+ hdM = go f —idy (3.2.16)
and
dVk 4+ kd™ = fog—idy, (3.2.17)

respectively. Define A := (A,)pez with A, : M,y & N,, — M,, ® N, 41, explicitly by
Ap(a,b) := (hp—1(a) + gn(b), —kn(b)). Then we see that for (a,b) € M,,—1 ® N,,, we have

dii 1 An(a,b) = diyy (hn1(a) + gn(b), —kn (D))
— (@M (“hn-1(0)) — d¥ (ga(8)), —ds1(iu()) + Falln-1(a)) + Faga(®))
and
An-1 (d7(a,0)) = Auer (—diLi(a), dy (0) + fa-i(a))
= (—hns (d1(a)) + gnr (@5 (1)) + gn1 Fu1(@), —hn1 (Y (B) = kn1 (fa1(a)))
Therefore, one finds that, by using that g is a chain map, together with [3.2.16] and [3.2.17],
(dg+1An + An—ldg)(aa b) = (a7 b+ fn(hn—l(a)) - kn—l(fn—l(a)))-

Letting ¢, : M,,—1 — N,, be defined by ¢,,(a) = fnhn—1(a) — kn—1fn—1(a), we see that the
computation above gives that d°A + Ad® = P with P,(a,b) = (a,b + £,(a)). Now, since
P =d°A+ Ad, we have that

P,_10 dg = (dghn71 + hn72d§_1) °© dg’

= dghn_ldg, since d? = 0,
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while
dS o P, = dS o (dy 1 hn + hn1dS)
= dghn_ldg, since d? = 0.

It follows by the last two computations that P : C' — (' is a chain map. If we define
Q : C — C by Qun(a,b) = (a,b — £,(b)) then it is straightforward to check that @ is
degreewise a mutual inverse to P. Therefore, @ is also a chain map (to see this start from
the equation dg_an = Pndg and then first precompose with @),, and then postcompose

with @, _1 ) .

Let S : C — C[-1] (i.e. as a family of homomorphisms C,, — Cj,11) be defined by
Sy = Ay, 0 Q. We then see that for (a,b) € M,,—1 & N,, we have

Sp(a,b) = Ap(a,b—ly(a))
= (hn-1(a) + gn(b) — gnln(a), kn(ln(a)) — kn(D)).

Then, we find that

A5 1S+ Sno1df = dS 1 AnQn + A 1Qn1d
= dgHAnQn + Ay 1dSQn, since (@ is a chain map
= (541 An + Ap1dS) 0 Qn
=P,0Q,  sinced’A+ Ad° =P

=idg,, since () is a mutual inverse of P.

We conclude that S is a witnessing null-homotopy 0 ~ id¢, i.e., C = Cone(f) is con-
tractible.

<: Assume C' is contractible. Then there exists a family of R-module homomorphisms
(Sn)nEZ with Sy, : Cp, = M1 & Ny = Cp1 = My, @ Npyq so that

d°S + Sd° =id¢ .

By remark we may represent S, on the form

_ [ CGn Bn
S"_<% 5n>'

Let (a,b) € My,_1 ® N, be arbitrary. We find that
45, 1Sn(a,b) = d° (an(a) + Bu(b), va(a) + 5,(b))
= (~d (@n(@) — A (Ba(®)). 2,1 (v (@) + A1 (Ba () + ful(@n(@) + fulBu(b))).
Next, we see that
Sn-1dyy (a.0) = Suoy (=il (a), 4} (0) + fa-i(0))
- ( — a1 (d1(a)) + B (A (0) + Boo1 (fa1(a)),
1 (d31(@)) + 6t (AN (1)) + Gn-1(f-1(2)) ).
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Adding these together and using that this should equal (a, b), and comparing expressions,
we see that

_an/Bn + Bn—ldﬁ[ =0
_d%an - Oén—ldr]y_l + /Bn—lfn—l = id]wn_1 , (3218)
N1 0n + faBn + On1d] =idy,

where we have left out one condition.

The first condition in [3.2.1§|tells us that 3 : N — M is a chain map. The second condition
tells us that Sf ~ idy; with chain homotopy o := (—ay, )nez, and the last condition tells
us that ff ~ idx with chain-homotopy ¢ := (6, )nez. We conclude that f is a homotopy
equivalence. O

The statements in Theorems [3.2.15] 13.2.16| tells us that there are conditions on the
homotopy cokernel of a chain map f that tells us when f is a quasi-isomorphism or a
homotopy equivalence.

Theorem 3.2.18. Given a morphism M L> N in Chg, there is a homotopy equivalence

Y M ~ hcoker (N - hcoker(f)) .

Proof. Take the concrete cone model hcoker(g) = Cone(g) for each chain map g. Recall
that the universal map N 2% hcoker(f) is then on the form b+ (0, —b) in each degree.

We see that hcoker(u) = Cone(u) is then such that

Cone(u),, = Nyp—1 @ Cone(f),
~ Np—1 S¥ Mn—l S¥ Nn

and we make the identification Cone(u), = Np_1 ® My,_1 & N,, with differential
dSone (a,b,c) = (—dy (), dS"0) (b, ¢) + un—1(a))
= (=dY 1 (), (=5, (b),dY () + fa1(b)) + (0, —a))
= (=di_1(a), —d}L (b),d} (c) + fu1(b) — a),
for (a, (b,c)) = (a,b,c) in Cone(u),.
For M we take its model as M[1] with differential a — —d?’ | (a) for a € (M[1]),.
Define

pn : Cone(u), — (XM),, (a,b,c)—b,
and
in: (M), — Cone(u)n, x> (fao1(x),z,0).

We check that p and i are chain maps.
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p chain map: Consider (a, b, c) € Cone(u),. We check that the following square commutes,

dCone(u)

Ny 1M, 1PN, = Np2® My 2@ Npy
Pn Pn—1
Mn—l d%M ” Mn—2
We have
Pt dSm (a,b, ) = oy (=4 (@), 24 (0),d2 (€) + fur (1) — a)

= _dﬂf—l(b)
= _dﬂf—lpn(aa b, C)
= dTElMpn(a, b, c).

Hence p is indeed a chain map.
i chain map: Let z € (XM ),, = M,,—1. We check that the following square commutes,

dE M

My, - > My,

Ny 1D M, 1PN, Np—2® Mp_2® Npq

dTCLone(u)

We find that
dgene™iy, () = S (f, 1 (x), 2, 0)
= (=d)_\(fa1(2)), =dL (@), fa1(2) = fu1(2))
= (= fa-2d)’ 1 (z),—d}" 1 (z),0),  since f is a chain map
= in-1 (—dpls ()
= in_1d;M (2).

Hence 7 is a chain map.

Define h,, : Cone(u), — Cone(u)n+1, hn(a,b,c) = (—¢,0,0). This is evidently a homo-
morphism in each degree. We find that

A h,(a,b, ¢) = dSSE™ (=c,0,0)
= (dg(c),(),c)

and

hn-1d$°" ) (a,b,¢) = (a = fu1(b) — d} (c),0,0)
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so that

(A b + 1S (a,b,¢) = (2 (0),0,¢) + (@ — fu1(b) — ) (c),0,0)
( — fn— 1( )7070)
= (a,b,¢) = (fn—1(b),b,0)
= (ldCone - Z © p))n (CL, b7 C)7
so that 10 p >~ idcone(u)- Clearly py o, = id(sar) , so that poi =idsas. We conclude that
Y M =~ hcoker(u).

O

3.3 Homotopy kernels

We recall that in for example Modg (and additive categories more generally; cf. [Yek19,
Def. 2.3.1]), given a morphism M Iy N o R-modules, there is an R-module ker(f)
equipped with a morphism ker( f) LAY , satisfying

1. fok=0.

2. If ¥ : K/ — M is any other R-module homomorphism such that f ok’ = 0, then

there is a unique morphism ¢ : K’ — K such that k¥’ = ko g. We may represent this
with the following diagram,

f
K—* sy~ N
-~ 0

3!

g W
K/

One checks that the kernel ker(f) of an R-module homomorphism M I Nis precisely

the pullback
ker(f) 0
N

L

We call a A % B 5 C a kernel sequence if
(i) vou=0.
(ii) (A,A % B) is a kernel of v.

_—
_—
of the cospan M i> N 0.

We now define the corresponding “homotopical” notion of a kernel, in Chg.

Definition 3.3.1 (Homotopy kernel). Let My —— N, be a chain map in Chg. Then
the homotopy kernel of f, is a chain complex hker( fo) together with a universal chain
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map hker(fo) 4 M, such that for any chain complex T,, postcomposition with v, and
specified witnessing chain homotopy 0O, 2e fe 0 e induces a natural bijection

homch, (Ty, hker(fo)) =~ {(g.,u.) ‘ morphism ge:Te—Me } '

0o =2 fe0ge null-homotopy (331>

More explicitly, a homotopy kernel is the data of a triple (hker(fs), ve,7e) Where the “post-
composition” homch, (Te, hker(fe)) 2 e — (Ve © (te, NMete) determines the bijection m
(cf. [3.2.3]). Another way to phrase this, is that hker(f,) is the homotopy pullback

hker(fo) > O

M, N,

of the diagram M, LN Ny < O,.

Theorem 3.3.2. With the model hcoker(fs) = Cone(fs) of a chain map M, ELN N, in
Chgr, we have that ¥ "'hocoker(fs) = M,, defined in degree n as the projection to the first

argument M, , is a homotopy kernel of fo, with witnessing chain homotopy h : Og >~ feo
defined in degree n by hy(a,b) = —b.

Proof. Let Ko := Cone(fo)[—1], i.e. so that K, = M, & N,y;. First, it is easy enough to
check that 7 is a chain map.

h
0 ~ feom: Consider h, : K, — Np4+1 on elements by (a,b) — —b. This is an evident
family of homomorphisms for n € Z. Let (m,z) € K,,. Then
(an+1hn + hnfldnK) (m,z) = dﬁq_l(—x) + hna (dﬁ/l(m), *dq]@\[+1($) - fn(m))
= fn(m)
= (fnom)(m,z).
Hence h := (hy)nez is a chain homotopy 0 ~ f, o 7.
Universal property: Let Ty be any chain complex in Chg with a chain map a, : Te — K.
Since a,, maps into a (categorical) product, the universal property (in Modg) gives that
an = (gn,Sn) with g, : T, — M, and s, : T,, = Np11. In particular, we see that

moa=g:Ty — M,. Since a is a chain map, it follows that da = ad”, which in degree
n is the same as

(d%gn, *d:y—i-l O 8Sn — fngn) = (gnfldz;v Snfle) .

Comparing first arguments gives that ge := (gn)nez is a chain map. Comparing second
arguments, we see that s := (=, )nez = (hnn)nez is a chain homotopy 0s 2 fe © ge.

Now instead assume we have a chain map ge : Te — M, and a chain homotopy O, 2 feOGe.
Let a := (ap)nez with an(t) :== (gn(t), —sn(t)). Then

driz(an(t) = (angn(t)v dr]:[—i-lsn(t) - fngn(t))
= (9n1d (8), —s01di (1))

= an_leZ(t),
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so that « is a chain map T, — K. One checks that the two operations described above
are mutual inverse operations, hence gives a bijection, where the first direction is precisely
the defining operation by “postcomposition” with (7, k). The conclusion follows. O

Remark 3.3.3. Note that since X 'hcoker(f) = hker(f) by theorem and since
3.2.15

Y~ theoker(f) is acyclic iff hcoker(f) is acyclic, it follows by theorem [3.2.15(that hker(f) is
acyclic iff f is a quasi-isomorphism.

Theorem 3.3.4. For any morphism M i> N in Chg, the dashed arrows below are homo-
topy equivalences.

!
hker(u) ———3 N hker(f) ' 0
u v
0 ————— hcoker(f) M ——— hcoker(v)

Proof. Recall definition[3.1.15] Let’s work with models hcoker(f) = Cone(f) and hker(f) =
Cone(f)[—1] for any morphism f in Chg. We saw in theorem that projection to the
first factor was the universal map for this model of the homotopy kernel, and we have seen
that (cf. proof of 3.2.6) u : N — C, defined in degree n by b — (0, —b) is the universal
map of the homotopy cokernel model C,.

M --» hker(u) is a homotopy equivalence: We first observe that we have that

Cone(u), = Ny—1 @ Cone(f),
= Np1® My—1 S Ny.

Hence

hker(u), = (X' Cone(u))
= Cone(u)n41
=N,D M, D Npii.

Since desuspension shifts the differential one degree upwards and puts a minus sign in
front of it, we find that for (z,a,b) € N, ® M,, & N,+1 we have

4 (2, 0,b) = (d (2), 4 (a), ~dNy1(B) — fula) + ).

We need to find the induced map M --» hker(u). Assume we are given the chain map

ML Nanda null-homotopy 0 £ uof. Observe that in degree n we have that (uof)n(a) =
(0, —fn(a)) for a € M,. By the proof of theorem we see that v = (7yn)nez defined
by v : M, — Cone(f)n+1 = My @ Npg1, a — (—a,0) is the requisite witnessing
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null-homotopy 0 = wu o f. By the proof of theorem we then find that the dashed
arrow « : M --» hker(u) is on the form a, = (fn, =) so that

an(a) = (fn(a)7 _(_a7 0))
= (fn(a)7a70)'

Define 3, : hker(u), = N, & M, & Nyy+1 — M, by Bn(z,a,b) := a. An easy check gives
that g is a chain map.

It is immediate that f o« = idys. Let s := (sp)nez where s, : hker(u), — hker(u),4+1 be
defined by s, (x,a,b) = (b,0,0). Then we find that

et s (2, a,0) = (d,1(),0,b)
and
sno1dy ™ (,a,0) = (=d3,, (0) — fu(a) +,0,0) .
Hence
(d s+ sd"™) (2,a,b) = (& = fu(a),0,b)
= (idpker(w) — (@ © B))n(®, a,b).
Therefore oo 3 = idpyer(u)- We conclude that M --»+ hker(u) is a homotopy equivalence.

hcoker(v) --» N is a homotopy equivalence: Let K, := hker(v) = Cone(f)[—1], so that
K, = My, ® Nyqq and dX (a,b) = (dX (a), —d2 1 (b) — fn(a)) with universal map v : K, —
M defined by v, (a,b) = a, together with witnessing specified nullhomotopy

0 L fouw, hn(a,b) = —b, (cf. proof of theorem [3.3.2)).

Let Eo := hcoker(v) = Cone(v), so that

En = Kn—l S¥ Mn
- n—l@Nn@Mn

and with differential
d(a,b,c) = (—d& (a,0),d (c) + vn-1(a,b))
= ((—dAL (a),dY (b) + fu-1(a)),d}! (c) +a)
= (=d}L\(a),d} (b) + fu-1(a),d} (c) +a) .
Observe that the last equality above is really a canonical isomorphism.

We next investigate how ¢ : F4 --+ N is induced. From the proof of theorem [3.2.6| we see
that ¢,(a,b,¢) = —hp_1(a,b) — fn(c) = b— fu(c).

To show that ¢ is a homotopy equivalence, let j : N — E, be defined by j,(y) = (0,y,0).
It is straightforward to check that j defines a chain map. Then go j = idy. On the other
hand, if we let 4, : E;, — E,,4+1 be defined by £, (a,b,c) = (¢,0,0), then

dg+1€n(a7 b7 C) - d7€+1 <C, 07 0)
= (=d(e), ful0),c)
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and
lo1df (a,b,¢) = boy (—dil 1 (a),d) (b) + fu-1(a),d} (c) + a)
= (dfy(c) + a,0,0) .
Therefore, we find that

(@ +€d") (a.b,¢) = (a, fulc). <)

(
= (a,b,c) = (0,0 = fn(c),0)
(CL b C) ]nCIn(a b, C)

= (idg —j o q@)n(a, b, ).

It follows that idg —jq = d¥¢ + ¢d¥ so that idg ~ j o g. We conclude that ¢ : E --+ N is
a homotopy equivalence. O

We say that two sequence A = B Lcand A% B Y ¢ in Chgr are homotopy
equivalent if there are vertical homotopy equivalences as indicated below such that the
two squares commute up to chain homotopy

A a » B » C

o~ O up to chain homotopy ~ O up to chain homotopy ~

A > B’ > '
a// 7 b/ 7

The reason such sequences are interesting, is that when going to homology, the n'" ho-
mology functor H,, turns this into actual commuting squares in Modg, where homotopy
equivalences becomes isomorphisms, i.e. we get an isomorphism of sequences in Modp
(same notion as homotopy equivalent sequences but with homotopy equivalences ~ re-
placed by isomorphisms 2 and occuring in Modp instead of Chg).

In particular, theorem gives us, for any chain map M i> N, the following homotopy
equivalent sequnces,

M ! N —“ heoker(f) hker(f) v M hcoker (v)
o~ % id lid and idl id % ~
hker(u) N C hcoker(f) hker(f) M 7 N

Observe that the lower row in the left diagram is a homotopy kernel sequence and the
upper row is a homotopy cokernel sequence, while the upper row in right diagram is a
homotopy cokernel sequence and the lower row is a homotopy kernel sequence, so at the
level of homology they are the same up to isomorphisms.

This is not true (exchanging homotopy equivalence for isomorphism) in for example Modpg:
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e Let A% B % C be a kernel sequence in Modg. Then vou = 0 and (A, u) is a kernel
of v. That u is a kernel of v implies that u is a monomorphism, which is equivalent
to u being injective (see Lemm. One may further show that u being a kernel
of v means that im(u) = ker(v). Hence we may augment the sequence to an exact
sequence 0 - A = B % C. If v is a cokernel of u then this implies that v is
epic, which by Lemma [5.3.3] tells us that v is surjective, so we may further augment
the sequence to an exact sequence 0 — A = B = C' — 0. This shows that if v
is mot surjective, then a kernel sequence can not be a cokernel sequence, e.g. take
0 2=% 7 Y=2 7. Since ker(v) = 0 < v is injective it follows that 0 = Z is its
kernel, so this is a kernel sequence. But im(v) = 2Z so v is not surjective, hence this
is not a cokernel sequence.

e On the other hand if A % B % C is a cokernel sequence then v o u = 0 and (C,v)
is a cokernel of u. Then one may show that ker(v) = im(u) so it follows that we
can augment this to an exact sequence A = B = C — 0. If u is a kernel of
v then u is monic hence injective so we may augment this further to a sequence
02 A5 B35 C— 0. It follows that a cokernel sequence being a kernel sequence
implies u is injective. Hence if we have a cokernel sequence on the form A = B 5 C
with u not injective then it can not be a kernel sequence. Take for example the

sequence Z %79 7. The composition id o 0 = 0 is clearly zero and coker(0) = idz

. 0 ). L o
so this is a cokernel sequence, but Z — Z is not injective, hence this is not a kernel
sequence.

We summarize the definition of the homotopy kernel and cokernel given in §3.2 and §3.3,
and how they relate to the corresponding kernel and cokernel notions in Modg. For the
analogy between kernels in Modgr and homotopy kernels in Chg, we have the following:

MOdR ChR

0 hker(fo) ——— 0
7 N M, T N,

hommod,, (T ker(f)) = {g: T — M | f o g =0} | homch, (Te, hker(f)) = {ge : To = My | fo 0 ge = 0}.

For cokernels in Modg, respectively homotopy cokernels in Chg, we have the following
relationships

MOdR ChR
Mt N M, — N,
| | -]
0 ——— coker(f) 0 ————— hcoker (f,)

hommod , (coker(f),T') homch, (heoker(f),T)

~{g:N—T|gof=0} %{g.:N,%T,]g.of.gO}.
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It is quite clear from the above comparisons that the definitions of homotopy kernel and
homotopy cokernel in Chg are as close as you can get to the corresponding notions of kernel
and cokernel in Modp if one replaces equalities with chain homotopies. Observe however
that the bijections in the homotopical case involve a choice of witnessing nullhomotopy,
and that one may emphasize this choice by decorating the arrow = in the homotopical
pullback and pushout diagrams with the specified witness (although we don’t do that in
the above tables).

3.4 Exact sequences
Definition 3.4.1 (Exact complex). We say that a chain complex M, € Chg is exact in
degree n if H,(M,) = 0.

Definition 3.4.2 (Short exact sequence). A sequence of R-modules

0—M-IsN2sL 0

in Modg such that f is injective, g surjective and im(f) = ker(g), is called an exact
sequence.

Remark 3.4.3. Observe that an exact sequence in Modg can also be seen as an acyclic
chain-complex in Chg.

Theorem 3.4.4. Let M i> N be a chain map in Chp, the sequence

Ho (u)

ol Ho (V) 22, Ho (heoker(£))

Ho(M)
15 exact.

Proof. Let’s choose the specific cone model Cone(f) for hcoker(f). Recall diagram
Since Hp(—) is functorial, since Hyp(0) = 0 and since Ho(—) identifies chain homotopic maps,
it follows that im (Ho(f)) C ker (Ho(w)). It remains to show that ker (Ho(u)) C im (Ho(f)).
Let [b] € ker (Ho(u)) be such that

Ho(u)[b] = 0. (3.4.1)

Since [b] € Ho(N) we have that b € Ny with d)’(b) = 0. With the cone model, means
that [(0,—b)] = 0. It follows that (0,—b) € Cp is a boundary, so there exists an element
(a,c) € My @ Ny such that

C

47 (e, ¢) = (~dg" (@), a7 (€) + fo(a))
= (0, —b).

It follows that d}!(a) = 0 so that a is a O-cycle in M, and so that fo(a) +d¥¥ (c) = —b, i.e.
so that fp(a) and —b differ by a boundary, so that they become equal in Ho(/N) (observe

that if a is a O-cycle then —a is a 0-cycle in M so that fy(—a) is a 0-cycle in Ny since f is
a chain map). Hence

so that [b] € im (Ho(f)). Therefore, im (Ho(f)) = ker (Ho(u)). Exactness follows. O
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Theorem 3.4.5. Given a sequence of morphisms

0—L-tsMm2sN_—0

in Chg that is exact in each dimension, there is an associated long exact sequence

Hn+1(g) Hn+]_ (N)

Ho(L) — 20 on oy — 29 1wy

H,—1(L) —W) .
(3.4.2)

Remark 3.4.6. We call the morphisms 0 in diagram [3.4.2| connecting homomorphisms.

Proof. See [HatO1, pp. 116-117]. O

Starting with a morphism M i> N of complexes in Chg, we have seen that we get an
associated sequence of maps

hker(f) — M LN hcoker(f).

Now observe that we also have homotopy cokernel sequence
hker(u) — N % hcoker(f).

In theoremwe saw that X~ 'hcoker( f) is a homotopy kernel of f ~ % (Z_lhcoker(f)) =
hcoker(f) = Xhker(f), and theorem [3.2.18|told us that £M ~ hcoker(u). Furthermore, we
recall that H,, o ©* = H,,_;, so in particular Hoo X¥ =2 H_}, for all k € Z. Then we observe
the following:

(1) M ER TN hcoker(f) is clearly a homotopy cokernel sequence.

(2) Consider the homotopy cokernel sequence N % hcoker(f) = hcoker(u). By theorem
the associated sequence in 0" homology

Ho(V) 22 H (heoker(£)) 227 Ho (hcoker(u))

is exact. By [3.2.18 we have that hcoker(u) ~ XM are homotopy equivalent. Taking
homology, we see that Hg (hcoker(u)) ~ Ho (XM) are isomorphic. Therefore, the
associated sequence

Ho(N) 22 Ho (heoker(£)) 25 Ho (£01)

is exact (with the appropriate map ). Recall that H,, o ©* 2 H,,_,. Tt follows that
we may replace Ho (3M) by H_1(M) and get an exact sequence

Ho(V) 2% H (heoker(f)) % H_1(M).
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¢
(3) Let M % hcoker(v) and hcoker(v) --» N be as in the rightmost diagram in the
statement of theorem Then £ o ¢ >~ f are homotopic maps, and furthermore ¢
is a homotopy equivalence. Taking the 0" homology, we find that

Ho(£ o q) = Ho(¢) o Ho(q)
= Ho(f),

with Hp(¢) an isomorphism. Therefore, exactness of

Ho(hker(£)) 22 Ho(a1) 229, H (heoker(v))

is equivalent to exactness of

Ho(f)

Holv), oty Hov), (3.4.3)

Ho(hker(f)) Ho(M)

and the former sequence is induced from the homotopy cokernel sequence
hker(f) % M < hcoker(v),
hence is exact by theorem |3.4.4] u It follows that the latter sequence is exact.
Summarizing, from (1)-(3) we obtain the following exact sequences,
Ho(M) 200, Hotw),
Ho (V) o,

Ho(hker(f))

Ho(V) Ho(hcoker(f))
Ho(hcoker(f)) % H_{(M

HO(U) HO(M) HO(f) HO(N

—_

Furthermore, we again recall that ¥* preserves homotopy cokernel sequences, homotopy
equivalences and chain homotopies. It follows that for each k, we get exact sequences

Ho (S*M) = Ho (") — Ho (S*hcoker(f))
Ho (3%N) — Ho (Z*hcoker(f)) — Ho(SF1M)
o

Ho (X*hker(f ) — Ho (Z*M) — Ho (SFN)
H_x(M) — H_(N) — H_g(hcoker(f))

~ ¢ H_;(N) — H_g(hcoker(f)) = H_p_1(M) are exact sequences.
H_x(hker(f )) — H_p(M) - H_(N)

We have a long sequence of maps

RTINS S Vs DN 2 s-Theoker(f)

JN

hker(f) £ M N = hcoker(f)

J~

=f

Shker(f) v SM TN

88



Then taking 0*® homology, i.e. applying Ho( - ) to the above, we get (up to appropriate
homotopies) the long exact sequence in homology (i.e. in Modpg)

Hy (M) Hi(N) Hi (hcoker(f))
Ho(hker(f)) Ho (M) Ho(N) Ho(hcoker(f))
H_1(hker(f)) ——— H_1(M) H_1(V)

(3.4.4)

Observation: If we start with a short exact sequence 0 — L L> M -2y N —0
of complexes in Chg, then since it is exact in each degree, f is levelwise injective and
coker(f,) = N,,. Furthermore these levelwise isomorphisms assemble into an isomorphism

of complexes coker(f) = N. By theorem [3.2.11| the canonical map hcoker(f) = coker(f)
is a quasi-isomorphism. Therefore it follows that N and hcoker(f) are quasi-isomorphic.
Hence we have isomorphisms H,, (hcoker(f)) = H,,(IV) in each degree n. Hence if we apply

the general reasoning in to the morphism L i) M we get a long exact sequence
-o = Hi(L) — Hi(M) — Hy(hcoker(f)) 2 Ho(M) = Ho(N) — - -
which we may then replace with a long exact sequence
cov = Hy(L) = Hy(M) = Hy(N) & Ho(L) — Ho(M) — -+ ,

that is, we get back the long exact sequence coming from theorem The point of this
observation, is that the general construction in [3.4.4] recovers the sequence we get from
0.4.0)
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Chapter 4

Introducing the dg-category of
complexes

4.1 Hom-complexes

Definition 4.1.1 (Hom-complexes). Let M, N € Chgr be complexes. Then we define
homey, . (M, N) € Chy in degree n as

homey, . (M, N),, = H hommod, (Mi, Nin),
iez

with differential

dn
[ ] hommods (M, Nisn) === T [ hommody, (Mi, Nign—1),
1€Z €L

defined explicitly as

{£: € homod,, (M, Niin) ez == {(dN., 0 fi + (=1)" "' fimy 0 ) € hommody, (Mi, Niyn—1)} .
(4.1.1)

Remark 4.1.2. We may at times write hom(M, N) instead of homc, . (M, N).

Theorem 4.1.3. homc,, . (M, N) is a complez in Chy.

Proof. k-module: Observe that since R is a k-algebra, k acts centrally, hence each
hommod, (Mi, Nitn) is a k-module with multiplication

k x hommod, (M, Nixn) 2 (N, fi) = A+ fi € hommod, (M;, Nity).

Taking the (direct) product over i € Z is still internal to Chy, and the conclusion follows.
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d?> =0: Let f := (fi)icz. Then

dn—1dn f = dn_y (d,, 0 fi+ (=1)""" fimy 0 d)
=dN, dN, fi (=) N, fiad)
=0
+ (1), fiad! + (1) fi d )
N——

=0

-~

=0
= (=1)"tal, _ fimad! + (=1 2N, fimad!
0.

The conclusion follows. O

We observe the following:

(a)

Since, by definition,
Zy(homey, . (M, N)) = ker (homChR(M, N)o 2 home,, (M, N),l)
with

homey, . (M, N)o = H hommod , (M;, N;)
iez

and an element in the kernel is then precisely an element (f);cz in the product, with
fi : M — N;, such that do(f) = 0. This means that

(dof)i =dY o f; — fi1dM
=0
= dszz = fifldfw, Vi € Z,

i.e. the maps f; must assemble into a chain map. Since clearly homcp, (M, N) C
[Licz hommody (M;, N;) (under the identification f +— (f;)icz) and the above shows
inclusion in the other direction, it follows that

Zy (homcy, . (M, N)) = homch, (M, N).
Since a nullhomotopy 0 LY [ is the data of homomorphisms h : M — N[—1] such that

for all i € Z we have d2  h;+ hi—1d? we find that, since for any h € hom¢y, (M, N);
we have the formula

(dih); = d 1 hi + hi—1dM.

for the 1% differential, this gives that f is nullhomotopic iff there is an element
h € Homg, . (M, N); such that di(h) = f.
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Taken together, (a) and (b) shows that the induced map ® below, from the k-module
isomorphism @, is itself a k-module isomorphism,

(fidiez * f
Zo(hom(M, N)) . » homen,, (M, N)
(4.1.2)
Ho(hom(M, N)) : » homch, (M, N)/(nullhomotopic maps)

P

Observe that ® is defined by taking [f] in homology to [f] viewed as what we may call its
homotopy class, where f ~ g iff f — g is nullhomotopic.

Before our next set of observations, to not confuse the reader unnecessarily, we refer back

to remark B.2.141

‘We observe that
(X'hom(M, N)) ; = hom(M, N);—;

= [ hommods (M, Nuvyj—s)
nez

= H hommod , (Meti, Netj), after reindexing with £ =n —1
LET

= [ [ hommod, ((£7'M),, Ney;)
LEZ

= hom (7'M, N)

J

Since iterated shifts may introduce sign changes in differentials one has to be more careful
about differentials: From the above we define & : (EiM(M, N)) — hom (E*Z‘M7 N)
explicitly by (®;(f)), = (=1)¥ fo; for f € hom (S°M, N)j.
check that ®; is k-linear. Let W; : hom (7'M, N); — (X'hom(M, N)); be defined by
(V5(9)), = (—1)7gn_; with g € hom (X7 M, N)

J
It is straightforward to

i
Then we see that

(W5(25()n = (=17 (25 (f))n—i
= (=1)* fln—iysi

and

O(W;(9))n = (=1)7 (¥5(9))nti
= (=1)*g(npi)—i
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Hence ¥; is a two-sided inverse to ®; so is also k-linear. Then ® := (®;),cz has an inverse
VU := (¥;)cz. It is then enough to show that ® is a chain map, i.e. a morphism in Chy:
We compute that

(o @y (1) = Xy (e + (27 @)

= (=1)7dY,  fori + (1) f (-1 Hd),

= (—1)9dN p foyi + (1)U DTy dl,

We also have

(s (37400),

(—1)iG—D (dflm(M,N)( f))m

(~1)0D (—1)iater N f))

J—1

l+1i
(D)D) g fos + (-1 al,

(‘Dijdﬁefﬁi + (=1 f qd

Comparison gives that the two computation agrees. We conclude that

S'hom(M, N) = hom (£7"M, N) (4.1.3)
in Chy.
Furthermore, we note that
(X’hom (M, N)), = hom(M, N),;

= ] [ hommodr (Mj, Njse—i)
JEZ

= H homiod , (M, (ZiN)j+€)
JEZ
= hom (M, ZiN)g .

The above computation motivates defining
Ag = ¥'hom (M, N), — hom (M,E7'N),, f—f,

i.e. as the identity map in each degree. What remains to check is that Ay “plays well”
with the differential, i.e. is a chain map. We compute

= dPN fo (1) fy 1dM
= (_1)idé\—fi-n—ifn + (—1)£_lfn71d7j\f[~

On the other hand, we have

(s (=)

)

(1N p))
(—1)fdp oy fn + (D) ya)
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The two computations agree, and since Ay is an isomorphism, it follows that
Ythom(M, N) = hom(M,¥N) in Chy.
Taken together, we then have

S'hom(M, N) = hom (S7'M, N) = hom (M,%'N)  in Chg. (4.1.4)

Below, we introduce a notion of “homotopies between homotopies”, and give a condition
when such a higher homotopy exists.

Theorem 4.1.4. Let f,g: M = N be chain maps, and let ho,h1 : f = g be homotopies.

Then there exists a notion of homotopy hg = hi1 such that such a homotopy exists iff
Hl(homChR(M, N)) = 0.

Proof. Let’s define our notion of a homotopy H : hg = h1 as an element H € homc, , (M, N)2
such that do(H) = hy — hg where we note that in component maps, H; : M; — N;;o and

(doH); = dY.oH; — Hi—1d}
= (hy — ho).

‘We observe that

di(h1 = ho) = di(h1) — d1(ho)
=(g—f)—(g—1), by (b) in our earlier remarks
=0,

i.e. so that hi — hg is a 1-cycle.

<: If Hy(hom(M, N)) = 0 then every l-cycle is a 1-boundary, i.e. there is some H €
hom(M, N )9 such that do(H) = hy — hg. This shows one direction.

=: Assume that there is an element H € homcy, (M, N)2 such that do(H) = hy — hg for
every pair of homotopies

h07h’1:ff>g

between chain maps f,g : M = N. Let z € Z;(hom(M, N)) so that di(z) = 0. Letting
f=9g=0:M — N, then hy : 0 = 0 is a homotopy, and since di(z) = 0 = g — f
we have that hi := z is a homotopy 0 = 0. By hypothesis, there exists an element
H € hom(M, N)2 such that do(H) = 2 —0 = z. Hence every 1-cycle is a boundary, so that

4.1.1 Brief interlude on enriched category theory

Before taking the next step towards defining the (derived) oco-category of R-modules, we
need to present some further notions. For this, we turn to enriched category theory. For
reference, see |Riel4, Chapter 3.1-3.2 of part I].

Definition 4.1.5 (V-enriched category). To define a V-enriched category D, let (V, x, 1)
be a symmetric monoidal category in the sense of [Mil25, Definition 2.1]. Then we
say that the data of a V-enriched category D consists of

e a collection of objects L, M, N € D.
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e for each pair of objects L, M, there is a hom-object (cf. hom-complex in §4.1)
D(L, M).

e For each object L € D there is a a morphism ¢y, : 1 — D(L, L).
e For each triple of objects L, M, N € D there is a morphism

XL,M,N

D(M,N)x D(L,M) ——— D(L,N)

subject to the constraints that the following diagrams commute, for all objects

L,M,N,O € D:
id
D(N,0) x D(M, N) x D(L, M) ——2MN__ D(N,0) x D(L, N)
XM, N,0 Xid XL,N,O 3 (4-1-5)
D(M,0) x D(L, M) Y s D(L,0)
D(M,N) x 1T ——L . D(M, N) x D(M, M) 1xD(L, M) —2 o DM, M) x D(L, M)
~ XM,M,N ~ XL, M,M
D(M,N) D(L, M)

(4.1.6)
where the diagonal isomorphisms in the diagrams inf4.1.6|are the natural ones coming
from the symmetric monoidal structure on V.

4.2 The dg category of complexes

We now aim to define maps ¢js and xr v,y as in such that Chi becomes enriched
over (Chg, ®, k) (cf. theorem . For brevity we may write k instead of k, as perhaps

noted earlier.
Given L, M, N € Chg, we want to construct a map

XL,M,N

homey, . (M, N) ® homey, . (L, M) == hom¢, .(L, N)
in Chy. It is enough to define a map in each degree ¢

(XL, M,N)

(homcy,,, (M, N) ® homcy, (L, M)), % homey,, (L, N),

which is the same as defining a map
(xL,Mm,N)e

P homey,, (M, N), @k homey,,, (L, M),
pt+q=L

homChR(L,N)g (421)

(xL,Mm,N)

We first define it on pure tensors home, . (M, N),®@home, . (L, M), ‘ homey, . (L, N)q,
where we may denote the domain as A, ® B, for brevity. Defining a k-linear such map
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is the same as defining a bilinear map A, x B, by the universal property of the (relative)
tensor product. If we let (f,g) WLy f o g with

(fog)i = fitrqo gi- (4.2.2)

An easy check (using that every R-linear map is k-linear whenever R is a k-algebra) shows
that 7 is k-bilinear. Hence we get an induced map A, ® By — homc, (L, N), defined by
(f®g)— (fog) with (fog)i = fitq© gi- By the universal property of the coproduct this
uniquely determines a k-linear map (xr,a,n)e¢ as in These maps then assemble into
a family of maps X7, v N

It remains to show that (xr,a,n) is & chain map in Chy. By linearity it is enough to check
this on pure tensors f ® g € A, ® By. Recall that d(f ® g) =d(f) ® g+ (—1)Pf ® d(g).

We then find that
(xL.mN)eld(f @ 9)) = (xL,mN)e(d(f) ® g+ (=1)P f @ d(g))
=d(f)og+ (—=1)Pfod(g), by linearity of x. (4.2.3)
In degrees, with f; : M; — N;4p and g¢; : L; — M;4, we then see that
(@d(f)og+ (=1)"fod(g))i = (d(f)og)i + ((=1)"fod(g))i  since (u+v)i=u;+v;
= (d(f))i+q © gi + (=1)" firq o (d(9))s; by
= dﬁp—‘,—q 0 firgo gi + (1) iy 10 d%q ° gi
+ (=1 (firgo10dM, 0 g+ (—=1)7 firg1 0 gi1 0 dF)
=d} g0 firgo gi + (1" im0 dl 0 gi

+W+ (—1)P* fiyg10gi10df

=dN g0 firgogi+ (“1)PYIT i sogigodl.  (4.2.4)
On the other hand, we have that
d(xzmN(f ®g))i =d(fog)i
=dM a0 (fog)i+ (=P (fog)isyodf
=dN g0 firgogi+ (“1)PTI fi 1 0gi 1 0d) (4.2.5)

Comparing [£.2.4) and [£.2.5] we see that they agree, since i € Z was arbitrary we see that
they agree in each degree, hence must be the same element. Since f and g were arbitrary
it follows that dxy = xd, i.e., x is a chain map.

Furthermore, in accordance with definition we define, for each M € Chpg, a chain
map (in Chy)
k ﬂ) homChR(M, M)

by (tar)n = 0 for n # 0 and

(//M)O()\) = )\idM, for all X € k.
To check that it is a chain map, we need to show that
Z%"mcru;,/(MJVI)

o (tar)n = (tar)p—10 dk.
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Since d¥ = 0 for all n, the right-hand side is always zero. Hence (since (tp7), = 0 for
n # 0) it is enough to check that the left-hand side is zero for n = 0.

We find that for A € k, we have (in degree i)

(™ 0 anso) ) = (™™ xiaan))

i i
=dM o (Nidag,) + (1) 7P Nidyy,_, 0dM
= dM o Xidyy, —\idyy, , 0dM
=0,

since \idyy is a chain map (this follows directly from idj; being a chain map). We conclude

that ¢ps is a chain map in Chy,.

Definition 4.2.1 (Monoid in a monoidal category). Let (C,®, 1) be a monoidal category.
Then an object M € Ob(C) is a monoid if there are morphisms m : M @ M — M and
e : 1 — M such that the following diagrams commute,

(Mo M) M
m®id S YRYRT
& e®id id®e
M®M M® (Mo M) 1M ———— MM +—— M®1

| | 7

mh idom \ | /
l AM l PM

M M® M M

m

where a, A, p are the associator, left unitor and right unitor, respectively, in C.

Consider the triple (homxk (M, M), xn,nm,m,ta). Checking on homogeneous elements
that the left diagram above commutes with respect to this triple, with m = x s a,m and
e = tp1, comes down to verifying that fo(goh) = (fog)oh (i.e. enriched associativity),
which is straightforward to check from definition of enriched composition. That the right
diagram commutes follows essentially by definition of ¢j; and how A and p were defined
in the proof (sketch) of theorem [2.5.4] Hence homk , (M, M) with multiplication x s,z

and unit ¢ps is a monoid in the symmetric monoidal category (Ch]k,®, Ik), or in this

particular instance, we may call homgk (M, M) a dg-algebra (or dga).

Theorem 4.2.2. With the maps xr.m,n and tpyr above, the category Chg is a Chy-enriched

in the sense of definition [{.1.5

Proof. We need to show that xr, a,n and ¢j participates in commutative diagrams as in

and for all objects L, M, N,O € Chg.

Diagram [4.1.5] commutes: One may check this on pure tensors h ® f ® g. Then showing
that the diagram commutes boils down to checking that ho (fog) = (ho f)og. We check
this in degrees, with A in degree r, f in degree p and g in degree q.

We have that
(ho(fog)i=hitprgo(fog), by
= hiypiq © (firq © 9i)
= (Ritptq © fi+q) © 9, since composition is associative in Modp
= (ho f)itq© gi
= ((ho f)og)i

97



The conclusion follows.

The diagrams in [£.1.6] commute: We again check this on pure tensors A ® f with f €
homey,,. (L, M), in degree p and A € k (i.e., in degree zero). Let £ and r be the left
respectively right unitors £4 : k® A~ Aand r4q : A® k =~ A defined in degree n as

k@A, ~ A, A®a A,

with (74), defined similarly.

Since showing that two diagrams commute essentially boils down to the same computa-
tions, we will only do one, the rightmost one in By going right-downwards in said
diagram, we get

Ly ®id XL,M,M

A® [ ——— (Aidy) ® f ——— Aidy of,
which in degree 7 € Z gives

(Adarof)i = (Nidar)itp © fi
- )\ idMi+p Ofi
= A (4.2.6)

while going diagonally downards directly via KmChR( L,M) 8ives

thomey, . (L.0)

A® f Afs

which by definition of scalar multiplication means that Af = (\f;);ez, which agrees with
4.2.6l The conclusion follows. O

From now on, we denote this (Chy, ®, k )-enriched category Chg with the structure maps

xr,m,n and ¢y, as Kp with homg, (M, N) = hoim(:hR(M, N), which we will call the
dg-category of complexes of R-modules. Observe that the hom-complexes in this
category assemble the data of chain maps f,g : M = N, homotopies between chain
maps, and homotopies between homotopies into a single object. For a general element
H € homk (M, N),, observe that d(H) = h; — hp means that h; and hg become equal in
homology (since they differ by a boundary), one may call this relationship for n > 0 (and
n < 0) keeping track of higher (and lower) homotopies.

Theorem 4.2.3. The following statements are equivalent.
(a) A complex M € Kpg is contractible.
(b) homg (M, M) € Chy is acyclic.
(¢c) The complex homg (M, M) is such that Hy (homk (M, M)) = 0.
(d) The element [idys] € Ho (homk (M, M)) is zero, i.e. [idp] = 0.

Proof. (a) = (b): That M is contractible means that there is a nullhomotopy s : M —
M[—1], i.e. so that

dMy s+ si1dM =idy,, Vi€ Z.
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This is the same as (by definition of the 15* differential of the hom-complex) di(s) = idyy.

Let z € Z,, (homk (M, M)) be an arbitrary n-cycle. Then, by definition, d,(z) = 0. By
theorem there is a chain map (composition)

XM,M,M
e

homg ,, (M, M) ® homk (M, M) homk , (M, M).

Consider the element

5 ® 2z € homk , (M, M), ® homk . (M, M), C (homk (M, M) @ homk (M, M)), ;-

Since xar,m,m s a chain map, we see that

A1 (Xm0 1 (8@ 2)) = (Xnm,0 ), dnta (8 ® 2)

S dn1(s02) = (xumm)n | di(s) @2 — s @ dp(2)
id 0
=ldpm =

& dpy1(s02) = (Xmmm), (idy ®2)
& dpt+1(soz) =idpsoz
S dpt1(soz) =z,

where we in the last step used that (idy oz); = idpy, ., 0z = 2, i.e. idy 0z = 2z, by .
Hence z is a boundary, and so it follows that z € B,, (homk (M, M)). Since n and z was
arbitrary, it follows that

H,, (homk (M, M)) =0

for all n € Z, i.e. homxk (M, M) is acyclic.

(b) = (c): Follows directly from definition, since if homyk (M, M) is acyclic, then all its
homology groups vanish, so in particular Hy (homx (M, M)) = 0.

(c) = (d): After recalling that Zy (homk (M, M)) = homch, (M, M) > idy, the conclu-
sion is immediate from the hypothesis that Ho(homk , (M, M)) = 0.

(d) = (a): By hypothesis, idys is the boundary of some element

s € homKR(M, M)l = HhomModR(Mi;Mi-i-l)-
€7

This means that d;(s) = idys, or written in components, this is

d%l osi+(-1)!ts;_j0dM = idy,, VieZ

s dfosi+si10dY =idy,, VieZ.
That is, s is a contraction (nullhomotopy) of its identity map, i.e. M is contractible. [

Something special happens whenever we have a homotopy equivalence M — N in Kg:
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Theorem 4.2.4. Let f : M — N be a homotopy equivalence in Kgr. Then there are
natural transformations

homgk ,(—, M) — homk ,(—, N) and homx , (M, —) <— homgk (N, —)

which are natural equivalences, i.e. for each fized compler L € Kg, there are homotopy
equivalences

homk , (L, M) ~ homk (L, N) and homgk (M, L) ~ homk (N, L).

Remark 4.2.5. Observe that when we say natural, we mean that they are natural with
respect to all chain maps, i.e. with respect Zy(homk,(M,N)) = homcp,(M,N). In
fact, one can probably upgrade this statement (perhaps with appropriate tweaks to the
conditions) to a stronger statement about enriched naturality; see [Rield, Def. 3.5.8, part
1.

Proof. By assumption, there is a chain map g : N — M such that f o g ~ idy and
go f ~idy.
homk ,,(—, M) — homk ,(—, N): For each object L € Kp, define

xo,m N(f( )
Uur——

)
(®r)n : homk (L, M),, = homk (L, N)s, fou,

for elements v € homg , (L, M), in degree n, with, recall, (fou); = fitnou; : Lj = Njyn.

Since f is a chain map, we have that do(f) = 0. Therefore, it follows that

dn((®L)n(w)) = dn((XL,MN)n(f @ u))
= (x£,M,N)n—1(dn(f ® u)), since xz a N 1S a chain map

= (XL, M,N)n—1 | do(f) @u+f @ dp(u)
=0
=0
= (XL, M,N)n—1(f ® dp(u))
= (PL)n—1(dn(u)).

Hence @1 := ((®L)n),cz assemble into a chain map. It remains to show that ®p is
natural: Let o : L' — L be an arbitrary chain map. Naturality amounts to checking that
the following square below to the right commmutes,

193

homch, (L', L) L homx . (L, M) homk ,,(L, N)
\
« AAAAAAANAAAAAAS a* o
L homk , (L', M) . homk . (L', N)
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An easy check, using that « is a O-cycle in Kg, together with how the differentials of
the hom-complexes are defined, gives that a* is in fact a chain map in Chy. Let u €
homx . (L, M),, for arbitrary n € Z. Then we see that

a*(®p(u)) = (fou)oa.
In degree 4, this is

(fou)oa)i=(fou)ioa;
= fi+n O Uz © (. (427)

Next we compute
Dy (" (u) = fo (uoa).
In degree 4, this is
(fo(uoa))i= fitnouioa.

Comparison with shows that they are equal in each degree 4, i.e. defines the same
chain map.

Let
Uy, :homk, (L, N) — homxk (L, M), v gouw,

with recall g the homotopy inverse for f. Essentially the same computations as above shows
that Uy, = (¥,)nez is a chain map for each object L € Kg. Let h € homk (M, M); be a
witnessing homotopy g o f ~ id;y, i.e. so that

d(h)=go f—idp. (4.2.8)

Let A := homg,, (L, M). Consider the map h, : A — A[—1] defined by postcomposition,
ie. hy(u)=howuforu e A, with (hou); = hptiou; : Ly = Mpiiqq.

Since h has degree one, and since recall that composition here is really defined in terms of
the tensor product and y (see 4.2.3)), it follows that

d(hou)=d(h)ou—hod(u).

Then we see that

A(ha(u)) + ha(d(w)) = d(h o u) + h o d(u)
=d(h)ou—hod(u)+hod(u)
=d(h)ou
=((go

=V (®r(w) — (idar), (u)
= dhy + hod =V ®; —idy,

since (idpas)s = id4. One may check that h, is k-linear, hence h, is a chain homotopy
U o®y ~idy. To show that &7 0o ¥y ~ idp with B = homk (L, N), use a witnessing
chain homotopy k € homg (N, N);.
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homy (M, —) <— homg (N, —): Analogous to the computations above with appropriate
changes (e.g. precompose with f : M — N instead of postcomposing when defining the
natural transformations). Perhaps the main difference here is that if d(h) = g o f — idyy,
then for v € homk , (M, L),, we define H(v) = (—1)"v o h to get the “right” cancellation.

O]

4.3 (Important) properties of the dg-category of complexes
Kr

4.3.1 Failure of preserving quasi-isomorphisms for dg-hom functors

We will see in §5.1 that “ordinary” hom and ®-functors obtained from Modg do not in
general respect (i.e. preserve) both kernels and cokernels. We aim to repair this “failure”
in two steps, by first going from Modpr to Chg, and then from “ordinary” kernels and
cokernels to the homotopy kernels and cokernels we introduced in §3.

Consider the complex M, in example Since M, is acyclic it follows that 0 — M,
is a quasi-isomorphism. However, upon applying the functor homy, y (M, —) to this we
get a map

homKZ/4 (M,,0) =0 — homKZ/4 (M,, Ms,).

Since M, it is not contractible, it follows by theorem m that homKZ/4(M., M,) is not
acyclic which means that the induced map above can not be a quasi-isomorphism, hence we
can not expect that homg (M, —) preserves quasi-isomorphisms, in general. Essentially
the same reasoning applies to homgk ,,(—, M) with the as a counter-example.

The failure of the functors above to preserve quasi-isomorphisms motivates the introduc-
tion of projective and injective resolutions, which are introduced in §5.
4.3.2 Tensor-hom adjunctions for Chg

Let R be a k-algebra (everything being commutative unital), let T € Chy and let M € Chp.
Then we may form the complex

T ®x M € Chg.

That this in fact lives in Chg follows from the corresponding notions in Modgr and Mody,
(cf. remark [2.2.2)) and how the differential is defined on the tensor-product.

If we let N € Chpg, then also N € Chy, and we may then consider
mChk (Ta N),
with

homep, (T, N)y = [ [ hommoas, (T3, Niin),  Vn € Z.
1€EZ
We saw in §2.4 that homy(7;, N;+,) has a natural (right) R-module structure. It follows
that so does the (direct) product above. Therefore homey, (7', V) is an R-module in each

degree. Furthermore, an straightforward (degree-wise) check of the dg-differential shows
that it is R-linear. It follows that homey, (7', N) € Chg.
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Theorem 4.3.1. For any T € Chy and M, N € Chg, we have natural isomorphisms
homey, . (T' @i M, N) ~ homey, (T, homcy, . (M, N))
~ homgy,,, (M, homey, (T, N)),
i Chy.
Remark 4.3.2. Compare with theorem [2.2.1

Remark 4.3.3. The proof below is almost complete (as far as we can tell) in terms of
formality. We are skipping some steps in the computations involving how the functors
A(—,—,—),B(—,—,—) and C(—, —, —) (defined in the proof) act on triplets of morphisms
when it comes to showing that they are honest chain maps, but we have convinced ourselves
that in fact defining them as we do does give us chain maps, and we at least try to give a
plausible argument for why this is the case.

Proof. Let
A = homChR (T ®]k M, N)
B := homCh]k (T, homChR(M, N)) . (431)
C = homChR (M, homCh]k (CZ—‘7 N))
A= B: Let n € Z, and F € A,, i.e. so that F is a family of R-linear maps
Fs: (T®x M)s — Nyys
where

(T®]k M)s = @ Tp Rk Mqu
pta=s

so consider pure tensors ¢t ® m with ¢t € T, and m € M,. Define ®, : A,, — B,, by
(©n(F)p(t)g(m) := Fpiq(t @ m),
and define
v, : B, — A,
with p € B, as
(Un(p))s(t @m) := pp(t)g(m), ptqg=s

on the direct summand T}, ®x My C D, ,—s Ip ®x Mg = (T @k M),. (By the universal
property of the coproduct this gives a unique map in each degree s).

Since A, and B,, are k-modules, and how element-wise evaluation is defined, we see that
®,, and ¥,, are k-linear. We claim that ® := (®,,),,ez is a chain map, i.e. that

d2®,(F) =@, 1d(F), VFeA,VYnel.
Both sides above are elements of

By—1 = homey, (T, homc, . (M, N))

n—1

= H hommod, (TpvahR(Ma N)p+nfl)
pEZ

= H homMod]k Tp> H homModR (Mtp Np+n+q71)
pEZL q€Z
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Fix p,q € Z and elements t € T}, and m € M,. Then we find that evaluation at p gives,

hom¢,, (M,N)

(AR ®n(F)) = dy "™ 0 (@n(F))p + (=1)"H(@u(F))p1 0dy, by (ELT).

Evaluation at t then gives

(aP0(F)) (1) = dy 2 o (@0(F))y(0) + (1) @n(F))pr 0 d (1)

Evaluating at ¢ and then m € M, then gives,

homChR (M,N)

(@50,()) (2)y(m) = (42 bit)) m)
+ (1" ((@n(F))p-1 0 di( )q(
= A} g © (Pu(F )) (1)g(m) + ()P (D (F))p(H)g-1 © d) (m)
+ (=1 (@n(E)p-10d5 (1)) (m)

= @Y, yin © Fprg(t ®@m) + (~ 1P By (t@ M (m)

+ (- )n 1Fp+q 1 (d ()®m) (4.3.2)

We also have that

®,_1d(F)) (¢t = (aMF ¢
(201di(F)) (D)alm) = (di}(F)) |, (t@m)
- dzjo\firq-kn ° Fpiqg(t@m) + (_1)n_1Fp+q—1 °© dgquM(t ®m)
= dp’gin © Fpeqg(t ®m)
+ (1" (Fprgt (d () @m+ (-1t @ dT (m)))
= d;)v+q+n 0 Fprq(t@m) 4 (=1)" " Fyyq (d (t )®m)
(=1, (t ® déw(m)) )
Comparison with gives that they agree for all p, for all ¢ € T, for all ¢ and for all
m € M,. Hence they must be the same map, i.e. ® is a chain map.

To show that ¥ = (U,),cz is a chain map, we first show that ¥, and ®, are mutual
inverses, for all n € Z.

Let F' € A,, be arbitrary, let p,q € Z, t € T}, and m € M, be arbitrary. Then

(Un(Pn(F)))ptq(t @ m) = (Pn(F))p(t)q(m)
= Fpiq(t @m).

Since F' € A,, was arbitrary, it follows that ¥, o &, =idy, .

On the other hand, let ¢ € B, be arbitrary and let p,q € Z be arbitrary with ¢t € 7}, and
m € My, then
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We conclude that @, o ¥,, =idp,. To see that ¥ is a chain map, observe that we already
showed that ® is a chain map. Then

U, 10d? =V, jod}oidp,
=V, 10dgod,0V¥,
=V, 10, 10 d;? oW, since ® is a chain map
=idoddow,
= dﬁ oV,,.
Hence ¥ is indeed a chain map. It remains to show naturality of ®. The constructions
above was for fixed T, M, N, so we should spell out that ® is really &MV . homey, . (T'®x

M, N) — home, (T, homey, (M, N)), dependent on T' € Chy and M, N € Chg, defined in
degree n as above. We may instead write this as

TMN - A(T,M,N) — B(T, M, N),

borrowing notation from (4.3.1). Naturality then amounts to the assertion that for every
triple of chain maps

a:T =T
B:M —M (4.3.3)
~v: N — N’

the following diagram commutes in each degree n,

1 \ / e
(@T:M.N)

A(T,M,N),, ————" + B(T,M,N),

A(e.B,7)n B(a,8,9)n ,

A(T’, Af’, N’)n T — B(T,7 ]\/[I-, Nl)n

(@70
/ \

A, B,7)n(F) (TN A, B,7)a(F) = Bla, B,7)n (9THN) (F))

where for t' € T} and m' € M}, B(a,B,7)n(p) for v € B(T, M, N), is defined as (sup-
pressing degrees with respect to enriched composition x)

(B, B,7)n (), (t)g(m) == x(6 @ x(p ® a))p(t')(m)
= Vp+g4n © Pp(ap(t'))g(Be(m)),
where & (h) := x(v ® x(h ® 8)) and
Ala, B,7)n(F) = x(v @ x(F @ (a ® )

=vo(Fo(a®p))
= ((Ala, B,7)n(F))s 7= s 0 Fs 0 (a @ B)s.

One should here try to convince oneself that A(«, 5,v) and B(«, 8,) are chain maps, since

they are defined in terms of y which we recall is a chain map, together with appropriate
degree considerations (cf. with how we treat C(—, —, —) in the case B ~ C).
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This means that on pure tensors ¢’ ® m’ with ¢ € T; and m’ € M, where p + q = s, we

have (cf. (253)),
(A, B,7)n(F)) (' @ M) = Ypigan © Fpiq © (0 (t') @ Bg(m)).
We then compute that for arbitrary F' € A(T, M, N), and t' € T),m’ € M; we have that
(Blev. 7)o (@MN(E))) (#)g(m') = Ypagin © (27N (E)) (0p(t)g(By(m))
= Yp+q+n © Fpiq 0 (O‘p(t/) ® 5q(m/)) , (4.3.4)
while
((071N") o Afa, B)alF)) (E)glm) = (Al B, (F)) iy (¢ © )
= Vp+gtn © Fpiq 0 (ap(t') @ By(m'))  (4.3.5)
Comparing [.3-4] and we see that they agree, and the conclusion follows.

B = C: Define O,, : B,, = Cy, by (0,(¢))q(m)p(t) := (—=1)P1(pp(t))q(m) for ¢ € By, and
let 2, : C), — B, be defined by

(2 ())p(t)g(m) := (=1)P4hg(m)(t),

for ¢ € Cy,.
We have
(2(0n(0))), (t)g(m) = (=1)"(On())q(m)p(t)
= (=1)*pp(t)q(m)
= ¢p(t)q(m)
and
(O (2n(¥)))g(m)p(t) = (=1)P1 (2 (1)) p(t)g(m)
= (=1)% g (m)p(t)
= Yg(m)p(t)-
Hence © := (0y),,cz and Q := (£2,),o; are degree-wise inverses. It is then enough (cf.

the A ~ B case) to show that © is a chain map.

We have that,
hom n—
(d70u(0)), = dgZn ™™ 0 ©n(0)g + (~1)" 1 Ou(p)g-1 0 4y

Evaluation at m € M, and t € T}, gives
(d70n(0)) (m)p(t) = dgn ™™ 0 O () (m)y(t) + (=)' On()g1 (4" (m) ()
= A, 41 0(On(2))g(m)p(t) + (—1) 710, )y (m)p-1 (dX (1))

+ (=1 On()g1 (43 (m)) (1)

DI,y (B)g(m) + (~)T 0 g, (d](1)) (m)
1)@, (1), (d)f (m)
g
(1)

= (-
(—

(=P, g nipp(t)g(m) + (—1)" P2, (dD(1)) (m)
(— (m)

q
1)n 1+pq+p

(m) +

_l’_

)
q— 1(déwm)

+
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Then we compute that

(©n-1(aF(9))), (m)p(t) = (1) ((dZ(¢)), (£)a(m)

P (I V() + (1" g (dp (1)) (m)
— 1P, qop(D)g(m) + (V)PP (1)1 (dy (m)

_pppatnly (dg(t)) . (m).

Comparison gives that the two computations above agree.

q

Naturality of © amounts to the assertion that the following diagram commutes,

oT.M,N

B(T,M,N) C(T,M,N)
B(a,8,7) Cla,By7)
B(T',M',N") —— C(T',M',N")

@T JMYN

with «, 8,7 as inm Then C(«, 8,7), is defined on ¢ € C(T, M, N),, as first precom-
posing with 3 then applying v, then precomposing with o and post-composing with v, and
B(a, 8,7)n is defined as in the case A ~ B. To be a bit more precise of how C(a, 5,7)n
is defined: It is really the composition (in the enriched sense, i.e. via the maps x), as
(suppressing degrees)

¥ (1 ® B) L (2 © x (1 @ B)

where 7 := x(v® x(( - ) ® @)). One may check that 2 is a chain map, i.e. it really lives
in degree zero of the appropriate dg hom-complex. Succintly we may write

Cla, B,7) = x(Z @ x((-)®B)).

Now one may show that Ej3 is a chain map since 3 is a chain map hence a degree zero
cycle together with dy = yd. We claim that one may check that dZ = 0 (the differential
here being the differential in the appropriate dg hom-complex), so it follows that Ly is a
chain map, hence C(«, 3,7) is a chain map as a composition of chain maps.

We then compute that, with ¢ € B(T, M, N),,t" € T), and m’ € M,
(©0 N Bl B.)n(9), (m)p(t) = (=11 (Bla, B.7)n())p(H )g ()
(_1)pq’7p+q+n(‘Pp(ap(t/)))q(ﬁq(ml))-

On the otherhand, we have that

(Cla B:AnOL N () (m)p(#) = (Zgsn (OFM N (0)g(By(m)))) (¥)

q p

= Yptg+n(On(©)q(Bg(m ,)))p(o‘p(t,))
= (=1)Pp i grn(@p(ap(t’))g(By(m")).

Comparison gives that the two computations agree. O
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Theorem 4.3.4. Let M, N, T € Chr and let M Sy Nbea morphism in Chgr. Then there
natural isomorphisms

homgy, . (T'.f)
homey, . (T, hker(f)) ~ hker (homChR(T, M) il A homey,,. (7', N)) ,

and

hom, (f:7)
homcy,,. (hcoker(f), T, ) ~ hker (homChR(N, T) i A homey,,. (M, T)) .

hom, (_7_)
Theorem 4.3.5. The functor Ch;f{p x Chp A Chpg preserves homotopy co/kernel

SEQUETICES.

Theorem 4.3.6. The functor Chy x Chg M Chg preserves homotopy co/kernel

sequences.
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Chapter 5

Projective and injective
resolutions

5.1 Why resolutions

The original motivation for homological algebra was the fact that many naturally arising
functors in Modp are not exact, that is, do not preserve exact sequences. We provide some
quite straightforward examples below. In the language of additive functors F' : C — D
between abelian categories C, D one would say that F' is left exact if it commutes with
kernels, meaning that whenever we have a morphism ¢ : M — N in C with kernel (K, k),
then (F(K), F(k)) is a kernel of F(¢) : F(M) — F(N).

With the same notation as in the previous paragraph, we say that F' is left exact if
whenever (C, ¢) is a cokernel of a morphism ¢ : M — N then (F(C), F(c)) is a cokernel
of F(¢). Such a functor F is called exact if it is both left and right exact.

This more categorical way of defining exactness generalizes the more intuitive meaning of
what we think left and right exact means in the context of modules, to arbitrary (additive)
functors between abelian categories (cf. [Yek19, Prop 2.5.10]).

Example 5.1.1. Consider the exact sequence

052325 7/22 0. (5.1.1)

Tensoring by ( - ) ®z Z/27 we obtain the sequence

0= Z®22/22 2% 7.0, 2/22 T8 72 9, 2/2 > 0.

Up to canonical isomorphism (contraction), this is the same as the sequence
0—2/22% 7)2Z — 7)27 5, Z./2Z — 0.

Since Z /27 5 Z/27Z is not injective, this is not an ezact sequence.

By symmetry, tensoring the exact sequence by Z/27 ®z ( - ) again gives a sequence
which is not exact.

109



Example shows that, in general, the bi-functor

Mody, x Modz 225 Mod .

is not exact in either variable. However, the above functor preserves cokernels in each
variable separately.

Example 5.1.2. Again, consider the exact sequence Upon applying the (contravari-
ant) functor homy(—,7Z) we get the sequence

0 = homy (Z/2,Z) = homz(Z, Z) 255 homy (2, Z) — 0.

Since (-2)* is not surjective (e.g. it misses the identity idz € homz(Z,Z)), this is not exact.
Example 5.1.3. Consider again the exact sequence We apply the (covariant)
functor homy(Z/2, —) to the sequence, giving us, the sequence

0-0—-0—7Z/2—0

since homz(Z/2,Z) = 0 (there can be no non-trivial homomorphisms since Z/2 has
torsion) while homz(Z/2,7/2) consists of the zero morphism and the identity. Since
0 — homz(Z/2,7/2) is not surjective, this is not an exact sequence.

With respect to the bi-functor

OMMod g, (—>—)

h
Mod}Y x Modp Modg,

examples [5.1.2] and shows that it is not exact in either variable.

Example 5.1.4. Consider again the sequence but now considered as a complex F
in Chy with Ey = Z/2. Let B = 7Z/27. Then we see that

(E®B), = EB E,, ®z B,
m—+n=~
= FE;,® By, since B, = 0 for n # 0.

It follows that (E'® B); =0 for £ #0,1,2 and
(E® B)y = E2 ® By

:Z®Z Z/2
~7/2,

(F® B)1 = E1 ®z By
=7 Q7 Z/2
~7/2

and

(E® B)o = Ey®z By
=7Z/2®77Z]2
~ 7,/gcd(2,2)Z
—7.,)27
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Since the differential for B is zero, we find that on pure tensors (a®b) € E;QB; C (E®B)y,
we have

d/*P(a@b) =df (a) @b+ (—1)'a® dF(b)
N—_————
=0

=d¥(a) ®b.

By linearity (and since By is the only non-zero term) it follows that df®B = dF ®idp, for
all £ € Z. We note that df = (-2), and so d®” = df ®idp, = (-2)®idyay : Z@zZ/27 —
7 &y, 7] 27 becomes the zero map since any multiple of two is killed in the tensor. Hence
Z2(E ® B) = 7,/2Z while B3(E ® B) = 0 since df’ = 0. Therefore Hy(E ® B) ~ Z/2Z,
hence F ® B is not acyclic.

By symmetry and concentration in degree zero (so there are no introduction of sign-changes
in the differential) it follows that also B ® E has the same homology, hence is not acyclic.

The above example shows that the bifunctor

Chy ® Chy 2200 chpe,

in general does not preserve acyclic complexes in either variable, separately.

hom, (=)
We may consider homey, . (—,—) as a bifunctor Chi? x Chg Sl Chy as follows:

How it acts on objects is clear. On morphisms, if f : M’ — M and g : N — N’ then we
define

homey, . (f,g) : homey, . (M, N) — home, .(M', N')

explicitly degreewise as, whenever ¢ = (¢i)icz € homey, (M, N), then this is sent to
(gitn © @i © fi)icz. We may formulate this in terms of enriched composition, i.e as

(homey . (f,9)(9))i = x(g @ x(¢ @ f)):
=(gox(¢® f))

= gitn o (¢ o f)i, since ¢ lives in degree n and f in degree zero
= ngrn o ¢l o fZ € homMOdR(Mi/? Nq,/+n)

To check that it is a chain map, we sketch the intuition (without worrying too much about
writing out where everything lives and suppressing any degrees),

dx(g®x(¢® f)) = x(dlg® x(¢® f)))

=x| dg ®x(¢® f)+(-1)’g@dx(¢® f)
~—

=0
N———
=0

=x(g@xd(¢p® f))

=x| 9@x| do@f+(-1)"0® df
iy
=0 -

=x(g®x(dp® [)),
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where we have repeatedly used that dy = xd together with the definition of the differential
of a tensor product, as well as the fact that d(f) = d(g) = 0 since they are chain maps.

Below, we will provide examples showing that this hom-functor does in general not preserve
acyclic complexes in either variable.

Example 5.1.5. We again consider the complexes E and B as in example[5.1.4, We then
observe that

homey, (B, E), = H hommod,, (Bi, Eitn)
€L
= hommod, (Bo, En), up to a canonical identification.

Since FE,, = 0 for n ¢ {0,1,2} the only interesting things happen in degree 0,1,2. From
the above computation, we find that

homey, (B, E)2 = homwmod, (Z/2,7Z)
~ (),

ho7mChZ(Bv E)l = homMOdZ (2/27 Z)
= (),

and

homey, (B, E)o = hommod, (Z/2,72/2)
=~ 7/2.

Therefore the zero differential dg is up to isomorphism the map dy : Z/2 — 0 so has kernel
Z/2, while d; is up to isomorphism a map 0 — Z/2 so is zero, hence the zeroth homology
is Ho (homey,, (B, E)) = Z/2, hence not acyclic. Thus, homey, (B, —) does not preserve
acyclic complexes (since E was acyclic).

To show that homc, .(—,—) in general does not preserve acyclic complexes in the first

variable, we instead fix Z in the second variable, and consider hom¢,, (E , 7 ) We then
find that

homcy,, (E’ é)n - H homwod; (Ei’ (?)nﬂ)

1EL
= homModZ (E_n, Z)

The only interesting stuff happens when n = —2, —1,0. We compute that
homcy, (E Z) = homutod, (F2, Z)
)
= hom|\/|0dZ (Z, Z)
~ 7,

homgy, (Ea ~Z~)—1 = hommody (E1,7Z)

= hom|\/|0dZ (Z, Z)
~ 7,
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and
hOI'T'IChZ (E, Z) = homMOdZ (E07Z)
~/0

= homModZ (Z/?, Z)
= 0.

We then note that, up to isomorphism, d_s : Z — 0, so ker(d_2) = Z. We need to put a
little more effort into understanding

d_y : homg, (E N@) — homcy, (E N@)

—1 —2 .

By a relatively straightforward computation (one just have to keep track of degrees) one
finds that (up to isomorphisms) the differential is multiplication by 2, hence has image
27. Morover, the same isomorphism takes ker(d_2) to Z and im(d_1) to 2Z, by the map
¥ — 1 (1). Hence by the first isomorphism theorem, ® is an isomorphism as below,

(N s (1) + 27
m m
ker(d—_2) = hommod, (Z,7Z) g 7]27
e

Hoy (mChZ <Eg)) - ker(v&_g)/im(d_l)

We conclude that homcy,, (E, Z) is not acyclic. Since E is acyclic, hom¢y, ,(—, —) does in

general not preserve acyclic complexes in the first variable.

To show that it is not preserve acyclic complexes in the second variable: Consider hom¢,, (Z /2, E )

with E as above. Since F is an extension to a complex in Chz from a short exact sequence
in Mody, it is exact at each degree, i.e. it is an acyclic complex. By similar computation
as above, we find that

homcy, <Z/2,E> = hommod, (Z/2, Ey).

n
This is clearly zero whenever n ¢ {0,1,2}. Since Ey = Z/2 and homz(Z/2,7Z/2) = Z/2 EI
so that the resulting complex in degree 0 is up to isomorphism Z/2. For n = 1,2 we have
that E, = Z, and since homz(Z/2,7Z) = 0 the resulting complex looks like

s 0—72/2 %0 —

A~

By definition of the differential we see that d = d§ = 0, hence it has kernel Z/2 and so its
zeroth homology is Z/2 # 0. Therefore, this is not an acyclic complex.

We conclude that homey,, (—, —) does not in general preserve acyclic complexes in the
second variable.

!To see this: we may use that homg(R/I, M) = Ann;(M) generally, with M and R-module, I ideal of
R and Ann; (M) ={m e M | mi=0,Yi € I}.
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5.2 Introducing projective and injective complexes

Definition 5.2.1 (Agr). We denote by Ag the full dg-subcategory of Kr consisting of
all acyclic complexes (i.e. the acyclic objects in Chpg).

Definition 5.2.2 (Projective complex). We say that an object P € Kp is projective
if it holds that for every acyclic complex A € Ap, we have that homk (P, A) € Chy is
acyclic.

We observe that

H,, (homk (P, A)) = Hy (E_” homg ,, (P, A))
> Hy (homg (P, 27" A)) , by £.14

Since A is acyclic iff X7 " A is acyclic for all n, one may equivalently define an object
P € Kpg to be projective if Hy (homx (P, A) = 0 for every acyclic complex A € Ar. But
this latter definition means precisely that every chain map P i> A is nullhomotopic. [} So
an object P is projective precisely when all chain maps out of P into an acyclic complex
are nullhomotopic. We write Pr C Kpg for the (full) dg-subcategory of all projective
complexes.

Theorem 5.2.3. We have that P € Pg iff for every acyclic complex A € Kgr and every
chain map P 2y A in Chp, there exists a chain map v such that the diagram below
commutes,

hker (id4)

\[
5 A

P—

Proof. Recall from theorem that X~ 'hcoker(f) = Cone(f)[—1] is a model for hker(f).
Let K := Cone(id4)[—1] so that K, = Ap,®Ap 41, with differential dX (a,b) = (d4 (a), —di 1 (b) — a),
and with v = 7 the projection to the first factor.

=: If P is projective then there is a nullhomotopy 0 2 ~v. Define 4 : P - K by
() = (n(x), —sn(x)). Tt is clear that v, o4, = v,. We check that ¥ is a chain map.
We find that

df (@) = df (ya (), —sn())
= (di (v (@), drty1 (30 () = (@) |
(
(dﬁ(vn(x)), —Sp—1 (dﬁ(m))) , since ds + sdt’ =~

while

Fn1df (@) = (-1 (dF (@), =801 (dF (@)

(d;?(’yn(x)), —Sn—1 (df(m )) , since v is a chain map.

The conclusion follows.

2Recall that Zo(homk , (P, A)) = homchy, (P, A) and Bo(homk , (P, A)) are maps which in degree i looks
like d(h)l =dit+1hi + hi—1d; for h € hom(P7 A)1
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«: Take any chain map P - A where A is acyclic. Then there is a lift 4 so that vod = v
and 7 is a chain map. We may write 7, on the form 7, (z) = (yn(x),t,(x)) (cf. remark
since vy, © ¥, = Yn forces the first summand to equal ,,. Since this is a chain map,
we find that for x € P,, we have

Ay A (@) + Fn1dy, (w) = 0
& df (1 (2),tn(2)) + (105 (@), tn1dE () = 0
& (dirm(@), =ditiita(@) = (@) + (mrdy, (2), tardf (2)) = 0.

Comparing the second factors (and rearranging) we see that v, (z) = —di  t.(z) —
tn_1dP(x) for all z € P,. If we let s, := —t, for all n € Z then s := (8,)nez is a
nullhomotopy 0 N . O

Remark 5.2.4. We observe here that v is a levelwise surjective quasi-isomorphism: By
theorem we have hker(id4) = X~ thcoker(id4). Since id4 is a quasi-isomorphism it
follows from theorem that hcoker(id4) is acyclic. Since H, o X~! 22 H,,,1 it follows
that ¥ ~'hcoker(id4) is acyclic, and hence hker(id4) is acyclic. Since A is acyclic, it follows
that the induced map H,(v) : H,(hker(ids) — H,(A) is the zero map in each degree
n, so that v is a quasi-isomorphism. Since the concrete instance in theorem of v is
levelwise-surjective. If we use the characterization of the homotopy kernel as a representing
object, then it follows from yoneda lemma that any other instance of the homotopy kernel
must have a corresponding map w that is levelwise surjective and a unique isomorphism
a of homotope kernels such that we have a factorization w o « = 7 with 7 as in [3.3.2
Degree-wise, w is then forced to be surjective since m and « are.

Definition 5.2.5 (Injective complex). We say that an object I € Ky is injective if for
every acyclic complex A € Ap it holds that homgk (A, I) € Chy is acyclic.

Since

Hn (hOmKR(A,I)) = HQ (E_n homKR (A, I))
= H, (homKR(E"A, I)) s by

An equivalent condition for I being projective is that Ho(homgk (A, I)) = 0 for all acyclic
complexes A € Agr. This in turn means precisely that [ is injective if every chain map
A — I from an acyclic complex A, admits a nullhomotopy. We write Ir C Kpg for the full
dg-subcategory of injective complexes.

Theorem 5.2.6. We have that I € 1r iff the diagram below can be completed as indicated
to a commuting diagram,

A

hcoker(idA)

Remark 5.2.7. The proof of this theorem is somewhat similar (in spirit) to the proof of
(the in some sense dual) theorem so we won’t write out the details.
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Proof. Take the concrete cone model Cone(id4) =: K as our homotopy cokernel, so that
Ky, = Ap—1 @ Ay and with differential d (a,b) = (d2_(a), dZ}(b) + a) and with universal
map b 25 (0, —b).

=-: Let s be a witnessing nullhomotopy 0 2 B and define B : K — I by Bn : Kp — I,

by (a,b) — —sp—1(a) — Bn(b). Then check (using that s is a nullhomotopy) that this is in
fact a chain map.

< Let s = (sn) with s, : Ay, — In41 be defined by s, (a) = —Bm_l(a,O). Then use that
[ is a chain map to show that s is a witnessing nullhomotopy of 3. O

We are mostly interested in quasi-isomorphisms (perhaps one of the main reasons, if not
the main reason, is that we want to create categories by localizing at quasi-isomorphisms).
To that end, we proceed to the next theorem.

Theorem 5.2.8. All quasi-isomorphisms between projective (respectively injective) com-
plexes are homotopy equivalences.

Proof. Projective case: Let f: P — () be a morphism in Py so that P,(Q are projective.
By theorem it is enough to show that Cone(f) =: K is contractible. By theorem
K is acyclic. If we can show that K is projective, then Ho(homgk (K, K)) =0, so
by theorem [4.2.3] it would follow that K is contractible and hence that f is a homotopy
equivalence.

We observe that by the fact that H, o ¥¥ = H,_; and by we have that X P is

projective.

Let v : Q@ — K be the universal map, and assume we have a map K 2y A with A € Ap.
Then you : @ — A must be nullhomotopic (since @ is projective and A is acyclic).

Let 0 ~ v o u be a witnessing nullhomotopy, i.e. so that you = d4r + rd?. Define
R: K — A[—1] as R,(a,b) = —r,(b) so that Ru = r. Then if we let ' := v — (d* R+ Rd")
we see that 4'u = 0. It follows (by construction) that

:71/1(@7 b) = ;Y;L(a? 0).

We may then define ¢ : XP — A by (, : P,o1 — A, as (y(a) := 7/,(a,0). Observe
that p : K — X P defined in degree n by p,(a,b) = a is a chain map since shifting the
differential of P by ¥ makes the signs agree. We check that ¢ is a chain map: 7 is the
difference of two chain maps v and d*R + Rd¥, so it is a chain map. We then see that

diyGa(a) = d37,,(a, 0)
= Fn_1dp (a,0)
=1 (=i (a), for(a))
= (—dﬁ,l(a), O) , since 4’ kills the second factor
= Gt (—df_1(a))
=Cuo1(dyP(a)), by definition of d™.

Hence ( is indeed a chain map. Since X P is projective and A acyclic, ¢ nullhomotopic.
Since 4’ = ( o p it follows that 4’ is nullhomotopic (use that p is a chain map). Therefore,

v =4+ (d*R + Rd®),
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is nullhomotopic (since d4 R+ Rd¥ is nullhomotopic, for which R is the witness, and since
the addition of two nullhomotopic maps is nullhomotopic).

Injective case: Let f : I — J be quasi-isomorphism between injective complexes I, J € Ig.
Letting K = Cone(f), it is acyclic. It is again enough to show that Ho(homk , (K, K)) =0
(i.e. that K is injective) since then K is contractible from which it would follow that f is
a homotopy equivalence.

The proof of this is analogous to the projective case so we just write out a sketch:

(a) Let v: A — K be a chain map from an acyclic complex A € Ap, and observe that
if I is injective then X7 is injective. Let p : K — XI be the chain map p,(a,b) = a.
Then po~ : A — X[ is a chain map into an injective complex from an acyclic one
so it is nullhomotopic. Let s be a witnessing nullhomotopy.

(b) Use s to define a maps Sy, : 4, — I, ® Jp+1 = Kpy1 by Sp(x) = (sp(x),0). Then
the first component in (d%S 4 Sd*) is po~, so that po (,Y — (dKS + SdA)) =0, i.e.

=5
po4 = 0. This gives a map ¢ : A — J which is a chain map since ¥ is a chain map.
Then since A is acyclic and J is injective, ¢ is nullhomotopic.

(¢) With v : J — K the universal map we find that with n := —( we have ¥ = uon.
Since 7 is nullhomotopic and « is a chain map it follows that 4 is nullhomotopic.

(d) Proceed as in the previous case to show that « is nullhomotopic.

O]

Theorem 5.2.9. If P € Pg is projective and P ~ Q) is a homotopy equivalence, then @
s projective. Similarly, if I € 1g is injective and I ~ J is a homotopy equivalence, then
J is injective.

Proof. Projective case: Let o : P S @ : 8 be witnessing chain maps for P ~ Q. Let
A € AR, and let v : @ — A be a chain map. Since P is projective, the composite chain
map v o 3 : P — A is nullhomotopic. Then v o 8o « is also nullhomotopic. Since then
can be written as a difference of two nullhomotopc maps (yo foa) — ((yoBoa)—7) it
follows that ~ is nullhomotopic.

Injective case: Similar enough that we don’t write it out. O
Theorem 5.2.10. If P € Py and Q € Pg then P 1 Q € Pg.
Proof. By the (dg-)tensor-hom adjunction [£.3.4] we have that

homxk , (P ®k @, A) ~ homk, (P, homk,(Q, A)).

If A is acyclic then since @ is projective we find that homg, (Q, A) is acyclic. It follows
that Ho(homxk, (P, homk . (Q, A))) =0, so also

Ho(homk (P ®1 @, A)) = 0.

Hence P ®y @ is projective. O
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Theorem 5.2.11. For projective complexes P € Py and QQ € Pg, the functors

h P,— h —
KRMKR and KRMKE{

preserve quasi-isomorphisms.

Proof. homy, (P, —) preserves quasi-isomorphisms: Let M i) N be a quasi-isomorphism
and let ¢ := homg, (P, f). By theorem |3.2.15 f is a quasi-isomorphism iff hcoker(f) is
acyclic. But hker(f) = X~ thcoker(f) and X ~'hcoker(f) is acyclic iff hcoker(f) is acyclic.
Hence by hypothesis, hker(f) is acyclic. By theorem we find that

hker(¢) = homg, (P, hker(f)).

Since P is projective, the right-hand side is acyclic. Hence hker(¢) is acyclic from which
it follows that ( is a quasi-isomorphism.

homx ,,(Q, —) preserves quasi-isomorphisms: Essentially identical reasoning: By theorem

4.3.5| we find that, with ¢ := homk,(Q, f) for M ENN quasi-isomorphism, we have that

homx . (Q, hker(f)) = hker(().

Since @ is projective and hker( f) is acyclic, hker(() is acyclic, i.e. ( is a quasi-isomorphism.

O]

Theorem 5.2.12. If I € I}, N 1R, then the functors

homK]k (_71)

KP < "L Ky and K

homKR(—,I)

Kk
preserve quasi-isomorphisms.

Proof. Similar in spirit to the proof of theorem [5.2.11] but uses the second isomorphism
in 4.3.4] instead and the corresponding isomorphism in 4.3.5] where we use that f is a
quasi-isomorphism iff hcoker(f) is acyclic. O

Remark 5.2.13. The hypothesis in theorem [5.2.12) may be weakened to only require [ in
I for the first functor homk, (—, ) and I € Iy for the second functor.

Theorem 5.2.14. We have that Pr N Ar = Ig N Ag, and that this is precisely the
contractible complexes.

Proof. Since 0 — A and A — 0 is always nullhomotopic, the zero complex 04 is both
projective and injective. If A € PN Apg then A — 0 is a quasi-isomorphism (both are
acyclic). By theorem A ~ 0, so that A is contractible.

Similarly, if A € IrN AR then 0 — A is a quasi-isomorphism between injective complexes,
and so it follows that A ~ 0, i.e. A is contractible.

On the other hand if A is contractible, then A ~ 0. Since H,, is homotopy-invariant it
follows that H, (A) = 0 for all n, i.e. A is acyclic. Since 0 is both projective and object, it
follows by theorem [5.2.9|that A is projective and injective. Therefore we have A € PrNApg
and Ir N Apg. ]
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5.2.1 Short interlude on Derived functors and Resolutions

The interest we have in projective and injective complexes is not so much derived from
studying them in isolation, but rather from the fact that one may show that every complex

M € Chpr admits a projective resolution P =4 M and an injective resolution
P

M7 , meaning that P € Pp, is projective, I € Ip and p and g are quasi-isomorphisms.
q
The fact that they are quasi-isomorphisms means that they are all isomorphic in any

localization of Chy at the quasi-isomorphisms.

Below we write out the “naive” functors and their “correct” (or “derived”) versions.

()@ M~ ()P,
homgk , (M, —) ~» homk (P, —),
homKR(—,M) ~ homKR(—,I).

One may ask, why are these the “correct” ones?” One answer may be that they preserve
all quasi-isomorphisms (under nice conditions; see remark . We will see later
that ( - ) ®k P preserves quasi-isomorphisms (see ; for why the other two functors
preserve quasi-isomorphisms, recall theorems [5.2.11][5.2.1

Theorem 5.2.15. Let M € Kpg be such that homgk (P, M) is acyclic for every projective
complex P € Pr. Then M is acyclic.

Proof. Observe that R is projective (cf. with Theorems , . Furthermore, we

have

homic (R, M) = [ homuoa, ((2) . M)
i€z !
= homModR(R7 Mn)

= My, by fo 2% fo(1).

Furthermore, it is quite straightforward to check that ¢ = (¢)nez : homk,, (R , M) — M

is a chain map. Since ¢ is an isomorphism and homy, is acyclic it follows that M is
acyclic. ]

Theorem 5.2.16. Assume M € Kp is such that homg (M, I) is acyclic for every injec-
tive complex I € Ir. Then M is acyclic.

Proof. By our earlier remarks, we may assume the existence of an injective resolution

M == I. Fix I and consider
q

:=h N
homyk (1, 1) —)C omiy (@)

By theorem [5.2.12] (together with remark |5.2.13) we find that homk,(¢,I) is a quasi-
isomorphism. Since the codomain of ( is acyclic, homg , (I, I) is acyclic. By theoremm

it follows that I is contractible. Since contractible implies acyclic, I is acyclic. El Since
M-21sTisa quasi-isomorphism, M has the same homology as I, i.e. M is acyclic. O

homg , (M, I).

3Sketch: Take z € B,(C) for complex C, then we have there is a witnessing contraction s such that
idc = ds + sd so x = ds (since sdz = 0 by the fact that = is a cycle). Hence z is a boundary.
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Theorem 5.2.17. For projective complexes P € Py and QQ € Pr N Py, the functors

P . .
Kp 20 Ky and K % K,
preserve quasi-isomorphisms.
Proof. P ®k (- ) preserves quasi-isomorphisms: Let M L>—> N be a quasi-isomorphism

in Chg, we want to show that P @y M ﬂ P ®x N is a quasi-isomorphism. Since f is

a quasi-isomorphism, hcoker(f) is acyclic (by theorem [3.2.15). By theorem we have

hcoker(P ® f) = P ® hcoker(f).

Lemma 5.2.18. If A € AR is acyclic then upon tensoring with a projective complex
P € Py, we get an acyclic complex P ®y A.

Proof. By theorem [5.2.16] it is enough to show that for every injective complex I € I we
have that homg (P ®x A, I) is acyclic.
By the dg-tensor hom adjunction [£.3.1] we have

homgk ,, (P ®x A, I) =~ homg, (P, homk (A, I)).

Since A is acyclic and I is injective, we have that homg (A, I) is acyclic. Since P € K is
projective it follows that homy, (P, homx (A, I)) is acyclic so homyk ,,(P®y A, I) is acyclic.
The conclusion follows. O

By the lemma, P ® hcoker(f) is acyclic, hence hcoker(P ® f) is acyclic, so by another
application of [3.2.15] it follows that P ®, f is a quasi-isomorphism.

(-) ®K Q preserves quasi-isomorphisms: Let L < L/ be a quasi-isomorphism in Chy.
Then by theorem |4.3.6| we have

hcoker(g ®x @) = hcoker(g) ®x @,

where we note that hcoker(g) is acyclic. By a twist of lemma [5.2.18| utilizing the isomor-
phism realized by the symmetrizer o coming from the symmetric monoidal structure on

Chpg (recall theorem [2.5.4)), i.e. so that A ®i Q ﬁ:_% Q ®x A is acyclic if A is acyclic,

it follows (proceed as in the first case above) that hcoker(g) ®i @ is acyclic, so that
hcoker(g ® Q) is acyclic which implies that g ®x @ is a quasi-isomorphism. ]

Remark 5.2.19. Observe that “correcting” (- ) ®yi M with (- ) ®x P with P belonging to

Prand P "5 M a projective resolution in Chg, it is not the case that we can conclude
that ( - ) ®y P preserves quasi-isomorphisms by theorem unless we also know that
P is in Py.
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5.3 Bounded below (or “bounded to the right”) projective
resolutions

Definition 5.3.1 (Projective object). Let A be an abelian category, and let P € Ob(A).
Then we call P a projective object if for every morphism m : P — N and every
epimorphism e : M — N there exists a morphism m : P — m such that e o m = m, or in
diagrammatic form as,

P
| 5.3.1
o l ( )
ko

N

M e
Example 5.3.2. Consider A = Modg. Let P be a projective object in Modg. Assume
we have a morphism m : P — N ande: M —- N
Lemma 5.3.3. ¢: M — N is an epimorphism in Modg iff it is surjective.

Proof. =: Consider the morphism 7 : N — N/im(e), and let g : 0 — N/im(e) be the
corresponding zero map. Then

m(e(z)) = gle(z)),  Voe M.
Since e is epi, it has the right-cancellation property, so it follows that = = g, which means
that im(e) = N, that is, e is surjective. O
<: This direction is clear by working with elements.

It follows by the lemma that a projective object (which we call a projective module) is
precisely a module such that any diagram on the form as in with e surjective, can
be “completed” with m to a commutative diagram.

We recount some well-known (see e.g. [DF04, Chapter 10.5]) theorems about projective
modules.

Theorem 5.3.4. A module P € Modpg, is projective iff there is some module (Q € Modp
such that

PoQ=PRr

icl
for some index set 1.
Remark 5.3.5. In particular, free modules are projective.
Theorem 5.3.6. Every projective Z-module is free.
Proof. We will just provide a sketch: Observe that if P is a projective Z-module then P
is isomorphic to a submodule P’ of a free Z-module, which is the same as a free abelian

group, under which P’ becomes a subgroup of a free abelian group. But every subgroup
of a free abelian group is free, and so the conclusion follows. O

Theorem 5.3.7. Every projective Z/n-module is free iff n = 1 or n = p* for some prime
pand k > 1.
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Proof. =: We prove the contrapositive: assume n = ab has at least two distinct prime
factors a,b > 1 with ged(a,b) = 1. By the chinese remainder theorem we have a ring-
isomorphism

Z/n < Z/a®Z/b=:F.

By restriction of scalars we may view the right-hand side as a Z/n-module. Then clearly
P:=7Z/a®0=Z/ais a direct summand of the free Z/n-module F', hence is a projective

Y
Z/n-module. Suppose P was free, i.e. P, gZ/n = P with S # @ (since |P| > 1 as a set).
Consider the element (0,1) € F and let ¢ := ¢~ 1((0,1)). Then (by using the Z/n-module
structure coming from restriction of scalars) we have, for any (u,0) € P,

e~ (u,0) = ¢(p~(0,1)) - (u,0)
=(0,1) - (u,0)
= (0,0),
=eP =0.

Then note that by Z/n-linearity of 1), we have that
0 =1(ex)
for all x € @, g Z/n. By injectivity of v, it follows that ex = 0 for all .

Take any coordinate vector e, in @, .gZ/n. Then (¢-e;)s = ¢ # 0, hence ¢ - e; # 0,
contradiction!

«<: If n =1, then Z/(1) = 0 is the zero ring, with 0 = 1. It follows from the module-
axioms that any O-module M is such that M =1-M = 0-M = 0, so there is (up to
unique isomorphism) only one module, and M = 097 is free.

If not then n = p* for some prime p and k > 1. Then Z) pFZ is a local ring with unique
maximal ideal (p).

Then
(z/p*z) /(p)

is a field with p, elements i.e. (Z/p"Z) /(p) = Z/p.

Let R = Z/p*Z, and let P be a projective R-module. Then P/(p)P is naturally a R/(p) =
Fp-module, i.e. a Z/p-vector space. Let (7;),c; be a basis for P/(p)P as an Z/p-vector
space (assuming Zorn’s lemma) and “lift” them to elements (z;);c; C P that projects down
to the basis in the quotient module under the canonical projection map 7 : P — P/(p)P.
Define

R@I £> P e, — x;,
and extend by R-linearity. Then it is clear that
§:=mop: R - P/(p)P

is a surjective R-linear map. Consider C' := coker(y¢) = P/im(y). We claim that C = (p)C,

where
(p)C = {Zrici
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Since C' is an R-module, it follows that (p)C C C, so it is enough to show that C' C (p)C:
Since (p) is principal, any element r; € (p) is on the form r; = pa; for a; € R, hence every
element ), 7c; € (p)C can be written on the form

Z TiCi =D (Z aiCz')
i i

eC
pry pc
= plyl,

where we used that C' is an R-module and that P 7r—/> C is surjective, so that there is
some y; € P that projects to [y1] = c¢. Take an arbitrary element [y] € C, then there is
some y € P that is sent to [y] under 7’. Since 6 is surjective, there is some z € R®! such
that 0(z) = 7(y), i.e. ¢(p(2)) = 7(y). Therefore, y — p(z) € ker(mw) = (p)P. Hence, since
p(P) = {py : y € P} (by similar reasoning as for (p)C) there is some y; € P such that

y—»(2) =pyn
Sy =p(z)+py
= 7'(y) =[]
= [Pyl]
= ply1].

Since [y1] € C' it follows that [y] = p[y1] € (p)C. We conclude that C' = (p)C. Therefore,
by iterated application of this identity, we have

C=(pC=@?°C=...=(p'C

We note that (p)¥ = (p¥) = (0) in R, and so C = (p)*C = 0. By definition of C it follows
that im(p) = P, i.e. ¢ is surjective. Therefore, we have a short exact sequence

0 — ker(p) = R®T & P 0.

Since P is projective and ¢ is surjective, we get the existence of a map ~ furnishing us
with a commutative triangle above the sequence, as below,

P

35 idp )
L
0 —— ker(p) ——— R®! LAY 0

so that ¢ o s = idp, i.e., s is a section. If we can show that ker(p) = 0, then we may
conclude that P is free as an R-module.

We claim that ker(m o ) = (p)R®L. If (r;)ics € (p)R®! then r; € (p) and so

(mo@)((ri)ier) = (Z Ti%’)
i
i
=0, since r;-T; = Tx; with rz; € (p) P since 7; € (p).
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On the other hand, if (r;);cs € ker(m o ¢) then

(T['OQO Tz zEI Zrz xz
ZZ i + ().
7

We claim that ker(p) = (p)ker(p). It is (cf. C = (p)C case) enough to show that
ker(¢) C (p)ker(p). To this end, let x € ker(p). Since ¢(x) = 0 it follows that x €
ker(m o ) = (p)R¥!, i.e., so that x = py with y € R®/. From the section s : P — R®!
there is a naturally occuring map

p: RO — ker(p), 2z z—s(p(2)).
In particular, p(y) =y — s(o(y)) € ker(p). Since x = py € ker(¢) we have that
v =1 - s(p())
= py — s(¢(py))
= py — ps(e(y))
=p(y — s(e(y))

=p ply) ,
~—~
Eker(y)

so that x € (p)ker(p). It follows that ker(¢) C (p)ker(y). Therefore, we have that
ker() = (p)ker(p) = (p)?ker(¢) = ... = (p)"ker(p) = 0.

Hence R® % P is an isomorphism, i.e. P is a free R-module. O

Theorem 5.3.8. An R-module M € Modpg is projective iff M € Chg is projective.

Proof. =: Let A be acyclic. Observe that homy (M, A) = homp(M, A,) forany n € Z
~ n
with differential (dﬁ)* since e.g. d(])w = 0 (recall the formula also note that f;_1 =0
for i # 1 whenever f = (f;)icz € homgk,, (M,A) ). Since A is acyclic, we have that
~ n

A
dn+2 n+1

— = A1 — Ay —>An 1—>

is exact. Since M is projective, homp(M, —) is exact, so that

dA dA da s
. —>( nr2). hompr(M, Apt1) —>( ne). homp(M, Ay) ————>( ). hompr(M, A,—1) —>( . cee

is exact. The conclusion follows.

<«: Assume M € Chp is projective. Assume we want to complete the following diagram

to a commutative triangle as below, with ¢ surjective,

M
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Consider the acyclic complex

A= 50—>ker(q) = L5 N 50— -

Then f: M — N defines a chain map f as below

0 0 0 M 0
T N A
0 ker(q) L N 0

Since the complex A is acyclic and M is projective, it follows that

Ho (homic (11,4) ) = 20 (homc, (31, 4)) /8o (homc, (37, 4))

= homcp, (%,A) /BO <homKR <%,A>)
=0.

Since f € homch, (M, A) it follows that there is some h € homch,, (M, A) =homp(M, A;) =
~ ~r ~~Y 1
homp(M, L) such that di(h) = f. In degree zero, this says that

di o hg —h_qod) = di' o ho
= (o
= f_
But d‘f‘ =gq,i.e. gohg = f, with M 10, I, an R-module homomorphism, and the conclusion
follows. O

Theorem 5.3.9. Let P € Kg be a bounded below complexEl such that P, € Modg is
projective for all n. Then P € PR is projective.

Proof. Let N € Z such that P, =0 for n < N, let A € Ag be acyclic and let f: P - A
be a chain map. Since f is a chain map we have dﬁ N = fN,ldﬁ = ( since the codomain
of d& is Py_1 = 0. Hence im (fy) C Zn(A) which is equal to By(A) = im (d4_,) since
A is acyclic. Therefore, if we corestrict the differential d4; 41 to 8}% 41 and fy to fy with
codomain Zy(A), we get the existence of a homomorphism hy : Py — Axny1 making the
following diagram commute

Py
” )
N In o
ANyt EEeye— Zn(A)
N+1

ie. E}L\X[Hh]v = fy so that with the inclusion ¢ : Zy(A) < Ay applied to the left of both
sides of the equality we get dﬁ 1ihw = fn. I welet by, : Py — Ap+1 be the zero-morphism

4That is, so that there is an N € Z so that P, = 0 for all n < N.
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for n < N then we see that for n < N we have d;;‘ +1hn+hn,1df = fn. Assume inductively
that we have constructed a family of homomorphisms h := (hy,)n<k up to some k € Z as
above, i.e. so that d*h + hd” = f with h,, : P, = Ap11.
Let (¢ := fr. — hk—ldﬁ) : P, — Aj. Then
dilCe = dit fx — djt hp—rdf;

= fk_ldkp — d,f}hk_ldf, since f is a chain map

= (fum1 = d{hi-r) o df

= (df‘/hk(lqt hk_gdf_l —d;?/hk{l) o df, by the inductive assumption

= hg—zodj_jody

=0

=0.

Hence im (¢x) C Zk(A). By corestriction of the differential dfﬂ and (i as before we by

projectivity of Pj get the existence of a homomorphism Ay such that the following diagram
commutes,

Py
K
Apy1 ———> Zi(A)

k+1

That is, so that

7A —
diy1hie = Gy,
= d‘,?Hhk = (i, by postcomposing both sides with Z;(A) — Ay
< d?+1hk = frx— hk_ldf, by definition of (,
& dity by + hyadf, = fr.
The existence of a family h := (hy,)nez such that d*h+hd” = f then follows by induction.

But this means precisely that f is nullhomotopic. Since f was an arbitrary chain map out
of P into an acyclic complex A, it follows by definition that P € Pg. O

Below we give an example of a projective complex that is not level-wise projective.

Example 5.3.10. Consider the complex (over R = 7Z)

id
Pi=o = 0—7Z/257/2 50 —0— .
Then we may define a nullhomotopy of the identity idp by letting ho = idz/, and h,, =0
for n # 0. Therefore P ~ 0. Since 0 is projective, it follows by theorem that P € Py
is a projective complex. But P is not level-wise projective in Chy, which can be seen by
contemplating that no such map as indicated below can exist,

7)2

can’t exist“‘__,..- s —
I

Z-— T 57)2
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The reason for this is that homgz (Z/2,Z) = 0 (since Z has no torsion-elements!) but
we would need such a morphism s : Z/2 — Z to satisfy m o s = idz/. In particular,
(mos)(1)=1but s(1) =0so (mos)(1) =0 (since 7 is a homomorphism), contradiction!

Below, in example [5.3.13| we show how one may construct a projective resolution for every
bounded below complex M € Kg. First we introduce a notion and a theorem.

Definition 5.3.11 (Enough projectives). We say that an abelian category .4 has enough
projectives if for every object M € Ob(A) there is a projective object (recall definition
5.3.1) P and an epimorphism P — M.

Theorem 5.3.12. Modg has enough projectives.

Proof. Let M be an R-module and consider the free R-module P = P, ), R. Let ey,
be the element in P with 1r in argument m and zero otherwise. Then define a map
{em : m € M} — M by e, — m. This uniquely extends to an R-linear map p: P — M
which sends p(ep,) = m, so that p is surjective. By lemma[5.3.3|p is an epimorphism. By
theorem [5.3.4 and remark P is projective. The conclusion follows. O

Example 5.3.13. Let M € Kp be bounded below, so that there is some N € Z so
that M,, = 0 for n < N. By theorem My admits a surjection py : Py — My
from a projective module Py. Let P, = 0,p, : P, — M, be the zero morphism, and
dP’ = 0 for n < N. Assume by induction that for j < n we have constructed objects
P;, differentials df and R-module homomorphisms p; : P; — M so that the chain-map

condition d?/[ pj = pj_ldf holds. Let

E, = {(m, z) € My, @ ker (dﬁ,l) 2 dM(m) = pn_l(z)} .

Since E,, is an R-module (straightforward to check) it admits a surjection ¢, : P, - E,
from a projective module P,. Let p,, := 7y, © g, be the post-composition of ¢, with the
projection to the first factor, and let df := LO Myer(ar ) ©4 be the projection to the second

factor together with the inclusion into P,_1. Then by definition, the image of df is in
ker (d_,) so that d;_,dl = 0. Now take any element y € Py, with g,(y) = (m, z). Then
by definition

pn(y) = TM, (Qn(y))
= 7, (M, 2)

=m € M,,
and
a5 W) = ¢ (Mear(ar_,)(an()))
= (Tha(ar_y (m:2))
=zeP,_1.
Since (m, z) € E,, we have that dM(m) = p,_1(z). Therefore, it follows that

dy! (pa(y)) = dy! (m)
= pn—1<z)
=pn1 (a5 (),
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i.e. dp, = p,_1dY, and the chain-map condition is fulfilled up to degree n. By induction
(inductively repeating this construction), we get a chain map p : P — M from a bounded-
below complex P such that P, is projective in each degree (note that P, = 0 is projective
for n < N). By construction, the p,, are surjective for n > N.

Since P € Kp is bounded-below and P, € Modp is projective, P € Pg is a projective
complex by theorem It remains to show that P 2 M is a quasi-isomorphism, i.e.
that H,(p) : H,(P) — Hy, (M) is an isomorphism for all n. This is already clear for n < N
since M,, = P, = 0.

H,.(p) surjective: Let [m] € H, (M) with m € Z,(M). If n = N then py : Py — My is

surjective so there is some z € P, such that py(xz) = m. Since Py_1 = 0 we have that
dﬁ(m) = 0 so that x € Zy(P). But then Hy([z]) = [pn(z)] = [m].

If n > N and m € Z,(M) then d™(m) = p,_1(0) so that (m,0) € E,. Since ¢, : P, = E,
is surjective, there is some y € P, such that ¢,(y) = (m,0), but then by construction,
pn(y) = T, © qn(y) = 71, (M, 0) = m. Furthermore we have

d,lj(y) =10 Wker(d5—1) o Qn(y)
= VO Meer(af_ ) (m, 0)
=0¢€ Py,
so that y € Z,,(P). Therefore, H,(p)([y]) = [pn(y)] = [m].

H,(p) injective: For n < N there is nothing to show since the induced map in homology is
the zero map, hence injective. So let n > N. If we let [z] € H,,(P) with z € Z,,(P) be such
that H,(p)([z]) = [pn(2)] = 0 then by definition, p,(z) = d},(m) for some m € M, 1.
Then (m, z) belongs to E, 1. Since ¢u4+1 : Prnt1 — Fn41 is surjective let y € P41 be such
that gn+1(y) = (m, z). Then we see that

dﬁ—i—l(y) = L O Tyer(dl) © Gn+1(Y)
= 10 Myer(qP) (M, 2)
=z €P,,
i.e. z € B,(P), so that [z] = 0.

We conclude that H,,(p) is an isomorphism in each degree n, i.e. p is a quasi-isomorphism.
Thus, P = M as constructed is a projective resolution.
P

5.4 Bounded above (or “bounded to the left”) injective res-
olutions

We now introduce the dual notion of an object being projective.

Definition 5.4.1 (Injective object). Let A be an abelian category, and let I € Ob(.A) be
such that for every morphism v : M — I and every monomorphism m : M ~— N, there is
a morphism 4 : N — [ such that 4 o m = v, or diagrammatically, as

I
r
M m

—— N
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Then we call I an injective object.

Example 5.4.2. Let R be a commutative unital ring, and consider an object I € A =
Modpg, that has the properties described in definition [5.4.1

Lemma 5.4.3. For a morphism M i> N in Modg, we have that f is a monomorphism
iff f is injective.

Proof. =: Suppose m € M such that f(m) = 0, and consider the maps g,h : R = M
with g(r) = rm for all » € R (induced by the action R x M — M by fixing m) and h the
zero-morphism. Then for all » € R, we have

(fog)(r) = f(rm)
=rf(m)
=0
= (foh)(r).
Since f is a monomorphism, it follows that ¢ = h. In particular, this means that m =
g(1) = h(1) = 0. It follows that f is injective.

<: If h,g: X = M are R-module homomorphisms such that foh = f o g then for all
x € X we have f(h(z)) = f(g9(z)) = h(z) = g(x). It follows that h = g. O

This means that an injective object in Modpg is a module I for which the diagram can be
completed as below, for injections ¢ and R-module homomorphisms ~,

I
o

ﬁ .

M _,

— N

We call such a module an injective module.

Definition 5.4.4 (Enough injectives). We say that an abelian category A has enough
injectives if every object X € Ob(.A) admits a monomorphism X — I to an injective
object I.

For the rest of the section, unless otherwise specified, we use ring/ rings for commutative
ring/rings. This is more a choice of convenience, and there should be not be any major
changes in the statements or proofs if one wants to state or prove the corresponding
non-commutative ring statement.

We aim to show below that for any unital ring k, Mody has enough injectives.

Proposition 5.4.5 (Baer’s criterion). Let R be a ring and let I be an R-module. If
every R-module homomorphism v — I from an ideal v to R extends to an R-module
homomorphism R — I, then I is an injective R-module.

Proof. 1t is enough to show that for an R-module M, N C M a submodule and v: N — [
R-module homomorphism there is an extension to 4 : M — I of ~ for the following reason:
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If we can prove this statement, then any diagram can be completed as below,

Ne— M

Now consider a diagram on the following form,

~

. (5.4.1)

h

— M

corest.

with u injective. We then have the existence of 4 such that (where w is the corestric-

tion to the image u(L) of u)

,3/ oL=ro0 (ucorest.)fl
= "N}/O Loucorest. =7
S FJou=r, since ¢ o st =y,

as depicted in the diagram below,

,yo(ucorest )—1

Lz u(L) M

(ucorest. ) -1

Hence 7 o ¢ does the job of completing the triangle in [5.4.1

Proceeding with the proof, we let
N:={(N',9") | N € N' C M submodules and 7' : N’ — I extends 7} .

We define a partial order (N, <) with (N1,71) < (N2, 72) if N1 € Na and v2|n, = 1. Then
a relatively straightforward check (using that a chain is exactly the restriction of a partial
order to a subset where we get a total order) shows that every chain {(N;,v;)};cr C N for
some index set Z has an upper bound, and so by Zorn’s lemma there is a maximal element
(N',~"). We claim that N' = M. Assume not. Then there is an element m € M \ N’. Let
N":= N'"+ R-m, so that N' C N” C M (the first inclusion since 0 +1-m = m € N”
and the second since N', R-m C M).

Let v:={r € R : r-m € N'}. This is an ideal of R. Consider the sequence

0ot S NaRrRE N S0,
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with R-module homomorphisms a(r) = (r - m,—r) and S(n,r) =n + r - m. We see that

Bla(r)) = B(r-m,—r)

=0,

so that im(a) C ker (8), for r € . If (n,r) € ker (8) then n+r-m=0&n=—r-m e N/,
which means that » € v. But then a(—r) = (—r-m,r) = (n,r) so that (n,r) € im(«a).
The surjectivity of 5 is clear from definition, and «(r) = (r - m, —r) = (0,0) implies that
—r =0 = r =0, so that « is injective. Hence the sequence is exact.

Define a homomorphism ¢ : v — I by ¢ := 7' o7 o a where mp/ : N’ ® R — N’ is the
projection to the first factor. By assumption, there is an extension ® : R — I of ¢. There
is then an R-module homomorphism H : N’ @ R — I defined by H(n,r) = +'(n) + ®(r).
For r € v we have that

H(a(r))=H(r-m,—r)
=~'(r-m)—®(r)
=/ (r-m) = 9(r)
= 'Y/(T -m) — ’)’/(7“ -m), by definition of ¢
=0

so that im(a) C ker(H). By exactness, it follows that ker(3) C ker(H). By the universal
property of the quotient there is then a unique map +” : N” — I such that H = +' o 3,
i.e. so that the following diagram commutes

N' &R H I

3 O . ‘3!7//

N//
It follows that for (n,0) € N’ @® R, we have that

Y (n) =+'(n) + @(0)
= H(n,0)
= 7// (B(nv 0))

so that 4" extends 7' (and hence also 7). But since also N’ C N” we have that (N',~") <
(N",~") with respect to (N, <), contradicting maximality of (N',~"). O

Definition 5.4.6 (Divisible module). A module M € Modp is divisible if for every
non-zero element r € R, the induced map (from the action R x M — M)

T
M — M, m = rm,
is surjective.

Theorem 5.4.7. If R is an integral domain, then
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(a) All injective modules are divisible.

(b) If R is also a prinicipal ideal domain, then the converse is true, i.e. all divisible
modules are injective.

Proof. (a): Assume I is an injective module in Modg, and consider a non-zero element
r € R. For any m € I we must find x € I such that ro = m.

Consider the prinicipal ideal (r) C R, and define a map « : (r) — I by a(ar) = am. If
a'r = ar for a € R, then (a’ —a)r = 0. Since r # 0 and R is an integral domain, it follows
that @’ = a and so a’m = am, so that « is well-defined. A routine check gives that « is an
R-module homomorphism. The inclusion ¢ : (r) — R is injective. Since I is injective, we
get an induced R-module homomorphism & such that the following diagram commutes,

Let x := &(1) € I, and note that

re =ra(l)

| T
2 2 &
-5 =

T . . .
Hence I — I is surjective.

@ : By Baer’s criterion it is enough to show that for any ideal v and any R-module
homomorphism 1 : v — [ there is an extension ¥ : R — I. To wit, let ¢y : vt — I be an
R-module homomorphism. Since R is principal, v = (r) for some element r € R. If r =0
then the zero-homomorphism R — I extends ¢. If r # 0 then since I is divisible, the
map I = I is surjective. Therefore, there exists an = € I such that rz = ¥ (r). Define
U : R — 1Iby ¥(r') = 'z for 7’ € R, i.e. as the induced R-module homomorphism
from the action R x I — I defined by freezing = in the second variable. Then we find for
arbitrary ar € (r), we have

U(ar) = a¥(r), since ¥ is R-linear

, since 9 is R-linear,

which means that U], = 1. O
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Theorem 5.4.8. Let S i> R be a ring homomorphism. Then there are adjunctions as
indicated in the diagram below

MOdS(R,—)

Here F is the forgetful functor Modg LN Modg.

Remark 5.4.9. Observe that S 25 R is a witness to the fact that R is an S-algebra. Hence
the forgetful functor F' sends an R-module M to the same underlying abelian group but
now equipped with the action s-m := f(s)-m. Hence one might as well call this the
“restriction of scalar” functor (note; with respect to a fized ring-homomorphism S L R).
On morphisms L 9y N of R-modules, we set F'(g) = g since g respects the R-action it will

also induced the action induced by restriction of scalars to S, i.e. g(s-1) = g(f(s) 1) =
f(s)-g(l)=s-g(l) foralll € L and all s € S.

Remark 5.4.10. On morphisms g : M — M’ € Modg, the functor ( - ) ®¢ R : Modg —
Modp is defined as (9) ®s R := g ®idg : M ®s R — M’ ®g R, while Modg(R, —)
takes morphisms g : N — N’ in Modg to Mods(R, g) : Modg(R, N) — Mods(R, N’) by
postcomposition Modg(R, N) 2 v+ gou € Modg(R, N').

Remark 5.4.11. For any S-module N, we have that Modg(R, N) is an R-module by the
action (a - g)(r) := g(ar) for a € R and g € Modg(R, N), at least under the assumption
that R is an S-algebra and that R is commutative (observe that if R is commutative and
we have a ring-homomorphism from S to R, then this gives R an S-algebra structure),

so certainly with S, R commutative and S EN R witnessing ring-homomorphism for the
S-algebra structure on R.

Remark 5.4.12. For an introduction to adjunctions, see e.g. [Riel6, Chapter 4.1].

Proof. (-)®g R - F: We need to show that for each pair of objects M, N with M € Modg
and N € Modp, there is a bijection

P
hommody, (M ©s R, N) ——=> hommogs (M, F(N)),
natural in both M and N (in the sense of |Riel6, 2nd and 3rd diagram on p. 131]).
To this end, define ®); xy by sending an R-module homomorphism M ®g R %4 N to

the map @y n(a) := m — a(m ®g 1). A routine check gives that this is an S-module
homomorphism. Correspondingly, for each such pair M, N, we define a map

N\
hommods (M, F(N)) — hommody (M ®s R, N)

by Uy n(B)(m @) :=1r-B(m) for f € hommogy (M, F(N)). This is the map induced by
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the universal property of F'(M ®g R) € Modg, as below,

(m,7) M xR ——— F(M ®s R) mer
0 NV N (B)
F(N)
- B(m)

One checks that 6 is S-bilinear (recall that we are assuming the rings are commutative;
otherwise exchange S-bilinear with S-balanced and R an S-algebra, i.e. f(S) C Z(R))
hence factors through a unique S-module homomorphism Wy y(5) and the canonical
map (m,r) *> m®@7. A routine calculation gives that the induced map Wy x(3) is in fact
R-linear.

We check that ¥ and ® are mutual inverses. If o € hompog,, (M ®g R, N) then
Urrn (P (@) (m @) =1 - (Par,n(a)(m))
=r-a(ma1l)

=a(mar), since « is R-linear,
and if 5 € hompmedg (M, F(N)) then
PN (PN (B)(m) = Varn(B)(m @5 1)

=1-B(m)
= B(m).

Hence ®) n is an isomorphism. We check naturality (recall our earlier parenthesis in the
proof about this).

We first check that the following square commutes, for all a: N — N’ in Modpg,

[}
N hommod, (M ®s R, N) i > hommeds (M, F(N))
o ANAAAAAAAANAAAANS Qlx (F(a))*
N’ homModR(M ®s R, N/) > homModS(M,F(N’))
M,N’

For 3 € hommog, (M ®g R, N) we have
(F(a))so@mn(B)(m) =a(B(m®1)),  since F(a)=a,
while

a0 ax(B))(m) = a.f(m @ 1)
=a(B(m®1)),



which agrees with our other computation, and so in natural language, one would perhaps
say that we have just shown “naturality with respect to N”.

To check “naturality in M”, instead consider any morphism h : M’ — M in Modg, and
contemplate the diagram to the right below,

P
M’ hommod, (M ®g R, N) M > hompieds (M, F(N))
M homModR(M’ ®s R, N) B n > homModS(M’,F(N))

We have, for v € hompmod,, (M ®g R, N) and arbitrary m’ € M’ that
(h* o @a,n (7)) (m') = @arn (v) (R(m))
=5 (h(m') ®1)
while
(@ar,v o (h®s R)*(7))(m') = (h@s R)*(v)(m' @ 1)
=y(h®idr(m’ ®1))
=(h(m') @ 1).
Both computations agree. Hence we conclude that (- ) ®g R - F.
F 4 Modg(R,—): For all pairs N, M with N € Modg and M € Modg, define

By s+ Mods(F(N), M) — Modg(N, Mods(R, M)),

by taking an S-module homomorphism F(N) % M to @y as(a)(n)(r) := a(r-n). One
checks that ®n ar(a)(n) is S-linear for each n € N, and that ®y () is R-linear, by
using that R is commutative.

Let ¥y ar : Modgr(N,Mods(R,M)) — Modg(F(N),M) be defined by ¥y (8)(n) =
B(n)(1g) (we suppress R in 1 after this), for each € Modg(N,Modg(R, M)) and n € N
so that 5(n) € Modg(R, M). Then one may check that Wy p/(3) is S-linear by using how
the module-structures interact, in particular using remark that B(n) is S-linear for
each n € N and that § is R-linear.

We check that ®x a7 and Wy jr are mutual inverses. Let o € hommog (F'(IN), M). Then
Unar(Pnar(a))(n) = @y ar(a)(n)(1)
=a(l-n)

= a(n),
and for 8 € Modg(N, Modg(R, M)) we have
SN (Un (B8)(n)(r) = W ar(B)(r - n)

— Br-n)(1)
= (r-B(n))(1) since 3 is R-linear

= B(n)(r), by remark [5.4.11
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Hence ®y js is an isomorphism. We check naturality.

Naturality in the first argument F'(—): Let « : N’ — N be an R-module homomorphism.
Naturality amounts to checking that the following square commutes,

DN M

N’ hommody (F(N), M) ———————— hompmod, (N, Mods(R, M))

a PAAAAAAAAAAAAANSY F(a)* a*

<l>N/,M

N homModS(F(N’),Mf) homModR(N’,ModS(R, M))

Let F(N) ﬁ) M be an element in the left-upper corner of the diagram above, let n’ € N’
and let r € R. Then

O (F () (8))(n) (1) = @ pa (B o Fax

N
S~—
—
S

<
N
—~
=
N

(r-a(n)), R-linearity of a.
We conclude that the diagram commutes.

Naturality in the second argument: Let o : M — M’ be an S-module homomorphism.
Naturality then amounts to checking that the following diagram commutes,

)
M hommods (F(N), M) i hoMmod, (IV, Mods(R, M))
A sy e Mods (R,a)« ;
M’ hommodg (F(N), M") (D > hompod, (IV, Modg(R, M"))
N, M’
where

Mods (R, )« : Mods(R, M) — Mods(R, M'), b+ aob
acts by postcomposition (as indicated by lower-case ).
We find that for F'(N) By M R-linear homomorphism, n € N and r € R we have that
(Pn,a17 0 ) (B)(n)(r) = o (B(r - n)

= a((r - n))
while
(Mods (R, )+ 0 ®n,ar)(8)(n)(r) = Mods (R, a)«(B(r - n))
= a(B(r - n)).
Since the computations agree, the diagram commutes. O
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Corollary 5.4.13. If F(M) — N € Modg is an injection, the corresponding morphism
(under the isomorphism given by theorem [5.4.8) M — Modg(R, N) in Modp is an injec-

tion.

Proof. By investigating the proof of theorem [5.4.8] we see that & sends an injection
F(M) 2 N to §:= ®(8) defined by
Bn)(r) = B(r-n).
Assume that B(nl) = B(ng) for some ni,n9 € N. This means that
B(n1)(r) = B(n2)(r), VreR
= B(m1)(1) = B(na)(1)
& B(n1) = B(n2)

= ni = no, by injectivity of 3.

Corollary 5.4.14. The functor hompmed, (R, —) preserves injective objects.

Proof. Assume I € Modg is an injective object. Then we want to check whether we can
complete the triangle as below in Modp with an R-module homomorphism ~ where ¢ and
¢ are R-module homomorphism with ¢ an injection,

homModS (R, I)
.

o 3y

Le——r— N
Observe that since F'(¢) = £ we then get an injection F'(¢) : F'(L) — F(N) in Mods. The
isomorphism W in the proof of gives us a map ¢ := W(¢) : F(L) — I, defined by
(1) = ¢(I)(1). Since I is injective we get a map 7 : F/(N) — I so that the diagram below
commutes,

I
v
- I
O

Then the natural isomorphism ® gives us a map v := ®(5) : N — Modg(R, I), defined by
~v(n)(r) =F(r-n). We then see that

(Yo O)(1)(r) = ~(£(D)(r)

ot
(r-

)(1), since 1 is R-linear
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where we in the last step used the R-module structure on Modg(R,I) (we remind the

reader of remark [5.4.11)). O

Lemma 5.4.15. Injective objects are preserved under products (as long as the product
exists).

Proof. Let (I4),c4 be a family of injective objects in an abelian category A. Consider a
diagram on the following form in A, with M < N a monomorphism,

HaeA 1o
o
My 5N

We want to show the existence of 7 completing the triangle. Since [], . 4 1o is a product
there are canonical maps 7, : HaeA I, — I,. This gives us maps 1o := g0 ¢ : M — I,
and since each I, is injective, we may complete the following diagram with a map -, as
below,

I
l'".»»
Mo ’Y
My——3 N

By the universal property of the product applied to this A-indexed family of maps

HaGA IOC
T
3!7.‘ e ,
N1,

a€A

there exists a unique morphism v : N — [],c4 I so that the diagram above commutes
forall a € A, i.e. Ty 0y = Yau.

We then find that

TaOYOL="a0L

= Na

= Ta © wv
for all @ € A. By another application of the universal property of the product we must
have that v o+ = 4, and the conclusion follows. O

Lemma 5.4.16. Q/Z is divisible as a Z-module over the principle ideal domain Z.

Proof. We must show that the map Q/Z % Q/Z is surjective, for any n € Z. Let
q+7Z € Q/Z be arbitrary, with ¢ € Q non-zero. Then % +Z is sent to ¢+ Z. Clearly 0+ Z
is sent to 0 + Z so we are done. O
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Theorem 5.4.17. Q/Z is injective as a Z-module.
Proof. By lemma[5.4.16|Q/Z is divisible, so by |5.4.7}(b) it is injective as a Z-module. [

Theorem 5.4.18. Let A € Ab. Then for all non-zero a € A there exists a homomorphism
A ey Q/Z in Ab sending a to a non-zero element V,(a) # 0 of Q/Z.

Proof. If a has finite order then since a # 0 its order is greater than one. Define a
homomorphism 1, : (a) — Q/Z by p,(ka) := & + Z. Since n > 1 we see that ,(a) =
1+ 7 # 7 so that ,(a) is non-zero. This is well-defined since if ka = la < a(k — £) =0
which means that n | k — ¢ so that % — % €L % +7Z = % + Z and a routine calculation
gives that this is a homomorphism.

If a has infinite order, then define e.g. ¥,(ka) = % + Z. Straightforward checks gives that
this is well-defined (using that a has infinite order so every ka is uniquely defined), is an
(additive) homomorphism and t,(a) = & 4+ Z # 0.

Since Q/Z is injective, we may extend v, : (a) — Q/Z as below for each non-zero a,

Q/Z

Since VU, extends 14, Vq(a) # 0. O
Corollary 5.4.19. For any object A € Ab, there is an injection A — [],c 4, Q/Z.

Proof. In accordance with theorem [5.4.1§| for each non-zero a € A we may choose a
homeomorphism ¥, : A — Q/Z such that ¥,(a) # 0 and for 0 we may choose the zero-
homomorphism. Let I := [],.4Q/Z. Since I is a product, by the universal property we
get a unique map ¢ making the family of A-indexed triangles commute, as below,

I
n
Elgo__, i

a€A

We claim that ¢ is an injection: Assume that ¢(a) = 0. Then 7, 0 p(a) = ¥4(a) = 0,
which implies that a = 0. O

Theorem 5.4.20. Modpg has enough injectives.

Proof. Let M € Modpg be given. Since every ring is a Z-algebra, we have adjunctions as
in theorem [5.4.8 By |5.4.19| there is then an injection F(M) < [],,ca; Q/Z =: I in Ab,

so the same injection lives in Modz. By |5.4.15| this gives an injection M & Modz(R, I).
Since Q/Z is an injective object in Modz by |5.4 1 /l it follows by |5.4.14| that Modz (R, I) is
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an injective object. By [5.4.3| we have that { is a monomorphism. Therefore, by definition
Modp has enough injectives. O

Summarizing § 5.3 and § 5.4: We call Q/Z € Ab an injective cogenerator, and we call
R € Modp a projective generator.

5.5 Cell complexes and lifting

In the context of wanting to construct projective resolutions, let’s define some notions.
First we define

S™ 00— R
in = h BidR (5.5.1)
Dntl R d—> R
idr

by which we mean that 4, here is the chain map, S™ is the upper complex, D"*! is the
lower complex with zeroes everywhere but where indicated above, and where the vertical
idg lives in degree n. It is immediate that 7"S" = S° and that X "D" = DO if one
forgets the differentials. However, with respect to said differentials, when n is odd this
introduces a sign in front of the lower horizontal idg ]

Theorem 5.5.1. For any complex M € Chpg, there are natural isomorphisms
homch, (S, M) =~ Z,(M)  and  homcp, (D" M) ~ M, 1.
Proof. homcp, (8™, M) ~ Z,(M): Observe that by definition of S™, a chain map S™ EN Y

is determined solely by f,(1) € M,. Since d™ f, (1) = f,_1d>" (1) = 0 it follows that the
——

=0

assignment f — f,(1) gives an element f,(1) € Z,(M).

On the other hand, each n-cycle & € Z,,(M) determines a chain map 1 <+ z (where the
assignment 1 — x happens in degree n) as indicated below,

S'n.

r }d—> 0
QJV lg :
—_—
rT i 0

These are inverses hence gives a bijection of R-modules (since they are mutual inverses
also the inverse assignment from an n-cycle to the corresponding chain map is R-linear).

We claim the assignment f 2 fn(1) is natural (easy check gives we claim that it is

also an R-module homomorphism), with S™ i> M a chain map. To see this, consider the

5This is due to the fact that d7 " = (—1)""d®,,. There is no such issue for S™ since all differentials

d;—gn = 0 are zero, hence so also the corresponding differentials after shifting by X"
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following diagram for a chain map o : M — M/,

s

M home, (S7, M) ———2 5 7, (M)

a AANAAAAAAAAAAAS Zn(a) s

M homepy (S, M) ———————— Z,,(M’)
M/’

where we recall the definition of Z,(«) (cf. theorem [2.3.3) is just the restriction (and
corestriction) of «, to Z,(M) respectively Z,(M'). We then have, for any chain map

s Ly M that

(Zn(a) o @ar)(f) = an(fn(1)),

while

Pppr (i (f)) = ar(ao f)
= (a ° f)n(l)
= an(fn(1)), by definition.

Hence @ is a natural isomorphism of the functors homch, (5™, —),Zn( - ) : Chg = Modg.

Dor

homChR(D"+1,M) ~ M,.1: Let homChR(D”+1,M) — M, +1 be defined by the assign-

ment g — gn+1(1). Note that since g is a chain map D"H! 9y M and since d{?j:l = idg,
it follows that

gn = gn oidpg
n+1
=9gno d’rll)+1
= d%H 0 gpit1-
Since all maps are R-module homomorphisms, ¢, and hence g, is determined by the

element gn41(1) € M,41. On the other hand, given an element y € M, +; we may define
War: Myt1 — homep, (D™, M) by sending y to g, : D"T! — M, where

(9y)nt1(r) :==ry, Vr€R,
(9y)n(r) := rd3’y 1 (y), Vr € R, (5.5.2)
(9y); =0, forj#n,n+1.

By using the module-structure on R we see that the maps above are R-linear. We then
find that

(d1 0 (gy)nta) (r) = dL i (ry)
= Td%ﬂ(y)
= (gn)y (idr(r))
= ((gn)y o B ) ().

One checks that g, then in the other degrees defines a chain map Dl 2y 6 (observe
that if j # n,n + 1 then dg, and g,d are maps out of (D”H)j = 0). For y € Mp41 we
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have that

Pr(Yam(y) = Parlgy)

= (gy)n-i-l(l)
=y, by construction,

and for D"t 2 M chain map we have

Uar(®ar(9)) = Yar(gnr1(1))

= ggnJrl(l)’
where
(9gnr(1))nt1(r) = Tgni1(1)
= gn+1(7), by R-linearity,
and

(Ggnsr(1))n(r) = rdiy (gnra (1))
Dn+1

=gy (i1 (1))
= rgy(idg(1))
= gn(T)a

and zero and all other degrees. Hence W/ (®ps(g)) = g. It is straightforward to check that
@,/ is R-linear and so it follows that (since W), is a mutual inverse) also W), is R-linear.

~Y

Hence @, is an isomorphism homcp, (D™, M) 2 M, 11 of R-modules.

With respect to naturality, we check that the following square commutes, for every chain

map M = M’ (one may check that M »U—nﬂ> My11 and « »()—"“> an+1 is a functor
ChR — MOdR),

M homch, (D™, M) Myiq
00000 e (& )nt1 -
M’ homch, (D", M) " M
For a chain map D" % M we have
(an+1 0 Par)(9) = ant1(gnt1(1))
and
(Pprr 0 ) (g) = (ax(g))n+1(1)
= (a o g)nJrl(l)
= ap+1(gnt1(1)).
Naturality follows. O
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We observe that the morphism S™ <% D! induces a morphism of functors (i.e. anatural
transformation)

homChR(D”H, —) % homChR(S", —)

which by theorem [5.5.1| can be promoted to a natural transformation

(1 B2 ().

By analysing the proof of theorem we see that for each object M € Chpg, we get the

00

map My, +1 — Z,(M) which is really Mp11 3y — gy — gyotn — (gyoin)n(l) = d (),
ie. Oy =dM, or 0= d7(1'+)1.

Definition 5.5.2 (Right lifting property). Let M Iy Nbea morphism in Chg. Then
we say that f has the right lifting property with respect to i, (or that i, has the left
lifting property with respect to f) if for every solid commutative diagram as below,
there is a dashed lift such that the diagram below commutes.

St — M
T

Dn+1 . s N

Recall that in Modpg, the pullback of a diagram on the form A T.ood B (i.e. a cospan)
is an object A x¢ B :={(a,b) € A® B : f(a) = g(b)} together with pullback morphisms
m, o that satisfies the universal property that for any R-module @) and R-linear maps
01 :9— A, 0> : Q — B such that fo/; = go/ls, there exists a unique dashed R-linear map
as indicated below, so that the diagram

Q -

Ly

e

A
Axc B = B
_
A 7 C
commutes, i.e. so that m; o) =¥¢; for i =1, 2.

Theorem 5.5.3. A morphism M i> N in Chgr has the right-lifting property iff the dashed
arrow indicated in the pullback-diagram below, is surjective.

Mn+1 _




Proof. We first observe that the reason the “outer square” commutes in the pullback
diagram above is due to f being a chain map. We further observe that the pullback is the

kernel of the map (y, 2) — dY.{(y) — Z,(f)(z) where recall (cf. [2.3.3) Z,(f) is just the
restriction to Z, (M) of f,. We let

P:= Nnt1 Xz, (3) Zn(M)
={(4,2) € Na1 ® Za(M) : d}i1(y) = fu(2)}.

for brevity, and let # : M,11 --+ P be the dashed arrow in the pullback-diagram. It is
straightforward to check (by using the projection maps 71, mo defined by projection to the
first or second factor of P C Nyi1 ® Z,(M)) that 0(m) = (fut1(m),dd  (m)).

= Let (y,2) € P be arbitrary. Then

1 (y) = ful2)- (5.5.3)

Consider the square
s s M

Dn+1 #) N

where S™ — M is the chain map which sends 1 to z € Z,(M) C M, in degree n and is
zero otherwise. Furthermore recall from the proof of that a chain map D"t! — N is
determined by where it sends 1 in degree n + 1, and we saw a way of turning an element
y € N,41 to a chain map D"H! 9%, N. Hence the lower horizontal map is gy, as defined
in [5.5.2] Since S™ is zero in all other degrees than n, it is enough to check that the
diagram commutes in degree n. We then have (gy),(r) = rd2, ;(y) by going down-right
in the diagram, while going right-down we get f,(rz) = rf,(z). These clearly agree by
Since f has the right lifiting property with respect to i,, there exists a chain map
¢ : D" — M making the diagram above commute. Since this is chain a map out of
D"t it is determined by the element 1, 1(1) = m € M, ;. Furthermore, by the proof
of theorem we know that 1, = dﬁ/{H 0 Yn+1. Hence it follows that

V(1) = dil 1 (m). (5.5.4)

Since the diagram commutes, we have

(f o)1) = (gy)nt1(1)
& fop1(m) =y

and

(in 0 9)n(1) = 2(1)
S Pp(l) =2

&dily(m) =2 by

But then we see that 6(m) = (y, 2) (by definition). Since (y,z) € P was arbitrary, 6 is
surjective.
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«: Assume 6 is surjective. Let

St — M

Dn+1 ﬁ N

be an arbitrary commuting square of chain maps. The map h is determined by h,(1) = z
so in degree n we have that following the square right-down gives 1 — z — f,(z) and
following the square down-right gives 1 — 1 — gn(1) = dY ;(y) where y = gn41(1).
Therefore, we have f,(z) = d%,;(y). Since h is a chain map and d?" = 0 we find that
z € Z,(M) and so it follows that (y,z) € P. Since 6 is surjective, there exists m € M,4+1
such that 6(m) = (y, z). By definition, this means that f,41(m) =y and d ,(m) = 2.

We define a lift ¢ : D"t — M to be the the chain map g,, as constructed in We
then observe that

(Loin)n(l) = £n(1)
= d?%l(m)
=z
= hy(1).
Since maps out of S™ are completely determined by where they send 1 in degree n, it
follows that £ o i,, = h. Furthermore, we have

(f o On41(1) = fay1(m)
=Y
= qn+1(1).
Therefore f of = q. Hence £ is a lift. O

We may abbreviate that f has the right-lifting property with respect to i, as f € rlp(iy,)
or i € lIp(f). We introduce the notation I := {i,},c; and rlp(I) := (,cz rp(in).

Theorem 5.5.4. If M SN e rlp(in) then Hy(f) is injective and Z,+1(f) is surjective.

Proof. Since f € rlp(ip), by theorem the dashed arrow

0 : Mn+1 — Nn+1 in(N) Zn(M) =P
is surjective, and 6(m) = (fp11(m),d2 (m)).
Injectivity of H,(f): Let [m] € H,(M) for some m € Z,(M) such that H,(f)(m]) =
[fn(m)] = 0. This means that there is some y € N,4q such that d,,(y) = fu(m).
It follows that (y,m) € P, so by surjectivity of § there is some x € M,4+; such tha
0(z) = (y,m). Since the pullback-diagram with 6 commutes, it follows that d/ ;(z) =
so that m € B, (M), hence [m] = 0.

38

Surjectivity of Z,41(f): Let y € Z,11(N) € Npqq be arbitrary, such that d,(y) = 0.
Then (y,0) € P. By surjectivity of € there is an m € My such that §(m) = (y,0) and
such that fni1(m) =y and d¥;(m) = 0. The latter identity tells us that m € Z, 1 (M)
(so is in the domain of Z,,+1(f)), and the former identity tells us that Z,+1(f)(m) =y. O
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Corollary 5.5.5. If M I N isin rlp(I), then f is a quasi-isomorphism.

Proof. Fix n € Z. Since f € rlp(iy,) theorem tells us that H,(f) is injective. Since
f € rlp(in—1), theorem[5.5.4] gives that Z,(f) is surjective. It follows (to convince yourself,
recall the proof of theorem that H,,(f) is surjective. Taken together this implies
that H, (f) is an isomorphism. Since n € Z was arbitrary, f is a quasi-isomorphism. [J

Corollary 5.5.6. If M i> N is in rlp(I), then M, ﬁ> N, is surjective for each n € Z.

Proof. Fix n € Z. Then f € rlp(iy,). By theorem it follows that the dashed pullback
map 0 : My11 — Npt1 Xz, (n) Zn(M) =: P is surjective. Let y € Npy1 be arbitrary.
Since f € rlp(ip—1) it follows that Z,(f) is surjective by theorem Hence we may
choose z € Z,,(M) such that f,(z) = dY ,(y) € Z,(N). Then (y,z) € P so there is some
m € My4q such that 0(m) = (foy1(m),dd (m)) = (y,2), i.e. foy1(m) =y. Therefore,

fn+1 . .. . . . . ..
M, 1 ——= N, is surjective. Since n was arbitrary, f is level-wise surjective. ]

The theorem below shows the converse to Corollaries [5.5.5( and [5.5.6| i.e. so that rlp([)

consists precisely of quasi-isomorphism M i> N that are level-wise surjective.

Theorem 5.5.7. If M L) N is a level-wise surjective quasi-isomorphism, then f €
rlp(1).

Proof. Let K := ker(f). We have a short exact sequence of complexes

05 K< M- N o

By theorem we have an associated long exact sequence in homology

Hat1(f) Ha (1) Ha (£)
) —— ) —=

S Hp (M Hpst (V) 25 1 (k) 2y or Ho(N) = - -,

with O the connecting homomorphisms. Since f is a quasi-isomorphism, H,(f) is an
isomorphism for all n so by exactness it follows that H,,(¢) : H,(K) — H, (M) has both
zero image and zero kernel, from which one may conclude that H, (K) = 0 for all n, i.e.
K is acyclic.

Let n € Z be arbitrary. To show that f € rlp(i,), it is by theorem enough to
show that the dashed arrow 6 : Mpy1 — Npt1 Xz, (w) Z,(M) =: P defined by 6(m) =
(fas1(m),d> | (m)) is surjective. Let (y,z) € P be arbitrary, so that d2,;(y) = fn(2).
Since f is levelwise surjective, choose € M1 such that f,+1(x) = y, and consider the
element d%l(x) — 2z € M,,. Since f is a chain map, and by how z,y, z were defined we see
that d ,(z) — z € ker(f,) = K,,. Furthermore,

! (A (2) = 2) = d d)L (@) — ) (2) = 0,

since z is a cycle and d? = 0. It follows that d¥, () — z € Z,(K) = B,,(K), which means
that there is some ¢ € K41 such that d2 ,(t) = d) () — 2. Let m = z — t. Then we
see that

0(m) = (fus1(@ = 1), dpy1 (@ — 1))
= (fn-i—l(x) - fn—i—l(t)vz)

= (y,2), since t € Kp41 = ker(fn+1).
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Hence 6 is surjective. We conclude that f € rlp(i,). Since n € Z was arbitrary, we
conclude that f € rlp(I). O

5.6 Projective resolutions as cellular approximations

5.6.1 Introducing factorizations and arrow categories

In this section, we will construct projective resolutions P Z M by a procedure called

a small object argument. Given a morphism M L> N in Chpg, we will construct a
factorization as indicated below,

M .

oo0) T oo

N

such that ¢(>) and f(*) satisfies the following:

(a) The morphism ¢(*) has the left lifting property with respect to level-wise surjective
quasi-isomorphisms, that is, () e lIp(rlp(Z)). Said in another way, for every solid
diagram on the form below, with A & B a levelwise surjective quasi-isomorphism,
there exists a dashed lift as indicated.

M— A
X

(o) q-
N B

(b) The morphism f (°) is a quasi-isomorphism.
Theorem 5.6.1. Given a factorization of 0 — N as above, it follows that N(°°) is

(o0)
projective and that N(°°) f—> N s a projective resolution.

Proof. Since f(°°) is a quasi-isomorphism, that f(°) is a projective resolution follows
directly if we can show that N(°) is projective. To that end, let A € A be acyclic and
let N(®) £ A be an arbitrary chain map. By remark we see that hker(idyg) — A is
a levelwise surjective quasi-isomorphism. Therefore, since ¢(>) € lip(rlp(I)) and since the
solid diagram below clearly commutes (both are chain maps 0 — A), there is a dashed lift
h as indicated below,

0O —mM8M8— hker(ldA

(00 l
A

NC)

By theorem it follows that N(°) is projective. O
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Definition 5.6.2 (Arrow category). Given a category C, we define the associated arrow

category Arr(C) := Fun([1],C) as the functor category, with objects functors [1] L
where [1] is the category with two objects 0,1 and one arrow 0 — 1, and where Arr(C)
has as morphisms natural transformations between functors. Composition is defined as
vertical composition of natural transformations (cf. [Riel6, Lemma 1.7.1]).

From the definition of Arr(C) we see that a morphism F = G in Arr(C) between functors
F,G : [1] = C is the data of a commutative square in C as below,

0 F(0) —=— G(0)
¥ oy F(%) G() - (5.6.1)
1 F(l) ——5— G(1)

If we consider Arr(Chg), then we see that any chain map M 1y N determines a functor
Fy: [1] — Chp by letting Ff(O) =M, Ff(l) = N,Ff(*) = f, Ff(ido) = idys and Ff(idl) =

N. Hence we may in particular consider homa(ch ) (Fi,, F'y) for any chain map M N

n?

and S <% D"l By diagram [5.6.1| morphisms « that belong to homar(chy (Fi,, Fy) are
precisely pairs of chain maps («g, a1) such that the following diagram commutes,

[N V/

prtl — N
a1
We introduce the notation

I(f)n = homArr(ChR) (Fin7 Ff)
= homChR(S”, M) XhomChR(S"7N) homChR(D”+17 N)

The latter isomorphism is clear to see by taking the pullback (in Set or Modgr) of the

cospan

homChR(S”,M) &) homChR(S",N) M homChR(D"H,N).

Furthermore, we let I(f) := |, cz I(f)n- If B € I(f) then we write ng :=n if 3 € I(f)n,
i.e. we have the evident map I(f) "), 7 that takes an element B =(n,a) € I(f) ton.

5.6.2 Construction of factorization f(*) o ()
We now aim to construct the factorization f(°) o ¢(*) with respect to an arbitrary chain
map M i) N in Chpg.

Theorem 5.6.3. The category of chain complexes Chr has all small limits and colimits,
i.e. is complete and cocomplete.

Remark 5.6.4. We will take it as given that Modpg is co/complete in the proof (sketch) be-
low. There are several way to prove the above statement, but most proofs seem (naturally)
to rely on knowing that Modpg is co/complete.
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Proof. Sketch: Cocomplete: If we take it as given that Chpg is abelian, and that Modpg
is cocomplete, then in particular Modpg has all set-indexed coproducts (i.e. direct sums)
@Daca Ma. By extension, Chg has all Set-indexed direct sums. By [Wei94, Prop. 2.6.8.(1)
= (2)] the conclusion follows.

Complete: Dual argument to the one for cocomplete in that (see [Wei94, Variation 2.6.9
(Limits)]) using that Modg has all Set-indexed products, by extension Chpr has all Set-
indexed products, and so the conclusion follows. O

We will furthermore take it as given that the direct sum plays the role of coproduct in Chg
(analogous to @ in Modpg). Observe that each I(f),, as defined, lives in Set, and so hence
so does I(f) (it is a Z-indexed disjoint union of sets).

It follows that ®a61(f) S @ae](f) D"t live in Chg. Now if a € I(f) there is a unique
integer n, so that a € I, , which means that there are morphisms s, and g, as indicated
in the diagram below, so that the diagram commutes,

Sne e, M

ine ;- (5.6.2)

Dretl 4 N
Ja
By the universal property of the coproduct applied to the diagrams

M N

A -~ g
. ‘X ’ ; \

@ael(f) She ko S

acl(f) acl(f)
(5.6.3)
and
Docr(p D
i Aading : (5.6.4)

D, She ¢ GNa
€I(f) ko acI(f)

with (Ka) e 1(p) and (Aa) e 1(f) the families of coproduct maps, we get uniquely determined
maps

Pocrp 5™ M
®aef(f) Dnatl L> N

Baci() ™ — Bacr(p D"

We claim that the associated square

Docrp S °

M
i hf (5.6.5)
N

69Ofef(f) Dret g
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commutes: We find that

fosoky=fosa
——"
=Sq
= ga Oln,, since diagram [5.6.2| commutes
~—
=gora
=goAa 0 fn,
=j0kq
=goiok,.
Hence, for every o € I(f), we see that (fos)ok, = (goi)oks. By another application of

the universal property of the coproduct, it follows that f o s = g o4, i.e. the square [5.6.5
commutes.

We let
Docrip 5" —— M
NW .= colim l . (5.6.6)

Daerp L

Remark 5.6.5. Observe that for the statement that NV actually exists in Chg, one may

use the weaker (as compared to theorem [5.6.3) theorem (3.1.12

Then by definition [3.1.11], we get specified morphisms ¢) and ¢(1) as indicated below, so
that the diagram
Doci(py S™ ————— M

0 (5.6.7)

na+1 (1)
@ael(f) D (D N
commutes. Furthermore by the same definition (propert (b)) we get an induced f() as in-
dicated below, so that the diagram to the left below commutes, leading to the factorization
to the right.

N ' . (5.6.8)

(1)
Theorem 5.6.6. The morphism M <— NM) has the left lifting property with respect to
any levelwise surjective quasi-isomorphism. That is, ¢V € lIp(rlp(1)).
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Proof. Let X 4y belong to rlp(I), equivalently, g is a levelwise surjective quasi-isomorphism,
and assume we have a commuting square on the form

M—* 4 X
C(l) q- (5-6'9)

N®) — Y

We want to show the existence of a lift N() — X. To this end, consider the following

square
posokq

She X
Ing q -
Dna—l—l
¢oé(l)o)\a
We have that
gowosoky =10 WM osoky, since the square [5.6.9] commutes

=)o Moo ke, since the square commutes
=1o (Mo, o0 Ing since the diagram in commutes for all « € I(f).

Since ¢ € rlp(I) in particular ¢ € rlp(iy,, ), so there exists a dashed lift Do *! ey X such
that the diagram below commutes

posokq
R

S X
-
inal ha Jq . (5.6.10)
Na+1
D holMo),

By the universal property of the coproduct applied to the I(f)-indexed diagrams below,
we get a dashed arrow h as below such that the diagrams commutes

X

W X , (5.6.11)

@ Dna—H Dna—&—l
a€l(f) Aa acI(f)

i.e. so that ho A, = hy for all a € I(f). We observe that

hoioky="hoAyo0iy,, by commutativity of diagram for all a € I(f)
= hq O in,

= posok,, since the associated diagram [5.6.10] commutes.

Since this hold for all «, by the universal property of the coproduct (@ael(f) She (ka)ael(f))
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it follows that hoi = pos, i.e. the solid diagram commutes, giving us the dashed map h,

Docr(p S ————— M

D)

(5.6.12)

@aef(f) Drett oD N(l)

h X

so that the full diagram commutes, i.e. hoc® = ¢ and hot) = h. We claim that
qo h =1, i.e. we claim that h is the sought after lift in Observe that

gohoc =qog
=)o c(l), by commutativity of

and that go ho () = go h. We observe that

qgoholy=qohg, by commutativity of [5.6.11| for « € I(f)
= olMo),, by commutativity of [5.6.10

By the universal property of the coproduct it follows that goh = 1o ¢ ie. go hotM) =
ot

We check that the solid diagram

Doci(p " ——— M

ey
gohoc)

(5.6.13)

@ael(f) Drett (D N(l)._

gohot™) VS

commutes. That the inner “inner square” commutes (i.e. that the pushout square com-
mutes) is immediate from the commutativity of |5.6.12| Furthermore, we have that

qohoé(l)oi:quLoc(l)os, since /M 0§ =M o s.

Hence the outer square commutes so we get a unique dashed arrow as in [5.6.13| so that
the diagram commutes. But by our earlier computations, both g o h and 1 satisfies these
conditions, hence g o h = v by uniqueness of the dashed arrow N --» Y. Tt follows that

NO 2 X is the sought after lift in diagram [5.6.91 Hence ¢M) € lip(rlp(I)). O

Theorem 5.6.7. For any n € Z and for any solid commutative diagram as below, there
exists a dashed factorization D™t1 ——s N as indicated, making the full diagram com-
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mute,

Sn = M
e
in ;- (5.6.14)
T N

b

Proof. We are given that f oa = i, ob. Hence the outer commutative square is by

definition an element o € I(f), C I(f), so that n = n, and consider that we have

a coproduct inclusion A, : D"t1 — @vel(f) D™t Letting £() be one of the structure

morphisms (or pushout maps, say) as in the proof of we then let ¢ be the composition
1)

(= (D"Jrl o, Docrr) pratl 20 N(l)) . We claim ( is a factorization of diagram

5.6.14] i.e. is the requisite dashed arrow D"t1 -—» N,

The lower triangle in [5.6.14] commutes: We need to show that f() o ¢ = b. We have that

fWo¢=fDorMon,
= g0 A, by commutativity of the left diagram in [5.6.§]
= Ga, by commutativity of the right diagram for this fixed o in[5.6.3
=0, by definition; c.f. diagram [5.6.2

The upper triangle in [5.6.14] commutes: We need to show that Coi,, = ¢Voa. We compute
that

Coin :6(1)0)\aoin
=(Woijok,, by commutativity of the I(f)-indexed diagrams in m

=cWoso ke, since the square in [5.6.7] commutes
=W o s,, since the left I(f)-indexed squares in commute
=cWoaq, since by definition s, = a.

The conclusion follows. O

We reiterate this construction, but now applied to f(!) instead of f, giving us a commu-
tative diagram

O s NW
aEI(f(l))

Fo

;1)

@ D! — N
acl(fM)
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We may the take the colimit of the span below, setting

e S ——s NO

ael(f(1>)
N® .= colim i(l)l
@ Dmﬁ»l
ael(f(l))
(2) (2)
With induced maps NV -3 N©@) and N3 f—> N which we put into a diagram as
(1)
a factorization of N() f—> N as
N A s N
@ -
N®@)

By repeated applicaton, observe that this gives a commutative diagram

(5.6.15)

We may then form the colimit

o

N©) .= colim (M O N 2 o) P > .

(o0)
We get a canonical structure morphism M ——— N () into the colimit from M.

Furthermore, by property (b) of definition [3.1.11] applied to the object A = N and maps
( f (i)) N which satisfy the required property since [5.6.15 commutes, it follows that we
K3 >1

(c0)
get a unique map N (00) f% N such that
FO 0y = i) (5.6.16)

where 7, are the canonical structure morphisms N (™) Im oy N(©©) with N(© := M and
o = ¢ .

We check that ¢(>) and f() satisfy property (a) and (b) as defined in §5.6.1.
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@: Assume B % C is levelwise surjective quasi-isomorphism (that is, g € rlp(I)), and
that we have a commutative square
B
‘g : (5.6.17)
C

a

—_—

M

N

b
The diagram
M 2 » B
M)
~ L a1
N@ a2
o2
N®)
am
0(3) ‘ g (56 18)
N(m)
Nm
N2) b %

is meant to indicate that:

(1) By definition of the colimit (property (a) in definition |3.1.11)), we have that n,, o
™o cm=N 6. .. 0c) =y = ) for each m € Nxy. Hence it follows that
bonmoc(m) Oc(mfl) o) ...Oc(l) — bOC(OO)

=goa, since diagram commutes.

(2) We construct the dashed lifts a; in [5.6.18| inductively as follows: Start with the
diagram

M —2= . B
R

(1) @ . g
NO ¢
bomy

where the solid diagram commutes by the computation in (1). By theorem we
get a lift a; as indicated, such that goa; = bomn and aj o D) = q. Now suppose
Nm=1) "7 B have been constructed so that it satisfies Am—1 oclm=1) = Am—o and
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goam—1 =bon,_1. Consider the solid square
N (m—1) Om—1 B
T
o(m) am’ g-

N —— C

We have that

9o am-1=">bomn,1

= bony,oc™, since ym_1 = 1 0 ™.

Hence the solid diagram commutes. Since ¢\™ € lip(rlp(I)) where g € rlp(I) there

exists a lift a,, such that g o a,;, = bomn,y, and a,, o M =q,,_1.
By inductively E] choosing such an a,, in each step, we get a family (a;,)m>0 of maps
N(m) Zm B By construction, for » < m, we have a, = ap o ¢™ o ... 0"t By
definition (property (b)) it follows that there exists a unique map N(*) 25 B
such that a,, = @ o n,, for all m > 0. In particular, since recall, ng = ) and ay = a,
we see that a = @ o ¢(®). Also, for all m > 0, we see that g o @ o 7y, = ¢ © am = b0 N,.
Another application of (property (b); with f; := bomn;) tells us that goa = b. But
taken together this means that a is the sought after dashed lift

M—* B
__.7
() a g

N ———— ¢

We conclude that ¢(>) € llp(rlp(I)).

(b): To show that f(*) is a quasi-isomorphism, we introduce a certain type of colimit,
and prove a lemma.

Definition 5.6.8 (Filtered colimit; c.f. [KS26, Def. 2.6.2]). Let Z be a category. Then
we say that Z is directed if the following holds:

(i) Z is non-empty, i.e. there is at least one object in Z.

(ii) For any pair of objects A, B € Ob(Z), there exists an object C' € Ob(Z) and mor-
phisms A - C and B — C'in .

(iii) If f,g : E = F are a parallel pair of morphisms in Z, there is a morphism h : F' — G
in Z such that ho f =hog.

51f one wants to be more precise, one might say that we are using|dependent choice]with suitable set X :=
Lnso {u :N™ 5 B : gou=bo nm} and (entire) binary relation R on X such that (m,u)R(m + 1,v)
(m+1) — y,

iffvoc
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Condition (ii) and (iii) may be represented as below.

f
(i) : A (i) : E F
7
T
e ¢ ho f=hog h
B G

Given a Z-shaped diagram F' : 7 — C, where 7 is directed, we say that the colimit colimzF,
if it exists, is a filtered colimit.

Definition 5.6.9 (Compact object). An object S in a category C is compact if the
associated functor home (S, —) : C — Set commutes with filtered colimits, meaning that
whenever we have Z-indexed diagram F' : Z — C valued in C, where Z is directed, then
the filtered colimit (when it exists) colimzF is such that

homc (S, colimzF') = colim;cz hom¢ (S, F(i)).

To prove the actual lemma we want to use to show that f(°) is a quasi-isomorphism, we
first want to give the following lemma.

Lemma 5.6.10. Colimits are computed degreewise in Chr. That is, if F: Z — Chpg is a
diagram whose associated colimit colimzE' exists in Chg, then

(colimpezF());, = colimaez F (), Vk € Z. (5.6.19)

Proof. Let C := colimyezF (), together with structure morphisms ¢ : F(a) — C. In
degree k, we get amap ¢j : F(a); — Cj. For any morphism u : o« — /3 in Z, property (a) in
deﬁnitiontells us that ¢° o F(u) = qo. In degree k, this means that q,foF(u)k =qj in
Modp. Let Py := colimyezF'(a)i (for future purposes do this for all k£ € Z) with structure
maps pf : F'(a), — Py such that for every morphism o ~ B8 we have that pf o F(u)r = pf.
Then we see that there is a unique map 6 : P, — C%, from property (b) of definition
3.1.11} such that

qr =0 opg, Vo e T. (5.6.20)

Now set P := (Py)rez. We want associate with P some system of differentials which make

P a complex in Chgr. To that end, consider, for fixed j € Z, that the system of maps

()

ho == p§_q0 d]F : F(ow); = Pj—1 is a family of maps indexed by Z in degree j, which

satisfies property (b) of the colimit (use that F(u) is a chain map for all a = 8 in Z), so
this induces a unique map d;-j : P; — Pj_4, such that

P _
dj © qu - ha
=pj_q0 df(a), by definition. (5.6.21)
For each a € Z, we then have
dﬁl © df opj = dfq opjqo df(a), by [6.6.21
=pj 90 df,(cf) o df'@), by another application of [5.6.21

2
=0, since p?‘_Q is a homomorphism and (dF (O‘)) = 0.
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Hence (P, (df) ,

JEZ
map F(a) — P by [5.6.21} Since p® o F(u) = p® holds (it holds degreewise!) it follows
from the universal property of C that there is a unique map p : C' — P such that

) is a complex in Chgi. Furthermore, the maps p§ assemble into a chain

poq® =p® (5.6.22)

for all &« € Z. We claim that the 6, assemble into a chain map 6 : P — C: We want to
show that d]C ofj =0;_10 df . By the universal property of the colimit P; it is (for each j)
enough to check this after precomposing with the structure morphisms p§ for each o € 7.
We then see that

df 00;0pf =dS oqf,  by[F.6.20
since F'(«) %, C'is a chain map,
while
0j_10 d;-j opf =0j_10pj o0 df(a), since p® is a chain map by
=g, 0 df(a), by

Comparison gives that the computations above agree, so that 6 := (0)kez is indeed a
chain map. We show that 6 and p are mutual inverses.

fop=ido: C is a colimit in Chg, and for every o € Z we have that

fopoq® =06op*, by [5.6.22
=q°, by 5.6.20] since it is enough to check degreewise.

By the universal property of C' it follows that § o p = id¢.
po 8 =idp: We check this degreewise. For fixed k € Z, we precompose by pf and see that
(poO)kopy =probropy

=progqy,  by[p.6.20
=p},  byp.6.22

Since Py is a colimit, with structure maps pf it follows (for essentially the same reason
as for 6 o p = idc but in Modg) that py o 0 = idp,. Since k was arbitrary it follows that
pof =idp.

We conclude that C' = P. Degreewise, this is precisely the statement [5.6.19 O
Lemma 5.6.11. The object S™ in Chg is compact, for all n € Z.

Proof. From theorem [5.5.1| we see that
homcp, (8™, colimzF') = Z,,(colimz F). (5.6.23)

By lemma it follows that, using the commuting square

. df .
P, = colimyezF(a), —————— colimpez F()pn-1 =: Pp1

14
IR

(colimzF),

@ (colimzF),
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P
we have Z,,(colimz(F')) = ker (Pn Dy Pn_1> . By |Riel6} Theorem 3.8.9] (using that the

kernel in Modg is the equalizer Eq (dﬁ , O), hence a finite limit), we find that

.
Z(colimzF) = ker <Pn o Pn_1>

F(a)
= colimqerker <F(a)n dn F(a)n_1>

= colimyezZy, (F()). (5.6.24)

Since homch,, (S™, F(—)) =~ Z,(F( - )) is natural (since homcp, (S™, —) = Z,( - ) is natural
by theorem [5.5.1)), it follows from |Riel6, Corollary 3.3.3] that

colimaez homeh, (8™, F(v)) = colimyezZ, (F(a))
> Z,(colimzF), by
= homcp, (S™, colimz F'), by [5.6.23

This is what we wanted to show. O

Remark 5.6.12. We will take it as given that one may realize the (abstract) isomorphism
given in the statement of [5.6.11| by the map (S" 9, F(a)) — (5’" 9y Fa) 1o coIimIF)
where 7, are the canonical structure morphisms.

Going back to f(°°): Recall that showing that f(>) is a quasi-isomorphism it is enough to
show that f(>) e rlp(I) by Corollary To that end, consider a commutative square
on the form

g a5 N()

N ey (5.6.25)

Dn+1 —b> N

Since N(*) = colimzenN® is a filtered colimit, by lemma [5.6.11] and |5.6.12{ we find that

colimgen homeny, (S™, N®)) = homep,, (S™, N©), (5" % N<k>) = (57 L N Iy Vo))
This means that the given map S % N() in diagram factors as

a=ngog (5.6.26)
for some map S™ 9y N(®). We then then have

boi, = f(>oaq, by commutativity of [5.6.25|
= > omog
=f®og,  byp.6.10
=boi, :f(k) og.

Consider the solid part of the following diagram
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sn g » N

c(k+1)
Mk
N (k+1)
. N(E)
. FlR+1)
f(e)
Dn+1 N

b

The outer square commutes by the previous computation. The lower right triangle com-
mutes by The upper right triangle commutes since 7 are structure morphisms
for the colimit N(®) and lastly we see that f*t1) o cbtl) — f(0) o p = fk) and
fH+D o k41 = £ follows from

We claim one may then, completely analogous to the proof of constuct a lift D1 5
N®+1) such that f#+tD o ¢ = b and Lo, = D 0 g. Set ¢ := 41 o £. Then

f(OO) o= f(OO) oMpy1 0l
_ f(k+1) of

and

Coin :nkJrlogoin
(k+1)

=Mk+10C€ ©9g
=Mkoyg
=a, by 5.6.26

Hence ¢ is the required lift of |5.6.25\ Since n was arbitrary, f(>) € rlp(I).
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Chapter 6

The derived oo-category

6.1 Homotopy theory for Ky, the dg-category of complexes

As we saw in §5, we have a diagram

Pr
KR S AR

Ir

of fully faithful inclusions. Observe the order in which we defined them: We started with
the full dg-subcategory of acylic complexes A r and then defined what one might call (mo-
tivation forthcoming) its homotopical left and respectively, right orthogonal subcategories
Pr and Ir. The name “left” and “right” comes from the fact that, recall, Pr consists
(objectwise) of all M € Kp such that homk, (M, A) is acyclic for all acyclic complexes
A € Ap, or said differently, M € Kpg so that for all acyclic complexes A € K we have
quasi-isomorphisms homg , (M, A) = 0. Dually, we stipulated that I consists of the ob-
jects I € Kp such that for all acyclic complexes A € A we have homgk (A, I) =5 0. One
may view this as a (handed) homotopically categorified notion of the concept of orthogo-
nality, with respect to an inner product space (V, (—, —)) (although note that handedness
introduces further distinctions as compared with say a symmetric inner product).

As we saw in §5 we have an associated projective resolution M’ % M for any object

M € Kpg. If we let A := hker(M’ — M), then we have a (by definition) homotopy kernel
sequence A — M’ i) M| For any projective object P € Pg, we then by theorem
get the associated homotopy kernel sequence

hOmKR (ny)
— R

homg (P, A) — homk , (P, M) homch,, (P, M),

IN.B. Recall that this composition is not strictly equal to zero but it is nullhomotopic.
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where we used that

hom (P, 4) = hom,, (P, hker (M' 45 ar))

;. homk  (P.f)
= hker | homg, (P, M") —————— homg (P, M) | .

Since P was projective, and since M’ i) M was a quasi-isomorphism so that A is by

Theorems |3.2.15 and using that the shift-functor =1 preserve acyclic complexes,
homk . (P, A) is acyclic. El By the associated long exact sequence

-+ = Hi (hom, (P, A)) — Hy (homxc (P, M")) — Hi (hom (P, M))
=0
— Ho (homg , (P, A)) — Ho (homg , (P, M")) — -+,

=0

in homology, we see that homg (P, M') =+ homk (P, M) is a quasi-isomorphism. So,
up to quasi-isomorphism, whenever one takes a projective resolution M’ =45 M then if
one “tests” how close M’ and M are as complexes to being equal by mapping out of
projective complexes P into them, one finds that they can’t be distinguished on the level
of dg-hom-complexes.

To say more about this phenomena we just observed, we need to introduce a definition.

Definition 6.1.1 (Pointwise right adjoints). Let F' : C — D be a functor. Fixing an
object D € D, a pointwise right adjoint to F' at D is an object C € C together with
a morphism F(C) =2+ D such that the compositions
Foe (eD)-
home(( - ),C) ——— homp(F( - ), F(C)) —— homp(F(-),D) (6.1.1)
assemble into a natural isomorphism home (( - ),C) = homp (F( - ), D). In the case this
holds, we may call the morphism ep the pointwise counit.

Remark 6.1.2. Observe that for fixed ¢’ € C and morphism C LNYo/ , the composition

6.1.1is h — ep o F'(h).

Remark 6.1.3. If we denote the component morphisms at X € C in ax, then natural-
ity means that the following square commutes, for all X € C and all morphisms X’ = X,

home (X, C) ox > homp(F(X), D)
u* F(u)*
home (X', C) o » homp(F(X'), D)

Theorem 6.1.4. Pointwise right adjoints are unique (up to isomorphism) whenever they
exist.

2Observe that this carries over different models of the homotopy kernel; since homology does not
distinguish between homotopy equivalences and so in particular does not distinguish isomorphic complexes.
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Remark 6.1.5. We will assume that the categories C, D in the proof below are locally small
(i.e. hom(X,Y") are actual sets for all objects X,Y).

Proof. Let (C,F(C) <2 D) and (C', F(C") SLEN D) be two pointwise right adjoints to
D € D. Then by definition we have natural isomorphisms

homC((')aC)%homD(F(')vD)
~ homC(( ’ )’C/)
= home ((-),C) ~home ((-),C").

By [Riel6l Prop. 2.3.1.(ii) = (i)] the conclusion follows. O

Theorem 6.1.6. The datum of a right adjoint G to F, denoted F' 4 G, is equivalent to a
choice of a pointwise right adjoint to F' at every object D € D.

Remark 6.1.7. Below, we will use notation consistent with [Riel6, Chapter 4], in that
whenever we have an adjunction F' 4 G, then we denote by ( A, fb) the pair of mor-
phisms ff : F(C) — D and f° : C — G(D) that correspond to each other under the

b
(natural) bijection homp(F(C), D) ~ hom¢(C,G(D)). That is, homp(F(C), D) %

home (C, G(D)), so that (£¢)” = f* and ()" = f%.

Proof. =: By |Riel6, Lemma 4.2.3] we have a counit natural transformation ¢ : F'G =
idp. In particular, for any D € D, we have that ep : F(G(D)) — D is the (adjunct)
transpose of idg(p), which means that under the correspondence isomorphism

homp (F(G(D)), D) ~ home(G(D), G(D)),

ep is sent to idg(p). We claim that (G(D),ep : F(G(D)) — D) satisfies the property
of being a pointwise right adjoint to F at D. Observe we have the pair f! := ep and
f*= idg(p) and so by [Riel6, p. 129, third diagram from the top] we find that for any
morphism h : C — G(D) we have that (5DoF(h))b = idgpy o h = h. Since ( - )
homp (F(C), D) — hom¢(C,G(D)) is a bijection and right inverses are unique it follows
that the map h — epo F(h) must be a bijection hom¢(C, G(D)) — homp(F(C), D). Last,
we check naturality: By remark this amounts to checking that for any morphism

X' % X in C and any morphism X LN G(D), we have
epoF(hou)= (epoF(h))oF(u).
But this is immediate by functoriality of F.

<: Assume we are given a pointwise right adjoint to F" at D (C’D, F(Cp) == D) for each
D € D. We then may construct a right adjoint functor G to F' explicitly as follows: For

objects D € D, let G(D) := Cp. For a morphism D Iy prin D, the property of being
pointwise right adjoint to F' at D’ tells us that for every X € C we have a bijection

hom¢ (X, Cpr) ~ homp(F(X), D), h— epro F(h).
Letting X = Cp we see that we get a (natural) isomorphism

homc(CD, CD/) — homp(F(CD), D/).
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In particular, we note that F(Cp) J°°D, D/ is in the codomain of this isomorphism. Then
there is a unique map ¢ in home(Cp, Cpr) such that epro F(vy) = foep. We then define
G(f) := s (observe that this assignment is unique by what we just said).

G is a functor: Let f :=idp. Then 7, is the unique map such that ep o F/(y;) = idpoep.
Since F' is a functor, we have that idc,, satisfies this, so by uniqueness, we find that
G(idp) = idcy,-

Consider the composition D I, D' % D", We see that G(g o f) is the unique morphism
Ygof such that

epr o F (vgop) = (g0 f)oep

If we can show that G(g) o G(f) satisfies the same equation, then G respecting composition
follows. We have

epr o F(G(g) o G(f)) =epro F(G(g)) o F(G(f)), by functoriality of F
=goep o F(G(f)), by definition of G(g)
=go foep, by definition of G(f).

The conclusion follows.

F 4 G: We want to construct natural isomorphisms hom¢ (X, G(D)) ~ homp(F(X), D).

By how G acts on objects, this is the same as constructing natural isomorphisms hom¢ (X, Cp) ~
homp(F(X), D). But by definition, we are already given such an isomorphism by h —
epo F(h) for X LN Cp. Furthermore, by remark this is already natural in the first
variable. It remains to show that this assignment is natural in the second variable, which
amounts to checking that the following square commutes,

home (X, Cp) ‘I> homp(F(X), D)

G(k)« Ky )

home (X, Cpr) ————F——— homp(F(X), D’)

for any morphism D LA D', and where the horizontal arrows is h 2y ep o F(h) (upper
horizontal) and h 2y e pr o F(h) (lower horizontal). We find that for X 2 Cp we have
O(G(k)x(h)) = ®(Groh)
— ey o F(G(K) o h)
=ep o F(G(k)) o F(h), by functoriality of F
=koepo F(h), by definition of G(k)
=ko®(h), by definition of @,

so that the diagram commutes. The (main) conclusion follows. O

Dually to pointwise right adjoint, we have the following definition.
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Definition 6.1.8 (Pointwise left adjoint). Let F' : C — D be a functor. Then a pointwise
left adjoint to a F at D € D is an object C € C together with a morphism np : D —
F(C) such that

hom¢(C, X)) — homp(D, F(X)), h+— F(h)onp
is a natural isomorphism for all objects X € C.

We see that the dual statement of theorem tells us that the datum of a left adjoint
G - F to F is equivalent to specifiying a pointwise left adjoint to F' for each object D € D.

Relating this to our earlier observations: If we would like a right adjoint to the inclusion
Pr & Kpg, a natural choice would be (using theorem to let the pointwise right
adjoint to ¢ at M be (M’ ep), where M’ is the projective object in P such that there is
a projective resolution M’ —=— M and where £, := (L(M’) =M = M) The reason

. . hOmKR (P7€1\4) .
for our choice of ey is that one finds that homg, (P, M') ——————— homk (P, M) is

a quasi-isomorphism for every P € Pg, realized by h — ep; o h = ep7 o t(h). Hence this
almost defines a pointwise right adjoint to ¢ at M for each M € Kpg, and in a sense does
define a right adjoint if we treat quasi-isomorphisms as actual isomorphisms.

Dually, if we assume (we have not shown this) that there is an injective resolution M ——s
M

M’ into an injective object M’ for each M € Kpg, then observe that we have an associated

homotopy cokernel sequence M ——s M’ — hcoker (nar). If we, for any injective object
M

I € Ig, apply the hom-functor homg ,(—,I) to this sequence, we by theorem get a
homotopy kernel sequence

hOmKR (T]]W 71)
—r

homx ,, (hcoker(nar), I) — homk ,(M', I) homx , (M, I).

Now the argument proceeds as in the projective case: Since 1,y is a quasi-isomorphism the-
orem gives that hcoker(nas) is acyclic, so that since I is injective, homg , (hcoker(nar), I)
is acyclic and so the long exact sequence in homology gives that Homk , (s, ) is a quasi-
isomorphism realized by h — h o ny; = ¢(h) o nas. Hence by what we said about the dual
of statement this almost defines a left adjoint to the inclusion I — Kg.

6.2 Introducing (briefly) k-linear co-categories

For a more in-depth treatment on dg-categories and dg-functors (which are only briefly
talked about below), we may direct the reader to e.g. [Toéll] or [Yek19, Sections 3.4,
3.5 and 4.6]. To be safe, we will assume that every category is small. The treatment on
(k-linear) oo-categories in this section will be very shallow, and there will not be many
proofs provided (which is too say, we will have to take many things on faith). This is not
an optimal situation, but it is the best we can do in our current circumstance.

Let us denote cat the category of categories, where objects are categories and morphisms
are functors, and let catlig be the category of categories enriched over (Ch]k, Rk, k ) in the
sense of definition with morphisms dg-functors, where we now define dg-functors.

Definition 6.2.1 (dg-functor; c.f. with [Toélll § 2.3.2]). Let (C,xC,:€), (D, xP,P) be

enriched over (Ch]k,®k, Ik) with x¢, xP denoting composition and (€, P units, in the

enriched sense of definition Then a dg-functor C £ D consists of the following
data:

165



e A map Ob(C) SR Ob(D) in Set.

Fo o1
e For any pair of objects C, C" € C, there is a morphism home(C, C") —=% homp(F(C), F(C"))
in Chy.

e For any triple of objects C,C’ and C” in C, we require the following diagram to
commute,

XC o
hom¢(C’, C) ® home(C”, C") e home(C”, C)
FC’,C®FC”,C’ FC”,O
homp(F(C"), F(C)) & homp(F(C"), F(C") homp(F(C"), F(C))

D
XF(0),F(C),F(C")

(6.2.1)
e For any object C' in C, the following diagram commutes

¢

L
k —° & home(C,C)
D Fe.c
LF(C)

homp(F(C), F(C))

Remark 6.2.2. Observe that [Toéll| has a different convention in that his p is with our
conventions the same as x o ¢ where ¢ is the natural isomorphism coming from the sym-
metric monoidal structure on Chy (recall theorem , i.e. so on pure tensors f ® g
this would be p(f ® g) = g o f. The naturality of o together with the fact that all maps
Fe o lives in Chy we claim gives that our requirement that diagrams on the form
commutes is equivalent to the corresponding diagram in [Toéll, § 2.3.2] commuting.

Remark 6.2.3. Observe the similarity of this definition with [Mal26, Def. 10.1.3] of a
simplicial functor C, LN D. (replace Hyg with 7).

With this definition in place, we may introduce further notions related to dg-functors.

Definition 6.2.4 (Homotopically fully faithful; cf. [Toéll, Def. 2.3.2.(a)]). Let C p

be a dg-functor. Then we say that F' is homotopically fully faithful if for all objects
Fe ot

C,C’ in C, we have that the map home(C,C") —=<5 homp(F(C), F(C")) in Chy is a

quasi-isomorphism.

We will take it as given that there is a category Ho(C) for any dg-category C, with
Ob(Ho(C)) = Ob(C) and homy, ) (C,C") = Ho(home(C,C")) (c.f. with lower row in di-
agram [4.1.2)), e.g. in the case that the dg-category is Chp for some k-algebra R we get

back chain maps C i> C" modulo nullhomotopy. Composition in Hy(C) is defined using
enriched composition y and the canonical map [f] ® [g] — [f ® g] (see [Toéll, p. 259]).
This category, which we touched briefly upon in discussing how one produces Ho(Dpg) in
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§2.6, is called the homotopy category of C. Furthermore the claim is that this construc-

tion gives us a functor catf{g Mo, cat (|[Toé11, Def. 2.3.2]). This functor furnishes us with
another notion.

Definition 6.2.5 (Homotopically essentially surjective; cf. [Toéll, Def. 2.3.2.(b)]). Let
¢ L Dbea dg-functor. Then we say that F' is homotopically essentially surjective

if the induced functor Hy(C) Holr), Ho(D) is essentially surjective.

Any functor C L. D which is both homotopically fully faithful and homotopically essen-
tially surjective, we call a weak equivalence. The notation Hp also gives us a wink at
what happens when we let Hy act on morphisms Fg cr: Since this lives in Chy and is a
quasi-isomorphism whenever F' is homotopically fully faithful, the claim is that Hg converts
this into an actual isomorphism of k-modules Ho(hom¢(C, C")) = Ho(homp (F(C), F(C")).
Although we have not provided a completely rigorous justification for this, if we assume
it for now, then we see that the term weak equivalence may be apt, since Hy( - ) then

Ho(F
in fact turns weak equivalences into actual equivalences of categories Hy(C) HoF), Ho(D)
(since, given our assumptions, Ho(F') becomes fully faithful and essentially surjective).
If we localize cat]ig at the weak equivalences W, we get a category which we denote as

ho (Caty) := (catf{g) (W] (cf. |Toéll, Def. 2.3.3]. We refer to this category as the
homotopy category of k-linear co-categories. The objects of this category we call
k-linear oo-categories.

The claim is further that this localization furnishes us with a canonical localization-functor

cat{® 9" s ho (Caty)
that takes all weak equivalences to isomorphisms (c.f. proposition. Observe however,
that in contrast to the localization in definition [2.4.2| with respect to a class of morphisms
as defined in[2.4.1 we don’t necessarily need a hypothesis on the class of weak equivalences
forming a multiplicative system of morphisms, since Gabriel-Zisman localization (|GZ67))
works for any class of morphismsEl

Since the canonical functor Q> acts as the identity map on objects (see [GZ67, p. 6])
it follows that QQ°° is essentially surjective. Furthermore, by construction, the class of
weak equivalences turn into isomorphisms in ho (Caty) (|GZ67, The claim of p. 6, 1.1.(1)]).
Consequently, any k-linear oco-category C*>° has a representative in the category catig , in
the sense that there is an associated category C in catff{g such that Q*°(C) = C*. Since
Q> (as noted) acts as the identity on objects, one may denote C*> as C or C**°. We will
not try define Caty (see [Maz23, §9.5.3]).

By construction, the morphisms in ho (Caty) are equivalence classes of morphisms in catﬁj{g
on the form as in but where the “backwards” ~ are weak equivalences. One may
refer to the data in C as point-set and the data in its image Q°°(C) = C*> under Q*° as
oo-categorical.

Remark 6.2.6. We remark that in [Maz23, §6.3] he proceeds as above, and then defines
Dpr as the oo-categorical localization K% -~ Dp at the quasi-isomorphisms and that

precomposition by 7 determines an inclusion hompgcat, ) (K%, ) -, hompocat, (DR, €)
such that its image consists of those functors K% — & which takes quasi-isomorphisms to
equivalences (equivalences can be seen as the oo-categorical notion of isomorphism).

3Regarding Gabriel-Zisman localization, we may refer the reader to [Toé11, Section 2.1, 2.2, and 2.4].
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Furthermore, we are told that there are “canonical equivalences” I ~ P® ~ K%, and
how these categories participate in adjunctions between each other. As we understand
it, this was the motivation for working with I and Pg in § 5. However, we found this
all very confusing, perhaps because of lack of background knowledge. Therefore, we will
proceed as in § mainly sticking with the exposition given in [Mal26, Chapter 10].

6.3 The derived oo-category of R-modules

The denouement of this thesis is the definition of the derived oco-category of R-modules,
Dg.

Before saying something about how to define the derived co-category of R-modules, we
want to say something about oo-categories in general. There are at least two different ways
to define oo-categories [Mal26, §§ 10.1-10.2]. We will use the definition given in §10.2 of
the cited source.

Definition 6.3.1 (Simplex category A). We define the simplex category A as the
category with objects non-empty finite ordinals [n] := {0 < 1 < --- < n} for n € N and

morphisms [m] EN [n] (non-strictly) order-preserving maps. It is straightforward to verify
that this defines a category.

Remark 6.3.2. If one wants to be a bit more precise about the objects of A one might
say that the objects are the finite Von Neumann ordinals except 0, with the total order
< given by the membership relation €, ie. a < & a € f.

Definition 6.3.3 (Simplicial set). A simplicial set X is a contravariant functor A X, Set
into the category of sets, Set.

From A we set A[n] := homa (—,[n]) : A — Set, i.e. the contravariant hom-functor from
A to Set, and call this the standard n-simplex, we may write A[n]([m]) as (A[n])m. we

A . .
let A A Set be the contravariant functor defined on objects as

(Ai[n))m == Ai[n]([m]) == {[m] = [n] | 3j # i € [n] such that j & im(a)} ,
and which takes morphisms [¢] EN [k] in A to

(AilnD 29 (Aifnl)e, @ a0 .
Since im(a o 3) C im(a), this is well-defined, and we call A;[n] the i*" horn of A[n]. If

0 < i < n, then we call A;[n] an inner horn of A[n].

By construction, we see that A;[n] is a subfunctor of A[n], which we may write as
Ai[n] € Aln]. Furthermore, we see that both functors are simplicial sets. There is a
natural transformation defined by inclusion A;[n] = Aln],

[4] (Aifn))r ——— (A[n])x
o B00a0sesaaardle t(a)* -
(k] (Ai[n))e ——— (An]),

Definition 6.3.4 (Quasicategory C,o). Let Co be a large simplicial setEl Then we say that

*Meaning: The levels Co([n]) does not actually have to be sets. We will disregard any size-issues here.
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Ce is a quasicategory if any solid diagram on the form below can be completed by a
dashed arrow to a commuting triangular diagram as indicated below, for any inner horn
A; [TL],

. ' (6.3.1)

where solid and dashed arrows lives in the functor category Fun(A®°P, Set). If this property
holds, we say that every inner horn in Ce can be filled.

We may roughly think of co-categories and quasicategories as interchangeable, at least
for present purposes. With this notation in place we let sSet := Fun (A°P,Set). If we

think of each finite set [n] € A as the poset-category 0 — 1 — --- — n, then we may

Fun(—,C)
——

define the nerve N(C) of any (ordinary) category C as the simplical set A°P Set.

N(—
Disregarding size issues one may think of N as a functor Cat L> sSet, with Cat denoting
the category of small categories.

From now on, we call ordinary categories 1-categories, and we may think of them (by
[Mal26, Example 10.1.13, Lemma 10.1.14]) as precisely the simplicial sets in which every
inner horn can be filled uniquely. Furthermore, by definition, we see that (N (C))o precisely
picks out an object of C and (N(C)); picks out a morphism of C, that is,

(N(C))o = ob(C) (6.3.2)

and
(N(C))1 = Mor(C). (6.3.3)

Proposition 6.3.5. For any ordinary category C, the nerve N(C) of C is a quasicategory.
Proof. See [Mal26, Example 10.1.13]. O

We refer the reader to [Mal26, Def. 10.2.2] for what is called the Dwyer-Kan localization
or DK-localization of a quasicategory. We may denote the Dwyer-Kan localization of a
quasi-category C at a class of weak equivalences W C Cy := C([1]) as

cw1,
such that there is a canonical map C C[W 1] where:

(a) Each morphism in W is sent to an isomorphism in C[W~1].

(b) For any other quasicategory D, precomposition with § determines what is called a
Joyal equivalence ([Mal26, Def. 10.1.24])

Fun (C[W~'],D) = Fun (C, D).

Proposition 6.3.6 ([Mal26, Prop. 10.2.3]). For any quasicategory C and any subset W C
C1, the Dwyer-Kan localization C[W 1] ewists.
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Corollary 6.3.7. Since we may take any 1-category C and produce its nerve N(C) with
N(C)1 = Mor(C), for any morphisms W C C (but viewed from the perspective of the nerve
N(C) of C), we may produce a quasicategory N(C)[W ] in which the morphisms in W
are isomorphisms.

Definition 6.3.8 (The underlying co-category of (C, W)). For any 1-category C and a class
of morphisms W which we call “weak equivalences”, we call the quasicategory produced
as in Corollary the underlying oco-category of (C,W).

Finally, we may give a very expedient definition of the derived oco-category of R-modules: It
is the Dwyer-Kan localization at the quasi-isomorphisms qiso in Chg of the nerve N (Chpg)
of Chg, i.e.

Dp := N(Chg)[qiso™ ],

the underlying oco-category of (Chg, giso).

Remark 6.3.9. For a less expedient treatment on how to define Dp, see [Lurl7, Section 1.3].
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