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Abstract

Non-linearly perturbed semi-Markov processes in discrete time are
considered. Asymptotic power series expansions for quasi-stationary
distributions of such processes are presented and it is shown how the
coefficients in these expansions can be computed from explicit recur-
sive formulas. As a particular case, it is described how the results can
be applied for discrete time Markov chains.

Keywords: Semi-Markov process, Perturbation, Quasi-stationary distribu-
tion, Asymptotic expansion, Renewal equation, Solidarity property, First
hitting time, Markov chain.

MSC2010: Primary 60K15; Secondary 41A60, 60J10, 60K05.

*Department of Mathematics, Stockholm University, SE-106 91 Stockholm, Sweden,
mikpe@math.su.se.



1 Introduction

The aim of this paper is to present asymptotic power series expansions for
quasi-stationary distributions of non-linearly perturbed semi-Markov pro-
cesses in discrete time, to show how the coefficients in these expansions can
be calculated from explicit recursive formulas, and to illustrate the results in
the special case of discrete time Markov chains.

Quasi-stationary distributions are useful for studies of stochastic systems
with random lifetimes. Usually, for such systems, the evolution of some
quantity of interest is described by some stochastic process and the lifetime of
the system is the first time this process hits some absorbing subset of the state
space. For such processes, the stationary distribution will be concentrated on
this absorbing subset. However, if we expect that the system will persist for
a long time, the stationary distribution may not be an appropriate measure
for describing the long time behaviour of the process. Instead, it might be
more relevant to consider so-called quasi-stationary distributions. This type
of distributions are obtained as limits of transition probabilities which are
conditioned on that the process has not yet been absorbed.

Models of the type described above arise in many areas of applications
such as epidemics, genetics, population dynamics, queuing theory, reliability,
and risk theory. For example, the number of individuals in some popula-
tion may be modelled by some stochastic process and we can consider the
extinction time of the population as the lifetime. In epidemic models, the
process may describe the evolution of the number of infected individuals in
some population and we can regard the end of the epidemic as the lifetime.

We consider, for every € > 0, a discrete time semi-Markov process &) (n),
n=0,1,...,on a finite state space X = {0,1,..., N}. It is assumed that the
process £)(n) depends on ¢ in such a way that its transition probabilities
are functions of € which converge pointwise to the transition probabilities for
the limiting process £(®(n). Thus, we can interpret £¢)(n), for ¢ > 0, as a
perturbation of £ (n). Furthermore, it is assumed that the states {1,..., N}
is a communicating class for ¢ small enough.

Under conditions mentioned above, some additional assumptions of fi-
nite exponential moments for distributions of transition times, and a non-
periodicity condition for the limiting semi-Markov process, a unique quasi-
stationary distribution, independent of the initial state, can be defined for
each sufficiently small ¢ by the following relation,

m) = lim Po{€O(n) = j| uf > n}, 0,5 #0,

n—o0

where uéa) is the first hitting time of state 0.



In the present paper we are interested in the asymptotics of the quasi-
stationary distribution as the perturbation parameter ¢ tends to zero. Specif-
ically, an asymptotic power series expansion for the quasi-stationary distri-
bution is constructed.

We allow for non-linear perturbations, i.e., the transition probabilities
may be non-linear functions of . We do however restrict our consideration
to smooth perturbations by assuming that certain mixed power-exponential
moment functionals for transition probabilities, up to some order k, can
be expanded in asymptotic power series with respect to €. In this case,
we show that the quasi-stationary distribution has the following asymptotic
expansion,

w9 =70 e + - 4 mklE® 4 o(eb), § #0, (1.1)
where the coefficients 7;[1],. .., 7;[k], can be calculated from explicit recur-
sive formulas. These formulas are functions of the coefficients in the ex-
pansions of the moment functionals mentioned above. The existence of the
expansion (1.1) and the algorithm for computing the coefficients in this ex-
pansion is the main result of this paper.

It is worth mentioning that the asymptotics given by relation (1.1) simul-
taneously cover three different cases. In the simplest case, there exists g > 0
such that transitions to state 0 is not possible for any € € [0,¢0]. In this case,
relation (1.1) gives asymptotic expansions for stationary distributions. Then,
we have an intermediate case where transitions to state 0 is possible for all
e € (0, 2] but not possible for £ = 0. In this case we have that u — oo in
probability as e — 0. In the mathematically most difficult case, we have that
transitions to state 0 is possible for all € € [0,¢0]. In this case, the random
variables /L((]E) are stochastically bounded as ¢ — 0.

The expansion (1.1) is proved for continuous time semi-Markov processes
in Gyllenberg and Silvestrov (1999, 2008). However, the discrete time case is
interesting in its own right and deserves a special treatment. In particular,
a discrete time model is often a natural choice in applications where mea-
sures of some quantity of interest are only available at given time points, for
example days or months. The proof of the continuous time case, as well as
the proofs of the present paper, are based on the theory of non-linearly per-
turbed renewal equations. For results related to continuous time in this line
of research, we refer to the comprehensive book by Gyllenberg and Silvestrov
(2008), which also contains an extensive bibliography of work in related areas.
The corresponding theory for discrete time renewal equations has been de-
veloped in Gyllenberg and Silvestrov (1994), Englund and Silvestrov (1997),
Silvestrov and Petersson (2013), and Petersson (2014a, b, 2015).



Quasi-stationary distributions have been studied extensively since the
1960’s. For some of the early works on Markov chains and semi-Markov
processes, see, for example, Vere-Jones (1962), Kingman (1963), Darroch
and Seneta (1965), Seneta and Vere-Jones (1966), Cheong (1968, 1970), and
Flaspohler and Holmes (1972). A survey of quasi-stationary distributions for
models with discrete state spaces and more references can be found in van
Doorn and Pollett (2013).

Studies of asymptotics for first hitting times, stationary distributions,
and other characteristics for Markov chains with linear and analytic pertur-
bations have attracted a lot of attention, see, for example, Simon and Ando
(1961), Schweitzer (1968), Gaitsgori and Pervozvanskii (1975), Courtois and
Louchard (1976), Latouche and Louchard (1978), Delebecque (1983), La-
touche (1991), Stewart (1991), Hassin and Haviv (1992), Yin and Zhang
(1998, 2003), Altman, Avrachenkov, and Nunez-Queija (2004), Avrachenkov
and Haviv (2004), and Avrachenkov, Filar, and Howlett (2013). Recently,
some of the results of these papers have been extended to non-linearly per-
turbed semi-Markov processes. Using a method of sequential phase space
reduction, asymptotic expansions for expected first hitting times and station-
ary distributions are given in Silvestrov and Silvestrov (2015). This paper
also contains an extensive bibliography.

Let us now briefly outline the structure of the present paper. In Section 2
we define perturbed discrete time semi-Markov processes and formulate our
main result. Then, systems of linear equations for some important moment
functionals are derived in Section 3 and in Section 4 we give some asymptotic
solidarity properties. In Section 5 it is shown how we can use the renewal
theorem to get a formula for the quasi-stationary distribution. In Section 6 we
construct asymptotic expansions for some mixed power-exponential moment
functionals. These expansions are fundamental for the proof of the main
result which is given in Section 7. Finally, we illustrate the results applied
to discrete time Markov chains in Section 8.

2 Main Result

In this section we define perturbed discrete time semi-Markov processes and
formulate the main result of the present paper.

For every ¢ > 0, let (¥, k(®)), n = 0,1,..., be a discrete time Markov
renewal process, i.e., a homogeneous Markov chain with state space X x N
where X = {0,1,..., N} and N = {1,2,...}, an initial distribution QEE) =
P{n((f) =i}, 1 € X, and transition probabilities which do not depend on the



current value of the second component, given by

QE])< ) = P{nn—l-l _ja n+1 = k|777(f) - 7;7 /437(18) = l}7 Z?] € Xa kal e N.
In this case, it is known that 777(16)7 n=0,1,...,is also a Markov chain with
state space X and transition probabilities,

k=1

Let us define 7©(0) = 0 and 7@(n) = £ + -+ + k©, for n € N.
Furthermore, for n = 0,1,..., we define v (n) = max{k 7E(k) < n}.
The discrete time semi-Markov process associated with the Markov renewal
process (7%, k)) is defined by the following relation,

n

E9m) =D n=0,1,...,
and we will refer to Ql(j)(k) as the transition probabilities of this process.

For the semi-Markov process defined above we have that (i) ) are the
times between successive moments of jumps, (ii) 7(%)(n) are the moments of
the jumps, (iii) ¥¥)(n) are the number of jumps in the interval [0, 7], and
(iv) 7 is the embedded Markov chain.

It is sometimes convenient to wrlte the transition probabilities of the
semi-Markov process as QZ(-;)( )= p” f” (k), where

fz(ja)( )_ P{Kn-‘rl _k|7]£:5) :Z7 77&21 :j}7 keNv Z?] 6)<7

are the distributions of transition times.

We now define random Varlables for ﬁrst hitting times. For eaeh Jj € X
let V](E) = min{n > 1:71® = j} and ,u] = T(Vja)). Then, 1/ ) and uj
are the first hitting times of state j for the embedded Markov chain and
the semi-Markov process, respectively. Note that 1/ ) and u] are possibly
improper random variables taking values in the set {1 2,...,00}.

Let us define
g (n) = Pi{ul? =n, v > v} n=01,.., ijeX,

and
gfj) = Pi{yéa) > I/](E)}, 1,7 € X.

Here, and in what follows, we write P;(A®)) = P{A®) | s = i} for any event
A®) . Corresponding notation for conditional expectation will also be used.



The functions gw ( ) define discrete probability distributions which may
be improper, i.e., > o2 ogz])( ) = gi(j) <1.
Moment generatlng functions for distributions of first hitting times are

defined by

(e)
o (p) =S g (n) = e x (s > v\)), peR, i, je X, (2.1)
n=0

We also define the following mixed power-exponential moment functionals
for transition probabilities,

pgj P, Zne’mQU n), peR, r=0,1,..., 4,5 € X,

where we define Qij (0) = 0. For convenience, we define pgj)(p) = pg?(p, 0).

Let us now introduce the following conditions, which we will refer to
frequently throughout the paper:
) (e) (0) : :
A: (a) p; = py,ase—0,i#0,j€X.
(e) 0) . .
(b) i (n)—)fij (n),ase >0,neN,i#£0, jeX.

B: ¢ >0,i,j#0.

vj

C: There exists 8 > 0 such that:

(a) limsupg._,opt? (8) < oo, for all i £ 0, j € X.
(b) ¢§?)(ﬁz‘) € (1,00), for some i # 0 and 3; < f3.

D: gg’ ) (n) is a non-periodic distribution for some i # 0.

It follows from conditions A and B that {1,..., N} is a communicating

class of states for sufficiently small €. Let us also remark that if p§8) =0 for
all ¢ # 0, it can be shown that part (b) of condition C always holds under
conditions A, B, and C(a).

Under the conditions stated above, there exists, for sufficiently small ¢,
so-called quasi-stationary distributions, which are independent of the initial
state i # 0, and given by the relation

7 = lim P{ED (n) = j | 4 >}, j £0. (22)

In order to construct an asymptotic expansion for the quasi-stationary
distribution, we need a perturbation condition for the transition probabilities
QS) (k) which is stronger than A. This condition is formulated in terms of the

moment functionals pg) (p©, r), where p(® is the solution of the characteristic

equation ¢§? ) (p) = 1, which is independent of i # 0 (see Section 4).
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Pi: p (00, 7) = pf (0O, ) + piylp @, e + -+ + piglp @1k — r)eFT 4
o(e*T), for r = 0,....k, i # 0, j € X, where |p;[p©,r,n]| < oo, for
r=0,....k,n=1,....k—r, i#0,jc X.

The following theorem is the main result of this paper. The proof is given
in Section 7.

Theorem 2.1. If conditions A-D and Py 1 hold, then we have the following
asymptotic expansion,

P = nl® £ mile + -+ mlke +o(h), 0,

J

where the coefficients m;[n], n = 1,...,k, j # 0, can be calculated from
explicit recursive formulas given by Lemmas 6.1-6.4 and Lemmas 7.1-7.5.

3 Systems of Linear Equations

In this section we derive systems of linear equations for some moment func-
tionals that will play an important role in what follows.

We first consider the moment generating functions ¢§§) (p), defined by
equation (2.1). By conditioning on (7, k), we get for each 4, j # 0,

€ = () € € € € €
()= X Y Bl x> )0k =1, w7 = HQE (k)

leX k=1

(3.1)
@) ©
— Zekaw ) + Z Z Elep(kw ) )Q ( ).
1£0,5 k=1
Relation (3.1) gives us the following system of linear equations,
65 (0) = () + 32 B ()0 (), .5 # 0. (3.2)

1£0,5

In what follows it will often be convenient to use matrix notation. Let us
introduce the following column vectors,

09 (p)=[60(0) - 62 . i #0, (3.3)
P (o) = [p0) - )] e X. (3.4

For each j # 0, we also define N x N-matrices ;P (p) = ijg,? (p)|| where
the elements are given by

©¢ N :
@) pik(p) i=1,....N, k#j,
iPik () = { i i1 Nkl (3.5)
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Using (3.3), (3.4), and (3.5), we can write the system (3.2) in the following
matrix form,

o (p) = p{(p) + ;PO (p)0 (), j #0. (3.6)

Note that the relations given above hold for all p € R even in the case
where some of the quantities involved take the value infinity. In this case we
use the convention 0 - oo = 0 and the equalities may take the form oo = oo.

Let us now derive a similar type of system for the following moment
functionals,

o) = 3 PO (n) = 5, 4 A >}, pER, ijise X,
n=0

First note that

’LjS - E Z epn 5(6 ) =S, ILLE) ) A M;E) )
ugf) As -1
—E > X% (n) =)
n=0

(e)

We now decompose wyj.(p) into two parts,

{1 py) Al -1
wil(p) = E Z Y (ED ) =s)+E Y (€D (n) =s5). (3.7)
_ (9
_1{1

Let us first rewrite the first term on the right hand side of equation (3.7).

By conditioning on #\” we get, for 4, s # 0,

ng)—l

—YE[ T e =)

n=0

£ =k | PR =k}

() (kz ) Pi{rl? = k}.

It follows that
ng) -1

E: Y. ex(E9(n) = 5) = 00 $)e(p), i,s #0. (3.8)



where

@ _ | Ent? p=0,
@i (p) = { Ec” —1)/(eh—1) p£0. (3.9)

Let us now consider the second term on the right hand side of equation

(3.7). By conditioning on (n% ), (6)) we get, for i,j,s # 0,

-1

E Y (O n) =s)
n—= K:(le)

N

=SS E|l Y e (EOm) =9 |0 =1, £ =k | QS (k)
10,5 k=1 n=r{")

o (OO 1

=S Y E|[ Y ety m) = s) | QF (k).

140, k=1 n=0

It follows that

:u'(OS)/\/J';E)_l

E Y. (9 n sz wl]s p), i,5,5#0. (3.10)

n=r(®) 1#0,j

From (3.7), (3.8), and (3.10) we now get the following system of linear
equations,

wind(p) = 6(i,9)ei” () + 32 i (Pl (p), i, dys #0. (3.11)
1#0,j

In order to write this system in matrix form, let us define the following
column vectors,

200) = [501,5)60p) - 6N R )] s #0. (3.12)
Wi (p) = [wh(p) - aﬁiﬂ-s(p)ra Jrs # 0. (3.13)

Using (3.5), (3.12), and (3.13), the system (3.11) can be written in the
following matrix form,

W (p) = 29 (p) + PO (p)w')(p), j.s#0. (3.14)

We close this section with a lemma which will be important in what
follows.



Lemma 3.1. Assume that we for some e > 0 and p € R have that gi(,i) > 0,
i,k #0 and pgz)(p) <00,1#0, ke X. Then, for any j # 0, the following
statements are equivalent:

(a) 7 (p) < co.
(b) wil(p) < 00,5 0.
(¢) The inverse matriz (I — ;P (p))~" exists.

Proof. For each j # 0, let us define a matrix valued function jA(E) (p) =
||ja§,i)(p) || by the relation

JAC (p) =T+ PO(p) + ((PO(p)> +---, peR. (3.15)

Since each term on the right hand side of (3.15) is non-negative, it follows

that the elements jagi) (p) are well defined and take values in the set [0, 00].

Furthermore, the elements can be written in the following form which gives
a probabilistic interpretation,

a9 (p) = Z prm) v >, 0l =k), ik #0. (3.16)

Let us now show that

o7 (p) = AL ()P} (0), pER, j £0. (3.17)

In order to do this, first note that, for j # 0,

X > v ZZX "> 0@ =k 0 =45).  (3.18)
n=0 k-0

Using (3.18) and the regenerative property of the semi-Markov process,
the following is obtained, for ,j # 0,

R s () e c € .
6 () = 3 B () AV >, 0@ =k, 0l =)

"ok (3.19)
() (n £ e B 5
=3 S BTN AV > n, 0 = k)p (p).
n—=0 k=0
From (3.16) and (3.19) we get
Z]a pk] )7 17] 7é 07 (320)

k40
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and this proves (3.17).
Let us now define

o0

Wi (p) =3 wilp) = Y e Pi{us” Apd >n}, peR, i j£0. (3.21)

s7#0 n=0

Then, we have

E, (1l (€) _
(a)( ):{ (Ho” Apy”) p=0, (3.22)

ij (Eiep(”(()a)A“;E)) —1)/(er —1) p#0.

Also notice that
(&) 5 (&) () .
E;e?o M) = Egefs (1 > V](»E)) + Eiep“é )X(y(()s) < I/J(-E)), i, #0. (3.23)

Using similar calculations as above, it can be shown that

(e) € 5 5 € .o
Ere x(vy) < vy7) =3 50l (p)pid (), .5 # 0. (3.24)
k40

It follows from (3.20), (3.23), and (3.24) that

(€) r, () ..
Ese’to M5 =3 al) (0) (b (0) + 113 (0)) » .5 # 0. (3.25)
k=0

Let us now show that (a) implies (b).
By iterating relation (3.6) we obtain,

O (p) = L+ P (p) + -+ (PO(0) )P (p)

(3.26)
+ (PO 1o (p), n=1,2,...
Since ¢§-€)(p) < 00, it follows from (3.26) that
(PO (p) 1ol (p) = 0, asn — oco. (3.27)

The assumptions of the lemma guarantee that ¢§-€) (p) > 0. From this

and relation (3.27) we can conclude that (;P®(p))"*! — 0, as n — oo. It
is known that this holds if and only if the matrix series (3.15) converges in
norms, that is, ;A®)(p) is finite. From this and relations (3.21), (3.22), and
(3.25) it follows that (b) holds.

Next we show that (b) implies (c).

By summing over all s # 0 in relation (3.14) it follows that

@i (p) = ¢9(p) + ;PO(p)w”(p), p €R, (3.28)

11



where

o0) = [wl)0) 0] A0
and
e90) =P (p) - o)

By iterating relation (3.28) we get

Wi (p) = T+ PO (p) -+ (P () )

) (3.29)
+ (PO WP (p), n=1,2,...

It follows from (b) and the definition of wg) (p) that 0 < wge) (p) < oo.
So, letting n — oo in (3.29) and using similar arguments as above, it follows
that the matrix series (3.15) converges in norms. It is then known that the
inverse matrix (I — ;P®)(p))~! exists, that is, (c) holds.

Let us finally argue that (c) implies (a).

If (I — ;P (p))~" exists, then the following relation holds,

(I PO )" =1+ ,PO ()X~ ;P ()" (3.30)
[teration of (3.30) gives

I—,PO() " =1+ ,POp) + (;PD(p)>+ -+ (;PY(p)"

PO PO, =12,

Letting n — oo in (3.31) it follows that ;A®)(p) = (I — ;P (p))! < oo.
From (3.17) we now see that (a) holds. O
4 Asymptotic Solidarity Properties

In this section we prove some asymptotic solidarity properties for moment
generating functions of first hitting times.
Let us define

(&)
kgbg)(p) = E;eti X(V(()E) A l/,ge) > VJ(E)), peR, ijkeX.
If the states {1, ..., N} is a communicating class and gbﬁ )(,0) < 1 for some

i # 0, then it can be shown (see, for example, Petersson (2015)) that the
following relation holds for all j # 0,

(1= ()1 =i\ (p) = (1 — 6 (0)) (1 — ;612 (p)). (4.1)

12



Relation (4.1) is useful in order to prove various solidarity properties for
semi-Markov processes. In particular, if ¢§f ) (p) = 1, relation (4.1) reduces to

(1= 67 (0) (1 = ;61 (p) = 0. (4.2)

From the regenerative property of the semi-Markov process it follows that
QIO 4 o) L0 43

¢zz (p> _]gbii (p) +Z¢z] (p)gb]z (p)7 ] 7é y L. ( . )

Since {1,..., N} is a communicating class, we have @EJE)(P) > 0 and

gzﬁﬁ)(p) > 0. So, if ¢ (p) = 1 it follows from (4.3) that jgzﬁgf)(p) < 1. From
this and (4.2) we can conclude that qbg? (p) =1 for all j # 0. Thus, we have
the following lemma:

Lemma 4.1. Assume that we for some ¢ > 0 have that g,g‘;) > 0 for all
k,j # 0. Then, if we for some i # 0 and p € R, have that qﬁgf)(p) =1, it
follows that ¢§-§) (p) =1 for all j # 0.

Let us now define the following characteristic equation,

65 (p) = 1. (4.4)

where i # 0. The root of equation (4.4) plays an important role for the
quasi-stationary distribution.

The following lemma shows, in particular, that the characteristic equation
has a unique non-negative solution for sufficiently small e, which does not
depend on 1.

Lemma 4.2. If conditions A-C hold, then there exists § € (0, ] such that
the following holds:

(i) &1 (p) = o) (p) <00, ase =0, p <8, k,j #0.
(i) wiiy(p) = wigh(p) < 00, ase =0, p <, k,j,s #0.

(iif) ¢} (9) € (1,00), j # 0.

(iv) For sufficiently small ¢, there exists a unique non-negative root p of
the characteristic equation (4.4) which does not depend on 1.

(v) p© — p <5 ase— 0.

13



Proof. Let i # 0 and 5; < 8 be the values given in condition C. It follows
from conditions B and C that gb ( ) is a continuous and strictly increasing

function for p < f3;. Since ¢u‘ (0) = g(-) <1 and qb(o)(ﬁi) > 1, there exists a

(23

unique p’ € [0, 5;) such that ¢§? )(p’ ) = 1. Moreover, by Lemma 4.1,

() =1, j#0. (4.5)

For all j # 0, we have

o9 (0) = k87 (0) + ;6% () (), k #£0, 5. (4.6)

It follows from (4.5), (4.6), and condition B, that
o0 (0) < 00, k,j #0. (4.7)

From (4.7) and Lemma 3.1 we get that det(I — ;P©(p)) # 0, for j # 0.
Under condition C, the elements of T — ;P (p) are continuous functlons for
p < . This implies that we for each j # 0 can find f5; € (p/, f;] such that

det(I — ;P9(3,)) # 0. By condition C we also have that p(o)(ﬁj) < oo for

k #0, 7 € X. It now follows from Lemma 3.1 that gzﬁkj (B;) < o0, k,j #0.
If we define 6 = min{f, ..., Bn}, it follows that

01 (p) < 00, p <0, k,j #0. (4.8)
Now, let p < 6 be fixed. Relation (4.8) and Lemma 3.1 imply that
det(I—;P(p)) £ 0, j #0. (4.9)
Note that we have
pk,] E) Z e’mf , k,jeX. (4.10)

Since fzij) (n) are proper probability distributions, it follows from (4.10) and
conditions A and C that

P (p) = P (p) < 00, ase =0, k#£0, j € X. (4.11)

It follows from (4.9) and (4.11) that there exists €; > 0 such that we for
all € < &; have that det(I— ;P (p)) # 0 and p}(p) < oo, for all k,j # 0.

Using Lemma 3.1 once again, it now follows that ¢’(:j) (p) < o0, k,j # 0, for

14



all ¢ < ;. Moreover, in this case, the system of linear equations (3.6) has a
unique solution for € < & given by

o (p) = (T — ;PO (p)"'p (p). j # 0. (4.12)

From (4.11) and (4.12) it follows that

O\ (p) = & (p) < 00, ase =0, k,j #0.

This completes the proof of part (i).
For the proof of part (ii) we first note that, since ¢,(€‘3)(p) < oo for e < e,

k,j # 0, it follows from Lemma 3.1 that w,ﬁi)s(p) < oo fore <eyq, k,j,s #0.
From this, and arguments given above, we see that the system of linear
equations given by relation (3.14) has a unique solution for ¢ < &; given by

W' (p) = (L~ ;PO ()@ (p), j,s #0. (4.13)

Now, since Eiert” = Yiex pgj-)(p), it follows from (3.9) and (4.11) that
o (p) — o (p) < o0 as e — 0,4 # 0. Using this and relations (4.11) and
(4.13) we can conclude that part (ii) holds.

By part (i) we have, in particular, ¢§-§) (6) — ¢§2)(5) < oo ase — 0, for all
j # 0. Furthermore, since p’ < 0 and gbg(]]-)(p) is strictly increasing for p < ¢,
it follows from (4.5) that ¢\”(8) > 1, j # 0. This proves part (iii).

Let us now prove part (iv).

It follows from (i) and (iii) that we can find 5 > 0 such that ¢§-§)(5) €
(1,00), j # 0, for all € < 9. By conditions A and B there exists €3 > 0 such

that, for ¢ # 0 and ¢ < ¢3, the functions g(ig)(n) are not concentrated at zero.

Thus, for ¢ # 0 and ¢ < min{es, 3}, we have that ¢>§§) (p) are continuous
and strictly increasing functions for p € [0,8]. Since ¢{2(0) = ¢'¥ < 1 and

1
¢'9(6) > 1, there exists a unique p{ € [0,6) such that ¢7(p\")) = 1. By
Lemma 4.1, the root of the characteristic equation does not depend on 7 so
we can write p®) instead of p§5). This proves part (iv).

Finally we show that p& — p(® as e — 0.

Let v > 0 such that p® +~ < § be arbitrary. Then ¢§?) (p® —~) < 1and
gbz(?)( © 4+ 4) > 1. From this and part (i) we get that there exists ¢, > 0 such
that ¢\ (p©@ — ~) < 1 and ¢\2(p© + ) > 1, for all € < &,. It follows that
1p®) — pO] < 4 for ¢ < min{ey, e3,24}. This completes the proof of Lemma
4.2. O
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5 Quasi-Stationary Distributions

In this section we use renewal theory in order to get a formula for the quasi-
stationary distribution.

The probabilities Pi(js) (n) = P{¢@(n) = 7, ) > n}, i,j # 0, satisfy the
following discrete time renewal equation,

where
hi (n) = P{ED (n) = 4, uS Al > n}.

Since Zooogm (n) = 99 < 1, relation (5.1) defines a possibly improper
renewal equation.
Let us now, for each n = 0,1, ..., multiply both sides of (5.1) by e”(e)",

where p(®) is the root of the characteristic equation ¢§f )(p) = 1. Then, we get

P (n) = h(n Z PO (n —k)gs k), n=0,1,..., (5.2)

0

P (n) = e# 7" P (n), B (n) = e# 7m0 (n), G (n) = e#"gl (n).

By the definition of the root of the characteristic equation, relation (5.2)
defines a proper renewal equation. We can now use the classical renewal
theorem in order to get a formula for the quasi-stationary distribution.

Lemma 5.1. Assume that conditions A-D hold. Then:
(e)

(i) For sufficiently small €, the quasi stationary distribution ;" , given by
relation (2.2), have the following representation,
(a) (e)
nl = iy (P7) ij A0, (53)

Wi () 4+ + Wi (b))
(ii) For j=1,...,N, we have

7Oy 7O

j 5, ase— 0.
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Proof. Under condition D, the functions g@

;i (n) are non-periodic for all ¢ # 0.
By Lemma 4.2 we have that gbgf)(p) — ¢§?>(p) as e — 0, for p < 4,1 # 0.
From this it follows that gz-(f) (n) — gg)) (n) as e — 0, for n >0, i # 0. Thus,
we can conclude that there exists €; > 0 such that the functions Q’Z(f ) (n),
1 # 0, are non-periodic for all € < ¢;.
Now choose ~ such that p© < v < §. Using Lemma 4.2, we get the
following for all 7 # 0,

lim su an(f) n) < limsu ne’™ ff) n
ogaeolj,;) gi'(n) < oga—mpnzzo gii'(n)

< (sup ne- ) $0(6) <

n>0

Thus, there exists 5 > 0 such that the distributions §Z(f )(n), i # 0, have
finite mean for all € < 5.
Furthermore, it follows from Lemma 4.2 that, for all 7, j # 0,

lim sup Z h(6 ) < limsup Z e‘snhg) (n) = w(Q-)((S) < 00,

1]
0<e—0 n=0 0<e—0 n=0

so there exists €5 > 0 such that >0 ?LS) (n) < oo, i,7#0, for all £ < e3.

Now, let g = min{ey,e9,e3}. For all & < g, the assumptions of the
discrete time renewal theorem are satisfied for the renewal equation defined
by (5.2). This yields

N > hii(k
P(E)(n) N M, as n — o0, Z7j 7£ 07 g S €0- (54)
ij ) lf(-e)(k)
k=0 gm
Note that we have
PY(n)

Pi{cO(n) =j|p >n}=— ,n=0,1,..., 4,7 #0. (5.5)

il P ()
It follows from (5.4) and (5.5) that, for e < g,

(s)( (e)
. w;i; (p')
Pi{’f(g)(n) =J| M(()E) >n} — N : B)

,asn — oo, i,5 # 0.
Y1 Wik (p9)

This proves part (i).

17



For the proof of part (ii), first note that,

0 <limsup » ep(s)"hz(j-)(n)
0<e—0 . Th

< limsup » e”nhz(j) (n) (56)

0<e—0 —n

< e NGO (5) <00, N=1,2,..., i, #0.

g

Relation (5.6) implies that
lim limsup S ¢#“7hE) (n =0, 4,j 0. 5.7
Jim IOIQHPTL;V i (n) j # (5.7)
It follows from Lemma 4.2 that

p© = p @ ase — 0. (5.8)

Since hl(j-) (n), for each n = 0,1, ..., can be written as a finite sum where
each term in the sum is a continuous function of quantities given in condition
A, we have

h (n) = i (n), ase — 0, 1,7 #0. (5.9)

It now follows from (5.7), (5.8), and (5.9) that

wg%)(p(g)) — wg)j) (P ), ase =0, 4,5 #0. (5.10)

Relations (5.3) and (5.10) show that part (ii) of Lemma 5.1 holds. [

6 Expansions of Moment Functionals

In this section asymptotic expansions for mixed power-exponential moment
functionals are constructed.

Let us define the following mixed power-exponential moment functionals
for distributions of first hitting times,

o (p,r) =S n"eg(n), peR, r=0,1,..., i,j € X.
n=0

By definition, ¢{'(p,0) = ¢ (p).
Furthermore, let us recall from Section 2 that we define

P (o) =S wemQP (), peR, r=0,1,..., i,j € X.
n=0
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By definition, pz(j)(p, 0) = pl(j) (p).

It follows from conditions A-C and Lemma 4 2 that, for p < ¢ and
sufficiently small ¢, the functions <;5 '(p) and pU )(p) are arbitrarily many
tlmes d1fferent1able with respect to p, and the derivatives of order r are given

by ¢ (p.7) and pis (p, r), respectively.
Recall from Section 3 that the following system of linear equations holds,

6 (0) = () + X2 05 ()0 (p), i, 5 # 0. (6.1)

1#0,j

Differentiating relation (6.1) gives

62 (p,r) =22 (0, 1)+ X PP (06 (p,7), T =1,2,..., 6,5 £0, (6.2)
10,5

where

Wm)@],+r<>2mm M (pr—m). (63

m=1 1#£0,5

In order to write relations (6.1), (6.2), and (6.3) in matrix form, let us
define the following column vectors,

() = [0 (pr) - oG] T A0 (64
PSE)(Pa ’l“) = [pgi)(pv T) pgf%(pv T)}T’ J 7& 0, (65)
X =) - AGen] A0 69

Let us also, for j # 0, define N x N-matrices ;P (p,r) = ||jp§1i)(p, ||
where the elements are given by

ik 0 i=1,....N, k=3

Using (6.1)—(6.7) we can for any j # 0 write the following recursive
systems of linear equations,

o\ (p) =\ (p) + ;PO ()0 (1), (6.8)

and, forr=1,2,...,

o (p,1) = X7 (p, 1) + PO (p)0 (p, 1), (6.9)
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where
X (p.r) = +Z< )P(E ) (pr —m). (6.10)

Let us now introduce the following perturbation condition, which is as-
sumed to hold for some p < d, where ¢ is the parameter in Lemma 4.2:

Pi pz] (p7 T) - pz(;])(pa T) +ng[P7 T, 1]5 + - +pzj[p7 T, k — T]gk_r + O(gk_r)7
forr=0,...,k,i#0, j € X, where |p;;[p,r,n]| < oo, forr=0,...,k,

n=1,....k—r, i#0, j€X.

For convenience we denote pgf.) (p,7) = pijlp,7, 0], for r =0,... k.

Note that if condition Py holds, then, for r = 0,...,k, we have the
following asymptotic matrix expansions:
jP(E) (p> T) = jP[p> Ty O]+]P[p7 T, 1]5+ ) +]P[p7 Ty k:_r}gk_r—’—o(gk_T)a (611)

and

P (p.1) = Pslp. . 0]+ pylp. s e+ By, r k=] +o(e" ). (6.12)

Here, and in what follows, o(¢?) denotes a matrix-valued function of € where
all elements are of order o(e?). The coefficients in (6.11) are N x N-matrices
iPlp,r,n] = |;p,.lp, ;]| with elements given by

' | pilp,rin] i=1,....N, k#7j,
Jpzk[p””]—{o i=1,...,N, k=j,

and the coefficients in (6.12) are column vectors defined by

T
pjlo.r.n] = [pylo.rn] -+ palpsrin]]

Let us now define the following matrix, which will play an important role
in what follows,

UO(p) = (1 PO
Under conditions A-C, it follows from Lemmas 3.1 and 4.2 that ;U®(p) is
well defined for p < § and sufficiently small e.
The following lemma gives an asymptotic expansion for jU(E) (p).

Lemma 6.1. Assume that conditions A-C and Py, hold. Then we have the
following asymptotic expansion,

U (p) = ;U[p, 0]+ ,Ulp, e+ -+, Ulp klF +0(5), (6.13)
where

(I —PO>p)~" n=0,

Ulp,n| = n 6.14
! [p ] { ]U[p>0] q:le[p707q]jU[p7n_Q] n= 17"'7k' ( )
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Proof. As already mentioned above, conditions A—C ensure us that the in-
verse jU(a) (p) exists for sufficiently small . In this case, it is known that the
expansion (6.13) exists under condition Pj. To see that the coefficients are
given by (6.14), first note that

(L= )0 )

= (= PO () = Pp.0, 1]z — - — P[p.0.H + o) (6.15)
x (;U[p, 0] + ;Ulp, 1 + - - + ;U[p, k|e* + o(e")).

I

By first expanding both sides of equation (6.15) and then, forn =0,1,.. .k,
equating coefficients of " in the left and right hand sides, we get formula
(6.14). ]

We are now ready to construct asymptotic expansions for <I>§~E) (p,7).
Lemma 6.2. Assume that conditions A-C and Py, hold. Then:

(i) We have the following asymptotic expansion,

O (p) = ;[p, 0,0] + D;[p, 0, 1] + - - - + D;[p, 0, k]e* + o(),

J

" (p) n=0
(D‘paoan :{ Jn ’
j[ ] q:O]U[pacﬂp][vaan_q] n = 17"'7k'

(ii) Forr =1,...,k, we have the following asymptotic expansions,
¢§~E)(p7 r) = &;[p,7, 0]+ ®;[p,r, e+ -+ S[p,r, k — r]e"" + o(e"77),

where

o (. 1) n=0,

CD-p,T,n :{ n
J[ ] q:OjU[paQ]Aj[p7rvn_Q] n=1,...k—r,

and, fort=0,...,k—r,

Aj[p7 T, t] = pj[pv T, t] + i (;) ijp[pu m, Q]¢j[p7'r - m>t - Q]

m=1 q=0

Proof. Under conditions A-C, we have, for sufficiently small ¢, that the
recursive systems of linear equations given by relations (6.8), (6.9), and
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(6.10), all have finite components. Moreover, the inverse matrix ;U (p) =
(I— ;P (p))~" exists, so these systems have unique solutions.
It follows from (6.8), Lemma 6.1, and condition P}, that

o7 (p) = ;U (0)p ()
= (jUlp, 0] +;Ulp, e + - - + ;Ulp, K" + (")) (6.16)
x (p;[p,0,0] + pylp, 0, Le + -+ + p;[p, 0, kle* + o(e")).

By expanding the right hand side of equation (6.16), we see that part (i)

of Lemma 6.2 holds.
With r = 1, relation (6.10) takes the form

AP (p, 1) =D (p, 1) + ;PO (p, 1) (p). (6.17)
From (6.17), condition P}, and part (i), we get

AEE)(p7 1) - pj[pv 17 0] +eeet pj[pu ]-7 k — 1]5k_1 + 0(8k_1>
FOP L0+ + Pl Lk~ I 4 o( ) (618)
X (®5[p,0,0] + -+ + ®y[p, 0,k — 1" + o).

Expanding the right hand side of (6.18) gives
AP (p,1) = Ao, 1, 0]+ Ao, 1, e+ -+ X, 1, k—1]e" 1+ o(e¥71), (6.19)

where

t

Ajilp, 1,t] = pjlp, 1,1 +Z]~P[p,1,q]¢j[p, 0,t—gql, t=0,....,k—1.

q=0

It now follows from (6.9), (6.19), and Lemma 6.1 that

*7(p,1) =0 (A7 (p,1)
= (U[p, 0] + -+ ;U[p,k = 1]e" ! + o(" 1)) (6.20)
X ()‘j[pﬂ 1, O] +ot )‘j[p: Lk— 1]5k71 + 0(‘5]{71))'
By expanding the right hand side of equation (6.20) we get the expansion
in part (ii) for » = 1. If £ = 1, this concludes the proof. If k& > 2, we

can repeat the steps above, successively, for » = 2,... k. This gives the
expansions and formulas given in part (ii). ]
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Let us now define the following mixed power exponential moment func-
tionals, for i,j,s € X,

1Jsp7 Znepnp{é- ()—S, /J/(()E)/\/Ljs)>n},pER,TZO,l,...

Notice that Ug(p, 0) = Z(;g(p)

It follows from conditions A-C and Lemma 4.2 that for p < ¢ and suf-
ficiently small ¢, the functions wfjs( ) and pu ( ) are arbitrarily many times
differentiable with respect to p, and the derivatives of order r are given by

Z(;g(p, r) and pl(j)(p, ), respectively. Under these conditions we also have

that the functions ¢° ( ), defined by equation (3.9), are differentiable. Let

us denote the corresponding derivatives by 4,01( )(p, r).
)

iJs

Recall from Section 3 that the functions w;;(p) satisfy the following sys-

tem of linear equations:

wil(p) = 6(i,8)¢ (p) + 3 v (p)wis) (p). 0.4, s # 0. (6.21)
1#0,5

Differentiating relation (6.21) gives

Wil por) = 0500, m) + 30 0 (0wl p,r), T =12, i G, s £ 0, (6.22)
1#0,j
where
B0 =006+ 32 (1) 3 4ot orr ). (029
1#0,j

In order to rewrite these systems in matrix form, we define the following
column vectors,

€ £ IS5 T .
W (1) = [w (o) - W(pr)] g5 A0, (6.24)
0 (1) = [0 r) o O] s A0 (629)
50 (p,7) = [§(1, 50 o SN 91 Ts40. (6.26)
Sos p,’l“ ( ’8%01 (pur> ( 7S)Q0N (p,T’) ’ S ‘ ‘

Using (6.7) and (6.21)—(6.26), we can for each j, s # 0 write the following
recursive systems of linear equations,

W' (p) = 29 (p) + ;PO () (p), (6.27)
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and, forr=1,2,...,

W (p,r) = 0 (p, 1) + PO (p)w' (p, 1), (6.28)
where
£ ~ (e d r 5 3
%ﬁ@w)=¢9@ﬂﬁ+§:<m>ﬁ“¥mm%éﬂﬁr—M) (6.29)
m=1

In order to construct asymptotic expansions for the vectors wg-i)(p, ), we

can use the same technique as in Lemma 6.2. However, a preliminary step

needed in this case is to construct asymptotic expansions for the functions

gpga) (p, 7). In order to do this, we first derive an expression for these functions.

Let us define
O (p,r) =S e PR =n}, peR, r=0,1,..., i€ X.  (6.30)
n=0

Note that

b (o) =S (1), pER, 1 =0,1,..., i € X, (6.31)

jeX

Thus, the functions 2/12-(6)(,0, 0) are arbitrarily many times differentiable with

respect to p and the corresponding derivatives are given by 2/11(5)(,0, r).
(e)

The function ¢; ’(p), defined by equation (3.9), can be written as

@ _ [ 00,1 p=0,
0= - v 170 (6.52)

From (6.30) and (6.32) it follows that
U9 (p,0) = (¢ = D (p) +1, pER. (6.33)

Differentiating both sides of (6.33) gives

€ > = r €
W00 = = Do)+ S (1)l pm), 11,20 630
m=0

If p = 0, equation (6.34) implies

r—2
G0 =re?(0,r = 1) + 3 <T>¢§€)<0,m)7 r=2,3..

m=0
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From this it follows that, for r =1,2,...,

09(0,r) = 1 <¢§€)(o,r +1)— f (T + 1) ¢§€)(0,m)) . (6.35)

r+1 m

If p # 0, equation (6.34) gives, for r = 1,2, ...,

o (p,r) = e/’l—l (¢ Vp,r)—e Z ( ) m)) . (6.36)

Using relations (6.31), (6.35), and (6.36), we can recursively calculate
the derivatives of gp,@ (p). Furthermore, it follows directly from these formu-
las that we can construct asymptotic expansions for these derivatives. The
formulas are given in the following lemma.

Lemma 6.3. Assume that conditions A—-C hold.

(i) If, in addition, condition P}, holds, then for eachi # 0 andr =0,... k
we have the following asymptotic expansion,

0 (p.r) = Gilp,r, 0]+ ulp, e -+ ilp,r k= 1] 4 o(eF),

where
vilp,ryn] = Zpij[p,r,n], n=0,....k—r.

jEX

(ii) If, in addition, p = 0 and condition Py, holds, then for each i # 0
and r =0, ...,k we have the following asymptotic expansion,

%01(6)(07 r) = ;i[0,7,0] + ;[0,7, 1]e + - -+ + ;0,7 k — r]e"" + o(e*77),

where, forn=20,...,k—r,

r—1
%[O’T’n]:ril<wi[0’r+l n Z <7’—|—1>%0 m n])

m=0

(iii) If, in addition, p # 0 and condition P}, holds, then for each i # 0 and

r=20,...,k we have the following asymptotic expansion,

ngs)(pa T) - 901[p7 T, O] + ([71[,07 r, 1]5 ++ QPz[,O; Tvk - r]gk_r + 0(€k_r)’

where, forn=0,...,k—r,

(%[ﬂﬂ“ n —epZ ( )g&,p,m n]).

1

@ilp,r,n] =
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Using (6.26) and Lemma 6.3 we can now construct the following asymp-
totic expansions, for r = 0,...,k, and s # 0,

()bga)(p7 T) = gbs[p7 r, O] _'_Q/bs[pv T, 1]€+ ' '_'_()bs[pa r, k_r]gkir—i_()(gkir)' (637)

The next lemma gives asymptotic expansions for wﬁ) (p,7).

Lemma 6.4. Assume that conditions A-C hold. If p =0, we also assume
that condition Py holds. If p # 0, we also assume that condition Py holds.
Then:

(i) We have the following asymptotic expansion,

W' (p) = wjslp, 0,0] + wyslp, 0, 1)e + - - + wjs[p, 0, kle* + o(),

where

wjs[p,0,n] :{ wgg)(p) n =0,
I ZZ:OjU[pvd(Ps[p?Oan_Q] n217"'7k'

(ii) Forr=1,...,k, we have the following asymptotic expansions,
w;‘i) (p7 T) = Wjs [p7 Ty O] +sz[P7 Ty 1]5+' ) '+sz [P, T, k_T]gk_r+O(5k_T)>

where

0)
wis (p,7) n =0,
wAS[pa’r}n] :{ ]ﬁg
J qzojU[p,q]Ojs[p,r,n—q] n=1,....k—r,

and, fort=20,...,k—r,

T t
—~ r
Ojs[pa ’I",t] = gos[p,r, t] + E : <m> § :jP[pa m, Q]sz[pvr_m’t_Q]'

m=1 q=0

Proof. Under conditions A—C, we have, for sufficiently small ¢, that the
recursive systems of linear equations given by relations (6.27), (6.28), and
(6.29), all have finite components. Moreover, the inverse matrix jU(e)(p) =
(I— ;P (p))~" exists, so these systems have unique solutions. Since we, by
Lemma 6.3, have the expansions given in equation (6.37), the proof is from
this point analogous to the proof of Lemma 6.2. O]
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7 Proof of the Main Result

In this section we prove Theorem 2.1.

Throughout this section, it is assumed that conditions A-D and Py,
hold.

Let us first note that it follows from Lemmas 6.1-6.4 that we for r =
0,...,k and 7,7 # 0 have the following asymptotic expansions,

(€)

Wi (p(o), r) = ai;[r, 0] + a;;[r, e + - - + ai;[r, k — rleb T +o(eFT)  (7.1)

and
gbgf) (p(o), r) = b;lr,0] + b[r, e + - -+ byr, k — T]ék_T + 0(5'“”), (7.2)

where the coefficients in these expansions can be calculated from the formulas
given in these lemmas. Furthermore, from Lemma 6.4 we see that in the case
where p(® > 0, condition Py can be replaced by condition Py.
Let us also recall from Section 5 that the quasi-stationary distribution,
for sufficiently small €, has the following representation,
7_{_(‘5) wz(zsj) (p(a))

T L)+ Wi (09)

j=1,...,N. (7.3)

The construction of the asymptotic expansion for the quasi-stationary
distribution will be realized in three steps. First we use the coefficients in the
expansions given by (7.2) to build an asymptotic expansion for p®), the root
of the characteristic equation. Then, the coefficients in this expansion and the
coefficients in the expansions given by (7.1) are used to construct asymptotic
expansions for ng(p@). Finally, relation (7.3) is used to complete the proof.

We formulate these steps in the following three lemmas. Let us here
remark that the proof of Lemma 7.1 is given in Silvestrov and Petersson
(2013) in the context of general discrete time renewal equations and the
proofs of Lemmas 7.2 and 7.3 are given in Petersson (2014b) in the context
of quasi-stationary distributions for discrete time regenerative processes. In
order to make the paper more self-contained, we also give the proofs here, in
slightly reduced forms.

Lemma 7.1. The root of the characteristic equation has the following asymp-
totic expansion,
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where ¢; = —b;[0,1]/b;[1,0] and, forn=2,... k,

1 n—1
Ch = =777 bz[07n]+ bZ[]-?n_Q]c
L, ( 2 q

n n -1 np
+ > ) bifm,n—gq]- > H )
m=2q=m N1,..sng—1€Dm q p=1 TLp

where D,, , s the set of all non-negative integer solutions of the system
ni+--F+n1=m, ni+2ng+---+(q—1)n,1=q.

Proof. Let A = p&) — p(O Tt follows from the Taylor expansion of the
exponential function that, for n = 0,1, ...,

k (&)™ (e)\k+1,,k+1
) O, A (AE))Etn ) p (e
P = P (Z ( + G Al (,gﬁl(n) , (7.4)

|
r=0 T

where 0 < C,Szl(n) <1.
If we multiply both sides of (7.4) by g )(n), sum over all n, and use that
p) is the root of the characteristic equation, we get

k
AT .
= Z ( . ) <Z5§¢)(P(0)77”> + (A( ))k+1M]£+)1’ (7.5)
r=0 :
where
1 ©) 4]A@))
M) — k41 (O +AG )n e) © (1), 76

It follows from Lemma 4.2 that |[A®)] — 0 as ¢ — 0, so there exist 5 > 0
and ¢1(/) > 0 such that

D+ |AB < B <6, e <e(B). (7.7)
From Lemma 4.2 it also follows that there exists e5(5) > 0 such that
0 (B.r) < o0, T =0,1,..., € < (). (7.8)

Let g9 = €0(8) = min{e1(5),e2(F)}. Then, relations (7.6), (7.7), and
(7.8) imply that

(&) L e
My, < &+ 1)!@@' (B,k+1) < o0, € <ey. (7.9)
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It follows from (7.9) that we can rewrite (7.5) as

A(E)T € €
( .) 68 (P, 1) + (AN L G, (7.10)

k
1=
where Mj 1 = sup.., M,gi)l <ooand 0 < C,i?l <1

From relation (7.10) we can successively construct the asymptotic expan-
sion for the root of the characteristic equation.
Let us first assume that & = 1. In this case (7.10) implies that

1= (0, 0) + A9 (0, 1) + (AD)*0(1). (7.11)
Using (7.2), (7.11), and that A®) — 0 as e — 0, it follows that
—b;[0, 1]e = AG(b;[1,0] + 0(1)) + o(e). (7.12)

Dividing both sides of equation (7.12) by ¢ and letting € tend to zero we
can conclude that A®) /e — —b;[0,1]/b;[1,0] as ¢ — 0. From this it follows
that we have the representation

A© = ¢cie 4+ AP, (7.13)

where ¢; = —b;[0,1]/b;[1,0] and A /e — 0 as e — 0.
This proves Lemma 7.1 for the case k = 1.
Let us now assume that & = 2. In this case relation (7.10) implies that

(A€

5 01 (0, 2) + (A®)0(1). (7.14)

1= (09, 0) + 2967 (o, 1) +

Using (7.2) and (7.13) in relation (7.14) and rearranging gives

bi [27 0] C%
2

_ <b,;[0,2] +b[1,1]er + ) e = AP (B;[1,0] + o(1)) + o(e?). (7.15)

Dividing both sides of equation (7.15) by €2 and letting € tend to zero we
can conclude that A'® /e — ¢, as e — 0, where

1 b;[2,0]¢2
S (bi[0,2]+b,-[1,1]c1+ [ ; ]Cl>.
From this and (7.13) it follows that we have the representation
A(E) = 1€ + 0282 + Ags),
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where A /2 = 0 as e — 0.

This proves Lemma 7.1 for the case k = 2.

Continuing in this way we can prove the lemma for any positive integer
k. However, once it is known that the expansion exists, the coefficients can
be obtained in a simpler way. From (7.2) and (7.10) we get the following
formal equation,

— (b;]0, 1] + b;[0, 2] + - - )
= (618 + 0262 + .- )(bl[l,O] -+ bz[l, 1]€ -+ .- ) (716)
+ (1/2))(c1e 4 cag® + - )2 (;[2,0] + b;[2,1)e +- - ) + -+

By expanding the right hand side of (7.16) and then equating coefficients of
equal powers of € in the left and right hand sides, we obtain the formulas
given in Lemma 7.1. [

Lemma 7.2. For any i,j # 0, we have the following asymptotic expansion,
c 0
wz(m)(p( )) z(z])< © ) + d [ ] iy dl][k]gk + 0(8k)7
where d;;[1] = a;;]0, 1] 4+ a;4[1,0]e1, and, forn=2,... k,

+iiaij[m,n—qk > H p,,

m=2q=m Ni5eNg—1€Dm,q p=1 tp:
where D, 4 s the set of all non-negative integer solutions of the system
gt ng=m, ng+2ng+--+ (g —1)ng1=gq.

Proof. Let us again use relation (7.4) given in the proof of Lemma 7.1. Mul-
tiplying both sides of (7.4) by hgj)(n) and summing over all n we get

k (A(s))r ©)

w§fj>(p(€))=;] . (0, r) + (AL, (7.17)
where

~(c 1 ROMINCIS c

M = G 2 Z FHLOHATDN D, ()R ().

Using similar arguments as in the proof of Lemma 7.1 we can rewrite
(7.17) as

k
Z(Zj) (IO(E)) = Z 7(“}1@' (p(0)7 T’) + (A(E))k+1Mk+1Clgil’ (718)



where Mkﬂ = SUp.,, M,Ei)l < 00, for some g9 > 0, and 0 < g,gi)l <1
From Lemma 7.1 we have the following asymptotic expansion,

A =cie+ -+ e’ + o(eb). (7.19)
Substituting the expansions (7.1) and (7.19) into relation (7.18) yields
W) (p9) = W) (p9) + ai[0, e + - + ay[0, KJe* + o(<F)
+ (cr6 + -+ + cre® + o(e"))
x (ai[1,0] + aii[1, e + - -+ ay[1, k — 1]e" +o(e*1))  (7.20)
+ e _'_
+ (1/kN (1 + -+ + ere™ 4+ o(e%)) ¥ (ai;[k, 0] + o(1)).

By expanding the right hand side of (7.20) and grouping coefficients of equal
powers of € we get the expansions and formulas given in Lemma 7.2. O]

Lemma 7.3. For any j # 0, we have the following asymptotic expansion,
71'](?) _ 7.[.§O) + 7-‘-],[1]5 + -+ ﬁj[l{j]gk -+ O(Ek). (721)

The coefficients miln|, n = 1,...,k, j # 0, are for any i # 0 given by the
following recursive formulas,

where 7;[0] = ¥ d;;[0] = w-(o-)(p(o)), and e;[n] =3 ,0di[n], n=0,... k.

J iij

Proof. 1t follows from formula (7.3) and Lemma 7.2 that we for all 7,7 # 0
have
() _ di[0] + dij[1]e + - - - + dy;[k]e® + o(e)
T 0]+ el + -+ elk]ek + o(ek)
Since ¢;[0] > 0, it follows from (7.22) that the expansion (7.21) exists.
From this and (7.22) we get the following equation,

(7.22)

(ei[0] + eill]e + - - - + egfk]e" + o(eh))
( J[0]+7Ta[]6+"'+7fy[ Je¥ +o(h) (7.23)
dij[0] + dig[L)e + - - + dyj[K]e® + o(<").
By expanding the left hand side of (7.23) and then equating coefficients of

equal powers of ¢ in the left and right hand sides, we obtain the coefficients
given in Lemma 7.3. [
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8 Perturbed Markov Chains

In this section it is shown how the results of the present paper can be ap-
plied in the special case of perturbed discrete time Markov chains. As an
illustration, we present a simple numerical example.

For every ¢ > 0, let n®), n = 0,1,..., be a homogeneous discrete time
Markov chain with state space X = {0,1,..., N}, an initial distribution

©) = P{n((f) =i}, 1 € X, and transition probabilities

ps =Pl =70 =i}, i€ X.

This model is a particular case of the semi-Markov process described in
Section 2 with transition probabilities given by

Q) =px(n=1), n=1,2,..., i,j € X.

In this case, mixed power-exponential moment functionals for transition
probabilities take the following form,

pw 0,7 Zn ep”Q —e"pw), peR, r=0,1,...,4,j€ X. (81)

Conditions A-D and Py imposed in Section 2 now hold if the following
conditions are satisfied:

A’ gg)) >0,1,7 #0.
B’ gg) ) (n) is non-periodic for some i # 0.

P;: pg) pg)) + pij[le + - - + pij[k]e® + o(e¥), i, j # 0, where |p;;[n]| < oo,
n=1,....kij#0.

Let us here remark that in order to construct an asymptotic expansion of
order k for the quasi-stationary distribution of a Markov chain, it is sufficient
to assume that the perturbation condition holds for the parameter k, and not
for k£ + 1 as needed for semi-Markov processes. The stronger perturbation
condition with parameter k£ + 1 is needed in order to construct asymptotic
expansions for the functions goz(fa) (p,r) defined in Section 6. However, for
Markov chains these functions take the form gpl(fg) (p,7) = x(r = 0) which
make the asymptotic expansions trivial.

It follows from (8.1) and Py that the coeflicients in the perturbation
condition Py, to be used in Lemmas 6.1, 6.2, and 6.4 are given by

pijlp,r,n] = €’pijn|, r=0,...,k, n=0,....k—r, i,j #0.
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Let us illustrate the remarks made above by means of a simple numerical
example where we compute the second order asymptotic expansion for the
quasi-stationary distribution of a Markov chain with four states. We consider
the more simple case where transitions to state 0 is not possible for the
limiting Markov chain. In this case, exact computations can be made and
we can focus on the algorithm itself and need not need to consider possible
numerical issues.

We consider a perturbed Markov chain 7{®), n = 0,1,..., on the state

n

space X = {0,1,2,3} with matrix of transition probabilities given by
1

ey _ -
sz'j H 1=

First, the root of the characteristic equation for the limiting Markov chain
needs to be found. Since gbgg)(O) = Pi{uéo) > Vi(o)} = 1, we have p(® = 0. In
the case where transitions to state 0 is possible also for the limiting Markov
chain, the root p(® needs to be computed numerically. Then, the system of
linear equations (3.6) can be used to calculate 6. (p).

Next step is to determine the coefficients in the expansions given in equa-
tions (7.1) and (7.2) for the case where k = 2 and i is some fixed state which
we can choose arbitrarily. Let us choose ¢ = 1. In order to compute these
coefficients we apply the results of Section 6 with p =0 and 7 = 1.

It follows from (8.1) and (8.2) that the vectors and matrices defined by
equations (6.5) and (6.7) take the following forms, respectively,

0 0 e= 0
p0,r)=1 0 |, POON=1[0 0 e=|,r=012
se 0 e 0

Thus, we have the following asymptotic expansions,

p&a)(O, r) = p1[0,7,0] + p1[0,7, 1]e + p1[0, 7, 2]e* + 0o(e?), r =0,1,2,

where
0 0 0
p1[0,7,0] = 1| 0 |, p1[0,7, 1] = | O |, p1[0,7,2] = |O], (8.3)
1/2 1 1
and

\PE(0,7) = P[0, 7,0] + P[0, r, 1)e + P[0, 7, 2]e2 4+ o(£?), r =0, 1,2,
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where

0 1 0 0 -1 0
P[0,7,0]= 1[0 0 1], 1P[O,r,1]{() 0 1],
0 1/2 0 0 -1 0
(8.4)
0 1/2 0
P[0,r2]=10 0 1/2|.
0o 1 0

It follows from Lemma 6.1 that the matrix ;U (0) = (I — ;P (0))~!
has the asymptotic expansion

LU (0) = ,U[0,0] +,UJ0, 1]e + ,U[0, 2]e% + o(?),

where
10,0 = (I—,PO0) ",
U0, 1] = ,U[0,0],P[0,0, 1, U0, 0], (8.5)
JU[0.2] = U0, 0)(P(0,0, 1], U[0, 1] + P[0, 0,2], U[0, 0]).
Using (8.4) and (8.5), the following numerical values are obtained,
1 2 2 0 -8 —10
uo,0=lo 2 2|, u,1]=10 -6 -8,
01 2 0 -5 —6
(8.6)
[0 34 43
u0,2]= |0 27 34f.
0 43/2 27

From Lemma 6.2 we now get the following asymptotic expansions,
®!9(0,0) = ,[0,0,0] + [0, 0, 1]e + 1[0, 0, 2]e2 + o(<?),
®!(0,1) = 1[0, 1,0] + d1]0, 1, 1]e + o(e), (8.7)
®17(0,2) = ,[0,2,0] + o(1),

where the coefficients in these expansions can be calculated from (8.3), (8.4),
(8.6), and the formulas given in Lemma 6.2. This yields

1] [—7 67/2
®,[0,0,0] = |1], 1]0,0,1] = |—=6|, ®1[0,0,2]=| 27 |,
1] -5 143/2
(8.8)
5] [—47 33
®,]0,1,0] = [4], &1]0,1,1] = [—36], ®1[0,2,0] = |24].
3] |—27 17

34



From (8.7) and (8.8) it follows that

Je + b1]0, 2]e? + o(?),
le + o(e),

—_ =

Y

where

bl[0,0] - 1, bl[O, ]_] — —7, bl[O,Q] — 67/2,
X (8.9)

bi[1,0] =5, bi[1,1] = —47, b[2,0] = 33.

Lemma 6.4 gives the following asymptotic expansions, for s = 1,2, 3,

w'(?(0,0) = w1,]0,0,0] + w1,]0,0, 1] 4+ w1,]0,0, 2> + o(?),

w{(0,1) = wi,[0,1,0] + w0, 1, 1)e + ofe), (8.10)
w{2(0.2) = w,,[0,2,0] + o(1).
where the coefficients can be calculated from (8.3), (8.4), (8.6), and the

formulas given in Lemma 6.4. Note here that the coefficients in the expansion
(6.37) needed in these formulas are given by

d(1,s) 0
3.10,0,0] = {ms) . @ul0,r,n] = H (rn) £ (0,0).
4(3, ) 0

From (8.10) we can extract the following expansions for j = 1,2, 3,

&
——
—
T2
—~
=
—_
N—
|
S
=
<.
—
=)
_l’_
S
=
<.
'F‘
=
™
_l’_
Q
—~
™M
~—

CLH[O, 0] = 1, alg[O, 0] = 2, a13[0, 0] = 2,

GH[O, 1] = O, alg[O, ]_] = —8, alg[(), ]_] = —10,

a11[0, 2] = O, alg[O, 2] = 34, a13[0, 2] = 43, (8 11)
a1[1,0] =0, ay2[1,0] =6, ai3[1,0] =8, '
a;n[1,1] =0, ago[l,1] = =48, ay3[l,1] = —64,

CL11[2, 0] == O, CL12[2, 0] == 34, CL13[2, 0] = 48.

The asymptotic expansion for the quasi-stationary distribution can now
be computed from the coefficients in equations (8.9) and (8.11) by applying
the lemmas in Section 7.
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From Lemma 7.1 we get that the asymptotic expansion for the root of
the characteristic equation is given by

P = c1e + cpe® + o(?),

where
b110,2| + by|1,1 b1[2,0]c2/2 1
¢ = _b1[07 1] _ Z) Cy = — 1[07 } + 1[ ) ]Cl + 1[ aO]Cl/ - (812)
b1[1,0] 5 bi[1, 0] 125
Then, Lemma 7.2 gives us the following asymptotic expansions,
Wiy (p®) = dij[0] + dij[1e + dy;[2)e* + 0(e?), j =1,2,3,
where
dy;[0] = ay;[0, 0],
dlj[l] = alj [O, 1] + alj[l, O]Cl, (813)
d1;[2] = a14[0,2] + ay;[1, 1]e; + ayj[1,0]cy + ay[2, 0]c3 /2.
From (8.11), (8.12), and (8.13), we calculate
di1[0] =1, dio[0] = 2, dy3[0] = 2,
dll[l] - 0, dlg[l] - 2/5, dlg[l] - 6/5, (814)
d11[2] = 0, d12[2] = 9/125, d13[2] = 47/125
Finally, let us use Lemma 7.3. First, using (8.14), we get
61[0] = dn[O] + dlg[O] + dlg[O] = 5,
61[1] = dll[l] + dlg[l] + dlg[]_] = 8/5, (815)
61[2] = d11[2] + d12[2] + d13 [2] = 56/125

Then, we can construct the asymptotic expansion for the quasi-stationary
distribution,

m\ = ;0] + m;[1)e + m;[20e? + o(e?), § =1,2,3,

where

(8.16)
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Using (8.14), (8.15), and (8.16), the following numerical values are ob-
tained,

m[0]=1/5,  m[0] = 2/5, m5[0] = 2/5,
m[l] = —8/125, mo[l] = —6/125,  ms[1] = 14/125,
m[2] = 8/3125, mo[2] = —19/3125, m3[2] = 11/3125.

Note here that (m[0], m2[0], w3[0]) is the stationary distribution for the limit-
ing Markov chain. It is also worth noticing that 7 [n] + m2[n] 4+ m3[n] = 0 for
n = 1,2, as expected.
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