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Abstract

We consider a discrete time semi-Markov process where the char-
acteristics defining the process depend on a small perturbation pa-
rameter. It is assumed that the state space consists of one finite com-
municating class of states and, in addition, one absorbing state. Our
main object of interest is the asymptotic behaviour of the joint prob-
abilities of the position of the semi-Markov process and the event of
non-absorption as time tends to infinity and the perturbation param-
eter tends to zero. The main result gives exponential expansions of
these probabilities together with an recursive algorithm for computing
the coefficients in the expansions.
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1 Introduction

The aim of this paper is to present a detailed asymptotic analysis of the
long time behaviour of non-linearly perturbed discrete time semi-Markov
processes with absorption.

We consider a discrete time semi-Markov process £()(n), on a finite state
space, depending on a small perturbation parameter ¢ > 0 in the sense
that its transition probabilities are functions of €. It is assumed that these
functions are continuous at € = 0 so that the process £ (n) for e > 0 can
be interpreted as a perturbation of the process £© (n). Furthermore, we
assume that for € small enough, the state space can be partitioned into one
communicating class of states {1,..., N} and one absorbing state 0. The
absorption time, that is, the first hitting time of state 0 for the semi-Markov
process £)(n), is denoted by ,u((f).

Our main object of interest is the asymptotic behaviour of the probabil-
ities

P (n) = PO () = j, us) > m}, .5 # 0,
as n — oo and € — 0.

It turns out that the forms of the asymptotic results depend on if one-
step absorption probabilities vanish asymptotically or if some of them are
non-zero in the limit. In the former case the absorption time u[(f) — 00 in
probability as ¢ — 0 and we get so-called pseudo-stationary asymptotics for
the probabilities Pz-(je) (n). In the latter case, u((f) are stochastically bounded as
e — 0 and we get so-called quasi-stationary asymptotics for the probabilities
Pi(ja) (n). In the present paper we give a unified treatment of both cases.

Our perturbation conditions are formulated in terms of the following
mixed power-exponential moments for transition probabilities:

pgj)(p(o),r) = Z nre”(o)"Qg)(n), r=0,1,..., 4,5 #0, (1.1)

n=0

where QZ(-;) (n) are the transition probabilities for the semi-Markov process
and p@ is a non-negative constant determined by the distribution of first
return time to the initial state for the limiting semi-Markov process. In the
pseudo-stationary case p(®> = 0 and then the moments in (1.1) reduce to
usual power moments.

We allow for smooth non-linear perturbations which means that the mo-
ments in (1.1) may be non-linear function of € which for » =0, ...,k can be
expanded in an asymptotic power series with respect to e.

As it turns out, the asymptotics of the probabilities Pz(;)(n) depends on
the balance between the rate at which the time n — oo and the perturbation



e — 0. If we write n = n(®) as a function of ¢, this balance is characterized
by the following relation:

e'n® — A, €]0,00), for some 1 < r < k. (1.2)

Under assumptions mentioned above and some additional Cramér type
conditions on moments of transition times and a non-periodicity condition
for the limiting semi-Markov process we obtain the following which is our
main result: For any n(®) — oo as ¢ — 0 in such a way that relation (1.2)
holds, we have

PAEE () = j, pl > nN 7~T§J€J>
_>
exp(—(p© + cie + - - + 167 Hn) eArcr

ase —0,4,7#0. (1.3)

Relation (1.3) is supplemented with (i) an explicit expression for the constant
%1-(](-) ), (ii) an equation from which p(® can be found at least numerically, and
(iii) a recursive algorithm for computing the coefficients ¢y, . .., ¢, as rational
functions of coefficients in expansions of the moments in Equation (1.1).

In the pseudo-stationary case, the asymptotic relation (1.3) takes a sim-
pler form. In this case, p® = 0 and the constants %i(](-]) do not depend on
the initial state ¢ and are given by the stationary probabilities of the limiting
semi-Markov process.

In order to prove (1.3) we use the theory of perturbed discrete time re-
newal equations developed in Gyllenberg and Silvestrov (1994), Englund and
Silvestrov (1997), and Silvestrov and Petersson (2013). However, the results
can not be applied directly. This is because conditions for semi-Markov pro-
cesses are naturally formulated in terms of its transition probabilities while
the application of the renewal theory requires conditions for some non-local
characteristics of the semi-Markov process to hold. To prove that the con-
ditions we formulate for semi-Markov processes are sufficient for the condi-
tions required for the results from renewal theory we use techniques from
Gyllenberg and Silvestrov (2008). In particular, we need to calculate the co-
efficients in expansions of mixed power-exponential moments for first return
times based on the coefficients in the expansions of the moments in Equation
(1.1). This analysis makes up a substantial part of the proof of the main
result and may also have applications beyond the scope of this paper.

The asymptotic relation (1.3) is proved for continuous time semi-Markov
processes in Gyllenberg and Silvestrov (1999, 2008). In Gyllenberg and Silve-
strov (2008) the result is also extended to the case of initial transient states.

Expansions of the type given in Equation (1.3) and similar types of ex-
ponential expansions have also been given for ruin probabilities in perturbed



risk models, see for example Gyllenberg and Silvestrov (2000, 2008), Englund
(2001), Blanchet and Zwart (2010), Ni (2011, 2014), and Petersson (2014).

In the pseudo-stationary case, many of the existing results in the literature
are concerned with an asymptotic analysis of absorption times or other types
of first hitting times in various types of Markov and semi-Markov processes,
see for example Keilson (1966), Latouche and Louchard (1978), Latouche
(1991), Avrachenkov and Haviv (2004), Drozdenko (2007), and Jung (2013).

In the quasi-stationary case, almost all papers in the literature deals with
models without perturbations. In particular, a great deal of attention has
been given the study of so-called quasi-stationary distributions, see for ex-
ample Darroch and Seneta (1965), Seneta and Vere-Jones (1966), Cheong
(1970), Flaspohler and Holmes (1972), Collet, Martinez, and San Martin
(2013), and van Doorn and Pollett (2013). For models with perturbations,
asymptotic expansions of quasi-stationary distributions are given in Gyllen-
berg and Silvestrov (2008) for continuous time regenerative processes and
semi-Markov processes, and in Petersson (2013) for discrete time regenera-
tive processes.

One of the most extensively studied models of perturbed stochastic pro-
cesses is the model of linearly perturbed Markov chains. In particular, asymp-
totic expansions of stationary distributions have been given for so-called
nearly uncoupled Markov chains. For some results and more references re-
lated to this line of research we refer to Simon and Ando (1961), Schweitzer
(1968), Stewart (1991), Hassin and Haviv (1992), Yin and Zhang (1998,
2003), Altman, Avrachenkov and Nunez-Queija (2004), and Avrachenkov,
Filar, and Howlett (2013).

For more references related to pseudo-stationary and quasi-stationary
asymptotics we refer to the extensive bibliography given in Gyllenberg and
Silvestrov (2008).

Let us finally briefly outline the structure of the paper. Section 2 presents
exponential expansions for perturbed discrete time regenerative processes.
In Section 3 we present in detail the model of perturbed discrete time semi-
Markov processes and introduce some notation that will be used throughout
the paper. Section 4 derives systems of linear equations for moments of
first hitting times and gives a necessary and sufficient condition for these
moments to be finite. In Section 5 we prove some solidarity properties for
moments of first hitting times which are essential for our main result. Section
6 constructs asymptotic power series expansions for moments of first hitting
times. In Section 7 we prove a solidarity property of periodicity which is
needed in order to apply the renewal theory. Finally, Section 8 presents the
main asymptotic result.



2 Exponential Expansions for Perturbed
Regenerative Processes

This section presents asymptotic exponential expansions for perturbed dis-
crete time regenerative processes. The results in this section are obtained by
applying a corresponding result for discrete time renewal equations given in
Silvestrov and Petersson (2013).

For every ¢ > 0, let Z(E)7 n = 0,1,..., be a regenerative process on a
measurable state space (X,I") with proper regeneration times 0 = (5) <

1(5) .. Furthermore, let 4(®) be a random variable, defined on the same
probability space, that takes values in the set {O, 1, ...,00}. Assume that for
each A € T, the probabilities P)(n, A) = P{Z®) € A, u®) > n} satisfy the
renewal equation

PO(n,A) =q¢9n,A) + > PE(n—k A)fO%k), n=0,1,...,

where
©(n,A) =P{Z© € A, - AT > n}
and

FOk) = P{rt =k, ul® > 7).

Then, we call 1(®) a regenerative stopping time.
Notice that f)(n) are possibly improper distributions with defect

fO=1- i FO(n) =P{u® <},
n=0

that is, the defect is given by the stopping probability in one regeneration
period.
Moment generating functions for first regeneration times are defined by

¢ (p Z e f(n), peR.
We will assume that the distributions of first regeneration times satisfy

the following conditions:

(a) fOn) — fOn)ase — 0, foralln=0,1,..., where the limiting
distribution f(®)(n) is non-periodic and not concentrated at zero.

(b) f© — fO c[0,1) as e — 0.



B*: There exists § > 0 such that:

(a) limsupg._ ¢ (8) < oco.
(b) 6(3) > 1.

The solution of the following characteristic equation plays a crucial role
in what follows:

6 (p) = 1. (2.1)

Our first lemma gives some basic properties for the solution of Equation
(2.1). The proof can be found in Silvestrov and Petersson (2013).

Lemma 2.1. If conditions A* and B* hold, then there exists a unique non-
negative solution p®) of the characteristic equation (2.1) for sufficiently small
. Moreover, we have p' — p© < § as e — 0.

The root p®) of the characteristic equation is only given as the solution
of a non-linear equation. In order to give a more detailed description of the
asymptotic behaviour of p(®) as ¢ — 0 we can construct an asymptotic ex-
pansion. This requires some perturbation conditions on the following mixed
power-exponential moment generating functions:

o (p,r) = > n"emfEmn), peR, r=0,1,...
n=0

Note that ¢)(p,0) = ¢ (p).

It follows from condition B* that there exist 6 > 0 and gy > 0 such that
) (8) < oo for all € < gy. Using this, we get for all p < §, r =0,1,..., and
e < gg that

89 (pr) < (sup nre“mn) 9(5) < oo.
n>0

Let us now introduce our perturbation condition:

C*: ¢ (p O 1) = ¢ (pO 1) +ay,e + - + ap_p " 4 0(eF ), for r =
0,...,k, where |a,,| <oo,n=1,....k—r,r=0,... k.

For convenience we denote ag, = ¢V (p,r), for r =0,..., k.
In order to apply the theory of perturbed renewal equations, we also need
the following condition:

D*: There exists v > 0 such that

limsup > (P g e) (n,X) < o0.

0<e—0 n=0



Furthermore, we define
To={Ael:¢®Om, A) = ¢Yn,A)ase—0, n=01,..1}

and
Yo e g™ (n, A)
X ne!nfO(n)

Our first theorem shows how we can construct an asymptotic expansion
for the root of the characteristic equation based on the coefficients given in
condition C* and how this yields asymptotic exponential expansions for the
probabilities P®)(n, A), A € I'y. This result is proved in Silvestrov, Petersson
(2013) for a general renewal equation under slightly different conditions. In
the following proof we show that the conditions in the present paper are
sufficient in order to apply this result to prove Theorem 2.1.

#(0) (A)

Theorem 2.1. Assume that conditions A*, B*, and C* hold.

(i) Then, the root p'® of the characteristic equation (2.1) has the asymp-
totic expansion

where ¢y = —ayo/ap1 and forn=2,...k,
1 n—1
Cn = — n,0 + Z QAn—q,1Cq
ao,1 g=1

n n q—1 cw

P

Y Yo Y T
m=2 q=m N1,..,Nqg—1€Dm ¢ p=1 "P°

with D,, 4 being the set of all non-negative integer solutions to the sys-

tem
N+ F+ngeir=m, ni+---+(q—1n=q

(ii) If, in addition, condition D* holds, then for any non-negative integer
valued function n® — 0o as € — 0 in such a way that e'n'® — )\, €
[0,00) for some 1 <r <k, we have

PO (@, A) 70(A)

— ase — 0, AeTl.
exp(—(p© 4 cre + - + ¢,_1671)n) ror 0

Proof. 1t follows directly from a result given in Silvestrov and Petersson
(2013) that part (i) holds. Furthermore, it also follows from this result that
part (ii) holds for any A € I satisfying the following statements:
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() limsupgc._,|¢'9(n, A)] < oo, for all n =0,1,...
(B) oo e ") (n, A) = 320" (n, A), as £ — 0.
() limsupye. 0> 0o P+ 4@ (n, A)| < oo, for some 7y > 0.

Since we always have 0 < ¢{*)(n, A) < 1, it follows that statement (cx)
holds for any A € T. Also (v) holds for any A € I'. This follows from
condition D* since 0 < ¢ (n, A) < ¢\ (n, X).

Let us finally show that (3) holds for any A € I'y.

It follows from Lemma 2.1 that for every 8 > 0, we have p® < p© + 3
for sufficiently small €. Let us choose 3 such that 0 < 3 < v, where 7 is the
value from condition D*. Then,

(&)
lim lim sup g e” g (n, A)
N—oo 0<e—0 n=N+1

< lim limsup Z p(O)Jrﬁ)”q(a)(n,X) (2.2)

—00 0<e—0 n=N-+1

< lim e~ =AW+ (limsupz (PP +7)n ¢ (n, X)) =0.

N—oo 0<e—0 ;,—0

It now follows from (2.2), Lemma 2.1, and the definition of T'y that for
any A € Ty,

hmZeP Ingle) (n,A) = lim hmZeP( ngle) (n,A) = Ze’)(o)”q(o)(n,A).

E~>O N—oo sﬁ\O
n=0

3 Perturbed Semi-Markov Processes

In this section we define perturbed discrete time semi-Markov processes.
For every € > 0, let (n{¥), k), n = 0,1,..., be a discrete time Markov
chain on the state space (X,N), where X ={0,1,..., N} and N = {1,2,...}.
We assume that the Markov chain is homogeneous in time and that the tran-
sition probabilities do not depend on the current value of the second compo-

nent. Thus, the process (7, k(&) is characterized by an initial distribution

&) = P{n((f) =i}, i € X, and transition probabilities

QY (k) =P =4, kSl =k [n® =4}, i,je X, keN



Let 7(0) = 0 and 7@ (n) = &7 + -+ + k) for n > 1. Furthermore,
let ) (n) = max{k > 0: 7®) (k) < n} for n > 0. The semi-Markov process
associated with the Markov chain (7, £(®)) is defined by

@ (n) = 7752)(”), n=0,1,...

For the semi-Markov process £)(n), we have that s are the times
between successive moments of jumps, 7(5)(n) are the moments of the jumps,
and v®)(n) are the number of jumps in the interval [0, n].

Since the transition probabilities of the Markov chain (n'®), () do not
depend on the current value of the second component, it follows that 7)7(15) is

itself a (homogeneous) Markov chain. Its transition probabilities are given
by

P =3 QP (k) = P{yl), = j|n®@ =i}, i,j € X,
k=1

and it is called an embedded Markov chain for the corresponding semi-
Markov process.

It is sometimes convenient to write the transition probabilities of the
Markov chain (7, k() as

QL (k) = pS (k). ij e X, keN,

where
150 = P{wi = k| =i, nih =)
are the distributions of transition times.
Let us also define random variables for first hitting times. Let I/J(?) =

min{n > 1: 7 = j} and let M§5) = T(E)(V](E)). Then, V](E) is the first hitting
time of the embedded Markov chain into state ;7 and ,ug-s) is the first hitting

time of the semi-Markov process into state j. Note that 1/](-8) and ugg) are
both possibly improper random variables taking values in the set N U {oco}.
Throughout the paper, we will use the notation

gfj)(n) - Pi{ugs) =n, 1/(()5) > 1/](,5)}7 i,jeX, n=01,...,
and
g5 =P > v}, i j e X.

Here, and in what follows, we write P;(A) = P(A|n{? = i) for any event A.
Corresponding notation for conditional expectations will also be used.

In order to consider the semi-Markov process £©)(n), for ¢ > 0, as a
perturbation of the semi-Markov process £®(n), the following continuity
condition will be used:



A: (a) pgj) —pWase—0, foralli£0, j € X.

)

(e) (0) . )
(b) fi;’(n) = fi;’(n) ase =0, forall i #0, j € X, n € N.

Furthermore, we will assume that {1,..., N} is a communicating class of
states for sufficiently small . This is implied by condition A together with
the following condition:

B: g@ > 0, for all 7,7 # 0.

]

Transitions to state 0 may, or may not be possible, both for the limiting
process and the perturbed process.

4 Moments of First Hitting Times

In this section we consider moment generating functions of first hitting times.
First, a system of linear equations for these moment generating functions are
derived and then, a necessary and sufficient condition for them to be finite
is given.

Moment generating functions of first hitting times are defined by

()
o5 (0) = B x(wy) > 1)), pEeR, ijeX.

[

Alternatively, this can be written as

Ze”"gw ), pER, i,j€X.

We also define moment generating functions for transition probabilities:

P () =2 Q) (n). peR, ijeX.
n=0
By conditioning on (nf), /{ga)) we get for any 4,5 # 0,

z (W > V) 99 = 1,6 = £)Q (k)

T
8;;Mz

= Z kaw )+ Z Z E, eﬂ(k+# ) e )Q(a (k) (4.1)

l;éO,] k=1

+ Zp ¢l]

I1#£0,5

10



Throughout the paper we will use the convention 0 - co = 0. With this
convention, relation (4.1) holds for all p € R and 4,5 # 0, even in the case
where some of the moment generating functions involved take infinite values.
In this case relation (4.1) may take the form oo = co.

In what follows, it will sometimes be more convenient to work with ma-
trices. For each j # 0, we define column vectors

o9 (0) = [6(0) 620) - ¢S] (4.2)
pi (o) = [0(0) 50) - B0 (43)

and N x N matrices ;P (p) = || jpl(,i) (p)|| where the elements are given by

(g) . .
@y ) pi(p) i=1,...,N, k#j, 44

Using (4.2), (4.3), and (4.4), we can write (4.1) in matrix notation:

7 (p) = () + PO0)O (0), 0. (45)

The vectors and matrices above are allowed to have entries with the value oo.
By remarks given above, this means that relation (4.5) holds for all p € R.
We will now derive an alternative representation for the vector <D§-E) (p) of
moment generating functions.
Let us for each j # 0 define an N x N matrix valued function jA(E) (p) =

;a8 (p)]| by
jA(e) (p) 1 _|_jP(6) (p) + (jP(E)(p))Q +---, pE R. (46)

Since all elements of the matrices on the right hand side are non-negative,
it follows that ;A'¥)(p) is well defined and has elements that take values in
the set [0,00]. As will be shown next, the elements of ;A (p) can be given
a probabilistic interpretation.

Let 7 # 0 be fixed. We define random variables by

€ > () (n € € c
00 =3 ™GO AV s, O = k), k£0. (4.7)
n=0

Notice that 5J(»§) (p) = X(U((Ja) =)

11



Forn=1,2,..., we have

EiepT(E)(n)X(V(()s) A V(a) >n, ,',/(6) _ k))

n

= Z Ez( pT(E)n)|T] _Z.h'"ans)_ln lem 1im
m=1

P (4.8)
= > szm vim (P); 1 # 0, k #0, ],
i0=t;in=k; m=1
i1 yoenrin—170,
From (4.6), (4.7), and (4.8) it follows that
jai (p) = Eidl5) (p), ik # 0. (4.9)
Let us now derive an alternative formula for <I>§~E) (p).
By definition we have
e (e) € e .o
65 (p) = Ese™s x(v” > ), 1,5 #0. (4.10)
The indicator function can be written as
(v > v@) - x(nF’ = j)
(4.11)
+ZZX D>, 0 =k 0l =)
n=1 k#0,j
Note that for all 7,5 # 0,
B x(n® = j) = Bu(e™ |0l = ) =0 (0)  (412)
and
e
ZZEe’J’“)x A >, S = ko0l =)
n=1k#0,j (4 13)
=Y S B OOy Ar > 0, 0l = k)l (o).
n=1k#0,j
From (4.7) and (4.10)—(4.13) it follows that for all 7, j # 0,
5 = () (n € e €
(p) = X Y B O AvY > ) = k)pi ()
n= 0’#0 (4.14)
k40

12



Now using (4.9) we can write (4.14) in matrix notation:

o9 (p) = ;A9 (0)p(p), pER, j#£0. (4.15)

This representation will now be used to prove the following lemma which
gives a necessary and sufficient condition for CD ( ) to be finite.

Lemma 4.1. Assume that for some € > 0 we have gfj) > 0, for alli,j # 0.

Then CD(E)( ) < oo if and only if p§-€)(p) < 00, ;P9 (p) < oo, and the inverse
matriz (T — ;P (p)) " exists.

Proof. Let us first assume that d)g-e)(p) < 0.
Since ¢ > 0 for all 4,j # 0, it follows from (4.15) that ;A (p) and

ij
p§~€) (p) are finite. Moreover, it follows from the definition of ;A®)(p) that

PO (p) < 0 if ;A (p) < o0, s0 we have

Py (p), PO (p), ;A9 (p) < 0. (4.16)
The definition of ;A (p) also yields
JAO () =T+ PUp) (L POp) + (PO(5) + )
—T+,PO();A¥ (p).
It follows from (4.16) that we can rewrite (4.17) as
I=(I-,;P9(p);A(p).

(4.17)

This means that (I — ;P (p)) has an inverse matrix given by ;A (p).
Now assume that p§ )(p) < 00, ;P (p) < 0o, and that the inverse matrix
(I— ;P (p))~" exists.
First note that then the following relation holds:

(1= ,PO() " =T+ PO — ;PO (). (4.13)
[terating Equatlon (4.18) gives forn =1,2,...,
(I—PO(p) " =1+ ,PO(p) + -+ (;P(p))"
(JP(‘S)(P))”“(I —PO(p)!

Since (I— ;P (p))~" < oo it follows from (4.19) that we necessarily have

(4.19)

(PO ()" 1T — ;P (p)~t = 0, as n — oco. (4.20)

Letting n — oo in (4.19) and using (4.20), it follows that
JA©(p) = (1— ;PO (p)) ! < oo, (121)
From (4.15) and (4.21) we conclude that ¢§E) (p) < 0. O

13



We supplement Lemma 4.1 with a corresponding result for the moment
generating functions

~ @)
¢§§)(P) = E;ef*o X(uéa) < 1/](-6)), pER, i,j#0.
Similar calculations as above show that we have the representation

O (p) = ;A9 (S (), pER, j#0,

where B B B N T
&7 (p) = [0 (0) 05 (0) ... FNi(p)]

and T
pe’(p) = [pid(0) P(p) ... PNH(P)]

The following lemma gives a necessary and sufficient condition for &3;6) (p)
to be finite. The proof is analogous to the proof of Lemma 4.1 and is therefore
omitted.

Lemma 4.2. Assume that for some € > 0 we have gfj) > 0, for alli,j # 0.
Then 6;6) (p) < oo if and only if p§ (p) < oo, PO (p) < oo, and the inverse

matriz (T — ;P (p))" exists.

5 Solidarity Properties for Moments of First
Hitting Times

In this section we first present a condition of Cramér type for the distribu-
tions of transition times. Then, a solidarity lemma for moment generating
functions of first hitting times is proved which motivates the specific form of
this condition.

We define moment generating functions for transition times by

D) =S e f9m), peR, ijeX.
n=0

Notice that pi;(p) = pi§ ¥5 (0).
For semi-Markov processes it is natural to formulate the Cramér type
condition corresponding to B* in terms of moments of transition times:
limsupwg)(ﬂ) <00, i#0, j€ X, for some 3 > 0. (5.1)
0<e—0
It can be shown that relation (5.1) together with conditions A and B

imply that part (a) of condition B* holds for the moment generating functions
¢§f )(p). However, it need not be that part (b) of condition B* holds. In order

to guarantee this, we will use the following condition:

14



C: There exists 8 > 0 such that:
(a) limsupy<, ,q wfj)(ﬂ) < oo, foralli#0,jeX.
(b) gbg?)(ﬁi) > 1, for some ¢ # 0 and §; < S.

Let us introduce the following moment generating functions:
©
k0 (p) = Ee x(wE Al >0, peR, i,k e X.

Before giving the solidarity lemma, we first prove an auxiliary lemma
which gives a connection between gbz(f )(p) and gbgi) (p).

Lemma 5.1. Let i # 0 be fized. Assume that we for some ¢ > 0 and p € R
have:

(o) g,(é) >0, for all k,j # 0.

(8) ¢ (p) < 1.
Then, the following relation holds for all j # i:
(1= o)1 — 65 () = (L= (P (1 —;6D(p).  (5.2)

Proof. By using the regenerative property of the semi-Markov process we can
for any j # 0,7 write the following relations for moment generating functions:

65 (p) = ;65 (p) + 105 ()07 (p), (5.3)
6% (p) = ;6 (p) + 107 ()07 (p), (5.4)
655 (p) = i85 (p) + ;65 (0) 65 (1), (5.5)
65 (p) = 105 (p) + 1612 ()05 (). (5.6)
Recall the we use the convention 0 - co = 0, so relations (5.3)(5.6) hold for

all p € R.
It follows from () that

85 (p). 65 (p). 65 (p), 85 (p). 05 (p). ;6 (p) € (0,00]. (5.7)

From (3), (5.3), and (5.7) we can conclude that

6 (0), 017 (), 105 (0), ;012 (p) < o0 (5.8)
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Furthermore, it follows from, (5.4), (5.7), and (5.8) that

05 (0), 1619(p) < 0. (5.9)

Thus, all generating functions in Equations (5.3) and (5.4) are finite under
conditions () and (B). However, it is not immediate that also ¢§§) (p) and

qﬁg?(p) are finite. In order to prove this, let us consider random variables for

successive return times. We define the the n-th return to a state j for the
embedded Markov chain by 1/](-5)(0) =0 and

j(s)(n) = min{k > VJ(-E)(TL — D =4} n=12,...
Corresponding return times for the semi-Markov process are defined by

19 (n) =09 (), n=0,1,...

Using the variables for return times, we can write

X( (E) (6)) X(V(() e) A V(E) > V(€))

5.10
n ZX 'S O n), v AvOm+1) > 1), (5.10)
For n = 1,2,..., it follows from the regenerative property of the semi-
Markov process that
Eiep“éa)x(y((f) A V}E) > l/i(a)(n), () A 1/(5) (n+1) > ](E)) (5.11)
= Eiep“§5>(n))((”(()€) A Vj(a) > I/i (n))Eieij X(V( A VZ'(S) > V](‘E)).

Using (5.10) and (5.11) we obtain

35 (p) =395 (0) + (0 95 (p)- (5.12)

It follows from (5.3), (5.7), (5.8), and (8) that ;¢! (p) < 1. Using (5.8),
(5.12), and jgzﬁgf)(p) < 1 it follows that gzﬁl(;)(p) < 00. Then, we can use (5.5),

() (e)
(5.9), and ¢;;’(p) < oo to conclude that ¢,/ (p) < oco.
It has now been shown that all generating functions in (5.3)—(5.6) are
finite and these relations can now be used to prove that (5.2) holds.
We can rewrite (5.4) as

35 (p) (1 — 65 (p)) = ;6% (p), (5.13)
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Multiplying (5.3) by (1 — qug‘;)(p)) and using (5.13) we get
6 (0)(1 =653 () = 00 (D)1 = 653 (o)) + 05 ()0 (p)- (5.14)

Subtracting (1 — iqbg? (p)) from both sides in (5.14) and then changing signs
yield

(1= 62 ()1 — 6 ()

5.15)
(=00 = )~ D
Similarly, using (5.5) and (5.6) we obtain
1— 69 (p)(1 — ;08
(1= o557 (p))( (E)gczﬁ” (0)) ; I (5.16)
= (1 — iP5 (p))(l - J(b“ (p)) - j¢ji (p)lgblj (p)
Relation (5.2) now follows from (5.15) and (5.16). O

The next lemma is essential for the proof of our main result. The form
of part (b) of condition C implies that the results of this lemma can be
considered as solidarity properties for moments of first hitting times.

Lemma 5.2. Assume that conditions A, B, and C hold. Let i # 0 be
the state and 0 < [B; < B the number in condition C for which we have
o0 (Bi) > 1. Then:

(i) There exists p € [0, ;) such that ¢§2) (p') =1 for any j # 0.

(ii) For any j # 0, there exists B; € (p/, Bi] such that ¢§2)(5j) > 1 and
¢g;)(6j) < oo for all k #0.

(iii) There exists § € (0, (] such that (bgg)(é) >1,5#0 and ¢>§§)(5) < 00,
k,j #0.

(iv) There ezists g > 0 such that for all € < gy we have gbé?(é) >1,7#0
and gb,(é)(é) < oo, k,j#0.

Proof. 1t follows from conditions B and C that (bg) ) (p) is continuous and
strictly increasing for p € [0, 3;]. Moreover, QS(O)(O) = P, {\” > I/Z-(O)} <1

i1

and ¢!”(8;) > 1. From this it follows that there exists (a unique) p' € [0, 3;)
such that

8 (p) = 1. (5.17)
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Now, for any j # 0,7 we can write

00 (0) = 100(0) + 05 ()57 (- (5.18)
We also notice that under condition B,
0 (1) 857 (p') > 0. (5.19)
It follows from (5.17), (5.18), and (5.19) that
09 (p) < (5.20)
Applying Lemma 5.1 with ¢ = 0 and p = o/, and using (5.17) we get
(1= % (7)1 = (p)) = 0. (5.21)

From (5.20) and (5.21) we conclude that (;55-2)(,0’ ) = 1 and this proves part
(i) of the lemma.

We now prove part (ii).

Let j #0 be arbitrary. It follows from part (i) that there exists p’ € [0, §;)
such that qzﬁjj (p) = 1. For any k # 0, j we have

0 0 0 0
65 (0) = ko () + ;0% (1)) (o) (5.22)
It follows from (5.22), condition B, and gbg.?) (p') =1 that

o1 (p) < 00, k#0. (5.23)

Using (5.23) we can apply Lemma 4.1 to conclude that det(I—,P© () #
0. Under condition C, the elements of the matrix ;P (p) are continuous
functions of p 6 [O,B]. Since p' < f; < B, we can find §; € (p/, ;] such
that det(I — ;PO(3;)) # 0. Furthermore, it follows from condition C that

pk] (ﬂj) < 00 for all k,j # 0, so by Lemma 4.1 we get

A (B;) < 00, k #0.

Also, since p' < f; and gb§-2) (p') =1, we have gb§-2) (Bj) > 1 and this completes
the proof of part (ii).

If we define § = min{p; : j # 0}, part (iii) follows from parts (i) and (ii).

Finally, let us prove part (iv).

By Equation (4.5) we have that the vector ¢§€)(5) satisfies the following
system of linear equations:

o\ (5) = pl?(8) + ;PO (8)d1 (5). (5.24)
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From part (iii) and Lemma 4.1 it follows that
det(I — ;PO(8)) #0, j #0. (5.25)
From conditions A and C we get
p,(fj)((S) — p,(g(;)(é) < oo, ase — 0, k,j#0. (5.26)

It follows from (5.25) and (5.26) that we can find £ > 0 such that for all
j#0and e < ey,

det(I— PO(8) #0, pP(8) < oo, ;PE() < oo. (5.27)

From (5.27) and Lemma 4.1 we conclude that for any j # 0 and € < £ it

holds that Cl>§€)(5) < o0 and, moreover, Cbge) (0) is the unique solution to the
system of linear equations (5.24), so we can write

ol (5) = (I — ;PO5) ' plP(8), j #0. (5.28)

Furthermore, it follows from (5.26) and (5.28) that for any j # 0, we have
Cbg»g)(é) — ¢§0)(5) as € — 0. In particular, for any j # 0 we have qbg»?(é) —
¢§-2)(5) as € — 0 and since ¢§-2)(5) > 1, j # 0, this means that we can find
g9 > 0 such that (bg-?(é) > 1 forall j # 0 and € < 5. It follows that with
g0 = min{ey, e}, the claims of part (iv) hold and this concludes the proof of
Lemma 5.2. O

6 Power Series Expansions for Moments of
First Hitting Times

In this section it is shown how mixed power-exponential moments for first

hitting times can be expanded in power series with respect to the pertur-

bation parameter. We first derive recursive systems of linear equations for

these moments. Then, some properties of asymptotic matrix expansions are

presented. Finally, we construct the desired asymptotic expansions.

Mixed power-exponential moment generating functions of first hitting
times are defined by

¢(€)(p, r) = EZ-(,u(E)) e”“v X( QS (-E)), peER, r=0,1,..., 4,5 € X.

Alternatively, this can be written as

Zne""gm ), peR, r=0,1,..., i,j € X.
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: (e) O
Notice that ¢;;"(p,0) = ¢;;’ (p).

We also define mixed power-exponential moment generating functions for
transition probabilities:

p” P, Zne’mQ ), peR, r=0,1,..., 4,5 € X.

Note that p(s)(p, 0) = pl(j)(,o). Also note that we can write pgj)(p, r) =

pgj)zﬂgj)(p, r) where pgj) are the transition probabilities for the embedded

Markov chain and

Zne"’" ), peR, r=0,1,..., i,j € X.

It follows from condition C that there exist § > 0 and £; > 0 such that

sup maxw (ﬁ) < 00.

e<e; 0
jeX

From this it follows that for alli £ 0, 7 € X, e <ey, p< f,andr =0,1,...,
we have

n>0

p§§)(p, r) < (Supn e~ (B6=r) )pw w (ﬁ) < 00.

Under conditions A, B, and C, it is seen from Lemma 5.2 that there exist
d € (0,] and &5 > 0 such that

Sup max < 0.
€<€1:; 7.77é0¢ ( )

Using this, we get for all 7,7 #£ 0, e < ey, p<d,and r=0,1,...,

69 (p.1) < (supnfe “>">¢ (6) <

n>0

Recall from Section 4 that the moment generating functions of first hitting
times satisfy the following relations:

6 (0) = () + 32 05 ()0 (p), .5 # 0. (6.1)

1#0,7
From the discussion above it follows that for any 7, j # 0, ¢ < min{ey, 5},
and p < 4, the functions pgj-)(p) and ¢§?(,0) are arbitrarily many times dif-
ferentiable with respect to p. Moreover, the derivative of order r for pz(»j-) (p)

and gbgj-)(p) are given by pg)(p, r) and ¢ )(p,r), respectively.
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Differentiating both sides of relation (6.1) gives the following for all £ <
min{ey, 2} and p < 6:

o (p,r) = A (p, 1)+ 37 P % pir), 1,5 A0, r=1,2,..., (6.2)

1#0,j

where

Wm)m],+r<>2mm Mmoo —m). (63

m=1 1#£0,5

Let us rewrite relations (6.1), (6.2), and (6.3) in matrix notation. For
each j # 0, we define column vectors

3 15 5 € T
O (p,r) = [0 (0.7) 05 (pr) - F)(p)] (6.4)
s c T
[A> Sy A (6.5)
c T
= () P50y - D] (6.6)
and N x N matrices jP(E)(p, r) = |;p (p,r)|| where the elements are given
by
,r) i=1,....N, k ,
o) = { BT 1= N 67)

With these definitions we have

&7 (p,0) = 07 (p), by (p,0) =D\ (), ;P (p,0) = ;PV(p).  (68)

Using (6.1)—(6.8), we get for r = 0,

7 (p) = pi” (p) + ;P () (), j #0, (6.9)
and forr=1,2,...,
O (p.r) = A (0.r) + PO (pr). G £0. (6.10)
where
5 e a r € 5
A (p,r) =P (p,7) + (m)J‘P() m)®\ (p,r —m). (6.11)
m=1

Relations (6.9), (6.10), and (6.11) allows us to calculate mixed power-
exponential moments of first hitting times for a fixed (sufficiently small) value
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of . In order to construct asymptotic expansions for these moments, we will
use properties of asymptotic matrix expansions, which will be presented now.

Let A(e) be an m x n matrix valued function. Suppose that A(e) on the
interval 0 < € < ¢y can be represented as

A(e) = Ag+Aje + -+ A’ + o(eh),

where Ay, ..., A}, are m X n matrices with real-valued elements and o(e") is
an m x n matrix where all elements are of order o(¥). Then we say that
A(e) has an expansion of order k.

The following lemma collects some properties for asymptotic matrix ex-
pansions that will be used. These properties are known, but we give a short
proof in order to make the paper more self-contained.

Lemma 6.1. Let A(e) be an m x n matriz valued function which has an
expansion of order k, and let B(e) be a p X q matriz valued function which
has an expansion of order [.

(1) If ¢ is a real-valued constant, then C(e) = cA(e) has an expansion of
order k and the coefficients are given by

CZ'ZCAZ', Z:O,l,,]{?

(i) If m = p and n = q, then C(e) = A(e) + B(e) has an expansion of
order k Nl and the coefficients are given by

C,=A,+B,, i=01,... kAL

(iii) If n = p, then C(e) = A(e)B(e) has an expansion of order k Al and
the coefficients are given by

=0
(iv) If m = n and det(I — Ay) # 0, then the inverse matriz C(e) = (I —

A(e))™! ewists for sufficiently small € and has an expansion of order k
where the coefficients are given by

CQ = (I — Ao)_l and Cz = COZAjCi—ju 1= 1, . ,]{7.
j=1
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Proof. Parts (i), (ii), and (iii) are consequences of elementary algebraic re-
lations.

For the proof of part (iv) we first note that since (I—A(e)) — (I—Ay) as
e — 0, and det(I — Ay) # 0, it follows that det(I — A(e)) # 0 for sufficiently
small . Thus, the matrix I — A(e) has an inverse for sufficiently small .
Furthermore, the elements of this inverse matrix are rational functions of the
elements of A(g). From this it follows that (I — A(g))™* — (I — Ag)™', so
we have the representation

C(&) = Co+M0(€>, (612)

where Cy = (I — Ag)~!' and My(e) - 0 as ¢ — 0.
Now assume that & = 1. Then, using (6.12),

I—(I—A(e)I—A(e)"

= (I — AO — A1€ + 0(8))(00 + M0<€>>
=1+ (I—Ag)Mo(e) — (Ase + 0(€))Co + of¢).

Rewriting this relation and dividing by € > 0, we get

=(I— Ay (Al + O(€)> Co+ @
9 £

Mo(E)
€

Letting € tend to zero it follows that My(e)/e — CoA1Cy as € — 0. From
this and relation (6.12) we get the representation

C(e) = Cp + Cie + M, (¢),

where Cy = (I — Ag)™!, C; = CoA;Cy and M;(g)/e -+ 0 as ¢ — 0.

This proves part (iv) for k = 1.

For a general k& we can prove the result by induction using the same
technique as above. O

We will now use the results above to show how mixed power-exponential
moments of first hitting times can be expanded in a power series with respect
to the perturbation parameter and how the coefficients can be calculated
explicitly.

Let us introduce the following perturbation condition which is assumed
to hold for some p < §, where § is the number from Lemma 5.2:

D" pgj) (p7 T) = P»E;))(Pa T’) +ij[p7 r, 1]€+ ’ +pzj [pu T, k_r]gk_r—i_O(gk_r)a r=
0,...,k, 1,7 # 0, where |p;;[p,r,n]| <oo,7=0,....k,n=1,... k—r,

i,J # 0.
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For convenience we denote p;;[p,r,0] = pg?) (p,7), forr=0,... k.

To prepare for the next result, note that it follows from condition D’ that

the vectors pg-s) (p,r) and matrices ;P (p,r), defined by relations (6.6) and
(6.7), respectively, have asymptotic expansions

Py (p,7) = Py (p,7) + ilp, e + -+ pylo, k= 1] + 0",

and
P o,r) = PO, r)+ Plp,r, e+ -+ ;Plp,r, k — )"+ 0(e" ),

where the vector coefficients p;[p, r, n] are given by

T
pjlo.r.n) = [pylo.rn] pojlp,rin] <o pwslesriml]

and the coefficients ;P[p,r,n] = ||;p,.[p, . n]|| are N x N matrices where the
elements are given by

) . pik[paran] Z:]_,,N,k%],
ink[p,r,n]—{o i=1,....,N, k=]

The following theorem is an essential tool for the proof of the main result
of the present paper.

Theorem 6.1. Assume that conditions A, B, C, and D" hold and fix some
Jj # 0. Then:

(i) The inverse matriz ;U (p) = (I — ;PO (p))~" ewists for sufficiently
small € and has the expansion

;U (p) = ;U[p, 0] + ;Ulp, 1]e + - - - + ;Ulp, k] + o(e"),
where

- PO n=0
U ,n| = ( J o )
! [p ] { ]U[p,()] Zq:le[p707q]jU[p7n_q] n = 17"'7k'

(ii) We have the expansion

O (p) = ®;[p,0,0] + D,[p, 0, 1]e + - - - + D;[p, 0, k]* + o(eF),

CD(O)(P) n=>0
®ilp,0,n) = 5§ ! 6.13
il 0m {ZFMUMQWMﬁm—d n=1,... k. (6.13)
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(iii) Forr=1,...,k, we have the expansion
¢§E)(p, r)=®;lp,r, 0]+ ®;[p, 1, e+ +®;[p, 1, k — r|eb " +o(ehT),

where the coefficients can be calculated recursively by the formulas

CD(.O)(p T) n=>0
dilp,r,n| = 3N ’
J[p ] {quojU[p7q]Aj[p7T7n_Q]a nzl,...,k—r,
where, for s=0,....k—r,

Aj[pﬂ", S] = pj[p7r73] + i <r> ijP[p7m7Q]¢j[pvr_mas _Q]‘

m=1 m q=0

Proof. First note that under conditions A, B, and C, it follows from part
(iii) of Lemma 5.2 that ¢§0) (p) < oo, for all p < 4. Thus, by applying Lemma
4.1 we see that the inverse matrix (I — ;P (p))~" exists for all p < §. Using
this and condition D', part (i) now follows from part (iv) of Lemma 6.1.

For the proof of part (ii) notice that it follows from Equation (6.9) and
part (i) that for sufficiently small ¢ we have

®7(p) = (1= P9 (p) '} (p). (6.14)

It follows from (6.14), part (i), condition D', and part (iii) of Lemma 6.1

that Cbg-g)(p) has an expansion of order k with coefficients given by Equation
(6.13). This proves part (ii).
Now we consider Equations (6.10) and (6.11) for r = 1:

O (p.1) = A7 (0. 1)+ PO ()0 (p. 1), (6.15)
where
A9 (p,1) = (p, 1) + ;PO (p,1)01 (). (6.16)
It follows from (6.15) and part (i) that for sufficiently small ¢,
O (p.1) = (1= PO(p) AT (p, 1), (6:17)

It follows from (6.16), part (ii), condition D’, and parts (ii)-(iii) of Lemma
6.1 that

A7 (0,1) = Ajlp, L0+ A [, 1, e+ -+ Xy [p, 1, k= 1]e5 " o (), (6.18)

where

S

Ajlp, 1, s] = pjlp, 1, s] + > Plp, 1,q]®;[p, 0,5 —¢q], s=0,...,k—1. (6.19)

q=0

25



It now follows from (6.17), (6.18), (6.19), part (i), and part (iii) of Lemma
6.1 that CDE-E) (p,1) has an expansion of order k — 1 with coeflicients given by

n

cbj[p?l?n] = ZJ'U[pad)‘j[p?lvn_Q]a n= 17"->k_ L.

q=0

This proves part (iii) for r = 1.
We prove the general result by induction. Let us assume that part (iii)
holds for r =1,...,u — 1, for some u < k. Equations (6.10) and (6.11) give

o (p,u) = A (p,u) + PO ()0 (p,w), (6.20)
where
5 € - (4 B 5
A (p,u) = p(p,u) + 3 <m>jP( (0, m)® (p,u —m). (6.21)
m=1

It follows from (6.20) and part (i) that for sufficiently small ¢,

O (p,u) = (I - PO (p) AP (p, u). (6.22)

J
It follows from (6.21), part (ii), condition D’, parts (i)-(iii) of Lemma 6.1,
and the induction hypothesis that

)\55) (/), ’U,) = >‘j {pv u, 0]+)‘J [p7 u, 1]‘€+ ) '+>‘j[p7 u, k_u]gkiu—i_o(‘gkiu)u (623)
where for s =0,...,k —u,
u U S
Ajlp,u, s] = pilp,u ]+ > <m> > iPlp.m,q®;lp,u —m,s —gq]. (6.24)
m=0 q=0

It now follows from (6.22), (6.23), (6.24), part (i), and part (iii) of Lemma
6.1 that CDE-E) (p,u) has an expansion of order k — u with coefficients given by

n

®;lp,u,n] =Y ;Ulp,alAjlp,u,n—¢q], n=1,... .k —w.

q=0

This concludes the proof of Theorem 6.1. O]

7 Solidarity Property of Periodicity

In this section we show that the periodicity of the distribution of first return
time satisfies a solidarity property.
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The period of ¢! (n) is defined by

d; = ged{n € N: gff)(n) >0}, i #0.
(e)

In particular, d; = 1 means that g;;’(n) is non-periodic.
In order to guarantee non-periodicity of gi(iO ) (n), we will assume that the
following condition holds:
E: gj(g) (n) is non-periodic for some j # 0.
It will be shown that the function gz(f )(n) have the same period for all
states ¢ # 0. In the proof of this result we will use the convolution operator.
For two real-valued functions f(n), n =0,1,..., and g(n), n =0,1,..., the

convolution is defined by

n

frgn)=>" fln—k)g(k), n=0,1,...

k=0

Furthermore, for a function f(n), n = 0,1,..., the k-fold convolution f** (n)
is defined recursively by f*9(n) = x(n = 0) and

FER () = fa fEED(n) kK =1,2,...

Notice that fOV(n) = f(n).
Let us introduce the following notation:

kgl(j)(n) =Pi{u; =n, I/(SE) A I/,(f) > 1/](-5)}, n=0,1,..., 1,5,k € X.
In the proof of the following lemma we adopt a technique that is used in

the proof of a similar result for continuous time semi-Markov processes given
in Cinlar (1974).

Lemma 7.1. If we for some ¢ > 0 have gg) >0 foralli,j #0, then d; = d;
for alli,j # 0.

Proof. Choose i, j # 0 arbitrarily. The conclusion is trivial if ¢ = j so let us
assume that 7 #£ j.
By using the regenerative property of the semi-Markov process we can

forallm =0,1,..., write down the following relations:
gii) () = 1955 (n) + ig5) * 957 (), (7.1)
957 (n) = 457 (n) + 495 * 957 (), (72)
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g5 (n) = 19 (n) + ;g7 = g5 (n), (7.3)

95 (n) =g (n) + 395+ g5 (). (7.4)
Iterating Equation (7.2) and using (7.1) we get

g’L(’LE)( ) Jgu +Zlgzj gjj *£) jgg?( )

(7.5)
+ igz(j) * (i9§j))( (m+1) 9](‘1')(”)’ m=20,1,...
Similarly, by using Equations (7.3) and (7.4) we get
g§§)( ) - lg]j + Z]g_]l Jgu **) * Zgg:) (Tb)
(7.6)

+ jgg‘i) * (jg'gi))(*(m+l)) * gz(j)(n)a m=0,1,...

()

Since g;;’(n) has period d;, it has all its mass concentrated on the set

= {d;,2d;,...}. It follows from (7.5) with m = 0 that the functions

Jggza)( ), zgz(]) jg§§)( ) and ,g”) Zgﬁ? jgg-? (n) are all concentrated on the

set d;N. Since iggj) * gg-l-)( ) is not identically equal to zero, it also follows

from (7.5) that iggi) (n) concentrates on d;N. It can now be concluded that
all functions on the right hand side of (7.6), except for possibly the last one,
is concentrated on d;N. Using this, and that gj(j)(n) is the limit of the right
hand side of (7.6) as m — oo, we have for any n’ ¢ d;N,

g\ (') = Tim ;6'9 * (;4) D w gD (') = 0.

m—r 00

This means that g](j)(n) is concentrated on the set d;N and we can conclude
that d; > d;. By using analogous arguments as above, (7.5) and (7.6) can

also be used to show that d; > d;. In conclusion, d; = d;. O

8 Exponential Expansions for Perturbed
Semi-Markov Processes

In this section we give asymptotic exponential expansions for perturbed dis-
crete time semi-Markov processes with absorption. The results are obtained

by applying corresponding results for perturbed regenerative processes given
in Section 2.
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Our main objective is to give a detailed asymptotic analysis of the prob-
abilities

P (n) = P9 (n) = j, us” > n}, n=0,1,..., i,j #0,

as n — oo and € — 0.

Let us assume that the initial distribution of the semi-Markov process
¢©)(n) is concentrated at some state i # 0. Then £®)(n) is a regenerative
process with regeneration times being successive return times to state 7. If
state 0 is an absorbing state, these regeneration times are possibly improper
random variables. In Section 2 it was assumed that the regeneratlon times
were proper random variables. However, the probabilities P ( ), 4,7 #0,do
not depend on the transition probabilities from state 0. ThlS means that we
can modify these transition probabilities Wlthout affecting the probabilities
P(E)( ), i,7 # 0. For example, if we take Q ( )=x(n=1)/(N +1), then
return times to any fixed initial state ¢ # 0 can serve as proper regeneration
times. We can apply the results of Section 2 to this modified process and then
it follows that the results also hold for the process where 0 is an absorbing
state.

By using the regenerative property of the semi-Markov process at return
times to the initial state, we can for any i, j # 0 write the following renewal
equation:

PO (n) = h(n z — k)¢ k), n=0,1,...,

where

B (n) = PAEO (n) = 5. 1) A > n).

It follows that /Lég), the first hitting time of state 0, is a regenerative stopping
time for £©)(n).

For the model of perturbed semi-Markov processes, the characteristic
equation takes the form

o (p) = 1. (8.1)
It will be shown that Equation (8.1) has a unique solution p(®) for sufficiently

small £ that does not depend on <.
Furthermore, let us define

o p@p (0
~(0) _ Zun=0 e’ h( )( )

RD Dol ne”“’)”gfzo (n)

) /L’]#O'
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It is interesting to note that in the pseudo-stationary case, 7?5) ) does not

depend on i. Indeed, in this case p® = 0 and ugo) = 0o almost surely, so we
get

o0 0
Ty angPm) Emp o

That is, 7r( ) is the quotient of the expected number of visits to state j during
an excursion starting from state ¢ and the expected length of this excursion
for the limiting semi-Markov process. It is known that this quantity does not
depend on state ¢. Moreover, in this case 7r( ) = WZ(]O), 7 =1,...,N, are the
stationary probabilities for the limiting semi—l\/[arkov process.

Let us formulate condition D’ for p = p(©:

D: p(e) (p O, r) = p,(-?)(p(o), ) + i [P, 7, e + -+ pij[p©, b — r]ef T +
O(e’:“k ", r=0,...,k, i,7 # 0, where |p;[p®,r,n]| < oo, 7 =0,...,k,
n=1,. .. k—ri;j+0.

Under conditions A-D it follows from Theorem 6.1 that we for each i # 0
and r =0, ...,k have the asymptotic expansion

39 (00 1) = bilr, 0] + bilr, L)e + - + bifr, k — r]e5 " + (=57,

where b;[r,0] = qﬁl(-?)(p(o),r), r=20,...,k, i # 0, and the coefficients b;[r, n],
r=0,....,k,n=1,...,k—r, i # 0, can be calculated from the recursive
formulas given in this theorem.

We now present the main result of this paper.

Theorem 8.1. Assume that conditions A-E hold. Then:

(i) For e sufficiently small, there exists a unique root o) of the character-
istic equation (8.1) which does not depend on the choice of initial state
1. Moreover, we have the asymptotic expansion

P& =p e+ pef + o(eh),

where ¢y = —b;[0,1]/b;[1,0] and forn=2,... k,

1 n—1
Cp = _m (b1[07n] + Z bz[]-an - Q]Cq

g=1

M1y Mg— 16DnLqp_1 np

+z:§:bi[m,n—q]- Z H np)
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with D,, 4 being the set of all non-negative integer solutions to the sys-
tem

n1+"‘+nq—1:m7 n1++(q_1)nq—1:q

(ii) For any non-negative integer valued function n'®) — oo as e — 0 in
such a way that e'n'® — X\, € [0,00) for some 1 <r < k, we have

PAEO(O) = j. 1o > p® ~(0)
{50 (n2)=j mo_>n 1} — —2—asec—0, i,j #0,
exp(—(p© + cre + - - + 167 Hn)) T edver

Proof. Throughout the proof, we let the initial state ¢ # 0 be fixed. It will
be shown that conditions A-E imply that conditions A*-D* hold for the
functions

fOm) =g (n), n=0,1,...,

and
¢9(n,A) =Y hn), n=0,1,..., ACX.
jeA

Then, Theorem 2.1 can be applied in order to prove Theorem 8.1.

Let us first show that the function

fn) = g () = Pl = n, v > 7} n=0,1,...

satisfies condition A*.

As was shown in Section 4, the vector of moment generating functions
CDZ(-E) (p) satisfies the following system of linear equations:

o (p) = p(p) + PO ()d (). (8.2)

It follows from part (iv) of Lemma 5.2 that there exist £, > 0 and 6 > 0 such
that dJZ(E)(p) < oo for all € <& and p < 6. Thus, we can use Lemma 4.1 to
conclude that the system (8.2) has a unique solution for ¢ < ¢ and p < 0
given by

&7 (p) = (1= P9 (p))'pi” (). (83)

Using (8.3) and condition A it follows that o!® (p) — CD(O)(

; . (p) as € — 0 for
p < ¢ and in particular

65 (p) = 05 (p) as e = 0, p< 4. (8.4)

Relation (8.4) implies that for all n = 0,1, ..., we have gl(f) (n) — gi(?) (n)

as £ — 0. Since ¢ (0) = ¢© )y g0

.., relation (8.4) also implies that g;; i
e — 0. Furthermore, by condition B, the function g;;’(n) is not concentrated

(0)

[z

as
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at zero and by applying Lemma 7.1 under condition E, we see that gg) ) (n) is
non-periodic. Thus, the function gz(f )(n) satisfies condition A*.

It follows from Lemma 5.2 that the moment generating function

& (p) = o (p) = 3 g (n), p ER,

n=0

satisfies condition B*.

Applying Lemma 2.1 now shows that there exists a unique non-negative
solution p§€) of the characteristic equation QSZ(ZE ) (p) = 1 for sufficiently small ¢,
say € < g9. Now for any j # ¢ and € < 5 we can apply the same arguments
as in the proof of part (i) of Lemma 5.2 to see that we also have gzﬁg-i-)(pga)) = 1.
Thus, it can be concluded that the root of the characteristic equation (8.1)
does not depend on the initial state ¢« and we can drop the index and just
write p(¢).

It follows from Theorem 6.1 that condition C* holds for the moments

0 () = (0 ), =0,k

Part (i) now follows by applying part (i) of Theorem 2.1.
To prove part (ii) we also need to show that the function

¢9(n, X) =3 h(n) = Pi{ud Ap >0}, n=0,1,...,
jeX

satisfies condition D*. Thus, we need to show that there exists v > 0 such
that -
limsup ) e(p(o)ﬂ)”Pi{ué&) A ,uz(g) >n} < oo. (8.5)

0<e—0 70

In order to do this, first note that for any p # 0 we have

> ePilus) Aw? >ny =3 30 Pilug) A =k}
n=0 n=0 k=n+1
e €pk —1 (
= P{us) Al =k 8.6
;; 1 Pl A =k} (8.6)
E,erlus M) _q
B er —1 '

By Lemma 5.2 there exist 6 € (0, ] and €3 > 0 such that CD,ES)((;) < 00,
for all ¢ < e3. From this, Lemma 4.1 implies that for any ¢ < e3, we have
P (8) < 0o and the inverse matrix (I — ;P®)(§))~! exists. Moreover, since
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d < B, condition C gives that there exists ¢4 > 0 such that p((f)(é) < 00
for ¢ < e4. By Lemma 4.2, it can now be concluded that CD,Ea)(é) < oo for
e < min{es, e4}. Using this we get

Eieé(“((f)/\“gg)) = ¢§§>(5) + &Eﬁf)(é) < 00, € < min{es, e4}. (8.7)
It follows from Lemma 2.1 that p(®) < §, so there exists v > 0 such that
PO+~ <. (8.8)

Relation (8.5) now follows from (8.6), (8.7), and (8.8).
Applying part (ii) of Theorem 2.1 now shows that part (ii) of Theorem
8.1 holds for all j # 0 for which we have

(e) (0) B
hi(n) — hij'(n) ase — 0, n=0,1,... (8.9)
However, under condition A, relation (8.9) holds for all j # 0 since it is

possible to write hg)(n) as a finite sum where each term in the sum is a
continuous function of quantities given in condition A. This concludes the
proof of Theorem 8.1. O
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