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Abstract

During recent times, (higher) category theory seem to have become increasingly relevant to
know for anyone interested in more modern foundations of algebraic geometry, homotopy
theory, and maybe other areas. One framework of interest might go under the name“Higher
Algebra” or “Homotopical Algebra”. Motivated by our interest in this framework, we try
to cover most of the homological algebra necessary for engagement with Lurie’s seminal
work “Higher Algebra” ([Lur17]), by following part I of Aaron Mazel-Gee’s lecture notes
“Higher Algebra: Chapter 0”. We start by the impetus for the move towards derived
algebraic geometry. We then introduce important constructions such as chain complexes,
chain-homotopies, quasi-isomorphisms and other concepts. We focus on how one may

use homotopy co/kernels to glean information about a chain map M
f−−→ N , and how

one may use the de/suspension-operator Σ together with homotopy co/kernels to create
exact sequences, for an arbitrary chain map f . In the later part of the thesis, we say
more about the dg-category of complexes of R-modules and how it can be viewed as
enriched in a certain symmetric monoidal category Chk of complexes of k-modules with
the tensor product of complexes. The last two chapters are devoted to resolutions and
a brief introduction to k-linear ∞-categories. We end by saying something about more
general ∞-categories, using the framework of quasicategories, and defining the derived
∞-category of R-modules as a certain ∞-categorical localization of the category ChR of
chain complexes of R-modules.

Sammanfattning

I mer modern tid verkar högre kategori teori bli allmter relevant att först̊a för de som
är intresserade av mer moderna formuleringar av algebraisk geometri, homotopi-teori och
kanske fler omr̊aden. Ett ramverk för att tänka kring dessa omr̊aden kan kallas “Högre
Algebra” eller “Homotopisk Algebra”. Motiverad av v̊art intresse inom detta omr̊aden,
försökte vi täcka den större delen av den homologiska algebran som p̊ast̊as krävas för
att först̊a Lurie’s seminala arbete “Higher Algebra” ([Lur17]), genom att följa del I av
Aaron Mazel-Gee’s föreläsningsanteckningar “Higher Algebra: Chapter 0”. Vi inleder
med motivationen för att g̊a över till deriverad algebraisk geometri. Vi introducerar sedan
konstruktioner s̊asom kedje-komplex, kedje-homotopier, kvasi-isomorfier och andra kon-
cept. Vi fokuserar vidare p̊a hur man kan använda homotopi ko/kärnor av en kedjekarta

M
f−−→ N för att kunna uttala sig om dess egenskaper, och hur de/suspensions-operatorn

Σ kan användas för att skapa exakta sekvenser fr̊an en godtycklig kedjeavbildning f . I den
senare delen av uppsatsen pratar vi om dg-kategorin av komplex av R-moduler, och hur
man kan see den som berikad i en viss symmetrisk monoidal kategori Chk av komplex med
tensorprodukten av komplex av k-moduler. De sista tv̊a kapitlena läggs p̊a att diskutera
resolutioner, samt att ge en kort introduktion till k-linjära ∞-kategorier. Vi avslutar
med att säga n̊agot om mer generella ∞-kategorier, genom konceptet kvasikategorier, och
definierar sedermera den deriverade ∞-kategorin av R-moduler som en viss ∞-kategorisk
lokalisering av kategorin ChR av kedjekomplex av R-moduler.
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Prelude

Structure of thesis

Some general comments about the structure of this thesis.

The motivation for this thesis is mainly our interest in (higher) category theory, derived al-
gebraic geometry and “homotopical algebra”. Our thesis is primarily based on “Higher Al-
gebra: Chapter 0” by Aaron Mazel-Gee ([Maz23]). The title of the as-yet-to-be-published1

book is, I believe, an allusion to the book “Abstract Algebra: Chapter 0” by Paolo Aluffi
([Alu09]), but in the context of higher algebra. Consequently, our supposition is that the
book has the ambition of being a precursor before reading “Higher Algebra” by J. Lurie
([Lur17]). The material in this thesis is in this sense very conservative, in that we don’t
prove any new results. Our main motivation has been to understand (some) of the tools
used in the aforementioned areas of mathematics. Of course, this thesis can’t possibly
claim to capture even a fraction of this vast area of (still ongoing) mathematical activity.
What we do cover in this thesis is most (except not saying much about derived functors)
of the homological algebra in [Maz23, Part I]. What is not covered at all in this thesis is
the theory of model categories, which is the subject of part II of [Maz23] (there is also e.g.
[Hov99]).

Below are some comments on the chapters in this thesis.

• Chapter 1 recalls some constructions (and theorems) from (classical) algebraic ge-
ometry. We then give some examples that touch upon intersections in algebraic
geometry. The last given example gives a motivation for where the scheme-theoretic
intersection fails to encode data about the way in which two varieties can intersect.
That is, the ordinary tensor product of coordinate rings, when the tensor factors are
viewed as complexes concentrated in degree zero, can only see the degree-zero part
of the homology of the derived tensor product, but can’t see anything with respect
to higher homology.

• In chapter 2, we start by recalling the definition of the (relative) tensor product
of modules, we talk about how modules of a commutative ring R relates to a k-
algebra structure on it. We prove a tensor-hom adjunction and introduce homology.
We then talk briefly about localization of categories both with and without a so
called “calculus of fractions” available. Lastly, we introduce the tensor product of
complexes, and show among other things, that it defines a symmetric monoidal
structure on the category of chain complexes.

• In chapter 3, after briefly introducing the concept of chain complexes, chain ho-

1As we understand it, contracted to be published by Cambridge University Press (see
https://etale.site/book.html).

3



motopies and quasi-isomorphisms, the main focus is on homotopy cokernels and
homotopy kernels. We show how one can use properties of the homotopy co/kernel
of a chain map to gain information about the chain map itself. We also try to illu-
minate the analogy between “ordinary” co/kernels and homotopy co/kernels. In the
last part of chapter 3, we talk about exact sequences. In particular, we show how
one may, starting from a chain map, produce a long exact sequence in homology,
using homotopy co/kernels and something called de/suspension..

• In chapter 4, we introduce hom-complexes, which besides containing all chain maps
between two chain complexes also contain ”higher homotopies“. We then introduce
the concept of enrichment from enriched category theory, and show that the dg-
category of complexes of R-modules KR with the given definition of enrichment,

is enriched in the symmetric monoidal category
(
Chk,⊗k, k∼∼

)
, for R a (central) k

algebra. Lastly, we prove a tensor-hom adjunction that relates the two dg-categories
KR and Kk, and we briefly mention how certain functors induced from these cat-
egories behave better with respect to homotopy co/kernels than the corresponding
functors in the category of modules behave with respect to ordinary co/kernels.

• In chapter 5, we focus mostly on projective and injective resolutions. We show
that the category of modules ModR for a commutative ring R has enough injectives.
We have a brief interlude about derived functors. We then focus on bounded below
projective resolutions and bounded above injective resolutions. Lastly, we talk about
cell complexes and lifting criteria. We show, via something called a small object

argument, how any given chain mapM
f−→ N gives rize to a factorization f = f∞◦c∞

where the chain maps f∞ and c∞ satisfies some properties. In particular we show
that one may use this procedure on the zero morphism 0 −→ N for any complex N
to create an associated projective resolution N (∞) ≈−−−→ N .

• In chapter 6, we first talk a little about the homotopy theory for dg-categories of
complexes, we then briefly introduce k-linear ∞-categories. In the last chapter, we
say something more about general ∞-categories. We use the framework of quasi-
categories to define ∞-categories. We talk about a general procedure for producing
∞-categories from underlying 1-categories (i.e. “ordinary categories”). Lastly, we
then say how one may construct the derived ∞-categories of R-modules as a certain
“∞-categorical localization”, called a Dwyer-Kan localization.

Conventions

We will denote by R a commutative ring unless specified otherwise, and almost everywhere
R is a k-algebra for some commutative ring k. We aim to ignore any set-theoretic issues
as long as they don’t cause any obvious problems. We will try to provide full proofs for
most of the theorems, and whenever this is for various reasons not possible, we might give
a sketch of a proof, or refer to auxiliary sources. We will (try) to follow the convention
that ∼= is “just” an isomorphism in the appropriate category, without any claim about this
isomorphism being natural, while we use ≈ or sometimes ≃ to denote natural isomorphism
2. Observe that we also use ≃ to denote homotopy equivalence at times.

2Note however that we also use ≈ for quasi-isomorphisms. Hopefully it is clear from the context which
of these we mean, since a (naive) natural bijection between two complexes (viewed as complexes) is an
ill-defined notion anyways, there is however an added complication in that one could use ≈ to mean that
two complexes are canonically isomorphic, for example whenever we say have two different models of the

4



We will often omit specifying which type of map we mean, when this is (we hope) clear from
the context. For example, we might say “map” when we mean chain map or R-module
homomorphism (cf. how [Hat01] uses “map” for continuous maps).

Observe that our convention for the universal map u with respect to the cone model of
the homotopy cokernel (definition 3.2.3) is with degree n-component as b 7−→ (0,−b), while
perhaps it is more common to define this as b 7−→ (0, b). We realized this quite late in
our writing of this thesis, and so have kept this convention. If one wants to use the more
conventional definition of the universal map then (as far as we can tell) most proofs go
through up to changing signs whenever appropriate.

homotopy cokernel. All in all, one might say that context matters!
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Chapter 1

Towards derived algebraic
geometry

1.1 Recollection

Below, we will recall some basic definitions from algebraic geometry, and giv an example
for why going to the (classical) derived setting is motivated. For more background on
(classical) algebraic geometry, we refer the reader to the (relatively) short but clear [Gat24],
or [Har77] for a more exhaustive (and perhaps advanced) treatment.

Definition 1.1.1 (Algebraic subsets (affine varieties)). Fixing some base-field k, and
subset S ⊂ k[x1, . . . , xn] of the polynomial ring over k in n variables, we let

V (S) := {a ∈ Ank : f(a) = 0,∀f ∈ S},

and call subsets of affine n-space Ank of this form algebraic subsets, and whenever we
have a set Z ⊆ Ank on the form Z = V (S) we say that Z is the vanishing locus of S. We
call sets Z on the form V (S) affine varieties.

Remark 1.1.2. Observe that some authors will reserve the name affine varieties for subsets
Z = V (S) that can not be written on the form Z = Z1 ∪ Z2 for closed (in the Zariski-
topology) subsets Z1, Z2 ⊊ Ank , i.e. so called irreducible subsets.

Definition 1.1.3 (Vanishing ideal). For a subset Z ⊂ Ank , we define the vanishing ideal

I(Z) := {f ∈ k[x1, . . . , xn] : f(z) = 0, ∀z ∈ Z}.

Definition 1.1.4 (Coordinate ring O(Z) of a (reduced) affine variety Z). With the above
constructions in mind, we let

O(Z) := k[x1, . . . , xn]/I(Z)

for a reduced affine variety Z, and call this the coordinate ring of Z.

Remark 1.1.5. By O we really OX for fixed scheme X whenever we are working from “the
modern point of view” (i.e. with schemes), so that we get back OX(X) = Γ(X,OX), the
ring of global sections with respect to the structure sheaf OX of the scheme X. However,
if O takes the input of something defined classically, we mean taking coordinate rings.

8



A consequence of Hilbert’s basis theorem is that any vanishing ideal I(Z) is finitely
generated, i.e., we can always write I(Z) as ⟨f1, . . . , fn⟩ for a finite set of polynomials
fi ∈ k[x1, . . . , xn]. For a general (not necessarily algebraically closed) field k, the con-
structions I( · ) and V ( · ) determine functions as illustrated below:

{subsets of Ank} {ideals of k[x1, . . . , xn]}
I( · )

V ( · )

(1.1.1)

By Hilbert’s nullstellensatz (see e.g. [Gat24, Prop. 1.10]), if we promote k to an algebraic
closure k of k, then we have a bijective correspondence¶

affine varieties of An
k

©
{radical ideals of k[x1, . . . , xn]}

I( · )

V ( · )

. (1.1.2)

Definition 1.1.6 (Mutual right adjoints). Let Cop F−→ D and Dop G−→ C be (covariant)
functors. If we have natural isomorphisms

homD(T, F (S)) ≈ homC(S,G(T ))

for all objects S in C and all objects T in D, then we say that F and G are mutual right
adjoints.

Going back to 1.1.1 one checks that I( · ) and V ( · ) define covariant functors

P (k[x1, . . . , xn])
op V ( · )−−−→ P (Ank) and P (Ank)

op I( · )−−−→ P (k[x1, . . . , xn]) ,

between their respective (opposite) poset-categories ordered by inclusion. Since poset-
categories have hom-sets that are either empty or consists of a single element, and since

S ⊆ I(T )⇔ T ⊆ V (S),

it follows that I( · ) and V ( · ) participate in natural bijections such as in definition 1.1.6.
In the case when the categories involved are preorders (since all posets are preorders,
this applies here), we call this an antitone Galois connection. If we promote k to
an algebraic closure k of k, one may use [Rie16, Lemma 4.2.11]1 together with Hillbert’s
nullstellensatz to see that (observe that it is relatively straightforward to find the unit
and counit with respect to an adjunction between poset categories due to the simplic-
ity of the hom-sets) that we get an equivalence of categories between the poset category
of affine varieties in An

k
and the opposite category of the poset-category of radical ide-

als of k[x1, . . . , xn]. Any equivalence of categories between poset categories defines an
isomorphism, so that the equivalence just mentioned gives an isomorphism between the
two categories just mentioned (observe that the opposite of a poset-category is a poset
category).

1Use that V := V op ( · ) ⊣ I ( · ) defines an “ordinary” adjunction, with P (k[x1, . . . , xn])
V−→ P (An)op

its opposite functor.
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1.2 Intersections

Perhaps a particularly important statement for what we aim to illustrate in this section
is the following fact, where we now fix the base-field to C: for closed subschemes (in the
sense of [Gat24, Construction 12.32.(b)]) Z1 = Spec(R/I1), Z2 = Spec(R/I2) and with
R := C[x1, . . . , xn], we have that

Z1 ∩ Z2 = Z1 ×An
C
Z2,

where Z1 ×An
C
Z2 is the fiber product of Z1 and Z2 over AnC together with associated

morphisms πi : Z1×An
C
Z2 → Zi such that f1 ◦ π1 = f2 ◦ π2, where fi : Zi → AnC is induced

from the canonical ring-homomorphisms R → R/Ii, which is defined by the following
universal property: For any two morphisms g1 : Z → Z1 and g2 : Z → Z2 from another
scheme Z such that f1 ◦g1 = f2 ◦g2, then there is a unique dashed map g : Z → Z1×An

C
Z2

as indicated in the diagram below, so that the diagram commutes,

Z

Z1 ×An
C
Z2 Z1

Z2 AnC

∃!g
g1

g2

π1

π2 f1

f2

.

In the case that Z1, Z2 are affine, then we claim that also the fiber product is affine, and
is given by Spec(R/I1⊗R R/I2) (see e.g. [Gat24, Def. 12.38.(a)]). Using the isomorphism
theorems, we have an isomorphism of rings R/I1 ⊗R R/I2 ∼= R/(I1 + I2). On applying
the functor Spec( · ), we get an isomorphism Spec(R/I1 ⊗R R/I2) ∼= Spec (R/(I1 + I2)) of
affine schemes. Then we find that

O(Z1 ∩ Z2) = OSpec(R/I1⊗RR/I2)(Spec(R/I1 ⊗R R/I2))
∼= R/I1 ⊗R R/I2
∼= R/(I1, I2), (1.2.1)

where we have used that OSpec(R)(Spec(R)) ∼= R for an affine scheme Spec(R), with
OSpec(R) the structure sheaf of the scheme

(
Spec(R),OSpec(R)

)
.

Example 1.2.1. Consider the affine varieties Z1 = V (y − x2) and Z2 = V (y − x) in the
complex plane C2. Taking the (non-scheme theoretic) intersection

Z1 ∩cl Z2 = V (y − x2, y − x),

we find that

O(Z1 ∩cl Z2) = C[x, y]/I(V (y − x2, y − x))

= C[x, y]/
»

(y − x2, y − x)
= C[x, y]/(y − x2, y − x), since (y − x2, y − x) is a radical ideal

∼= C[x]/(x− x2)

10



where the last isomorphism is defined as y 7−→ x and x 7−→ x on generators. Since the ideals
(x) and (1−x) are such that x+(1−x) = 1, they are coprime in C[x]. It follows that their
intersection equals the ideal (x−x2). By the (generalized) chinese remainder theorem, we
then have

C[x]/(x− x2) = C[x]/(x · (1− x))
∼= C[x]/(x)× C[x]/(1− x)
∼= C× C.

Now we instead take the scheme-theoretic intersection of the corresponding associated
reduced affine schemes corresponding to Z1 and Z2. Then with I1 := I(Z1) = (y−x2) and
I2 := I(Z2) = (y − x), and R := C[x, y], we find that

O(Z1 ∩ Z2) ∼= R/I1 ⊗R R/I2
∼= R/(I1, I2)

= C[x, y]/(y − x2, y − x)
∼= C× C.

We see that in this example, the classical and scheme-theoretic pictures agree. In this
case, one notes that the reason is that (y − x2, y − x) is radical.

We provide another motivating example, where the classical and scheme-theoretic disagree.
The next example is (scheme-theoretically) called a fat point or a double point over C.

Example 1.2.2. Fix the base-field C and consider the ideals I1 := (y− x2) and I2 := (y)
in the polynomial ring C[x, y]. Taking the zero locus of these ideals, we get affine varieties
V (I1) = {(x, y) ∈ A2

C : y = x2} and V (I2) = {(x, y) ∈ A2
C : y = 0}, which we may

denote Z1 and Z2, respectively. Taking the scheme-theoretic intersection, we find that,
with R := C[x, y],

O(Z1 ∩ Z2) ∼= R/(y − x2)⊗R R/(y)
∼= C[x, y]/(y − x2, y)
∼= C[x]/(x2)

where we in the last isomorphism used the 1st isomorphism theorem applied to the (sur-
jective) homomorphism φ : C[x, y] → C[x]/(x2) defined by f(x, y) 7−→ f(x, 0) with kernel
(y − x2, y). This is a C-algebra with basis {1, x} of dimension 2 as a C vector space.

However, taking the classical intersection, we see that

Z1 ∩cl Z2 = V (I1) ∩ V (I2)

= V (I1 + I2),

so that

O(Z1 ∩cl Z2) = C[x, y]/I(V (I1 + I2))

= C[x, y]/
√
I1 + I2

= C[x, y]/
»

(x2, y), since I1 + I2 = (y − x2, y) = (x2, y)

= C[x, y]/(x, y), since
»
(x2, y) = (x, y)

∼= C, by evaluation at the origin (0, 0).

11



We see that the fact that the classical intersection Z1 ∩cl Z2 does in this case not agree
with the scheme-theoretic intersection is that (y − x2, y) is not a radical ideal.

However, as the example below tries to illustrate, there are cases when even the scheme-
theoretic picture fails to capture essential data about how varieties intersect one another.

Example 1.2.3. Let a, b ∈ C be any pair of points. Then we may view them as subsets of
the affine complex line {a}, {b} ⊂ A1

C are algebraic subsets, in that Xa := V (x− a) = {a}
and Xb := V (x − b) = {b}. 2 By taking the vanishing ideal of these subsets we get the
ideals Ia := I({a}) = (x − a) and Ib := I({b}) = (x − b) in C[x]. The associated ring of
global regular functions of Xa, Xb are O (Xa) = C[x]/(x− a) and O (Xb) = C[x]/(x− b).
These are both isomorphic (as rings, i.e. fields since (x− a) and (x− b) are maximal) to
C via evaluation at a (respectively, b). Then, taking the scheme-theoretic intersection, we
find that

O(Xa ∩Xb) ∼= C[x]/(x− a)⊗C[x] C[x]/(x− b)
∼= C[x]/(x− a, x− b)
∼= C/(a− b), realized through e.g. C[x] eva−−→ C

π
↠ C/(a− b)

=

®
C, if a = b

0, if a ̸= b
.

Now, the point of the above example is that morally, one might want the intersection of two
points {a}∩{b} to always give back the intersection-number 0, since perturbing one of the
points a or b by however a small non-zero ε-term will give us back an intersection number
of zero. One might say that this intersection is unstable (it is not invariant under however
small perturbations). To “correct” this failure to detect the instability of the intersection,
we may compute the derived tensor product M ⊗LC[x] M where M = C[x]/(x − a) (for

some more details, see § 5.2.1 or [Maz23, §7.5]). Here we view M really as a complex
M
∼∼

concentrated in degree zero (see 2.3.4) living inside the derived ∞-category DC[x] of

C[x]-modules (c.f. § 6.3). We consider the complex

P :=

Å
· · · −→ 0 −→ C[x] ·(x−a)−−−−→ C[x]

∼∼∼
−→ 0 −→ · · ·

ã
.

We claim that this complex is projective in the sense of definition 5.2.2. This follows by a
direct application of theorem 5.3.9 since C[x] is free as a C[x]-module and the complex is
bounded below (observe that it is also free as a C-module with basis {1, x, x2, . . .}).

Now, we construct a quasi-isomorphism (see definition 2.3.4) P
≈−−→M : We let P

q−−→M
be the chain map defined by the following diagram

· · · 0 C[x] C[x] 0 · · ·

· · · 0 0 M = C[x]/(x− a) 0 · · ·

·(x−a)

π .

2Observe however that as closed subschemes (c.f. [Gat24, Construction 12.28]) we have that Xa =
Spec (C[x]/(x− a)), and similarly for Xb, with A1

C = Spec(C[x]).
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It is immediate that this defines a chain map. Furthermore, we have (see §2.3 for the
definition of Hn( · )),

Hn(P ) =

®
M, if n = 0

0, otherwise

and

Hn(M) =

®
M, if n = 0

0, otherwise
.

Then we find that by construction (see the proof of theorem 2.3.3) Hn(q) = 0 is the
zero map in all degrees except 0 and in degree 0 we have H0(q) = idM . Hence q is a

quasi-isomorphism, so that indeed P
≈−−→
q

M is a projective resolution.

Since P and M are quasi-isomorphic, we first replace − ⊗C[x] M with the correction
− ⊗C[x] P , so that we may compute the ordinary relative tensor product of complexes
(the subject of § 2.5) M ⊗C[x] P instead of M ⊗C[x] M which lives in KC (see § 4). Let

Q
≈−−→
q

M be a quasi-isomorphism from another projective complex Q. Then we note

that by theorem 5.2.17 we may form the zig-zag of quasi-isomorphisms

M ⊗C[x] P
≈←−−−
q⊗id

Q⊗C[x] P
≈−−−→

id⊗p
Q⊗C[x] M

≈−−−→
σQ,M

M ⊗C[x] Q,

where σQ,M is the natural isomorphism coming from the symmetric monoidal structure on
ChC[x] (by theorem 2.5.4). Hence upon passing to the derived ∞-category DC[x] of C[x]-
modules (see § 6.3), these complexes become equivalent (in an ∞-categorical sense which
we do not specify here). So we might say that at the level of homology these are the same
complexes, and so (roughly) can’t be distinguished based on their Euler characteristic,
which we define as

χ(M) :=
∑
n∈Z

(−1)ndimC(Hn(M)), see [Maz23, §7.5.1],

for a derived DC-module M for which this is well-defined (for example, this is clearly
defined for bounded below and bounded above complexes with finite-dimensional homol-
ogy).3 Derived C-modules (or derived k-modules for say any field k) for which its Euler
characteristic is a finite sum of integers, we call perfect.

By definition 2.5.1 we find that

(
M ⊗C[x] P

)
ℓ
=

®
C[x]/(x− a)⊗C[x] C[x], if ℓ = 0, 1

0, otherwise

with differential given by 2.5.1. Since dMj is zero for all j and dP1 = ·(x−a) with dPk = 0 for
k ̸= 1, we see that the only differential which could be non-zero is in degree one, however,
we compute that

f ⊗ g d17−−→ f ⊗ (x− a) · g
= f · (x− a)⊗ g, see definition 2.1.(3)

= 0.

3We may here assume that DC[x] is enriched in DC (see [Maz23, § 6.3.2]).
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Hence we get the complex

M ⊗C[x] P =

Ç
· · · −→ 0 −→ C[x]/(x− a)⊗C[x] C[x]

0−−→ C[x]/(x− a)⊗C[x] C[x]
∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼

−→ 0 −→ · · ·
å
.

We then see that by the diagram

· · · 0 C[x]/(x− a)⊗C[x] C[x] C[x]/(x− a)⊗C[x] C[x]
∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼∼

0 · · ·

· · · 0 C[x]/(x− a) C[x]/(x− a)
∼∼∼∼∼∼∼∼∼∼

0 · · ·

· · · 0 C C
∼∼

0 · · ·

0

≈ ≈

0

∼= ∼=

0

with ≈ the natural isomorphism f ⊗ g 7−→ f · g by “contraction”, and ∼= realized by
f

eva7−−→ f(a) by evaluation at a (for both maps: in degrees as indicated above), M ⊗C[x] P
is isomorphic to the complex(

· · · −→ 0 −→ C 0−→ C
∼∼
−→ 0 −→ · · ·

)
.

We may then compute the Euler-characteristic of this complex as a representative of the
derived tensor product, and so we find that

χ
Ä
C[x]/(x− a)⊗LC[x] C[x]/(x− a)

ä
= dimC(C)− dimC(C)

= 0.

Hence one might say that the derived intersection, using the derived tensor product,
captures the instability of the intersection.

For more on intersection-theory, our understanding is that [Ful98] is a good source.

Remark 1.2.4. Although we have not said much about this, the actual computations above
could equally well have taken place in the derived category of C-modules, i.e. we did not
really need to use any data captured by the ∞-category DC beyond the data encoded the
“ordinary” derived category of C-modules, which we may denote as H0(DC). That, is,
M ⊗LC[x] M naturally inhabits H0(DC) as well.

We may exchange each instance of C[x] with C in what we wrote in the previous paragraph
since at the level of dg-complexes (see § 4) any complex in the dg-category of complexes
of C[x]-modules naturally also lives in the dg-category of complexes of C-modules. We
must be careful however to note that the actual computation of the Euler-characteristic
took place with respect to DC.

We will not say much more about derived algebraic geometry in this thesis. Instead we
refer the reader to consult e.g. [Toë14] and [Kha23].
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Chapter 2

Tensor products, complexes and
homology

2.1 (Relative) tensor product

We will start by recalling the (relative) tensor product A ⊗R B of R-modules A and B.
Observe that there are different ways to phrase this definition; one may for example either
define it through the universal property it satisfies, or (roughly) construct it explicitly as
a quotient of the free R-mdoule on the set⊕

(a,b)∈A×B

R

with basis {ea,b}(a,b)∈A×B and mod out” the relations defining the tensor product. Note
however that defining it in terms of a universal property does not necessarily guarantees
its existence. Here we give the definition in terms of the universal property it is supposed
to satisfy. Whenever R = Z, one may call A⊗RB the absolute tensor product; it is then
also customary to just write A⊗B.

Definition 2.1.1 (Relative tensor product). Given R-modules A and B, then we define
the relative tensor product of A and B over R as the pair

(A⊗R B, ι : A×B → A⊗R B)

where A⊗RB is an abelian group (in the case that R is commutative, it also has a natural
R-module structure), with ι satisfying

(1) ι(a+ a′, b) = ι(a, b) + ι(a′, b) for all a, a′ ∈ A and all b ∈ B.

(2) ι(a, b+ b′) = ι(a, b) + ι(a, b′) for all a ∈ A and all b, b′ ∈ B.

(3) ι(ar, b) = ι(a, rb) for all a ∈ A, b ∈ B and all r ∈ R.

Furthermore, (A⊗RB, ι) should satisfy the following universal property : For any R-bilinear
map φ : A×B → L with L another R-module, there is a unique R-module homomorphism
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ϕ : A⊗R B → L such that ϕ ◦ ι = φ. We may represent this with the following diagram:

A×B A⊗R B

L

ι

φ
∃!ϕ

Example 2.1.2. We claim that

Z/nZ⊗Z Z/mZ ∼= Z/gcd(m,n)Z

for integers m,n ⩾ 1 as Z-modules, i.e. as abelian groups. To see this, start with the
short exact sequence

0→ Z ·m−−→ Z↠ Z/mZ→ 0

where ·m is multiplication by m and the last non-zero map is the canonical projection
down to the quotient. If we tensor with ( · )⊗Z Z/nZ we get the right-exact sequence

Z⊗Z Z/nZ
m⊗idZ/nZ−−−−−−→ Z⊗Z Z/nZ −→ Z/mZ⊗Z Z/nZ→ 0,

which, by the canonical isomorphism

R⊗R A ∼= A, a⊗ r 7−→ ar,

is the same as the right-exact sequence

Z/nZ ·m−→ Z/nZ −→ Z/mZ⊗Z Z/nZ −→ 0.

By right exactness, it follows that

Z/mZ⊗Z Z/nZ ∼= (Z/nZ)
/
m (Z/nZ)

∼= (Z/nZ)
/
((gcd(m,n)Z)/nZ)

∼= Z/gcd(m,n),

where we used the 3rd isomorphism theorem for groups in the last isomorphism.

2.2 Modules, Currying and Adjunctions

Let k be a commutative ring and let R be a k-algebra and for simplicity assume that R is
also commutative. At the level of non-derived homological algebra, we relate the following
statements:

(a) If we let Modk denote the category of k-modules then (Modk,⊗k,k) is a tensor
category, in the sense of [Mil25, Chap I, Def. 2.1].

(b) Given right R-modules M and N , there is a natural (right) k-action defined on
homModR(M,N) by (f, k) 7−→ f · k where

(f · k)(m) = f(km) (2.2.1)

where the action on of k on M from the right is induced by using restriction of

scalars along the (central) ring homomorphism k
i−→ R. By centrality of k, this

naturally endows M with left k-action compatible with the right-action, giving M
a (k,k)-bimodule structure. It is this left-action we use in 2.2.1, i.e. km = mi(k).
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(c) It is sometimes customary to denote that a module M carries an (k, R)-bimodule
structure by kMR. We usually suppress this and just write M as long as the
bimodule-structure on M has been specified or is clear from context, to unclutter
notation.

(d) For any right R-modules A,B, we have that homModR(A,B) has a Z-module struc-
ture coming from the fact that M,N are abelian groups so have a natural Z-
module structure. This in turn means that homModR(A,B) is an abelian group
with (f, g) 7−→ f + g as group-operation.

(e) We have a natural right action of R on homModk(T,N) for right R-modules T,N as
(ψ · r)(t) := ψ(t) · r.

The next theorem has an intuition that comes from “currying” with sets, in the sense
that if f : A×B → C is a function, we may define (suppressing Set in hom)

Φ : hom(A×B,C)→ hom(A, hom(B,C))

so that Φ(f)(a) = f(a,−) : B → C, with inverse

Ψ : hom(A, hom(B,C))→ hom(A×B,C)

defined by Ψ(f)(a, b) = g(a)(b). Here Ψ(f) is really the composition ev ◦(f × idB) where
(f × idB)(a, b) = (f(a), b) and ev(f(a), b) = f(a)(b). We check that they are inverses. For
f : A×B → C and (a, b) ∈ A×B, we have

(Ψ ◦ Φ(f))(a, b) = ev ◦(Φ(f)× idB)(a, b)

= ev(Φ(f)(a), b)

= Φ(f)(a)(b)

= f(a, b),

and for h : A→ hom(B,C) and a ∈ A,

(Φ ◦Ψ(h))(a) = (Φ(ev ◦(h× idB)))(a)

= ev(h(a)× idB)

= h(a).

Although the above paragraph may seem like a tangent, in the proof below we use similar
reasoning in showing that the constructed map τ is an isomorphism at components T,M,N
of right R-modules.

Below, we will assume that R is a k-algebra, with both R and k commutative rings. Going
forward, we may write ModR(M,N) instead of homModR(M,N).

Theorem 2.2.1 (c.f. e.g. [Rot09, Theorem 2.75, Theorem 2.76]). Let T ∈ Modk and let
M,N ∈ ModR. Then we have the following isomorphisms of abelian groups

ModR(T ⊗kM,N) ≈ Modk(T,ModR(M,N))

≈ ModR(M,Modk(T,N)),

natural in all three variables.

Remark 2.2.2. Observe that we view T⊗kM as a right R-module by the action (t⊗m)·r =
t⊗ (m · r).
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Remark 2.2.3. The k-module structure on ModR(M,N) is the one given in 2.2.1.

Proof. ModR(T ⊗kM,N) ≈ Modk(T,ModR(M,N)):

Let τT,M,N : ModR(T ⊗kM,N)→ Modk(T,ModR(M,N)) be defined by

t
τT,M,N (f)
7−−−−−−−→ (m 7−→ f(t⊗m)).

Then

τT,M,N (f + g)(t) = m 7−→ (f + g)(t⊗m)

= m 7−→ f(t⊗m) + g(t⊗m)

= τT,M,N (f)(t) + τT,M,N (g)(t),

for t ∈ T and f, g ∈ ModR(T ⊗kM,N), so that τT,M,N is Z-linear.

Assume that τT,M,N (f) = 0, i.e. that τT,M,N (f)(t) = 0 for all t ∈ T . This means that
f(t⊗m) = 0 for all t ∈ T and m ∈M . Since the pure tensors t⊗m generates T ⊗kM in
the sense that T⊗kM = ⟨t⊗m : t ∈ T,m ∈M⟩R where ⟨ ⟩R denotes right R-generation,
and since f is right R-linear it follows that f = 0. Hence τT,M,N is injective.

To see that τT,M,N is surjective: let F : T → ModR(M,N) be a k-linear map. We define
a map φ : T ×M → N by φ(t,m) = F (t)(m). Consider the following diagram,

T ×M T ⊗kM

N

ι

φ
∃!Φ

⟲
,

with ι(t,m) = t⊗m. We note that

φ(tk,m) = F (tk)(m)

= (F (t) · k)(m)

= F (t)(km)

= φ(t, km),

so that φ is k-balanced. Linearity in both arguments follows from the linearity of F and
the linearity of F (t). By the universal property of T ⊗k M , there is a unique k-module
homomorphism Φ : T ⊗kM → N such that Φ(t⊗m) = φ(t,m). We have that

Φ((t⊗mr)) = φ(t,mr)

= F (t)(mr)

= F (t)(m)r

= φ(t,m)r

= Φ(t⊗m)r,

so that Φ ∈ ModR(T ⊗kM,N), hence τT,M,N is indeed surjective. Therefore, τT,M,N is an
isomorphism.
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It remains to show that τ is a natural transformation τ : F ⇒ G between the functors
F,G : Modk × ModR × ModR ⇒ Ab, contravariant in the first two arguments. Here F
takes a triplet of morphisms 

α : T ′ → T in Modk

β :M ′ →M in ModR

γ : N → N ′ in ModR.

(2.2.2)

to F (α, β, γ) defined on morphisms f ∈ ModR(T ⊗kM,N) by

F (α, β, γ)(f) := γ ◦ f ◦ (α⊗ β) : T ′ ⊗kM ′ → N ′.

For G, we have that a triplet of morphisms as above instead gives that if h : T →
ModR(M,N) is a k-linear map, then since β and γ are R-linear they are also k-linear
by restriction of scalars. Using this fact together with how the k-module structure on
ModR(M

′, N ′) is defined, a routine (but somewhat tedious) calculation then gives that
G(α, β, γ)(h) is k-linear, where

G(α, β, γ) : Modk(T,ModR(M,N))→ Modk(T
′,ModR(M

′, N ′))

is defined by

G(α, β, γ)(h)(t′) = γ ◦ h(α(t′)) ◦ β

for each t′ ∈ T ′. This is a composition of R-linear maps, hence is R-linear.

For naturality, we want to show that the following square commutes:

ModR(T ⊗kM,N) Modk(T,ModR(M,N))

ModR(T
′ ⊗kM ′, N ′) Modk(T

′,ModR(M
′, N ′))

τT,M,N

F (α,β,γ) G(α,β,γ)

τT ′,M′,N′

.

For any f ∈ ModR(T ⊗kM,N), t′ ∈ T ′ and any m′ ∈M ′, we find that(
(G(α, β, γ)(τT,M,N (f)))(t

′)
)
(m′) = (γ ◦ τT,M,N (f)(α(t

′)) ◦ β)(m′)

= γ(f(α(t′)⊗ β(m′))),

while (
((τT ′,M ′,N ′ ◦ F (α, β, γ))(f))(t′)

)
(m′) =

(
(τT ′,M ′,N ′(γ ◦ f ◦ (α⊗ β)))(t′)

)
(m′)

=
(
(x 7−→ γ ◦ f(α(t′)⊗ β(x)))

)
(m′)

= γ(f(α(t′)⊗ β(m′))).

By comparison of the two computations, we find that they agree, and so we draw the
conclusion that naturality holds.
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Modk(T,ModR(M,N)) ≈ ModR(M,Modk(T,N)): For h ∈ Modk(T,ModR(M,N)), let(
σT,M,N (h)(m)

)
(t) := h(t)(m), (2.2.3)

for any t ∈ T and m ∈M . If h1 = h2 in Modk(T,ModR(M,N)), then

σT,M,N (h1)(m)(t) = h1(t)(m)

= h2(t)(m)

= σT,M,N (h2)(m)(t)

for all t and m. Furthermore, routine (but again, quite tedious) calculations shows that
σT,M,N (h)(m) is in Modk(T,N) and that m 7−→ σT,M,N (h)(m) is R-linear for fixed h ∈
Modk(T,ModR(M,N)), using that h(t) ∈ ModR(M,N) is R-linear.

Assume that σ(h) is such that σ(h)(m)(t) = 0 for all m and t. This means that h(t) ∈
ModR(M,N) must be the zero morphism for each t ∈ T , which in turn means that h = 0.
Hence σ is injective.

Let f ∈ ModR(M,Modk(T,N)) be arbitrary. We want to construct h such that σ(h) = f .
Let γ be defined as the composition (where we are abusing notation somewhat, in that
our f in f × idT is really the image U(f) of the forgetful-functor U : ModR → Set).

T ×M ≃−−−→M × T f×idT−−−−→ Set(T,N)× T ev−−−→ N.

On elements (t,m) ∈ T ×M , we have that

γ(t,m) = ev(f(m), t)

= f(m)(t).

By currying, there is a unique map h ∈ Set(T,Set(M,N)) such that

Ψ(h)(t,m) = γ(t,m)

= f(m)(t).

γ is by construction additive, k-balanced and R-linear in M . By R-linearity in M it
follows that h(t) ∈ ModR(M,N) for each t ∈ T , so that h : T → ModR(M,N). Since γ is
k-balanced, it follows that h is k-linear. Lastly, we find that for all m ∈M and t ∈ T ,

(σT,M,N (h))(m)(t) = h(t)(m)

= γ(t,m)

= f(m)(t),

so that σT,M,N is surjective, hence an isomorphism.

We want to show that σT,M,N defines a natural isomorphism. We let A(−,−,−) be defined
on a k-module T and (right) R-modules M,N as A(T,M,N) = Modk(T,ModR(M,N))
and triple of morphisms α : T ′ → T, β : M ′ → M and ℓ : N → N ′ as in 2.2.2, where
A(α, β, γ)(f)(t′) = γ ◦ f(α(t′)) ◦ β for f ∈ A(T,M,N) and t′ ∈ T ′. We let B(T,M,N) =
ModR(M,Modk(T,N)) on objects and we let B(α, β, γ)(f)(m′) = γ ◦ f(β(m′)) ◦ α for
f ∈ B(T,M,N) and m′ ∈ M ′. It is straightforward to check that A and B are both
functors ModR ×ModR ×ModR → Ab that are contravariant in the first two variables.
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We check that the following diagram commutes,

A(T,M,N) B(T,M,N)

A(T ′,M ′, N ′) B(T ′,M ′, N ′),

σT,M,N

A(α,β,γ) B(α,β,γ)

σT ′,M′,N′

,

for f ∈ A(T,M,N) = Modk(T,ModR(M,N)). We then find that(
B(α, β, γ)(σT,M,N )(f))(m

′)
)
(t′) = (γ ◦ σT,M,N (f)(β(m

′))(α(t′))

= γ(f(α(t′))(β(m′))),

while

(σT ′,M ′,N ′(A(α, β, γ)(f))(m′)(t′) = A(α, β, γ)(f)(t′)(m′)

= γ ◦ f(α(t′)) ◦ β)(m′)

= γ(f(α(t′))(β(m′)).

Comparison gives that the above computations agree. The conclusion follows.

2.3 Homology

We recall a crucial definition of importance for algebraic topology, in the special case of a
chain complex of R-modules.

Definition 2.3.1 (Chain complex of R-modules). Let (M•, d•), or even more succintly,
M•, denote the data

M• := ((Mn)n∈Z, (dn :Mn →Mn−1)n∈Z)

where Mn are R-modules and the dn are R-module homomorphisms, such that

dn ◦ dn+1 = 0

for all n, or more compactly d2 = 0. Then we call M• a chain complex (of R-modules).
We may represent this as

M• : . . .
dn+2−−−→Mn+1

dn+1−−−→Mn
dn−→Mn−1

dn−1−−−→ . . . , (d2 = 0).

We call the integer n inMn or dn the degree or dimension, and one may write deg(m) =
n for m ∈Mn. We call the R-module homomorphisms dn the differentials.

Definition 2.3.2 (Morphism of chain complexes). Let M• = ((Mn)n∈Z, (d
M
n )n∈Z) and

N• = ((Nn)n∈Z, (d
N
n )n∈Z) be two chain complexes of R-modules. Then we say that the

data f• = (fn : Mn → Nn)n∈Z of R-module homomorphisms fn such that the following
square commutes for each n,

Mn+1 Mn

Nn+1 Nn

dMn+1

fn+1 ⟲ fn

dNn+1

21



is a chain map, or without a diagram, as

dNn+1 ◦ fn+1 = fn ◦ dMn+1. (2.3.1)

We may denote this as f• :M• → N•.

We let ChR denote the category where objects are chain complexes (of R-modules) M•
and morphisms are chain maps f• : M• → N•. The identity morphism is the map idM• :
M• →M• defined by

(idM•)n := idMn (2.3.2)

in each degree, and we define the composition of chain maps f• :M• → N• and g : N• → L•
as

(g• ◦ f•)n := gn ◦ fn. (2.3.3)

Checking that this is again a chain map is straightforward and amounts to checking that
the big rectangle below commutes, which follows from the fact that the smaller squares
commute.

Mn+1 Mn

Nn+1 Nn

Ln+1 Ln

dMn+1

fn+1 ⟲ fn

dNn+1

gn+1 ⟲ gn

dLn+1

Associativity follows from the fact that it holds degree-wise on the R-module homomor-
phism level.

Given any R-module M ∈ ModR, this naturally gives a chain complex of R-modules

. . . −→ 0 −→M
∼∼
−→ 0 −→ . . . , (2.3.4)

which we say is concentrated in degree zero. By abusing notation, we may label the
complex in 2.3.4 as M

∼∼
, i.e. not distinguishing the complex from the degree zero module.

One checks that any R-module homomorphism f : M → N determines a chain map
f• :M → N by the data (fn)n∈Z such that

fk =

®
f, if k = 0

0, if k ̸= 0
. (2.3.5)

This is a chain map (as below) due to the fact that f is a homomorphism,

. . . 0 M 0 . . .

. . . 0 N 0 . . .

0 f 0 .
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We may therefore define a fully faithful embedding ModR
ι
↪−→ ChR taking objects M to the

complex 2.3.4 and R-module homomorphisms f : M → N to the family of differentials
defined in 2.3.5.

In the context of homology, with respect to some chain complex (M•, d•), we will use
the notation Zn(M•) to denote the kernel ker(dn) ⊂Mn of the nth differential, Bn(M•) to
denote the image im(dn+1) ⊂ Mn of the n+ 1-differential and the nth homology Hn(M•)
as

Hn(M•) := Zn(M•)/Bn(M•)

= ker(dn)/ im(dn+1).

Theorem 2.3.3. The constructions Zn,Bn,Hn define functors

Zn,Bn,Hn : ChR
→→→ ModR.

Proof. It is clear from construction how Zn,Bn,Hn are defined on objects. Recall that a
morphism f• : M• → N• in ChR is defined as a family of maps (fn : Mn → Nn)n∈Z such
that 2.3.1 holds. We then define Zn,Bn,Hn on f• by in the first two cases restricting to
ker
(
dMn
)
, im

(
dMn+1

)
(and co-restricting to ker

(
dNn
)
, im

(
dNn+1

)
), while in the last case we

let Hn(f•) : Hn(M•)→ Hn(N•) be defined by

Hn(f•)([z]) := [fn(z)] (2.3.6)

We observe that if z ∈ ker
(
dMn
)
then fn(z) ∈ Nn is such that

dNn (fn(z)) = fn−1d
M
n (z)

= fn−1(0)

= 0,

so that fn(z) lands in ker
(
dNn
)
, i.e. so that corestriction to ker

(
dNn
)
is fine. We may abuse

notation and still call the restricted and corestricted maps f• and fn.

If z ∈ im
(
dMn+1

)
then we may write z = dMn+1(a) for some a ∈Mn+1 so that

fn(z) = fn(d
M
n+1(a))

= dNn+1(fn+1(a)),

so that fn(z) ∈ im
(
dNn+1

)
.

Lastly, since f
(
ker
(
dMn
))
⊂ ker

(
dNn
)
, by the universal property of the quotient we get a

unique map Hn(f•) : Hn(M•) → Hn(N•) as below, which we see is defined on homology
classes [z] as in 2.3.6,

ker
(
dMn
)

ker
(
dNn
)

Hn(M•) Hn(N•)

fn

⟲

∃! Hn(f•)

. (2.3.7)
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It remains to show that these constructions are functorial. Recall that the identity mor-
phism in ChR was defined as 2.3.2 in each degree. Therefore, it is clear that

Zn(idM•) = idker(dMn )

Bn(idM•) = idim dMn+1

Hn(idM•) = idHn(M•

,

where the last one follows by uniqueness of the map Hn(f•) so that diagram 2.3.7 com-
mutes, applied to f• = idM• . Since for chain maps f• : M• → N• and g• : N• → L• we
have that (g• ◦ f•)n = gn ◦ fn, it follows that

Zn(g• ◦ f•) = (gn ◦ fn)|ker(dMn )

= gn|ker(dNn ) ◦ fn|ker(dMn )

= Z(g•) ◦ Z(f•).

Similarly, we may show that Bn(g• ◦ f•) = Bn(g•) ◦ Bn(f•).

Lastly, for Hn, we contemplate the following diagram:

ker
(
dMn
)

ker
(
dNn
)

kerdLn

Hn(M•) Hn(N•) Hn(L•)

fn

(g•◦f•)n

⟲

gn

⟲

∃! Hn(f•)

Hn(g•)◦Hn(f•)

∃! Hn(g•)

Since the smaller squares commute, the larger rectangle commute. Since gn(fn(kerd
M
n )) ⊂

ker
(
dLn
)
, we also get a (unique) map Hn(g• ◦ f•) : Hn(M•) → Hn(L•). By uniqueness of

R-module homomorphisms making this larger rectangle commute, it follows that

Hn(g• ◦ f•) = Hn(g•) ◦ Hn(f•).

Definition 2.3.4 (Quasi-isomorphism). We say that a morphism f• : M• → N• in ChR
is a quasi-isomorphism, if the induced morphisms Hn(f•) : Hn(M•) → Hn(N•) coming
from diagram 2.3.7 in the proof of theorem 2.3.3 are isomorphisms for all n ∈ Z. Following
[Maz23] we decorate such a morphism as

≈−→.

Definition 2.3.5 (Acyclic complex). We say that a complex M• ∈ ChR is acyclic if
Hn(M•) = 0 for all n, i.e. if ker

(
dMn
)
= im

(
dMn+1

)
for all n, or equivalently, if 0• → M•

or M• → 0• are quasi-isomorphisms, where 0• is the complex with all objects zero and
differentials the zero maps.

Observe that a quasi-isomorphism f• : M• → N• in ChR is not necessarily formally an
isomorphism in the (general) sense of having a two-sided inverse g• : N• →M•, whenever
R is not the zero ring.

24

https://en.wikipedia.org/wiki/Zero_ring


Example 2.3.6. Assume that R is a commutative, non-zero unital ring. Consider the
morphism f• : R1,0 → 0

∼∼
in ChR defined as below:

R01 : . . . 0 R R 0 . . .

0
∼∼

: . . . 0 0 0 0 . . .

f•

d2

f2

d1

f1

d0

f0 f−1 ,

with d1 = idR. Since there is only one R-module homomorphism from R to 0, this chain

map is the unique chain map with the given domain and codomain, i.e. homChR

(
R1,0, 0∼∼

)
=

0. We observe that Hn(f•) : H(R1,0)→ Hn

(
0
∼∼

)
is the zero map for all n ∈ Z. We observe

that we have

H2(R1,0) = ker (d2) / im (d3)

= (0)/(0)

= (0),

H1(R1,0)1 = ker (d1) / im (d2)

= (0)/(0)

= (0),

H0(R1,0) = ker (d0) / im (d1)

= R/R

= (0),

and all other Hn(R1,0) = 0. It follows that Hn(f•) is an isomorphism for all n, so that f•
is a quasi-isomorphism. We claim that it can not have an inverse g• : 0

∼∼
→ R1,0 in ChR.

We see this by “completing” the diagram as below:

R1,0 : . . . 0 R R 0 . . .

0
∼∼

: . . . 0 0 0 0 . . .

R1,0 : . . . 0 R R 0 . . .

f•

d2

f2

d1=idR

f1

d0

f0 f−1

g•
g2 g1 g0 g−1

d2 d1=idR d0

The reason being that this would force

(g• ◦ f•)1 = (idR1,0)1

= idR,

but (g• ◦ f•)1 = g1 ◦ f1, which is necessarily the zero-morphism. Since R ̸= 0, this is
impossible.
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The intuition behind constructing the derived category of R-modules (observe: not
the derived ∞-category, but the “ordinary” derived category of R-modules) is to take the
category ChR, and then adjoin formal inverses for every quasi-isomorphism f• in ChR. In
a sense, we would like to turn quasi-isomorphism into actual isomorphisms. We give a
short intro in the next chapter. First, we will talk about how things look when they are
“well-behaved” in that there is a so-called “calculus of fractions” available. Then we will
mention the in a sense most general procedure (at least at the level of ordinary categories)
that we are aware of, for localizing “freely”, the Gabriel-Zisman localization.

2.4 Derived categories (of R-modules)

2.4.1 Localization of categories

Recall that for a commutative ring R, with S a multiplicatively closed set (that is,
1 ∈ S and whenever r, s ∈ S then rs ∈ S) one may create a new ring S−1R by “localizing
at S”, such that all elements s ∈ S have (multiplicative) inverses in S−1R. Furthermore,

this construction is universal in the sense that for any ring homomorphism R
ψ−−→ A

such that ψ(s) has a multiplicative inverse, for all s ∈ S, then there exists a unique ring
homomorphism Ψ : S−1R→ A such that ψ factors as ψ = Ψ◦π, where π is the “canonical”
localization-morphism π : R→ S−1R sending r to r

1 as in the diagram below,

r R A

⟲

S−1R

r
1

ψ

π ∃!Ψ
, (2.4.1)

where one may show that ψ
(
r
s

)
= ψ(r) · ψ(s)−1 for all elements r

s ∈ S
−1R.

Now, we want to do something roughly similar with categories, where our “multiplicative
system” corresponds to a class S of morphisms in a category C. Our treatment follows
[KS90, Section 1.6].

Definition 2.4.1 (Multiplicative system of morphisms). Let C be a category and let S be
a class of morphisms in C. We then say that S is a multiplicative system if S satisfies
the following properties:

(i) For any object X ∈ Ob(C) the identity morphism idX belongs to S.

(ii) For any pair of morphisms f, g that belong to S, where the composition g ◦ f is
defined, we have that g ◦ f also belongs to S.

(iii) Any diagram on the form to the left below where g belongs to S, may be completed
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to a commutative square as to the right below, where h belongs to S,

A D A

⇝ ⟲

B C B C

g h g

f f

. (2.4.2)

Similarly, the following diagram to the left below with g belonging to S must be able
to be completed to a commutative square as indicated below, with h belonging to S.

A B A B

⇝ ⟲

C C D

g

f

g

f

h

.

(iv) If f and g are morphisms belonging to homC(X,Y ), then the following conditions
are equivalent:

(a) There exists a morphism Y
t−→ Y ′ in C that belongs to S, such that t ◦ f = t ◦ g.

(b) There exists a morphism X ′ s−→ X in C that belongs to S, such that f ◦s = g◦s.

We now introduce the definition of a “category localized at a multiplicative system S”.

Definition 2.4.2 (The category CS). Let C be a category and let S be a multiplicative
system of morphisms in C. Then the category CS is the category with objects Ob (CS) =
Ob(C), and where, for any pair X,Y of objects of CS , we have

homCS (X,Y ) :=


Ü

X ′

X Y

s f

ê ∣∣∣∣∣∣∣∣∣ s belongs to S


/
∼, (2.4.3)

where ∼ identifies two “roofs”Ü
X ′

X Y

s f

ê
and

Ü
X ′′

X Y

t g

ê
(2.4.4)

iff there exists a morphism X ′′′ u−→ X in S together with dashed morphisms in C as
indicated, such that the diagram below commutes,
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X

X ′ X ′′′ X ′′

Y

s

f

u t

g

.

Composition of morphisms in CS is defined as follows:Ü
Y ′

Y Z

t g

ê
◦

Ü
X ′

X Y

s f

ê
:=

Ü
X ′′

X Z

s◦t′ g◦h

ê
.

Explicating on how we get t′ and h above: We use (iii) in definition 2.4.1 as indicated to

complete the cospan X ′ f−→ Y
t←− Y ′ as below

Y ′ X ′′ Y ′

⇝

X ′ Y X ′ Y

t

h

t′ t

f f

,

so this gives us the following datum

X ′′

X ′ (iii) : ⟲ Y ′

X Y Z

t′ h

s f t g

,

where we note that t′ is in S by (iii) in definition 2.4.1. Then we see that s ◦ t′ is in S by
(ii) in definition 2.4.1, so that

X ′′

X Z

s◦t′ g◦h

is indeed an element of homCS (X,Z).
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Remark 2.4.3. To see that the composition does not depend on which completion we
choose in the diagrams in 2.4.2: Assume we have two different completions as below,

A Y ′ Ã Y ′

X ′ Y X ′ Y

b

a t

b̃

ã t

f f

, (2.4.5)

where a and ã belongs to S. We then have two composite roofs X
s◦a←−− A

g◦b−−→ Z and

X
s◦ã←−− Ã g◦b̃−−→ Z. We may then complete as indicated below (with note, ã belonging to S)

Ã W Ã

⇝

A X A X

ã

q

p ã

a a

. (2.4.6)

Then p belongs to S, and a ◦ p = ã ◦ q. Furthermore, we have

t ◦ b ◦ p = f ◦ a ◦ p, by the commutativity of the left square in 2.4.5

= f ◦ ã ◦ q, by commutativity of the square to the right in 2.4.6

= t ◦ b̃ ◦ q, by commutativity of the right square in 2.4.5.

Since t belongs to S, we by (iv) in 2.4.1 get a morphism W ′ r−→ W belonging to S such
that b ◦ p ◦ r = b̃ ◦ q ◦ r, and by commutativity of the square in 2.4.6 it follows that also
a ◦ p ◦ r = ã ◦ q ◦ r. We may then consider the following diagram

X

A W ′ Ã

Z

s◦a

g◦b

u

p◦r q◦r

s◦ã

g◦b̃

,

with u = s◦a◦p◦r = s◦ ã◦q ◦r, which belongs to S, by repeated application of condition
(ii) in definition 2.4.1, since all morphisms in the composition belongs to S. Furthermore,
we have that g ◦ b ◦ p ◦ r = g ◦ b̃ ◦ q ◦ r since the two sides of the identity are equal before
postcomposition with g. Hence it follows thatÜ

A

X Z

s◦a g◦b

ê
=

á
Ã

X Z

s◦ã g◦b̃

ë
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as elements of homCS (X,Z). One must further show that if two roofs are equivalent, then
they yield the same equivalence class of roofs after composition with another roof. We
omit this proof.

Proposition 2.4.4. The definition given in 2.4.2 defines an actual category.

Proof. The proof should be very similar to the one given for left multiplicative systems in
[Lemma 4.27.2.(3), Sta26, Tag 04VB].

Almost completely analogous to the ring case expounded upon at the beginning of the
chapter (in particular, c.f. with diagram 2.4.1) we have the following situation:

Proposition 2.4.5 ([KS90, Prop. 1.6.3]). There is a functor C Q−→ CS whenever C is a
category with a multiplicative system S of morphisms, that satisfies the following:

(a) Q(X) = X for all objects X in C, and

Q(f) :=

X

X Y

idX f ,

for all f that belongs to homC(X,Y ), for arbitrary objects X,Y in C. 1

(b) If a morphism s belongs to S, then Q(s) is an isomorphism in CS.

(c) Let D be another category and let C F−→ D be a functor such that F (s) is an isomor-
phism for all morphisms s that belongs to S. Then F factors uniquely through Q,

i.e. there is a functor CS
F̃−→ D such that F = F̃ ◦Q.

Now, one might think that the class qiso of quasi-isomorphisms in ChR forms a multiplica-
tive system, but this is not the case! Hence we may not (at least directly) apply the above
construction to form (ChR)qiso. Note however that it is entirely possible to localize ChR
directly with respect to the class qiso of quasi-isomorphisms (see [GZ67, p. 6]), but our
understanding is that this does not provide us into much insight into how morphisms in
the resulting category behaves. We provide an example below showing that qiso in ChR
does not form a multiplicative system of morphisms in the sense of definition 2.4.1

Example 2.4.6. Fix a commutative non-zero unital ring R and let S0 be the complex
with (S0)n = R if n = 0 and (S0)n = 0 if n ̸= 0 (with all differentials zero), and let D1

be the complex with R in degree n = 1, 0 and zero otherwise, with d1 = idR and dn = 0
if n ̸= 1. Then 0 and D1 are acyclic so g is a quasi-isomorphism and so belongs to qiso.
Consider the following diagram

0

S0 D1

g

i0

.

1Observe that this is well-defined since idX belongs to S by (i) in definition 2.4.1.
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with i0 defined as in 5.5.1. By definition 2.4.1, condition (iii) we would need to be able to
complete this to a commuting square

W 0

S0 D1

a

h g

i0

,

with h a quasi-isomorphism. The commutativity in the square in degree zero would mean
that (i0)0 ◦ h0 = idR ◦ h0 = h0 = 0. It would follow that H0(h) : H0(W ) ≈ H0

(
S0
)
is the

zero map. But H0

(
S0
)
= ker (d0) /im(d1) = R/(0) = R. Since R ̸= 0, this is impossible

(the map can not be surjective hence not an isomorphism!).

Although we will not provide all the details here, how one “corrects” the failure of qiso
to be a multiplicative system of morphisms in ChR, is to first pass to the dg-category
of complexes of R-modules (the subject of §4) KR. Then from KR one may pass to
the homotopy category Ho (KR) (c.f. [Yek19, Definition 3.4.6.(2)]). This homotopy
category has the same objects as KR, but with morphisms

homHo(KR)(M,N) := H0(homChR(M,N))

∼= homChR(M,N)/ (null-homotopy) , see 4.1.2.

Now, the claim is that the class of quasi-isomorphims in Ho(KR) do form a multiplicative
system. We will not try to prove this here. For proofs, see e.g. [Sta26, Tag 05RT] or
perhaps [Yek19, Def. 7.2.7, Prop. 7.1.1, Theorem 7.1.3].

A further claim is that one may then show that we have a functor ChR → H0(DR), where
formally H0(DR) := Ho(KR)qiso, with the localization on the right-hand side the one
described in 2.4.2. One may refer to this as the derived category of R-modules, and
where the objects of H0(DR) are called derived R-modules. Observe that since quasi-
isomorphic complexes may have non-isomorphic modules degreewise (take for example D1

and the zero-complex 0 from 2.4.6), one can not talk about the degree zero module of a
derived R-module (it is not preserved under quasi-isomorphism, by the provided example).
However, since quasi-isomorphic complexes have the same homology, one should be able
to talk about the homology of a derived R-module. Therefore, morally, there should be a
factorization as below

ChR ModR

H0(DR)

Hn( · )

Hn( · )
.

We will not say much more about H0(DR) in this thesis. What is perhaps more interesting
is DR itself, which we will call the derived ∞-category of R-modules. The claim is
that the objects of DR are still derived R-modules with hom-complexes (cf. §4) derived
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k-modules, i.e. objects of Dk, the derived ∞-category of k-modules (omitting further
explicating on a possible symmetric monoidal structure on Dk). The notation H0(DR)
is meant to indicate that one may pass to the derived category of R-modules from the
derived ∞-category of R-modules, by taking the 0th-homology of the hom-complexes in
DR.

In the case of this localization-scheme where one first passes to Ho(KR) before inverting
qiso, we see that we by [Sta26, Tag 04VB]) get that each morphismM → N in Ho(KR)qiso
will have a representative on the form

A

M N

≈ ,

with the left-downward arrow ≈ indicating that it is a quasi-isomorphism.

On the other hand, we may, by starting directly at the class qiso of quasi-isomorphisms in
ChR, “freely” invert the quasi-isomorphisms, and get the resulting category ChR

[
qiso−1

]
,

by the so called Gabriel-Zisman localization (see e.g. [GZ67], [Sim05]). Then the re-
sulting category has the same objects as ChR, and any morphism in ChR[qiso

−1] may be
represented on the form

A1 A2 Am

M B2 B3 Bm N

≈ ≈ ≈
···

.

(2.4.7)

Observation: By [Wei94, Example 10.3.2.(1)-(2)] we have that

Ho(KR)qiso = ChR[qiso
−1].

This means that it does not in theory really matter whether we localize ChR at the quasi-
isomorphisms or if we first pass to its associated homotopy category Ho(KR) before invert-
ing the quasi-isomorphism. Note however that we have been abusing notation somewhat,
in that the quasi-isomorphisms qiso in Ho(KR) are really equivalence classes modulo null-
homotopy, which is not the case in ChR.

The above observation means that we may equally define (following [Maz23, §2.4]) the
derived category of R-modules H0(DR) as ChR

[
qiso−1

]
.

2.5 Tensor product complex

Definition 2.5.1 (Tensor product of chain complexes). Let M,N ∈ Chk be chain com-
plexes of k-modules (suppressing the •-notation). Then we define the tensor product
complex M ⊗N or (M ⊗k N)• as having degree ℓ k-module

(M ⊗k N)ℓ :=
⊕
i+j=ℓ

Mi ⊗k Nj ,

and degree ℓ differential

dℓ :
⊕
i+j=ℓ

Mi ⊗k Nj →
⊕

i+j=ℓ−1

Mi ⊗k Nj ,
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defined on pure tensors m⊗ n ∈Mi ⊗Nj as

m⊗ n dℓ7−→ dMi (m)⊗ n+ (−1)i ·m⊗ dNj (n). (2.5.1)

Remark 2.5.2. For later purposes (in particular, the proof of 2.5.4) we need to be a bit
more precise about how dℓ is defined. We let

eℓi,j :Mi ⊗Nj →
⊕
a+b=ℓ

Ma ⊗Nb, eℓ−1
i−1,j :Mi−1 ⊗Nj →

⊕
a+b=ℓ−1

Ma ⊗Nb,

eℓ−1
i,j−1 :Mi ⊗Nj−1 →

⊕
a+b=ℓ−1

Ma ⊗Nb

be the canonical coproduct maps for each pair (i, j) such that i + j = ℓ. Then with the
universal property of the coproduct applied to the family of maps

γi,j := eℓ−1
i−1,j ◦ (d

M
i ⊗ idNj ) + (−1)ieℓ−1

i,j−1 ◦ (idMi ⊗dNj ), (2.5.2)

we get a uniquely specified map dℓ such that the diagram below commutes:⊕
a+b=ℓ−1Ma ⊗Nb

⊕
a+b=ℓMa ⊗Nb Mi ⊗Nj

∀(i, j) ∈ Z× Z : i+ j = ℓ

∃!dℓ
γi,j

eℓi,j

,

i.e. so that dℓ ◦ eℓi,j = γi,j for all (i, j) ∈ Z × Z such that i + j = ℓ. As we will see in
the proof of claim I below, one may suppress ei,j to unclutter notation, and just think
of dℓ(e

ℓ
i,j(m ⊗ n)) = dℓ(m ⊗ n) = γi,j(m ⊗ n) (then expanding the right-most side using

the definition of γi,j as in 2.5.2). Hence one may think of dℓ as being defined directly as
in 2.5.1, as long as one keeps in mind that a pure tensor m ⊗ n in (M ⊗ N)ℓ is really
ei,j(m⊗n) for appropriate pair (i, j). Observe that this definition also then generalizes to
iterated tensor products, e.g. M ⊗ (N ⊗ P ). We will later want to relate iterated tensor
products on the form M ⊗ (N ⊗ P ) to (M ⊗N)⊗ P by a (natural) isomorphism.

Claim I: (M ⊗k N)• is a complex.

Proof. By definition of the differentials of M and N , by construction of (M ⊗ N)• and
how we defined dℓ, it is clear that the image lands in (M ⊗N)ℓ−1. It remains to show that
dℓ ◦ dℓ+1 = 0 for all ℓ ∈ Z: Let m ⊗ n be any pure tensor in Mi ⊗ Nj for i + j = ℓ + 1.
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Then we have

(dℓ ◦ dℓ+1)(m⊗ n) = dℓ
Ä
dMi (m)⊗ n+ (−1)i ·m⊗ dNj (n)

ä
= dℓ(d

M
i (m)⊗ n) + (−1)idℓ(m⊗ dNj (n))

= dMi−1d
M
i (m)︸ ︷︷ ︸

=0

⊗n

︸ ︷︷ ︸
=0

+(−1)i−1dMi (m)⊗ dNj (n)

+ (−1)i · dMi (m)⊗ dNj (n) + (−1)2i ·m⊗ dNj−1d
N
j (n)︸ ︷︷ ︸

=0︸ ︷︷ ︸
=0

= (−1)i−1dMi (m)⊗ dNj (n) + (−1)idMi (m)⊗ dNj (n)
= (−1)i−1dMi (m)⊗ dNj (n) (1− 1)︸ ︷︷ ︸

=0

= 0,

so that M ⊗k N is indeed a complex.

We may want to promote the tensor product of complexes construction to a functor, by
defining ⊗ on morphisms f : M → M ′, g : N → N ′ ∈ Chk as follows: f ⊗ g : M ⊗ N →
M ′ ⊗N ′ is the unique map we get from first defining, at the ℓth-level,

Γij :Mi ×Nj →M ′
i ⊗k N ′

j , (m,n)
Γi,j7−−→ fi(m)⊗ gj(n). (2.5.3)

The universal property of the tensor productMi⊗kNj then gives us a unique k-linear map
ψi,j :Mi⊗kNj →M ′

i⊗kN ′
j such that Γi,j factors through the “inclusion” (m,n) 7−→ m⊗n

and ψi,j . We have canonical coproduct maps e
′ℓ
i,j : M ′

i ⊗k N ′
j →

⊕
i+j=ℓM

′
i ⊗k N ′

j . Let

ψ̃i,j := e
′ℓ
i,j◦ψi,j . By the universal property of the coproduct

Ä⊕
i+j=ℓMi ⊗k Nj , {eℓi,j}i+j=ℓ

ä
applied to the family of maps {ψ̃ij}i+j=ℓ, we get a unique k-module homomorphism
φℓ :

⊕
i+j=ℓMi ⊗k Nj →

⊕
i+j=ℓM

′
i ⊗k N ′

j , as below, such that φℓ ◦ eℓi,j = ψ̃i,j for

all (i, j) ∈ Z2 such that i+ j = ℓ.

⊕
i+j=ℓM

′
i ⊗k N ′

j

⊕
i+j=ℓMi ⊗k Nj Mi ⊗k Nj

∃!φℓ

ψ̃i,j

eℓi,j

(2.5.4)

We define (f ⊗ g)ℓ := φℓ for each ℓ ∈ Z. We need to show that (f ⊗ g) := (f ⊗ g)ℓ∈Z is
a chain-map, i.e. that it is indeed a morphism in Chk. Diagrammatically, our situation
is the following, in that we would like to show that each square of the following form

34



commutes, ⊕
i+j=ℓ+1

Mi ⊗k Nj
⊕

i+j=ℓ

Mi ⊗k Nj

⊕
i+j=ℓ+1

M ′
i ⊗k N ′

j

⊕
i+j=ℓ

M ′
i ⊗k N ′

j

dℓ+1

(f⊗g)ℓ+1 (f⊗g)ℓ

d′ℓ+1

.

We check this on pure tensors. Let m⊗n ∈Mi⊗kNj for i+ j = ℓ+1. Then we find that

d
′
ℓ+1((f ⊗ g)ℓ+1(m⊗ n)) = d

′
ℓ+1(fi(m)⊗ gj(n))

= d
′
ifi(m)⊗ gj(n) + (−1)i · fi(m)⊗ d′

jgj(n)

= fi−1(di(m))⊗ gj(n) + (−1)i · fi(m)⊗ gj−1dj(n) (f, g chain maps)

= (f ⊗ g)ℓ(di(m)⊗ n) + (f ⊗ g)ℓ((−1)i ·m⊗ dj(n))
= (f ⊗ g)ℓ(di(m)⊗ n+ (−1)i ·m⊗ dj(n)) (by linearity of (f ⊗ g)ℓ)
= (f ⊗ g)ℓ(dℓ+1(m⊗ n)).

By linearity of d, d′ and (f ⊗ g) it follows that the diagram commutes for each ℓ, so that
(f ⊗ g) is indeed a chain map. Having defined the tensor product on complexes and
morphisms, we want to show that this in fact defines a bifunctor.

Claim II: ⊗ : Chk × Chk → Chk is a bifunctor.

Remark 2.5.3. Observe that Chk × Chk is the product category of two copies of Chk.

Proof. Given M,N ∈ Chk, with identity morphisms idM , idN ∈ Mor(Chk), we find that
idM ⊗ idN is just defined as the identity on pure tensors in all degrees, so by extension it
is the identity morphism of M ⊗N , i.e. idM ⊗ idN = idM⊗N as functions.

By the remark (i.e. by how composition is defined in Chk × Chk), we want to check that
⊗ respects composition, in the sense that for morphisms f1 : M ′ → M, g1 : N → N ′ and
f2 :M →M ′′, g2 : N → N ′′, we have

((f2 ◦ f1)⊗ (g2 ◦ g1)) = (f2 ⊗ g2) ◦ (f1 ⊗ g1).

This is immediate on pure tensors by construction, and the conclusion follows.

Theorem 2.5.4. The category Chk with tensor product ⊗ is a tensor category, with unit
object k

∼∼
and with symmetrizer σ(m⊗ n) = (−1)i·jn⊗m for m⊗ n ∈Mi ⊗Nj.

Remark 2.5.5. We will suppress k in ⊗k in the following proof.

Remark 2.5.6. We will only try to give a sketch of how one may go about proving this.
Perhaps the intuition to have in mind is that one is using the natural maps coming from
the symmetric monoidal structure on the tensor category (Modk,⊗k,k) together with
universal properties to extend these natural maps to Chk. We first tried to be as formal as
possible in our proof, but the notation quickly became unwieldy. Perhaps this is a proof
which should be formalized in e.g. Lean (unless it has already been done).

Remark 2.5.7. When we say that a map preserves degrees we mean that f : M → N
preserves degrees if f(Mℓ) ⊆ Nℓ for all ℓ ∈ Z for complexes M,N in Chk.
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Proof. Associator α: Define αM,N,P : M ⊗ (N ⊗ P ) → (M ⊗N) ⊗ P on pure tensors by
αM,N,P (m⊗ (n⊗ p)) = ((m⊗ n)⊗ p) with m ∈Mi, n ∈ Nj , p ∈ Pk, and observe that this
map preserves total degree i+ j + k.

We see that

d(m⊗ (n⊗ p)) = d(m)⊗ (n⊗ p) + (−1)im⊗ d(n⊗ p)
= d(m)⊗ (n⊗ p) + (−1)im⊗ (dn⊗ p+ (−1)jn⊗ d(p))
= d(m)⊗ (n⊗ p) + (−1)im⊗ (d(n)⊗ p) + (−1)i+jm⊗ (n⊗ d(p)).

Upon applying αM,N,P to this we get

(d(m)⊗ n)⊗ p+ (−1)i(m⊗ d(n))⊗ p+ (−1)i+j(m⊗ n)⊗ d(p).

Now instead first apply αM,N,P to m ⊗ (n ⊗ p) so that we get (m ⊗ n) ⊗ p. Then upon
applying the differential d we get

d((m⊗ n)⊗ p) = d(m⊗ n)⊗ p+ (−1)i+j(m⊗ n)⊗ d(p)
= (d(m)⊗ n+ (−1)im⊗ d(n))⊗ p+ (−1)i+j(m⊗ n)⊗ d(p)
= (d(m)⊗ n)⊗ p+ (−1)i(m⊗ d(n))⊗ p+ (−1)i+j(m⊗ n)⊗ d(p).

Hence d ◦αM,N,P = αM,N,P ◦ d, modeling the chain-map condition. There is an “obvious”
mutal inverse map given by α−1

M,N,P : (M ⊗ N) ⊗ P → M ⊗ (N ⊗ P ) with α−1
M,N,P ((m ⊗

n)⊗ p) = m⊗ (n⊗ p). With respect to naturality, one may check by an easy computation
that on pure tensors m⊗ (n⊗ p) the following square commutes

M ⊗ (N ⊗ P ) (M ⊗N)⊗ P

M ′ ⊗ (N ′ ⊗ P ′) M ′ ⊗ (N ′ ⊗ P ′)

αM,N,P

f⊗(g⊗h) (f⊗g)⊗h

αM′,N′,P ′

with chain maps M
f−→M ′, N

g−→ N ′, P
h−→ P ′ in Chk.

Left unitor λM : Define λM : k
∼∼
⊗M → M on pure tenors r ⊗ m by the “contraction”

r ⊗m 7−→ rm with r ∈ k and m ∈ Mi. Since rm ∈ Mi, this map preserves degree. Since
d(r) = 0 for any r ∈ k, it follows that d ◦λM = λm ◦d, modeling the chain-map condition.
Furthermore, in each degree i, λm is (up to canonical isomorphism) precisely the left-unitor
coming from Modk, hence an isomorphism.

With respect to naturality, one checks that the following diagram commutes on pure
tensors r ⊗m,

k
∼∼
⊗M M

k
∼∼
⊗M ′ M ′

λM

id⊗f f

λM′

,
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where M
f−→M ′ is a chain map in Chk, using that f is k-linear.

Right unitor ρM : Defining ρM : M ⊗ k
∼∼
→ M by the contraction m ⊗ r 7−→ mr for r ∈ k

andm ∈Mi, up to a permutation of the factors the rest of the computations are essentially
the same as for the left unitor λM .

Symmetrizer σ: We define σM,N :M ⊗N → N ⊗M on pure tensors m⊗ n by

m⊗ n 7−→ (−1)ijn⊗m,

with m ∈ Mi and n ∈ Nj . This map is degree preserving. We see that for m ∈ Mi and
n ∈ Nj ,

d(σM,N (m⊗ n)) = (−1)ijd(n⊗m)

= (−1)ijd(n)⊗m+ (−1)ij+jn⊗ d(m),

while

σM,N (d(m⊗ n)) = σM,N (d(m)⊗ n+ (−1)im⊗ d(n))
= (−1)(i−1)jn⊗ d(m) + (−1)i(−1)i(j−1)d(n)⊗m
= (−1)ijd(n)⊗m+ (−1)ij−jn⊗ d(m)

= (−1)ijd(n)⊗m+ (−1)ij+jn⊗ d(m),

where we in the last equality used that

(−1)ij−j = (−1)ij+j

⇔ 1 = (−1)2j , by multiplying both sides by (−1)−ij+j .

This models the chain condition d ◦ σM,N = σM,N ◦ d. One checks that on pure tensors
there is an inverse to σM,N given by σN,M , since

σN,M (σM,N (m⊗ n)) = σN,M
(
(−1)ijn⊗m

)
= (−1)ji(−1)ijm⊗ n
= (−1)2ijm⊗ n
= m⊗ n,

with m ∈Mi and n ∈ Nj .

With respect to naturality, one checks that on pure tensorsm⊗n with chain mapsM
f−→M ′

and N
g−→ N ′, the following square commutes

M ⊗N N ⊗M

M ′ ⊗N ′ N ′ ⊗M ′

σM,N

f⊗g g⊗f

σM′,N′

,

using that f ⊗ g and g ⊗ f preserve the total degree of any pure tensor (following from
the fact that f and g individually preserve degrees).

What is left to check is that:
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(a) The functors M ⇝ k
∼∼
⊗M and M ⇝M ⊗ k

∼∼
are fully faithful.

(b) The pentagon axiom is satisfied, i.e. that the following diagram commutes, for all
objects M,N,P, T ∈ Chk,

M ⊗ (N ⊗ (P ⊗ T ))

M ⊗ ((N ⊗ P )⊗ T ) (M ⊗N)⊗ (P ⊗ T )

(M ⊗ (N ⊗ P ))⊗ T ((M ⊗N)⊗ P )⊗ T

id⊗αN,P,T αM,N,P⊗T

αM,N⊗P,T αM⊗N,P,T

αM,N,P⊗id

.

(c) The hexagon axiom is satisfied, i.e. that the following diagram commutes, for all
objects M,N,P ∈ Chk,

M ⊗ (N ⊗ P ) (M ⊗N)⊗ P

M ⊗ (P ⊗N) P ⊗ (M ⊗N)

(M ⊗ P )⊗N (P ⊗M)⊗N

αM,N,P

id⊗σN,P σM⊗N,P

αM,P,N αP,M,N

σM,P⊗id

.

(a): Since we gave a sketch for why the left and right unitor λ and ρ respectively are natural
isomorphisms, in particular naturality says precisely that there are natural isomorphisms(

k
∼∼
⊗ ( · )

)
λ⇒ idChk and

(
( · )⊗ k

∼∼

)
ρ⇒ idChk .

With respect to λ, we need to show that homChk(M,N)
FM,N−−−→ homChk

(
k
∼∼
⊗M, k

∼∼
⊗N

)
defined by f 7−→ idk ⊗ f is bijective for all objects M,N ∈ Chk. Naturality then says that
FM,N (f) = idk⊗f = λ−1

N ◦f ◦λM . There is therefore an obvious two-sided inverse defined
by

homChk

(
k
∼∼
⊗M, k

∼∼
⊗N

)
GM,N−−−−→ homChk(M,N), f 7−→ λ−1

N ◦ f ◦ λM .

Hence FM,N is a bijection. We claim that (up to permuting the factors in the tensor
product) the same argument works for ρ.

(b): The computations on pure tensors follow through for essentially the same reason
that Modk with ⊗k and unit object k, is symmetric monoidal and hence satisfies the
pentagon axiom, using that associator in Chk is essentially just the natural extension of
the corresponding associator in Modk.

(c): We check this on pure tensors m⊗ (n⊗ p) with m ∈Mi, n ∈ Nj and p ∈ Pk. We have
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that

αP,M,N (σM⊗N,P (αM,N,P (m⊗ (n⊗ p)))) = αP,M,N (σM⊗N,P ((m⊗ n)⊗ p)
= (−1)(i+j)kαP,M,N (p⊗ (m⊗ n))
= (−1)(i+j)k(p⊗m)⊗ n,

and

σM,P ⊗ id(αM,P,N (id⊗ σN,P (m⊗ (n⊗ p)))) = (−1)j+kσM,P ⊗ id(αM,P,N (m⊗ (p⊗ n))
= (−1)jkσM,P ⊗ id((m⊗ p)⊗ n)
= (−1)jk · (−1)ik(p⊗m)⊗ n
= (−1)(i+j)k(p⊗m)⊗ n.

Comparing the end result of the two computations above, we see that they agree.

Theorem 2.5.8. Fixing two complexes M,N ∈ Chk, the map [m]⊗ [n] 7−→ [m⊗n] defines
a k-module homomorphism Hi(M)⊗ Hj(N)→ Hi+j(M ⊗N).

This k-module homomorphism then induces a map
⊕

i+j=ℓHi(M)⊗Hj(N)→ Hℓ(M⊗N).

Proof. We start by defining a map

φ : Hi(M)× Hj(N)→ Hi+j(M ⊗N), ([m], [n]) 7−→ [m⊗ n].

We must then show that [m⊗ n] is well-defined in the sense that m⊗ n is a cycle if m,n
are cycles. This follows directly from the computation

d(m⊗ n) = dMi (m)︸ ︷︷ ︸
=0

⊗n

︸ ︷︷ ︸
=0

+(−1)im⊗ dNj (n)︸ ︷︷ ︸
=0︸ ︷︷ ︸

=0

= 0.

We show that the map is well-defined : Let [m] = [m′] and [n] = [n′], with representatives

m,m′ ∈ kerdMi and n, n′ ∈ ker
Ä
dNj

ä
. Then m − m′ ∈ im

(
dMi+1

)
and n − n′ ∈ im dNj+1,

which means that we may write m = m′ + dMi+1(a) and n = n′ + dNj+1(b) for a ∈ Mi+1

and b ∈ Nj+1. We want to show that it follows that [m ⊗ n] = [m′ ⊗ n′] i.e. that

m⊗ n−m′ ⊗ n′ ∈ im
Ä
dM⊗N
i+j+1

ä
. We find that

dM⊗N
i+j+1(a⊗ n

′ + (−1)im⊗ b) = dM⊗N
i+j+1(a⊗ n

′) + (−1)idM⊗N
i+j+1(m⊗ b)

= dMi+1(a)⊗ n′ + (−1)i+1a⊗ dNj (n′)︸ ︷︷ ︸
=0︸ ︷︷ ︸

=0

+(−1)i dMi (m)︸ ︷︷ ︸
=0

⊗b

︸ ︷︷ ︸
=0

+(−1)2im⊗ dNj+1(b)

= (m−m′)⊗ n′ +m⊗ (n− n′)
=����m⊗ n′ −m′ ⊗ n′ +m⊗ n−����m⊗ n′

= m⊗ n−m′ ⊗ n′,

so that m⊗n and m′⊗n′ differ by a boundary. We conclude that the map is well-defined.
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Routine calculations show that φ is a k-bilinear map, so by the universal property of
the tensor product, we get a unique k-module homomorphism Φi,j : Hi(M) ⊗ Hj(N) →
Hi+j(M ⊗ N) so that our original map φ factors through the “inclusion” ([m], [n])

ι7−→
[m]⊗ [n] and the dashed arrow Φi,j as below,

([m], [n]) Hi(M)× Hj(N) Hi(M)⊗ Hj(N)

Hi+j(M ⊗N)

[m⊗ n]

ι

φ
∃!Φi,j

(2.5.5)

Then, by definition, Φi,j([m]⊗ [n]) = [m⊗ n].

By the universal property of the coproduct
⊕

i+j=ℓHi(M) ⊗ Hj(N), we get maps γℓ as
below,

Hℓ(M ⊗N)

⊕
i+j=ℓHi(M)⊗ Hj(N) Hi(M)⊗ Hj(N)

∀i, j such that i+ j = ℓ

∃!γℓ
Φi,j

ei,j

, (2.5.6)

where ei,j are the canonical coproduct maps and where γℓ ◦ ei,j = Φi,j for all pairs (i, j)
with i+ j = ℓ.

The below statement, is sometimes classified as a “Künneth theorem”.

Theorem 2.5.9. If k is a field, then the maps γℓ constructed in 2.5.6 are isomorphisms.

Proof. Since the differentials are k-module homomorphisms, Zn(M) and Bn(M) are k-
modules. Since k is a field, they are vector spaces over k. Since Bn(M) ⊆ Zn(M) we have
that Bn(M) is a vector-subspace of Zn(M) there is a complement Rn(M) ⊆ Zn(M) such
that Zn(M) = Bn(M) ⊕ Rn(M). We observe that essentially by construction, Hn(M) ∼=
Rn(M). By the same reasoning applied to Mn and the vector subspace Zn(M) ⊆ Mn we
can find a direct-sum complement Ln(M) to Zn(M) such that

Mn = Zn(M)⊕ Ln(M).

Taking the two direct-sum decompositions together we then see that

Mn = Bn(M)⊕ Rn(M)⊕ Ln(M).
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We then observe that dMn (Rn(M)) = dMn (Bn(M)) = 0 since Bn(M) ⊆ Zn(M) and
Rn(M) ⊆ Zn(M).

The restriction (and corestriction) of dMn to dn := (dcorest.)Mn |Ln(M) : Ln(M) → Bn−1(M)
is bijective: It is injective since Ln(M)∩Zn(M) = 0, and by the direct-sum decomposition
Mn = Zn(M) ⊕ Ln(M) we see that for each x ∈ Bn−1(M) there is some l ∈ Ln(M) such
that dn(l) = x, so that dn is surjective.

Then, up to canonical isomorphism by permuting factors, M ∼= R(M) ⊕ D(M) with
R(M)n = Rn(M) and D(M)n = Bn(M) ⊕ Ln(M). Here D(M) and R(M) are both sub-
complexes of M with the differential inherited from M . Define Sn : D(M)n → D(M)n+1

by Sn(b+ ℓ) := d−1
n+1(b) ∈ Ln+1(M) ⊆ D(M)n+1. Then we see that

(dMn+1Sn + Sn−1d
M
n )(b+ l) = dmn+1Sn(b+ l) + Sn−1d

M
n (b+ l)

= dMn+1d
−1
n+1︸ ︷︷ ︸

id

(b) + d−1
n dMn (l), since dMn (b) = 0

= b+ l,

so that
dD(M)S + SdD(M) = idD(M),

i.e., D(M) is contractible. The same computations gives that N = R(N) ⊕ D(N) with
D(N) contractible.

We will not prove this, but we may assume that the symmetric monoidal structure on Chk
interacts in the same fashion with the direct sum as (Modk,⊗k,k) does with ⊕, i.e., we
have all the “nice” canonical isomorphisms in Chk by extension from Modk with respect
to ⊗k and ⊕, but the with the corresponding notions in Chk. We then see that

M ⊗N = (R(M)⊕ D(M))⊗ (R(N)⊕ D(N))

≈ (R(M)⊗ R(N))⊕ (R(M)⊗ D(N))⊕ (D(M)⊗ R(N))⊕ (D(M)⊗ D(N))

= A⊕ K,

with A := R(M)⊗ R(N) and K = (R(M)⊗ D(N))⊕ (D(M)⊗ R(N))⊕ (D(M)⊗ D(N).

Lemma 2.5.10. If C ∈ Chk is contractible then C ⊗ M is contractible, for arbitrary
M ∈ Chk.

Proof. Sketch: Let (sn : Cn → Cn+1)n∈Z be a witness to C being contractible, so that
dCs+ sdC = idC . Define S := (Sn)n∈Z on pure tensors c⊗m in degree ℓ with c ∈ Ci and
m ∈Mj as

Sℓ(c⊗m) := si(c)⊗m ∈ Ci+1 ⊗Mj ⊂ (C ⊗M)ℓ+1,

i.e. Sℓ restricted to a direct summand Ci ⊗Mj is si ⊗ idMj , which is k-linear.

Then we check that, with d the differential for C ⊗M , we have

(dℓ+1Sℓ + Sℓ−1dℓ) (c⊗m) = dℓ+1(si(c)⊗m) + Sℓ−1dℓ(c⊗m)

= di+1si(c)⊗m+
(((((((((((
(−1)i+1si(c)⊗ dj(m) + si−1di(c)⊗m+((((((((((

(−1)isi(c)⊗ dj(m)

= (di+1si(c) + si−1di(c))⊗m, by linearity in the first factor of ⊗
= c⊗m, since ds+ sd = idC ,

⇒ dS + Sd = idC⊗M .
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By two applications of the lemma, it follows that K is contractible.

Therefore, by functoriality, we see that

Hℓ(M ⊗N) ∼= Hℓ(A⊕ K) (2.5.7)
∼= Hℓ(A)⊕ Hℓ(K), since Hℓ is additive, i.e. commutes with direct sums
∼= Hℓ(A), using that Hℓ(K) = 0 since K is contractible

= Aℓ, since the differentials of A are zero

=
⊕
i+j=ℓ

Ri(M)⊗ Rj(N) (2.5.8)

Tensoring the isomorphismsRi(M)
fi−→∼= Hi(M), r 7−→ [r]

Rj(N)
gj−→∼= Hj(N), r′ 7−→ [r′]

gives an isomorphism (since ( · )⊗ ( · ) is a bifunctor)

Ri(M)⊗ Rj(M)
f⊗g−−→ Hi(M)⊗ Hj(N), r ⊗ r′ 7−→ [r]⊗ [r′].

By using the universal property of
⊕

(it is a coproduct in Modk) it follows that we have
a unique isomorphism

Aℓ
Θℓ−→∼=

⊕
i+j=ℓ

Hi(M)⊗ Hj(N),

such that Θi,j ◦ ιij = ei,j ◦ fi ⊗ gj with Ri(M) ⊕ Rj(N)
ιi,j−−→ Aℓ the canonical coproduct

inclusions, for all i, j such that i+ j = ℓ and ei,j the canonical coproduct maps in 2.5.6.

Let ζℓ : Hℓ(M ⊗ N) −→∼= Aℓ be the isomorphism coming from the composition of the

isomorphisms in 2.5.7 to 2.5.8. Then one sees that an element

Hℓ(M ⊗N) ∋ [m⊗ n] = [(ri + di)⊗ (rj + dj)]

is sent to ιi,j(ri⊗rj) ∈
⊕

i+j=ℓ Ri(M)⊗Rj(N) with ri ∈ Ri(M) and di ∈ Di(M), rj ∈ Rj(N)
and dj ∈ Dj(N) under ζℓ. Let γℓ be as in 2.5.6.

Then we find that

(Θℓ ◦ ιi,j)(r ⊗ s) = ei,j(fi ⊗ gj)(r ⊗ s)
= ei,j([r]⊗ [s])

⇒ (γℓ ◦Θℓ ◦ ιi,j)(r ⊗ s) = γℓ([r]⊗ [s])

= [r ⊗ s],
⇒ (ζℓ ◦ γℓ ◦Θℓ)(ιi,j)(r ⊗ s) = ιi,j(r ⊗ s),

for all i, j with i+ j = ℓ and all r ⊗ s in Ri(M)⊕ Rj(N). By the universal property of Aℓ
as a coproduct it follows that

ζℓ ◦ γℓ ◦Θℓ = idAℓ

⇔ γℓ = ζ−1
ℓ ◦Θ

−1
ℓ ,

so that γℓ is an isomorphism.
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Chapter 3

Homotopy, Homotopy kernels and
Homotopy cokernels

3.1 Homotopies

If we let f :M →M0 be an R-module homomorphism, then this gives us a chain complex
(M•, (di)i∈Z) with M1 and M0 in degree one and degree zero, respectively, and

di =

®
f, if i = 1

0, otherwise
.

Since ModR is an abelian category it has all cokernels, so there is a canonical cokernel

map M0 → coker(f), which in turn induces a chain map M•
k−→ coker(f)

∼∼∼∼∼∼
,

M1 M0

0 coker(f)

f

k1 ⟲ k0 .

For n = 0, we see that

H0(M•) = ker(d0)/ im f

=M0/ im(f)

= coker(f).

For n = 1 we get

H1(M•) = ker(d1)/ im(d2)

= ker(f)/(0)

= ker(f).
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If n ̸∈ {0, 1} then ker(di) = 0 so that Hn(M•) = 0. Summarizing, we have

Hn(M•) =


coker(f), if n = 0

ker(f), if n = 1

0, otherwise

.

Claim: Hn(k) : Hn(M•) → Hn

Å
coker(f)
∼∼∼∼∼∼

ã
is an isomorphism for all n, i.e. a quasi-

isomorphism, if and only if f is injective.

Proof. ⇒: We observe that ker

Ç
d
coker(f)
∼∼∼∼∼∼
n

å
= 0 for n ̸= 0 so that Hn

Å
coker(f)
∼∼∼∼∼∼

ã
= 0 for

n ̸= 0. In particular, it follows that ker(f) ∼= 0.

⇐: If f is injective then ker(f) = 0, so that Hn(M•) = 0 for n ̸= 0. Since Hn

Å
coker(f)
∼∼∼∼∼∼

ã
=

0 for n ̸= 0, Hn(k) is an isomorphism for n ̸= 0. For n = 0, we see that

H0

Å
coker(f)
∼∼∼∼∼∼

ã
= ker

Ç
d
coker(f)
∼∼∼∼∼∼
0

å/
im

Ç
d
coker(f)
∼∼∼∼∼∼
1

å
= coker(f)/(0)

= coker(f).

We observe that H0(k) is induced from diagram 2.3.7. Since the cokernel map k0 is surjec-
tive, it follows that the induced map on homology-groups in degree zero is an isomorphism
that acts as the identity on elements. We conclude that k is a quasi-isomorphism.

One way to view M• is as a presentation of the R-module H0(M•) ∼= coker(f), since the
generators for this R-module is M0, and M1 is the source of the relations, in the sense
that the image of f determines which elements gets killed off in the quotient coker(f),
i.e. in the sense that each element m in M1 gives that f(m) ∼ 0 is a relation in coker(f).
What H1(M•) does is (in some sense) measures how overdetermined coker(f) is, in that
if ker(f) ̸= 0 there is some m ̸= 0 ∈ M1 so that f(m) = 0, so that ker(f) in fact provides
no further constraints for the construction of coker(f). We claim that this chain complex
M• ∈ ChR is, in relation to f :M1 →M0 of R-modules, an example of an object associated
to something we call a homotopy cokernel of f .

Definition 3.1.1 (Chain-homotopy). If M•, N• are chain complexes in ChR and f•, g• :
M• ⇒ N• are chain maps, such that there exists a family of R-module homomorphisms

h• := (hn :Mn → Nn+1)n∈Z

such that
gn − fn = dNn+1hn + hn−1d

M
n (3.1.1)

holds for all n, then we say that h is a chain-homotopy between f• and g•, which we

denote as f•
h•⇒ g•.
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The defining equation 3.1.1 may be depicted (mnemonically) as in the diagram below,

. . . Mn+1 Mn Mn−1 . . .

. . . Nn+1 Nn Nn−1 . . .

dMn+2 dMn+1

hn+1
gn+1 fn+1

dMn

hn
gn fn

dMn−1

hn−1

gn−1 fn−1

hn−2

dNn+2 dNn+1 dNn dNn−1

− − −

and can be understood as reading that the addition of the purple triangle (without fn) in
the second square from the left and the upper green triangle in the third square from the
left (leaving out gn) equals gn − fn.

Definition 3.1.2 (Null-homotopy). Letting 0• : M• → N• be the chain map defined in
each degree n by the commutative square

Mn Mn−1

Nn Nn−1

dMn

0 0

dNn

.

Then if g• : M• → N• is a chain map such that there is a chain-homotopy 0•
h•⇒ g•, then

we say that h• is a null-homotopy of g•.

Definition 3.1.3 (Contraction). A contraction of a complex M• ∈ ChR is a nullhomo-

topy 0•
h•⇒ idM• . Complexes that admit contractions are called contractible.

Theorem 3.1.4. The property of being chain-homotopic defines an equivalence-relation
on homChR(M•, N•).

Proof. Reflexive: If we let sn :Mn → Nn+1 be the zero-homomorphism for all n, then

fn − fn = dNn+1sn + sn−1d
M
n = 0.

Hence f• ∼ f•.

Symmetric: If f• ∼ g• realized by f•
h•⇒ g• then define γn := −hn :Mn → Nn+1. We then

see that

dNn+1γn + γn−1d
M
n = −(dNn+1hn + hn−1d

M
n )

= −(gn − fn)
= fn − gn.

Hence with γ• := (γn) we have that g•
γ•⇒ f• is a chain-homotopy.
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Transitive: Assume f•
θ•⇒ g• and g•

ℓ•⇒ h•. Then define γ• := (θn+ ℓn)n. We then see that

dNn+1γn + γn−1d
M
n = dNn+1 ◦ (θn + ℓn) + (θn−1 + ℓn−1) ◦ dMn

=
Ä
dNn+1ℓn + ℓn−1d

M
n

ä
+
Ä
dNn+1θn + θn−1d

M
n

ä
= (hn − gn) + (gn − fn)
= hn − fn.

Hence f• ∼ h• is witnessed by f•
γ•⇒ h•.

The interval object I ∈ Chk introduced below should perhaps be thought of as an (algebraic
or categorical) counterpart to the standard 1-simplex ∆1 =

{
(t0, t1) : ∈ R2 : t0 + t1 = 1, ti ⩾ 0

}
(for a more precise claim, see [Maz23, Footnote 33, p. 17]).

Definition 3.1.5 (Interval object I). Let I := (In, dIn) be defined on objects by

In :=


k, if n = 1,

k⊕ k, if n = 0

0, if n ̸= 0, 1

,

with differentials

dIn :=

®
(− idk, idk) by a 7−→ (−a, a), if n = 1,

0, if n ̸= 1
.

Second, we associate to this object two chain-maps i0, i1 ∈ homChk(k, I) where i0 and i1
are the canonical coproduct maps associated with k⊕ k into the first and second factor,
respectively, in degree zero and otherwise are the zero maps.

We may represent this construction as

k 0 k
∼∼

I := k k⊕ k
∼∼∼∼

k 0 k
∼∼

i0 (idk,0)

(− idk,idk)

i1 (0,idk)

We call the data of (I, i0, i1) an interval object for the homotopy theory of chain-
complexes over k.

Theorem 3.1.6. Given morphisms f, g ∈ homChR(k ⊗ M,N), a homotopy f ⇒ g is
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equivalent to a chain map I⊗M h−→ N such that the following diagram commutes,

k⊗M ∼=M

I⊗M N

k⊗M ∼=M

i0⊗idM
f

h

i1⊗idM g

Remark 3.1.7. As in 2.2.2 we think of I⊗M = I⊗kM as internal to ChR by extension of
scalars in each degree.

Proof. ⇒: Assume first we are given a chain homotopy f
γ⇒ g. By definition, we then

have maps (γn : k⊗Mn → Nn+1) ∈ ModR such that

gn − fn = dNn+1γn + γn−1d
k⊗M
n ,

in each degree n. We note that

(k⊗M)n =
⊕
i+j=n

( k
∼∼

)i ⊗kMj

= k⊗kMn

≃Mn by the canonical isomorphism r ⊗m 7−→ rm.

Then we see that the differential dk⊗M acts in degree n as

dk⊗Mn (r ⊗mn) = dk0 (r)⊗m+ (−1)0r ⊗ dMn (mn)

= r ⊗ dM (mn). (3.1.2)

For I⊗M , we have that

(I⊗M)n =
⊕
i+j=n

Ii ⊗kMj

= (I1 ⊗kMn−1)⊕ (I0 ⊗kMn)

= (k⊗kMn−1)⊕ ((k⊕ k)⊗kMn). (3.1.3)

Then, in degree n, we find that

(i0 ⊗ idM )n(c⊗k mn) = (0, (c, 0)⊗mn)

and

(i1 ⊗ idM )n(c⊗mn) = (0, (0, c)⊗mn),

while the map from k⊗M to N following f and g respectively, is defined on elements in
degree n as fn(c⊗mn) and gn(c⊗mn).
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We will construct the requisite map h by defining it degree-wise and then checking that
it is a chain map. To do this, we first let αn be induced from universal property of the
tensor product of k-modules,

(c,mn−1) k×Mn−1 k⊗Mn−1

Nn

γn−1(c⊗mn−1)

τ

γn−1◦τ

⟲

∃!αn

.

An easy check gives that αn is an R-module homomorphism since R is presumed to be a
k-algebra so that k acts centrally on R.

Let βn be the map induced from the following diagram,

((c, s),mn) (k⊕ k)×Mn (k⊕ k)⊗Mn

Nn

fn(c⊗mn) + gn(s⊗mn)

⟲

∃!βn

An easy check again gives that βn defines an R-module homomorphism. We then define
our target chain-map h in degree n as

hn : (k⊗Mn−1)⊕ ((k⊕ k)⊗Mn)→ Nn, (3.1.4)

where hn is the induced map we get from the universal property of the coproduct.

Comparison with 3.1.3 gives that hn has domain (I⊗M)n.

First we check that hn satisfies®
hn ◦ (i0 ⊗ idM )n = fn

hn ◦ (i1 ⊗ idM )n = gn.

By R-linearity it is enough to check this on pure tensors. We find that

hn ◦ (i0 ⊗ idM )n(c⊗mn) = hn(0, (c, 0)⊗mn)

= βn(0, (c, 0)⊗mn)

= f(c⊗mn),

and similarly hn ◦ (i1 ⊗ idM )n = gn.
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Lastly, we need to check that h := (hn)n∈Z is a chain map, i.e. that the following diagram
commutes for all n,

(I⊗M)n (I⊗M)n−1

Nn Nn−1

dI⊗M
n

hn hn−1

dNn

.

It is enough to check this on “simple” elements (c⊗mn−1, (r, s)⊗mn). We find that

hn−1

Ä
dI⊗Mn ((c⊗mn−1, (r, s)⊗mn))

ä
= hn−1((d

I
0(r, s)︸ ︷︷ ︸
=0

⊗mn

︸ ︷︷ ︸
=0

−c⊗ dMn−1(mn−1), d
I
1(c)⊗mn−1 + (r, s)⊗ dMn (mn)))

= hn−1(−c⊗ dMn−1(mn−1), (−c, c)⊗mn−1 + (r, s)⊗ dMn (mn))

= −γn−2(c⊗ dMn−1(mn−1)) + (gn−1(c⊗mn−1)− fn−1(c⊗mn−1))

+ fn−1(r ⊗ dMn mn) + gn−1(s⊗ dMn (mn)),

while

dNn (hn((c⊗mn−1), ((r, s)⊗mn))) = dNn (γn−1(c⊗mn−1)) + fn(r ⊗mn) + gn(s⊗mn))

= dNn (γn−1(c⊗mn−1)) + fn−1(r ⊗ dMn mn) + gn−1(s⊗ dMmn)

=
Ä
−γn−2d

M
n−1(c⊗mn−1) + gn−1(c⊗mn−1)− fn−1(c⊗mn−1)

ä
+ fn(r ⊗ dMn mn) + gn−1(s⊗ dMn mn), since g − f = dNγ + γdM

where we in the second equality used that f and g are chain maps and how the differential
dk⊗M acts (cf. 3.1.2). Comparison gives that the two expressions above agree, so we
conclude that h is a chain map and the main conclusion of this direction follows.

⇐: Assume we have a map I ⊗M h−→ N such that the diagram in the statement of the
theorem commutes. Define γn : k⊗Mn → Nn+1 by

γn(c⊗m) := hn+1(c⊗m, 0). (3.1.5)

This is clearly well-defined and inherits R-linearity from hn+1. Let γ := (γn)n∈Z and
observe that since h is a chain map we have that

dNn+1 ◦ hn+1 = hn ◦ dI⊗Mn+1 . (3.1.6)

We find that

dI⊗Mn+1 (c⊗m, 0) = (−1⊗ dMn (m), dI1(c)⊗m)

= (−1⊗ dMn (m), (−1, 1)⊗m) ∈ (I⊗M)n,
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so that

dNn+1γn(c⊗m, 0) = dNn+1hn+1(c⊗m, 0)
= hn(−1⊗ dMn (m), (−1, 1)⊗m)

= hn((−1⊗ dMn (m), 0) + hn(0, (−1, 1)⊗m))

= hn(0, (0, 1)⊗m− (1, 0)⊗m)− hn(1⊗ dMn (m), 0)

= hn(0, (0, 1)⊗m)− hn(0, (1, 0)⊗m)− hn(1⊗ dMn (m), 0)

= gn(1⊗m)− fn(1⊗m)− γn−1(1⊗ dMn (m))

⇔ dNn+1 ◦ γn + γn−1 ◦ dk⊗Mn = gn − fn.

Lastly, we check that the constructions produced above are inverses to each other, hence
giving a bijection (and hence uniqueness of the maps) in both directions. In one direction,
starting with a chain homotopy γ : f ⇒ g, we then construct h as in the ⇒-direction.
Then upon applying the ⇐-construction to h we get a maps γ̃n : k ⊗Mn → Nn+1 such
that γ̃n(c⊗m) = hn+1(c⊗m, 0) = γn(c⊗m) for all n and all elements c⊗m ∈ k⊗Mn.
Hence it follows we get back γ.

On the other hand, if we start with a chain map h : I ⊗M → N we first define γn :
k ⊗Mn → Nn+1 by γn(c ⊗m) = hn+1(c ⊗m, 0) on elements c ⊗m ∈ k ⊗Mn. By then
following the construction of the ⇒-direction, we find that this gives us back a chain map
h̃ which in degree n is h̃n(c ⊗ m, 0) = γn−1(c ⊗ m) = hn(c ⊗ m, 0). In each degree n,
h̃n and hn agrees on the second summand since both maps equals fn(c⊗m) + gn(s⊗m)
on elements (0, (c, s) ⊗m). It follows by decomposition and linearity that they agree in
each degree n. Hence the constructions realize a bijective correspondence as stated in the
theorem.

Remark 3.1.8. Observe that we are silently treating the canonical isomorphism removing
zeroes from (I⊗M)n as an identity in the proof above.

To recapitulate, the theorem tells us that a chain map I⊗M h−→ N gives a chain homotopy
between h ◦ (i0 ⊗ idM )⇒ h ◦ (i1 ⊗ idM ) on the one hand, and on the other hand a given

triple (f, g, γ) with f, g : k⊗M ⇒ N chain maps and a chain homotopy f
γ⇒ g gives us a

chain map h : I⊗M → N .

Now consider the diagram

k⊗M ∼=M

I⊗M I⊗M

k⊗M ∼=M

i0⊗idM
i0⊗idM

idI⊗M

i1⊗idM
i1⊗idM

.

By the theorem we claim to have just proven (3.1.6), this gives us a chain homotopy

(i0 ⊗ idM )
γ⇒ (i1 ⊗ idM ). By inspecting the proof of said theorem, in particular by
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equation 3.1.5 we find that the chain homotopy γ is defined on degrees as

γn(m) = (idI⊗M )n+1(1⊗m, 0)
= (1⊗m, 0).

Definition 3.1.9 (Finite category). We say that a category I is finite if Ob(I) and
Mor(I) are finite sets.

We briefly recall the definition of limits and colimits (as formulated in [Sta26, Tag 002D]).
To do this, we specify some notational conventions. Whenever we have a diagram F : I →
C (with I usually called the index -category) and i an object in I, we let Fi := F (i) denote
the corresponding object in C. When ϕ : i→ i′ is a morphism in I we let F (ϕ) : Fi → Fi′

denote the corresponding morphism in C. We will use capital letters, e.g. A,B, etc., for
objects in the target category of the functor defining the diagram.

Definition 3.1.10 (Limit). A limit of a diagram F : I → C in the category C, is an
object limIF in C together with specified morphisms pi : limIF → Fi for each object i in
I such that

(a) For any morphism ϕ : i→ j in the index-category I, we have

pj = F (ϕ) ◦ pi, (3.1.7)

or perhaps in clearer form, as(
limIF

pj−→ Fj

)
=

Å
limIF

pi−→ Fi
F (ϕ)−−−→ Fj

ã
. (3.1.8)

(b) For any object A in C and a collection qi : A → Fi of morphisms indexed by the
objects i in I, that satisfy that for all morphisms ϕ : i→ j in I we have

qj = F (ϕ) ◦ qi, (3.1.9)

there exists a unique morphism q : A→ limIF such that

qi = pi ◦ q, (3.1.10)

for all objects i in I.

Diagrammatically, we may try to capture both conditions (a) and (b) by the following,

i A (b)

LimIF

(a) : always ⟲

j F (i) F (j)

∀ϕ

∃!q

qi qj

pi pj

F (ϕ)

F

.

Dually (in the sense that a limit in C is a colimit in Cop), we have the notion of colimit.
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Definition 3.1.11 (Colimit). A colimit of a diagram F : I → C in the category C, is an
object colimIF in C together with specified morphisms si : Fi → colimIF for each object
i in I, such that

(a) For any morphism ϕ : i→ j in the index-category I,

si = sj ◦ F (ϕ), (3.1.11)

or in different format, asÄ
Fi

si−→ colimIF
ä
=

Å
Fi

F (ϕ)−−−→ Fj
sj−→ colimIF

ã
. (3.1.12)

(b) For any object A i C and a collection fi : Fi → A indexed by objects i in I, that
satisfy that for all morphisms ϕ : i→ j in I,

fi = fj ◦ F (ϕ), (3.1.13)

there is a unique morphism f : colimIF → A such that

fi = f ◦ si, (3.1.14)

for all objects i in I.

Schematically, one might try to capture both conditions (a) and (b) with the following
diagram

i F (i) F (j)

(a) : always ⟲

colimIF

j A (b)

∀ϕ

F (ϕ)

si

fi

sj

fj

∃!f

F

.

Theorem 3.1.12. The category ChR of chain complexes of a commutative ring R has all
finite limits and colimits.

Remark 3.1.13. The statement means that whenever F : I → ChR is a diagram (i.e. a
functor) with I finite, then limIF, colimIF exists in ChR.

Proof.

Lemma 3.1.14. An additive category with all kernels and cokernels has all finite limits
and colimits.

Proof. Realize that the proof given in [Sta26, Tag 010D] only depends on the category A
being additive with all kernels and cokernels.
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By the lemma, it is enough to show that ChR is additive and has all kernels and cokernels.

ChR additive: Let f, g : M ⇒ N be chain maps, so that dNf = fdM and dNg = gdM

holds in all degrees. Define f + g degree-wise as (f + g)n = fn+ gn. Since the differentials
dN , dM are homomorphisms, f + g is again a chain map. Then it is easy to see that
−f = (−fn)n∈Z is the (additive) inverse of f and that 0• = (0)n∈Z the additive identity,
so that homChR(M,N) is an abelian group.

Considering chain maps

L
f−→M

h,g

⇒ N
k−→ P

it is straightforward to check in degrees that the composition is bilinear with (recall)
composition defined as (g ◦ f)n = gn ◦ fn.

We have that 0• with the zero R-module in each degree as 0-morphisms as differentials,
is both initial and terminal in ChR since, in degrees, 0 ∈ ModR is initial and terminal.

Lastly, for chain complexesM,N ∈ ChR, defineM⊕N :=
(
(Mn ⊕Nn)n∈Z, (d

M
n ⊕ dNn )n∈Z

)
.

Then we may define πM :M⊕N, πN :M⊕N → N and ιM :M →M⊕N, ιN : N →M⊕N
in degrees as the projection (πM )n = πMn : Mn ⊕Nn → Mn, (m,n) 7−→ m coming from
ModR and (ιM )n = ιMn : Mn → Mn ⊕Nn, m 7−→ (m, 0) making the following diagrams
commute in each degree n,

Mn ⊕Nn Mn−1 ⊕Nn−1 Mn Mn−1

Mn Mn−1 Mn ⊕Nn Mn−1 ⊕Nn−1

dMn ⊕dNn

πMn ⟲ πMn−1

dMn

ιMn ⟲ ιMn−1

dMn dMn ⊕dNn

so that πM , πN , ιM , ιN are chain maps.

It is clear that

1. πM ◦ ιM = idM and πN ◦ ιN = idN ,

2. πM ◦ ιN = πN ◦ ιM = 0,

3. ιM ◦ πM + ιN ◦ πN = idM⊕N .

Furthermore, the commutative diagram below indicates (M ⊕ N,πM , πN ) is a product,
since ∆n : Yn →Mn ⊕Nn, y 7−→ (fn(y), gn(y)) must be the unique chain map (that it is
a chain map follows from f, g being chain maps).

Y

M M ⊕N N

f
∃!∆

g

πM πN

⟲ ⟲
.

It is clear that πM ◦∆ = f and πN ◦∆ = g. If also h : Y →M ⊕N so that πM ◦h = f and
πN ◦h = g then this implies that in each degree k, we have that uk(y) = (m,n) ∈Mk⊕Nk
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is such that (πM )k ◦ uk(y) = m = fk(y) and (πN )k ◦ uk(y) = n = gk(y), for arbitrary
y ∈ Yk and arbitrary k. Hence ∆k = hk so ∆ = h, so that ∆ is unique.

Now instead consider the following diagram,

Y

M M ⊕N N

f

ιM

∃!A
g

ιN

⟲ ⟲

Here in each degree k we define Ak(m,n) = fk(m) + gk(n). We check that the following
diagram commutes in each degree k,

Mk ⊕Nk Mk−1 ⊕Nk−1

Yk Yk−1

dM⊕N
k

Ak Ak−1

dYk−1

.

We find that

dYk−1(Ak(m,n)) = dYk−1(fk(m) + gk(n))

= dYk−1fk(m) + dYk−1gk(n)

= fk−1

Ä
dMk (m)

ä
+ gk−1

Ä
dNk (n)

ä
= Ak−1

Ä
dMk (m), dNk (n)

ä
=
Ä
Ak−1 ◦ dM⊕N

k

ä
(m,n),

so that A is indeed a chain map.

We then see that Ak◦(ιM )k(m) = Ak(m, 0) = fk(m) and Ak◦(ιN )k(n) = Ak(0, n) = gk(n)
since fk, gk are homomorphisms. Assume we had a chain map B :M ⊕N → Y such that
Bk ◦ (ιM )k = fk and Bk ◦ (ιN )k = gk. Let (m,n) ∈Mk ⊕Nk be arbitrary. Then

Bk(m,n) = Bk((m, 0) + (0, n))

= Bk(m, 0) + Bk(0, n) since Bk is a homomorphism

= (Bk ◦ (ιM )k) (m) + (Bk ◦ (ιN )k) (n)
= fk(m) + gk(n)

= Ak(m,n),

so that Ak = Bk for all k ∈ Z, hence A = B.

It follows that (M ⊕N, πM , πN , ιM , ιN ) defines the data of a biproduct in ChR.

ChR has all kernels: LetM
f−→ N be a chain map. Define ker(f) in degree k as (ker(f))k :=

ker(fk) ⊆Mn. Then we see since for x ∈ ker(fk) we have that

fk−1(d
M
k (x)) = dN (fk(x))

= 0,
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we have that dMk (x) ∈ ker(fk−1), and clearly d2 = 0 holds for x ∈ ker(fk) ⊂Mk. Thus we
may take the differentials of ker(f) as the differentials of M restricted (and corestricted)
to the kernels ker(fk). We check that this satisfies the universal property of a kernel, with
universal map the inclusion i : ker(f) ↪−→ M . That the inclusion i is a chain map follows
from f being a chain map. We check that this satisfies the properties characterizing a
kernel.

(a) It is clear that fk ◦ ik(x) = 0 for each k ∈ Z and x ∈ ker(fk), so that f ◦ i = 0.

(b) Assume that g : L→M is a chain map such that f ◦ g = 0, i.e. so that fk ◦ gk = 0
for each k. This means that im(gk) ⊂ ker(fk). We then see that gk factorizes as
gk = ik ◦ gk with gk : Lk → ker(fk) the corestriction of gk to ker(fk). g := (gk)k∈Z.
If h : L → ker(f) is another chain map such that ik ◦ hk = gk in each degree, then
since ik is injective, it has the left-cancellation property, so it follows that hk = gk,
i.e. so that gk is unique for each k, hence g is unique. Observe that

ik−1 ◦ d
ker(f)
k ◦ gk = dMk ◦ ik ◦ gk

= dMk ◦ gk
= gk−1 ◦ dLk
= ik−1 ◦ gk−1 ◦ dLk

⇒ d
ker(f)
k ◦ gk = gk−1 ◦ dLk ,

i.e., the following diagram commutes

Lk Lk−1

ker(f)k ker(f)k−1

dLk

gk ⟲ gk−1

d
ker(f)
k

so that g is a chain map.

We conclude that
(
ker(f), ker(f)

i−→M
)
is a kernel of f .

ChR has all cokernels: Let M
f−→ N be a chain map. Define coker(f) in each degree as

(coker(f))k := coker(fk) = Nk/ im(fk), with differentials d
coker(f)
k the unique maps induced

from the universal property of the quotient, where we use that for x ∈ im(fk), so that
x = fk(y),

qk−1d
N
k (x) = qk−1d

N
k (fk(y))

= qk−1

Ä
fk−1d

M
k (y)

ä
, since f is a chain map

= 0, since fk−1d
M
k (y) ∈ im(fk−1)
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so that im(f) ⊂ ker
(
qk−1 ◦ dNk

)
. Hence we get the following diagram,

Nk Nk−1

Nk/ im(fk) Nk−1/ im(fk−1)

dNk

qk ⟲ qk−1

∃!dcoker(f)k

That q := (qk)k∈Z with qk : Nk ↠ Nk/ im(fk) the quotient map, is a chain map then
follows directly by construction from the diagram above.

We check that
Ä
coker(f), N

q−→ coker(f)
ä
satisfies the properties characterizing a cokernel

object in ChR.

(a) It is clear that q ◦ f = 0 since by construction qk ◦ fk = 0.

(b) Assume g : N → L is a chain map such that g ◦ f = 0, i.e. so that gk ◦ fk = 0, hence
im(fk) ⊂ ker(gk). Hence for each k there is a unique map ck : coker(f)k → Lk such
that the following diagram commutes,

Nk Lk

coker(f)k

gk

qk ∃!ck
⟲ .

We let c := (ck)k∈Z. Then we find that

dLk ◦ ck ◦ qk = dLk ◦ gk, since ck ◦ qk = gk

= gk−1 ◦ dNk
= ck−1 ◦ qk−1 ◦ dNk
= ck−1 ◦ d

coker(f)
k ◦ qk

⇒ dLk ◦ ck = ck−1 ◦ d
coker(f)
k , since qk is surjective,

i.e., the following diagram commutes,

coker(f)k coker(f)k−1

Lk Lk−1

d
coker(f)
k

ck ck−1

dLk

,

so that c is a chain map. By uniqueness in each degree of g we find that
Ä
coker(f), N

q−→ coker(f)
ä

is a cokernel of f .

The conclusion now follows by lemma 3.1.14.
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Consider the chain complex

C := colim


k⊗M I⊗M

I⊗M

i0⊗idM

i1⊗idM

 .

where we note that the diagram inside colim
(
−
)
is the image of a functor

F : I → ChR

with I the category • ← • → • with three objects and two arrows, hence this is a finite
category and so by theorem 3.1.12 this colimit exists in ChR. Observe that by definition
3.1.11, and contemplating the diagram below, the colimit of F is a pushout,

F0 F1

F2 colimIF

A

F (ϕ1)

F (ϕ2)
s0

f0

s1
f1

s2

f2

∃!f

. (3.1.15)

This means that we may represent C as

k⊗M I⊗M

I⊗M C

i0⊗idM

i1⊗idM

⌜

h0

h1

,

where suppress what corresponds to s0 in diagram 3.1.15 since it essentially encodes that
the diagram should commute, and when one gets an induced map f : C → A. Hence we
get chain maps h0, h1 such that

h1 ◦ (i1 ⊗ idM ) = h0 ◦ (i0 ⊗ idM ). (3.1.16)

By theorem 3.1.6, h0 gives us a chain homotopy h0 ◦ (i0 ⊗ idM )
ℓ0⇒ h0 ◦ (i1 ⊗ idM ) and by

the same theorem we get a chain homotopy h1 ◦ (i0⊗ idM )
ℓ1⇒ h1 ◦ (i1⊗ idM ). By equation

3.1.16 we can rewrite this as

h1 ◦ (i0 ⊗ idM )
ℓ1⇒ h1 ◦ (i1 ⊗ idM )

3.1.16
= h0 ◦ (i0 ⊗ idM )

ℓ0⇒ h0 ◦ (i1 ⊗ idM ).

By theorem 3.1.6 it then follows that h1 ◦ (i0⊗ idM ) is chain homotopic to h0 ◦ (i1⊗ idM ),
and one checks that the chain homotopy we want is ℓ := ℓ0 + ℓ1.

Starting with the data of a triple (h1 ◦ (i0 ⊗ idM ), h0 ◦ (i1 ⊗ idM ), ℓ) where the first two
are chain maps and ℓ is a chain homotopy from the first map to the second map, theorem
3.1.6 tells us that this should give us chain map I⊗M → C.
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Let j0 := h1◦(i0⊗ idM ) and j2 := h0◦(i1⊗ idM ). Inspecting the proof of 3.1.6 we find that
in degree n, hn : (I⊗M)n → Cn will be computed on elements (c⊗mn−1, (r, s)⊗mn) ∈
(I⊗M)n as

hn(c⊗mn−1, (r, s)⊗mn) = ℓn−1(c⊗mn−1) + (j0)n(r ⊗mn) + (j2)n(s⊗mn)

= (ℓ0)n−1(c⊗mn−1) + (ℓ1)n−1(c⊗mn−1) + (j0)n(r ⊗mn) + (j2)n(s⊗mn).
(3.1.17)

But by 3.1.6 we have an explicit description (see equation 3.1.5) of ℓ0 and ℓ1 in degrees,
as

(ℓ0)n−1(c⊗mn−1) = (h0)n(c⊗mn−1, 0)

and

(ℓ1)n−1(c⊗mn−1) = (h1)n(c⊗mn−1, 0).

Unraveling equation 3.1.17 we find that

hn(c⊗mn−1, (r, s)⊗mn) = (h0)n(c⊗mn−1, 0) + (h1)n(c⊗mn−1, 0)

+ (h1)n(0, (r, 0)⊗mn) + (h0)n(0, (0, s)⊗mn)

= (h0)n(c⊗mn−1, (0, s)⊗mn) + (h1)n(c⊗mn−1, (r, 0)⊗mn).

Definition 3.1.15. We say that a morphism f : M → N in ChR is a chain-homotopy
equivalence if there exists a morphism g : N → M and chain-homotopies idM ⇒ g ◦ f
and idN ⇒ f ◦ g.

Theorem 3.1.16. If f•, g• ∈ homChR(M•, N•) are chain-homotopic maps, i.e. if there is

a chain-homotopy f•
h⇒ g•, then they induce the same maps on homology, i.e. Hn(f) =

Hn(g) holds for all n.

Proof. By definition, f• and g• being chain-homotopic means that there exists homomor-
phisms hn :Mn → Nn+1 such that for each m ∈ ker

(
dMn
)
, we have

gn(m)− fn(m) = dNn+1hn(m) + hn−1 d
M
n (m)︸ ︷︷ ︸
=0︸ ︷︷ ︸

=0

= dNn+1hn(m).

Hence gn and fn differ by a boundary on ker
(
dMn
)
, hence [fn(m)] = [gn(m)] in Hn(N•).

Since Hn(f)([m]) = [fn(m)] on generators [m] of Hn(M•), and the same holds for Hn(g),
it follows that they agree on all of Hn(M•).

Below, we provide two examples that shows that a complex can be acyclic without being
contractible. The second complex illuminates the fact that whether or not a chain complex
is contractible depends on the module-structure imposed on it, i.e. in which category ChR
one views the complex as inhabiting.
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Example 3.1.17. We first check that the sequence

M• = . . .
·2−−−→ Z/4 ·2−−−→ Z/4 ·2−−−→ Z/4 ·2−−−→ . . .

of Z/4-modules, where 2 is short-hand for 2 ∈ Z/4, is a chain complex. Observe that it
is immediate that ·2 defines a Z/4-module homomorphism from endowing Z/4 with the
canonical Z/4-module structure µ : Z/4×Z/4→ Z/4, (a, b) 7−→ a · b = ab, since the map ·2
is exactly what we get by fixing the second argument of µ at 2, and using the Z/4-module
structure together with the fact that Z/4 is commutative.

Furthermore, associativity of multiplication µ gives that

(a · 2) · 2 = a · (2 · 2)
= a · 0
= 0,

so that d2 = 0 holds.

Acyclic: We note that dn = ·2 for all n, so that ker(dn) = 2Z/4Z and im(dn+1) = 2Z/4Z,
hence Hn(M•) = 0. Therefore, M• is acyclic.

Not contractible: If M• was contractible, there would exist a sequence of Z/4-module

homomorphism Z/4 hn−→ Z/4 such that

2hn + 2hn−1 = idZ/4.

But any Z/4-module homomorphism hn is multiplication by an element an in Z/4, so we
may rewrite this as

2an + 2an−1 = 2(an + an−1)

= idZ/4.

This means that 2(an + an−1) = 1 in Z/4, which is impossible! We conclude that M• is
not contractible.

Example 3.1.18. Let k be a commutative, unital, non-zero ring. Consider the sequence

M• = . . .
·x−−−→ k[x]/(x2)

·x−−−→ k[x]/(x2)
·x−−−→ k[x]/(x2)

·x−−−→ . . . .

For the same reason as in the previous example, this is a k[x]/(x2)-module homomorphism,
and it is clear that with differentials di = ·x we have d2 = 0 since x·x = x2 = 0 ∈ k[x]/(x2),
hence M• ∈ Chk[x]/(x2).

Acyclic as a complex of k[x]/(x2)-modules: This sequence is in fact exact in each degree,

since if m(x) · x = m(x)x = 0 then m(x)x = p(x)x2 for some p(x) ∈ k[x] which means
that m(x) · x = p(x)x · x. But multiplication by x is injective since if xf(x) = a0x +
a1x

2 + . . . + anx
n+1 = 0 with f(x) = a0 + a1x + . . . + anx

n then by definition of two
polynomials being equal if they are equal in all degrees, a0 = a1 = . . . = an = 0 so that
f(x) = 0. Therefore, we have that m(x) = p(x)x so that m(x) ∈ (x), hence m(x) ∈ (x).
We conclude that ker(dn) ⊂ (x). Therefore, we have that im dn+1 = (x) = ker(dn) for all
n. Hence Hn(M•) = 0 in all degrees n, so that M• is acyclic.

Contractible as a complex of k-modules: We let h̃n : {1, x} → k[x]/(x2) be the function

defined by 1
h7−→ x and x 7−→ 1.
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We note that
γ : k[x]/(x2)→ k1⊕ kx

are isomorphic as k-modules. As in the diagram below, we may extend h̃n to hn first, and
then define hn as the composition hn ◦ γ,

{1, x} k
(
{1, x}

)
k[x]/(x2)

k[x]/(x2)

ι

h̃n
∃!hn

γ

hn:=hn◦γ

Then hn is a k-module homomorphism defined on the generators 1, x (as a k-module) of
k[x]/(x2) as hn(1) = x and hn(x) = 1. Then we see that for a+ bx in k[x]/(x2) we have
that

x · (hn(a+ bx)) + hn(x · (a+ bx)) = x · (ax+ b) + hn(ax)

= a+ bx

= idk[x]/(x2)(a+ bx),

so that h := (hn)n∈Z is a chain-homotopy 0•
h⇒ idF (M•) in Chk with Chk[x]/(x2)

F−→ Chk
the forgetful functor.

Not contractible as a complex of k[x]/(x2)-modules: On the other hand, we observe that

it is a general fact that EndR(R) ∼= R by f 7−→ f(1), hence the k[x]/(x2)-module homomor-
phism hn : k[x]/(x2) → k[x]/(x2) would have to be on the form of multiplication by an
element rn ∈ k[x]/(x2). But this is impossible since then for any element m ∈ k[x]/(x2),

dn+1hn(a+ bx) + hn−1dn(a+ bx) = (a+ bx)rnx+ (a+ bx)rn−1x ∈ (x),

so it can not be the identity on elements a+ bx ∈ k[x]/(x2) with b = 0 and a ̸= 0 (here is
where we require it to be a non-zero ring).

In going from ordinary to higher category theory, we would like some way to keep track of
homotopies between maps, homotopies between homotopies, and so on. The objects that
keeps track of this data, hom-complexes, will be touched upon later. In a sense, we are
upgrading or promoting “ordinary” hom(X,Y )’s between objects X and Y to something
richer that still retains the information of hom(X,Y ) but keeps track of relations between
maps, relations between maps between maps etc.

3.2 Homotopy cokernels

First we should note (as we understand it) that there are several “presentations” of the
concept “homotopy cokernel”, that we now want to present, at increasing levels of ab-
straction. For now we will use a definition that is perhaps easier to get a handle on, but
is not dressed in the (modern) language of ∞-categories or model categories.

Recall that categorically, the definition of the cokernel of a morphism f ∈ homC(M,N)
of say an abelian category C, is defined as the pair(

coker(f), N
k−−→ coker(f)

)
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satisfying the universal property making the following diagram commute:

M N coker(f)

L

f

0

k

g ∃!k′ ,

i.e. as the coequalizer

coeq

Ç
M

f

⇒
0
N

å
of the parallel pair of arrows f, 0 : M ⇒ N . Another way to phrase this is that the
cokernel coker(f) is the pushout

M N

0 coker(f)

f

⌜

k

of the span 0←−M f−→ N .

where we suppress writing out the maps going into or from 0, since 0 is the zero object in
C, i.e. it is both initial and terminal (hence the morphism is uniquely determined).

In ModR, we call A
u−→ B

v−→ C a cokernel sequence if

(i) v ◦ u = 0.

(ii) (C,B
v−→ C) is a cokernel of u.

We now define want to define the corresponding “homotopical” version of the cokernel,
internal to the category of chain complexes ChR over a commutative ring R. To define
it formally, we start at the other end, giving a concrete instance of a chain complex and
a chain map which satisfies the (derived) universal property of the homotopy cokernel in
ChR.

Definition 3.2.1 ((Mapping-) cone). Let f• :M• → N• be a chain map. Then we define
the (mapping-)cone of f•, Cone(f•), as the chain complex (Cone(f•), d•) ∈ ChR with

Cone(f•)n :=Mn−1 ⊕Nn

and differentials

dn(a, b) :=
Ä
−dMn−1(a), d

N
n (b) + fn−1(a))

ä
.

There is then a canonical chain map k• : N• → Cone(f•) defined on degrees as kn(a) =
(0, a).
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We check that d• in fact defines a system of differentials on the cone of f . For any pair
(a, b) ∈Mn−1 ⊕Nn, we find that

dn−1(dn(a, b)) = dn−1

ÄÄ
−dMn−1(a), d

N
n (b) + fn−1(a)

ää
=

Ö
−dMn−2

Ä
−dMn−1(b))

ä
︸ ︷︷ ︸

=0

, dNn−1

Ä
dNn (b) + fn−1(a)

ä
+ fn−2(−dMn−1(a))

è
=

Ñ
0, dNn−1d

N
n (b)︸ ︷︷ ︸

=0

+ dNn−1fn−1(a)− fn−2d
M
n−1(a)︸ ︷︷ ︸

=0

é
= (0, 0),

where we used that f• is a chain map in the last equality.

We also want to check that k• indeed defines a chain map. We see that if we follow the
diagram

Nn Nn−1

Nn ⊕Mn−1 Nn−1 ⊕Mn−2

dNn

kn kn−1

dn

right then down, an element b ∈ Nn lands at the element (0, dNn (b)). If we instead follow
the diagram down-right, a lands inÄ

−dMn−1(0), d
N
n (b) + fn−1(0)

ä
=
Ä
0, dNn (b)

ä
since f and dM are homomorphisms in each degree, so that k• indeed defines a chain map.

Definition 3.2.2 (Homotopy-coherent Cocone). Let F : I → ChR be a diagram valued in

ChR of shape 0←− M•
f•−−→ N• and let I• ∈ ChR. A homotopy-coherent Cocone from

diagram F to I• is a pair (g•, h•) with g• : codom(f•) = N• → I• a chain-map such that

0•
h•⇒ g• ◦ f•. Writing this out, this means that for every n ∈ Z, we want the following

identity to be satisfied,
gn ◦ fn = dI•n+1 ◦ hn + hn−1d

M•
n .

Set-theoretically, we may denote the set of such homotopy-coherent Cocones from f• to
I• as

Coconeh(f•, I•) :=

®
(g•, h•)

∣∣∣∣∣ g• : codom(f•) = N• → I• chain map

0•
h•⇒ g• ◦ f• a null homotopy

´
.

Definition 3.2.3 (Homotopy cokernel). A homotopy cokernel of a chain-map f• :
M• → N• ∈ ChR is a triple

(hcoker(f•), u•, γ•)

where hcoker(f•) is a chain complex in ChR, u• : N• → hcoker(f•) is a chain map and 0•
γ•⇒

u• ◦ f• is a witnessing null-homotopy for u• ◦ f•, hence (u•, γ•) ∈ Coconeh(f•, hcoker(f•)).
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Furthermore, we require that the triple (hcoker(f•), u•, γ•) satisfies that for every chain
complex I• ∈ ChR “precomposition” with (u•, γ•) induces a natural bijection

homChR(hcoker(f•), I•)
≈−−−→ Coconeh(f•, I•), ψ• 7−→ (ψ• ◦ u•, ψ•γ•).

Another way to phrase this definition, is that hcoker(f•) is the homotopy pushout

M• N•

0 hcoker(f•)

f•

u•
γ• (3.2.1)

of the diagram 0←M•
f•−→ N•.

A third perspective on the homotopy cokernel of f•, is as a representing object, when it
exists, for the functor Coconeh(f•,−) : ChR → Set, sending objects I• to Coconeh(f•, I•)
and morphisms α• : I• → J• to the map (g•, h•) → (α• ◦ g•, α•h•) with (α•h•)n :=
αn+1 ◦ hn. The definition is the appropriate definition since if gnfn = dI•n+1hn + hn−1d

M•
n

then

αngnfn = αnd
I•
n+1hn + αnhn−1d

M•
n

= dJ•n+1αn+1hn + αnhn−1d
M•
n ,

using that α• is a chain-map. But this precisely means that 0•
α•h•⇒ α• ◦ g• ◦ f• :M• → J•

is a null-homotopy. Since

(β•(α•h•))n = βn+1 ◦ (α•h•)n = βn+1 ◦ αn+1 ◦ hn = (βn+1 ◦ αn+1) ◦ hn = ((β• ◦ α•)h•)n,

using how composition in ChR is defined, as in definition 2.3.3.

Remark 3.2.4. The homotopy cokernel can perhaps be viewed as the algebraic counterpart
of the topological mapping cone Cf , defined from the data of a continuous map f : X →
Y between spaces X and Y , with Cf := Y ⊔f CX where

CX := (X × I)
/
((x, 0) ∼ (x′, 0), ∀x, x′ ∈ X)

with ι : X ↪−→ CX, x
ι7−→ [(x, 1)], and where f in ⊔f denotes the fact that we identify

[(x, 1)] with f(x).

Remark 3.2.5. Observe that the Yoneda embedding being fully faithful provides us with
canonical isomorphisms between different models (i.e. instances) of the homotopy cokernel
(see [Rie16, Prop. 2.3.1]), with the perspective of defining the homotopy cokernel as a
certain representing object.

Theorem 3.2.6. Let f• :M• → N• be a chain map. Then, with • suppressed in M• and
N• of the differentials, we have

· · ·

Ñ
−dM1 0
f1 dN2

é
−−−−−−−−−−→

M0

⊕
N1

Ñ
−dM0 0
f0 dN1

é
−−−−−−−−−−→

M−1

⊕
N0
∼∼∼

Ñ
−dM−1 0
f−1 dN0

é
−−−−−−−−−−−→

M−2

⊕
N−1

Ñ
−dM−2 0
f−2 dN−1

é
−−−−−−−−−−−→ · · · ,

defines a chain complex of R-modules and that it is a homotopy cokernel of f•.
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Remark 3.2.7. Note that the matrices should be read as

(a, b) 7−→
Ä
−dMi (a), fi(a) + dNi+1(b)

ä
for (a, b) ∈Mi⊕Ni+1, and that ∼∼∼ in

M−1

⊕
N0
∼∼∼

denotes that this is the degree zero-module

of the complex, which also tells us the degree of the differentials of the complex. That is,
this is precisely the complex Cone(f•) defined in definition 3.2.1.

Proof. The first statement is identical to the proof given in defining Cone(f•) (3.2.1).

To show that it is a homotopy cokernel of f•. Let C• denote the above diagram. Then we
need to show that there is a natural bijection

homChR(C•, I•)
ΦI•≃ Coconeh(f•, I•)

for all chain complexes I• ∈ ChR. Let u• : N• → C• be defined in degree n as

un : Nn → Cn =Mn−1 ⊕Nn, b 7−→ (0,−b).

That u• is a chain-map follows from the fact that k as defined in connection with the
(mapping-)cone of a morphism f , was shown to be chain map, due to the fact that u = −k.
Let γ• := (γn)n∈Z be defined in degree n as

γn :Mn → Cn+1 =Mn ⊕Nn+1, a 7−→ (−a, 0).

It is (almost) immediate that γn is an R-module homomorphism. We then find that, for
a ∈Mn,

dCn+1γn(a) + γn−1d
M
n (a) = dCn+1(−a, 0) + (−dMn (a), 0)

= (dMn (a),−fn(a)) + (−dMn (a), 0)

= (0,−fn(a))
= unfn(a).

Hence γ• is a null homotopy 0•
γ•⇒ u• ◦ f•, so that (u•, γ•) ∈ Coconeh(f•, C•).

Let I• ∈ ChR be arbitrary, let ψ• ∈ homChR(C•, I•), let

ΦI : homChR(C•, I•)→ Coconeh(f•, I•), (ψ•) 7−→ (ψ• ◦ u•, ψ•γ•),

and let

ΘI : Cocone
h(f•, I•)→ homChR(C•, I•), ΘI(g•, h•)n(a, b) := −hn−1(a)− gn(b).

ΦI and ΘI are well-defined: For ΦI note that ψ•◦u• is a composition of chain maps, hence
a chain map. We need to check that ψγ is a chain-homotopy 0• ⇒ (ψ• ◦ u•) ◦ f•, with
recall ψ• : C• → I• a chain map. Then we see that

dIn+1(ψn+1γn) + (ψnγn−1)d
M
n = ψnd

C
n+1γn + ψnγnd

M
n , since ψ is a chain map

= ψn(d
C
n+1γn + γnd

M
n )

= ψn(unfn), since 0•
γ•⇒ u• ◦ f• is a chain homotopy

= (ψu)nfn.
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For ΘI we check that ΘI(g•, h•) is a chain map for all pairs (g•, h•) ∈ Coconeh(f•, I•). It
is enough to check in degrees. We then find that for (a, b) ∈ Cn =Mn−1 ⊕Nn,

dInΘI(g•, h•)n(a, b) = −dInhn−1(a)− gn−1d
N
n (b), since g• is a chain map. (3.2.2)

Next,

ΘI(g•, h•)n−1d
C
n (a, b) = ΘI(g•, h•)n−1(−dMn−1(a), fn−1(a) + dNn (b))

= hn−2

Ä
dMn−1(a)

ä
− gn−1(fn−1(a))− gn−1

Ä
dNn (b)

ä
.

Showing that this is equal to 3.2.2 after adding gn−1

(
dNn (b)

)
to both sides, amounts to

checking that

dIhn−1(a) + hn−2d
M
n−1(a) = gn−1fn−1(a),

which follows from the fact that h• is a nullhomotopy 0• ⇒ g• ◦ f•.

ΦI and ΘI are inverses: First we check that ΦI ◦ ΘI = id. Let (g•, h•) ∈ Coconeh(f•, I•)
be arbitrary. Then

(ΦI ◦ΘI)(g•, h•) = (ΘI(g•, h•) ◦ u•,ΘI(g•, h•)γ).

Checking the first argument in degree n, we have that

(ΘI(g•, h•) ◦ u•)n(b) = (ΘI(g•, h•))n(0,−b)
= gn(b).

Checking the second argument, we find that

(ΘI(g•, h•)γ•)n(a) = (ΘI(g•, h•))n+1(−a, 0)
= hn(a).

The conclusion follows.

Next, we check that ΘI ◦ ΦI = id. Let ψ• : C• → I• be an arbitrary chain map. Then for
(a, b) ∈ Cn =Mn−1 ⊕Nn we have

((ΘI ◦ ΦI)(ψ))n(a, b) = (ΘI(ψ• ◦ u•, ψ•γ))n(a, b)

= −(ψnγn−1)(a)− ψnun(b)
= ψn(a, 0) + ψn(0, b)

= ψn(a, b).

The conclusion follows.

Naturality of Φ: We claim that by definition this amounts to checking that for every chain
map α• : I• → J• with I•, J• ∈ ChR, it holds that

G(α•) ◦ ΦI = ΦJ ◦ F (α•), (3.2.3)

where F (α•)(ψ•) = α• ◦ ψ• for ψ• : C• → I• a chain map, and

G(α•)(g•, h•) = (α• ◦ g•, α•h•)
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for (g•, h•) ∈ Coconeh(f•, I•), i.e. that the following diagram (to the right) commutes,

I• homChR(C•, I•) Coconeh(f•, I•)

J• homChR(C•, J•) Coconeh(f•, J•)

α•

ΦI

F (α•) G(α•)

ΦJ

.

It is not hard to show that G( · ) is a (Set-valued) functor. If we let ψ• ∈ homChR(C•, I•)
be arbitrary, then

(ΦJ ◦ F (α•))(ψ•) = ΦJ(α• ◦ ψ•)

= ((α• ◦ ψ•) ◦ u•, (α• ◦ ψ•)γ•).

On the other hand, we have that

(G(α•) ◦ ΦI)(ψ•) = G(α•)(ψ• ◦ u•, ψ•γ•)

= (α• ◦ ψ• ◦ u•, α•(ψ•γ•))

We have that

((α•(ψ•γ•))n = αn+1 ◦ (ψ•γ•)n

= αn+1 ◦ ψn+1 ◦ γn
= (α• ◦ ψ•)n+1 ◦ γn
= ((α• ◦ ψ•)γ•)n,

and the conclusion follows.

Theorem 3.2.8.

hcoker(idk⊗f) ≃ colim



k⊗M 0

k⊗M I⊗M

k⊗N

i0⊗idM

i1⊗idM

idk⊗f


. (3.2.4)

Proof. We will show that for every chain complex A ∈ ChR, we have a natural isomorphism

ΦA : homChR(H,A) ≃ Coconeh(idk⊗f,A), (3.2.5)
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whereH is the colimit in the right-hand side of 3.2.4. Consider any chain map ψ• : H → A.
Recalling definition 3.1.11 the data of H comes with structure maps

s0 : k⊗M → H

s1 : k⊗M → H

u : k⊗N → H

v : I⊗M → H

and of course 00,H : 0→ H (but there is always such a morphism since 0 is initial in ChR).
Observe that s0 is associated with i0 ⊗ idM and s1 with i1 ⊗ idM , as expressed by the
indices. Furthermore, straight from the properties of the structure maps (3.1.11[(a)]), it
follows that 

s0 = v ◦ (i0 ⊗ idM )

s1 = v ◦ (i1 ⊗ idM )

s1 = u ◦ (idk⊗f)
s0 = 00,H ◦ 0k⊗M,0 = 0k⊗M,H .

The last equality gives that v ◦ (i0⊗ idM ) = 0 and the second and third equality gives that
v ◦ (i1 ⊗ idM ) = u ◦ (idk⊗f).

By theorem 3.1.6 the chain map v determines a chain homotopy 0
γ•⇒ v ◦ (i1 ⊗ idM ) =

u ◦ (idk⊗f). Therefore, (u, γ•) ∈ Coconeh(idk⊗f,H). Let A be an arbitrary chain
complex in ChR. Let ΦA : homChR(H,A) → Coconeh(idk⊗f,A) be defined by sending
chain maps ψ• : H → A to (ψ• ◦ u, ψ•γ). Clearly ψ• ◦ u : k ⊗ N → A is a chain map,

and a standard check gives that 0
ψ•γ•⇒ (ψ• ◦u) ◦ idk⊗f is a null-homotopy. It follows that

(ψ• ◦ u, ψ•γ) ∈ Coconeh(idk⊗f,A).

On the other hand, let (g, η) ∈ Coconeh(idk⊗f,A) so that g : k⊗N → A is a chain map

and 0
η⇒ g ◦ (idk⊗f) is a chain homotopy. By theorem 3.1.6 this determines a unique

chain map w : I⊗M → A such that w ◦ (i0 ⊗ idM ) = 0 and w ◦ (i1 ⊗ idM ) = g ◦ (idk⊗f).

Now associate to diagram 3.2.4 the zero map k⊗M → A to the top k⊗M , g ◦ (idk⊗f)
to the left copy of k⊗M , w to I⊗M , for k⊗N choose g, and for 0 there is the unique
map 0 → A. We claim that this system satisfies 3.1.13 in definition 3.1.11 so that there
is a unique chain map ΘA(g, η) : H → A satisfying the property described by equation
3.1.14 in the definition of the colimit. The chain map ΘA(g, η) satisfies ΘA(g, η) ◦ u = g
and ΘA(g, η) ◦ v = w.

We claim that ΦA and ΘA are inverses. If we let ψ : H → A be a chain map, then
ΦA(ψ) = (ψ ◦ u, ψγ). We let wψ : I ⊗M → A be the chain map corresponding to ψγ by
theorem 3.1.6. Then wψ = ψ ◦ v: We have that (ψ ◦ v) ◦ (i0 ⊗ idM )) = ψ ◦ 0 = 0 and that
(ψ ◦ v) ◦ (i1 ⊗ idM ) = ψ ◦ u ◦ (idk⊗f). Since γ is the chain homotopy associated to v, ψγ
is the chain homotopy associated with ψ ◦ v. By the one-to-one correspondence in 3.1.6
it follows that wψ = ψ ◦ v. Hence we see that for ψ : H → A a chain map, we have that
ΘA(ΦA(ψ)) = ΘA(ψ ◦ u, ψγ) =: θ satisfies θ ◦ u = ψ ◦ u and θ ◦ v = wψ = ψ ◦ v.

Furthermore we find that

θ ◦ s0 = θ ◦ v ◦ (i0 ⊗ idM )

= ψ ◦ v ◦ (i0 ⊗ idM )

= ψ ◦ s0,

67



and

θ ◦ s1 = θ ◦ v ◦ (i1 ⊗ idM )

= ψ ◦ v ◦ (i1 ⊗ idM )

= ψ ◦ s1.

We also have that θ ◦ 00,H = ψ ◦ 00,H . By uniqueness of θ it follows that θ = ψ, i.e.

ΘA(ΨA(ψ)) = ψ.

Now instead consider arbitrary (g, η) ∈ Coconeh(idk⊗f,A) and let ΘA(g, η) := λ, so that
ΦA(ΘA(g, η)) = (λ ◦ u, λγ). By construction we have that λ ◦ u = g. If w : I⊗M → A is
the unique chain map corresponding to the chain homotopy η then also λ ◦ v = w. Since
γ is the chain homotopy associated with v under theorem 3.1.6, by uniqueness it follows
that λγ = η. Hence

ΦA(ΘA(g, η)) = (λ ◦ u, λγ)
= (g, η).

Naturality check on Φ( · ): For any chain map α : A → B it is straightforward to verify

(by unraveling of definitions) that the following diagram commutes,

A homChR(H,A) Coconeh(idk⊗f,A)

B homChR(H,B) Coconeh(idk⊗f,B)

α

ΦA

F (α) G(α)

ΦB

(3.2.6)

with F (α) = α∗ the pushforward and G(α) defined on pairs (g, η) ∈ Coconeh(idk a⊗ f,A)
as G(α)(g, η) = (α ◦ g, αη).

Corollary 3.2.9. hcoker(f) ≃ H where H is the colimit in 3.2.4.

Remark 3.2.10. By ≃, we mean “canonically isomorphic” in the (categorical) sense ex-
plained at the end of the proof.

Proof. We first show that hcoker(f) is canonically isomorphic to hcoker(idk⊗f). By ap-
pealing to theorem 2.5.4, there is a left unitor λ with isomorphism λM : k⊗M ≃ M for
every M ∈ ChR. Given f : M → N a chain map, we then see that by naturality of λ,
there is a commutative diagram

k⊗M M

k⊗N N

λM
≃

idk⊗f ⟲ f

λN

≃

,
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so that idk⊗f = λ−1
N ◦ f ◦ λM .

We show that there is a natural bijection XA : Coconeh(f,A) ≃ Coconeh(idk⊗f,A)
for each A ∈ ChR, defined by (g, η)

XA7−−→ (g ◦ λN , η ◦ λM ). Observe first that g ◦ λN :
k ⊗ N → A is a chain map with appropriate domain and codomain. By naturality of λ
and λM being a chain map, we get from the null homotopy 0

η⇒ g ◦ f a null homotopy

0
ηλM⇒ (g ◦ λN ) ◦ (idk⊗f).

Now define YA : Coconeh(idk⊗f,A)→ Coconeh(f,A) by (g̃, η̃)
YA7−−→ (g̃ ◦λ−1

N , η̃ ◦λ−1
M ). The

first argument g̃◦λ−1
N is easy to verify has the correct properties. For the second argument

η̃λ−1
M , essentially the same check (using naturality and that λ−1

N is a chain map) as for XA

gives that this defines an honest map into Coconeh(f,A). It is easy to verify that for each
A ∈ ChR, XA and YA are inverses. Hence XA defines a bijection.

Naturality check on X( · ): We verify that the following diagram commutes,

A Coconeh(f,A) Coconeh(idk⊗f,A)

B Coconeh(f,B) Coconeh(idk⊗f,B)

α

XA

F (α) G(α)

XB

,

for each chain map α : A → B and with F (α) and G(α) defined by “postcomposition”
F (α)(g, η) = (α ◦ g, αη). We find that for (g, η) ∈ Coconeh(f,A) we have that

XB(F (α)(g, η)) = XB(α ◦ g, αη)
= (α ◦ g ◦ λN , (αη) ◦ λM ),

while

G(α)(XA(g, η)) = G(α)(g ◦ λN , η ◦ λM )

= (α ◦ g ◦ λN , α(η ◦ λM )).

Observe that in degree n, we have that

(α(η ◦ λM ))n = αn+1 ◦ ηn ◦ (λM )n

= (αη)n ◦ (λM )n

= ((αη) ◦ λM )n,

and naturality follows.

We have shown that X : F ⇒ G, i.e. X : Coconeh(f,−) ≃ Coconeh(idk⊗f,−) is an
isomorphism of functors ChR → Set. Since we already have (in the functor category
Fun(ChR, Set)) the isomorphism

homChR(hcoker(f),−) ≃ Coconeh(f,−)

and

homChR(hcoker(idk⊗f),−) ≃ Coconeh(idk⊗f,−)
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it follows that we have the isomorphism

homChR(hcoker(f),−) ≃ Coconeh(f,−)
X≃ Coconeh(idk⊗f,−)
≃ homChR(H,−) by 3.2.5. (3.2.7)

in Fun(ChR, Set). By [Rie16, Prop. 2.3.1.(iii)⇒ (i)] it follows that hcoker(f) ≃ H. Indeed,
Yoneda’s lemma [Rie16, Theorem 2.2.4] provides a unique isomorphism

γ : H ≃ hcoker(f),

such that γ∗ : homChR(hcoker(f),−) ⇒ homChR(H,−) is precisely the composite in 3.2.7,
where γ∗ denotes the pullback g 7−→ g◦γ (γ must be an isomorphism since full and faithful
functors [the appropriate yoneda embedding, in this case] reflects isomorphisms [Rie16,
Exercise 1.5.vi.(i)]).

Theorem 3.2.11. Let M
f−→ N be a morphism in ChR that is injective in each degree.

Then the canonical morphism hcoker(f) → coker(f) to the level-wise cokernel is a quasi-
isomorphism.

Proof. We use the explicit cone model Cone(f) (defined as in definition 3.2.1) for hcoker(f)
coming from theorem 3.2.6. Let q : N• → coker(f) be the canonical map defined
in degree n as qn : Nn ↠ Nn/im(fn). Then q ◦ f = 0. Hence we have the triv-
ial zero homotopy 0 ⇒ q ◦ f and since q has appropriate domain and codomain it fol-
lows that (q, 0) ∈ Coconeh(f, coker(f)) which under the bijection Coconeh(f, coker(f)) ≃
homChR(hcoker(f), coker(f)) gives us a unique chain map π : hcoker(f) → coker(f) such
that

π ◦ u• = q (3.2.8)

and
πγ• = 0, (3.2.9)

with u•, γ• defined as in the proof of theorem 3.2.6. We then see that by in degree, we
have that

(π ◦ u•)n = πn ◦ un
= qn.

Since we may write any element (a, b) ∈Mn−1 ⊕Nn as

(a, b) = −γn−1(a)− un(b)

it follows that

πn(a, b) = πn(−γn−1(a)− un(b))
= −πn(γn−1(a))− πn(un(b))
= −πn(un(b)), since πγ• = 0

= πn((0, b))

= −qn(b). (3.2.10)
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We now show that the induced map H(π) : H(hcoker(f)) → H(coker(f)) on homology, is
an isomorphism in each degree n, i.e. a quasi-isomorphism.

H(π)n is surjective: Let [b] ∈ H(coker(f))n with b = qn(b) ∈ coker(f)n = Nn/im(fn). Since

b ∈ ker
Ä
d
coker(f)
n

ä
we find that

0 = dcoker(f)n (b)

= dcoker(f)n (qn(b))

= qn−1d
N
n (b), since q is a chain map,

so that dNn (b) ∈ im(fn−1), i.e., there is an a ∈ Mn−1 so that fn−1(a) = dNn (b). Upon
applying dNn−1 to this we find that

0 = dNn−1d
N
n (b)

= dNn−1fn−1(a)

= fn−2d
M
n−1(a), since f is a chain map.

We have that fn−2 is by assumption injective, hence dMn−1(a) = 0. It follows that

dCone(f)n (a,−b) = (−dMn−1(a),−dNn (b) + fn−1(a))

= (0, 0),

so that (a,−b) ∈ ker
Ä
d
Cone(f)
n

ä
⇝ [(a,−b)] ∈ H(hcoker(f))n. We then see that

H(π)n ([(a,−b)]) = [πn(a,−b)]
= [−qn(−b)], by 3.2.10

= [b],

so that H(π)n is indeed surjective.

H(π)n injective: Let (a, b) ∈ ker
Ä
d
Cone(f)
n

ä
⊂ Mn−1 ⊕ Nn, so that H(π)n([(a, b)]) = 0.

This means that [−qn(b)] = 0 ∈ H(coker(f))n. Hence there is a c ∈ coker(f)n+1 =

Nn+1/im(fn+1) such that d
coker(f)
n+1 (c) = −qn(b). But qn+1 : Nn+1 ↠ coker(f)n+1 is surjec-

tive, so there is a c ∈ Nn+1 such that

−qn(b) = d
coker(f)
n+1 (c)

= d
coker(f)
n+1 (qn+1(c))

= qn
Ä
dNn+1(c)

ä
, since q is a chain map

⇔ qn(b+ dNn+1(c)) = 0.

It follows that b+ dNn+1(c) ∈ im(fn) so there is some x ∈Mn such that

fn(x) = b+ dNn+1(c)⇔ fn(x)− dNn+1(c) = b (3.2.11)

Since (a, b) was a cycle, we find that −dMn−1(a) = 0 and

dNn (b) + fn−1(a) = 0⇔ dNn (b) = −fn−1(a) = fn−1(−a). (3.2.12)
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Upon applying dNn to equation 3.2.11 we find that

dNn (fn(x)) = dNn (b)

⇔ fn−1

Ä
dMn (x)

ä
= dNn (b), since f is a chain map

⇔ fn−1

Ä
dMn (x)

ä
= fn−1(−a), by 3.2.12.

By injectivity of fn−1 it follows that dMn (x) = −a. Hence, we see that

d
Cone(f)
n+1 (x,−c) = (−dMn (x), fn(x)− dNn+1(c))

= (a, b),

so that (a, b) ∈ im
Ä
d
Cone(f)
n+1

ä
⇝ [(a, b)] = 0 ∈ H(hcoker(f))n. Therefore, H(π)n is injective.

We conclude that H(π) is an isomorphism in each degree n, i.e. π is a quasi-isomorphism.
To conclude that this is independent of the specific model for the homotopy cokernel we
choose, we note that any two homotopy cokernels say H and Cone(f) of f , are related as
in the diagram below,

π′ homChR(H, coker(f)) homChR(Cone(f), coker(f)) π′ ◦ τ = π

Coconeh(f, coker(f))

(π ◦ µ•, πγ) = (q, 0)

∼=
τ∗

⟲

Hence π′ = π ◦ τ−1 and since we showed that π is a quasi isomorphism and τ−1 is an
isomorphism it follows that π′ is a quasi-isomorphism.

The example provided below shows that the canonical map hocoker(f)→ coker(f) in 3.2.8
need not be a homotopy equivalence (recall definition 3.1.15).

Example 3.2.12. Let R = Z and consider the complex Z
∼∼

in ChR and let f : Z
∼∼
→ Z

∼∼

be the chain map with degree zero homomorphism f0 : Z
·2−→ Z multiplication by 2. Then

f is injective in each degree, and with coker(f) = Z/2Z
∼∼∼∼∼

.

If we take as model for hcoker(f) the cone Cone(f) of f , then we see that

Cone(f)n =


0⊕ Z ≃ Z, n = 0,

Z⊕ 0 ≃ Z, n = 1,

0, otherwise.

,

with differentials

dCone(f)n =

®
(0, f0), if n = 1

0, otherwise.
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Then we see that the canonical map π : Cone(f) → coker(f) is given by in degree n
on elements (a, b) ∈ Cone(f)n by πn(a, b) = −qn(b) = qn(b) mod 2 = b. We find then
that π0 : Z → Z/2Z is the projection homomorphism and that πn = 0 otherwise. We
claim that this is not a homotopy equivalence. If it were, there would exist a chain map
g : coker(f) → Cone(f) and a chain homotopy idcoker(f) ⇒ π ◦ g. Now consider that
g : coker(f)0 → Cone(f)0 is a map Z/2Z → 0 ⊕ Z. The only possible such map is the
zero homomorphism, since Z has no torsion elements. But then π ◦ g must be the zero
homomorphism in each degree. Since all differentials of coker(f) are zero, this would force
in particular

(π ◦ g)0︸ ︷︷ ︸
=0

− idZ/2Z = 0,

⇔ idZ/2Z = 0,

which is impossible. Hence π is not a homotopy equivalence, but is a quasi-isomorphism
by theorem 3.2.11.

Definition 3.2.13 (Suspension). For M• a chain complex in ChR, we define

ΣM• := hcoker(M• → 0) (3.2.13)

as the homotopy cokernel of the zero map M• → 0, and we call this the suspension of
M•.

Observe that if we take the cone Cone(M• → 0) as a concrete model for the homotopy
cokernel of M• → 0, then we find that

(ΣM•)n = Cone(M• → 0)n

=Mn−1 ⊕ 0

≈Mn−1,

and that

dΣM•
n (a, b) =

Ä
−dMn−1(a), 0

ä
≈ −dMn−1(a), canonical isomorphism.

Hence the nicest model to work with here is this isomorphic model with complexes shifted
down by one degree and with differentials in degree n as −dMn−1. We denote this complex by
M•[1] and unless otherwise stated, make the identification ΣM• =M•[1]. One notes that
for k ⩾ 0, ΣkM• is the complex which in degree n has the module Mn−k and differential
dΣ

kM•
n = (−1)kdM•

n−k. We denote this by M•[k].

There is then a natural extension for k ⩾ 0, as Σ−kM• = M•[−k] defined as the complex

with degree n module as Mn+k and differential dΣ
−kM•

n = (−1)kdM•
n+k. We will call the

process of taking Σ−1M• of a complexM• desuspension. It follows that for any k ∈ Z we
may write ΣkM• = M•[k]. We will later show that there is a corresponding homotopical
construction to the “ordinary kernel”, the “homotopy kernel” hker( · ), such that Σ−1M•
and hker(0→M•) are canonically isomorphic, i.e. the former is a model of the latter. We
observe that

Hn
Ä
ΣkM•

ä
= Hn−k(M•), (3.2.14)

since homology is insensitive to the sign-changes in front of the differentials and only care
about shifts in degree.
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Furthermore, it is (almost) immediate that Σk defines an equivalence of categories

Σk : ChR → ChR.

if one just think of Σ as the shift functor. Perhaps more notable is that Σk is such that it
both preserves and reflects homotopies, i.e.

f ≃ g ⇔ Σkf ≃ Σkg.

It is furthermore immediate that Σk0• ∼= 0•. In particular, we claim it follows that Σk

preserves homotopy cokernel sequences, i.e. sequences on the form

M
f−→ N

u−→ hcoker(f)

for some chain map M
f−→ N in ChR, which will become important in §3.4.

Remark 3.2.14. We reiterate that we will mostly make the identification of ΣiX with X[i]
such that (

ΣiX
)
ℓ
= (X[i])ℓ = Xℓ−i

and with differential
dΣ

iX
ℓ = d

X[i]
ℓ = (−1)idXℓ−i,

in this thesis.

Theorem 3.2.15. Let M
f−→ N be an arbitrary chain map in ChR. Then f is a quasi-

isomorphism iff hcoker(f) is acyclic.

Proof. Take as a concrete model for hcoker(f), the cone Cone(f). We denote this cone by
C•. Observe first that C• is acyclic if and only if every cycle in Cn is a boundary, for each
n. An element x = (a, b) ∈ Cn = Mn−1 ⊕ Nn is a cycle precisely when dMn−1(a) = 0 and
dNn (b) + fn−1(a) = 0⇔ dNn (b) = −fn−1(a).

⇒: Assume that f is a quasi-isomorphism, and let (a, b) ∈ Cn be an arbitrary cycle. Then
fn−1(a) = −dNn (b) is a boundary in Nn−1. It follows that

Hn−1(f)([a]) = [fn−1(a)]

= [dNn (−b)]
= 0.

By assumption, Hn−1(f) is injective, so [a] = 0, i.e. a = dMn (a′) for some a′ ∈Mn. Hence
we have that

dNn (b) + fn−1(a) = 0

⇔ dNn (b) + fn−1

Ä
dMn (a′)

ä
= 0

⇔ dNn (b) + dNn (fn(a
′)) = 0, since f is a chain map

⇔ dNn (b+ fn(a
′)) = 0

⇒ b+ fn(a
′) is a cycle in Nn.

Since Hn(f) is surjective, there exists a cycle y ∈ Mn such that Hn(f)([y]) = [fn(y)] =
[b+ fn(a

′)] in Hn(N), which means that there is a z ∈ Nn+1 so that

dNn+1(z) = fn(y)− (b+ fn(a
′))

⇔ b = fn(y − a′)− dNn+1(z).
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Then we see that

dCn+1(−(y − a′),−z) =
Ä
−dMn (y − a′), fn(y − a′) + dNn+1(−z)

ä
= (a, b),

so that (a, b) is a boundary. We have shown that every cycle is a boundary, hence Hn(C•) =
0, i.e. C• is acyclic.

⇐: It is enough to show that Hn(f) is injective and surjective.

Injective: Let [a] in Hn(M) such that Hn(f)[a] = 0. Then fn(a) is a boundary in Hn(N),

so there is some b ∈ Nn+1 such that dNn+1(b) = fn(a)⇔ fn(−a) + dNn+1(b) = 0. Then

dNn+1(−a, b) =
Ä
dMn (a), fn(−a) + dNn+1(b)

ä
= (0, 0),

using that a is a cycle in Mn. Since C• is acyclic by assumption, it follows that every
cycle is a boundary. Since (−a, b) in Cn+1 = Mn ⊕ Nn+1 was a cycle, it is boundary, so
there is an element (x, y) ∈ Cn+2 =Mn+1 ⊕Nn+2 such that

dCn+2(x, y) = (−a, b).

But this means precisely that −dMn+1(x) = −a ⇔ dMn+1(x) = a, i.e. a is a boundary, so
that [a] = 0. Hence Hn(f) is injective.

Surjective: Let [b] ∈ Hn(N) be arbitrary, where b is by definition some cycle in Nn. Then
(0, b) ∈ Cn is a cycle, hence by acyclicity of C• it is a boundary, i.e. there are (x, y) ∈ Cn+1

such that dCn+1(x, y) = (0, b). This means that −dMn (x) = 0 and fn(x) + dNn+1(y) = b.

Together, this gives that x is a cycle in Mn such that

Hn(f)([x]) = [fn(x)]

= [b− dNn+1(y)]

= [b].

We conclude that Hn(f) is surjective.

It follows that Hn(f) is an isomorphism, and so f is a quasi-isomorphism.

Theorem 3.2.16. Given a chain map M
f−−→ N in ChR, we have that f is a homotopy

equivalence iff hcoker(f) is contractible.

Remark 3.2.17. To give context to the proof below: Observe that whenever we have an
R-module homomorphism S : A⊕B → C ⊕D in ModR, then both A⊕B and C ⊕D are
biproducts, i.e. both products and coproducts in ModR, so there are associated product
and coproduct maps ιA, ιB, ιC , ιD and πA, πB, πC , πD. Let

α := πC ◦ S ◦ ιA : A→ C

β := πC ◦ S ◦ ιB : B → C

γ := πD ◦ S ◦ ιA : A→ D

δ := πD ◦ S ◦ ιB : B → D

. (3.2.15)
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Let (a, b) ∈ A⊕B be arbitrary. Then

S(a, b) = S((a, 0) + (0, b))

= S((a, 0)) + S((0, b))

= S(ιA(a)) + S(ιB(b))

= (α(a), γ(a)) + (β(b), δ(b))

= (α(a) + β(b), γ(a) + δ(b)),

where we in the next to last equality used that any x ∈ C ⊕ D is on the form x =
(πC(x), πD(x)) together with how we defined the maps in 3.2.15. Hence we may represent
any such map S on the form

S =

Å
α β
γ δ

ã
.

In particular, if we have the identity id : A⊕B → A⊕B then one may check that we may
represent id as

id =

Å
idA 0
0 idB

ã
.

Proof. We work with the cone C := Cone(f) of f as a model for hcoker(f).

⇒: By hypothesis we are given the data of a chain map g : N → M together with chain
homotopies h, k where h :M →M [−1] and k : N → N [−1] satisfies

dMh+ hdM = g ◦ f − idM (3.2.16)

and

dNk + kdN = f ◦ g − idN , (3.2.17)

respectively. Define A := (An)n∈Z with An : Mn−1 ⊕ Nn → Mn ⊕ Nn+1, explicitly by
An(a, b) := (hn−1(a) + gn(b),−kn(b)). Then we see that for (a, b) ∈Mn−1 ⊕Nn, we have

dCn+1An(a, b) = dCn+1(hn−1(a) + gn(b),−kn(b))

=
Ä
dMn (−hn−1(a))− dMn (gn(b)),−dNn+1(kn(b)) + fn(hn−1(a)) + fngn(b)

ä
,

and

An−1

Ä
dCn (a, b)

ä
= An−1

Ä
−dMn−1(a), d

N
n (b) + fn−1(a)

ä
=
Ä
−hn−2

Ä
dMn−1(a)

ä
+ gn−1

Ä
dNn (b)

ä
+ gn−1fn−1(a),−kn−1

Ä
dNn (b)

ä
− kn−1(fn−1(a))

ä
.

Therefore, one finds that, by using that g is a chain map, together with 3.2.16 and 3.2.17,

(dCn+1An +An−1d
C
n )(a, b) = (a, b+ fn(hn−1(a))− kn−1(fn−1(a))).

Letting ℓn :Mn−1 → Nn be defined by ℓn(a) = fnhn−1(a)− kn−1fn−1(a), we see that the
computation above gives that dCA+ AdC = P with Pn(a, b) = (a, b+ ℓn(a)). Now, since
P = dCA+AdC , we have that

Pn−1 ◦ dCn =
Ä
dCn hn−1 + hn−2d

C
n−1

ä
◦ dCn

= dCn hn−1d
C
n , since d2 = 0,
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while

dCn ◦ Pn = dCn ◦
Ä
dCn+1hn + hn−1d

C
n

ä
= dCn hn−1d

C
n , since d2 = 0.

It follows by the last two computations that P : C → C is a chain map. If we define
Q : C → C by Qn(a, b) = (a, b − ℓn(b)) then it is straightforward to check that Q is
degreewise a mutual inverse to P . Therefore, Q is also a chain map (to see this start from
the equation dCn−1Pn = Pnd

C
n and then first precompose with Qn and then postcompose

with Qn−1).

Let S : C → C[−1] (i.e. as a family of homomorphisms Cn → Cn+1) be defined by
Sn := An ◦Qn. We then see that for (a, b) ∈Mn−1 ⊕Nn we have

Sn(a, b) = An(a, b− ℓn(a))
= (hn−1(a) + gn(b)− gnℓn(a), kn(ℓn(a))− kn(b)).

Then, we find that

dCn+1Sn + Sn−1d
C
n = dCn+1AnQn +An−1Qn−1d

C
n

= dCn+1AnQn +An−1d
C
nQn, since Q is a chain map

=
Ä
dCn+1An +An−1d

C
n

ä
◦Qn

= Pn ◦Qn, since dCA+AdC = P

= idCn , since Q is a mutual inverse of P .

We conclude that S is a witnessing null-homotopy 0 ≃ idC , i.e., C = Cone(f) is con-
tractible.

⇐: Assume C is contractible. Then there exists a family of R-module homomorphisms
(Sn)n∈Z with Sn : Cn =Mn−1 ⊕Nn → Cn+1 =Mn ⊕Nn+1 so that

dCS + SdC = idC .

By remark 3.2.17 we may represent Sn on the form

Sn =

Å
αn βn
γn δn

ã
.

Let (a, b) ∈Mn−1 ⊕Nn be arbitrary. We find that

dCn+1Sn(a, b) = dC(αn(a) + βn(b), γn(a) + δn(b))

=
Ä
−dMn (αn(a))− dMn (βn(b)), d

N
n+1(γn(a)) + dNn+1(δn(b)) + fn(αn(a)) + fn(βn(b))

ä
.

Next, we see that

Sn−1d
C
n (a, b) = Sn−1

Ä
−dMn−1(a), d

N
n (b) + fn−1(a)

ä
=
(
− αn−1

Ä
dMn−1(a)

ä
+ βn−1

Ä
dNn (b)

ä
+ βn−1(fn−1(a)),

− γn−1

Ä
dMn−1(a)

ä
+ δn−1

Ä
dNn (b)

ä
+ δn−1(fn−1(a))

)
.
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Adding these together and using that this should equal (a, b), and comparing expressions,
we see that 

−dMn βn + βn−1d
N
n = 0

−dMn αn − αn−1d
M
n−1 + βn−1fn−1 = idMn−1

dNn+1δn + fnβn + δn−1d
N
n = idNn

, (3.2.18)

where we have left out one condition.

The first condition in 3.2.18 tells us that β : N →M is a chain map. The second condition
tells us that βf ≃ idM with chain homotopy α′ := (−αn)n∈Z, and the last condition tells
us that fβ ≃ idN with chain-homotopy δ := (δn)n∈Z. We conclude that f is a homotopy
equivalence.

The statements in Theorems 3.2.15, 3.2.16 tells us that there are conditions on the
homotopy cokernel of a chain map f that tells us when f is a quasi-isomorphism or a
homotopy equivalence.

Theorem 3.2.18. Given a morphism M
f−−→ N in ChR, there is a homotopy equivalence

ΣM ≃ hcoker
Ä
N

u−−→ hcoker(f)
ä
.

Proof. Take the concrete cone model hcoker(g) = Cone(g) for each chain map g. Recall
that the universal map N

u−→ hcoker(f) is then on the form b
u7−→ (0,−b) in each degree.

We see that hcoker(u) = Cone(u) is then such that

Cone(u)n = Nn−1 ⊕ Cone(f)n

≃ Nn−1 ⊕Mn−1 ⊕Nn

and we make the identification Cone(u)n = Nn−1 ⊕Mn−1 ⊕Nn, with differential

dCone(u)n (a, b, c) =
Ä
−dNn−1(a), d

Cone(f)
n (b, c) + un−1(a)

ä
=
Ä
−dNn−1(a),

Ä
−dMn−1(b), d

N
n (c) + fn−1(b)

ä
+ (0,−a)

ä
=
Ä
−dNn−1(a),−dMn−1(b), d

N
n (c) + fn−1(b)− a

ä
,

for (a, (b, c)) = (a, b, c) in Cone(u)n.

For ΣM we take its model as M [1] with differential a 7−→ −dMn−1(a) for a ∈ (M [1])n.

Define

pn : Cone(u)n → (ΣM)n , (a, b, c) 7−→ b,

and

in : (ΣM)n → Cone(u)n, x 7−→ (fn−1(x), x, 0).

We check that p and i are chain maps.
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p chain map: Consider (a, b, c) ∈ Cone(u)n. We check that the following square commutes,

Nn−1 ⊕Mn−1 ⊕Nn Nn−2 ⊕Mn−2 ⊕Nn−1

Mn−1 Mn−2

d
Cone(u)
n

pn pn−1

dΣM
n

.

We have

pn−1d
Cone(u)
n (a, b, c) = pn−1

Ä
−dNn−1(a),−dMn−1(b), d

N
n (c) + fn−1(b)− a

ä
= −dMn−1(b)

= −dMn−1pn(a, b, c)

= dΣMn pn(a, b, c).

Hence p is indeed a chain map.

i chain map: Let x ∈ (ΣM)n =Mn−1. We check that the following square commutes,

Mn−1 Mn−2

Nn−1 ⊕Mn−1 ⊕Nn Nn−2 ⊕Mn−2 ⊕Nn−1

dΣM
n

in in−1

d
Cone(u)
n

.

We find that

dCone(u)n in(x) = dCone(u)n (fn−1(x), x, 0)

=
Ä
−dNn−1(fn−1(x)),−dMn−1(x), fn−1(x)− fn−1(x)

ä
=
Ä
−fn−2d

M
n−1(x),−dMn−1(x), 0

ä
, since f is a chain map

= in−1

Ä
−dMn−1(x)

ä
= in−1d

ΣM
n (x).

Hence i is a chain map.

Define hn : Cone(u)n → Cone(u)n+1, hn(a, b, c) = (−c, 0, 0). This is evidently a homo-
morphism in each degree. We find that

d
Cone(u)
n+1 hn(a, b, c) = d

Cone(u)
n+1 (−c, 0, 0)

=
Ä
dNn (c), 0, c

ä
and

hn−1d
Cone(u)
n (a, b, c) =

Ä
a− fn−1(b)− dNn (c), 0, 0

ä
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so thatÄ
d
Cone(u)
n+1 hn + hn−1d

Cone(u)
n

ä
(a, b, c) =

Ä
dNn (c), 0, c

ä
+
Ä
a− fn−1(b)− dNn (c), 0, 0

ä
= (a− fn−1(b), 0, c)

= (a, b, c)− (fn−1(b), b, 0)

=
(
idCone(u)−(i ◦ p)

)
n
(a, b, c),

so that i ◦ p ≃ idCone(u). Clearly pn ◦ in = id(ΣM)n
, so that p ◦ i = idΣM . We conclude that

ΣM ≃ hcoker(u).

3.3 Homotopy kernels

We recall that in for example ModR (and additive categories more generally; cf. [Yek19,

Def. 2.3.1]), given a morphism M
f−→ N of R-modules, there is an R-module ker(f)

equipped with a morphism ker(f)
k−→M , satisfying

1. f ◦ k = 0.

2. If k′ : K ′ → M is any other R-module homomorphism such that f ◦ k′ = 0, then
there is a unique morphism g : K ′ → K such that k′ = k ◦ g. We may represent this
with the following diagram,

K M N

K ′

k
f

0

∃!g
k′

.

One checks that the kernel ker(f) of an R-module homomorphism M
f−→ N is precisely

the pullback

ker(f) 0

M N

⌟

of the cospan M
f−→ N ←− 0.

We call a A
u−→ B

v−→ C a kernel sequence if

(i) v ◦ u = 0.

(ii) (A,A
u−→ B) is a kernel of v.

We now define the corresponding “homotopical” notion of a kernel, in ChR.

Definition 3.3.1 (Homotopy kernel). Let M•
f•−−−→ N• be a chain map in ChR. Then

the homotopy kernel of f• is a chain complex hker(f•) together with a universal chain
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map hker(f•)
v•−−−→M• such that for any chain complex T•, postcomposition with v• and

specified witnessing chain homotopy 0•
η•⇒ f• ◦ v• induces a natural bijection

homChR(T•, hker(f•)) ≈
¶
(g•, ν•)

∣∣∣ morphism g•:T•→M•
0•

ν•⇒ f•◦g• null-homotopy

©
. (3.3.1)

More explicitly, a homotopy kernel is the data of a triple (hker(f•), v•, η•) where the “post-
composition” homChR(T•, hker(f•)) ∋ α• 7−→ (v• ◦ α•, η•α•) determines the bijection 3.3.1
(cf. 3.2.3). Another way to phrase this, is that hker(f•) is the homotopy pullback

hker(f•) 0•

M• N•

v•
η•

f•

of the diagram M•
f•−−→ N• ←− 0•.

Theorem 3.3.2. With the model hcoker(f•) = Cone(f•) of a chain map M•
f•−→ N• in

ChR, we have that Σ−1hocoker(f•)
π−→M•, defined in degree n as the projection to the first

argument Mn, is a homotopy kernel of f•, with witnessing chain homotopy h : 0• ≃ f• ◦ π
defined in degree n by hn(a, b) = −b.

Proof. Let K• := Cone(f•)[−1], i.e. so that Kn =Mn ⊕Nn+1. First, it is easy enough to
check that π is a chain map.

0
h≃ f• ◦ π: Consider hn : Kn → Nn+1 on elements by (a, b) 7−→ −b. This is an evident

family of homomorphisms for n ∈ Z. Let (m,x) ∈ Kn. ThenÄ
dNn+1hn + hn−1d

K
n

ä
(m,x) = dNn+1(−x) + hn−1

Ä
dMn (m),−dNn+1(x)− fn(m)

ä
= fn(m)

= (fn ◦ π)(m,x).

Hence h := (hn)n∈Z is a chain homotopy 0 ≃ f• ◦ π.

Universal property: Let T• be any chain complex in ChR with a chain map α• : T• → K•.
Since αn maps into a (categorical) product, the universal property (in ModR) gives that
αn = (gn, sn) with gn : Tn → Mn and sn : Tn → Nn+1. In particular, we see that
π ◦ α = g : T• →M•. Since α is a chain map, it follows that dKα = αdT , which in degree
n is the same as Ä

dMn gn,−dNn+1 ◦ sn − fngn
ä
=
Ä
gn−1d

T
n , sn−1d

T
n

ä
.

Comparing first arguments gives that g• := (gn)n∈Z is a chain map. Comparing second
arguments, we see that s := (−sn)n∈Z = (hnαn)n∈Z is a chain homotopy 0• ≃ f• ◦ g•.

Now instead assume we have a chain map g• : T• →M• and a chain homotopy 0•
s≃ f•◦g•.

Let α := (αn)n∈Z with αn(t) := (gn(t),−sn(t)). Then

dKn αn(t) =
Ä
dMn gn(t), d

N
n+1sn(t)− fngn(t)

ä
=
Ä
gn−1d

T
n (t),−sn−1d

T
n (t)
ä

= αn−1d
T
n (t),
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so that α is a chain map T• → K•. One checks that the two operations described above
are mutual inverse operations, hence gives a bijection, where the first direction is precisely
the defining operation by “postcomposition” with (π, h). The conclusion follows.

Remark 3.3.3. Note that since Σ−1hcoker(f) ∼= hker(f) by theorem 3.3.2, and since
Σ−1hcoker(f) is acyclic iff hcoker(f) is acyclic, it follows by theorem 3.2.15 that hker(f) is
acyclic iff f is a quasi-isomorphism.

Theorem 3.3.4. For any morphism M
f−→ N in ChR, the dashed arrows below are homo-

topy equivalences.

M

hker(u) N hker(f) 0

0 hcoker(f) M hcoker(v)

N

f

u v

f

Proof. Recall definition 3.1.15. Let’s work with models hcoker(f) = Cone(f) and hker(f) =
Cone(f)[−1] for any morphism f in ChR. We saw in theorem 3.3.2 that projection to the
first factor was the universal map for this model of the homotopy kernel, and we have seen
that (cf. proof of 3.2.6) u : N → C• defined in degree n by b 7−→ (0,−b) is the universal
map of the homotopy cokernel model C•.

M 99K hker(u) is a homotopy equivalence: We first observe that we have that

Cone(u)n = Nn−1 ⊕ Cone(f)n

= Nn−1 ⊕Mn−1 ⊕Nn.

Hence

hker(u)n =
(
Σ−1Cone(u)

)
n

= Cone(u)n+1

= Nn ⊕Mn ⊕Nn+1.

Since desuspension shifts the differential one degree upwards and puts a minus sign in
front of it, we find that for (x, a, b) ∈ Nn ⊕Mn ⊕Nn+1 we have

dhker(u)n (x, a, b) =
Ä
dNn (x), d

M
n (a),−dNn+1(b)− fn(a) + x

ä
.

We need to find the induced map M 99K hker(u). Assume we are given the chain map

M
f−→ N and a null-homotopy 0

µ⇒ u◦f . Observe that in degree n we have that (u◦f)n(a) =
(0,−fn(a)) for a ∈ Mn. By the proof of theorem 3.2.6 we see that γ = (γn)n∈Z defined
by γn : Mn → Cone(f)n+1 = Mn ⊕ Nn+1, a 7−→ (−a, 0) is the requisite witnessing
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null-homotopy 0 ⇒ u ◦ f . By the proof of theorem 3.3.2 we then find that the dashed
arrow α :M 99K hker(u) is on the form αn = (fn,−γn) so that

αn(a) = (fn(a),−(−a, 0))
= (fn(a), a, 0).

Define βn : hker(u)n = Nn ⊕Mn ⊕ Nn+1 → Mn by βn(x, a, b) := a. An easy check gives
that β is a chain map.

It is immediate that β ◦ α = idM . Let s := (sn)n∈Z where sn : hker(u)n → hker(u)n+1 be
defined by sn(x, a, b) = (b, 0, 0). Then we find that

d
hker(u)
n+1 sn(x, a, b) =

Ä
dNn+1(b), 0, b

ä
and

sn−1d
hker(u)
n (x, a, b) =

Ä
−dNn+1(b)− fn(a) + x, 0, 0

ä
.

Hence Ä
dker(u)s+ sdker(u)

ä
n
(x, a, b) = (x− fn(a), 0, b)

= (idhker(u)−(α ◦ β))n(x, a, b).

Therefore α ◦ β ≃ idhker(u). We conclude that M 99K hker(u) is a homotopy equivalence.

hcoker(v) 99K N is a homotopy equivalence: Let K• := hker(v) = Cone(f)[−1], so that

Kn =Mn⊕Nn+1 and dKn (a, b) =
(
dMn (a),−dNn+1(b)− fn(a)

)
with universal map v : K• →

M defined by vn(a, b) = a, together with witnessing specified nullhomotopy

0
h≃ f ◦ v, hn(a, b) = −b, (cf. proof of theorem 3.3.2).

Let E• := hcoker(v) = Cone(v), so that

En = Kn−1 ⊕Mn

=Mn−1 ⊕Nn ⊕Mn

and with differential

dEn (a, b, c) =
Ä
−dKn−1(a, b), d

M
n (c) + vn−1(a, b)

ä
=
Ä
(−dMn−1(a), d

N
n (b) + fn−1(a)), d

M
n (c) + a

ä
=
Ä
−dMn−1(a), d

N
n (b) + fn−1(a), d

M
n (c) + a

ä
.

Observe that the last equality above is really a canonical isomorphism.

We next investigate how q : E• 99K N is induced. From the proof of theorem 3.2.6 we see
that qn(a, b, c) = −hn−1(a, b)− fn(c) = b− fn(c).

To show that q is a homotopy equivalence, let j : N → E• be defined by jn(y) = (0, y, 0).
It is straightforward to check that j defines a chain map. Then q ◦ j = idN . On the other
hand, if we let ℓn : En → En+1 be defined by ℓn(a, b, c) = (c, 0, 0), then

dEn+1ℓn(a, b, c) = dEn+1(c, 0, 0)

=
Ä
−dMn (c), fn(c), c

ä
,
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and

ℓn−1d
E
n (a, b, c) = ℓn−1

Ä
−dMn−1(a), d

N
n (b) + fn−1(a), d

M
n (c) + a

ä
=
Ä
dMn (c) + a, 0, 0

ä
.

Therefore, we find thatÄ
dEℓ+ ℓdE

ä
n
(a, b, c) = (a, fn(c), c)

= (a, b, c)− (0, b− fn(c), 0)
= (a, b, c)− jnqn(a, b, c)
= (idE −j ◦ q)n(a, b, c).

It follows that idE −jq = dEℓ+ ℓdE so that idE ≃ j ◦ q. We conclude that q : E• 99K N is
a homotopy equivalence.

We say that two sequence A
a−→ B

b−→ C and A′ a′−→ B′ b′−→ C ′ in ChR are homotopy
equivalent if there are vertical homotopy equivalences as indicated below such that the
two squares commute up to chain homotopy

A B C

⟲ up to chain homotopy ⟲ up to chain homotopy

A′ B′ C ′

a

≃

b

≃ ≃

a′ b′

.

The reason such sequences are interesting, is that when going to homology, the nth ho-
mology functor Hn turns this into actual commuting squares in ModR, where homotopy
equivalences becomes isomorphisms, i.e. we get an isomorphism of sequences in ModR
(same notion as homotopy equivalent sequences but with homotopy equivalences ≃ re-
placed by isomorphisms ∼= and occuring in ModR instead of ChR).

In particular, theorem 3.3.4 gives us, for any chain map M
f−→ N , the following homotopy

equivalent sequnces,

M N hcoker(f)

hker(u) N hcoker(f)

f

≃

u

id id

u

and

hker(f) M hcoker(v)

hker(f) M N

v

id id ≃

f

.

Observe that the lower row in the left diagram is a homotopy kernel sequence and the
upper row is a homotopy cokernel sequence, while the upper row in right diagram is a
homotopy cokernel sequence and the lower row is a homotopy kernel sequence, so at the
level of homology they are the same up to isomorphisms.

This is not true (exchanging homotopy equivalence for isomorphism) in for example ModR:
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• Let A
u−→ B

v−→ C be a kernel sequence in ModR. Then v◦u = 0 and (A, u) is a kernel
of v. That u is a kernel of v implies that u is a monomorphism, which is equivalent
to u being injective (see Lemma5.4.3). One may further show that u being a kernel
of v means that im(u) = ker(v). Hence we may augment the sequence to an exact
sequence 0 → A

u−→ B
v−→ C. If v is a cokernel of u then this implies that v is

epic, which by Lemma 5.3.3 tells us that v is surjective, so we may further augment
the sequence to an exact sequence 0 → A

u−→ B
v−→ C → 0. This shows that if v

is not surjective, then a kernel sequence can not be a cokernel sequence, e.g. take

0
u=0−−→ Z v:=·2−−−→ Z. Since ker(v) = 0 ⇔ v is injective it follows that 0

u−→ Z is its
kernel, so this is a kernel sequence. But im(v) = 2Z so v is not surjective, hence this
is not a cokernel sequence.

• On the other hand if A
u−→ B

v−→ C is a cokernel sequence then v ◦ u = 0 and (C, v)
is a cokernel of u. Then one may show that ker(v) = im(u) so it follows that we
can augment this to an exact sequence A

u−→ B
v−→ C → 0. If u is a kernel of

v then u is monic hence injective so we may augment this further to a sequence
0 −→ A

u−→ B
v−→ C −→ 0. It follows that a cokernel sequence being a kernel sequence

implies u is injective. Hence if we have a cokernel sequence on the form A
u−→ B

v−→ C
with u not injective then it can not be a kernel sequence. Take for example the

sequence Z 0−→ Z id−→ Z. The composition id ◦ 0 = 0 is clearly zero and coker(0) = idZ

so this is a cokernel sequence, but Z 0−→ Z is not injective, hence this is not a kernel
sequence.

We summarize the definition of the homotopy kernel and cokernel given in §3.2 and §3.3,
and how they relate to the corresponding kernel and cokernel notions in ModR. For the
analogy between kernels in ModR and homotopy kernels in ChR, we have the following:

ModR ChR
ker(f) 0

M N

⌟

f

hker(f•) 0

M• N•f•

homModR(T, ker(f)) ≈ {g : T →M | f ◦ g = 0} homChR(T•, hker(f)) ≈ {g• : T• →M• | f• ◦ g•
ν•≃ 0}.

.

For cokernels in ModR, respectively homotopy cokernels in ChR, we have the following
relationships

ModR ChR
M N

0 coker(f)

f

⌜

M• N•

0 hcoker (f•)

f•

homModR(coker(f), T )

≈ {g : N → T | g ◦ f = 0}

homChR(hcoker(f), T )

≈
ß
g• : N• → T• | g• ◦ f•

h•≃ 0

™
.

.
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It is quite clear from the above comparisons that the definitions of homotopy kernel and
homotopy cokernel in ChR are as close as you can get to the corresponding notions of kernel
and cokernel in ModR if one replaces equalities with chain homotopies. Observe however
that the bijections in the homotopical case involve a choice of witnessing nullhomotopy,
and that one may emphasize this choice by decorating the arrow =⇒ in the homotopical
pullback and pushout diagrams with the specified witness (although we don’t do that in
the above tables).

3.4 Exact sequences

Definition 3.4.1 (Exact complex). We say that a chain complex M• ∈ ChR is exact in
degree n if Hn(M•) = 0.

Definition 3.4.2 (Short exact sequence). A sequence of R-modules

0 −→M
f−−→ N

g−−→ L −→ 0

in ModR such that f is injective, g surjective and im(f) = ker(g), is called an exact
sequence.

Remark 3.4.3. Observe that an exact sequence in ModR can also be seen as an acyclic
chain-complex in ChR.

Theorem 3.4.4. Let M
f−→ N be a chain map in ChR, the sequence

H0(M)
H0(f)−−−→ H0(N)

H0(u)−−−→ H0(hcoker(f))

is exact.

Proof. Let’s choose the specific cone model Cone(f) for hcoker(f). Recall diagram 3.2.1.
Since H0(−) is functorial, since H0(0) = 0 and since H0(−) identifies chain homotopic maps,
it follows that im (H0(f)) ⊆ ker (H0(u)). It remains to show that ker (H0(u)) ⊆ im (H0(f)).
Let [b] ∈ ker (H0(u)) be such that

H0(u)[b] = 0. (3.4.1)

Since [b] ∈ H0(N) we have that b ∈ N0 with dN0 (b) = 0. With the cone model, 3.4.1 means
that [(0,−b)] = 0. It follows that (0,−b) ∈ C0 is a boundary, so there exists an element
(a, c) ∈M0 ⊕N1 such that

d
Cone(f)
1 (a, c) =

Ä
−dM0 (a), dN1 (c) + f0(a)

ä
= (0,−b).

It follows that dM0 (a) = 0 so that a is a 0-cycle in M , and so that f0(a) + dN1 (c) = −b, i.e.
so that f0(a) and −b differ by a boundary, so that they become equal in H0(N) (observe
that if a is a 0-cycle then −a is a 0-cycle in M so that f0(−a) is a 0-cycle in N0 since f is
a chain map). Hence

H0(f)[(−a)] = [−f0(a)]
= [b],

so that [b] ∈ im (H0(f)). Therefore, im (H0(f)) = ker (H0(u)). Exactness follows.
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Theorem 3.4.5. Given a sequence of morphisms

0 −→ L
f−−→M

g−−→ N −→ 0

in ChR that is exact in each dimension, there is an associated long exact sequence

. . . Hn+1(N)

Hn(L) Hn(M) Hn(N)

Hn−1(L) . . .

Hn+1(g)

∂

Hn(f) Hn(g)

∂

Hn−1(f)

(3.4.2)

Remark 3.4.6. We call the morphisms ∂ in diagram 3.4.2 connecting homomorphisms.

Proof. See [Hat01, pp. 116-117].

Starting with a morphism M
f−→ N of complexes in ChR, we have seen that we get an

associated sequence of maps

hker(f)
v−−→M

f−−→ N
u−−→ hcoker(f).

Now observe that we also have homotopy cokernel sequence

hker(u)→ N
u−→ hcoker(f).

In theorem 3.3.2 we saw that Σ−1hcoker(f) is a homotopy kernel of f ⇝ Σ
(
Σ−1hcoker(f)

) ∼=
hcoker(f) ∼= Σhker(f), and theorem 3.2.18 told us that ΣM ≃ hcoker(u). Furthermore, we
recall that Hn ◦Σk ∼= Hn−k, so in particular H0 ◦Σk ∼= H−k for all k ∈ Z. Then we observe
the following:

(1) M
f−→ N

u−→ hcoker(f) is clearly a homotopy cokernel sequence.

(2) Consider the homotopy cokernel sequence N
u−→ hcoker(f)

r−→ hcoker(u). By theorem
3.4.4 the associated sequence in 0th homology

H0(N)
H0(u)−−−→ H0(hcoker(f))

H0(r)−−−→ H0(hcoker(u))

is exact. By 3.2.18 we have that hcoker(u) ≃ ΣM are homotopy equivalent. Taking
homology, we see that H0 (hcoker(u)) ≈ H0 (ΣM) are isomorphic. Therefore, the
associated sequence

H0(N)
H0(u)−−−→ H0(hcoker(f))

β−→ H0 (ΣM)

is exact (with the appropriate map β). Recall that Hn ◦ Σk ∼= Hn−k. It follows that
we may replace H0 (ΣM) by H−1(M) and get an exact sequence

H0(N)
H0(u)−−−→ H0(hcoker(f))

α−→ H−1(M).
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(3) Let M
q−→ hcoker(v) and hcoker(v)

ℓ
99K N be as in the rightmost diagram in the

statement of theorem 3.3.4. Then ℓ ◦ q ≃ f are homotopic maps, and furthermore ℓ
is a homotopy equivalence. Taking the 0th homology, we find that

H0(ℓ ◦ q) = H0(ℓ) ◦ H0(q)

= H0(f),

with H0(ℓ) an isomorphism. Therefore, exactness of

H0(hker(f))
H0(v)−−−→ H0(M)

H0(q)−−−→ H0(hcoker(v))

is equivalent to exactness of

H0(hker(f))
H0(v)−−−→ H0(M)

H0(f)−−−→ H0(N), (3.4.3)

and the former sequence is induced from the homotopy cokernel sequence

hker(f)
v−→M

q−→ hcoker(v),

hence is exact by theorem 3.4.4. It follows that the latter sequence (3.4.3) is exact.

Summarizing, from (1)-(3) we obtain the following exact sequences,
H0(M)

H0(f)−−−→ H0(N)
H0(u)−−−→ H0(hcoker(f))

H0(N)
H0(u)−−−→ H0(hcoker(f))

α−→ H−1(M)

H0(hker(f))
H0(v)−−−→ H0(M)

H0(f)−−−→ H0(N)

.

Furthermore, we again recall that Σk preserves homotopy cokernel sequences, homotopy
equivalences and chain homotopies. It follows that for each k, we get exact sequences

H0

(
ΣkM

)
−→ H0

(
ΣkN

)
−→ H0

(
Σkhcoker(f)

)
H0

(
ΣkN

)
−→ H0

(
Σkhcoker(f)

)
−→ H0(Σ

k+1M)

H0

(
Σkhker(f)

)
−→ H0

(
ΣkM

)
−→ H0

(
ΣkN

) ,

⇝


H−k(M)→ H−k(N)→ H−k(hcoker(f))

H−k(N)→ H−k(hcoker(f))→ H−k−1(M)

H−k(hker(f))→ H−k(M)→ H−k(N)

are exact sequences.

We have a long sequence of maps

· · · Σ−1M Σ−1N Σ−1hcoker(f)

hker(f) M N hcoker(f)

Σhker(f) ΣM ΣN · · ·

Σ−1v Σ−1f Σ−1u

∼=

v f u

∼=

Σv Σf Σu

.
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Then taking 0th homology, i.e. applying H0( · ) to the above, we get (up to appropriate
homotopies) the long exact sequence in homology (i.e. in ModR)

· · · H1(M) H1(N) H1(hcoker(f))

H0(hker(f)) H0(M) H0(N) H0(hcoker(f))

H−1(hker(f)) H−1(M) H−1(N) · · ·

∂
∼=

∂
∼=

.

(3.4.4)

Observation: If we start with a short exact sequence 0 −→ L
f−−→ M

g−−→ N −→ 0
of complexes in ChR, then since it is exact in each degree, f is levelwise injective and
coker(fn) ∼= Nn. Furthermore these levelwise isomorphisms assemble into an isomorphism

of complexes coker(f) ∼= N . By theorem 3.2.11 the canonical map hcoker(f)
≈−→ coker(f)

is a quasi-isomorphism. Therefore it follows that N and hcoker(f) are quasi-isomorphic.
Hence we have isomorphisms Hn(hcoker(f)) ∼= Hn(N) in each degree n. Hence if we apply

the general reasoning in 3.4.4 to the morphism L
f−→M we get a long exact sequence

· · · → H1(L)→ H1(M)→ H1(hcoker(f))
∂−→ H0(M) −→ H0(N)→ · · ·

which we may then replace with a long exact sequence

· · · → H1(L)→ H1(M)→ H1(N)
∂−→ H0(L) −→ H0(M)→ · · · ,

that is, we get back the long exact sequence coming from theorem 3.4.5. The point of this
observation, is that the general construction in 3.4.4 recovers the sequence we get from
3.4.5.
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Chapter 4

Introducing the dg-category of
complexes

4.1 Hom-complexes

Definition 4.1.1 (Hom-complexes). Let M,N ∈ ChR be complexes. Then we define
homChR(M,N) ∈ Chk in degree n as

homChR(M,N)n :=
∏
i∈Z

homModR(Mi, Ni+n),

with differential ∏
i∈Z

homModR(Mi, Ni+n)
dn−−−→

∏
i∈Z

homModR(Mi, Ni+n−1),

defined explicitly as

{fi ∈ homModR(Mi, Ni+n)}i∈Z
dn7−−−→

¶Ä
dNi+n ◦ fi + (−1)n−1fi−1 ◦ dMi

ä
∈ homModR(Mi, Ni+n−1)

©
i∈Z

.

(4.1.1)

Remark 4.1.2. We may at times write hom(M,N) instead of homChR(M,N).

Theorem 4.1.3. homChR(M,N) is a complex in Chk.

Proof. k-module: Observe that since R is a k-algebra, k acts centrally, hence each
homModR(Mi, Ni+n) is a k-module with multiplication

k× homModR(Mi, Ni+n) ∋ (λ, fi) 7−→ λ · fi ∈ homModR(Mi, Ni+n).

Taking the (direct) product over i ∈ Z is still internal to Chk, and the conclusion follows.
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d2 = 0: Let f := (fi)i∈Z. Then

dn−1dnf = dn−1

Ä
dNi+n ◦ fi + (−1)n−1 · fi−1 ◦ dMi

ä
= dNi+n−1d

N
i+nfi︸ ︷︷ ︸

=0

+(−1)n−1dNi+n−1fi−1d
M
i

+ (−1)n−2dNi+n−1fi−1d
M
i + (−1)2n−3fi−2 d

M
i−1d

M
i︸ ︷︷ ︸

=0︸ ︷︷ ︸
=0

= (−1)n−1dNi+n−1fi−1d
M
i + (−1)n−2dNi+n−1fi−1d

M
i

= 0.

The conclusion follows.

We observe the following:

(a) Since, by definition,

Z0(homChR(M,N)) = ker
(
homChR(M,N)0

d0−→ homChR(M,N)−1

)
with

homChR(M,N)0 =
∏
i∈Z

homModR(Mi, Ni)

and an element in the kernel is then precisely an element (f)i∈Z in the product, with
fi :Mi → Ni, such that d0(f) = 0. This means that

(d0f)i = dNi ◦ fi − fi−1d
M
i

= 0

⇔ dNi fi = fi−1d
M
i , ∀i ∈ Z,

i.e. the maps fi must assemble into a chain map. Since clearly homChR(M,N) ⊂∏
i∈Z homModR(Mi, Ni) (under the identification f 7−→ (fi)i∈Z) and the above shows

inclusion in the other direction, it follows that

Z0

(
homChR(M,N)

)
= homChR(M,N).

(b) Since a nullhomotopy 0
h⇒ f is the data of homomorphisms h :M → N [−1] such that

for all i ∈ Z we have dNi+1hi+hi−1d
M
i we find that, since for any h ∈ homChR(M,N)1

we have the formula

(d1h)i = dNi+1hi + hi−1d
M
i .

for the 1st differential, this gives that f is nullhomotopic iff there is an element
h ∈ HomChR(M,N)1 such that d1(h) = f .
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Taken together, (a) and (b) shows that the induced map Φ̃ below, from the k-module
isomorphism Φ, is itself a k-module isomorphism,

(fi)i∈Z f

Z0(hom(M,N)) homChR(M,N)

H0(hom(M,N)) homChR(M,N)/(nullhomotopic maps)

Φ

Φ̃

. (4.1.2)

Observe that Φ̃ is defined by taking [f ] in homology to [f ] viewed as what we may call its
homotopy class, where f ∼ g iff f − g is nullhomotopic.

Before our next set of observations, to not confuse the reader unnecessarily, we refer back
to remark 3.2.14.

We observe that(
Σihom(M,N)

)
j
= hom(M,N)j−i

=
∏
n∈Z

homModR(Mn, Nn+j−i)

=
∏
ℓ∈Z

homModR(Mℓ+i, Nℓ+j), after reindexing with ℓ = n− i

=
∏
ℓ∈Z

homModR

((
Σ−iM

)
ℓ
, Nℓ+j

)
= hom

(
Σ−iM,N

)
j
.

Since iterated shifts may introduce sign changes in differentials one has to be more careful
about differentials: From the above we define Φ :

(
Σihom(M,N)

)
→ hom

(
Σ−iM,N

)
j

explicitly by (Φj(f))ℓ = (−1)ijfℓ+i for f ∈ hom
(
ΣiM,N

)
j
. It is straightforward to

check that Φj is k-linear. Let Ψj : hom
(
Σ−iM,N

)
j
→
(
Σihom(M,N)

)
j
be defined by

(Ψj(g))n = (−1)ijgn−i with g ∈ hom
(
Σ−1M,N

)
j
.

Then we see that

(Ψj(Φj(f)))n = (−1)ij(Φj(f))n−i
= (−1)2ijf(n−i)+i
= fn

and

Φj(Ψj(g))n = (−1)ij(Ψj(g))n+i

= (−1)2ijg(n+i)−i
= gn.
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Hence Ψj is a two-sided inverse to Φj so is also k-linear. Then Φ := (Φj)j∈Z has an inverse
Ψ := (Ψj)j∈Z. It is then enough to show that Φ is a chain map, i.e. a morphism in Chk:
We compute thatÅ

d
hom(Σ−iM,N)
j (Φj(f))

ã
ℓ

= dNj+ℓΦj(f)ℓ + (−1)j−1(Φj(f))ℓ−1d
Σ−iM
ℓ

= (−1)ijdNj+ℓfℓ+i + (−1)(j−1)+ijfℓ−1+i(−1)−idMi+ℓ
= (−1)ijdNj+ℓfℓ+i + (−1)(j−1)+ij−ifℓ−1+id

M
i+ℓ.

We also have(
Φj−1

(
d
Σihom(M,N)
j (f)

))
ℓ
= (−1)i(j−1)

(
d
Σihom(M,N)
j (f)

)
ℓ+i

= (−1)i(j−1)
Ä
(−1)idhom(M,N)

j−i (f)
ä
ℓ+i

= (−1)i(j−1)(−1)idN(j−i)+ℓ+ifℓ+i + (−1)j−i−1+ij−i+ifℓ+i−1d
M
ℓ+i

= (−1)ijdNj+ℓfℓ+i + (−1)j−i−1+ijfℓ+i−1d
M
ℓ+i.

Comparison gives that the two computation agrees. We conclude that

Σihom(M,N) ∼= hom
(
Σ−iM,N

)
(4.1.3)

in Chk.

Furthermore, we note that(
Σihom (M,N)

)
ℓ
= hom(M,N)ℓ−i

=
∏
j∈Z

homModR(Mj , Nj+ℓ−i)

=
∏
j∈Z

homModR(Mj ,
(
ΣiN

)
j+ℓ

)

= hom
(
M,ΣiN

)
ℓ
.

The above computation motivates defining

Λℓ : Σ
ihom (M,N)ℓ → hom

(
M,Σ−iN

)
ℓ
, f 7−→ f,

i.e. as the identity map in each degree. What remains to check is that Λℓ “plays well”
with the differential, i.e. is a chain map. We computeÅ

d
hom(M,ΣiN)
ℓ Λℓ(f)

ã
n

=

Å
d
hom(M,ΣiN)
ℓ (f)

ã
n

= dΣ
iN

ℓ+n fn + (−1)ℓ−1fn−1d
M
n

= (−1)idNℓ+n−ifn + (−1)ℓ−1fn−1d
M
n .

On the other hand, we have(
Λℓ−1

(
d
Σihom(M,N)
ℓ (f)

))
n
=
(
d
Σihom(M,N)
ℓ (f)

)
n

=
Ä
(−1)idhom(M,N)

ℓ−i (f)
ä
n

= (−1)idNℓ−i+nfn + (−1)ℓ−i−1+ifn−1d
M
n .
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The two computations agree, and since Λℓ is an isomorphism, it follows that

Σihom(M,N) ∼= hom(M,ΣiN) in Chk.

Taken together, we then have

Σihom(M,N) ∼= hom
(
Σ−iM,N

) ∼= hom
(
M,ΣiN

)
in Chk. (4.1.4)

Below, we introduce a notion of “homotopies between homotopies”, and give a condition
when such a higher homotopy exists.

Theorem 4.1.4. Let f, g : M ⇒ N be chain maps, and let h0, h1 : f ⇒
⇒ g be homotopies.

Then there exists a notion of homotopy h0 ⇒ h1 such that such a homotopy exists iff
H1(homChR(M,N)) = 0.

Proof. Let’s define our notion of a homotopyH : h0 ⇒ h1 as an elementH ∈ homChR(M,N)2
such that d2(H) = h1 − h0 where we note that in component maps, Hi :Mi → Ni+2 and

(d2H)i = dNi+2Hi −Hi−1d
M
i

= (h1 − h0).

We observe that

d1(h1 − h0) = d1(h1)− d1(h0)
= (g − f)− (g − f), by (b) in our earlier remarks

= 0,

i.e. so that h1 − h0 is a 1-cycle.

⇐: If H1(hom(M,N)) = 0 then every 1-cycle is a 1-boundary, i.e. there is some H ∈
hom(M,N)2 such that d2(H) = h1 − h0. This shows one direction.

⇒: Assume that there is an element H ∈ homChR(M,N)2 such that d2(H) = h1 − h0 for
every pair of homotopies

h0, h1 : f
⇒
⇒ g

between chain maps f, g : M ⇒ N . Let z ∈ Z1(hom(M,N)) so that d1(z) = 0. Letting
f = g = 0 : M → N , then h0 : 0 ⇒ 0 is a homotopy, and since d1(z) = 0 = g − f
we have that h1 := z is a homotopy 0 ⇒ 0. By hypothesis, there exists an element
H ∈ hom(M,N)2 such that d2(H) = z−0 = z. Hence every 1-cycle is a boundary, so that
H1(hom(M,N)) = 0.

4.1.1 Brief interlude on enriched category theory

Before taking the next step towards defining the (derived) ∞-category of R-modules, we
need to present some further notions. For this, we turn to enriched category theory. For
reference, see [Rie14, Chapter 3.1-3.2 of part I].

Definition 4.1.5 (V-enriched category). To define a V-enriched category D, let (V,×,1)
be a symmetric monoidal category in the sense of [Mil25, Definition 2.1]. Then we
say that the data of a V-enriched category D consists of

• a collection of objects L,M,N ∈ D.
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• for each pair of objects L,M , there is a hom-object (cf. hom-complex in §4.1)
D(L,M).

• For each object L ∈ D there is a a morphism ιL : 1→ D(L,L).

• For each triple of objects L,M,N ∈ D there is a morphism

D(M,N)×D(L,M)
χL,M,N−−−−−→ D(L,N)

subject to the constraints that the following diagrams commute, for all objects
L,M,N,O ∈ D:

D(N,O)×D(M,N)×D(L,M) D(N,O)×D(L,N)

D(M,O)×D(L,M) D(L,O)

id×χL,M,N

χM,N,O×id χL,N,O

χL,M,O

, (4.1.5)

D(M,N)× 1 D(M,N)×D(M,M) 1×D(L,M) D(M,M)×D(L,M)

D(M,N) D(L,M)

id×ιM

∼=
χM,M,N

ιM×id

∼=
χL,M,M.

(4.1.6)
where the diagonal isomorphisms in the diagrams in 4.1.6 are the natural ones coming
from the symmetric monoidal structure on V.

4.2 The dg category of complexes

We now aim to define maps ιM and χL,M,N as in 4.1.5 such that ChR becomes enriched
over (Chk,⊗, k∼∼) (cf. theorem 2.5.4). For brevity we may write k instead of k

∼∼
, as perhaps

noted earlier.

Given L,M,N ∈ ChR, we want to construct a map

homChR(M,N)⊗ homChR(L,M)
χL,M,N−−−−−→ homChR(L,N)

in Chk. It is enough to define a map in each degree ℓ(
homChR(M,N)⊗ homChR(L,M)

)
ℓ

(χL,M,N )ℓ−−−−−−→ homChR(L,N)ℓ

which is the same as defining a map⊕
p+q=ℓ

homChR(M,N)p ⊗k homChR(L,M)q
(χL,M,N )ℓ−−−−−−→ homChR(L,N)ℓ (4.2.1)

We first define it on pure tensors homChR(M,N)p⊗homChR(L,M)q
(χL,M,N )ℓ−−−−−−→ homChR(L,N)ℓ,

where we may denote the domain as Ap ⊗ Bq for brevity. Defining a k-linear such map
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is the same as defining a bilinear map Ap ×Bq by the universal property of the (relative)

tensor product. If we let (f, g)
η7−→ f ◦ g with

(f ◦ g)i = fi+q ◦ gi. (4.2.2)

An easy check (using that every R-linear map is k-linear whenever R is a k-algebra) shows
that η is k-bilinear. Hence we get an induced map Ap ⊗Bq → homChR(L,N)ℓ defined by
(f ⊗ g) 7−→ (f ◦ g) with (f ◦ g)i = fi+q ◦ gi. By the universal property of the coproduct this
uniquely determines a k-linear map (χL,M,N )ℓ as in 4.2.1. These maps then assemble into
a family of maps χL,M,N .

It remains to show that (χL,M,N ) is a chain map in Chk. By linearity it is enough to check
this on pure tensors f ⊗ g ∈ Ap ⊗Bq. Recall that d(f ⊗ g) = d(f)⊗ g + (−1)pf ⊗ d(g).

We then find that

(χL,M,N )ℓ(d(f ⊗ g)) = (χL,M,N )ℓ(d(f)⊗ g + (−1)pf ⊗ d(g))
= d(f) ◦ g + (−1)pf ◦ d(g), by linearity of χ. (4.2.3)

In degrees, with fi :Mi → Ni+p and gi : Li →Mi+q we then see that

(d(f) ◦ g + (−1)pf ◦ d(g))i = (d(f) ◦ g)i + ((−1)pf ◦ d(g))i, since (u+ v)i = ui + vi

= (d(f))i+q ◦ gi + (−1)pfi+q ◦ (d(g))i, by (4.2.2)

= dNi+p+q ◦ fi+q ◦ gi + (−1)p−1fi+q−1 ◦ dMi+q ◦ gi
+ (−1)p

Ä
fi+q−1 ◦ dMi+q ◦ gi + (−1)q−1fi+q−1 ◦ gi−1 ◦ dLi

ä
= dNi+p+q ◦ fi+q ◦ gi +((((((((((((

(−1)p−1fi+q−1 ◦ dMi+q ◦ gi
+
(((((((((((
(−1)pfi+q−1 ◦ dMi+q ◦ gi + (−1)p+q−1fi+q−1 ◦ gi−1 ◦ dLi

= dNi+p+q ◦ fi+q ◦ gi + (−1)p+q−1fi+q−1 ◦ gi−1 ◦ dLi . (4.2.4)

On the other hand, we have that

d(χL,M,N (f ⊗ g))i = d(f ◦ g)i
= dNi+p+q ◦ (f ◦ g)i + (−1)p+q−1(f ◦ g)i−1 ◦ dLi
= dNi+p+q ◦ fi+q ◦ gi + (−1)p+q−1fi+q−1 ◦ gi−1 ◦ dLi . (4.2.5)

Comparing 4.2.4 and 4.2.5 we see that they agree, since i ∈ Z was arbitrary we see that
they agree in each degree, hence must be the same element. Since f and g were arbitrary
it follows that dχ = χd, i.e., χ is a chain map.

Furthermore, in accordance with definition 4.1.5 we define, for each M ∈ ChR, a chain
map (in Chk)

k
ιM−−→ homChR(M,M)

by (ιM )n = 0 for n ̸= 0 and

(ιM )0(λ) = λ idM , for all λ ∈ k.

To check that it is a chain map, we need to show that

d
homChR

(M,M)
n ◦ (ιM )n = (ιM )n−1 ◦ dkn.
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Since dkn = 0 for all n, the right-hand side is always zero. Hence (since (ιM )n = 0 for
n ̸= 0) it is enough to check that the left-hand side is zero for n = 0.

We find that for λ ∈ k, we have (in degree i)ÅÅ
d
homChR

(M,M)

0 ◦ (ιM )0

ã
(λ)

ã
i

=

Å
d
homChR

(M,M)

0 (λ idM )

ã
i

= dMi ◦ (λ idMi) + (−1)−1λ idMi−1 ◦dMi
= dMi ◦ λ idMi −λ idMi−1 ◦dMi
= 0,

since λ idM is a chain map (this follows directly from idM being a chain map). We conclude
that ιM is a chain map in Chk.

Definition 4.2.1 (Monoid in a monoidal category). Let (C,⊗,1) be a monoidal category.
Then an object M ∈ Ob(C) is a monoid if there are morphisms m : M ⊗M → M and
e : 1→M such that the following diagrams commute,

(M ⊗M)⊗M

M ⊗M M ⊗ (M ⊗M) 1⊗M M ⊗M M ⊗ 1

M M ⊗M M

m⊗id α−1
M,M,M

m id⊗m

e⊗id

λM
m

id⊗e

ρM

m

,

where α, λ, ρ are the associator, left unitor and right unitor, respectively, in C.

Consider the triple (homKR
(M,M), χM,M,M , ιM ). Checking on homogeneous elements

that the left diagram above commutes with respect to this triple, with m = χM,M,M and
e = ιM , comes down to verifying that f ◦ (g ◦ h) = (f ◦ g) ◦ h (i.e. enriched associativity),
which is straightforward to check from definition of enriched composition. That the right
diagram commutes follows essentially by definition of ιM and how λ and ρ were defined
in the proof (sketch) of theorem 2.5.4. Hence homKR

(M,M) with multiplication χM,M,M

and unit ιM is a monoid in the symmetric monoidal category
(
Chk,⊗, k∼∼

)
, or in this

particular instance, we may call homKR
(M,M) a dg-algebra (or dga).

Theorem 4.2.2. With the maps χL,M,N and ιM above, the category ChR is a Chk-enriched
in the sense of definition 4.1.5.

Proof. We need to show that χL,M,N and ιM participates in commutative diagrams as in
4.1.5 and 4.1.6 for all objects L,M,N,O ∈ ChR.

Diagram 4.1.5 commutes: One may check this on pure tensors h ⊗ f ⊗ g. Then showing
that the diagram commutes boils down to checking that h ◦ (f ◦ g) = (h ◦ f) ◦ g. We check
this in degrees, with h in degree r, f in degree p and g in degree q.

We have that

(h ◦ (f ◦ g))i = hi+p+q ◦ (f ◦ g)i, by (4.2.2)

= hi+p+q ◦ (fi+q ◦ gi)
= (hi+p+q ◦ fi+q) ◦ gi, since composition is associative in ModR

= (h ◦ f)i+q ◦ gi
= ((h ◦ f) ◦ g)i.
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The conclusion follows.

The diagrams in 4.1.6 commute: We again check this on pure tensors λ ⊗ f with f ∈
homChR(L,M)p in degree p and λ ∈ k (i.e., in degree zero). Let ℓ and r be the left
respectively right unitors ℓA : k⊗A ≈ A and rA : A⊗ k ≈ A defined in degree n as

k⊗An ≈ An, λ⊗ a (ℓA)n7−−−−→ λa,

with (rA)n defined similarly.

Since showing that two diagrams commute essentially boils down to the same computa-
tions, we will only do one, the rightmost one in 4.1.6. By going right-downwards in said
diagram, we get

λ⊗ f ιM⊗id−−−−→ (λ idM )⊗ f
χL,M,M−−−−−→ λ idM ◦f,

which in degree i ∈ Z gives

(λ idM ◦f)i = (λ idM )i+p ◦ fi
= λ idMi+p ◦fi
= λfi (4.2.6)

while going diagonally downards directly via ℓhomChR
(L,M) gives

λ⊗ f
ℓhomChR

(L,M)

7−−−−−−−−−→ λf,

which by definition of scalar multiplication means that λf = (λfi)i∈Z, which agrees with
4.2.6. The conclusion follows.

From now on, we denote this (Chk,⊗, k∼∼)-enriched category ChR with the structure maps

χL,M,N and ιM , as KR with homKR
(M,N) := homChR(M,N), which we will call the

dg-category of complexes of R-modules. Observe that the hom-complexes in this
category assemble the data of chain maps f, g : M ⇒ N , homotopies between chain
maps, and homotopies between homotopies into a single object. For a general element
H ∈ homKR

(M,N)n observe that d(H) = h1 − h0 means that h1 and h0 become equal in
homology (since they differ by a boundary), one may call this relationship for n≫ 0 (and
n≪ 0) keeping track of higher (and lower) homotopies.

Theorem 4.2.3. The following statements are equivalent.

(a) A complex M ∈ KR is contractible.

(b) homKR
(M,M) ∈ Chk is acyclic.

(c) The complex homKR
(M,M) is such that H0 (homKR

(M,M)) = 0.

(d) The element [idM ] ∈ H0 (homKR
(M,M)) is zero, i.e. [idM ] = 0.

Proof. (a) ⇒ (b): That M is contractible means that there is a nullhomotopy s : M →
M [−1], i.e. so that

dMi+1si + si−1d
M
i = idMi , ∀i ∈ Z.
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This is the same as (by definition of the 1st differential of the hom-complex) d1(s) = idM .

Let z ∈ Zn (homKR
(M,M)) be an arbitrary n-cycle. Then, by definition, dn(z) = 0. By

theorem 4.2.2 there is a chain map (composition)

homKR
(M,M)⊗ homKR

(M,M)
χM,M,M−−−−−→ homKR

(M,M).

Consider the element

s⊗ z ∈ homKR
(M,M)1 ⊗ homKR

(M,M)n ⊂ (homKR
(M,M)⊗ homKR

(M,M))n+1 .

Since χM,M,M is a chain map, we see that

dn+1((χM,M,M )n+1 (s⊗ z)) = (χM,M,M )n dn+1(s⊗ z)

⇔ dn+1(s ◦ z) = (χM,M,M )n

â
d1(s)︸ ︷︷ ︸
=idM

⊗z − s⊗ dn(z)︸ ︷︷ ︸
=0︸ ︷︷ ︸

=0

ì
⇔ dn+1(s ◦ z) = (χM,M,M )n (idM ⊗z)
⇔ dn+1(s ◦ z) = idM ◦z
⇔ dn+1(s ◦ z) = z,

where we in the last step used that (idM ◦z)i = idMn+i ◦zi = zi, i.e. idM ◦z = z, by (4.2.2).
Hence z is a boundary, and so it follows that z ∈ Bn (homKR

(M,M)). Since n and z was
arbitrary, it follows that

Hn (homKR
(M,M)) = 0

for all n ∈ Z, i.e. homKR
(M,M) is acyclic.

(b) ⇒ (c): Follows directly from definition, since if homKR
(M,M) is acyclic, then all its

homology groups vanish, so in particular H0 (homKR
(M,M)) = 0.

(c) ⇒ (d): After recalling that Z0 (homKR
(M,M)) = homChR(M,M) ∋ idM , the conclu-

sion is immediate from the hypothesis that H0(homKR
(M,M)) = 0.

(d) ⇒ (a): By hypothesis, idM is the boundary of some element

s ∈ homKR
(M,M)1 =

∏
i∈Z

homModR(Mi,Mi+1).

This means that d1(s) = idM , or written in components, this is

dMi+1 ◦ si + (−1)1−1si−1 ◦ dMi = idMi , ∀i ∈ Z
⇔ dMi+1 ◦ si + si−1 ◦ dMi = idMi , ∀i ∈ Z.

That is, s is a contraction (nullhomotopy) of its identity map, i.e. M is contractible.

Something special happens whenever we have a homotopy equivalence M → N in KR:
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Theorem 4.2.4. Let f : M → N be a homotopy equivalence in KR. Then there are
natural transformations

homKR
(−,M) −→ homKR

(−, N) and homKR
(M,−)←− homKR

(N,−)

which are natural equivalences, i.e. for each fixed complex L ∈ KR, there are homotopy
equivalences

homKR
(L,M) ≃ homKR

(L,N) and homKR
(M,L) ≃ homKR

(N,L).

Remark 4.2.5. Observe that when we say natural, we mean that they are natural with
respect to all chain maps, i.e. with respect Z0 (homKR

(M,N)) = homChR(M,N). In
fact, one can probably upgrade this statement (perhaps with appropriate tweaks to the
conditions) to a stronger statement about enriched naturality; see [Rie14, Def. 3.5.8, part
I].

Proof. By assumption, there is a chain map g : N → M such that f ◦ g ≃ idN and
g ◦ f ≃ idM .

homKR
(−,M) −→ homKR

(−, N): For each object L ∈ KR, define

(ΦL)n : homKR
(L,M)n → homKR

(L,N)n, u
χL,M,N (f⊗( · ))
7−−−−−−−−−−→ f ◦ u,

for elements u ∈ homKR
(L,M)n in degree n, with, recall, (f ◦u)i = fi+n ◦ui : Li → Ni+n.

Since f is a chain map, we have that d0(f) = 0. Therefore, it follows that

dn((ΦL)n(u)) = dn((χL,M,N )n(f ⊗ u))
= (χL,M,N )n−1(dn(f ⊗ u)), since χL,M,N is a chain map

= (χL,M,N )n−1

â
d0(f)︸ ︷︷ ︸
=0

⊗u

︸ ︷︷ ︸
=0

+f ⊗ dn(u)

ì
= (χL,M,N )n−1(f ⊗ dn(u))
= (ΦL)n−1(dn(u)).

Hence ΦL := ((ΦL)n)n∈Z assemble into a chain map. It remains to show that ΦL is
natural : Let α : L′ → L be an arbitrary chain map. Naturality amounts to checking that
the following square below to the right commmutes,

homChR(L
′, L) L′ homKR

(L,M) homKR
(L,N)

L homKR
(L′,M) homKR

(L′, N)

α

ΦL

α∗ α∗

ΦL′

∋

.
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An easy check, using that α is a 0-cycle in KR, together with how the differentials of
the hom-complexes are defined, gives that α∗ is in fact a chain map in Chk. Let u ∈
homKR

(L,M)n for arbitrary n ∈ Z. Then we see that

α∗(ΦL(u)) = (f ◦ u) ◦ α.

In degree i, this is

((f ◦ u) ◦ α)i = (f ◦ u)i ◦ αi
= fi+n ◦ ui ◦ αi. (4.2.7)

Next we compute

ΦL′ (α∗(u)) = f ◦ (u ◦ α).

In degree i, this is

(f ◦ (u ◦ α))i = fi+n ◦ ui ◦ αi.

Comparison with 4.2.7 shows that they are equal in each degree i, i.e. defines the same
chain map.

Let
ΨL : homKR

(L,N)→ homKR
(L,M), v 7−→ g ◦ v,

with recall g the homotopy inverse for f . Essentially the same computations as above shows
that ΨL = (ΨL)n∈Z is a chain map for each object L ∈ KR. Let h ∈ homKR

(M,M)1 be a
witnessing homotopy g ◦ f ≃ idM , i.e. so that

d(h) = g ◦ f − idM . (4.2.8)

Let A := homKR
(L,M). Consider the map h∗ : A → A[−1] defined by postcomposition,

i.e. h∗(u) = h ◦ u for u ∈ An with (h ◦ u)i = hn+i ◦ ui : Li →Mn+i+1.

Since h has degree one, and since recall that composition here is really defined in terms of
the tensor product and χ (see 4.2.3), it follows that

d(h ◦ u) = d(h) ◦ u− h ◦ d(u).

Then we see that

d(h∗(u)) + h∗(d(u)) = d(h ◦ u) + h ◦ d(u)
= d(h) ◦ u− h ◦ d(u) + h ◦ d(u)
= d(h) ◦ u
= ((g ◦ f)− idM ) ◦ u
= (g ◦ f) ◦ u− idM ◦u
= ΨL(ΦL(u))− idM ◦u
= ΨL(ΦL(u))− (idM )∗ (u)

⇒ dh∗ + h∗d = ΨLΦL − idA,

since (idM )∗ = idA. One may check that h∗ is k-linear, hence h∗ is a chain homotopy
ΨL ◦ ΦL ≃ idA. To show that ΦL ◦ ΨL ≃ idB with B = homKR

(L,N), use a witnessing
chain homotopy k ∈ homKR

(N,N)1.
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homKR
(M,−)←− homKR

(N,−): Analogous to the computations above with appropriate
changes (e.g. precompose with f : M → N instead of postcomposing when defining the
natural transformations). Perhaps the main difference here is that if d(h) = g ◦ f − idM ,
then for v ∈ homKR

(M,L)n we define H(v) = (−1)nv ◦ h to get the “right” cancellation.

4.3 (Important) properties of the dg-category of complexes
KR

4.3.1 Failure of preserving quasi-isomorphisms for dg-hom functors

We will see in §5.1 that “ordinary” hom and ⊗-functors obtained from ModR do not in
general respect (i.e. preserve) both kernels and cokernels. We aim to repair this “failure”
in two steps, by first going from ModR to ChR, and then from “ordinary” kernels and
cokernels to the homotopy kernels and cokernels we introduced in §3.

Consider the complex M• in example 3.1.17. Since M• is acyclic it follows that 0 → M•
is a quasi-isomorphism. However, upon applying the functor homKZ/4(M•,−) to this we
get a map

homKZ/4(M•, 0) ∼= 0→ homKZ/4(M•,M•).

Since M• it is not contractible, it follows by theorem 4.2.3 that homKZ/4(M•,M•) is not
acyclic which means that the induced map above can not be a quasi-isomorphism, hence we
can not expect that homKR

(M,−) preserves quasi-isomorphisms, in general. Essentially
the same reasoning applies to homKR

(−,M) with the 3.1.17 as a counter-example.

The failure of the functors above to preserve quasi-isomorphisms motivates the introduc-
tion of projective and injective resolutions, which are introduced in §5.

4.3.2 Tensor-hom adjunctions for ChR

Let R be a k-algebra (everything being commutative unital), let T ∈ Chk and letM ∈ ChR.
Then we may form the complex

T ⊗kM ∈ ChR.

That this in fact lives in ChR follows from the corresponding notions in ModR and Modk
(cf. remark 2.2.2) and how the differential is defined on the tensor-product.

If we let N ∈ ChR, then also N ∈ Chk, and we may then consider

homChk
(T,N),

with

homChk
(T,N)n =

∏
i∈Z

homModk(Ti, Ni+n), ∀n ∈ Z.

We saw in §2.4 that homk(Ti, Ni+n) has a natural (right) R-module structure. It follows
that so does the (direct) product above. Therefore homChk

(T,N) is an R-module in each
degree. Furthermore, an straightforward (degree-wise) check of the dg-differential shows
that ı́t is R-linear. It follows that homChk

(T,N) ∈ ChR.
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Theorem 4.3.1. For any T ∈ Chk and M,N ∈ ChR, we have natural isomorphisms

homChR (T ⊗kM,N) ≈ homChk

(
T, homChR(M,N)

)
≈ homChR

(
M, homChk

(T,N)
)
,

in Chk.

Remark 4.3.2. Compare with theorem 2.2.1.

Remark 4.3.3. The proof below is almost complete (as far as we can tell) in terms of
formality. We are skipping some steps in the computations involving how the functors
A(−,−,−), B(−,−,−) and C(−,−,−) (defined in the proof) act on triplets of morphisms
when it comes to showing that they are honest chain maps, but we have convinced ourselves
that in fact defining them as we do does give us chain maps, and we at least try to give a
plausible argument for why this is the case.

Proof. Let 
A := homChR (T ⊗kM,N)

B := homChk

(
T, homChR(M,N)

)
C := homChR

(
M, homChk

(T,N)
) . (4.3.1)

A ≈ B: Let n ∈ Z, and F ∈ An, i.e. so that F is a family of R-linear maps

Fs : (T ⊗kM)s → Nn+s

where

(T ⊗kM)s =
⊕
p+q=s

Tp ⊗kMq,

so consider pure tensors t⊗m with t ∈ Tp and m ∈Mq. Define Φn : An → Bn by

(Φn(F ))p(t)q(m) := Fp+q(t⊗m),

and define

Ψn : Bn → An

with φ ∈ Bn as
(Ψn(φ))s(t⊗m) := φp(t)q(m), p+ q = s

on the direct summand Tp ⊗k Mq ⊂
⊕

p+q=s Tp ⊗k Mq = (T ⊗k M)s. (By the universal
property of the coproduct this gives a unique map in each degree s).

Since An and Bn are k-modules, and how element-wise evaluation is defined, we see that
Φn and Ψn are k-linear. We claim that Φ := (Φn)n∈Z is a chain map, i.e. that

dBnΦn(F ) = Φn−1d
A
n (F ), ∀F ∈ An, ∀n ∈ Z.

Both sides above are elements of

Bn−1 = homChk

(
T, homChR(M,N)

)
n−1

=
∏
p∈Z

homModk

(
Tp, homChR(M,N)p+n−1

)

=
∏
p∈Z

homModk

Ñ
Tp,
∏
q∈Z

homModR (Mq, Np+n+q−1)

é
.
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Fix p, q ∈ Z and elements t ∈ Tp and m ∈Mq. Then we find that evaluation at p gives,Ä
dBnΦn(F )

ä
p
= d

homChR
(M,N)

p+n ◦ (Φn(F ))p + (−1)n−1(Φn(F ))p−1 ◦ dTp , by (4.1.1).

Evaluation at t then givesÄ
dBnΦn(F )

ä
p
(t) = d

homChR
(M,N)

p+n ◦ (Φn(F ))p(t) + (−1)n−1(Φn(F ))p−1 ◦ dTp (t)

Evaluating at q and then m ∈Mq then gives,Ä
dBnΦn(F )

ä
p
(t)q(m) =

Å
d
homChR

(M,N)

p+n ◦ (Φn(F ))p(t)
ã
q

(m)

+ (−1)n−1
Ä
(Φn(F ))p−1 ◦ dTp (t)

ä
q
(m)

= dNp+q+n ◦ (Φn(F ))p(t)q(m) + (−1)p+n−1(Φn(F ))p(t)q−1 ◦ dMq (m)

+ (−1)n−1
Ä
(Φn(F ))p−1 ◦ dTp (t)

ä
q
(m)

= dNp+q+n ◦ Fp+q(t⊗m) + (−1)p+n−1Fp+q−1

Ä
t⊗ dMq (m)

ä
+ (−1)n−1Fp+q−1

Ä
dTp (t)⊗m

ä
. (4.3.2)

We also have thatÄ
Φn−1d

A
n (F )

ä
p
(t)q(m) =

Ä
dAn (F )

ä
p+q

(t⊗m)

= dNp+q+n ◦ Fp+q(t⊗m) + (−1)n−1Fp+q−1 ◦ dT⊗kMp+q (t⊗m)

= dNp+q+n ◦ Fp+q(t⊗m)

+ (−1)n−1
Ä
Fp+q−1

Ä
dTp (t)⊗m+ (−1)pt⊗ dMq (m)

ää
= dNp+q+n ◦ Fp+q(t⊗m) + (−1)n−1Fp+q−1

Ä
dTp (t)⊗m

ä
+ (−1)p+n−1Fp+q−1

Ä
t⊗ dMq (m)

ä
.

Comparison with (4.3.2) gives that they agree for all p, for all t ∈ Tp, for all q and for all
m ∈Mq. Hence they must be the same map, i.e. Φ is a chain map.

To show that Ψ = (Ψn)n∈Z is a chain map, we first show that Ψn and Φn are mutual
inverses, for all n ∈ Z.

Let F ∈ An be arbitrary, let p, q ∈ Z, t ∈ Tp and m ∈Mq be arbitrary. Then

(Ψn(Φn(F )))p+q(t⊗m) = (Φn(F ))p(t)q(m)

= Fp+q(t⊗m).

Since F ∈ An was arbitrary, it follows that Ψn ◦ Φn = idAn .

On the other hand, let φ ∈ Bn be arbitrary and let p, q ∈ Z be arbitrary with t ∈ Tp and
m ∈Mq, then

(Φn(Ψn(φ)))p (t)q(m) = (Ψn(φ))p+q(t⊗m)

= φp(t)q(m).
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We conclude that Φn ◦Ψn = idBn . To see that Ψ is a chain map, observe that we already
showed that Φ is a chain map. Then

Ψn−1 ◦ dBn = Ψn−1 ◦ dnB ◦ idBn

= Ψn−1 ◦ dnB ◦ Φn ◦Ψn

= Ψn−1 ◦ Φn−1 ◦ dAn ◦Ψn, since Φ is a chain map

= id ◦ dAn ◦Ψn

= dAn ◦Ψn.

Hence Ψ is indeed a chain map. It remains to show naturality of Φ. The constructions
above was for fixed T,M,N , so we should spell out that Φ is really ΦT,M,N : homChR(T ⊗k
M,N)→ homChk

(T, homChR(M,N)), dependent on T ∈ Chk and M,N ∈ ChR, defined in
degree n as above. We may instead write this as

ΦT,M,N : A(T,M,N)→ B(T,M,N),

borrowing notation from (4.3.1). Naturality then amounts to the assertion that for every
triple of chain maps 

α : T ′ → T

β :M ′ →M

γ : N → N ′
, (4.3.3)

the following diagram commutes in each degree n,

F
(
ΦT,M,N

)
n
(F )

A(T,M,N)n B(T,M,N)n

A(T ′,M ′, N ′)n B(T ′,M ′, N ′)n

A(α, β, γ)n(F )
Ä
ΦT

′,M ′,N ′ä
n
A(α, β, γ)n(F )

?
= B(α, β, γ)n

((
ΦT,M,N

)
n
(F )
)

∋
(ΦT,M,N)

n

A(α,β,γ)n B(α,β,γ)n

Ä
ΦT ′,M′,N′ä

n

,

where for t′ ∈ T ′
p and m′ ∈ M ′

q, B(α, β, γ)n(φ) for φ ∈ B(T,M,N)n is defined as (sup-
pressing degrees with respect to enriched composition χ)

(B(α, β, γ)n(φ))p (t
′)q(m

′) := χ(E ⊗ χ(φ⊗ α))p(t′)q(m′)

= γp+q+n ◦ φp(αp(t′))q(βq(m′)),

where E (h) := χ(γ ⊗ χ(h⊗ β)) and

A(α, β, γ)n(F ) = χ(γ ⊗ χ(F ⊗ (α⊗ β))
= γ ◦ (F ◦ (α⊗ β))

⇒ ((A(α, β, γ))n(F ))s := γn+s ◦ Fs ◦ (α⊗ β)s.

One should here try to convince oneself that A(α, β, γ) and B(α, β, γ) are chain maps, since
they are defined in terms of χ which we recall is a chain map, together with appropriate
degree considerations (cf. with how we treat C(−,−,−) in the case B ≈ C).
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This means that on pure tensors t′ ⊗m′ with t′ ∈ T ′
p and m′ ∈ M ′

q where p + q = s, we
have (cf. (2.5.3)),

(A(α, β, γ)n(F ))s (t
′ ⊗m′) = γp+q+n ◦ Fp+q ◦ (αp(t′)⊗ βq(m′)).

We then compute that for arbitrary F ∈ A(T,M,N)n and t′ ∈ T ′
p,m

′ ∈M ′
q we have thatÄ

B(α, β, γ) ◦
Ä
ΦT,M,N (F )

ää
p
(t′)q(m

′) = γp+q+n ◦
Ä
ΦT,M,N (F )

ä
p
(αp(t

′))q(βq(m
′))

= γp+q+n ◦ Fp+q ◦
(
αp(t

′)⊗ βq(m′)
)
, (4.3.4)

whileÄÄ
ΦT

′,M ′,N ′ä
n
◦A(α, β, γ)n(F )

ä
p
(t′)q(m

′) = (A(α, β, γ)n(F ))p+q (t
′ ⊗m′)

= γp+q+n ◦ Fp+q ◦ (αp(t′)⊗ βq(m′)) (4.3.5)

Comparing 4.3.4 and 4.3.5 we see that they agree, and the conclusion follows.

B ≈ C: Define Θn : Bn → Cn by (Θn(φ))q(m)p(t) := (−1)pq(φp(t))q(m) for φ ∈ Bn, and
let Ωn : Cn → Bn be defined by

(Ωn(ψ))p(t)q(m) := (−1)pqψq(m)p(t),

for ψ ∈ Cn.

We have

(Ωn(Θn(φ)))p (t)q(m) = (−1)pq(Θn(φ))q(m)p(t)

= (−1)2pqφp(t)q(m)

= φp(t)q(m)

and

(Θn(Ωn(ψ)))q(m)p(t) = (−1)pq(Ωn(ψ))p(t)q(m)

= (−1)2pqψq(m)p(t)

= ψq(m)p(t).

Hence Θ := (Θn)n∈Z and Ω := (Ωn)n∈Z are degree-wise inverses. It is then enough (cf.
the A ≈ B case) to show that Θ is a chain map.

We have that, Ä
dCnΘn(φ)

ä
q
= d

hom(T,N)
q+n ◦Θn(φ)q + (−1)n−1Θn(φ)q−1 ◦ dMq .

Evaluation at m ∈Mq and t ∈ Tp givesÄ
dCnΘn(φ)

ä
q
(m)p(t) = d

hom(T,N)
q+n ◦Θn(φ)q(m)p(t) + (−1)n−1Θn(φ)q−1

Ä
dMq (m)

ä
p
(t)

= dNp+q+n(Θn(φ))q(m)p(t) + (−1)q+n−1Θn(φ)q(m)p−1

Ä
dTp (t)

ä
+ (−1)n−1Θn(φ)q−1

Ä
dMq (m)

ä
p
(t)

= (−1)pqdNp+q+nφp(t)q(m) + (−1)q+n−1+(p−1)qφp−1

Ä
dTp (t)

ä
q
(m)

+ (−1)n−1+p(q−1)φp(t)q−1

Ä
dMq (m)

ä
= (−1)pqdNp+q+nφp(t)q(m) + (−1)n−1+pqφp−1

Ä
dTp (t)

ä
q
(m)

+ (−1)n−1+pq+pφp(t)q−1

Ä
dMq (m)

ä
.
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Then we compute thatÄ
Θn−1

Ä
dBn (φ)

ää
q
(m)p(t) = (−1)pq

ÄÄ
dBn (φ

ää
p
(t)q(m)

= (−1)pq
Ä
d
hom(M,N)
p+n φp(t) + (−1)n−1φp−1

Ä
dTp (t)

ää
q
(m)

= (−1)pqdNp+n+qφp(t)q(m) + (−1)p+n−1+pqφp(t)q−1

Ä
dMq (m)

ä
+ (−1)pq+n−1φp−1

Ä
dTp (t)

ä
q
(m).

Comparison gives that the two computations above agree.

Naturality of Θ amounts to the assertion that the following diagram commutes,

B(T,M,N) C(T,M,N)

B(T ′,M ′, N ′) C(T ′,M ′, N ′)

ΘT,M,N

B(α,β,γ) C(α,β,γ)

ΘT ′,M′,N′

,

with α, β, γ as in 4.3.3. Then C(α, β, γ)n is defined on ψ ∈ C(T,M,N)n as first precom-
posing with β then applying ψ, then precomposing with α and post-composing with γ, and
B(α, β, γ)n is defined as in the case A ≈ B. To be a bit more precise of how C(α, β, γ)n
is defined: It is really the composition (in the enriched sense, i.e. via the maps χ), as
(suppressing degrees)

ψ
Eβ7−−→ χ(ψ ⊗ β) LD7−−→ χ(D ⊗ χ(ψ ⊗ β))

where D := χ(γ ⊗ χ(( · )⊗ α)). One may check that D is a chain map, i.e. it really lives
in degree zero of the appropriate dg hom-complex. Succintly we may write

C(α, β, γ) := χ(D ⊗ χ(( · )⊗ β)).

Now one may show that Eβ is a chain map since β is a chain map hence a degree zero
cycle together with dχ = χd. We claim that one may check that dD = 0 (the differential
here being the differential in the appropriate dg hom-complex), so it follows that LD is a
chain map, hence C(α, β, γ) is a chain map as a composition of chain maps.

We then compute that, with φ ∈ B(T,M,N)n, t
′ ∈ Tp and m′ ∈M ′

q,Ä
ΘT ′,M ′,N ′
n B(α, β, γ)n(φ)

ä
q
(m′)p(t

′) = (−1)pq(B(α, β, γ)n(φ))p(t
′)q(m

′)

= (−1)pqγp+q+n(φp(αp(t′)))q(βq(m′)).

On the otherhand, we have thatÄ
C(α, β, γ)nΘ

T,M,N
n (φ)

ä
q
(m′)p(t

′) =
Ä
Dq+n

Ä
ΘT,M,N
n (φ)q(βq(m

′))
ää

p
(t′)

= γp+q+n(Θn(φ)q(βq(m
′)))p(αp(t

′))

= (−1)pqγp+q+n(φp(αp(t′))q(βq(m′)).

Comparison gives that the two computations agree.
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Theorem 4.3.4. Let M,N, T ∈ ChR and let M
f−→ N be a morphism in ChR. Then there

natural isomorphisms

homChR(T, hker(f)) ≈ hker

Ç
homChR(T,M)

homChR
(T,f)

−−−−−−−−→ homChR(T,N)

å
,

and

homChR(hcoker(f), T, ) ≈ hker

Ç
homChR(N,T )

homChR
(f,T )

−−−−−−−−→ homChR(M,T )

å
.

Theorem 4.3.5. The functor Chop
k
×ChR

homChk
(−,−)

−−−−−−−−→ ChR preserves homotopy co/kernel
sequences.

Theorem 4.3.6. The functor Chk × ChR
( · )⊗( · )−−−−−→ ChR preserves homotopy co/kernel

sequences.
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Chapter 5

Projective and injective
resolutions

5.1 Why resolutions

The original motivation for homological algebra was the fact that many naturally arising
functors in ModR are not exact, that is, do not preserve exact sequences. We provide some
quite straightforward examples below. In the language of additive functors F : C → D
between abelian categories C,D one would say that F is left exact if it commutes with
kernels, meaning that whenever we have a morphism ϕ :M → N in C with kernel (K, k),
then (F (K), F (k)) is a kernel of F (ϕ) : F (M)→ F (N).

With the same notation as in the previous paragraph, we say that F is left exact if
whenever (C, c) is a cokernel of a morphism ϕ : M → N then (F (C), F (c)) is a cokernel
of F (ϕ). Such a functor F is called exact if it is both left and right exact.

This more categorical way of defining exactness generalizes the more intuitive meaning of
what we think left and right exact means in the context of modules, to arbitrary (additive)
functors between abelian categories (cf. [Yek19, Prop 2.5.10]).

Example 5.1.1. Consider the exact sequence

0 −→ Z ·2−→ Z
π
↠ Z/2Z→ 0. (5.1.1)

Tensoring by ( · )⊗Z Z/2Z we obtain the sequence

0→ Z⊗Z Z/2Z (·2)⊗id−−−−→ Z⊗Z Z/2Z π⊗id−−−→ Z/2⊗Z Z/2→ 0.

Up to canonical isomorphism (contraction), this is the same as the sequence

0→ Z/2Z 0−→ Z/2Z→ Z/2Z⊗Z Z/2Z→ 0.

Since Z/2Z 0−→ Z/2Z is not injective, this is not an exact sequence.

By symmetry, tensoring the exact sequence 5.1.1 by Z/2Z⊗Z ( · ) again gives a sequence
which is not exact.
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Example 5.1.1 shows that, in general, the bi-functor

Modk ×ModR
( · )⊗k( · )−−−−−−→ ModR

is not exact in either variable. However, the above functor preserves cokernels in each
variable separately.

Example 5.1.2. Again, consider the exact sequence 5.1.1. Upon applying the (contravari-
ant) functor homZ(−,Z) we get the sequence

0→ homZ (Z/2,Z)
π∗
−→ homZ(Z,Z)

(·2)∗−−−→ homZ(Z,Z)→ 0.

Since (·2)∗ is not surjective (e.g. it misses the identity idZ ∈ homZ(Z,Z)), this is not exact.

Example 5.1.3. Consider again the exact sequence 5.1.1. We apply the (covariant)
functor homZ(Z/2,−) to the sequence, giving us, the sequence

0→ 0→ 0→ Z/2→ 0

since homZ(Z/2,Z) = 0 (there can be no non-trivial homomorphisms since Z/2 has
torsion) while homZ(Z/2,Z/2) consists of the zero morphism and the identity. Since
0→ homZ(Z/2,Z/2) is not surjective, this is not an exact sequence.

With respect to the bi-functor

ModopR ×ModR
homModR

(−,−)
−−−−−−−−−→ ModR,

examples 5.1.2 and 5.1.3 shows that it is not exact in either variable.

Example 5.1.4. Consider again the sequence 5.1.1, but now considered as a complex E
in ChZ with E0 = Z/2. Let B = Z/2Z

∼∼∼∼
. Then we see that

(E ⊗B)ℓ =
⊕

m+n=ℓ

Em ⊗Z Bn

= Eℓ ⊗B0, since Bn = 0 for n ̸= 0.

It follows that (E ⊗B)ℓ = 0 for ℓ ̸= 0, 1, 2 and

(E ⊗B)2 = E2 ⊗B0

= Z⊗Z Z/2
≈ Z/2,

(E ⊗B)1 = E1 ⊗Z B0

= Z⊗Z Z/2
≈ Z/2

and

(E ⊗B)0 = E0 ⊗Z B0

= Z/2⊗Z Z/2
≈ Z/gcd(2, 2)Z
= Z/2Z
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Since the differential for B is zero, we find that on pure tensors (a⊗b) ∈ Ei⊗Bj ⊂ (E⊗B)ℓ,
we have

dE⊗B
ℓ (a⊗ b) = dEi (a)⊗ b+ (−1)ia⊗ dBj (b)︸ ︷︷ ︸

=0

= dEi (a)⊗ b.

By linearity (and since B0 is the only non-zero term) it follows that dE⊗B
ℓ = dEℓ ⊗ idB0 for

all ℓ ∈ Z. We note that dE2 = (·2), and so dE⊗B
2 = dE2 ⊗ idB0 = (·2)⊗ idZ/2Z : Z⊗ZZ/2Z→

Z⊗Z Z/2Z becomes the zero map since any multiple of two is killed in the tensor. Hence
Z2(E ⊗ B) = Z/2Z while B3(E ⊗ B) = 0 since dE3 = 0. Therefore H2(E ⊗ B) ≈ Z/2Z,
hence E ⊗B is not acyclic.

By symmetry and concentration in degree zero (so there are no introduction of sign-changes
in the differential) it follows that also B⊗E has the same homology, hence is not acyclic.

The above example shows that the bifunctor

Chk ⊗ ChR
( · )⊗( · )−−−−−→ ChR,

in general does not preserve acyclic complexes in either variable, separately.

We may consider homChR(−,−) as a bifunctor ChopR × ChR
homChR

(−,−)
−−−−−−−−→ Chk as follows:

How it acts on objects is clear. On morphisms, if f : M ′ → M and g : N → N ′ then we
define

homChR(f, g) : homChR(M,N)→ homChR(M
′, N ′)

explicitly degreewise as, whenever ϕ = (ϕi)i∈Z ∈ homChR(M,N)n then this is sent to
(gi+n ◦ ϕi ◦ fi)i∈Z. We may formulate this in terms of enriched composition, i.e as

(homChR(f, g)(ϕ))i = χ(g ⊗ χ(ϕ⊗ f))i
= (g ◦ χ(ϕ⊗ f))i
= gi+n ◦ (ϕ ◦ f)i, since ϕ lives in degree n and f in degree zero

= gi+n ◦ ϕi ◦ fi ∈ homModR(M
′
i , N

′
i+n).

To check that it is a chain map, we sketch the intuition (without worrying too much about
writing out where everything lives and suppressing any degrees),

dχ(g ⊗ χ(ϕ⊗ f)) = χ(d(g ⊗ χ(ϕ⊗ f)))

= χ

à
dg︸︷︷︸
=0

⊗χ(ϕ⊗ f)

︸ ︷︷ ︸
=0

+(−1)0g ⊗ dχ(ϕ⊗ f)

í
= χ(g ⊗ χd(ϕ⊗ f))

= χ

à
g ⊗ χ

à
dϕ⊗ f + (−1)nϕ⊗ df︸︷︷︸

=0︸ ︷︷ ︸
=0

íí
= χ(g ⊗ χ(dϕ⊗ f)),
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where we have repeatedly used that dχ = χd together with the definition of the differential
of a tensor product, as well as the fact that d(f) = d(g) = 0 since they are chain maps.

Below, we will provide examples showing that this hom-functor does in general not preserve
acyclic complexes in either variable.

Example 5.1.5. We again consider the complexes E and B as in example 5.1.4. We then
observe that

homChZ(B,E)n =
∏
i∈Z

homModZ(Bi, Ei+n)

= homModZ(B0, En), up to a canonical identification.

Since En = 0 for n ̸∈ {0, 1, 2} the only interesting things happen in degree 0, 1, 2. From
the above computation, we find that

homChZ(B,E)2 = homModZ(Z/2,Z)
∼= 0,

homChZ(B,E)1 = homModZ(Z/2,Z)
∼= 0,

and

homChZ(B,E)0 = homModZ(Z/2,Z/2)
∼= Z/2.

Therefore the zero differential d0 is up to isomorphism the map d0 : Z/2→ 0 so has kernel
Z/2, while d1 is up to isomorphism a map 0→ Z/2 so is zero, hence the zeroth homology
is H0

(
homChZ(B,E)

) ∼= Z/2, hence not acyclic. Thus, homChZ(B,−) does not preserve
acyclic complexes (since E was acyclic).

To show that homChR(−,−) in general does not preserve acyclic complexes in the first

variable, we instead fix Z
∼∼

in the second variable, and consider homChZ

(
E, Z

∼∼

)
. We then

find that

homChZ

(
E, Z

∼∼

)
n
=
∏
i∈Z

homModZ

Å
Ei,
(
Z
∼∼

)
n+i

ã
= homModZ(E−n,Z).

The only interesting stuff happens when n = −2,−1, 0. We compute that

homChZ

(
E, Z

∼∼

)
−2

= homModZ(E2,Z)

= homModZ(Z,Z)
∼= Z,

homChZ

(
E, Z

∼∼

)
−1

= homModZ(E1,Z)

= homModZ(Z,Z)
∼= Z,
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and

homChZ

(
E, Z

∼∼

)
0
= homModZ(E0,Z)

= homModZ(Z/2,Z)
∼= 0.

We then note that, up to isomorphism, d−2 : Z → 0, so ker(d−2) ∼= Z. We need to put a
little more effort into understanding

d−1 : homChZ

(
E, Z

∼∼

)
−1
→ homChZ

(
E, Z

∼∼

)
−2
.

By a relatively straightforward computation (one just have to keep track of degrees) one
finds that (up to isomorphisms) the differential is multiplication by 2, hence has image
2Z. Morover, the same isomorphism takes ker(d−2) to Z and im(d−1) to 2Z, by the map
ψ 7−→ ψ(1). Hence by the first isomorphism theorem, Φ is an isomorphism as below,

ψ ψ(1) + 2Z

ker(d−2) = homModZ(Z,Z) Z/2Z

H−2

(
homChZ

(
E, Z

∼∼

))
= ker(d−2)/im(d−1)

∈ ∈

∃!Φ

.

We conclude that homChZ

(
E, Z

∼∼

)
is not acyclic. Since E is acyclic, homChR(−,−) does in

general not preserve acyclic complexes in the first variable.

To show that it is not preserve acyclic complexes in the second variable: Consider homChZ

Å
Z/2
∼∼∼

, E

ã
with E as above. Since E is an extension to a complex in ChZ from a short exact sequence
in ModZ, it is exact at each degree, i.e. it is an acyclic complex. By similar computation
as above, we find that

homChZ

Å
Z/2
∼∼∼

, E

ã
n

∼= homModZ(Z/2, En).

This is clearly zero whenever n ̸∈ {0, 1, 2}. Since E0 = Z/2 and homZ(Z/2,Z/2) ∼= Z/2 1

so that the resulting complex in degree 0 is up to isomorphism Z/2. For n = 1, 2 we have
that En = Z, and since homZ(Z/2,Z) = 0 the resulting complex looks like

· · · −→ 0 −→ Z/2
∼∼∼

d−−→ 0 −→ · · · .

By definition of the differential we see that d = dE0 = 0, hence it has kernel Z/2 and so its
zeroth homology is Z/2 ̸= 0. Therefore, this is not an acyclic complex.

We conclude that homChR(−,−) does not in general preserve acyclic complexes in the
second variable.

1To see this: we may use that homR(R/I,M) ∼= AnnI(M) generally, with M and R-module, I ideal of
R and AnnI(M) = {m ∈ M | mi = 0,∀i ∈ I}.
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5.2 Introducing projective and injective complexes

Definition 5.2.1 (AR). We denote by AR the full dg-subcategory of KR consisting of
all acyclic complexes (i.e. the acyclic objects in ChR).

Definition 5.2.2 (Projective complex). We say that an object P ∈ KR is projective
if it holds that for every acyclic complex A ∈ AR, we have that homKR

(P,A) ∈ Chk is
acyclic.

We observe that

Hn (homKR
(P,A)) ∼= H0

(
Σ−n homKR

(P,A)
)

∼= H0

(
homKR

(P,Σ−nA)
)
, by 4.1.4.

Since A is acyclic iff Σ−nA is acyclic for all n, one may equivalently define an object
P ∈ KR to be projective if H0 (homKR

(P,A) = 0 for every acyclic complex A ∈ AR. But

this latter definition means precisely that every chain map P
f−→ A is nullhomotopic. 2. So

an object P is projective precisely when all chain maps out of P into an acyclic complex
are nullhomotopic. We write PR ⊆ KR for the (full) dg-subcategory of all projective
complexes.

Theorem 5.2.3. We have that P ∈ PR iff for every acyclic complex A ∈ KR and every
chain map P

γ−→ A in ChR, there exists a chain map γ̃ such that the diagram below
commutes,

hker (idA)

P A

v
γ̃

γ

.

Proof. Recall from theorem 3.3.2 that Σ−1hcoker(f) = Cone(f)[−1] is a model for hker(f).
LetK := Cone(idA)[−1] so thatKn = An⊕An+1, with differential dKn (a, b) =

(
dAn (a),−dAn+1(b)− a

)
,

and with v = π1 the projection to the first factor.

⇒: If P is projective then there is a nullhomotopy 0
s≃ γ. Define γ̃ : P → K by

γ̃n(x) = (γn(x),−sn(x)). It is clear that vn ◦ γ̃n = γn. We check that γ̃ is a chain map.
We find that

dKn γ̃n(x) = dKn (γn(x),−sn(x))

=
Ä
dAn (γn(x)), d

A
n+1(sn(x))− γn(x)

ä
,

=
Ä
dAn (γn(x)),−sn−1

Ä
dPn (x)

ää
, since dAs+ sdP = γ

while

γ̃n−1d
P
n (x) =

Ä
γn−1

Ä
dPn (x)

ä
,−sn−1

Ä
dPn (x)

ää
=
Ä
dAn (γn(x)),−sn−1

Ä
dPn (x)

ää
, since γ is a chain map.

The conclusion follows.

2Recall that Z0(homKR(P,A)) = homChR(P,A) and B0(homKR(P,A)) are maps which in degree i looks
like d(h)i = di+1hi + hi−1di for h ∈ hom(P,A)1
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⇐: Take any chain map P
γ−→ A where A is acyclic. Then there is a lift γ̃ so that v ◦ γ̃ = γ

and γ̃ is a chain map. We may write γ̃n on the form γ̃n(x) = (γn(x), tn(x)) (cf. remark
3.2.17) since vn ◦ γ̃n = γn forces the first summand to equal γn. Since this is a chain map,
we find that for x ∈ Pn, we have

dKn γ̃n(x) + γ̃n−1d
P
n (x) = 0

⇔ dKn (γn(x), tn(x)) +
Ä
γn−1d

P
n (x), tn−1d

P
n (x)
ä
= 0

⇔
Ä
dAn γn(x),−dAn+1tn(x)− γn(x)

ä
+
Ä
γn−1d

P
n (x), tn−1d

P
n (x)
ä
= 0.

Comparing the second factors (and rearranging) we see that γn(x) = −dAn+1tn(x) −
tn−1d

P
n (x) for all x ∈ Pn. If we let sn := −tn for all n ∈ Z then s := (sn)n∈Z is a

nullhomotopy 0
s≃ γ.

Remark 5.2.4. We observe here that v is a levelwise surjective quasi-isomorphism: By
theorem 3.3.2 we have hker(idA) ∼= Σ−1hcoker(idA). Since idA is a quasi-isomorphism it
follows from theorem 3.2.15 that hcoker(idA) is acyclic. Since Hn ◦ Σ−1 ∼= Hn+1 it follows
that Σ−1hcoker(idA) is acyclic, and hence hker(idA) is acyclic. Since A is acyclic, it follows
that the induced map Hn(v) : Hn(hker(idA) → Hn(A) is the zero map in each degree
n, so that v is a quasi-isomorphism. Since the concrete instance in theorem 3.3.2 of v is
levelwise-surjective. If we use the characterization of the homotopy kernel as a representing
object, then it follows from yoneda lemma that any other instance of the homotopy kernel
must have a corresponding map w that is levelwise surjective and a unique isomorphism
α of homotope kernels such that we have a factorization w ◦ α = π with π as in 3.3.2.
Degree-wise, w is then forced to be surjective since π and α are.

Definition 5.2.5 (Injective complex). We say that an object I ∈ KR is injective if for
every acyclic complex A ∈ AR it holds that homKR

(A, I) ∈ Chk is acyclic.

Since

Hn (homKR
(A, I)) ∼= H0

(
Σ−n homKR

(A, I)
)

∼= H0 (homKR
(ΣnA, I)) , by 4.1.4.

An equivalent condition for I being projective is that H0(homKR
(A, I)) = 0 for all acyclic

complexes A ∈ AR. This in turn means precisely that I is injective if every chain map
A→ I from an acyclic complex A, admits a nullhomotopy. We write IR ⊆ KR for the full
dg-subcategory of injective complexes.

Theorem 5.2.6. We have that I ∈ IR iff the diagram below can be completed as indicated
to a commuting diagram,

A I

hcoker(idA)

β

u
β̃

.

Remark 5.2.7. The proof of this theorem is somewhat similar (in spirit) to the proof of
(the in some sense dual) theorem 5.2.3 so we won’t write out the details.
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Proof. Take the concrete cone model Cone(idA) =: K as our homotopy cokernel, so that
Kn = An−1 ⊕An and with differential dKn (a, b) =

(
dAn−1(a), d

A
n (b) + a

)
and with universal

map b
un7−−→ (0,−b).

⇒: Let s be a witnessing nullhomotopy 0
s≃ β and define β̃ : K → I by β̃n : Kn → In

by (a, b) 7−→ −sn−1(a)− βn(b). Then check (using that s is a nullhomotopy) that this is in
fact a chain map.

⇐: Let s = (sn) with sn : An → In+1 be defined by sn(a) = −β̃n+1(a, 0). Then use that
β̃ is a chain map to show that s is a witnessing nullhomotopy of β.

We are mostly interested in quasi-isomorphisms (perhaps one of the main reasons, if not
the main reason, is that we want to create categories by localizing at quasi-isomorphisms).
To that end, we proceed to the next theorem.

Theorem 5.2.8. All quasi-isomorphisms between projective (respectively injective) com-
plexes are homotopy equivalences.

Proof. Projective case: Let f : P → Q be a morphism in PR so that P,Q are projective.
By theorem 3.2.16 it is enough to show that Cone(f) =: K is contractible. By theorem
3.2.15, K is acyclic. If we can show that K is projective, then H0(homKR

(K,K)) = 0, so
by theorem 4.2.3 it would follow that K is contractible and hence that f is a homotopy
equivalence.

We observe that by the fact that Hn ◦ Σk = Hn−k and by 4.1.4 we have that ΣP is
projective.

Let u : Q → K be the universal map, and assume we have a map K
γ−→ A with A ∈ AR.

Then γ ◦ u : Q → A must be nullhomotopic (since Q is projective and A is acyclic).

Let 0
r≃ γ ◦ u be a witnessing nullhomotopy, i.e. so that γ ◦ u = dAr + rdQ. Define

R : K → A[−1] as Rn(a, b) = −rn(b) so that Ru = r. Then if we let γ̃′ := γ−(dAR+RdK)
we see that γ̃′u = 0. It follows (by construction) that

γ̃′n(a, b) = γ̃′n(a, 0).

We may then define ζ : ΣP → A by ζn : Pn−1 → An as ζn(a) := γ̃′n(a, 0). Observe
that p : K → ΣP defined in degree n by pn(a, b) = a is a chain map since shifting the
differential of P by Σ makes the signs agree. We check that ζ is a chain map: γ̃′ is the
difference of two chain maps γ and dAR+RdK , so it is a chain map. We then see that

dAn ζn(a) = dAn γ̃
′
n(a, 0)

= γ̃′n−1d
K
n (a, 0)

= γ̃′n−1

Ä
−dPn−1(a), fn−1(a)

ä
= γ̃′n−1

Ä
−dPn−1(a), 0

ä
, since γ̃′ kills the second factor

= ζn−1

Ä
−dPn−1(a)

ä
= ζn−1

Ä
dΣPn (a)

ä
, by definition of dΣP .

Hence ζ is indeed a chain map. Since ΣP is projective and A acyclic, ζ nullhomotopic.
Since γ̃′ = ζ ◦ p it follows that γ̃′ is nullhomotopic (use that p is a chain map). Therefore,

γ = γ̃′ + (dAR+RdK),
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is nullhomotopic (since dAR+RdK is nullhomotopic, for which R is the witness, and since
the addition of two nullhomotopic maps is nullhomotopic).

Injective case: Let f : I → J be quasi-isomorphism between injective complexes I, J ∈ IR.
Letting K = Cone(f), it is acyclic. It is again enough to show that H0(homKR

(K,K)) = 0
(i.e. that K is injective) since then K is contractible from which it would follow that f is
a homotopy equivalence.

The proof of this is analogous to the projective case so we just write out a sketch:

(a) Let γ : A→ K be a chain map from an acyclic complex A ∈ AR, and observe that
if I is injective then ΣI is injective. Let p : K → ΣI be the chain map pn(a, b) = a.
Then p ◦ γ : A → ΣI is a chain map into an injective complex from an acyclic one
so it is nullhomotopic. Let s be a witnessing nullhomotopy.

(b) Use s to define a maps Sn : An → In ⊕ Jn+1 = Kn+1 by Sn(x) = (sn(x), 0). Then

the first component in (dKS+SdA) is p◦γ, so that p ◦
Ä
γ −
Ä
dKS + SdA

ää
︸ ︷︷ ︸

:=γ̃

= 0, i.e.

p ◦ γ̃ = 0. This gives a map ζ : A→ J which is a chain map since γ̃ is a chain map.
Then since A is acyclic and J is injective, ζ is nullhomotopic.

(c) With u : J → K the universal map we find that with η := −ζ we have γ̃ = u ◦ η.
Since η is nullhomotopic and u is a chain map it follows that γ̃ is nullhomotopic.

(d) Proceed as in the previous case to show that γ is nullhomotopic.

Theorem 5.2.9. If P ∈ PR is projective and P ≃ Q is a homotopy equivalence, then Q
is projective. Similarly, if I ∈ IR is injective and I ≃ J is a homotopy equivalence, then
J is injective.

Proof. Projective case: Let α : P ⇆ Q : β be witnessing chain maps for P ≃ Q. Let
A ∈ AR, and let γ : Q → A be a chain map. Since P is projective, the composite chain
map γ ◦ β : P → A is nullhomotopic. Then γ ◦ β ◦ α is also nullhomotopic. Since then γ
can be written as a difference of two nullhomotopc maps (γ ◦ β ◦ α)− ((γ ◦ β ◦ α)− γ) it
follows that γ is nullhomotopic.

Injective case: Similar enough that we don’t write it out.

Theorem 5.2.10. If P ∈ Pk and Q ∈ PR then P ⊗k Q ∈ PR.

Proof. By the (dg-)tensor-hom adjunction 4.3.4 we have that

homKR
(P ⊗k Q,A) ≈ homKk

(P, homKR
(Q,A)).

If A is acyclic then since Q is projective we find that homKR
(Q,A) is acyclic. It follows

that H0(homKk
(P, homKR

(Q,A))) = 0, so also

H0(homKR
(P ⊗k Q,A)) = 0.

Hence P ⊗k Q is projective.
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Theorem 5.2.11. For projective complexes P ∈ Pk and Q ∈ PR, the functors

KR

homKk
(P,−)

−−−−−−−−→ KR and KR

homKR
(Q,−)

−−−−−−−−→ Kk

preserve quasi-isomorphisms.

Proof. homKk
(P,−) preserves quasi-isomorphisms: Let M

f−→ N be a quasi-isomorphism
and let ζ := homKk

(P, f). By theorem 3.2.15 f is a quasi-isomorphism iff hcoker(f) is
acyclic. But hker(f) ∼= Σ−1hcoker(f) and Σ−1hcoker(f) is acyclic iff hcoker(f) is acyclic.
Hence by hypothesis, hker(f) is acyclic. By theorem 4.3.4 we find that

hker(ζ) ∼= homKk
(P, hker(f)).

Since P is projective, the right-hand side is acyclic. Hence hker(ζ) is acyclic from which
it follows that ζ is a quasi-isomorphism.

homKR
(Q,−) preserves quasi-isomorphisms: Essentially identical reasoning: By theorem

4.3.5 we find that, with ζ := homKR
(Q, f) for M

f−→ N quasi-isomorphism, we have that

homKR
(Q, hker(f)) ∼= hker(ζ).

Since Q is projective and hker(f) is acyclic, hker(ζ) is acyclic, i.e. ζ is a quasi-isomorphism.

Theorem 5.2.12. If I ∈ Ik ∩ IR, then the functors

Kop
k

homKk
(−,I)

−−−−−−−−→ KR and Kop
R

homKR
(−,I)

−−−−−−−−→ Kk

preserve quasi-isomorphisms.

Proof. Similar in spirit to the proof of theorem 5.2.11 but uses the second isomorphism
in 4.3.4 instead and the corresponding isomorphism in 4.3.5, where we use that f is a
quasi-isomorphism iff hcoker(f) is acyclic.

Remark 5.2.13. The hypothesis in theorem 5.2.12 may be weakened to only require I in
Ik for the first functor homKk

(−, I) and I ∈ IR for the second functor.

Theorem 5.2.14. We have that PR ∩ AR = IR ∩ AR, and that this is precisely the
contractible complexes.

Proof. Since 0 → A and A → 0 is always nullhomotopic, the zero complex 0• is both
projective and injective. If A ∈ PR ∩AR then A → 0 is a quasi-isomorphism (both are
acyclic). By theorem 5.2.8 A ≃ 0, so that A is contractible.

Similarly, if A ∈ IR∩AR then 0→ A is a quasi-isomorphism between injective complexes,
and so it follows that A ≃ 0, i.e. A is contractible.

On the other hand if A is contractible, then A ≃ 0. Since Hn is homotopy-invariant it
follows that Hn(A) = 0 for all n, i.e. A is acyclic. Since 0 is both projective and object, it
follows by theorem 5.2.9 that A is projective and injective. Therefore we have A ∈ PR∩AR

and IR ∩AR.
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5.2.1 Short interlude on Derived functors and Resolutions

The interest we have in projective and injective complexes is not so much derived from
studying them in isolation, but rather from the fact that one may show that every complex
M ∈ ChR admits a projective resolution P

≈−−→
p

M and an injective resolution

M
≈−−→
q

I, meaning that P ∈ PR is projective, I ∈ IR and p and q are quasi-isomorphisms.

The fact that they are quasi-isomorphisms means that they are all isomorphic in any
localization of ChR at the quasi-isomorphisms.

Below we write out the “naive” functors and their “correct” (or “derived”) versions.

( · )⊗kM ⇝ ( · )⊗k P,
homKR

(M,−)⇝ homKR
(P,−),

homKR
(−,M)⇝ homKR

(−, I).

One may ask, why are these the “correct” ones? One answer may be that they preserve
all quasi-isomorphisms (under nice conditions; see remark 5.2.19) . We will see later
that ( · )⊗k P preserves quasi-isomorphisms (see 5.2.17); for why the other two functors
preserve quasi-isomorphisms, recall theorems 5.2.11,5.2.12.

Theorem 5.2.15. Let M ∈ KR be such that homKR
(P,M) is acyclic for every projective

complex P ∈ PR. Then M is acyclic.

Proof. Observe that R
∼∼

is projective (cf. with Theorems 5.3.4, 5.3.9). Furthermore, we

have

homKR
(R
∼∼
,M)n =

∏
i∈Z

homModR

((
R
∼∼

)
i
,Mn+i

)
= homModR(R,Mn)

∼=Mn, by f0
φn7−−→ f0(1).

Furthermore, it is quite straightforward to check that φ = (φ)n∈Z : homKR

(
R
∼∼
,M
)
→M

is a chain map. Since φ is an isomorphism and homKR
is acyclic it follows that M is

acyclic.

Theorem 5.2.16. Assume M ∈ KR is such that homKR
(M, I) is acyclic for every injec-

tive complex I ∈ IR. Then M is acyclic.

Proof. By our earlier remarks, we may assume the existence of an injective resolution
M

≈−−→
q

I. Fix I and consider

homKR
(I, I)

ζ:=homKR
(q,I)

−−−−−−−−−→ homKR
(M, I).

By theorem 5.2.12 (together with remark 5.2.13) we find that homKR
(q, I) is a quasi-

isomorphism. Since the codomain of ζ is acyclic, homKR
(I, I) is acyclic. By theorem 4.2.3

it follows that I is contractible. Since contractible implies acyclic, I is acyclic. 3 Since
M

q−−→ I is a quasi-isomorphism, M has the same homology as I, i.e. M is acyclic.

3Sketch: Take x ∈ Bn(C) for complex C, then we have there is a witnessing contraction s such that
idC = ds+ sd so x = ds (since sdx = 0 by the fact that x is a cycle). Hence x is a boundary.
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Theorem 5.2.17. For projective complexes P ∈ Pk and Q ∈ PR ∩Pk, the functors

KR
P⊗k( · )−−−−−→ KR and Kk

( · )⊗kQ−−−−−→ KR

preserve quasi-isomorphisms.

Proof. P ⊗k ( · ) preserves quasi-isomorphisms: Let M
f−→→ N be a quasi-isomorphism

in ChR, we want to show that P ⊗kM
P⊗kf−−−−→ P ⊗k N is a quasi-isomorphism. Since f is

a quasi-isomorphism, hcoker(f) is acyclic (by theorem 3.2.15). By theorem 4.3.6 we have

hcoker(P ⊗ f) ∼= P ⊗ hcoker(f).

Lemma 5.2.18. If A ∈ AR is acyclic then upon tensoring with a projective complex
P ∈ Pk, we get an acyclic complex P ⊗k A.

Proof. By theorem 5.2.16 it is enough to show that for every injective complex I ∈ IR we
have that homKR

(P ⊗k A, I) is acyclic.

By the dg-tensor hom adjunction 4.3.1 we have

homKR
(P ⊗k A, I) ≈ homKk

(P, homKR
(A, I)).

Since A is acyclic and I is injective, we have that homKR
(A, I) is acyclic. Since P ∈ Kk is

projective it follows that homKk
(P, homKR

(A, I)) is acyclic so homKR
(P⊗kA, I) is acyclic.

The conclusion follows.

By the lemma, P ⊗ hcoker(f) is acyclic, hence hcoker(P ⊗ f) is acyclic, so by another
application of 3.2.15 it follows that P ⊗k f is a quasi-isomorphism.

( · )⊗k Q preserves quasi-isomorphisms: Let L
g−→ L′ be a quasi-isomorphism in Chk.

Then by theorem 4.3.6 we have

hcoker(g ⊗k Q) ∼= hcoker(g)⊗k Q,

where we note that hcoker(g) is acyclic. By a twist of lemma 5.2.18 utilizing the isomor-
phism realized by the symmetrizer σ coming from the symmetric monoidal structure on

ChR (recall theorem 2.5.4), i.e. so that A ⊗k Q
σA,Q−−−→
≈

Q ⊗k A is acyclic if A is acyclic,

it follows (proceed as in the first case above) that hcoker(g) ⊗k Q is acyclic, so that
hcoker(g ⊗k Q) is acyclic which implies that g ⊗k Q is a quasi-isomorphism.

Remark 5.2.19. Observe that “correcting” ( · )⊗kM with ( · )⊗k P with P belonging to

PR and P
≈−−−→M a projective resolution in ChR, it is not the case that we can conclude

that ( · )⊗k P preserves quasi-isomorphisms by theorem 5.2.17, unless we also know that
P is in Pk.
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5.3 Bounded below (or “bounded to the right”) projective
resolutions

Definition 5.3.1 (Projective object). Let A be an abelian category, and let P ∈ Ob(A).
Then we call P a projective object if for every morphism m : P → N and every
epimorphism e :M ↠ N there exists a morphism m̃ : P → m̃ such that e ◦ m̃ = m, or in
diagrammatic form as,

P

M N

∃m̃ m

e

⟲
(5.3.1)

Example 5.3.2. Consider A = ModR. Let P be a projective object in ModR. Assume
we have a morphism m : P → N and e :M → N

Lemma 5.3.3. e :M → N is an epimorphism in ModR iff it is surjective.

Proof. ⇒: Consider the morphism π : N ↠ N/im(e), and let g : 0 → N/im(e) be the
corresponding zero map. Then

π(e(x)) = g(e(x)), ∀x ∈M.

Since e is epi, it has the right-cancellation property, so it follows that π = g, which means
that im(e) = N , that is, e is surjective.

⇐: This direction is clear by working with elements.

It follows by the lemma that a projective object (which we call a projective module) is
precisely a module such that any diagram on the form as in 5.3.1 with e surjective, can
be “completed” with m̃ to a commutative diagram.

We recount some well-known (see e.g. [DF04, Chapter 10.5]) theorems about projective
modules.

Theorem 5.3.4. A module P ∈ ModR is projective iff there is some module Q ∈ ModR
such that

P ⊕Q ∼=
⊕
i∈I

R

for some index set I.

Remark 5.3.5. In particular, free modules are projective.

Theorem 5.3.6. Every projective Z-module is free.

Proof. We will just provide a sketch: Observe that if P is a projective Z-module then P
is isomorphic to a submodule P ′ of a free Z-module, which is the same as a free abelian
group, under which P ′ becomes a subgroup of a free abelian group. But every subgroup
of a free abelian group is free, and so the conclusion follows.

Theorem 5.3.7. Every projective Z/n-module is free iff n = 1 or n = pk for some prime
p and k ⩾ 1.
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Proof. ⇒: We prove the contrapositive: assume n = ab has at least two distinct prime
factors a, b > 1 with gcd(a, b) = 1. By the chinese remainder theorem we have a ring-
isomorphism

Z/n
φ∼= Z/a⊕ Z/b =: F.

By restriction of scalars we may view the right-hand side as a Z/n-module. Then clearly
P := Z/a⊕ 0 ∼= Z/a is a direct summand of the free Z/n-module F , hence is a projective

Z/n-module. Suppose P was free, i.e.
⊕

s∈S Z/n
ψ∼= P with S ̸= ∅ (since |P | > 1 as a set).

Consider the element (0, 1) ∈ F and let ε := φ−1((0, 1)). Then (by using the Z/n-module
structure coming from restriction of scalars) we have, for any (u, 0) ∈ P ,

ε · (u, 0) = φ(φ−1(0, 1)) · (u, 0)
= (0, 1) · (u, 0)
= (0, 0),

⇒ εP = 0.

Then note that by Z/n-linearity of ψ, we have that

0 = ψ(εx)

for all x ∈
⊕

s∈S Z/n. By injectivity of ψ, it follows that εx = 0 for all x.

Take any coordinate vector es in
⊕

s∈S Z/n. Then (ε · es)s = ε ̸= 0, hence ε · es ̸= 0,
contradiction!

⇐: If n = 1, then Z/(1) = 0 is the zero ring, with 0 = 1. It follows from the module-
axioms that any 0-module M is such that M = 1 ·M = 0 ·M = 0, so there is (up to
unique isomorphism) only one module, and M ∼= 0

⊕
∅ is free.

If not then n = pk for some prime p and k ⩾ 1. Then Z/pkZ is a local ring with unique
maximal ideal (p).

Then Ä
Z/pkZ

ä/
(p)

is a field with p, elements i.e.
(
Z/pkZ

)
/(p) ∼= Z/p.

Let R = Z/pkZ, and let P be a projective R-module. Then P/(p)P is naturally a R/(p) ∼=
Fp-module, i.e. a Z/p-vector space. Let (xi)i∈I be a basis for P/(p)P as an Z/p-vector
space (assuming Zorn’s lemma) and “lift” them to elements (xi)i∈I ⊂ P that projects down
to the basis in the quotient module under the canonical projection map π : P ↠ P/(p)P .
Define

R⊕I φ−→ P, ei 7−→ xi,

and extend by R-linearity. Then it is clear that

θ := π ◦ φ : R⊕I ↠ P/(p)P

is a surjective R-linear map. Consider C := coker(φ) = P/im(φ). We claim that C = (p)C,
where

(p)C :=

{∑
i

rici

∣∣∣∣∣ ri ∈ (p), cj ∈ C

}
.

122



Since C is an R-module, it follows that (p)C ⊂ C, so it is enough to show that C ⊂ (p)C:
Since (p) is principal, any element ri ∈ (p) is on the form ri = pai for ai ∈ R, hence every
element

∑
i ricj ∈ (p)C can be written on the form

∑
i

rici = p

(∑
i

aici

)
︸ ︷︷ ︸

∈C

= pc

= p[y1],

where we used that C is an R-module and that P
π′
−→ C is surjective, so that there is

some y1 ∈ P that projects to [y1] = c. Take an arbitrary element [y] ∈ C, then there is
some y ∈ P that is sent to [y] under π′. Since θ is surjective, there is some z ∈ R⊕I such
that θ(z) = π(y), i.e. ϕ(φ(z)) = π(y). Therefore, y − φ(z) ∈ ker(π) = (p)P . Hence, since
p(P ) = {py : y ∈ P} (by similar reasoning as for (p)C) there is some y1 ∈ P such that

y − φ(z) = py1

⇔ y = φ(z) + py1

⇒ π′(y) = [y]

= [py1]

= p[y1].

Since [y1] ∈ C it follows that [y] = p[y1] ∈ (p)C. We conclude that C = (p)C. Therefore,
by iterated application of this identity, we have

C = (p)C = (p)2C = . . . = (p)kC.

We note that (p)k = (pk) = (0) in R, and so C = (p)kC = 0. By definition of C it follows
that im(φ) = P , i.e. φ is surjective. Therefore, we have a short exact sequence

0→ ker(φ) ↪−→ R⊕I φ−→ P → 0.

Since P is projective and φ is surjective, we get the existence of a map γ furnishing us
with a commutative triangle above the sequence, as below,

P

0 ker(φ) R⊕I P 0

∃s
idP

φ

⟲
,

so that φ ◦ s = idP, i.e., s is a section. If we can show that ker(φ) = 0, then we may
conclude that P is free as an R-module.

We claim that ker(π ◦ φ) = (p)R⊕I . If (ri)i∈I ∈ (p)R⊕I then ri ∈ (p) and so

(π ◦ φ)((ri)i∈I) = π

(∑
i

rixi

)
=
∑
i

ri · xi

= 0, since ri · xi = rixi with rixi ∈ (p)P since ri ∈ (p).

123



On the other hand, if (ri)i∈I ∈ ker(π ◦ φ) then

(π ◦ φ)((ri)i∈I) =
∑
i

ri · xi

=
∑
i

(ri + (p))xi.

We claim that ker(φ) = (p)ker(φ). It is (cf. C = (p)C case) enough to show that
ker(φ) ⊂ (p)ker(φ). To this end, let x ∈ ker(φ). Since φ(x) = 0 it follows that x ∈
ker(π ◦ φ) = (p)R⊕I , i.e., so that x = py with y ∈ R⊕I . From the section s : P → R⊕I

there is a naturally occuring map

ρ : R⊕I → ker(φ), z 7−→ z − s(φ(z)).

In particular, ρ(y) = y − s(φ(y)) ∈ ker(φ). Since x = py ∈ ker(φ) we have that

x = x− s(φ(x))
= py − s(φ(py))
= py − ps(φ(y))
= p(y − s(φ(y))
= p ρ(y)︸︷︷︸

∈ker(φ)

,

so that x ∈ (p)ker(φ). It follows that ker(φ) ⊂ (p)ker(φ). Therefore, we have that

ker(φ) = (p)ker(φ) = (p)2ker(φ) = . . . = (p)kker(φ) = 0.

Hence R⊕I φ−→ P is an isomorphism, i.e. P is a free R-module.

Theorem 5.3.8. An R-module M ∈ ModR is projective iff M
∼∼
∈ ChR is projective.

Proof. ⇒: Let A be acyclic. Observe that homKR

(
M
∼∼
, A
)
n
= homR(M,An) for any n ∈ Z

with differential
(
dAn
)
∗ since e.g. dM0 = 0 (recall the formula 4.1.1; also note that fi−1 = 0

for i ̸= 1 whenever f = (fi)i∈Z ∈ homKR

(
M
∼∼
, A
)
n
). Since A is acyclic, we have that

· · ·
dAn+2−−−→ An+1

dAn+1−−−→ An
dAn−→ An−1

dAn−1−−−→ · · ·

is exact. Since M is projective, homR(M,−) is exact, so that

· · ·
(dAn+2)∗−−−−−→ homR(M,An+1)

(dAn+1)∗−−−−−→ homR(M,An)
(dAn )∗−−−−→ homR(M,An−1)

(dAn−1)∗−−−−−→ · · · ,

is exact. The conclusion follows.

⇐: Assume M
∼∼
∈ ChR is projective. Assume we want to complete the following diagram

to a commutative triangle as below, with q surjective,

M

L N

? f

q

.
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Consider the acyclic complex

A := · · · → 0→ ker(q) ↪−→ L
q−→ N

∼∼
→ 0→ · · · .

Then f :M → N defines a chain map f
∼
as below

· · · 0 0 0 M 0 · · ·

· · · 0 ker(q) L N 0 · · ·

f

q

.

Since the complex A is acyclic and M
∼∼

is projective, it follows that

H0

(
homKR

(
M
∼∼
, A
))

= Z0

(
homKR

(
M
∼∼
, A
))/

B0

(
homKR

(
M
∼∼
, A
))

= homChR

(
M
∼∼
, A
)/

B0

(
homKR

(
M
∼∼
, A
))

= 0.

Since f
∼
∈ homChR

(
M
∼∼
, A
)
it follows that there is some h ∈ homChR

(
M
∼∼
, A
)
1
= homR(M,A1) =

homR(M,L) such that d1(h) = f
∼
. In degree zero, this says that

dA1 ◦ h0 − h−1 ◦ dM0 = dA1 ◦ h0
= (f

∼
)0

= f.

But dA1 = q, i.e. q◦h0 = f , withM
h0−→ L an R-module homomorphism, and the conclusion

follows.

Theorem 5.3.9. Let P ∈ KR be a bounded below complex 4 such that Pn ∈ ModR is
projective for all n. Then P ∈ PR is projective.

Proof. Let N ∈ Z such that Pn = 0 for n < N , let A ∈ AR be acyclic and let f : P → A
be a chain map. Since f is a chain map we have dANfN = fN−1d

P
N = 0 since the codomain

of dPN is PN−1 = 0. Hence im (fN ) ⊂ ZN (A) which is equal to BN (A) = im
(
dAN+1

)
since

A is acyclic. Therefore, if we corestrict the differential dAN+1 to d
A
N+1 and fN to fN with

codomain ZN (A), we get the existence of a homomorphism hN : PN → AN+1 making the
following diagram commute

PN

AN+1 ZN (A)

∃hN
fN

d
A
N+1

,

i.e. d
A
N+1hN = fN so that with the inclusion ι : ZN (A) ↪−→ AN applied to the left of both

sides of the equality we get dAN+1hN = fN . If we let hn : Pn → An+1 be the zero-morphism

4That is, so that there is an N ∈ Z so that Pn = 0 for all n < N .
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for n < N then we see that for n ⩽ N we have dAn+1hn+hn−1d
P
n = fn. Assume inductively

that we have constructed a family of homomorphisms h := (hn)n<k up to some k ∈ Z as
above, i.e. so that dAh+ hdP = f with hn : Pn → An+1.

Let ζk := fk − hk−1d
P
k : Pk → Ak. Then

dAk ζk = dAk fk − dAk hk−1d
P
k

= fk−1d
P
k − dAk hk−1d

P
k , since f is a chain map

=
Ä
fk−1 − dAk hk−1

ä
◦ dPk

=
Ä
����dAk hk−1 + hk−2d

P
k−1 −����dAk hk−1

ä
◦ dPk , by the inductive assumption

= hk−2 ◦ dPk−1 ◦ dPk︸ ︷︷ ︸
=0

= 0.

Hence im (ζk) ⊂ Zk(A). By corestriction of the differential dAk+1 and ζk as before we by
projectivity of Pk get the existence of a homomorphism hk such that the following diagram
commutes,

Pk

Ak+1 Zk(A)

hk
ζk

d
A
k+1

.

That is, so that

d
A
k+1hk = ζk

⇒ dAk+1hk = ζk, by postcomposing both sides with Zk(A) ↪−→ Ak

⇔ dAk+1hk = fk − hk−1d
P
k , by definition of ζk

⇔ dAk+1hk + hk−1d
P
k = fk.

The existence of a family h := (hn)n∈Z such that dAh+hdP = f then follows by induction.
But this means precisely that f is nullhomotopic. Since f was an arbitrary chain map out
of P into an acyclic complex A, it follows by definition that P ∈ PR.

Below we give an example of a projective complex that is not level -wise projective.

Example 5.3.10. Consider the complex (over R = Z)

P := · · · −→ 0 −→ Z/2
idZ/2−−−→ Z/2

∼∼∼
−→ 0 −→ 0 −→ · · · .

Then we may define a nullhomotopy of the identity idP by letting h0 = idZ/2 and hn = 0
for n ̸= 0. Therefore P ≃ 0. Since 0 is projective, it follows by theorem 5.2.9 that P ∈ PZ
is a projective complex. But P is not level-wise projective in ChZ, which can be seen by
contemplating that no such map as indicated below can exist,

Z/2

Z Z/2

can’t exist idZ/2

π

−
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The reason for this is that homZ (Z/2,Z) = 0 (since Z has no torsion-elements!) but
we would need such a morphism s : Z/2 → Z to satisfy π ◦ s = idZ/2. In particular,
(π ◦ s)(1) = 1 but s(1) = 0 so (π ◦ s)(1) = 0 (since π is a homomorphism), contradiction!

Below, in example 5.3.13 we show how one may construct a projective resolution for every
bounded below complex M ∈ KR. First we introduce a notion and a theorem.

Definition 5.3.11 (Enough projectives). We say that an abelian category A has enough
projectives if for every object M ∈ Ob(A) there is a projective object (recall definition
5.3.1) P and an epimorphism P ↠M .

Theorem 5.3.12. ModR has enough projectives.

Proof. Let M be an R-module and consider the free R-module P =
⊕

m∈M R. Let em
be the element in P with 1R in argument m and zero otherwise. Then define a map
{em : m ∈M} →M by em 7−→ m. This uniquely extends to an R-linear map p : P →M
which sends p(em) = m, so that p is surjective. By lemma 5.3.3 p is an epimorphism. By
theorem 5.3.4 and remark 5.3.5 P is projective. The conclusion follows.

Example 5.3.13. Let M ∈ KR be bounded below, so that there is some N ∈ Z so
that Mn = 0 for n < N . By theorem 5.3.12, MN admits a surjection pN : PN ↠ MN

from a projective module PN . Let Pn = 0, pn : Pn → Mn be the zero morphism, and
dPn = 0 for n < N . Assume by induction that for j < n we have constructed objects
Pj , differentials d

P
j and R-module homomorphisms pj : Pj → Mj so that the chain-map

condition dMj pj = pj−1d
P
j holds. Let

En :=
¶
(m, z) ∈Mn ⊕ ker

Ä
dPn−1

ä
: dMn (m) = pn−1(z)

©
.

Since En is an R-module (straightforward to check) it admits a surjection qn : Pn ↠ En
from a projective module Pn. Let pn := πMn ◦ qn be the post-composition of qn with the
projection to the first factor, and let dPn := ι◦πker(dPn−1)

◦q be the projection to the second

factor together with the inclusion into Pn−1. Then by definition, the image of dPn is in
ker
(
dPn−1

)
so that dPn−1d

P
n = 0. Now take any element y ∈ Pn, with qn(y) = (m, z). Then

by definition

pn(y) = πMn(qn(y))

= πMn(m, z)

= m ∈Mn,

and

dPn (y) = ι
(
πker(dPn−1)

(qn(y))
)

= ι
(
πker(dPn−1)

(m, z)
)

= z ∈ Pn−1.

Since (m, z) ∈ En we have that dMn (m) = pn−1(z). Therefore, it follows that

dMn (pn(y)) = dMn (m)

= pn−1(z)

= pn−1

Ä
dPn (y)

ä
,
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i.e. dMn pn = pn−1d
P
n , and the chain-map condition is fulfilled up to degree n. By induction

(inductively repeating this construction), we get a chain map p : P →M from a bounded-
below complex P such that Pn is projective in each degree (note that Pn = 0 is projective
for n < N). By construction, the pn are surjective for n ⩾ N .

Since P ∈ KR is bounded-below and Pn ∈ ModR is projective, P ∈ PR is a projective
complex by theorem 5.3.9. It remains to show that P

p−→ M is a quasi-isomorphism, i.e.
that Hn(p) : Hn(P )→ Hn(M) is an isomorphism for all n. This is already clear for n < N
since Mn = Pn = 0.

Hn(p) surjective: Let [m] ∈ Hn(M) with m ∈ Zn(M). If n = N then pN : PN → MN is
surjective so there is some x ∈ Pn such that pN (x) = m. Since PN−1 = 0 we have that
dPN (x) = 0 so that x ∈ ZN (P ). But then HN ([x]) = [pn(x)] = [m].

If n > N and m ∈ Zn(M) then dMn (m) = pn−1(0) so that (m, 0) ∈ En. Since qn : Pn → En
is surjective, there is some y ∈ Pn such that qn(y) = (m, 0), but then by construction,
pn(y) = πMn ◦ qn(y) = πMn(m, 0) = m. Furthermore we have

dPn (y) = ι ◦ πker(dPn−1)
◦ qn(y)

= ι ◦ πker(dPn−1)
(m, 0)

= 0 ∈ Pn−1,

so that y ∈ Zn(P ). Therefore, Hn(p)([y]) = [pn(y)] = [m].

Hn(p) injective: For n < N there is nothing to show since the induced map in homology is
the zero map, hence injective. So let n ⩾ N . If we let [z] ∈ Hn(P ) with z ∈ Zn(P ) be such
that Hn(p)([z]) = [pn(z)] = 0 then by definition, pn(z) = dMn+1(m) for some m ∈ Mn+1.
Then (m, z) belongs to En+1. Since qn+1 : Pn+1 → En+1 is surjective let y ∈ Pn+1 be such
that qn+1(y) = (m, z). Then we see that

dPn+1(y) = ι ◦ πker(dPn ) ◦ qn+1(y)

= ι ◦ πker(dPn )(m, z)

= z ∈ Pn,

i.e. z ∈ Bn(P ), so that [z] = 0.

We conclude that Hn(p) is an isomorphism in each degree n, i.e. p is a quasi-isomorphism.

Thus, P
≈−−→
p

M as constructed is a projective resolution.

5.4 Bounded above (or “bounded to the left”) injective res-
olutions

We now introduce the dual notion of an object being projective.

Definition 5.4.1 (Injective object). Let A be an abelian category, and let I ∈ Ob(A) be
such that for every morphism γ :M → I and every monomorphism m :M ↣ N , there is
a morphism γ̃ : N → I such that γ̃ ◦m = γ, or diagrammatically, as

I

M N

γ

m

∃γ̃

⟲

.
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Then we call I an injective object.

Example 5.4.2. Let R be a commutative unital ring, and consider an object I ∈ A =
ModR, that has the properties described in definition 5.4.1.

Lemma 5.4.3. For a morphism M
f−→ N in ModR, we have that f is a monomorphism

iff f is injective.

Proof. ⇒: Suppose m ∈ M such that f(m) = 0, and consider the maps g, h : R ⇒ M
with g(r) = rm for all r ∈ R (induced by the action R×M →M by fixing m) and h the
zero-morphism. Then for all r ∈ R, we have

(f ◦ g)(r) = f(rm)

= rf(m)

= 0

= (f ◦ h)(r).

Since f is a monomorphism, it follows that g = h. In particular, this means that m =
g(1) = h(1) = 0. It follows that f is injective.

⇐: If h, g : X ⇒ M are R-module homomorphisms such that f ◦ h = f ◦ g then for all
x ∈ X we have f(h(x)) = f(g(x))⇒ h(x) = g(x). It follows that h = g.

This means that an injective object in ModR is a module I for which the diagram can be
completed as below, for injections ι and R-module homomorphisms γ,

I

M N

γ

ι

∃γ̃

⟲

.

We call such a module an injective module.

Definition 5.4.4 (Enough injectives). We say that an abelian category A has enough
injectives if every object X ∈ Ob(A) admits a monomorphism X ↣ I to an injective
object I.

For the rest of the section, unless otherwise specified, we use ring/ rings for commutative
ring/rings. This is more a choice of convenience, and there should be not be any major
changes in the statements or proofs if one wants to state or prove the corresponding
non-commutative ring statement.

We aim to show below that for any unital ring k, Modk has enough injectives.

Proposition 5.4.5 (Baer’s criterion). Let R be a ring and let I be an R-module. If
every R-module homomorphism r → I from an ideal r to R extends to an R-module
homomorphism R→ I, then I is an injective R-module.

Proof. It is enough to show that for an R-moduleM , N ⊆M a submodule and γ : N → I
R-module homomorphism there is an extension to γ̃ :M → I of γ for the following reason:
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If we can prove this statement, then any diagram can be completed as below,

I

N M

γ

ι

∃γ̃ .

Now consider a diagram on the following form,

I

L M

γ

u

(5.4.1)

with u injective. We then have the existence of γ̃ such that (where ucorest. is the corestric-
tion to the image u(L) of u)

γ̃ ◦ ι = γ ◦ (ucorest.)−1

⇔ γ̃ ◦ ι ◦ ucorest. = γ

⇔ γ̃ ◦ u = γ, since ι ◦ ucorest. = u,

as depicted in the diagram below,

I

L u(L) M

γ
γ◦(ucorest.)−1

(ucorest.)−1 ι

∃γ̃
.

Hence γ̃ ◦ ι does the job of completing the triangle in 5.4.1.

Proceeding with the proof, we let

N :=
{
(N ′, γ′)

∣∣ N ⊆ N ′ ⊆M submodules and γ′ : N ′ → I extends γ
}
.

We define a partial order (N,⩽) with (N1, γ1) ⩽ (N2, γ2) if N1 ⊆ N2 and γ2|N1 = γ1. Then
a relatively straightforward check (using that a chain is exactly the restriction of a partial
order to a subset where we get a total order) shows that every chain {(Ni, γi)}i∈I ⊂ N for
some index set I has an upper bound, and so by Zorn’s lemma there is a maximal element
(N ′, γ′). We claim that N ′ =M . Assume not. Then there is an element m ∈M \N ′. Let
N ′′ := N ′ + R ·m, so that N ′ ⊊ N ′′ ⊆ M (the first inclusion since 0 + 1 ·m = m ∈ N ′′

and the second since N ′, R ·m ⊂M).

Let r := {r ∈ R : r ·m ∈ N ′}. This is an ideal of R. Consider the sequence

0→ r
α−→ N ′ ⊕R β−→ N ′′ → 0,
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with R-module homomorphisms α(r) = (r ·m,−r) and β(n, r) = n+ r ·m. We see that

β(α(r)) = β(r ·m,−r)
= r ·m− r ·m
= 0,

so that im(α) ⊂ ker (β), for r ∈ r. If (n, r) ∈ ker (β) then n+ r ·m = 0⇔ n = −r ·m ∈ N ′,
which means that r ∈ r. But then α(−r) = (−r · m, r) = (n, r) so that (n, r) ∈ im(α).
The surjectivity of β is clear from definition, and α(r) = (r ·m,−r) = (0, 0) implies that
−r = 0⇒ r = 0, so that α is injective. Hence the sequence is exact.

Define a homomorphism ϕ : r → I by ϕ := γ′ ◦ πN ′ ◦ α where πN ′ : N ′ ⊕ R ↠ N ′ is the
projection to the first factor. By assumption, there is an extension Φ : R→ I of ϕ. There
is then an R-module homomorphism H : N ′ ⊕ R → I defined by H(n, r) = γ′(n) + Φ(r).
For r ∈ r we have that

H(α(r)) = H(r ·m,−r)
= γ′(r ·m)− Φ(r)

= γ′(r ·m)− ϕ(r)
= γ′(r ·m)− γ′(r ·m), by definition of ϕ

= 0,

so that im(α) ⊂ ker(H). By exactness, it follows that ker(β) ⊂ ker(H). By the universal
property of the quotient there is then a unique map γ′′ : N ′′ → I such that H = γ′ ◦ β,
i.e. so that the following diagram commutes

N ′ ⊕R I

⟲

N ′′

H

β ∃!γ′′
.

It follows that for (n, 0) ∈ N ′ ⊕R, we have that

γ′(n) = γ′(n) + Φ(0)

= H(n, 0)

= γ′′ (β(n, 0))

= γ′′(n),

so that γ′′ extends γ′ (and hence also γ). But since also N ′ ⊊ N ′′ we have that (N ′, γ′) ⩽
(N ′′, γ′′) with respect to (N,⩽), contradicting maximality of (N ′, γ′).

Definition 5.4.6 (Divisible module). A module M ∈ ModR is divisible if for every
non-zero element r ∈ R, the induced map (from the action R×M →M)

M
r−→M, m 7−→ rm,

is surjective.

Theorem 5.4.7. If R is an integral domain, then
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(a) All injective modules are divisible.

(b) If R is also a prinicipal ideal domain, then the converse is true, i.e. all divisible
modules are injective.

Proof. (a): Assume I is an injective module in ModR, and consider a non-zero element
r ∈ R. For any m ∈ I we must find x ∈ I such that rx = m.

Consider the prinicipal ideal (r) ⊆ R, and define a map α : (r) → I by α(ar) = am. If
a′r = ar for a ∈ R, then (a′− a)r = 0. Since r ̸= 0 and R is an integral domain, it follows
that a′ = a and so a′m = am, so that α is well-defined. A routine check gives that α is an
R-module homomorphism. The inclusion ι : (r) → R is injective. Since I is injective, we
get an induced R-module homomorphism α̃ such that the following diagram commutes,

I

(r) R

α

ι

∃α̃ .

Let x := α̃(1) ∈ I, and note that

rx = rα̃(1)

= α̃(r)

= α(r)

= α(1 · r)
= 1 ·m
= m.

Hence I
r−→ I is surjective.

(b): By Baer’s criterion 5.4.5 it is enough to show that for any ideal r and any R-module
homomorphism ψ : r → I there is an extension Ψ : R → I. To wit, let ψ : r → I be an
R-module homomorphism. Since R is principal, r = (r) for some element r ∈ R. If r = 0
then the zero-homomorphism R → I extends ψ. If r ̸= 0 then since I is divisible, the
map I

r−→ I is surjective. Therefore, there exists an x ∈ I such that rx = ψ(r). Define
Ψ : R → I by Ψ(r′) = r′x for r′ ∈ R, i.e. as the induced R-module homomorphism
from the action R× I → I defined by freezing x in the second variable. Then we find for
arbitrary ar ∈ (r), we have

Ψ(ar) = aΨ(r), since Ψ is R-linear

= a(rx)

= aψ(r)

= ψ(ar), since ψ is R-linear,

which means that Ψ|r = ψ.
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Theorem 5.4.8. Let S
f−→ R be a ring homomorphism. Then there are adjunctions as

indicated in the diagram below

ModS ModR

( · )⊗SR

ModS(R,−)

F

⊣
⊣

.

Here F is the forgetful functor ModR
F−→ ModS.

Remark 5.4.9. Observe that S
f−→ R is a witness to the fact that R is an S-algebra. Hence

the forgetful functor F sends an R-module M to the same underlying abelian group but
now equipped with the action s · m := f(s) · m. Hence one might as well call this the

“restriction of scalar” functor (note; with respect to a fixed ring-homomorphism S
f−→ R).

On morphisms L
g−→ N of R-modules, we set F (g) = g since g respects the R-action it will

also induced the action induced by restriction of scalars to S, i.e. g(s · l) = g(f(s) · l) =
f(s) · g(l) = s · g(l) for all l ∈ L and all s ∈ S.

Remark 5.4.10. On morphisms g : M → M ′ ∈ ModS , the functor ( · ) ⊗S R : ModS →
ModR is defined as (g) ⊗S R := g ⊗ idR : M ⊗S R → M ′ ⊗S R, while ModS(R,−)
takes morphisms g : N → N ′ in ModS to ModS(R, g) : ModS(R,N) → ModS(R,N

′) by
postcomposition ModS(R,N) ∋ u 7−→ g ◦ u ∈ ModS(R,N

′).

Remark 5.4.11. For any S-module N , we have that ModS(R,N) is an R-module by the
action (a · g)(r) := g(ar) for a ∈ R and g ∈ ModS(R,N), at least under the assumption
that R is an S-algebra and that R is commutative (observe that if R is commutative and
we have a ring-homomorphism from S to R, then this gives R an S-algebra structure),

so certainly with S,R commutative and S
f−→ R witnessing ring-homomorphism for the

S-algebra structure on R.

Remark 5.4.12. For an introduction to adjunctions, see e.g. [Rie16, Chapter 4.1].

Proof. ( · )⊗S R ⊣ F : We need to show that for each pair of objectsM,N withM ∈ ModS
and N ∈ ModR, there is a bijection

homModR(M ⊗S R,N)
ΦM,N−−−−→
≈

homModS (M,F (N)),

natural in both M and N (in the sense of [Rie16, 2nd and 3rd diagram on p. 131]).
To this end, define ΦM,N by sending an R-module homomorphism M ⊗S R

α−→ N to
the map ΦM,N (α) := m 7−→ α(m ⊗S 1). A routine check gives that this is an S-module
homomorphism. Correspondingly, for each such pair M,N , we define a map

homModS (M,F (N))
ΨM,N−−−−→ homModR(M ⊗S R,N)

by ΨM,N (β)(m⊗ r) := r · β(m) for β ∈ homModS (M,F (N)). This is the map induced by

133



the universal property of F (M ⊗S R) ∈ ModS , as below,

(m, r) M ×R F (M ⊗S R) m⊗ r

F (N)

r · β(m)

θ
∃!ΨM,N (β)

.

One checks that θ is S-bilinear (recall that we are assuming the rings are commutative;
otherwise exchange S-bilinear with S-balanced and R an S-algebra, i.e. f(S) ⊂ Z(R))
hence factors through a unique S-module homomorphism ΨM,N (β) and the canonical

map (m, r)
ι7−→ m⊗ r. A routine calculation gives that the induced map ΨM,N (β) is in fact

R-linear.

We check that Ψ and Φ are mutual inverses. If α ∈ homModR(M ⊗S R,N) then

ΨM,N (ΦM,N (α))(m⊗ r) = r · (ΦM,N (α)(m))

= r · α(m⊗ 1)

= α(m⊗ r), since α is R-linear,

and if β ∈ homModS (M,F (N)) then

ΦM,N (ΨM,N (β))(m) = ΨM,N (β)(m⊗S 1)

= 1 · β(m)

= β(m).

Hence ΦM,N is an isomorphism. We check naturality (recall our earlier parenthesis in the
proof about this).

We first check that the following square commutes, for all α : N → N ′ in ModR,

N homModR(M ⊗S R,N) homModS (M,F (N))

N ′ homModR(M ⊗S R,N ′) homModS (M,F (N ′))

α

ΦM,N

α∗ (F (α))∗

ΦM,N′

.

For β ∈ homModR(M ⊗S R,N) we have

(F (α))∗ ◦ ΦM,N (β))(m) = α(β(m⊗ 1)), since F (α) = α,

while

ΦM,N ′ ◦ α∗(β))(m) = α∗β(m⊗ 1)

= α(β(m⊗ 1)),
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which agrees with our other computation, and so in natural language, one would perhaps
say that we have just shown “naturality with respect to N”.

To check “naturality in M”, instead consider any morphism h : M ′ → M in ModS , and
contemplate the diagram to the right below,

M ′ homModR(M ⊗S R,N) homModS (M,F (N))

M homModR(M
′ ⊗S R,N) homModS (M

′, F (N))

h

ΦM,N

(h⊗SR)∗ h∗

ΦM′,N

.

We have, for γ ∈ homModR(M ⊗S R,N) and arbitrary m′ ∈M ′ that

(h∗ ◦ ΦM,N (γ))(m
′) = ΦM,N (γ)(h(m

′))

= γ
(
h(m′)⊗ 1

)
while

(ΦM ′,N ◦ (h⊗S R)∗(γ))(m′) = (h⊗S R)∗(γ)(m′ ⊗ 1)

= γ(h⊗ idR(m
′ ⊗ 1))

= γ(h(m′)⊗ 1).

Both computations agree. Hence we conclude that ( · )⊗S R ⊣ F .

F ⊣ ModS(R,−): For all pairs N,M with N ∈ ModR and M ∈ ModS , define

ΦN,M : ModS(F (N),M)→ ModR(N,ModS(R,M)),

by taking an S-module homomorphism F (N)
α−→ M to ΦN,M (α)(n)(r) := α(r · n). One

checks that ΦN,M (α)(n) is S-linear for each n ∈ N , and that ΦN,M (α) is R-linear, by
using that R is commutative.

Let ΨN,M : ModR(N,ModS(R,M)) → ModS(F (N),M) be defined by ΨN,M (β)(n) =
β(n)(1R) (we suppress R in 1R after this), for each β ∈ ModR(N,ModS(R,M)) and n ∈ N
so that β(n) ∈ ModS(R,M). Then one may check that ΨN,M (β) is S-linear by using how
the module-structures interact, in particular using remark 5.4.11, that β(n) is S-linear for
each n ∈ N and that β is R-linear.

We check that ΦN,M and ΨN,M are mutual inverses. Let α ∈ homModS (F (N),M). Then

ΨN,M (ΦN,M (α))(n) = ΦN,M (α)(n)(1)

= α(1 · n)
= α(n),

and for β ∈ ModR(N,ModS(R,M)) we have

ΦN,M (ΨN,M (β))(n)(r) = ΨN,M (β)(r · n)
= β(r · n)(1)
= (r · β(n))(1), since β is R-linear

= β(n)(r), by remark 5.4.11.
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Hence ΦN,M is an isomorphism. We check naturality.

Naturality in the first argument F (−): Let α : N ′ → N be an R-module homomorphism.
Naturality amounts to checking that the following square commutes,

N ′ homModS (F (N),M) homModR(N,ModS(R,M))

N homModS (F (N
′),M) homModR(N

′,ModS(R,M))

α

ΦN,M

F (α)∗ α∗

ΦN′,M

.

Let F (N)
β−→M be an element in the left-upper corner of the diagram above, let n′ ∈ N ′

and let r ∈ R. Then

ΦN ′,M (F (α)∗(β))(n′)(r) = ΦN ′,M (β ◦ F (α))(n′)(r)
= (β ◦ F (α))(r · n′)
= β(α(r · n′))
= β(r · α(n′)), since α is R-linear.

On the other hand, we have

(α∗ ◦ ΦN,M )(β)(n′)(r) = α∗(β(r · n))
= β(α(r · n)
= β(r · α(n)), R-linearity of α.

We conclude that the diagram commutes.

Naturality in the second argument: Let α : M → M ′ be an S-module homomorphism.
Naturality then amounts to checking that the following diagram commutes,

M homModS (F (N),M) homModR(N,ModS(R,M))

M ′ homModS (F (N),M ′) homModR(N,ModS(R,M
′))

α

ΦN,M

α∗ ModS(R,α)∗

ΦN,M′

,

where
ModS(R,α)∗ : ModS(R,M)→ ModS(R,M

′), b 7−→ α ◦ b
acts by postcomposition (as indicated by lower-case ∗).

We find that for F (N)
β−→M R-linear homomorphism, n ∈ N and r ∈ R we have that

(ΦN,M ′ ◦ α∗)(β)(n)(r) = α∗(β(r · n)
= α(β(r · n))

while

(ModS(R,α)∗ ◦ ΦN,M )(β)(n)(r) = ModS(R,α)∗(β(r · n))
= α(β(r · n)).

Since the computations agree, the diagram commutes.
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Corollary 5.4.13. If F (M) → N ∈ ModS is an injection, the corresponding morphism
(under the isomorphism given by theorem 5.4.8) M → ModS(R,N) in ModR is an injec-
tion.

Proof. By investigating the proof of theorem 5.4.8 we see that Φ sends an injection

F (M)
β−→ N to β̃ := Φ(β) defined by

β̃(n)(r) = β(r · n).

Assume that β̃(n1) = β̃(n2) for some n1, n2 ∈ N . This means that

β̃(n1)(r) = β̃(n2)(r), ∀r ∈ R
⇒ β̃(n1)(1) = β̃(n2)(1)

⇔ β(n1) = β(n2)

⇒ n1 = n2, by injectivity of β.

Corollary 5.4.14. The functor homModS (R,−) preserves injective objects.

Proof. Assume I ∈ ModS is an injective object. Then we want to check whether we can
complete the triangle as below in ModR with an R-module homomorphism γ where ψ and
ℓ are R-module homomorphism with ℓ an injection,

homModS (R, I)

L N

ψ

ℓ

∃γ? .

Observe that since F (ℓ) = ℓ we then get an injection F (ℓ) : F (L)→ F (N) in ModS . The
isomorphism Ψ in the proof of 5.4.8 gives us a map ψ̃ := Ψ(ψ) : F (L) → I, defined by
ψ̃(l) = ψ(l)(1). Since I is injective we get a map γ̃ : F (N)→ I so that the diagram below
commutes,

I

F (L) F (N)

ψ̃

F (ℓ)

∃γ̃

⟲

.

Then the natural isomorphism Φ gives us a map γ := Φ(γ̃) : N → ModS(R, I), defined by
γ(n)(r) = γ̃(r · n). We then see that

(γ ◦ ℓ)(l)(r) = γ(ℓ(l))(r)

= γ̃(r · ℓ(l))
= γ̃(ℓ(r · l))
= ψ̃(r · l)
= ψ(r · l)(1)
= (r · ψ(l))(1), since ψ is R-linear

= ψ(l)(r),

137



where we in the last step used the R-module structure on ModS(R, I) (we remind the
reader of remark 5.4.11).

Lemma 5.4.15. Injective objects are preserved under products (as long as the product
exists).

Proof. Let (Iα)α∈A be a family of injective objects in an abelian category A. Consider a

diagram on the following form in A, with M ι−→ N a monomorphism,∏
α∈A Iα

M N

ψ

ι

∃γ? .

We want to show the existence of γ completing the triangle. Since
∏
α∈A Iα is a product

there are canonical maps πα :
∏
α∈A Iα → Iα. This gives us maps ηα := πα ◦ ψ : M → Iα

and since each Iα is injective, we may complete the following diagram with a map γα as
below,

Iα

M N

ηα

ι

∃γα .

By the universal property of the product applied to this A-indexed family of maps

∏
α∈A Iα

N Iα

πα
∃!γ

γα


α∈A

,

there exists a unique morphism γ : N →
∏
α∈A Iα so that the diagram above commutes

for all α ∈ A, i.e. πα ◦ γ = γα.

We then find that

πα ◦ γ ◦ ι = γα ◦ ι
= ηα

= πα ◦ ψ,

for all α ∈ A. By another application of the universal property of the product we must
have that γ ◦ ι = ψ, and the conclusion follows.

Lemma 5.4.16. Q/Z is divisible as a Z-module over the principle ideal domain Z.

Proof. We must show that the map Q/Z n−→ Q/Z is surjective, for any n ∈ Z. Let
q+Z ∈ Q/Z be arbitrary, with q ∈ Q non-zero. Then q

n +Z is sent to q+Z. Clearly 0+Z
is sent to 0 + Z so we are done.
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Theorem 5.4.17. Q/Z is injective as a Z-module.

Proof. By lemma 5.4.16 Q/Z is divisible, so by 5.4.7.(b) it is injective as a Z-module.

Theorem 5.4.18. Let A ∈ Ab. Then for all non-zero a ∈ A there exists a homomorphism

A
Ψa−−→ Q/Z in Ab sending a to a non-zero element Ψa(a) ̸= 0 of Q/Z.

Proof. If a has finite order then since a ̸= 0 its order is greater than one. Define a
homomorphism ψa : (a) → Q/Z by ψa(ka) := k

n + Z. Since n > 1 we see that ψa(a) =
1
n + Z ̸= Z so that ψa(a) is non-zero. This is well-defined since if ka = ℓa⇔ a(k − ℓ) = 0

which means that n | k− ℓ so that k
n −

ℓ
n ∈ Z⇔ k

n +Z = ℓ
n +Z and a routine calculation

gives that this is a homomorphism.

If a has infinite order, then define e.g. ψa(ka) =
k
2 +Z. Straightforward checks gives that

this is well-defined (using that a has infinite order so every ka is uniquely defined), is an
(additive) homomorphism and ψa(a) =

1
2 + Z ̸= 0.

Since Q/Z is injective, we may extend ψa : (a)→ Q/Z as below for each non-zero a,

Q/Z

(a) A

ψa

ι

∃ΨA

⟲

.

Since Ψa extends ψa, Ψa(a) ̸= 0.

Corollary 5.4.19. For any object A ∈ Ab, there is an injection A ↪−→
∏
a∈AQ/Z.

Proof. In accordance with theorem 5.4.18 for each non-zero a ∈ A we may choose a
homeomorphism Ψa : A → Q/Z such that Ψa(a) ̸= 0 and for 0 we may choose the zero-
homomorphism. Let I :=

∏
a∈AQ/Z. Since I is a product, by the universal property we

get a unique map φ making the family of A-indexed triangles commute, as below,
I

A Q/Z

πa
∃!φ

Ψa

⟲


a∈A

.

We claim that φ is an injection: Assume that φ(a) = 0. Then πa ◦ φ(a) = Ψa(a) = 0,
which implies that a = 0.

Theorem 5.4.20. ModR has enough injectives.

Proof. Let M ∈ ModR be given. Since every ring is a Z-algebra, we have adjunctions as
in theorem 5.4.8. By 5.4.19 there is then an injection F (M) ↪−→

∏
m∈M Q/Z =: I in Ab,

so the same injection lives in ModZ. By 5.4.15 this gives an injection M
ζ
↪−→ ModZ(R, I).

Since Q/Z is an injective object in ModZ by 5.4.17 it follows by 5.4.14 that ModZ(R, I) is
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an injective object. By 5.4.3 we have that ζ is a monomorphism. Therefore, by definition
5.4.4, ModR has enough injectives.

Summarizing § 5.3 and § 5.4: We call Q/Z ∈ Ab an injective cogenerator, and we call
R ∈ ModR a projective generator.

5.5 Cell complexes and lifting

In the context of wanting to construct projective resolutions, let’s define some notions.
First we define

Sn 0 R

:=

Dn+1 R R

in idR

idR

(5.5.1)

by which we mean that in here is the chain map, Sn is the upper complex, Dn+1 is the
lower complex with zeroes everywhere but where indicated above, and where the vertical
idR lives in degree n. It is immediate that Σ−nSn = S0 and that Σ−nDn = D0 if one
forgets the differentials. However, with respect to said differentials, when n is odd this
introduces a sign in front of the lower horizontal idR

5

Theorem 5.5.1. For any complex M ∈ ChR, there are natural isomorphisms

homChR(S
n,M) ≈ Zn(M) and homChR(D

n+1,M) ≈Mn+1.

Proof. homChR(S
n,M) ≈ Zn(M): Observe that by definition of Sn, a chain map Sn

f−→M

is determined solely by fn(1) ∈ Mn. Since dMn fn(1) = fn−1 d
Sn

n (1)︸ ︷︷ ︸
=0

= 0 it follows that the

assignment f 7−→ fn(1) gives an element fn(1) ∈ Zn(M).

On the other hand, each n-cycle x ∈ Zn(M) determines a chain map 1
g7−→ x (where the

assignment 1 7−→ x happens in degree n) as indicated below,

r 0

rx 0

dS
n

g g

dM

.

These are inverses hence gives a bijection of R-modules (since they are mutual inverses
also the inverse assignment from an n-cycle to the corresponding chain map is R-linear).

We claim the assignment f
ΦM7−−→ fn(1) is natural (easy check gives we claim that it is

also an R-module homomorphism), with Sn
f−→M a chain map. To see this, consider the

5This is due to the fact that dΣ
−nDn

j = (−1)−ndD
n

j+n. There is no such issue for Sn since all differentials

dS
n

j = 0 are zero, hence so also the corresponding differentials after shifting by Σ−n
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following diagram for a chain map α :M →M ′,

M homChR(S
n,M) Zn(M)

M ′ homChR(S
n,M ′) Zn(M

′)

α

ΦM

α∗ Zn(α)

ΦM′

,

where we recall the definition of Zn(α) (cf. theorem 2.3.3) is just the restriction (and
corestriction) of αn to Zn(M) respectively Zn(M

′). We then have, for any chain map

Sn
f−→M , that

(Zn(α) ◦ ΦM )(f) = αn(fn(1)),

while

ΦM ′(α∗(f)) = ΦM ′(α ◦ f)
= (α ◦ f)n(1)
= αn(fn(1)), by definition.

Hence Φ is a natural isomorphism of the functors homChR(S
n,−),Zn( · ) : ChR ⇒ ModR.

homChR(D
n+1,M) ≈Mn+1: Let homChR(D

n+1,M)
ΦM−−→ Mn+1 be defined by the assign-

ment g 7−→ gn+1(1). Note that since g is a chain map Dn+1 g−→ M and since dD
n+1

n+1 = idR,
it follows that

gn = gn ◦ idR
= gn ◦ dD

n+1

n+1

= dMn+1 ◦ gn+1.

Since all maps are R-module homomorphisms, gn and hence g, is determined by the
element gn+1(1) ∈ Mn+1. On the other hand, given an element y ∈ Mn+1 we may define
ΨM :Mn+1 → homChR(D

n+1,M) by sending y to gy : D
n+1 →M , where

(gy)n+1(r) := ry, ∀r ∈ R,
(gy)n(r) := rdMn+1(y), ∀r ∈ R,
(gy)j = 0, for j ̸= n, n+ 1.

(5.5.2)

By using the module-structure on R we see that the maps above are R-linear. We then
find that Ä

dMn+1 ◦ (gy)n+1

ä
(r) = dMn+1(ry)

= rdMn+1(y)

= (gn)y (idR(r))

=
Ä
(gn)y ◦ dD

n+1

n+1

ä
(r).

One checks that gy then in the other degrees defines a chain map Dn+1 gy−→ M (observe
that if j ̸= n, n + 1 then dgy and gyd are maps out of

(
Dn+1

)
j
= 0). For y ∈ Mn+1 we
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have that

ΦM (ΨM (y)) = ΦM (gy)

= (gy)n+1(1)

= y, by construction,

and for Dn+1 g−→M chain map we have

ΨM (ΦM (g)) = ΨM (gn+1(1))

= ggn+1(1),

where

(ggn+1(1))n+1(r) = rgn+1(1)

= gn+1(r), by R-linearity,

and

(ggn+1(1))n(r) = rdMn+1(gn+1(1))

= rgn
Ä
dD

n+1

n+1 (1)
ä

= rgn(idR(1))

= gn(r),

and zero and all other degrees. Hence ΨM (ΦM (g)) = g. It is straightforward to check that
ΦM is R-linear and so it follows that (since ΨM is a mutual inverse) also ΨM is R-linear.
Hence ΦM is an isomorphism homChR(D

n+1,M) ∼=Mn+1 of R-modules.

With respect to naturality, we check that the following square commutes, for every chain

map M
α−→ M ′ (one may check that M

( · )n+17−−−−−→ Mn+1 and α
( · )n+17−−−−−→ αn+1 is a functor

ChR → ModR),

M homChR(D
n+1,M) Mn+1

M ′ homChR(D
n+1,M ′) M ′

n+1

α

ΦM

α∗ ( α )n+1

ΦM′

.

For a chain map Dn+1 g−→M we have

(αn+1 ◦ ΦM )(g) = αn+1(gn+1(1))

and

(ΦM ′ ◦ α∗)(g) = (α∗(g))n+1(1)

= (α ◦ g)n+1(1)

= αn+1(gn+1(1)).

Naturality follows.
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We observe that the morphism Sn
in
↪−→ Dn+1 induces a morphism of functors (i.e. a natural

transformation)

homChR(D
n+1,−) (in)∗−−−→ homChR(S

n,−)

which by theorem 5.5.1 can be promoted to a natural transformation

( · )n+1
θ−→ Zn( · ).

By analysing the proof of theorem 5.5.1 we see that for each object M ∈ ChR, we get the

mapMn+1
θM−−→ Zn(M) which is reallyMn+1 ∋ y 7−→ gy 7−→ gy ◦ιn 7−→ (gy ◦ιn)n(1) = dMn+1(y),

i.e. θM = dMn+1, or θ = d
( · )
n+1.

Definition 5.5.2 (Right lifting property). Let M
f−→ N be a morphism in ChR. Then

we say that f has the right lifting property with respect to in (or that in has the left
lifting property with respect to f) if for every solid commutative diagram as below,
there is a dashed lift such that the diagram below commutes.

Sn M

Dn+1 N

in f .

Recall that in ModR, the pullback of a diagram on the form A
f−→ C

g←− B (i.e. a cospan)
is an object A×C B := {(a, b) ∈ A⊕B : f(a) = g(b)} together with pullback morphisms
π1, π2 that satisfies the universal property that for any R-module Q and R-linear maps
ℓ1 :Q→ A, ℓ2 : Q→ B such that f ◦ ℓ1 = g ◦ ℓ2, there exists a unique dashed R-linear map
as indicated below, so that the diagram

Q

A×C B B

A C

ψ
ℓ2

ℓ1

π2

π1 g

f

commutes, i.e. so that πi ◦ ψ = ℓi for i = 1, 2.

Theorem 5.5.3. A morphism M
f−→ N in ChR has the right-lifting property iff the dashed

arrow indicated in the pullback-diagram below, is surjective.

Mn+1

Nn+1 ×Zn(N) Zn(M) Zn(M)

Nn+1 Zn(N)

dMn+1

fn+1

π2

π1 Zn(f)

dNn+1
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Proof. We first observe that the reason the “outer square” commutes in the pullback
diagram above is due to f being a chain map. We further observe that the pullback is the
kernel of the map (y, z) 7−→ dNn+1(y) − Zn(f)(z) where recall (cf. 2.3.3) Zn(f) is just the
restriction to Zn(M) of fn. We let

P := Nn+1 ×Zn(N) Zn(M)

= {(y, z) ∈ Nn+1 ⊕ Zn(M) : dNn+1(y) = fn(z)}.

for brevity, and let θ : Mn+1 99K P be the dashed arrow in the pullback-diagram. It is
straightforward to check (by using the projection maps π1, π2 defined by projection to the
first or second factor of P ⊂ Nn+1 ⊕ Zn(M)) that θ(m) =

(
fn+1(m), dMn+1(m)

)
.

⇒: Let (y, z) ∈ P be arbitrary. Then

dNn+1(y) = fn(z). (5.5.3)

Consider the square

Sn M

Dn+1 N

z

in f

y

where Sn → M is the chain map which sends 1 to z ∈ Zn(M) ⊂ Mn in degree n and is
zero otherwise. Furthermore recall from the proof of 5.5.1 that a chain map Dn+1 → N is
determined by where it sends 1 in degree n+ 1, and we saw a way of turning an element

y ∈ Nn+1 to a chain map Dn+1 gy−→ N . Hence the lower horizontal map is gy, as defined
in 5.5.2. Since Sn is zero in all other degrees than n, it is enough to check that the
diagram commutes in degree n. We then have (gy)n(r) = rdMn+1(y) by going down-right
in the diagram, while going right-down we get fn(rz) = rfn(z). These clearly agree by
5.5.3. Since f has the right lifiting property with respect to in, there exists a chain map
ψ : Dn+1 → M making the diagram above commute. Since this is chain a map out of
Dn+1, it is determined by the element ψn+1(1) = m ∈ Mn+1. Furthermore, by the proof
of theorem 5.5.1 we know that ψn = dMn+1 ◦ ψn+1. Hence it follows that

ψn(1) = dMn+1(m). (5.5.4)

Since the diagram commutes, we have

(f ◦ ψ)n+1(1) = (gy)n+1(1)

⇔ fn+1(m) = y

and

(in ◦ ψ)n(1) = z(1)

⇔ ψn(1) = z

⇔ dMn+1(m) = z, by 5.5.4.

But then we see that θ(m) = (y, z) (by definition). Since (y, z) ∈ P was arbitrary, θ is
surjective.
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⇐: Assume θ is surjective. Let

Sn M

Dn+1 N

h

in f

q

be an arbitrary commuting square of chain maps. The map h is determined by hn(1) = z
so in degree n we have that following the square right-down gives 1 7−→ z 7−→ fn(z) and
following the square down-right gives 1 7−→ 1 7−→ qn(1) = dNn+1(y) where y = qn+1(1).
Therefore, we have fn(z) = dNn+1(y). Since h is a chain map and dS

n

n = 0 we find that
z ∈ Zn(M) and so it follows that (y, z) ∈ P. Since θ is surjective, there exists m ∈ Mn+1

such that θ(m) = (y, z). By definition, this means that fn+1(m) = y and dMn+1(m) = z.

We define a lift ℓ : Dn+1 → M to be the the chain map gm as constructed in 5.5.2. We
then observe that

(ℓ ◦ in)n(1) = ℓn(1)

= dMn+1(m)

= z

= hn(1).

Since maps out of Sn are completely determined by where they send 1 in degree n, it
follows that ℓ ◦ in = h. Furthermore, we have

(f ◦ ℓ)n+1(1) = fn+1(m)

= y

= qn+1(1).

Therefore f ◦ ℓ = q. Hence ℓ is a lift.

We may abbreviate that f has the right-lifting property with respect to in as f ∈ rlp(in)
or in ∈ llp(f). We introduce the notation I := {in}n∈Z and rlp(I) :=

⋂
n∈Z rlp(in).

Theorem 5.5.4. If M
f−→ N ∈ rlp(in) then Hn(f) is injective and Zn+1(f) is surjective.

Proof. Since f ∈ rlp(in), by theorem 5.5.3 the dashed arrow

θ :Mn+1 → Nn+1 ×Zn(N) Zn(M) =: P

is surjective, and θ(m) =
(
fn+1(m), dMn+1(m)

)
.

Injectivity of Hn(f): Let [m] ∈ Hn(M) for some m ∈ Zn(M) such that Hn(f)([m]) =

[fn(m)] = 0. This means that there is some y ∈ Nn+1 such that dNn+1(y) = fn(m).
It follows that (y,m) ∈ P, so by surjectivity of θ there is some x ∈ Mn+1 such that
θ(x) = (y,m). Since the pullback-diagram with θ commutes, it follows that dMn+1(x) = m
so that m ∈ Bn(M), hence [m] = 0.

Surjectivity of Zn+1(f): Let y ∈ Zn+1(N) ⊆ Nn+1 be arbitrary, such that dNn+1(y) = 0.
Then (y, 0) ∈ P. By surjectivity of θ there is an m ∈ Mn+1 such that θ(m) = (y, 0) and
such that fn+1(m) = y and dMn+1(m) = 0. The latter identity tells us that m ∈ Zn+1(M)
(so is in the domain of Zn+1(f)), and the former identity tells us that Zn+1(f)(m) = y.
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Corollary 5.5.5. If M
f−→ N is in rlp(I), then f is a quasi-isomorphism.

Proof. Fix n ∈ Z. Since f ∈ rlp(in) theorem 5.5.4 tells us that Hn(f) is injective. Since
f ∈ rlp(in−1), theorem 5.5.4 gives that Zn(f) is surjective. It follows (to convince yourself,
recall the proof of theorem 2.3.3) that Hn(f) is surjective. Taken together this implies
that Hn(f) is an isomorphism. Since n ∈ Z was arbitrary, f is a quasi-isomorphism.

Corollary 5.5.6. If M
f−→ N is in rlp(I), then Mn

fn−→ Nn is surjective for each n ∈ Z.

Proof. Fix n ∈ Z. Then f ∈ rlp(in). By theorem 5.5.3 it follows that the dashed pullback
map θ : Mn+1 → Nn+1 ×Zn(N) Zn(M) =: P is surjective. Let y ∈ Nn+1 be arbitrary.
Since f ∈ rlp(in−1) it follows that Zn(f) is surjective by theorem 5.5.4. Hence we may
choose z ∈ Zn(M) such that fn(z) = dNn+1(y) ∈ Zn(N). Then (y, z) ∈ P so there is some
m ∈ Mn+1 such that θ(m) =

(
fn+1(m), dMn+1(m)

)
= (y, z), i.e. fn+1(m) = y. Therefore,

Mn+1
fn+1−−−→ Nn+1 is surjective. Since n was arbitrary, f is level-wise surjective.

The theorem below shows the converse to Corollaries 5.5.5 and 5.5.6, i.e. so that rlp(I)

consists precisely of quasi-isomorphism M
f−→ N that are level -wise surjective.

Theorem 5.5.7. If M
f−−→ N is a level-wise surjective quasi-isomorphism, then f ∈

rlp(I).

Proof. Let K := ker(f). We have a short exact sequence of complexes

0 −→ K
ι
↪−→M

f−→ N −→ 0.

By theorem 3.4.5 we have an associated long exact sequence in homology

· · · → Hn+1(M)
Hn+1(f)−−−−−→ Hn+1(N)

∂n+1−−−→ Hn(K)
Hn(ι)−−−→ Hn(M)

Hn(f)−−−−→ Hn(N)→ · · · ,

with ∂ the connecting homomorphisms. Since f is a quasi-isomorphism, Hn(f) is an
isomorphism for all n so by exactness it follows that Hn(ι) : Hn(K) → Hn(M) has both
zero image and zero kernel, from which one may conclude that Hn(K) = 0 for all n, i.e.
K is acyclic.

Let n ∈ Z be arbitrary. To show that f ∈ rlp(in), it is by theorem 5.5.3 enough to
show that the dashed arrow θ : Mn+1 → Nn+1 ×Zn(N) Zn(M) =: P defined by θ(m) =(
fn+1(m), dMn+1(m)

)
is surjective. Let (y, z) ∈ P be arbitrary, so that dNn+1(y) = fn(z).

Since f is levelwise surjective, choose x ∈ Mn+1 such that fn+1(x) = y, and consider the
element dMn+1(x)− z ∈Mn. Since f is a chain map, and by how x, y, z were defined we see
that dMn+1(x)− z ∈ ker(fn) = Kn. Furthermore,

dMn
Ä
dMn+1(x)− z

ä
= dMn d

M
n+1(x)− dMn (z) = 0,

since z is a cycle and d2 = 0. It follows that dMn+1(x)− z ∈ Zn(K) = Bn(K), which means
that there is some t ∈ Kn+1 such that dMn+1(t) = dMn+1(x) − z. Let m = x − t. Then we
see that

θ(m) =
Ä
fn+1(x− t), dMn+1(x− t)

ä
= (fn+1(x)− fn+1(t), z)

= (y, z), since t ∈ Kn+1 = ker(fn+1).

146



Hence θ is surjective. We conclude that f ∈ rlp(in). Since n ∈ Z was arbitrary, we
conclude that f ∈ rlp(I).

5.6 Projective resolutions as cellular approximations

5.6.1 Introducing factorizations and arrow categories

In this section, we will construct projective resolutions P
≈−−→ M by a procedure called

a small object argument. Given a morphism M
f−−→ N in ChR, we will construct a

factorization as indicated below,

M N

N (∞)

f

c(∞) f (∞)

such that c(∞) and f (∞) satisfies the following:

(a) The morphism c(∞) has the left lifting property with respect to level-wise surjective
quasi-isomorphisms, that is, c(∞) ∈ llp(rlp(I)). Said in another way, for every solid

diagram on the form below, with A
q−→ B a levelwise surjective quasi-isomorphism,

there exists a dashed lift as indicated.

M A

N (∞) B

c(∞) q .

(b) The morphism f (∞) is a quasi-isomorphism.

Theorem 5.6.1. Given a factorization of 0 −→ N as above, it follows that N (∞) is

projective and that N (∞) f (∞)

−−−→ N is a projective resolution.

Proof. Since f (∞) is a quasi-isomorphism, that f (∞) is a projective resolution follows
directly if we can show that N (∞) is projective. To that end, let A ∈ AR be acyclic and
let N (∞) φ−→ A be an arbitrary chain map. By remark 5.2.4 we see that hker(idA)→ A is
a levelwise surjective quasi-isomorphism. Therefore, since c(∞) ∈ llp(rlp(I)) and since the
solid diagram below clearly commutes (both are chain maps 0→ A), there is a dashed lift
h as indicated below,

0 hker(idA)

N (∞) A

c(∞) v
h

φ

.

By theorem 5.2.3, it follows that N (∞) is projective.
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Definition 5.6.2 (Arrow category). Given a category C, we define the associated arrow

category Arr(C) := Fun([1], C) as the functor category, with objects functors [1]
F−→ C

where [1] is the category with two objects 0, 1 and one arrow 0 −→ 1, and where Arr(C)
has as morphisms natural transformations between functors. Composition is defined as
vertical composition of natural transformations (cf. [Rie16, Lemma 1.7.1]).

From the definition of Arr(C) we see that a morphism F
α⇒ G in Arr(C) between functors

F,G : [1]⇒ C is the data of a commutative square in C as below,

0 F (0) G(0)

1 F (1) G(1)

∗

α0

F (∗) G(∗)

α1

. (5.6.1)

If we consider Arr(ChR), then we see that any chain map M
f−→ N determines a functor

Ff : [1]→ ChR by letting Ff (0) = M,Ff (1) = N,Ff (∗) = f, Ff (id0) = idM and Ff (id1) =

N . Hence we may in particular consider homArr(ChR)(Fin , Ff ) for any chain map M
f−→ N

and Sn
in
↪−→ Dn+1. By diagram 5.6.1 morphisms α that belong to homArr(ChR(Fin , Ff ) are

precisely pairs of chain maps (α0, α1) such that the following diagram commutes,

Sn M

Dn+1 N

α0

in f

α1

.

We introduce the notation

I(f)n := homArr(ChR)(Fin , Ff )

∼= homChR(S
n,M)×homChR

(Sn,N) homChR(D
n+1, N).

The latter isomorphism is clear to see by taking the pullback (in Set or ModR) of the
cospan

homChR(S
n,M)

(f)∗−−→ homChR(S
n, N)

(in)∗←−−− homChR(D
n+1, N).

Furthermore, we let I(f) :=
⊔
n∈Z I(f)n. If β ∈ I(f) then we write nβ := n if β ∈ I(f)n,

i.e. we have the evident map I(f)
n( · )−−−→ Z that takes an element β = (n, α) ∈ I(f) to n.

5.6.2 Construction of factorization f (∞) ◦ c(∞)

We now aim to construct the factorization f (∞) ◦ c(∞) with respect to an arbitrary chain

map M
f−→ N in ChR.

Theorem 5.6.3. The category of chain complexes ChR has all small limits and colimits,
i.e. is complete and cocomplete.

Remark 5.6.4. We will take it as given that ModR is co/complete in the proof (sketch) be-
low. There are several way to prove the above statement, but most proofs seem (naturally)
to rely on knowing that ModR is co/complete.
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Proof. Sketch: Cocomplete: If we take it as given that ChR is abelian, and that ModR
is cocomplete, then in particular ModR has all set-indexed coproducts (i.e. direct sums)⊕

a∈AMa. By extension, ChR has all Set-indexed direct sums. By [Wei94, Prop. 2.6.8.(1)
⇒ (2)] the conclusion follows.

Complete: Dual argument to the one for cocomplete in that (see [Wei94, Variation 2.6.9
(Limits)]) using that ModR has all Set-indexed products, by extension ChR has all Set-
indexed products, and so the conclusion follows.

We will furthermore take it as given that the direct sum plays the role of coproduct in ChR
(analogous to ⊕ in ModR). Observe that each I(f)n as defined, lives in Set, and so hence
so does I(f) (it is a Z-indexed disjoint union of sets).

It follows that
⊕

α∈I(f) S
nα ,
⊕

α∈I(f)D
nα+1 live in ChR. Now if α ∈ I(f) there is a unique

integer nα so that α ∈ Inα , which means that there are morphisms sα and gα as indicated
in the diagram below, so that the diagram commutes,

Snα M

Dnα+1 N

sα

inα f

gα

. (5.6.2)

By the universal property of the coproduct applied to the diagramsá
M

⊕
α∈I(f) S

nα Snα

s
sα

kα

ë
α∈I(f)

,

á
N

⊕
α∈I(f)D

nα+1 Dnα+1

g
gα

λα

ë
α∈I(f)
(5.6.3)

and à ⊕
α∈I(f)D

nα+1

⊕
α∈I(f) S

nα Snα

i
λα◦inα

kα

í
α∈I(f)

, (5.6.4)

with (kα)α∈I(f) and (λα)α∈I(f) the families of coproduct maps, we get uniquely determined
maps 

⊕
α∈I(f) S

nα
s−−→M⊕

α∈I(f)D
nα+1 g−−→ N⊕

α∈I(f) S
nα

i−−→
⊕

α∈I(f)D
nα+1.

We claim that the associated square⊕
α∈I(f) S

nα M

⊕
α∈I(f)D

nα+1 N

s

i f

g

(5.6.5)
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commutes: We find that

f ◦ s ◦ kα︸ ︷︷ ︸
=sα

= f ◦ sα

= gα︸︷︷︸
=g◦λα

◦inα , since diagram 5.6.2 commutes

= g ◦ λα ◦ inα︸ ︷︷ ︸
=i◦kα

= g ◦ i ◦ kα.

Hence, for every α ∈ I(f), we see that (f ◦ s) ◦ kα = (g ◦ i) ◦ kα. By another application of
the universal property of the coproduct, it follows that f ◦ s = g ◦ i, i.e. the square 5.6.5
commutes.

We let

N (1) := colim

à ⊕
α∈I(f) S

nα M

⊕
α∈I(f)D

nα+1

s

i

í
. (5.6.6)

Remark 5.6.5. Observe that for the statement that N (1) actually exists in ChR, one may
use the weaker (as compared to theorem 5.6.3) theorem 3.1.12.

Then by definition 3.1.11, we get specified morphisms c(1) and ℓ(1) as indicated below, so
that the diagram ⊕

α∈I(f) S
nα M

⊕
α∈I(f)D

nα+1 N (1)

s

i c(1)

ℓ(1)

, (5.6.7)

commutes. Furthermore by the same definition (propert (b)) we get an induced f (1) as in-
dicated below, so that the diagram to the left below commutes, leading to the factorization
to the right.

⊕
α∈I(f) S

nα M M N

⊕
α∈I(f)D

nα+1 N (1) N (1)

N

s

i c(1)

f

f

c(1)

ℓ(1)

g

f (1)

f (1)

. (5.6.8)

Theorem 5.6.6. The morphism M
c(1)−−→ N (1) has the left lifting property with respect to

any levelwise surjective quasi-isomorphism. That is, c(1) ∈ llp(rlp(I)).
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Proof. LetX
q−→ Y belong to rlp(I), equivalently, q is a levelwise surjective quasi-isomorphism,

and assume we have a commuting square on the form

M X

N (1) Y

φ

c(1) q

ψ

. (5.6.9)

We want to show the existence of a lift N (1) → X. To this end, consider the following
square

Snα X

Dnα+1 Y

φ◦s◦kα

inα q

ψ◦ℓ(1)◦λα

.

We have that

q ◦ φ ◦ s ◦ kα = ψ ◦ c(1) ◦ s ◦ kα, since the square 5.6.9 commutes

= ψ ◦ ℓ(1) ◦ i ◦ kα, since the square 5.6.7 commutes

= ψ ◦ ℓ(1) ◦ λα ◦ inα , since the diagram in 5.6.4 commutes for all α ∈ I(f).

Since q ∈ rlp(I) in particular q ∈ rlp(inα), so there exists a dashed lift Dnα+1 hα−−→ X such
that the diagram below commutes

Snα X

Dnα+1 Y

φ◦s◦kα

inα q
hα

ψ◦ℓ(1)◦λα

. (5.6.10)

By the universal property of the coproduct applied to the I(f)-indexed diagrams below,
we get a dashed arrow h as below such that the diagrams commutesá

X

⊕
α∈I(f)D

nα+1 Dnα+1

h
hα

λα

ë
α∈I(f)

, (5.6.11)

i.e. so that h ◦ λα = hα for all α ∈ I(f). We observe that

h ◦ i ◦ kα = h ◦ λα ◦ inα , by commutativity of diagram 5.6.4 for all α ∈ I(f)
= hα ◦ inα

= φ ◦ s ◦ kα, since the associated diagram 5.6.10 commutes.

Since this hold for all α, by the universal property of the coproduct
Ä⊕

α∈I(f) S
nα , (kα)α∈I(f)

ä
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it follows that h ◦ i = φ ◦ s, i.e. the solid diagram commutes, giving us the dashed map h̃,⊕
α∈I(f) S

nα M

⊕
α∈I(f)D

nα+1 N (1)

X

s

i c(1)

φ

ℓ(1)

h

h̃

(5.6.12)

so that the full diagram commutes, i.e. h̃ ◦ c(1) = φ and h̃ ◦ ℓ(1) = h. We claim that
q ◦ h̃ = ψ, i.e. we claim that h̃ is the sought after lift in 5.6.9: Observe that

q ◦ h̃ ◦ c(1) = q ◦ φ
= ψ ◦ c(1), by commutativity of 5.6.9,

and that q ◦ h̃ ◦ ℓ(1) = q ◦ h. We observe that

q ◦ h ◦ λα = q ◦ hα, by commutativity of 5.6.11 for α ∈ I(f)
= ψ ◦ ℓ(1) ◦ λα, by commutativity of 5.6.10.

By the universal property of the coproduct it follows that q ◦h = ψ ◦ ℓ(1), i.e. q ◦ h̃ ◦ ℓ(1) =
ψ ◦ ℓ(1).

We check that the solid diagram⊕
α∈I(f) S

nα M

⊕
α∈I(f)D

nα+1 N (1)

Y

s

i c(1)

q◦h̃◦c(1)

ℓ(1)

q◦h̃◦ℓ(1)

(5.6.13)

commutes. That the inner “inner square” commutes (i.e. that the pushout square com-
mutes) is immediate from the commutativity of 5.6.12. Furthermore, we have that

q ◦ h̃ ◦ ℓ(1) ◦ i = q ◦ h̃ ◦ c(1) ◦ s, since ℓ(1) ◦ i = c(1) ◦ s.

Hence the outer square commutes so we get a unique dashed arrow as in 5.6.13 so that
the diagram commutes. But by our earlier computations, both q ◦ h̃ and ψ satisfies these
conditions, hence q ◦ h̃ = ψ by uniqueness of the dashed arrow N (1) 99K Y . It follows that

N (1) h̃−→ X is the sought after lift in diagram 5.6.9. Hence c(1) ∈ llp(rlp(I)).

Theorem 5.6.7. For any n ∈ Z and for any solid commutative diagram as below, there
exists a dashed factorization Dn+1 99K N (1) as indicated, making the full diagram com-
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mute,

Sn M

N (1)

Dn+1 N

a

in

c(1)

f

f (1)

b

. (5.6.14)

Proof. We are given that f ◦ a = in ◦ b. Hence the outer commutative square is by
definition an element α ∈ I(f)n ⊆ I(f), so that n = nα and consider that we have
a coproduct inclusion λα : Dn+1 →

⊕
γ∈I(f)D

nγ+1. Letting ℓ(1) be one of the structure
morphisms (or pushout maps, say) as in the proof of 5.6.6, we then let ζ be the composition

ζ :=

Å
Dn+1 λα−−−→

⊕
α∈I(f)D

nα+1 ℓ(1)−−−−→ N (1)

ã
. We claim ζ is a factorization of diagram

5.6.14, i.e. is the requisite dashed arrow Dn+1 99K N (1).

The lower triangle in 5.6.14 commutes: We need to show that f (1) ◦ ζ = b. We have that

f (1) ◦ ζ = f (1) ◦ ℓ(1) ◦ λα
= g ◦ λα, by commutativity of the left diagram in 5.6.8

= gα, by commutativity of the right diagram for this fixed α in 5.6.3

= b, by definition; c.f. diagram 5.6.2.

The upper triangle in 5.6.14 commutes: We need to show that ζ◦in = c(1)◦a. We compute
that

ζ ◦ in = ℓ(1) ◦ λα ◦ in
= ℓ(1) ◦ i ◦ kα, by commutativity of the I(f)-indexed diagrams in 5.6.4

= c(1) ◦ s ◦ kα, since the square in 5.6.7 commutes

= c(1) ◦ sα, since the left I(f)-indexed squares in 5.6.3 commute

= c(1) ◦ a, since by definition sα = a.

The conclusion follows.

We reiterate this construction, but now applied to f (1) instead of f , giving us a commu-
tative diagram ⊕

α∈I(f (1))
Snα N (1)

⊕
α∈I(f (1))

Dnα+1 N

i(1)
f (1) .
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We may the take the colimit of the span below, setting

N (2) := colim



⊕
α∈I(f (1))

Snα N (1)

⊕
α∈I(f (1))

Dnα+1

i(1)


.

With induced maps N (1) c(2)−−−−→ N (2) and N (2) f (2)−−−−→ N which we put into a diagram as

a factorization of N (1) f (1)−−−−→ N as

N (1) N

N (2)

f (1)

c(2) f (2)
.

By repeated applicaton, observe that this gives a commutative diagram

M N

N (1)

N (2)

N (m)

f

c(1)
f (1)

c(2)

f (2)

. . .

f (m)

. . .

...

. (5.6.15)

We may then form the colimit

N (∞) := colim

Å
M

c(1)−−−−→ N (1) c(2)−−−−→ N (2) c(3)−−−−→ · · ·
ã
.

We get a canonical structure morphism M
c(∞)

−−−−→ N (∞) into the colimit from M .

Furthermore, by property (b) of definition 3.1.11 applied to the object A = N and mapsÄ
f (i)
ä
i∈N⩾1

, which satisfy the required property since 5.6.15 commutes, it follows that we

get a unique map N (∞) f (∞)

−−−−→ N such that

f (∞) ◦ ηm = f (m) (5.6.16)

where ηm are the canonical structure morphisms N (m) ηm−−−→ N (∞) with N (0) := M and
η0 = c(∞).

We check that c(∞) and f (∞) satisfy property (a) and (b) as defined in §5.6.1.
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(a): Assume B
g−→ C is levelwise surjective quasi-isomorphism (that is, g ∈ rlp(I)), and

that we have a commutative square

M B

N (∞) C

a

c(∞) g

b

. (5.6.17)

The diagram

M B

N (1)

N (2)

...

N (m)

N (∞) C

a

c(1)

g

a1

c(2)

a2

c(3)
am

ηm

b

(5.6.18)

is meant to indicate that:

(1) By definition of the colimit (property (a) in definition 3.1.11), we have that ηm ◦
c(m) ◦ c(m−1) ◦ · · · ◦ c(1) = η0 = c(∞) for each m ∈ N⩾1. Hence it follows that

b ◦ ηm ◦ c(m) ◦ c(m−1) ◦ · · · ◦ c(1) = b ◦ c(∞)

= g ◦ a, since diagram 5.6.17 commutes.

(2) We construct the dashed lifts ai in 5.6.18 inductively as follows: Start with the
diagram

M B

N (1) C

a0=a

c(1) ga1

b◦η1

where the solid diagram commutes by the computation in (1). By theorem 5.6.6 we
get a lift a1 as indicated, such that g ◦ a1 = b ◦ η1 and a1 ◦ c(1) = a. Now suppose

N (m−1) am−1−−−→ B have been constructed so that it satisfies am−1 ◦c(m−1) = am−2 and
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g ◦ am−1 = b ◦ ηm−1. Consider the solid square

N (m−1) B

N (m) C

am−1

c(m) gam

b◦ηm

.

We have that

g ◦ am−1 = b ◦ ηm−1

= b ◦ ηm ◦ c(m), since ηm−1 = ηm ◦ c(m).

Hence the solid diagram commutes. Since c(m) ∈ llp(rlp(I)) where g ∈ rlp(I) there
exists a lift am such that g ◦ am = b ◦ ηm and am ◦ c(m) = am−1.

By inductively 6 choosing such an am in each step, we get a family (am)m⩾0 of maps
N (m) am−−→ B. By construction, for r < m, we have ar = am ◦ c(m) ◦ · · · ◦ c(r+1). By

definition 3.1.11 (property (b)) it follows that there exists a unique map N (∞) ã−−→ B
such that am = ã ◦ ηm for all m ⩾ 0. In particular, since recall, η0 = c(∞) and a0 = a,
we see that a = ã ◦ c(∞). Also, for all m ⩾ 0, we see that g ◦ ã ◦ ηm = g ◦ am = b ◦ ηm.
Another application of 3.1.11 (property (b); with fi := b ◦ ηi) tells us that g ◦ ã = b. But
taken together this means that ã is the sought after dashed lift

M B

N (∞) C

a

c(∞) gã

b

.

We conclude that c(∞) ∈ llp(rlp(I)).

(b): To show that f (∞) is a quasi-isomorphism, we introduce a certain type of colimit,
and prove a lemma.

Definition 5.6.8 (Filtered colimit; c.f. [KS26, Def. 2.6.2]). Let I be a category. Then
we say that I is directed if the following holds:

(i) I is non-empty, i.e. there is at least one object in I.

(ii) For any pair of objects A,B ∈ Ob(I), there exists an object C ∈ Ob(I) and mor-
phisms A→ C and B → C in I.

(iii) If f, g : E ⇒ F are a parallel pair of morphisms in I, there is a morphism h : F → G
in I such that h ◦ f = h ◦ g.

6If one wants to be more precise, one might say that we are using dependent choice with suitable setX :=⊔
m⩾0

¶
u : N (m) → B : g ◦ u = b ◦ ηm

©
and (entire) binary relation R on X such that (m,u)R(m+ 1, v)

iff v ◦ c(m+1) = u.
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Condition (ii) and (iii) may be represented as below.

(i) : A (ii) : E F

C

B G

f

g

h◦f=h◦g h
.

Given a I-shaped diagram F : I → C, where I is directed, we say that the colimit colimIF ,
if it exists, is a filtered colimit.

Definition 5.6.9 (Compact object). An object S in a category C is compact if the
associated functor homC(S,−) : C → Set commutes with filtered colimits, meaning that
whenever we have I-indexed diagram F : I → C valued in C, where I is directed, then
the filtered colimit (when it exists) colimIF is such that

homC (S, colimIF ) ∼= colimi∈I homC(S, F (i)).

To prove the actual lemma we want to use to show that f (∞) is a quasi-isomorphism, we
first want to give the following lemma.

Lemma 5.6.10. Colimits are computed degreewise in ChR. That is, if F : I → ChR is a
diagram whose associated colimit colimIF exists in ChR, then

(colimα∈IF (α))k
∼= colimα∈IF (α)k, ∀k ∈ Z. (5.6.19)

Proof. Let C := colimα∈IF (α), together with structure morphisms qα : F (α) → C. In
degree k, we get a map qαk : F (α)k → Ck. For any morphism u : α→ β in I, property (a) in

definition 3.1.11 tells us that qβ◦F (u) = qα. In degree k, this means that qβk ◦F (u)k = qαk in
ModR. Let Pk := colimα∈IF (α)k (for future purposes do this for all k ∈ Z) with structure

maps pαk : F (α)k → Pk such that for every morphism α
u−→ β we have that pβk ◦F (u)k = pαk .

Then we see that there is a unique map θk : Pk → Ck, from property (b) of definition
3.1.11, such that

qαk = θk ◦ pαk , ∀α ∈ I. (5.6.20)

Now set P := (Pk)k∈Z. We want associate with P some system of differentials which make
P a complex in ChR. To that end, consider, for fixed j ∈ Z, that the system of maps

hα := pαj−1 ◦ d
F (α)
j : F (α)j → Pj−1 is a family of maps indexed by I in degree j, which

satisfies property (b) of the colimit (use that F (u) is a chain map for all α
u−→ β in I), so

this induces a unique map dPj : Pj → Pj−1, such that

dPj ◦ pαj = hα

= pαj−1 ◦ d
F (α)
j , by definition. (5.6.21)

For each α ∈ I, we then have

dPj−1 ◦ dPj ◦ pαj = dPj−1 ◦ pαj−1 ◦ d
F (α)
j , by 5.6.21

= pαj−2 ◦ d
F (α)
j−1 ◦ d

F (α), by another application of 5.6.21

= 0, since pαj−2 is a homomorphism and
Ä
dF (α)

ä2
= 0.
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Hence
(
P,
Ä
dPj

ä
j∈Z

)
is a complex in ChR. Furthermore, the maps pαj assemble into a chain

map F (α) → P by 5.6.21. Since pβ ◦ F (u) = pα holds (it holds degreewise!) it follows
from the universal property of C that there is a unique map ρ : C → P such that

ρ ◦ qα = pα (5.6.22)

for all α ∈ I. We claim that the θk assemble into a chain map θ : P → C: We want to
show that dCj ◦ θj = θj−1 ◦dPj . By the universal property of the colimit Pj it is (for each j)
enough to check this after precomposing with the structure morphisms pαj for each α ∈ I.
We then see that

dCj ◦ θj ◦ pαj = dCj ◦ qαj , by 5.6.20

= qαj−1 ◦ d
F (α)
j , since F (α)

qα−→ C is a chain map,

while

θj−1 ◦ dPj ◦ pαj = θj−1 ◦ pαj−1 ◦ d
F (α)
j , since pα is a chain map by 5.6.21

= qαj−1 ◦ d
F (α)
j , by 5.6.20.

Comparison gives that the computations above agree, so that θ := (θk)k∈Z is indeed a
chain map. We show that θ and ρ are mutual inverses.

θ ◦ ρ = idC : C is a colimit in ChR, and for every α ∈ I we have that

θ ◦ ρ ◦ qα = θ ◦ pα, by 5.6.22

= qα, by 5.6.20 since it is enough to check degreewise.

By the universal property of C it follows that θ ◦ ρ = idC .

ρ ◦ θ = idP : We check this degreewise. For fixed k ∈ Z, we precompose by pαk and see that

(ρ ◦ θ)k ◦ pαk = ρk ◦ θk ◦ pαk
= ρk ◦ qαk , by 5.6.20

= pαk , by 5.6.22.

Since Pk is a colimit, with structure maps pαk it follows (for essentially the same reason
as for θ ◦ ρ = idC but in ModR) that ρk ◦ θk = idPk

. Since k was arbitrary it follows that
ρ ◦ θ = idP .

We conclude that C ∼= P . Degreewise, this is precisely the statement 5.6.19.

Lemma 5.6.11. The object Sn in ChR is compact, for all n ∈ Z.

Proof. From theorem 5.5.1 we see that

homChR(S
n, colimIF ) ∼= Zn(colimIF ). (5.6.23)

By lemma 5.6.10 it follows that, using the commuting square

Pn := colimα∈IF (α)n colimα∈IF (α)n−1 =: Pn−1

(colimIF )n (colimIF )n−1

dPn

∼= ⟲ ∼=

dn

,
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we have Zn(colimI(F )) ∼= ker

Å
Pn

dPn−−→ Pn−1

ã
. By [Rie16, Theorem 3.8.9] (using that the

kernel in ModR is the equalizer Eq
(
dPn , 0

)
, hence a finite limit), we find that

Zn(colimIF ) ∼= ker

Å
Pn

dPn−−→ Pn−1

ã
∼= colimα∈Iker

Å
F (α)n

d
F (α)
n−−−→ F (α)n−1

ã
= colimα∈IZn(F (α)). (5.6.24)

Since homChR(S
n, F (−)) ≈ Zn(F ( · )) is natural (since homChR(S

n,−) ≈ Zn( · ) is natural
by theorem 5.5.1), it follows from [Rie16, Corollary 3.3.3] that

colimα∈I homChR(S
n, F (α)) ∼= colimα∈IZn(F (α))

∼= Zn(colimIF ), by 5.6.24
∼= homChR(S

n, colimIF ), by 5.6.23

This is what we wanted to show.

Remark 5.6.12. We will take it as given that one may realize the (abstract) isomorphism

given in the statement of 5.6.11 by the map
Ä
Sn

g−→ F (α)
ä
7−→
Ä
Sn

g−→ F (α)
ηα−→ colimIF

ä
where ηα are the canonical structure morphisms.

Going back to f (∞): Recall that showing that f (∞) is a quasi-isomorphism it is enough to
show that f (∞) ∈ rlp(I) by Corollary 5.5.5. To that end, consider a commutative square
on the form

Sn N (∞)

Dn+1 N

a

in f (∞)

b

. (5.6.25)

Since N (∞) = colimk∈NN
(k) is a filtered colimit, by lemma 5.6.11 and 5.6.12 we find that

colimk∈N homChR

Ä
Sn, N (k)

ä
∼= homChR

Ä
Sn, N (∞)

ä
,
Ä
Sn

g−→ N (k)
ä
7−→
Ä
Sn

g−→ N (k) ηk−→ N (∞)
ä
.

This means that the given map Sn
a−→ N (∞) in diagram 5.6.25 factors as

a = ηk ◦ g (5.6.26)

for some map Sn
g−→ N (k). We then then have

b ◦ in = f (∞) ◦ a, by commutativity of 5.6.25

= f (∞) ◦ ηk ◦ g
= f (k) ◦ g, by 5.6.16

⇒ b ◦ in = f (k) ◦ g.

Consider the solid part of the following diagram
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Sn N (k)

N (k+1)

N (∞)

Dn+1 N

g

in

c(k+1)

ηk

ηk+1

f (k+1)

f (∞)

ℓ

b

.

The outer square commutes by the previous computation. The lower right triangle com-
mutes by 5.6.16. The upper right triangle commutes since ηk are structure morphisms
for the colimit N (∞), and lastly we see that f (k+1) ◦ c(k+1) = f (∞) ◦ ηk = f (k) and
f (k+1) ◦ c(k+1) = f (k) follows from 5.6.15.

We claim one may then, completely analogous to the proof of 5.6.7, constuct a lift Dn+1 ℓ−→
N (k+1) such that f (k+1) ◦ ℓ = b and ℓ ◦ in = c(k+1) ◦ g. Set ζ := ηk+1 ◦ ℓ. Then

f (∞) ◦ ζ = f (∞) ◦ ηk+1 ◦ ℓ
= f (k+1) ◦ ℓ
= b,

and

ζ ◦ in = ηk+1 ◦ ℓ ◦ in
= ηk+1 ◦ c(k+1) ◦ g
= ηk ◦ g
= a, by 5.6.26.

Hence ζ is the required lift of 5.6.25. Since n was arbitrary, f (∞) ∈ rlp(I).
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Chapter 6

The derived ∞-category

6.1 Homotopy theory for KR, the dg-category of complexes

As we saw in §5, we have a diagram

PR

KR AR

IR

of fully faithful inclusions. Observe the order in which we defined them: We started with
the full dg-subcategory of acylic complexes AR and then defined what one might call (mo-
tivation forthcoming) its homotopical left and respectively, right orthogonal subcategories
PR and IR. The name “left” and “right” comes from the fact that, recall, PR consists
(objectwise) of all M ∈ KR such that homKR

(M,A) is acyclic for all acyclic complexes
A ∈ AR, or said differently, M ∈ KR so that for all acyclic complexes A ∈ KR we have
quasi-isomorphisms homKR

(M,A)
≈−−→ 0. Dually, we stipulated that IR consists of the ob-

jects I ∈ KR such that for all acyclic complexes A ∈ AR we have homKR
(A, I)

≈−−→ 0. One
may view this as a (handed) homotopically categorified notion of the concept of orthogo-
nality, with respect to an inner product space (V, ⟨−,−⟩) (although note that handedness
introduces further distinctions as compared with say a symmetric inner product).

As we saw in §5 we have an associated projective resolution M ′ ≈−−→
f

M for any object

M ∈ KR. If we let A := hker(M ′ → M), then we have a (by definition) homotopy kernel

sequence A −→ M ′ f−→ M .1 For any projective object P ∈ PR, we then by theorem 4.3.4
get the associated homotopy kernel sequence

homKR
(P,A)→ homKR

(P,M ′)
homKR

(P,f)
−−−−−−−−→ homChR(P,M),

1N.B. Recall that this composition is not strictly equal to zero but it is nullhomotopic.
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where we used that

homKR
(P,A) = homKR

(
P, hker

(
M ′ f−→M

))
∼= hker

Å
homKR

(P,M ′)
homKR

(P,f)
−−−−−−−−→ homKR

(P,M)

ã
.

Since P was projective, and since M ′ f−→ M was a quasi-isomorphism so that A is by
Theorems 3.2.15, 3.3.2 and using that the shift-functor Σ−1 preserve acyclic complexes,
homKR

(P,A) is acyclic. 2 By the associated long exact sequence

· · · −→ H1 (homKR
(P,A))︸ ︷︷ ︸

=0

−→ H1

(
homKR

(P,M ′)
)
−→ H1 (homKR

(P,M))

−→ H0 (homKR
(P,A))︸ ︷︷ ︸

=0

−→ H0

(
homKR

(P,M ′)
)
−→ · · · ,

in homology, we see that homKR
(P,M ′)

≈−−→ homKR
(P,M) is a quasi-isomorphism. So,

up to quasi-isomorphism, whenever one takes a projective resolution M ′ ≈−−→ M then if
one “tests” how close M ′ and M are as complexes to being equal by mapping out of
projective complexes P into them, one finds that they can’t be distinguished on the level
of dg-hom-complexes.

To say more about this phenomena we just observed, we need to introduce a definition.

Definition 6.1.1 (Pointwise right adjoints). Let F : C → D be a functor. Fixing an
object D ∈ D, a pointwise right adjoint to F at D is an object C ∈ C together with
a morphism F (C)

εD−−→ D such that the compositions

homC(( · ), C)
F( · ),C−−−−→ homD(F ( · ), F (C))

(εD)∗−−−→ homD(F ( · ), D) (6.1.1)

assemble into a natural isomorphism homC (( · ), C) ⇒ homD (F ( · ), D). In the case this
holds, we may call the morphism εD the pointwise counit.

Remark 6.1.2. Observe that for fixed C ′ ∈ C and morphism C
h−→ C ′, the composition

6.1.1 is h 7−→ εD ◦ F (h).

Remark 6.1.3. If we denote the component morphisms at X ∈ C in 6.1.1 αX , then natural-
ity means that the following square commutes, for all X ∈ C and all morphisms X ′ u−→ X,

homC(X,C) homD(F (X), D)

homC(X
′, C) homD(F (X

′), D)

αX

u∗ F (u)∗

αX′

.

Theorem 6.1.4. Pointwise right adjoints are unique (up to isomorphism) whenever they
exist.

2Observe that this carries over different models of the homotopy kernel; since homology does not
distinguish between homotopy equivalences and so in particular does not distinguish isomorphic complexes.
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Remark 6.1.5. We will assume that the categories C,D in the proof below are locally small
(i.e. hom(X,Y ) are actual sets for all objects X,Y ).

Proof. Let (C,F (C)
εD−−→ D) and (C ′, F (C ′)

ε′D−−→ D) be two pointwise right adjoints to
D ∈ D. Then by definition we have natural isomorphisms

homC (( · ), C) ≈ homD (F ( · ), D)

≈ homC(( · ), C ′)

⇒ homC (( · ), C) ≈ homC
(
( · ), C ′) .

By [Rie16, Prop. 2.3.1.(ii) ⇒ (i)] the conclusion follows.

Theorem 6.1.6. The datum of a right adjoint G to F , denoted F ⊣ G, is equivalent to a
choice of a pointwise right adjoint to F at every object D ∈ D.

Remark 6.1.7. Below, we will use notation consistent with [Rie16, Chapter 4], in that

whenever we have an adjunction F ⊣ G, then we denote by
Ä
f ♯, f ♭

ä
the pair of mor-

phisms f ♯ : F (C) → D and f ♭ : C → G(D) that correspond to each other under the

(natural) bijection homD(F (C), D) ≈ homC(C,G(D)). That is, homD(F (C), D)
( · )♭−−−→
≈

homC(C,G(D)), so that
(
f ♯
)♭

= f ♭ and
Ä
f ♭
ä♯

= f ♯.

Proof. ⇒: By [Rie16, Lemma 4.2.3] we have a counit natural transformation ε : FG ⇒
idD. In particular, for any D ∈ D, we have that εD : F (G(D)) → D is the (adjunct)
transpose of idG(D), which means that under the correspondence isomorphism

homD(F (G(D)), D) ≈ homC(G(D), G(D)),

εD is sent to idG(D). We claim that (G(D), εD : F (G(D))→ D) satisfies the property

of being a pointwise right adjoint to F at D. Observe we have the pair f ♯ := εD and
f ♭ = idG(D) and so by [Rie16, p. 129, third diagram from the top] we find that for any

morphism h : C → G(D) we have that (εD ◦ F (h))♭ = idG(D) ◦ h = h. Since ( · )♭ :
homD(F (C), D) → homC(C,G(D)) is a bijection and right inverses are unique it follows
that the map h 7−→ εD ◦F (h) must be a bijection homC(C,G(D))→ homD(F (C), D). Last,
we check naturality: By remark 6.1.3 this amounts to checking that for any morphism

X ′ u−→ X in C and any morphism X
h−→ G(D), we have

εD ◦ F (h ◦ u) = (εD ◦ F (h)) ◦ F (u).

But this is immediate by functoriality of F .

⇐: Assume we are given a pointwise right adjoint to F at D
Ä
CD, F (CD)

εD−−→ D
ä
for each

D ∈ D. We then may construct a right adjoint functor G to F explicitly as follows: For

objects D ∈ D, let G(D) := CD. For a morphism D
f−→ D′ in D, the property of being

pointwise right adjoint to F at D′ tells us that for every X ∈ C we have a bijection

homC(X,CD′) ≈ homD(F (X), D′), h 7−→ εD′ ◦ F (h).

Letting X = CD we see that we get a (natural) isomorphism

homC(CD, CD′) −→ homD(F (CD), D
′).
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In particular, we note that F (CD)
f◦εD−−−→ D′ is in the codomain of this isomorphism. Then

there is a unique map γf in homC(CD, CD′) such that εD′ ◦F (γf ) = f ◦εD. We then define
G(f) := γf (observe that this assignment is unique by what we just said).

G is a functor: Let f := idD. Then γf is the unique map such that εD ◦F (γf ) = idD ◦ εD.
Since F is a functor, we have that idCD

satisfies this, so by uniqueness, we find that
G(idD) = idCD

.

Consider the composition D
f−→ D′ g−→ D′′. We see that G(g ◦ f) is the unique morphism

γg◦f such that

εD′′ ◦ F (γg◦f ) = (g ◦ f) ◦ εD

If we can show that G(g)◦G(f) satisfies the same equation, then G respecting composition
follows. We have

εD′′ ◦ F (G(g) ◦G(f)) = εD′′ ◦ F (G(g)) ◦ F (G(f)), by functoriality of F

= g ◦ εD′ ◦ F (G(f)), by definition of G(g)

= g ◦ f ◦ εD, by definition of G(f).

The conclusion follows.

F ⊣ G: We want to construct natural isomorphisms homC(X,G(D)) ≈ homD(F (X), D).
By howG acts on objects, this is the same as constructing natural isomorphisms homC(X,CD) ≈
homD(F (X), D). But by definition, we are already given such an isomorphism by h 7−→
εD ◦ F (h) for X

h−→ CD. Furthermore, by remark 6.1.3 this is already natural in the first
variable. It remains to show that this assignment is natural in the second variable, which
amounts to checking that the following square commutes,

homC(X,CD) homD(F (X), D)

homC(X,CD′) homD(F (X), D′)

Φ

G(k)∗ k∗

Φ

,

for any morphism D
k−→ D′, and where the horizontal arrows is h

Φ7−→ εD ◦ F (h) (upper

horizontal) and h
Φ7−→ εD′ ◦ F (h) (lower horizontal). We find that for X

h−→ CD we have

Φ(G(k)∗(h)) = Φ(Gk ◦ h)
= εD′ ◦ F (G(k) ◦ h)
= εD′ ◦ F (G(k)) ◦ F (h), by functoriality of F

= k ◦ εD ◦ F (h), by definition of G(k)

= k ◦ Φ(h), by definition of Φ,

so that the diagram commutes. The (main) conclusion follows.

Dually to pointwise right adjoint, we have the following definition.
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Definition 6.1.8 (Pointwise left adjoint). Let F : C → D be a functor. Then a pointwise
left adjoint to a F at D ∈ D is an object C ∈ C together with a morphism ηD : D →
F (C) such that

homC(C,X) −→ homD(D,F (X)), h 7−→ F (h) ◦ ηD
is a natural isomorphism for all objects X ∈ C.

We see that the dual statement of theorem 6.1.6 tells us that the datum of a left adjoint
G ⊣ F to F is equivalent to specifiying a pointwise left adjoint to F for each object D ∈ D.

Relating this to our earlier observations: If we would like a right adjoint to the inclusion
PR

ι−→ KR, a natural choice would be (using theorem 6.1.6) to let the pointwise right
adjoint to ι at M be (M ′, εM ), where M ′ is the projective object in PR such that there is

a projective resolution M ′ ≈−−→ M and where εM :=
Ä
ι(M ′) =M ′ ≈−−→M

ä
. The reason

for our choice of εM is that one finds that homKR
(P,M ′)

homKR
(P,εM )

−−−−−−−−−→ homKR
(P,M) is

a quasi-isomorphism for every P ∈ PR, realized by h 7−→ εM ◦ h = εM ◦ ι(h). Hence this
almost defines a pointwise right adjoint to ι at M for each M ∈ KR, and in a sense does
define a right adjoint if we treat quasi-isomorphisms as actual isomorphisms.

Dually, if we assume (we have not shown this) that there is an injective resolutionM
≈−−→
ηM

M ′ into an injective object M ′ for each M ∈ KR, then observe that we have an associated
homotopy cokernel sequence M

≈−−→
ηM

M ′ −→ hcoker (ηM ). If we, for any injective object

I ∈ IR, apply the hom-functor homKR
(−, I) to this sequence, we by theorem 4.3.4 get a

homotopy kernel sequence

homKR
(hcoker(ηM ), I) −→ homKR

(M ′, I)
homKR

(ηM ,I)
−−−−−−−−−→ homKR

(M, I).

Now the argument proceeds as in the projective case: Since ηM is a quasi-isomorphism the-
orem 3.2.15 gives that hcoker(ηM ) is acyclic, so that since I is injective, homKR

(hcoker(ηM ), I)
is acyclic and so the long exact sequence in homology gives that HomKR

(ηM , I) is a quasi-
isomorphism realized by h 7−→ h ◦ ηM = ι(h) ◦ ηM . Hence by what we said about the dual
of statement 6.1.6 this almost defines a left adjoint to the inclusion IR ↪−→ KR.

6.2 Introducing (briefly) k-linear ∞-categories

For a more in-depth treatment on dg-categories and dg-functors (which are only briefly
talked about below), we may direct the reader to e.g. [Toë11] or [Yek19, Sections 3.4,
3.5 and 4.6]. To be safe, we will assume that every category is small. The treatment on
(k-linear) ∞-categories in this section will be very shallow, and there will not be many
proofs provided (which is too say, we will have to take many things on faith). This is not
an optimal situation, but it is the best we can do in our current circumstance.

Let us denote cat the category of categories, where objects are categories and morphisms

are functors, and let catdg
k

be the category of categories enriched over
(
Chk,⊗k, k∼∼

)
in the

sense of definition 4.1.5, with morphisms dg-functors, where we now define dg-functors.

Definition 6.2.1 (dg-functor; c.f. with [Toë11, § 2.3.2]). Let (C, χC , ιC), (D, χD, ιD) be

enriched over
(
Chk,⊗k, k∼∼

)
with χC , χD denoting composition and ιC , ιD units, in the

enriched sense of definition 4.1.5. Then a dg-functor C F−→ D consists of the following
data:
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• A map Ob(C) F−−→ Ob(D) in Set.

• For any pair of objects C,C ′ ∈ C, there is a morphism homC(C,C
′)

FC,C′
−−−→ homD(F (C), F (C

′))
in Chk.

• For any triple of objects C,C ′ and C ′′ in C, we require the following diagram to
commute,

homC(C
′, C)⊗ homC(C

′′, C ′) homC(C
′′, C)

homD(F (C
′), F (C))⊗ homD(F (C

′′), F (C ′)) homD(F (C
′′), F (C))

χC
C,C′,C′′

FC′,C⊗FC′′,C′ FC′′,C

χD
F (C),F (C′),F (C′′)

(6.2.1)

• For any object C in C, the following diagram commutes

k
∼∼

homC(C,C)

homD(F (C), F (C))

ιCC

ιD
F (C)

FC,C .

Remark 6.2.2. Observe that [Toë11] has a different convention in that his µ is with our
conventions the same as χ ◦ σ where σ is the natural isomorphism coming from the sym-
metric monoidal structure on Chk (recall theorem 2.5.4), i.e. so on pure tensors f ⊗ g
this would be µ(f ⊗ g) = g ◦ f . The naturality of σ together with the fact that all maps
FC,C′ lives in Chk we claim gives that our requirement that diagrams on the form 6.2.1
commutes is equivalent to the corresponding diagram in [Toë11, § 2.3.2] commuting.

Remark 6.2.3. Observe the similarity of this definition with [Mal26, Def. 10.1.3] of a

simplicial functor C•
F−→ D• (replace H0 with π0).

With this definition in place, we may introduce further notions related to dg-functors.

Definition 6.2.4 (Homotopically fully faithful; cf. [Toë11, Def. 2.3.2.(a)]). Let C F−→ D
be a dg-functor. Then we say that F is homotopically fully faithful if for all objects

C,C ′ in C, we have that the map homC(C,C
′)

FC,C′
−−−→ homD(F (C), F (C

′)) in Chk is a
quasi-isomorphism.

We will take it as given that there is a category H0(C) for any dg-category C, with
Ob(H0(C)) = Ob(C) and homH0(C)(C,C

′) = H0(homC(C,C
′)) (c.f. with lower row in di-

agram 4.1.2), e.g. in the case that the dg-category is ChR for some k-algebra R we get

back chain maps C
f−→ C ′ modulo nullhomotopy. Composition in H0(C) is defined using

enriched composition χ and the canonical map [f ] ⊗ [g] 7−→ [f ⊗ g] (see [Toë11, p. 259]).
This category, which we touched briefly upon in discussing how one produces H0(DR) in
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§2.6, is called the homotopy category of C. Furthermore the claim is that this construc-

tion gives us a functor catdg
k

H0−→ cat ([Toë11, Def. 2.3.2]). This functor furnishes us with
another notion.

Definition 6.2.5 (Homotopically essentially surjective; cf. [Toë11, Def. 2.3.2.(b)]). Let

C F−→ D be a dg-functor. Then we say that F is homotopically essentially surjective

if the induced functor H0(C)
H0(F )−−−−→ H0(D) is essentially surjective.

Any functor C F−→ D which is both homotopically fully faithful and homotopically essen-
tially surjective, we call a weak equivalence. The notation H0 also gives us a wink at
what happens when we let H0 act on morphisms FC,C′ : Since this lives in Chk and is a
quasi-isomorphism whenever F is homotopically fully faithful, the claim is that H0 converts
this into an actual isomorphism of k-modules H0(homC(C,C

′)) ∼= H0(homD(F (C), F (C
′)).

Although we have not provided a completely rigorous justification for this, if we assume
it for now, then we see that the term weak equivalence may be apt, since H0( · ) then

in fact turns weak equivalences into actual equivalences of categories H0(C)
H0(F )−−−−→ H0(D)

(since, given our assumptions, H0(F ) becomes fully faithful and essentially surjective).

If we localize catdg
k

at the weak equivalences W , we get a category which we denote as

ho (Catk) :=
Ä
catdg

k

ä
[W−1] (c.f. [Toë11, Def. 2.3.3]. We refer to this category as the

homotopy category of k-linear ∞-categories. The objects of this category we call
k-linear ∞-categories.

The claim is further that this localization furnishes us with a canonical localization-functor

catdg
k

Q∞
−−−−→ ho (Catk)

that takes all weak equivalences to isomorphisms (c.f. proposition 2.4.5). Observe however,
that in contrast to the localization in definition 2.4.2 with respect to a class of morphisms
as defined in 2.4.1, we don’t necessarily need a hypothesis on the class of weak equivalences
forming a multiplicative system of morphisms, since Gabriel-Zisman localization ([GZ67])
works for any class of morphisms.3

Since the canonical functor Q∞ acts as the identity map on objects (see [GZ67, p. 6])
it follows that Q∞ is essentially surjective. Furthermore, by construction, the class of
weak equivalences turn into isomorphisms in ho (Catk) ([GZ67, The claim of p. 6, 1.1.(i)]).

Consequently, any k-linear ∞-category C∞ has a representative in the category catdg
k
, in

the sense that there is an associated category C in catdg
k

such that Q∞(C) = C∞. Since
Q∞ (as noted) acts as the identity on objects, one may denote C∞ as C or C∞. We will
not try define Catk (see [Maz23, §9.5.3]).

By construction, the morphisms in ho (Catk) are equivalence classes of morphisms in catdg
k

on the form as in 2.4.7 but where the “backwards” ≈ are weak equivalences. One may
refer to the data in C as point-set and the data in its image Q∞(C) = C∞ under Q∞ as
∞-categorical.

Remark 6.2.6. We remark that in [Maz23, §6.3] he proceeds as above, and then defines
DR as the ∞-categorical localization K∞

R
π−−→ DR at the quasi-isomorphisms and that

precomposition by π determines an inclusion homho(Catk) (K
∞
R , E)

π∗
−→ homhoCatk(DR, E)

such that its image consists of those functors K∞
R → E which takes quasi-isomorphisms to

equivalences (equivalences can be seen as the ∞-categorical notion of isomorphism).

3Regarding Gabriel-Zisman localization, we may refer the reader to [Toë11, Section 2.1, 2.2, and 2.4].
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Furthermore, we are told that there are “canonical equivalences” I∞R ≃ P∞
R ≃ K∞

R , and
how these categories participate in adjunctions between each other. As we understand
it, this was the motivation for working with IR and PR in § 5. However, we found this
all very confusing, perhaps because of lack of background knowledge. Therefore, we will
proceed as in § 6.3, mainly sticking with the exposition given in [Mal26, Chapter 10].

6.3 The derived ∞-category of R-modules

The denouement of this thesis is the definition of the derived ∞-category of R-modules,
DR.

Before saying something about how to define the derived ∞-category of R-modules, we
want to say something about∞-categories in general. There are at least two different ways
to define ∞-categories [Mal26, §§ 10.1–10.2]. We will use the definition given in §10.2 of
the cited source.

Definition 6.3.1 (Simplex category ∆). We define the simplex category ∆ as the
category with objects non-empty finite ordinals [n] := {0 < 1 < · · · < n} for n ∈ N and

morphisms [m]
f−→ [n] (non-strictly) order-preserving maps. It is straightforward to verify

that this defines a category.

Remark 6.3.2. If one wants to be a bit more precise about the objects of ∆ one might
say that the objects are the finite Von Neumann ordinals except 0, with the total order
< given by the membership relation ∈, i.e. α < β ⇔ α ∈ β.

Definition 6.3.3 (Simplicial set). A simplicial setX is a contravariant functor∆
X−→ Set

into the category of sets, Set.

From ∆ we set ∆[n] := hom∆ (−, [n]) : ∆→ Set, i.e. the contravariant hom-functor from
∆ to Set, and call this the standard n-simplex, we may write ∆[n]([m]) as (∆[n])m. we

let ∆
Λi[n]−−−→ Set be the contravariant functor defined on objects as

(Λi[n])m := Λi[n]([m]) :=
¶
[m]

α−→ [n] | ∃j ̸= i ∈ [n] such that j ̸∈ im(α)
©
,

and which takes morphisms [ℓ]
β−→ [k] in ∆ to

(Λi[n])k
Λi[n](β)−−−−−→ (Λi[n])ℓ, α 7−→ α ◦ β.

Since im(α ◦ β) ⊆ im(α), this is well-defined, and we call Λi[n] the i
th horn of ∆[n]. If

0 < i < n, then we call Λi[n] an inner horn of ∆[n].

By construction, we see that Λi[n] is a subfunctor of ∆[n], which we may write as
Λi[n] ⊆ ∆[n]. Furthermore, we see that both functors are simplicial sets. There is a
natural transformation defined by inclusion Λi[n]

ι⇒ ∆[n],

[ℓ] (Λi[n])k (∆[n])k

[k] (Λi[n])ℓ (∆[n])ℓ

α

ιk

α∗ ι(α)∗

ιℓ

.

Definition 6.3.4 (Quasicategory C•). Let C• be a large simplicial set.4 Then we say that

4Meaning: The levels C•([n]) does not actually have to be sets. We will disregard any size-issues here.
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C• is a quasicategory if any solid diagram on the form below can be completed by a
dashed arrow to a commuting triangular diagram as indicated below, for any inner horn
Λi[n],

Λi[n] C•

∆[n]

ι (6.3.1)

where solid and dashed arrows lives in the functor category Fun(∆op, Set). If this property
holds, we say that every inner horn in C• can be filled.

We may roughly think of ∞-categories and quasicategories as interchangeable, at least
for present purposes. With this notation in place we let sSet := Fun (∆op, Set). If we
think of each finite set [n] ∈ ∆ as the poset-category 0 → 1 −→ · · · −→ n, then we may

define the nerve N(C) of any (ordinary) category C as the simplical set ∆op Fun(−,C)−−−−−→ Set.

Disregarding size issues one may think of N as a functor Cat
N(−)−−−→ sSet, with Cat denoting

the category of small categories.

From now on, we call ordinary categories 1-categories, and we may think of them (by
[Mal26, Example 10.1.13, Lemma 10.1.14]) as precisely the simplicial sets in which every
inner horn can be filled uniquely. Furthermore, by definition, we see that (N(C))0 precisely
picks out an object of C and (N(C))1 picks out a morphism of C, that is,

(N(C))0 ∼= ob(C) (6.3.2)

and
(N(C))1 ∼= Mor(C). (6.3.3)

Proposition 6.3.5. For any ordinary category C, the nerve N(C) of C is a quasicategory.

Proof. See [Mal26, Example 10.1.13].

We refer the reader to [Mal26, Def. 10.2.2] for what is called the Dwyer-Kan localization
or DK-localization of a quasicategory. We may denote the Dwyer-Kan localization of a
quasi-category C at a class of weak equivalences W ⊆ C1 := C([1]) as

CJW−1K,

such that there is a canonical map C δ−→ CJW−1K where:

(a) Each morphism in W is sent to an isomorphism in CJW−1K.

(b) For any other quasicategory D, precomposition with δ determines what is called a
Joyal equivalence ([Mal26, Def. 10.1.24])

Fun
(
CJW−1K,D

) ∼−−→ Fun (C,D) .

Proposition 6.3.6 ([Mal26, Prop. 10.2.3]). For any quasicategory C and any subset W ⊆
C1, the Dwyer-Kan localization CJW−1K exists.
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Corollary 6.3.7. Since we may take any 1-category C and produce its nerve N(C) with
N(C)1 ∼= Mor(C), for any morphisms W ⊆ C (but viewed from the perspective of the nerve
N(C) of C), we may produce a quasicategory N(C)JW−1K in which the morphisms in W
are isomorphisms.

Definition 6.3.8 (The underlying∞-category of (C,W )). For any 1-category C and a class
of morphisms W which we call “weak equivalences”, we call the quasicategory produced
as in Corollary 6.3.7 the underlying ∞-category of (C,W ).

Finally, we may give a very expedient definition of the derived∞-category of R-modules: It
is the Dwyer-Kan localization at the quasi-isomorphisms qiso in ChR of the nerve N (ChR)
of ChR, i.e.

DR := N(ChR)Jqiso−1K,

the underlying ∞-category of (ChR, qiso).

Remark 6.3.9. For a less expedient treatment on how to defineDR, see [Lur17, Section 1.3].
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